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ABSTRACT

Given a graph G, the unlabeled subgraphs G — v are called the cards of G. The deck of G is the multiset {G — v : v € V(G)}.
Wendy Myrvold showed that a disconnected graph and a connected graph both on n vertices have at most ng + 1 cards in

common and found (infinite) families of trees and disconnected forests for which this upper bound is tight. Bowler, Brown, and

Fenner conjectured that this bound is tight for n > 44. In this article, we prove this conjecture for sufficiently large n. The main

n

result is that a tree T and a unicyclic graph G on n vertices have at most l 2J + 1 common cards. Combined with Myrvold's work,
this shows that it can be determined whether a graph on n vertices is a tree from any HJ + 2 of its cards. On the basis of this
theorem, it follows that any forest and nonforest also have at most EJ + 1 common cards. Furthermore, the main ideas of the

proof for trees are used to show that the girth of a graph on n vertices can be determined based on any 2?" + 1 of its cards. Lastly,

we show that any 5?" + 2 cards determine whether a graph is bipartite.

1 | Introduction

Let G = (V, E) be a (simple) graph on n vertices. The card of G
corresponding to a vertex v € V is the graph G — v. This is the
subgraph of G where the vertex v and all edges incident to v are
removed. The deck of G is the multiset {G — v : v € V(G)} of
unlabeled cards. Different cards of G can be isomorphic, and the
number of cards in the deck of G isomorphic to a graph C is, by
definition, equal to the number of vertices v € V (G) such that
G-{}xcC.

A natural question is whether the deck of cards determines
the graph G. A graph G is called reconstructible if it is uniquely
(up to isomorphism) determined by its deck. In 1942, Paul Kelly
posed in his thesis the following famous conjecture:

Conjecture 1 (The reconstruction conjecture; Kelly
[1, 2] and Ulam [3]). Any graph having at least three vertices
is reconstructible.

The condition that the graph has at least three vertices is nec-
essary, as both graphs on two vertices (K; and 2K;) have a deck of

two cards K;. Hence, in this article, we will only consider graphs
with at least three vertices, even when it is not explicitly stated.

Although this conjecture is still open, we know that all members
of certain families of graphs are reconstructible. One of the first
classes for which this was shown was trees in 1957 by Paul Kelly
[2]. Other examples are regular graphs [2], disconnected graphs
[2], outerplanar graphs [4], maximally planar graphs [5], sepa-
rable graphs without endvertices [6], and unit interval graphs [7].

Moreover, we know that many graph properties can be deduced
from the deck. For example, Kelly [2] used a counting argument
to show that it is possible to determine the number of subgraphs
of G isomorphic to F, for all graphs F with strictly fewer
vertices than G. Also, the characteristic polynomial, the number
of Hamiltonian cycles, and the number of spanning trees [8]
can be deduced from the deck. Therefore, we make the
following definition: A graph property is called recognizable if it
can be deduced from the deck of a graph.

For any recognizable property P, one can ask “How many cards
of a graph G are needed to determine a certain property P?” Or

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in any medium, provided the original work

is properly cited, the use is non-commercial and no modifications or adaptations are made.

© 2025 The Author(s). Journal of Graph Theory published by Wiley Periodicals LLC.

Journal of Graph Theory, 2025; 110:322-336
https://doi.org/10.1002/jgt.23274

322


https://doi.org/10.1002/jgt.23274
mailto:g.c.zwaneveld@uva.nl
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1002/jgt.23274
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fjgt.23274&domain=pdf&date_stamp=2025-07-01

to be more specific, if we get a random subdeck consisting of
x <n cards of a graph G, can we always determine whether
G satisfies property P? Wendy Myrvold [9] showed that
any BJ + 2 cards in the deck of G determine whether G is

connected. Moreover, she [9] also found several families of
examples of trees G and disconnected graphs H such that the

decks of these two graphs contain the same subset of l%J +1

cards.

In this paper, we focus on the question: How many cards do we
need to determine whether a graph G is a tree? From Myrvold's

n

results, we know that we need at least [ zJ + 2 cards and that,

based on these EJ + 2 cards, we can determine whether G is

connected. However, it is difficult to determine the precise
number of edges of G based on a subdeck of G. The current best
result is that for n sufficiently large and k < ;—Oﬁ , the number
of edges of a graph is recognizable from any n — k cards. This
result was proven in 2021 by Groenland, Guggiari, and Scott
[10]. Moreover, Bowler, Brown, and Fenner [11] found
examples of graphs with different numbers of edges that have
Zlé(n - l)J cards in common.

Therefore, instead of reconstructing e(G), we consider the
number of common cards between a tree T and a connected
nontree G. Bowler, Brown, and Fenner [11] constructed an
infinite family of pairs each consisting of a tree and a connected
nontree that have E(n + l)J common cards, where n is the

number of vertices of both the tree and the connected nontree.
On the basis of their example, they stated the following
conjectures:

Conjecture 2 (Bowler, Brown, and Fenner [11]). For
n > 44, the only pair of graphs on n vertices that have at least
E(n + l)J common cards, where one is a tree and the other a

connected nontree, is the pair from Theorem 3.6 of Reference [11].

Conjecture 3 (Bowler, Brown, and Fenner [11]). For
n >44, it can be determined whether a graph on n vertices is a

tree from any BJ + 2 of its cards.

In the example from Theorem 3.6 of [11], the tree is a caterpillar
graph (a path with some leaves), and the connected nontree is a
sunshine graph (a cycle with some leaves). This led to further
investigation into the number of common cards between these
special subclasses of trees and connected nontrees. In his PhD
thesis [12], Paul Brown showed that the maximum number of
common cards between a sunshine graph and a caterpillar
graph is at most E(n + 1)J and that this bound is only attained

by the family found in Reference [11].

In this paper, we prove that for n large enough, the maximum
number of common cards between a tree and a connected
nontree is at most BJ + 1. In our proof, we color the vertices on
the cycle of the connected nontree based on their distance to the
“branches,” which consist of the vertices outside the cycle.
Using this coloring, we can find bounds on both the length of
the longest path in the tree and the length of the cycle of the

nontree. These bounds will be used to derive a contradiction. By
altering the coloring, one can even prove a slightly better bound

of % — % Even though this is not the conjectured bound of

E(n + 1)J, it is strong enough to prove Conjecture 3 for suffi-
ciently large n.

Theorem 1. For all n > 5000, it can be determined whether a
graph with n vertices is a tree based on any HJ + 2 of its cards.

The proof can be found in Section 2. Thereafter, we apply
Theorem 1 to prove a generalization about the number of
common cards between forests and nonforests. This proof uses
several cases, one of which crucially uses Theorem 1.

Theorem 2. For n > 5000, it can be determined whether a
graph with n vertices is a forest based on any l%J + 2 of its cards.

The last two sections contain applications of coloring tech-
niques similar to the coloring used in the proof of Theorem 1 to
prove similar results about other graph properties that are
determined by the (non)existence of certain cycles. By using
these colorings, it can be shown that both the girth (the length
of the shortest cycle) and bipartiteness (the existence of cycles of
odd length) can be deduced even if there is a linear number of
missing cards. These are among the first results of this type.

Theorem 3. For a graph on n vertices, any 2?" + 1 cards are
sufficient to determine its girth.

Theorem 4. For any graph on n vertices, any 5?" + 2 of its
cards are sufficient to determine if it is bipartite.

The proofs of these last two results indicate that the method of
coloring used here is not only applicable to the proof of the upper
bounds for the number of cards one needs to deduce whether a
graph is a tree, but can also be adapted to proving upper bounds
for other properties that involve cycle recognition.

2 | Recognizing Trees

Throughout this section, T will always be a tree on n vertices and
G will always be a nontree on n vertices such that T and G have

at least l%J + 2 common cards. We will start by showing that G

is a connected unicyclic graph. Moreover, we use the convention
that all vertices “v” lie in T, while all vertices “w” lie in G.

2.1 | First Observations

We will start by making some important observations and using
counting arguments to prove some lemmas. According to a
theorem by Myrvold [13], the number of common cards in the
deck of a connected and a disconnected graph is at most
EJ + 1. Thus, henceforth, we may assume that G is connected.

We will now show that it suffices to only consider the case in
which G is unicyclic, that is, G contains exactly one cycle, as
otherwise G and T have at most two common cards.
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Lemma 1. Let G be a graph containing at least two cycles.
Then the number of common cards of G and a forest F is at most
two.

Proof.  As the forest F does not contain any cycles, neither do
any common cards of F and G. Next, we will prove that G has at
most two cards without any cycles. Suppose for a contradiction
that the cards G — w; for i = 1, 2, 3 do not contain any cycles.
Let C and C’ be two different cycles in G. Because none of the
cards G — w; contain any cycles, we immediately see that all
w; lie in both C and C’, as otherwise one of these cycles is
visible on G — w;. Since C # C’, and neither G — w; nor G — w;,
contains a cycle, there must be at least three vertex-disjoint
paths between w; and w,. The vertex w; can lie on at most one
of these paths. Then the card G — v; contains two different
paths between w; and w,, implying that G — w; contains a
closed walk and therefore G — w; contains a cycle. This gives a
contradiction. O

Hence, in the rest of this section, G will be a connected uni-
cyclic graph on n vertices. Since T is a tree, it hase(T) =n — 1
edges. Moreover, e(G) =n =e(T) + 1 as G is connected and
contains exactly one cycle. Since T does not contain a cycle,
neither do any of the common cards. Hence, the cycle of G
cannot be visible on any common card. Thus, every common
card corresponds to a vertex in the cycle of G. This immediately
yields the following result:

Lemma 2. Let ¢ be the length of the unique cycle of G. Then
ex|2|+2.

Moreover, because every card contains at least £ — 1 vertices of
this cycle and these vertices all lie on one path, we obtain the
following:

Lemma 3. Every card of G contains a path of length € — 1.

Next, we will use a counting argument to show that there is a
common card corresponding to a leaf in T.

Lemma 4. There is a common card C=T—-v=G —w
such that v has degree 1.

Proof. Every common card T—v=G-—w satisfies
deg(w) = deg(v) + 1 as e(G) = e(T) + 1. So if deg(v) # 1 for
all vertices v of T corresponding to a common card, then
deg(w) > 3 for all common cards G —w = T — v. Hence, G has
at least EJ + 2 vertices of degree at least 3. Since G is
connected, all vertices have a degree of at least 1. We get the
following contradiction:

Ze(G)z3[EJ+2]+[ﬂ—223(%+1)+%—2

=2n+ 1> 2n = 2e(G).

O

We will now prove a lower bound for the number of vertices
of degree 1 in G, which gives an upper bound for the number of

vertices of degree at least 2 outside the cycle of G. The expres-
sion leaf(X) denotes the number of leaves (i.e., the number of
vertices of degree 1) in a graph X.

Lemma 5. G has at least% — 1 leaves.

Proof. Suppose for a contradiction that G has at most % - %
vertices of degree 1, as the number of vertices of degree 1 is
always an integer. Moreover, since G is connected, G does not
contain any isolated vertices.

By Lemma 4, there exists acommoncardC=G —-w=T—v
such that v is a leaf in T, implying that C is connected.
Depending on whether the unique neighbor of v has degree
2, C has either leaf(T) or leaf(T) — 1 leaves. Adding the
vertex w, which has degree 2, back to the card C does not
increase the number of leaves, but it can decrease the
number of leaves by at most 2. Hence, leaf(T) — 3 <leaf(G),
which implies that leaf(T) 5% + %.

Hence, at least% - % of the common cards of T correspond to a
vertex of degree 2 or more. This indicates that G has at least
% - % vertices of degree at least 3. Moreover, since G has no
isolated vertices, the degree of all nonleaves is at least 2. Hence,

we get the following contradiction:

2e(G)23(£—1)+[£—§]+2(£+3)=2n+1
4 4) 4 g 2 2

> 2e(G).

O

Combining the lower bound on the length of the cycle of G with
the lower bound on the number of leaves of G gives an upper
bound on the number of vertices of degree at least 2 outside the
cycle.

Lemma 6. G has at most %" — € + 1 vertices of degree at
least 2 outside its cycle.

Proof. There are exactly n — ¢ vertices outside the cycle,
of which at least %— 1 are leaves according to Lemma 5.
Thus, there are at most n — € — % +1= %” — ¢ + 1 vertices
of degree at least 2 outside the cycle. O

2.1.1 | Bounding the Length of the Cycle

In this subsection, we will bound the length of the cycle from
above. Therefore, we will be analyzing what we will refer to as
the branches. The branch of a vertex w in the cycle of G consists
of all vertices that lie in the same connected component as w
when we delete all other vertices that lie in the cycle of G.
See Figure 1 for an example. The height of the branch rooted at
w is the maximum distance between w and some vertex w’ in
the branch.

To facilitate a finer analysis of common cards, it will be useful
to work with certain vertex-colorings of G.
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FIGURE 1 | The branch rooted at vertex w consists of all vertices
inside the blue area. This branch has height 3.

FIGURE 2 | The coloring of G used in Lemma 8. For every branch that
has k nonroot vertices of degree at least 2, we color the 2k vertices on the
cycle that lie closest to the root pink. As indicated by the arrows, every vertex
of degree at least 2 outside the cycle corresponds to at most two pink vertices
on the cycle.

Lemma 7. Suppose that the vertices on the cycle of G are
colored with the colors pink and white. If for every vertex of degree
at least 2 outside the cycle of G, at most two vertices on the cycle
are colored pink, then at least one common card of G and T
corresponds to a white vertex.

Proof. By Lemma 6, the number of nonrooted vertices
of degree at least 2 in the branches is in total at most
%" + 1 — ¢. Every such vertex corresponds to at most 2 pink
vertices. Hence, there are at most 37" + 2 — 2¢ pink vertices in
the cycle of G. Therefore, the cycle contains at least

¢ — (37" +2- 2€) > 3(€ — l%J - 2) + % white vertices. Since

there are exactly ¢ — BJ — 2 >0 vertices on the cycle that do not

correspond to a common card, there is at least one white vertex w’
corresponding to a common cardC =G —w' =T — V', O

We will now bound the length of the longest path of T in terms
of the length ¢ of the cycle in G.

Lemma 8. The longest path of T has length at most € + 4.
Proof. We fix a (planar) drawing of G. For every branch
rooted at an arbitrary vertex w in the cycle in G and that has
exactly k > 1 nonroot vertices of degree at least 2, we color the
vertices on the cycle that lie within distance kK — 1 of w pink.
Additionally, we also color the vertex lying in the anticlockwise
direction at a distance of k pink. We do this for every branch.
If we want to color an already pink vertex, we do nothing.
All nonpink vertices in the cycle of G will be colored white,
see Figure 2 for a small sketch of this coloring. The advantage of
this coloring is that it distinguishes between vertices that lie too

close to some “large” branch and the ones that lie “far enough
away” from all “large” branches.

Since we colored at most two vertices pink for every vertex
of degree >2 outside the cycle of G, there exists by Lemma 7 a
common card C = G — w’ = T — v’ such that w’ is white. Using
this common card, we will prove that the longest path in the
tree T has length at most ¢ + 4. Since w’ is white, no branch
rooted at w’ contains a vertex of degree at least 2. Hence, card C
consists of one large connected component and possibly also
some isolated vertices. We give all vertices in C that lie in the
cycle of G an extra color, namely, blue. Every branch with
height h contains at least h — 1 vertices of degree at least 2.
Because w' is white, every branch of height h has a distance at
least h — 2 from the right end of the blue path and at leasth — 1
from the left end. Moreover, branches of height 1 extend the
blue path by at most one at both ends. Thus, the longest path of
C is at most two longer than the blue path on the left end and at
most one longer on the right end. Hence, the maximum path
lengthof Cisatmost ¢ —1+1+4+2=¢ + 2.

Since T is a tree, adding back V' toC =T —v' = G — w' lets the
largest component grow by the isolated vertices, which will
become leaves, and the vertex v'. Therefore, the length of the
longest path will increase by at most two. Thus, the length of
the longest path in T isat most £ + 2 + 2 = ¢ + 4. (|

Since the longest path in T is at most € + 4, the length of every
path on a common card is also at most ¢ + 4. We will use this to
prove that there is some special common card C, such that the
only vertices on a longest path P corresponding to common
cards are the vertices lying at one of the ends of P (see
Figure 3a). Since at most HJ — 2 vertices of G do not corre-

spond to a common card, this observation leads to an upper
bound for the length of the cycle of G.

Lemma 9. The unique cycle in G has length at most% + 19.5.

Proof. Let w be an arbitrary vertex on the cycle of G. We
again color the vertices of the cycle of G pink and white. If
the branch rooted at w contains exactly k vertices of degree at
least 2, we color the vertex w itself pink, and also all the
2(k — 1) vertices on the cycle such that their distance to w
lies in the interval [11, k + 9]. Moreover, we also color the
vertex at a distance of 10 to the left pink. All nonpink vertices
will be white, see Figure 3b for a sketch of this coloring.
Hence, for every vertex of degree at least 2 outside the cycle
of G, we color at most two vertices on the cycle pink. So by
Lemma 7, there is at least one common cardG —w' =T — V'
corresponding to a white vertex w’ in G.

Since w' is white, no branch rooted at w’ contains a vertex
of degree at least 2. Hence, the card G — w’ = T — V' consists of
one large connected component and possibly also some isolated
vertices. Every branch of height h has at least h — 1 vertices
of degree at least 2. Hence, by definition of our coloring, every
branch of height & whose root lies at distance d > 11 from w’
satisfiesd >h + 8 + 1 =h + 9.

Next, we color all vertices in G — w’ corresponding to a vertex
on the cycle of G blue. For our argument, we do not need to
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Common card G —w' =T — '

length
- engthp .
/ g\
{ ]
T— o —v 8 longest path
ni? A
1engt
[ \
{ ]
longest path
(@) (b)
FIGURE 3 | The goal and a picture of the coloring in Lemma 9. (a) Find a vertex w’ € V (G) such that not many vertices inG — w’ = T — v’ can

correspond to a common card. We will show that the longest path in T — v’ — v will be 8 shorter for all vertices v in the middle of a longest path of

G —w' = T — v'. This implies that T — v is not a common card, as the longest path of T — v is too small. As there are many common cards, we obtain

an upper bound on the length of the longest path. (b) The coloring of G used in Lemma 9. It is a similar coloring to that in Figure 2, but now there are

gaps of 9 and 10 white vertices between the root of the branch and the other pink vertices. The white vertices outside the gap have a distance of at

least 13 > 12 = 3 + 9 from the root of the branch with height 3.

know which vertices are colored blue, but whether these
vertices exist. Let P be the longest path of G —w' =T — V"
First, we show that all except perhaps the 10 vertices on both
ends of the blue path also lie in P. Suppose that this is not true.
Let wy be the root of a branch with a distance d > 10 from either
end of the blue path. Thus, the distance between wy and w’ in G
is d + 1. Hence, from our previous observations, the branch
rooted at wy has height at most d — 8. So, using this branch
results in a shorter path than following the blue path, implying
that these branches are not part of the longest path. Thus, P
contains all the vertices on the blue path except for possibly the
10 vertices on one of the ends.

We will now show that all the vertices in the blue path that are
not in the last 10 vertices on either end do not correspond to a
common card. Let v be a vertex on the blue path such that v has
a distance of at least 10 from both ends of the blue path. Our
previous observation says that v lies in the longest path P.
Moreover, every path Q in T — v either stops at the vertex before
v or has taken a branch rooted at a vertex before v.

First, we show that in T — v’ — v, a path Q that follows the blue
path until it reaches the neighbor of v is too small. Since both
parts of P looking from the vertex v are as long as possible, the
path Q is shorter than or equal to the longest part of P — v.
Moreover, both ends of P from v are at least as long as the
respective ends of the blue path. Therefore, the path P becomes
at least 11 vertices shorter when we end the path P at the vertex
before v. Thus, Q <P —-11<¢+4 — 11 =¢ — 7. By adding
back the vertex v' to T — v — v, we can extend Q only by v’ and
some leaves (as T is a tree and the other components only
consist of isolated vertices). So, the extension of Q in T — v has a
length of at most £ — 5.

Next, we show that every path Q" in T — v — V' that contains a
nonroot vertex of a branch whose root has distance at least 10 to
both ends of the blue path in T — Vv’ is too small. By our choice
of w', the height of this branch is at most d — 8 because
otherwise it contains at least d —7 —1=d — 8 vertices
of degree at least 2, so w’ was pink. This means that using
such a branch results in a path that is at least eight vertices

shorter than if we were to follow the blue path till the end.
Moreover, as the longest path is at most five vertices longer than
the blue path, we can only add at most five vertices in G — w’ to
a path containing this branch by taking a branch near the other
end of the blue path. This means that the length of such a path
Q'isatmost? —1 — 8 + 5=¢ — 4. AsT is a tree, adding back
the vertex v’ makes the path Q' at most 2 longer. So the
extension of Q" has a length of at most € — 2 in T — v.

Combining these two steps, we find that the longest T — v path
has a length of at most ¢ — 2. Since every card of G
must contain a path of at least £ — 1, the card T — v is not in
the deck of G. This indicates that at most 20 vertices on the
blue path in T — v’ can correspond to a common card. So,
at least ¢ — 1 — 20 = ¢ — 21 vertices of T do not correspond
to a common card. Hence, ¢ — 21 5% — 1.5, implying that
€<% +195. O

In particular, this result implies the following corollary.

Corollary 1. There are at most 18 vertices on the cycle of G
that do not correspond to a common card of G and T.

Using this important corollary, we can bound the height of the
branches:
Corollary 2. The maximum height of a branch of G is 14.
Proof. Suppose, for a contradiction, that there is a vertex w
that has a branch with height at least 15. We claim that none of
the vertices on the G cycle with distance d € [1, 10] of w can
correspond to a common card. The card G — w contains a path
that consists of the longest possible path in this branch and the
longer part from the root to one of the ends of the blue path. This
path has length atleast £ — 1 + 15 — (d — 1) > ¢ + 5, but since
the longest path in T is € + 4, such a path cannot exist on a
common card. Hence, at least 20 vertices on the cycle do not
correspond to a common card, which contradicts Corollary 1. []

Corollary 3. Any path outside the largest component on a
common card of G — w = T — v has a length of at most 27.
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Proof.  All vertices in small components on common cards are
nonroot vertices in one of the branches of G. By Corollary 2,
every branch is a tree of height at most 14. Since these paths are
not allowed to contain the root, they have length at most
2.14—1=27. O

2.1.2 | Proof of Theorem 1
Now, we have all the ingredients to prove Theorem 1.

Theorem 1. Foralln > 5000, it can be determined whether a
graph with n vertices is a tree based on any l%J + 2 of its cards.

Proof.  First, we can determine whether a graph is connected
from any BJ + 2 of its cards. Moreover, by Lemma 1, trees and

graphs containing at least two cycles have at most two common
cards. Hence, we only need to examine the possibility that some

tree T and a connected unicyclic graph G have at least ng +2

cards in common.

Let k be the maximum size of a branch rooted at some vertex w in
the cycle of G. Moreover, we color all vertices w’" green, for which
this maximum is attained. So a vertex w of G is green if and only
if the largest component in G — w has exactly n — 1 — k vertices.

By Lemma 4, there is a common card T — v' = G — w’ where v’
is a leaf and w’ is a vertex on the cycle of degree 2. Hence, this
common card C is connected. Again, we color all vertices in
T —v' = G — w' that lie in the cycle of G blue. If we add the leaf
v’ back to T — V', exactly one branch becomes one vertex larger.
Hence, there is at most one blue vertex in T — v’ + V' = T for
which the branch rooted at it has size k + 1 and there are no
blue vertices with larger branches. Hence, there is at most one
nonblue vertex in T such that the largest component has exactly
n — 1 — k vertices.

The largest component of T — v is smaller than the largest
component of T — v’ if v and V' lie on the same side of the
centroid of T, but v lies closer to the centroid than v'. Because the
centroid splits the blue path into at most two sides, there are at most
2 blue vertices such that the largest component has exactly
n — 1 — k vertices. In conclusion, there are at most 3 cards of T
such that the largest component has exactly n — 1 — k vertices.

Therefore, there are at most 3 common cards whose largest
component has exactly n — 1 — k vertices. Hence, at most 3
green vertices of G can correspond to a common card. By
Corollary 1, there are at most 18 vertices in the cycle of G that
do not correspond to a card. Thus, there are at most 21 green
vertices in the cycle of G.

Since n > 5000, we have ¢ 2% + 2 > 2500. Because there are at
most 21 green vertices, the pigeonhole principle tells us that there is
a “gap” between two green vertices consisting of at least
% > 118 adjacent nongreen vertices on the cycle. Of these
118 vertices, at most 18 do not correspond to a common card.

Let w’ be one of the vertices in this gap of 118 vertices such that
there are at least 29 vertices on both sides of w’ in this gap.
There are at least 118 — 2 - 29 = 60 such vertices w’ and at least
60 — 18 = 42 of them correspond to a common card. We will
show that the green vertices in G — w' =T — V' are exactly
those vertices in the large component that split the large
component into two components that have a path of length
(at least) 29 and exactly k other vertices.

Since w’ lies on the blue path and the distance between w’ and
any green vertex is at least 29, the statement holds for all green
vertices. Let w” be a vertex that satisfies this condition; we will
show that w” is green. By Corollary 3, all paths consisting only
of nonroot vertices in the branches have length at most 27. This
means that both components with a path of length 29 must
contain some blue vertices. Hence, w” lies on the blue path and
thus on the cycle of G. Moreover, all the extra vertices in
components without a path of length at least 29 were part of the
branch rooted at w”. Since the green vertices are the only ones
with (at least) k vertices in the adjacent branches, we conclude
that w” must have been green. Therefore, we can identify the
green vertices inG —w' =T —V'.

Because the length of a path in a branch is at most 27, we know
that T has no “fake green” vertices that do not lie on the main
path, that is, T has no vertices in a branch such that the largest
component splits into two components of size at least 29 and k
extra vertices. Hence, in T, there is a path through all green
vertices. Let D; and D, (with D; < D,) be the maximum number
of vertices before the first green vertex and after the last green
vertex in a path through all green vertices.

For every vertex w’ that has a distance of at least 29 to all green
vertices, we define ¢} and % (such that e <e¥) to be the
number of vertices between w’ and two green vertices at the
boundary of the gap. By definition, el"”, + e%", equals the size of
the gap minus one. Since all the green vertices lie on the cycle of
G, there is a longest path P in G — w’ = T — v’ through all the
green vertices. We define d?” and d¥ (with d" < dY") to be the
maximum number of vertices before the first green vertex or
after the last green vertex for a path through all green vertices in
G —w' =T — V. See Figure 4 for a visual representation of the
definition of the d* and e

As the blue path goes through all the green vertices and the
longest path in T is at most 5 longer than the blue path, we see

G—u

FIGURE 4 | The definition of the dl-w/ and e}”/. The path on the right is the longest path in G — w’ through all green vertices.
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dY +dY <el +e¥ +5 and ¢ <d¥ <e +5 for i=1,2.
We can define these numbers for all possible w’ of which there
are at least 60.

If we add the missing vertex v’ in T — v’ back, at most one of d{”'
and d;V’ for each w' can change. Since the updated values of d?"
and d;’/ must be equal to the “true” values Dy, D, in T, we see
that for each w’ that d,‘”l = D; for some combination of
i,j € {1, 2}. Hence,

el <Dj<e +5.

Moreover, e’ + e¥ <D, + D, <e!” + e + 5. Combining these
results gives D;_; — 5 < eg‘ii <Ds_j + 5. Because D, <D, and
e; < ey, we get that e{”, € [Dy — 5, D; + 5]. Hence, the minimum
distance to a green vertex differs by at most 10 over all w'.

However, for every integer n in [30, 59], there are exactly two
vertices w’ in the gap with minimal distance n to a green vertex.
Since there are at most 18 vertices that do not correspond to a
card, there is such a vertex w’ corresponding to a common
card with a minimal distance to a green vertex in the interval
[30, 39] and one vertex w” in the interval [50, 59]. These two
vertices have a difference in minimal distance of at least
50 — 39 = 11 > 10, a contradiction. O

Remark 1. We can slightly improve on this upper bound by
considering a tree T and a graph G with % — k common cards.
For these graphs, we can do (roughly) the same proof to get a
contradiction. The main difference is that we apply the colorings
only for ¢ — (2k + 2) vertices for every branch height €. Then we
get a contradiction whenever n > 6000k> + 24, 000k + 24, 000.

In particular, for k = % we get a contradiction as long as
n > 70, 000.
3 | Recognizing Forests

In Section 2, we have shown that, for n large enough, any ng + 2
cards determine whether a graph G is a tree. Next, we want to
investigate how many cards we need to determine whether a
graph is a forest, that is, whether the graph contains a cycle.

We start by proving a lower bound of HJ + 1 by giving three
families of pairs of a forest F and an unicyclic graph G that
have BJ + 1 common cards. To state these families, we use the

following notation: Cj stands for the cycle on k vertices, Py for
the path on k vertices, K, for an isolated edge, and Kj for an
isolated vertex. Moreover, for any graph G, the star of G,
denoted S;[G], is the graph G with an extra leaf connected to
each of its vertices. If G is vertex-transitive, then S;[G]’ is the
graph S;[G] minus any leaf. The requirement in the second
part that the graph G must be vertex-transitive is necessary,
otherwise the graph $;[G]' is not well-defined.

Lemma 10.
consisting of a forest F and a unicyclic graph G that have l%J +1

There are (at least) three infinite families of pairs

common cards.

. Famlly 1: F2k+1 = Pk U (k + 1)K1 and G2k+1 = Ck+1 U kKl
(see Figure 5a).

. Famlly 2: Fé‘lk—l = P2k—l U kK2 and G4k_1 = C2k U (k - 1)
K5 U K; (see Figure 5b).

o Family 3: Fyq = S1[P] UK and Gayy1 = S1[Ciia] (see
Figure 6).

Remark 2. These families were already known examples
of pairs that have l%J + 1 common cards. For example,

Family 3 is a special case of Theorem 3.4 from “Families
of Pairs of Graphs with a Large Number of Common
Cards” [11].

To obtain the number of common cards of F and G, we must
always delete a vertex from the unique cycle of size ng +1of
G, as common cards do not contain any cycles. Moreover, they
correspond to vertices outside the middle l%J vertices of the
longest path of F, as the longest path on each card is at least HJ

Figures 5 and 6 illustrate this process.

The above examples give a lower bound of l%J + 2 for

determining whether a graph is a forest. In Section 3.1,
we prove that, for n large enough, this lower bound is
tight.

/N
a\_ ./

F F
e o o | | | I I [ ]
e o
(a) b
FIGURE 5 | All pink (gray in black and white) vertices correspond to common cards of F and G, which are all isomorphic. (a) An example of

the first family (k = 5): The forest F is a path with some isolated vertices, and unicyclic graph G, which is a cycle with some isolated vertices.

(b) An example of the second family (k = 3): The forest F is a path with some isolated edges and a unicyclic graph G is a cycle with some isolated

edges and one isolated vertex.
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FIGURE 6 | An example corresponding to Family 3 (k = 5): The forest F is the star of Ps with an isolated vertex, while G is the star of Cs minus one leaf.
All vertices of the same color and shape (except for black dots) correspond to the same cards.

3.1 | Proof of the Upper Bound

For the proof of the upper bound, we will use a case dis-
tinction based on the following properties of the forest F and
unicyclic graph G: the number of connected components
(denoted by, respectively, xr and xg), and the size of the
largest connected component (denoted, respectively, by Mg
and Mg). We start by proving a lemma that gives us a relation
between xr and xg.

Lemma 11. If a forest F and a nonforest G have at least
EJ + 1 common cards, then xp <xg + 1.

Proof.  As graph G is not a forest, G contains a cycle. Lemma 1
tells us that G has exactly one cycle. As common cards do not
contain cycles, every vertex corresponding to a common card
must lie in the unique cycle because this cycle and thus the
length ¢ of this cycle satisfies ¢ > BJ + 1.

As G is unicyclic, there are at least ¢ —(n —¢)>
n

2(€ - lEJ - 1) + 1 vertices of degree 2 in the cycle. Since at

most € — BJ — 1 vertices on the cycle do not correspond to a

common card, there is a common card G — w = F — v such
that deg(w) = 2.

As G — w = F — v and subgraphs of forests are forests, the card
G — w is also a forest. Moreover, the connected components of
G — w are the same as G except for the one with the cycle
(which is still in one connected component, as we deleted a
vertex of degree 2). In particular, xs_, = k. Because
G—-—w=F—v, we also have that xp_, = xg_,. At last,
xp <kp_y+ 1 =%;+ 1 as a card F — v only contains fewer
components than F if v is an isolated vertex, and in that case,
the number of components decreases by exactly one. O

To prove Theorem 3.1, we will use a case distinction based on
the difference between xr and xg. For two of these cases, we
will need to use subcases which are determined by Mr and Mg,
the sizes of the largest component of F and G. Moreover, for
case 3b, we need the following lemma:

Lemma 12. Let H and F be connected graphs such that v(H)

v(F) v(F)
<V(F). Then at most max(l(U(H)HJ, lv(F)_v(H)J) cards of F

contain a connected component isomorphic H.

Proof. 1f no card of F contains a connected component
isomorphic to H, we are immediately done. So let v be a vertex
such that H is a connected component of G — v. We consider
the set V (Hf) of vertices in F that lie in this component. As F is
connected, there is a vertex w; € V(Hr) and a vertex
x € F —v — V(Hp) such that F contains the edges (w;, v) and
(v, x) exist.

v(F) v(F) v(F) —_|_v®
It v(H) < — » then max([(v(H)+lJ’ [v(F)—v(H)j) - [(v(H)+1J'

In this case, we will prove that for all w; € (Hg) the card G — w;
does not contain a connected component H. The graph is
connected as G is connected and H is a connected component
in G — v. Hence, the component in G — w; containing v has at
least v(G) —v(H) > v(H) vertices and is, therefore, not
isomorphic to H. All other connected components are a
subset of the induced graph V (Hg) — w;, which has strictly
fewer vertices than H. Thus, these components are also not
isomorphic to H. So for all vertices w; € V (Hg), the graph
G — w; does not contain a connected component isomorphic to
H.

Let u#v and G — u be another card with a connected
component H' which is isomorphic to H. By the previous
paragraph, we see that u#w;. We will show that
V(H)NV(Hg) = @. Since H is a connected component in
G —vandu & V (Hg), the vertex v and all vertices in V (Hg) lie
in the same component on the card G — u. Hence, all these
vertices lie in a connected component with more vertices than
H, so none of the vertices in V (Hg) are also in V (Hy).

Thus, for every vertex v such that G — v contains a connected
component of size k, there are uniquely defined v (H) vertices for
which G — w does not contain such a component. If ICI is the
number of cards that have H as a connected component, then we
see that ICl - (v(H) + 1) <v(G), which concludes the first case.

v(F) v(F) v(F) _ v(F)
IEv(H) 2 =7, then max({(v(H)+lJ’ L}(F)—V(H)J) - L}(F)—V(H)J'

The proof is similar to the previous case, but now we will prove
that for all v; € V (F) — V (Hp), the card F — v; does not contain
any copy of H. All vertices of V (Hf) and the vertex v lie in the
same connected component, which has size at least v(H) + 1.
Hence, all other connected components of F — v; have size
at most v(H) —v(H) — 1 <v(H) and are, therefore, not
isomorphic to H.
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Let u#v and G — u be another card with a connected
component H' which is isomorphic to H. By the previous
paragraph, we obtain thatu € V (Hy). Therefore, all the vertices
in V(F) — V(Hr) and v lie in the same connected component
on the card G —u. So this component has at least
v(G) — v(HFr) + 1 vertices, which implies that this component
must be part of the component that is isomorphic to H. Hence,
all sets of vertices V (F) — V (Hf) are disjoint for every copy of
H. So if ICl is the number of cards that have H as a connected
component, then ICl - (v(F) — v(H)) <v(F). O

In the proof of Lemma 12, we only considered the number of
vertices of the components of G — v and never whether a con-
nected component of size k was isomorphic to H. So we have
proven the following even stronger statement.

Corollary 4. Let G be a connected graph and let1 <k < 29,
v(G)J l v(G)

k+1] [v(@©G) -k
such that G — v contains a connected component of size exactly k.

Then there are at most max([ J) vertices v € G

Theorem 2. For n >5000, it can be determined whether
a graph with n vertices is a forest based on any ng +2 of

its cards.

Proof. We will use proof by contradiction. Let F be a forest
and G be a nonforest that has at least HJ + 2 common cards. By

Lemma 1, G has exactly one cycle, and we again have that every
common card must correspond to a vertex in the cycle of G.
Hence, this cycle has length at least BJ + 2, implying that the

largest component of G is at least two larger than the next
largest component.

By Lemma 11, the graphs F and G satisfy xr <% + 1. Moreover,
e(F)=n — xpas F isaforestand e(G) = n + 1 — xg because G
contains exactly one cycle. Furthermore, the proof of Lemma 11
tells us that there exists a common card G — w = F — v such
that w has degree 2. This cards satisfies Mg >Mp_, =
Mg_y = Mg — 1, 1mp1y1ng Mg >Mg — 1.

For the remainder of the proof, we will distinguish four cases,
where the second and third cases are each split into two
subcases. We will show that for every case, there are no forests
F and unicyclic graphs G that have HJ + 2 common cards.

Case 1. xp=xc+ limplyinge(F)=n—xr=n—xg—1=
e(G) — 2.

In this case, every common card that corresponds to a vertex
of degree 2 in G corresponds to an isolated vertex in F. Let C be
the number of common cards of this form. Then F has at least C
isolated vertices, implying that these common cards have at
least C — 1 isolated vertices. Since deleting a vertex of degree 2
from the cycle of G does not increase the number of isolated
vertices, G has at least C — 1 isolated vertices.

Furthermore, for every vertex of degree d > 3 in the cycle of G,
there is at least one extra vertex in the largest component
outside the cycle connected to that vertex. Since there are

[%J + 2 — C common cards corresponding to a vertex of degree
d 23,Ghasatleastl§J + 2+ (EJ +2 - C) +C—-1>2n+2

vertices, a contradiction.
Case 2. xp = xg implying e(F) = e(G) — 1.

For a common card G — w = F — v where w has degree 2,
the missing vertex v has degree 1. Thus, M = Mg_, + 1 or
Mp = Mg_,, implying Mp = Mg or Mp = Mg — 1.

Case 2a. XFr = XKg and Mr = Mg — 1.

In this case, every common card corresponding to a vertex
of degree 2 in G corresponds to a vertex of degree 1 outside the
main component in F. So if C is the number of common cards
corresponding to a vertex of degree 2, F has at least C vertices
outside its main component. As Mr = Mg — 1, G has at least
C — 1 vertices outside its main component. Moreover, for every
vertex of degree at least 3 on the cycle of G, there is at least one
vertex in the main component of G outside the cycle. This

means that G has at least EJ + 2+ (BJ +2 - C) vertices in

its main component. Hence, G must have more than n vertices,
a contradiction.

Case 2b. xp = xg and Mp = Mg.

Since Mr = Mg and every common card corresponds to a vertex
in the largest component of G, every card corresponds to a
vertex in the largest component of F. In particular, there is at
least one common card corresponding to a vertex of degree 2 in
G and to a leaf of the main component in F. As deleting this
vertex in G does not create any extra small components (and
neither does deleting any vertex of degree 1 from the largest
component of F), all small components of F and G must be
isomorphic. As we only delete vertices from the largest
components of F and G, these small components are always
visible on common cards. Hence, the largest component of F
(which is a tree) and the largest component of G (which is a
connected unicyclic graph) have at least l%J + 2 common cards,

while their size is at most n. This contradicts Theorem 1.
Case 3. xp =xg — 1 implying e(F) = e(G).
Case 3a. xgp=%g—1and Mg = Mg — 1.

In this case, every common card corresponding to a vertex
of degree 2 in G corresponds to a vertex of degree 2 outside the
large component in F. So if C is the number of common cards
corresponding to a vertex of degree 2 in G, then F has at least C
vertices of degree 2 outside its main component. Moreover,
since there is at least one common card corresponding to a
vertex of degree 2 in G, the graph F has at least one vertex
of degree 2 outside its main component. Therefore, G has at
least C — 1 vertices outside its main component.

On the other hand, for every common card corresponding to a
vertex of degree 3 in G, there must be at least one
vertex outside the cycle connected to that vertex. Hence,
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G has at least HJ +2+ (BJ +2 - C) vertices in its main

component. Thus, G must have more than n vertices, which is
a contradiction.

Case 3b. xp = kg — 1 and Mg > Mg — 1.

As every common card G — w = F — v corresponds to a vertex
w in the largest component of G and Mr > Mg — 1, the vertex v
must lie in the largest component of F. Moreover, since w, and
therefore also v, always has degree at least 2, we have
Mg >Mp_, + 2 = Mg_,, + 2 = Mg + 1. Therefore, there exists
a connected graph H with at most [%1 — 2 vertices such that G
contains more small connected components of H than F.

As all cards correspond to a vertex in the main component of G,
all copies of H are visible on every common card. As every
common card corresponds to a vertex in the largest component
Mg of F, this largest component My of F has at least HJ +2
cards that contain a component isomorphic to H. This
contradicts Lemma 12.

Case 4. xr <xg—1,s0e(F) > e(G).

As all cards of G correspond to a vertex of degree at least 2, the
forest F has at least ng + 2 vertices of degree >3. Since every
connected component of F is a tree and a tree with k vertices
of degree >3 has at least k + 2 leaves, F has at least HJ + 4

leaves. Thus, F must have more than n vertices, which is a
contradiction. O

This concludes the proof that forests and nonforests have at
most EJ + 1 common cards. Moreover, this bound is tight since

we have already described three infinite families of pairs of
forests and nonforests for which this bound is attained.

Remark 3. The requirement that n > 5000 is only necessary
in case 2b where we use Theorem 1. So, if Theorem 1 is proven
for all n >k (where k is some positive integer), then also
Theorem 3.1 is proven for all n > k.

4 | Recognizing the Girth of a Graph

The next graph property that we will examine is the girth,
which is the length of the smallest cycle in a graph. For
example, the girth of C, is n, and the girth of K, is 3 for n > 3.
If the graph does not contain any cycle, the girth is defined to be
infinite. The three infinite families of pairs from Section 3 show
that—in the worst case— we may need at least BJ + 2 cards to

determine the girth. This is the case as forests have infinite
girth, while unicyclic graphs have finite girth. Hence, the
graphs in these pairs do not have the same girth. In this section,
we will show that the girth of a graph G can be determined from
any %" + 1 cards in its deck. We start with an elementary

lemma about graphs with girth at least 2?" + 1.

Lemma 13. Every graph G on n vertices with girth at least
2?" + 1 has at most one cycle.

Proof. 1f G has two disjoint cycles of size at least 2?" + 1, then
G has more than n vertices, which is impossible. Therefore,
G has two vertices v and w with three paths between them.
The two smallest paths between v and w together form a cycle.
By the pigeonhole principle, this cycle has length at most
2+ @ < 2?" + 1, a contradiction. O
In Section 3, we saw that for n > 5000, a forest and a nonforest
on n vertices have at most [gJ + 1 common cards. However,

one can easily prove, even for small n, using (mostly) counting
arguments, that the following result holds, whose full proof can
be found in the Appendix.

Lemma 14. Forests and nonforests have at most 2?" common

cards.

We will now combine the previous two lemmas with a version of
the previous coloring techniques to prove the following theorem.

Theorem 3. For a graph on n vertices, any 27" + 1 cards are
sufficient to determine its girth.

Proof. First, from Lemma 14 we can determine whether a
graph has a cycle based on any 27" + 1 of its cards. So if G does

not have any cycle, we know that its girth is co.

Let G be an arbitrary graph with a cycle, and let € be the girth of
G. Any cycle of length at most 2?" appears on at least one of the
2?" + 1 cards. This implies that if the girth € of G is < %", we see a
cycle of length ¢. If, moreover, we do not see any smaller cycles,
we know that ¢ is the girth of G. Hence, we will only consider
graphs G with at least one cycle and a girth of ¢ > 2?" + 1.

By Lemma 13, these graphs G have exactly one cycle. If this
unique cycle is visible on at least one card, we can use this card
to determine the girth €. Hence, we assume that this cycle is not
visible, implying that every card in the subdeck corresponds to a
vertex in the cycle of G. These cards G — v all contain a path of
length ¢ — 1 because G contains a cycle of length €.

To determine the length of the unique cycle, we will use a coloring
somewhat similar to the one in Figure 2 to distinguish good and bad
vertices on the cycle. If there are k vertices in a branch rooted at a
vertex v on the cycle of G, then we color all vertices on the cycle of
G with a distance between 1 and k from v pink. In particular, we do
not color the vertex v itself pink. So every vertex outside the cycle
corresponds to at most two pink vertices. Thus, there are at least

€—2(N—€)=3€—2N=3(6’—2?n—1)+3

white vertices on the cycle. Since at most € — 2?" — 1 vertices on
the cycle do not correspond to a card in the subdeck, there is at
least one card in the subdeck that corresponds to a nonpink
vertex w of G.

Every branch with a path of length k from the cycle contains at
least k vertices. Therefore, such branches are either incident to

331

85U80]7 SUOWILIOD BAIIER.D 8]qed!|dde a3 Aq peusenob aJe e YO ‘8sn Jo sajnu Joj Areiq1]8ulIUO 43I UO (SUORIPUOD-pUR-SWBH W00 A8 1M AeJq 1 Bul|UO//:SANY) SUORIPUOD Pue SWB 18U} 89S *[9202/20/02] U0 Ariqiauljuo AB[IM Yeauioljqiasiels RAIUN BAN AQ 122€21B(/200T 0T/10p/w00 A8 |im Azeiq 1 jeuljuoy/Sdny wouy pepeojumod ‘€ ‘SZ0Z ‘8TTOL60T



w or have a distance of at least k + 1 from w. So on the card
G — w, these branches lie in such places that taking them
instead of the cycle does not result in a longer path. Thus, the
longest path of G — w has length ¢ — 1.

In conclusion, we can reconstruct € — 1 because it is the
smallest among the longest paths over all cards. So we can
determine ¢ — 1 and, thus, also the girth ¢. O

5 | Recognizing Bipartiteness

The last property that we will examine is bipartiteness. A
graph is bipartite if it does not contain any cycle of odd length.
The goal of this chapter is to show that we can determine
whether a graph G has such a cycle even if there is a linear
number of cards missing from its deck.

Theorem 4. For any graph on n vertices, any %” + 2 of its
cards are sufficient to determine if it is bipartite.

We will use a similar approach as in the proof of Theorem 1. In
this case, we consider a bipartite graph G and a nonbipartite
graph H that have at least 5?" + 2 common cards. We fix D to be
a subdeck of %" + 2 of these common cards. All observations
and results in this section refer to G, H, and D under these
conditions.

We will call cycles of length at most 5?" + 1 small cycles because
these cycles are all visible on at least one card of D. All cycles
with at least %" + 2 are called large cycles. This gives us the
following observations.

Observation 1. Let k < %" + 1. Then G contains a cycle of
length k if and only if H does.

As G does not contain an odd cycle, neither do cards in D.
Hence, all small cycles of G and H have even length.

Observation 2. All odd cycles in H are large cycles.
Equivalently, all small cycles of H are even.

For the rest of this section, we fix the smallest odd cycle L of H.
The previous observation gives L > %" + 2, where we abuse
notation by using L for the number of vertices in L. We will
continue this notation convention in the rest of the proof. As
the cycle L cannot be visible on any common card, all vertices
corresponding to a common card G —v=H —w lie in L.
We will use this fact to prove that many common cards in D
correspond to vertices of degree 2. With this information, we
will derive an upper bound for the largest even cycle of H.

Lemma 15. At least 27" + 4 cards of D correspond to a vertex
of degree 2 in H.

Proof.  First, note that there are exactly n — L vertices outside
the cycle L of H. We claim that every vertex outside the cycle
L can be connected to at most two vertices on the cycle L. Suppose
v is connected to w; and w,; the distance between w; and w,
should be even because, otherwise, we get an odd cycle of length at

most % +1 Sg + 1. Hence, there is at least one vertex on the
cycle of L between w; and w,. Moreover, we can replace the (short
even) arc wyw, of L with the path w,vw, to get a new odd cycle.
Since this cycle is at least as big as L, there is at most one vertex
between w; and w,. Thus, there is always exactly one vertex
between w; and w, in L, which concludes the proof of the claim.

Let v be a vertex outside the cycle L that is connected to the
vertices w; and w, on the cycle. By the previous paragraph, the
short arc of L between w; and w, equals w;ww,. Hence, the card
H — w contains the cycle L — w + v, which has length L. Thus,
H — wisnotacard of G. So every vertex v outside the cycle that
is connected to two vertices on L corresponds to a unique vertex
w on L such that H — w is not a common card. Since w is the
vertex that lies between both the neighbors of v, every vertex v
that increases the degree of two vertices on the cycle of G from 2
to 3, adds a new vertex to the cycle that cannot correspond to a
common card.

Thus, on average, every vertex that does not correspond to a
common card increases the degree of at most one vertex
corresponding to a common card from 2 to something higher.
Thus, there are at least %” +2 - (n - 5?” — 2) > 2?" + 4 cards
in D corresponding to a vertex of degree 2. [
The following shows that the number of edges of G and H is
equal.

Lemma 16. ¢(G) = e(H).

Proof. Suppose e(G) # e(H). The at least 27" + 4 cards that
correspond to a vertex of degree 2 in H, correspond to a
vertex of degree d in G, implying that G has at least 2?” +4
vertices of degree d. Moreover, by deleting a vertex of degree
2 from H we get a common card with exactly %" + 1 vertices
of degree 2.

So if d > 3, then we can consider this common card to show
that G has at least 2?" + 1 vertices of degree at most 3. But then
G would have at least %" + 4 vertices, a contradiction. If d = 1,

this common card implies that G has at least 2?” vertices

of degree 2, implying that G has again too many vertices.
Similarly, if d =3 then G has at least 2?" —-2= 2?" vertices

of degree at most 2, which also leads to a contradiction. Hence,
d = 2 implying e(G) = e(H). |

We call a vertex w in L simple if deg(w) = 2 and if w does not
lie in any even cycle C.

Lemma 17. Every vertex of degree 2 of H corresponding to a
common card is simple.

Proof. Suppose w is a vertex of degree 2 in H corresponding
to a common card, but w is not simple. Then w lies in an even
cycle C and in L. Let w; and w, be the neighbors of w. Since w
has degree 2, the vertices w; and w, also lie in C n L. Replacing
the path w;ww, in L with the other arc of C gives us an odd
closed walk. This odd closed walk also lies in H — w, so H — w
also contains an odd cycle, a contradiction. O

332

Journal of Graph Theory, 2025

85U80]7 SUOWILIOD BAIIER.D 8]qed!|dde a3 Aq peusenob aJe e YO ‘8sn Jo sajnu Joj Areiq1]8ulIUO 43I UO (SUORIPUOD-pUR-SWBH W00 A8 1M AeJq 1 Bul|UO//:SANY) SUORIPUOD Pue SWB 18U} 89S *[9202/20/02] U0 Ariqiauljuo AB[IM Yeauioljqiasiels RAIUN BAN AQ 122€21B(/200T 0T/10p/w00 A8 |im Azeiq 1 jeuljuoy/Sdny wouy pepeojumod ‘€ ‘SZ0Z ‘8TTOL60T



As H has at least %" + 4 vertices of degree 2 that correspond to
a common card, we can conclude that

Corollary 5.

2 _4.
3

The largest even cycle of H has length at most

Proof. Combining Lemmas 15 and 17 shows that H has at
least 2?" + 4 vertices that do not lie in any even cycle. Hence,

every even cycle has size at most n — 2?" +4= g —4. |

If we combine Corollary 5 with Lemma 1, we get the following
corollary:

Corollary 6.

n
5—4.

The largest small cycle in G has size at most

With this information, we can show that common cards contain
many cut vertices.

Corollary 7. Every common card G — v = H — w contains
27" + 1 cut vertices of degree 2.

Proof. H has at least %" + 4 simple vertices, which by
definition are of degree 2 and do not lie in any even cycle.
Since common cards do not contain odd cycles, none of these
vertices lies in a cycle on a common card. By deleting a vertex, at
most one vertex of degree 2 disappears, and the degree of at most
two vertices of degree 2 in the cycle L decreases. Hence, common
cards have at least 2?" + 4 — 1 — 2 cut vertices of degree 2. []

We now show that G also has a large cycle.

Lemma 18. G contains a cycle of size at least %" + 2.

Proof. Suppose not. Then Lemmas 1 and 5 imply that the
maximum length of any cycle in G is at most %— 4. Let
G—w=H-v be a common card corresponding to the
vertices of degree 2. By Corollary 7 this card has at least
ZT" + 1 cut vertices of degree 2. However, by adding back the
vertex w of degree 2, at most = — 5 cut vertices will be put in a
3 . n .
cycle, as every cycle of G contains at most 3 — 4 vertices. So G

has at least 2?" +1- (% - 5) = g + 6 cut vertices of degree 2.

In particular, at least one of these cut vertices v corresponds to a
common card G — v = H — w. This card is disconnected as v
was a cut vertex. However, every common cardG — v =H — w,
where deg(w) = 2, is connected as w lies in L. Hence, the vertex
v does not correspond to a common card, which is a
contradiction. O

Let K be the smallest large cycle of G. Since G is bipartite, the cycle
K has even length. Since the even cycles in H contain at most
% — 4 vertices, this cycle is not visible on any common card,
implying that all vertices v € G corresponding to a common card
lie in K. Let C be an arbitrary small cycle in G and/or H.

Let D be any cycle, and let u, v € D. The vertices u and v split
the cycle D into two arcs between u and v. The shortest of the
two arcs will be called the short arc between u and w and
dp(u, v) is the length of this arc.

Lemma 19. For every two vertices u,v € Kn C, we have
dg (u,v) <dc(u,v) and for any two vertices u,v € L N C, we
have dr (u,v) <dc(u,v).

(respectively, L N C); the distance in K (or L) is smaller than or
equal to the distance in C.

Proof. 'We only prove the statement for K, as the proof for L is
the same. We proceed by contradiction. Suppose there exist
vertices u and v such that dc(u, v) < dix (u, v). Let u and v be the
pair of vertices for which d¢(u, v) is minimized. We claim that
this arc in C does not contain any vertices of K. Suppose for a
contradiction that w lies on this arc and in K. By minimality of
dc(u,v), we have de (u, w) > dg (u, w) and de(w, v) > dg (u, w).
Hence, by the triangle inequality, we obtain

de(u,v) =dc(u, w) + dec(w,v) >dg(u, w) + dg(w, w)
Z dK (u’ V),

a contradiction.

Hence, if we replace the short arc between u and v of K with the
short arc between u and v in C, we obtain a new cycle D. Since
dc(u,v) < dg(u,v), the cycle D is smaller than K, and by
definition of K, this implies that D is a small cycle. Hence,

de(u,v) + [S?n +2 - (% - 4]]

=dc(u,v) + % + 6 <dg(u,v).

However, since the length of K is at most n, we have
dg (u, v) sg, a contradiction. Thus, we can conclude that

dce(u,v) >dg(u,v) for allu,ve Kn C. |

Corollary 8. For every small cycle C, the vertices of KN C
(respectively, L N C) lie in one interval of size at most% +1inK
(respectively, L).

Proof. 'We only prove the statement for K, as the proof for L is
the same. Lemma 19 gives that for all u,v € CnK that
dg (u,v) <dc(u,v) < % Fix a vertex v € KN C, then every

vertex lies within distance % from a vertex v. Since

2C sz?" — 8 < K, the shortest arc between vertices left and

right from v is always via v. Hence, all the vertices in K n C lie
in an interval of size at most % + 1. O

Similar to the definition in H, we define a simple vertex of G to
be a vertex in the cycle K such that this vertex does not lie in
any small cycle of G. We now prove that every vertex of degree 2
corresponding to a common card of G and H is simple.

Lemma 20. Every vertex of degree 2 in G corresponding to a
common card is simple.

Proof. Suppose v is a vertex of degree 2 in G corresponding to
a common card, but v is not simple. Then v lies in a small cycle
C (and a large cycle). Since v has degree 2, both neighbors of v
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also lie in C and K. Let v; and v, be the vertices in K N C that
have the largest distance between them in K.

Because C < g — 4 and every distance in K is smaller than the
distance in C, we obtain dx (vq, v;) < % — 2. Moreover, there are
no other vertices on the long arc vv, of K that also lie in as
those vertices will have a larger distance to either v; or v, than
dg (v1, v3). So v lies on the short arc of K. If we now replace the
short arc v;v, in K with the arc v;v, of C without v, we get a
cycle that does not contain v. This new arc of C is larger than
the short arc in K, so this cycle is larger than K and thus not
small. Since H does not contain any large even cycles and G — v
contains a large even cycle, G — v is not a card of H. O

We will now combine all the information from the previous
lemmas to derive a contradiction.

Theorem 4. For any graph on n vertices, any %” + 2 of its
cards are sufficient to determine if it is bipartite.

Proof. Suppose, for a contradiction, that there exists a
bipartite graph G and a nonbipartite graph H that have a
subdeck D of at least %" + 2 common cards.

By Lemmas 15 and 20, at least %" + 4 common cards in D
correspond to simple vertices in H and G of degree 2. Hence, by
the proof of Lemma 16, we can determine the number of edges
in G and H based on D, and thus we can determine the degrees
of the missing vertices for all cards in D.

Recall that the diameter of a graph is the length of the longest
shortest path between any two vertices of the graph. We will prove
that K — 2 and L — 2 are both equal to the minimal diameter
among all common cards corresponding to a vertex of degree 2. We
will prove this statement for K, as the proof for L will be the same.

We start by observing the following. The neighbors of a simple
vertex v must have distance K — 2 in G — v, as otherwise, v
would lie in a smaller cycle than K. Hence, the diameter on all
cards corresponding to a vertex of degree 2 is at least K — 2.

We will use a similar coloring as in Figure 2. For every branch
of size k outside our fixed cycle K connected to a vertex v in K,
we color all vertices on K with distance at most k to v pink.
Since the vertices of a path of length m outside the cycle are
only connected to vertices that lie in an interval of size m + 1
on the cycle by Corollary 8, we color at most 3k + 2 <5k
vertices pink for every branch of size k. All nonpink vertices on
the cycle K are white.

This indicates that we color at most 5(n — K) vertices on K
pink. Hence, there are at least

K—S(n—K):6K—Sn=6(K—5?n—2)+12

white vertices in K. Since at most K — %n — 2 vertices on the
cycle of G do not correspond to a common card, there exists a
white vertex v corresponding to a common card in D. By our
coloring, v has degree 2 implying that v is simple.

We claim that for every white vertex v, the diameter of G — v is
exactly K — 2. Suppose not. Let v; and v, be the neighbors of v,
and let x and y be two arbitrary vertices in G — v. Let v,
respectively, vy, be the vertex closest to x, respectively, y, lying on
the cycle K. Moreover, assume that v, lies closer to v; and vy, to v,.
Then as v is white, we see d (x, v) < d(v, ) = d(vy, V) + 1 and
d(y,v) < d,vy) = d(v,,v,) + 1 implying that

dx,y) £d(x,v) + d(r, vy) + d(vy, »)
<d g, vo) + d(vy, Vy) + d(vy, V) =d(, ) =K - 2.

The second-to-last equality follows from the fact that the unique
shortest path between v; and v, is the path corresponding to the
large arc of the cycle.

Hence, K — 2 is equal to the minimal diameter of common
cards G — v, where v has degree 2. Similarly, we can prove
that L — 2 is equal to the minimal diameter of common cards
H—w, where w has degree 2. For a common card
G —v=H — w, the vertex v has degree 2 if and only if w
has degree 2. So in both cases, we take the minimum over the
same set of cards. Thus, K—2 =L — 2 implying K=1, a
contradiction. O

So we have proven an upper bound of %" + 2 for determining

whether a graph on n vertices is bipartite. Now, we consider
possible lower bounds. Notice that if we take an element of
Family 1 with n = 1 mod 4 vertices, then G contains an odd

cycle of length ";1, while F does not contain such a cycle.

Thus, we found an infinite family of pairs of bipartite graphs F

and nonbipartite graphs G that have ng + 1 common cards.
Moreover, for a member of Family 3 on n = 1 mod 4 vertices,

the graph G has an odd cycle of length ";1, while F does not

contain any cycles. This gives our second infinite family of pairs
of bipartite graphs F and nonbipartite graphs G that have

EJ + 1 common cards.

Figure 7 contains another infinite family of pairs of graphs G
and H, where G is bipartite and H is not, and such that G and H
have "*! common cards. What is special about this example is

the fact that G and H both contain cycles and are connected.
We can extend this example to a whole family by adding extra
diamonds to G and H. Since every diamond increases the large
cycle of H by 3, H is not bipartite if it contains an even number
of diamonds. However, G is always bipartite, so this gives
indeed an infinite family of pairs.

6 | Discussion

In this article, we have developed some machinery to determine
whether a graph has a large cycle if we have n — en arbitrary
cards of a graph G on n vertices, even when this cycle is not
visible on any of are given cards. The main idea was to mark
vertices that lie close to big branches or other cycles as bad
(here always colored pink). So for good vertices v, most of the
vertices that lie in the large nonvisible cycle in G lie in the
longest path of G — v. This also implies that on every card, it is
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L

FIGURE 7

Another example of a bipartite graph G and a nonbipartite graph H that have 2X1

o

! common cards. For every two vertices v € G and

w € H with the same color and shape (except for black dots), we have G — v = H — w.

apparent what most of the branches/small cycles around the big
cycle in G — v are.

However, to use this information, the subdeck must contain at
least one common card that corresponds to a good vertex. This
requirement led to different bounds for different properties. We
were, for example, able to show that we can determine whether
a connected graph on n vertices has a cycle based on any - 242
cards, whereas we needed at least + 2 cards to determme the
length of the smallest cycle. Moreover, if we wanted to deter-
mine whether a graph had an odd cycle, we needed at least
5?" + 2 cards, as we had to ensure that there was a big gap

between large and small cycles for our coloring to work.

We believe that these colorings can also be used to determine
other properties that involve the (non)existence of cycles
with a few length restrictions based on any n — €n cards. The
main idea is to choose enough cards such that every small
cycle is visible at least once. Hence, we only need to focus
on the question of whether there is a big hidden cycle. For
example, we believe it is possible to determine whether a
graph has at most one cycle or more than one cycle based on
any n — en cards. However, proving this requires taking into
account the possibility that there are two small cycles of the
same length.

Although we have found upper bounds for girth and biparti-
teness of the form n — en, we suspect that the true upper
bounds are far lower. We believe that the lower bounds of

HJ + 2 are tight. Therefore, we propose the following

conjectures.

Conjecture 4. For n large enough, the number of common
cards between a graph G and H, both on n vertices, with different

girths, is at most l%J + 1.

Conjecture 5. For n large enough, the number of common
cards between a bipartite graph G and a nonbipartite graph H
that both have n vertices is at most BJ + 1.

Moreover, it would be very interesting to find all graphs (for n
large enough) for which these bounds are tight. For example,
Bowler, Brown, Fenner, and Myrvold [14] characterized
all pairs of graphs (G, H) where G is connected and H is
disconnected that have EJ + 1 common cards. In [15] there is a
proof that, for n large enough, all pairs of graphs (G, H) where
G is a forest and H is not a forest that have exactly HJ +1
common cards are the ones that fall in one of the three families

of Lemma 10. We are also interested in the (hypothetical)
extremal examples for Conjecture 5:

Question 1. What are the pairs (G, H) where G is a bipartite
graph on n vertices and H a nonbipartite graph on n vertices

such that G and H have (at least) ng + 1 common cards?
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Appendix A
Deferred Proofs

This section contains the deferred proof of Lemma 14.

Lemma 14. Forests and nonforests have at most 2?” common cards.

Proof. Suppose for a contradiction that a forest T and a graph G with a
cycle, both on n vertices, have at least 2% 4 1 common cards. Let L be
the length of a cycle of G; then L > 2?" + 1 as the cycle is not visible on
any of the common cards. Now, Lemma 13 tells us that G is unicyclic,
so let L be the length of the unique cycle. Then, as G is unicyclic, G has
at least L—(n-L)=2L-n=2(L—2-1)+2%+2 vertices
of degree 2 on its cycle. As at most L — (%" + 1) vertices on the cycle
of G do not correspond to a common card, at least% + 2 common cards
do correspond to a vertex of degree 2.

Let K be the number of connected components in G and Kr the
number of connected components of T. Then e(G) = n + 1 — Kg and
e(T) =n — Kr. For every common card corresponding to a vertex
of degree 2 in the cycle of G, the number of connected components is
equal to Kg.

Therefore, K <Kg + 1. If K = Kg + 1, then T must have at least
2?" + 1isolated vertices, as deleting them is the only way to decrease the
number of connected components. This indicates that K 22?" + 1
However, as the cycle of G already has 2" 41 vertices, G also has a
connected component with at least EL vertices, which leads to a
contradiction. Therefore, Ky < K and e(G) > e(T).

Therefore, for every common card T — v = G — w with deg(w) = 2, the
fact e(G) > e(T) implies deg(v) <1. This indicates that T has at least
% + 2 vertices of degree at most 1. Then T—v=G —w has at
least % + 1 such vertices. As w has degree 2, this indicates that G has at
least = — 1 vertices of degree at most 1, as this number only decreases if a
neighbor of w had degree 1 or less. But as G already has 2?" + 1 vertices on
the cycle, which all have degree at least 2, all bounds must be tight.

In particular, this means that L = 2?" + 1, and thus every vertex on the
cycle of G corresponds to a common card. Moreover, this also tells us

that every vertex of degree 2 in the cycle has two neighbors of degree
at most 2. Hence, all vertices in the cycle have degree 2. Therefore,
T has at least 2?" + 1 vertices of degree at most 1, and G has 2?" -2
vertices of degree at most 1. As G has n vertices, this gives us that
n Z?" -2 ?” + 1, implying .

On the other hand, we also know that 2?" + 1 <n,son = 3. In this case,
G is a triangle, and all 3 cards of G are connected. However, as all
vertices of T have degree at most 1, we see that T is disconnected. So T
does not have 3 connected cards, which is a contradiction. O
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