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11 Introductio n to neura l network s 

Itt is a major event that occurs every four years. The icon associated with it are five rings 
attachedd to each other in a specific manner. If, moreover, the fact is added that the origin 
off this event is to be found in Greece, one will have thought almost certainly of the Olympic 
Games.. Of those persons which recognized the event via these clues it is said that they were 
ablee to recall some information that was stored in their memory. 

Nott everybody is interested in sports and therefore some hear about these facts for the first 
time.. Nevertheless, if those persons were asked, after having read the first paragraph of this 
introduction,, to say something about the Olympic Games they probably could. Those people 
havee learned in the preceding paragraph some information, which they were able to recall in 
thee current paragraph. With this little experiment two processes are illustrated which will be 
studiedd in this thesis: learning and recall of information. In the brain many more is to be found 
andd has been found. 

Althoughh a research topic for centuries, the brain is up to now for a large part not under-
stood.. This fact has focused the attention of more and more people on the brain. Moreover, 
manyy human skills tingle our imagination. Among them are the human experience of per-
ception,, memory and emotion. As a consequence, brain research is expanding, and nowadays 
manyy scientists educated in all kinds of fields try to unravel the secrets of the brain. Of the 
manyy questions one can raise, this thesis is restricted to the question how the human brain 
mightt process information. This will be done with the limited tools of a theoretical physicist: a 
pencil,, a computer, some paper and a library. Nevertheless, the particular methods, questions 
andd results of a theoretical physicist are hoped to influence, stimulate and enrich the thoughts 
off researchers from other disciplines. 

Thee diversity of the scientific groups involved in brain research allows the brain to be 
studiedd in many different ways. For instance, psychologists investigate the brain as a black box 
viaa stimulus-response measurements. Famous is the experiment of Pavlov in which a dog starts 
too salivate in response to an expected stimulus, i.e., food. A drawback is that the processes 
whichh take place in the brain and yield this behaviour remain unclear. This gap is filled by 
aa tremendous amount of diverse studies on the interior of the brain. Examples are the study 
off the anatomy of the brain via brain imaging methods like functional MRI. Moreover, on a 
smallerr length scale, the electric current flow through membranes of nerve-cells is investigated 
viaa patch-clamp techniques. On a molecular level, the method of polymer chain reaction (PCR) 
hass initiated a lot of publications ever since its introduction. 

Despitee these and many other techniques, it appears to be very difficult to study the 
influenceinfluence of the cellular changes at an experimental level. In other words, it is difficult to 
demonstratee that a change at the cellular level implies a change in behaviour of a human 
being.. This is an important issue since, roughly speaking, the current theories state that this is 
whatt learning is about. I will come back to learning in more detail later on, here the message is 
thatt a problem is encountered that sounds familiar to a physicist. How to explain a macroscopic 
phenomenonn by means of a microscopic description? In physics this is the domain of statistical 
physics,, commonly applied to the study of gases, liquids or solids. Important in this field is to 
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ignoree those individual properties of the atoms which are considered to be irrelevant for the 
macroscopicc behaviour. Hence, it is advocated that simplified models are sufficient to capture 
thee essentials of a problem. This will also be my attitude when investigating the brain in this 
thesis.. In this context, the nerve-cells, or neurons, play the part of the microscopic entities 
off statistical physics, while the macroscopic phenomenon associated is with that of a brain 
processs like learning. Simplified models of a part of the brain, commonly referred to as a neural 
network,, will be studied. This will be done both analytically and numerically. 

Ass said before, learning is considered to occur at a cellular level. In particular, it is a change 
inn strength of the synaptical connections between nerve-cells (see below). In neural networks 
thesee local changes are modeled via so-called learning rules. The main goal of neural network 
studiess is to find learning rules which are devised in such a manner that the network as a whole 
operatess in some desired fashion. This is a non-trivial requirement. Nevertheless, microscopic 
learningg rules have been found to generate macroscopic behaviour. This fact emphasizes the 
powerr and the potential of the use of neural networks models in brain research. 

Inn the spirit of statistical physics, the first neural network models were highly simplified 
withh respect to biology. The current research on neural networks is involved with the addition 
off more and more biological relevant properties to neural network models. This direction of 
thee ongoing research is reflected in this thesis. 

Upp to now I have said some words on the relation of neural networks to brain research. 
However,, some neural network models have properties which allow the application in various 
industriall environments. An example in this context is pattern recognition. Also robotics flour-
ishedd due to the application of neural networks. Many more can be said about this, but since 
thiss thesis is involved with brain research I leave it as a side-remark. 

Inn conclusion, the study of neural networks can be a supplemental tool in the goal to 
understandd the brain. Moreover, it provides a means to investigate the brain not only experi-
mentally,, but also analytically and computationally. In physics, the interaction between theory 
andd experiment has proved over and over again to be a rich source of scientific achievements. 
Hopefully,, the theory of neural networks can contribute to such a development in the field of 
brainn research. 

Inn the remainder of this introductory chapter I will first sketch the biochemical organization 
off the brain, starting with its building block, the nerve cell. Then the neuron-model and the type 
off neural networks I will use throughout this thesis will be discussed. Also a short description 
howw to look at learning and retrieval in the chosen neural network model will be given. The 
introductoryy part is closed with an expose on various contributions to the theory of (attractor) 
neurall networks. Finally, an outline of the research topics of the thesis will be presented. 

1.11 Nerve-cells 

Inn this section I will describe in short the structure of a nerve-cell. I do not intend to do 
thiss thoroughly, since this topic is worth a book on itself due to its complexity. Rather, I 
mentionn those aspects that are necessary for the simplified neuron models I will introduce in 
thee following section. 

Thee nerve-cell, as any other cell, is a complicated thing (see figure 1.1 for a schematic 
picture).. Many types do exist, but basically a nerve-cell consists of a tree like structure, called 
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thee dendrites, which are in contact with the central element of the nerve-cell, the soma. The 
soma,, in turn, is connected to a single offshoot, the axon, which branches at its end. 

Celll body 

Dendrites s 

Hillockk zone 

Axon. . 

Figuree 1.1: A schemati c pictur e of a nerve-cell , reprinted from [1]. 

Nervee cells are, mostly, connected in a biochemical way via so-called synaptic junctions. 
Suchh a junction is a location where an axon of some nerve-cell, called pre-synaptic nerve-cell, 
almostt touches at a part of the dendrites or the soma of any other nerve-cell, referred to 
ass post-synaptic nerve-cell. To be more precise, on the arrival of a signal at the pre-synaptic 
sidee of the cleft between two nerve-cells, a chemical substance is released. These chemical 
substances,, also called neurotransmitters, reach the opposite side of the cleft by diffusion. 
Thee post-synaptic nerve-cell capture the neuro-transmitters via receptors. Then a complex 
biochemicall process leads to either an enhancement or a reduction of the potential at the 
soma,, the post-synaptic potential. In the former case one speaks of an excitatory effect and 
inn the latter of an inhibitory effect. 

Alsoo the production of an axonal signal, called an action-potential or a spike, is induced by a 
complicatedd biochemical process. In short, a spike is a temporary disturbance of the membrane-
potentiall which propagates through the axon. This process is initiated if via incoming signals 
aa certain critical value of the membrane-potential at the soma is surpassed. 

Forr a more detailed description of all these biochemical processes see, e.g., [2]. 

1.22 Neuron models 

Thee nerve-cell (neuron), can be regarded as an information processing device, which receives 
inputt in the dendrites, integrates this input in the soma and responses to other neurons via its 
axon.. An important issue is how the information on the environment is encoded in neuronal 
signals.. In other words, what kind of signals indicate the recall of the words 'Olympic Games' ? 

Firstt of all, one might try to relate the activity of a single neuron to such a recall. It is 
reportedd that neurons do exist which respond to specific stimuli, such as neurons that respond 
onlyy if horizontal (vertical) lines are present in the range of vision. This led to the concept of 
thee 'grandmother' cell code, which refers to the famous example of a brain in which the view 
off a grandmother only triggers a specific group of nerve-cells to emit spikes. Nevertheless, 
thiss concept has long been abandoned as the general mechanism in which the brain operates. 
Nowadays,, it is thought that information is stored via ensembles of neurons rather than via 
singlee neurons. 
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AA next issue is whether a single spike or a group of spikes between neurons carry information. 
Inn favour of the latter case, there is experimental evidence that in sensory neurons the mean 
firingg rate, the time-averaged rate at which a neuron produces signals, is directly related to the 
stimuluss intensity. However, in real life, situations do occur which demand a fast reaction of 
thee brain. Then no time is left for temporal averaging and single spikes should be important. 

Thee issue how to interpret the temporal structure of neural activity is an important issue, 
whichh have led to many models, each with its specific solution. Examples are oscillator models 
likee the Kuramoto model [3], the Hodgkin-Huxley model [4] and the integrate-and-fire model 
[5,, 6, 7, 8]. A review can be found in [9, 10]. 

Inn this thesis learning and retrieval will be considered to be phenomena generated by the 
spikingg behaviour of a group of neurons. The next section will deal with the way in which 
neuronss are grouped together. Here single neurons will be the topic. 

Too model the complicated nerve-cells of the preceding section I have chosen the neuron 
modell of McCulloch and Pitts [11], see figure 1.2. In this model, the spiking behaviour of a 
nerve-celll is described via a two state variable x for the state of a neuron. That is, a neuron i 
iss considered to have a state xt — 1 if it produces one action-potential, or spike, and a state 
xxtt = 0 if the neuron is quiescent. 

Jt,-- = 0,1 

Figuree 1.2: Th e neuro n mode l of McCulloc h and Pitts . In this model, the post-synaptic 
potentiall h% of a neuron i is supposed to be the weighted sum, via wn,...,wiN, of all N 
inputss from other neurons. The output of this neuron is a two-state variable xit the value of 
whichh can be zero (the neuron is in a quiescent state) or one (the neuron produces a spike). 

Thee post-synaptic potential of a neuron i is the result of an integration over all inputs 
fromm the pre-synaptic neurons j. The integration can be done in various manners. The most 
simplee integration is that of linearly adding the inputs albeit weighted for their influence on 
thee post-synaptic potential. This difference in influence can be due, among other things, to 
aa variable amount of neuro-transmitters that is released in the synaptic cleft or to a variable 
amountt of receptors that is present at the post-synaptic side of the cleft. In formula, the 
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post-synapticc potential hi(t) of neuron i at time t as a result of a linear integration reads 

N N 

hhii(t)(t) = 1£wij(t)x3{t), (1.1) 
j = i i 

wheree the Xj(t)  are the input signals at time t and where the Wij(t) are the weights, also called 
synapticc efficacies or synaptic strengths at time t. A synaptic weight Wjj  takes into account 
thee overall efFect of a synaptic connection between a post-synaptic neuron i and a pre-synaptic 
neuronn j. It may be positive (negative) in case the synaptic connection is excitatory (inhibitory) 
orr zero in case there is no connection between the two neurons. 

Inn case no signal is received by a nerve-cell its soma has a constant resting potential. Input 
signalss lead to an action-potential if the membrane-potential is increased above a certain level. 
AA typical value for this increase is 10 mV [2]. This can be translated into the model saying that 
inn order to generate a spike the post-synaptic potential hx has to exceed a constant threshold 

Si. Si. 

Thee decision to generate a spike has to be given by a dynamical rule. Taking time to be 
discrete,, the output of neuron i is generated via 

Xi(tXi(t + At) = eE(hi{t) -0i), (t = 1 , . . ., N), (1.2) 

wheree At is some discrete time step. The symbol 0 H stands for the Heaviside step function, 
whichh equals one for positive arguments and vanishes otherwise. Remark that this rule is 
deterministicc although stochastic versions do exist. Moreover, I assume all spikes to contribute 
ass a whole to a post-synaptic potential at a given time. In reality, however, the shape of the 
synapsess and the dendritic tree yield a spike generated by some pre-synaptic neuron at a given 
timee to arrive (via dispersion) in parts at the soma in a few consecutive time-steps and, hence, 
too contribute in parts to a few post-synaptic potentials consecutive in time. 

Inn this basic model other properties of a nerve-cell can be introduced. For instance, instead 
off a threshold a refractory function can be defined to model more accurately the reduced 
excitabilityy of a nerve cell after a spike has been emitted. Another aspect that is neglected 
inn the model of McCulloch and Pitts are axonal delay times and the time propagation time 
off a signal through the dendritic tree. Inclusion of one or more of these properties yields the 
spike-response-modell [12] or other models [13, 14]. 

1.33 Brai n models : neura l network s 

Thee former section was about the microscopic structure of the brain, that of a nerve-cell. In 
orderr to start my attempts of explaining the macroscopic phenomenon of learning, I first have 
too treat the way in which nerve-cells are connected. For a detailed description of the structure 
off the brain I refer to text books like [2]. I, merely, stick to the enfolded outer layer of the 
brain,, the cortex. 

Thee brain is equipped with many memory types ranging from short-term to long-term 
memory.. Each of these types can be associated with one or more specific locations in the 
brain.. Since, locally, the anatomy of the brain differs, it depends upon the memory process 
youu want to describe in which manner the neurons are to be connected to each other. 
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Inn general, two neurons A and B can be attached to each other in two distinct ways. First, 
onlyy in one direction, from A to B or, equivalently, from B to A in which case one speaks of a 
feed-forwardd neural network of two neurons. The other possibility is that of attaching neuron 
AA to B and neuron B to A, the case of a recurrent neural network of two neurons. 

Inn this thesis I will model long-term memory in a simplified manner. First of all, the pathways 
willl be discarded which lead from the sense-organs to the nerve-cells directly involved in the 
memoryy process. Instead of a pathway, some input signal to a network of neurons will be 
definedd to represent the information received by the sensory neurons. Moreover, since long-
termm memory is, primarily, associated with the cortex, a single network of (cortical) neurons 
willl be studied. 

Roughlyy speaking, the cortex is a thin layer with a columnar structure. Within each column 
neuronss are connected densely, i.e., there is a high connectivity, whereas neurons in difFerent 
columnss are connected sparsely. As a consequence, often fully connected recurrent networks are 
chosenn as a model for the memory processes of the cortex. With the words fully connected it 
iss meant that each neuron is attached to all other neurons of the network. To model a column 
off the cortex in more detail, however, a recurrent network of partially connected neurons has 
too be used, as I will do below. 

AA point that still has to be considered is the manner in which the dynamical rule (1.2) is 
appliedd to a network of neurons. First of all the rule can be used to update all of the neurons 
off the network simultaneously. This type of dynamics is called parallel dynamics [15]. The 
otherr type of dynamics, sequential dynamics, updates neurons one at a time, either in a fixed 
orderr or randomly [16]. Both parallel as sequential updating are approximations to the realistic 
situationn in which nerve-cells produce spikes neither simultaneously nor sequentially. Instead, 
nerve-cellss produce spikes if the post-synaptic potential surpasses the threshold potential, a 
factt which yield a time-interval between spikes which may vary. Nevertheless, to simplify the 
problemm and to mimic the behaviour of collective oscillations (see section 1.5), I will use parallel 
dynamics,, and, hence, a fixed time-interval. 

1.44 Learnin g 

Inn modeling the brain we now have a partially connected recurrent network of McCulloch and 
Pittss neurons at our disposal. To study this network, however, one first has to know the values 
off the synaptic connections w^. In a living brain, the efficacy of signal transmission via the 
synapticc cleft changes in time. This can be due to, among many other factors, a decrease or 
increasee in the release of neurotransmitters at the pre-synaptic side of a synapse or a decrease 
orr increase in the amount of receptors at the post-synaptic side of a synapse. Mathematically, 
thee change of the strength of the connections can in both cases be written as 

Wij{tWij{t  + At) = Wij(t) + Awij{t) (1.3) 

wheree Awij(t) is the change in the efficacy at time t. In the context of storage of information, 
ann explicit expression for the change Au; t J is said to be a learning rule. This brings me to one 
off the main points of my thesis: how is information learned. 

Inn the forties, the Canadian psychologist Hebb conjectured in his now famous book The or-
ganizationganization of behavior—A neuro-physiological Theory [17] that the changes of the connections 
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betweenn the neurons take place according to a 'neuro-physiological postulate' that nowadays 
iss referred to as Hebb's rule: 'When an axon of cell A is near enough to excite a cell B and 
repeatedlyy or persistently takes part in firing it, some growth process or metabolic change 
takess place in one or both cells so that A's efficiency, as one of the cells firing B, is increased'. 
Thuss Hebb's rule is a qualitative statement on the enhancement of synaptic efficiency of sig-
nall transmission, but does not state quantitatively, by some mathematical formula, to what 
extent. . 

Basedd on his statement a synapse is defined to be Hebbian if it uses a mechanism to 
increasee the synaptic efficacy that is time-dependent, local and interactive. With interactive I 
meann that the activities of the pre-synaptic neuron as well as the post-synaptic neuron are to 
bee taken into account. 

Thee statement of Hebb does not imply the conditions for a decrease of the synaptic efficacy. 
Thiss gap has led to the concept of a generalized Hebbian synaptic mechanism in which both 
synapticc enhancement as well as depression is present as some function of the activities [18, 19]. 

Thee key issue remains to verify the statement of Hebb in an experimental setup. An 
importantt phenomenon found experimentally which supports the existence of Hebbian synapses 
iss that of long-term-potentiation (LTP), the long-lasting enhancement of the excitability of a 
neuronn due to repeated stimulation. The first experiments showing LTP were performed with 
hippocampall neurons [20], but also for neocortical neurons LTP has been shown to exist [21]. 

Thee experiments mentioned above were done both in vitro (brain slices) as in vivo. Although 
theree are indications that synapses do exist that behave in a Hebbian way and yield a change in 
behaviourr (learning) [22], a full experimental proof lacks up to now. Moreover, the complexity 
off the processes involved may be a barrier to high to show the influence of Hebbian synapses 
onn mental processes experimentally. 

Thiss emphasizes the importance of theoretical studies on Hebbian synapses. In chapter 2 the 
statementt of Hebb will be rephrased mathematically for the model chosen in this thesis. It will 
bee shown that the statement of Hebb allows for a number of different Hebbian learning rules. 
Moreover,, it will be studied which of the Hebbian learning rules imply storage of information. 

1.55 Retrieva l 

Inn order to study the retrieval of information I have to specify in more detail the question I 
askedd before how the information on the environment is encoded in a neuronal signal. To do 
so,, I now introduce the states Xi(t)  of all neurons i (i = 1 , . . . , iV) of a net, at a given time 
t,t, as the components of a state-vector X(£) of this neural net, X(t) := (xi(t),.. . ,£#(£)). 
Moreover,, I define a space, or state-space, as the space spanned by all possible state-vectors 
X(<).. Hence, any state-vector X(<) is represented in state-space as a single point. 

Duee to the changes in time in the states of the neurons, the state-vector X(£) also changes 
inn time. As a consequence, all state-vectors will follow some trajectory in state-space which 
cann be linked to some mental process like the process of recognition. Therefore, I will proceed 
byy investigating which points sets, or trajectories, in state-space do exist and how they can 
bee interpreted. The dynamics can lead to three types of asymptotic states: i. chaotic, ii. 
limit-cycless and Hi. fixed points. In the cases of chaotic dynamics trajectories wander in an 
uncorrelatedd way in state-space, whereas in case of limit-cycles trajectories lead, rapidly, to a 
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cyclee of states. In both situations the dynamics in state-space is sensitive to the initial state-
vector,, although in the case of limit-cycles this also depends upon the dynamical rule being 
used.. In contrast, point sets which lead to some single state-vector and, moreover, remain 
stuckk at this state, a fixed point, can be rather insensitive to initial state-vectors. 

Att this point it is important to discuss in more detail the properties related to retrieval of 
information.. From daily experience it is known that objects can be recognized under all kinds 
off conditions. For instance, this thesis can be viewed and recognized from various distances 
andd from different angles. Also small perturbations as a pencil or a small piece of paper placed 
onn the thesis will not prevent the book to be recognized. In all these situations, the input signal 
too the brain will be quite different, but the response is identical. This can be translated as a 
requirementt that a neural model, for the retrieval of information, has to be rather insensitive 
inn its response to the input of the neural system. Consequently, trajectories which lead to fixed 
pointss have been studied extensively in the context of memory. Also in this thesis fixed points 
willl be the manner in which the environment is encoded in neural signals. 

Sincee a fixed point is some specific network state, a pattern, it is denoted as a vector with 
componentss the specific states of the neurons of the net, i.e., £ = ( £ i , . . . ,£/v). It has to be 
emphasizedd that for the desired behaviour each fixed point has to have a so-called basin of 
attraction.. Roughly speaking, a basin of attraction of a fixed point is defined to be the set of 
inputt signals that evolve under the influence of a given dynamical rule to the same fixed point. 

Inn spite of these theoretical arguments, it still is an open discussion whether neural signals 
aree encoded via trajectories which lead to fixed points or via a more complicated dynamics. 
Namely,, there is experimental evidence in favour of the use of fixed points [23] and experimental 
resultss do exist that challenge this [24]. Therefore, also trajectories to limit-cycles [25, 26, 27, 
28]] and chaotic trajectories [29, 30, 31] have been studied. 

Givenn a dynamical rule, e.g., eq. (1.2), i t depends upon the synaptic weights iv^ what 
trajectoryy in state-space the states of the neurons in a network will follow. In other words, the 
weightss Wij determine the behaviour of the brain. Hence, the driving force behind the values 
off the weights, the learning rule, has to be such that fixed points with basins of attractions 
aree created. This will indeed be an important issue in chapters 2 and 4. In chapter 3 the size 
off the basins of attraction will be the topic. 

Neurall networks have two time scales, one related to the rate of change of the synaptic 
efficaciess wtj and one related to the spiking activity of a neuron. The latter time is of the 
orderr of milliseconds, the former is less welt defined, but can be estimated to lie somewhere 
betweenn seconds and days: it is a time related to the rate of learning of a brain. Hence, the 
AtAt occurring in equation (1.2) is of the order of milliseconds. The topic of dynamic synapses 
andd neurons is often referred to as double-dynamics and will be studied in chapter 4. 

Thee arrival at a fixed point, using parallel dynamics, can be regarded as a collective oscil-
lationn with a frequency given by 1/At. Taking the characteristic time-step to be one to two 
milli-seconds,, we have in this fashion oscillations of about 500-1000 Hz, which is well above the 
measuredd values of 40-50 Hz [32, 33]. The more sophisticated spike-response-model, however, 
yieldss results which are in agreement with these experiments [12]. 

Neurall networks based on fixed points are also called attractor neural networks. A good 
revieww on this type of networks is presented in [34]. Also books exist which treat neural 
networkss in a more general context [35, 36, 37]. In the next section some major contributions 
too the study of attractor neural networks will be presented. 
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1.66 Attracto r neura l network s 

Inn this section I wilt go into some detail on the current status of the ongoing theoretical 
researchh on attractor neural networks. A development which proved to be very fruitful began 
whenn Little pointed out the similarity between recurrent neural networks of McCulloch and 
Pittss neurons at the one hand and Ising models, models which describe ferromagnetism [38], 
onn the other hand. An Ising system is a lattice model with on each lattice site i, a variable 
SiSi which can have the values s» = 1 (spin up) and Si = - 1 (spin down). The analogy to a 
neurall network is realized by identifying each spin with a neuron and associating the upward 
orientationn s» = 1 with the active state Xi = 1 and the downward orientation s^ = — 1 with 
thee in-active state Xi = 0. This allowed for two representations for the state of a neuron : 
i.i. the 'binary' representation, X{ = 1 or Xi = 0, and ii. the 'bipolar' or 'spin-representation', 
SiSi = 1 or Si — — 1 . 

Inn  the spin-representation, the dynamical equation (1.2) can be rewritten as 

SiSi(t(t + At) = sgn(£ Jy(*)*;(* ) - Ti(t)), (t = 1,.. ., N), (1.4) 

wheree the time dependent 'coupling constants' Jy are related to the biological weights tüy 
throughh Jij = Wij /2 and where Sj = 2XJ - 1. The time dependent 'thresholds' T{(t) are 
relatedd to the constant biological thresholds fy according to 

N N 

Ti{t)Ti{t)  = ft - £ Jij(t), (« = 1 JV). (1.5) 

Inn the literature the thresholds Ti(t) are usually treated as a constant; most often the constant 
iss taken to vanish [39, 40, 41]. This seemingly innocent fact changes, of course, the dynamics 
(1.4)) of the system in a non-trivial way. As a consequence, the results obtained for, e.g., 
thee adaptation of the coupling constants differ from those obtained when the actual biological 
dynamicss (2.3) is used [see [41] and cf. chapter 2 eqs. (2.41) and (2.42)]. Hence, when modeling 
adaptationn processes of biological neurons with constant thresholds, the use of the binary-
representationn is obligatory. I therefore proceed in this thesis with the binary-representation, 
althoughh an identical, but less transparent, reformulation in spin-representation is possible. 

Thee introduction of the spin-representation also allowed the mathematical tools of ther-
modynamicss to be applied to neural networks, in particular the tools developed in the study 
off spin-glasses. This point will be treated in more detail below and in chapter 5. 

AA well-known model which incorporates storage of information (via Hebb's rule) and re-
trievall (via fixed-points) is that of Hopfield [16]. In this model the synaptic weights Wy between 
twoo neurons i and j are given by 

^^  = 4ê(2e-l)(2^-l), (1-6) 

wheree iV are the number of neurons and p is the number of stored patterns £. The Hopfield 
modell regarded as a spin-glass system was solved by Amit et. al. using the replica approach 
[42].. They conclude that the maximal amount of patterns pmax that can be stored in a network 
off N neurons, defined via the maximal storage capacity ac = pma,x/N, is ac = 0.138. 
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Alsoo within the context of spin-giasses it has been shown by Gardner that the maximal 
storagee capacity cannot exceed the value QC = 2 [43]. This yields a large gap between the 
patternss that can be stored in the Hopfield model and the model which can store the most 
patterns.. A (mathematical) method to obtain analytical expressions for the weights of a neural 
networkk with a storage capacity of ac = 1 is that of the pseudo-inverse [44, 45]. In addition 
aa learning procedure has been found to obtain the values of these connections [46]. 

Althoughh often studied for non-biological purposes, feed-forward (layered) neural networks, 
orr in short perceptrons [47], have been of influence to the current understanding of attractor 
neurall networks. Especially, the perceptron learning rule [48] and the concept of error-back-
propagationn [49] have been applied to attractor neural networks. For the interested reader a 
revieww on perceptron learning is presented in [50]. 

Inn the course of time more and more biological details were taken into account in neural 
networkss with respect to the original simple models. Important to mention is the development 
off sophisticated neuron models by including all kinds of physiological and anatomical data (see 
sectionn 1.2 and below). 

AA first aspect to be considered is that, in general, connections are asymmetric. This is due 
too the fact that a connection from neuron A to neuron B is independent from the connection 
off neuron B to neuron A [51, 52, 53, 54]. Another aspect is that the connection of neuron A 
too neuron A itself, the so-called self-interaction, is found to be absent [39]. 

Moreover,, both fully connected as partially connected —or diluted— recurrent neural net-
workss have been studied widely. In the case of diluted networks the distinction between dilution 
beforee [55, 56] and after [57] learning is made. 

AA physiological phenomenon is the fact that nerve-cells are either excitatory or inhibitory 
[58].. In a network environment this is expressed as Dale's law. In some models the learning 
ruless are formulated such that they comply with Dale's law [59, 60]. I think of Dale's law as 
aa constraint on the values of the weights set by nature and not a constraint on the learning 
rule.. Nevertheless, for simplicity I neglect in my studies this phenomenon. As a consequence, 
thee inclusion of Dale's law may alter some of my results. 

AA final issue is the fact that, in nature, the connections do have an upper and a lower 
bound.. Although this bound is considered explicitly in some models [61, 62] and is reported 
too be present implicitly in the model [8], it is a property often neglected. 

Thiss introduction is far too short to give a complete view on the problems encountered 
andd solutions achieved in the field of neural networks. Rather it has to be seen as a crash 
coursee in neural networks. To guide the reader to more extensive studies I have added on the 
appropriatee places references to books and review articles. 

1.77 Outlin e of the thesi s 

Noww a rough sketch of the theory of neural networks has been presented, I come to the topics 
thatt will be treated in this thesis. Although I have abstracted the neural model in many ways 
byy eliminating various biological subtleties, I have tried to model a neural network in a way 
which,, at essential points, is biologically realistic. 

Thee changes of the synapses of a neural network are possibly described by what is called 
'Hebb'ss learning rule', mentioned above already. It is, in fact, a qualitative statement allowing 
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forr 81 interpretations, all of which differ with respect to the question of how the synapses 
changee as a function of dendritic input and axonal output. A more detailed analysis of Hebb's 
postulatee shows that of these 81 possible interpretations only 2 survive, if a simple, biologically 
plausible,, argument is used. This is what the next chapter, chapter 2, starts with. 

Inn the second part of chapter 2, a derivation is given of Hebb's rule. Starting point for 
thiss derivation is an expression for the biochemical energy needed to change a synapse. I then 
derivee Hebb's rule by requiring that changes of the synapses take place in an economical way, 
soo that a minimal amount of energy is spent. In this respect, my derivation is 'better', i.e., 
moree realistic, than any other derivation that I encountered in the literature where the Hebb 
rulee is often derived from a 'cost function'. This cost function, in turn, was constructed in 
suchh a way that it yields the 'right', i.e., 'guessed to be right' Hebb rule. To the best of my 
knowledge,, a Hebb rule derived from a cost function did not ever lead to the Hebb rule which 
II derived from a principle of minimal use of energy. Apparently, the rule which I consider to be 
thee actual rule, was difficult to guess! 

II named this particular Hebb rule the 'energy saving Hebb rule'. It is a local, mixed Hebbian-
Anti-Hebbiann learning rule, which is asymmetric with respect to pre- and post-synaptic activity. 
Myy mathematically derived energy saving learning rule, as a surprise, encompasses the two rules 
withh which I was left with after my careful inspection, based on biological plausibility, of the 
811 different interpretations of Hebb's postulate. 

Thee energy saving learning rule is a quantitative prescription, albeit that there remain two 
unknowns,, not easily accessible within the chosen theoretical framework. They are: an overall 
factorr rj (the learning rate), and a constant K (the margin parameter). Setting apart these 
facts,, my energy saving learning rule can be characterized as quantitative, whereas Hebb's 
learningg rule certainly is qualitative only. 

Inn the third and last part of chapter 2 I derive an analytical formula for the strengths w^ 
off the synaptic connections, supposing that the synaptic adaptation takes place according to 
myy energy saving learning rule. The learning procedure used in this derivation is known to 
yieldd a result which coincides with the mathematical method of the pseudo-inverse. However, 
forr my biological neural net the original formulation of the well-known method of the pseudo-
inversee could not be used. In the appendix of chapter 2 a modification of the method of 
thee pseudo-inverse will be presented which overcomes all problems resulting from biologically 
inducedd refinements of the usual theory. 

Inn the following two chapters, chapters 3 and 4, the study of chapter 2 is deepened. Firstly, 
II take into account that not only ideal, unperturbed, patterns are learned by the neural net: 
realisticrealistic input data is noisy, i.e., the set of input patterns is enlarged. Secondly, I try to get 
somee grip and understanding of the margin parameter K and the learning rate rj occurring in 
myy energy saving learning rule. 

Too be more specific, in chapter 3 I tackle the non-biological, purely mathematical question 
too determine the values of the weights of a neural network, independent of any learning rule. 
Thiss is done by taking into account, explicitly, fixed points as well as basins of attraction, 
whereass in chapter 2 basins of attraction were introduced only implicitly via the margin-
parameterr K. The result turns out to be a generalization of the expression for the weights 
afterr a learning process with the energy saving learning rule of chapter 2. This is unexpected, 
becausee it was found independently of any learning rule, but it certainly is an encouraging 
surprise. . 
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Inn chapter 4 I again consider learning in a neural network, just as in chapter 2, but now for 
noisyy instead of fixed patterns. Via a Discrete Time Master Equation, I theoretically follow the 
processs of adaptation of the synapses, using the energy saving learning rule. My final result is 
ann expression for the weights wi3, which, for unperturbed input, reduces to the expressions for 
WijWij  found in chapter 2, as it should. 

Forr noisy input there is a slight difference with the mathematical result of chapter 2. This 
iss due to the fact that in an actual neural network, the synapses will always change a little bit, 
soo that fixed patterns have a non-fixed representation in the mind. The mathematical approach 
off chapter 2 was not devised to take into account this subtle, time-dependent effect. 

Thee research of the chapters 2-4 of this thesis, which treat biological neural networks, 
cann be summarized by stating that Hebb's postulate has been derived — for the first time, 
andd half a century after its formulation — from a physical principle involving only economy of 
consumptionn of energy. The resulting Hebb rule, which I called 'energy saving rule' is much 
moree precise, and almost quantitative, in contrast to its 1949 predecessor. 

Inn the final chapter 5 I make a switch from neural networks to the related model of a 
spin-glass.. Both neural networks and spin-glasses possess a complex phase-space, which can 
bee studied in many different ways. One of them is the method of damage spreading, in which 
twoo identical systems with a different initial spin-configuration, are followed in time. In this 
mannerr I show in the specific spherical p-spin model the existence of a critical temperature TQ 

whichh separates two different dynamical regimes. Moreover, I present an explanation for the 
observedd behaviour of the spin-system. Although this chapter is less or perhaps even totally 
non-biological,, the concept of damage spreading is a useful tool to gain more insight in complex 
systems,, among which biological neural networks. 

Thee remaining chapters are the product of a collaboration with other authors. To express 
thiss fact, from now on ' I ' will become 'we'. 
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2.11 Introductio n 

Inn this chapter we consider some theoretical aspects of the changes of the connections as they 
couldd take place between the nerve ceils, or neurons, of the brain. In a learning process, these 
connectionss change continuously, and are adapted in such a way that a particular task, e.g., 
thee storage of patterns, is achieved. The answer to the question in which way the connections 
betweenn neurons actually change, in response to external stimuli, can only be given by experi-
ment,, not via any theoretical discussion. Although there is a lot of experimental activity related 
too the study of functioning of neurons, there is not yet a unique answer to this question: see 
e.g.,, the 1998 review articles of Buonomano and Merzenich [63] or Marder [64], or the 1990 
revieww article of Brown et al. [65]. 

Theree is a great amount of evidence that synapses do change in a learning process, and, 
sincee the appearance of Hebb's article [17] many quantitative proposals, all complying with 
Hebb'ss postulate, have been put forward. Also the present chapter is concerned with such a 
quantitativee expression for the synaptic changes. However, rather than postulating a learning 
rule,, we derive it from some underlying principle. As a final result, we find a learning rule 
forr the adaptation of the strengths, or weights, Wij, of a synapse connecting a post-synaptic 
neuronn i and a pre-synaptic neuron j. Its explicit form reads: 

Awy(f»)) = TH[K - {hiiU) - ft}(26 - l)](2fc - 1& (2.1) 

Thiss —asymmetric— learning rule gives Awy, the positive or negative increment of the weight 
wij,wij, as a function of the activities & and £j of neurons i and j of the synapse that connects 
thesee neurons. In our convention, the activity £ of a neuron equals 1 if it generates an action 
potential,, and 0 if it is quiescent. The function h is the potential difference between the interior 
andd the exterior of a neuron, at its axon hillock. The formula gives the change at time tn. The 
indexx n denotes the time at the n-th learning step in the process of learning (n = 1,2,...). 
Thee threshold potential, $i, is a constant, typical for the neuron i in question. It equals, by 
definition,, the potential that must be surmounted, at the axon hillock of neuron i, in order 
thatt it will fire. The quantities T/J and K are also constants. Their precise identification, as 
variabless related to individual and collective neuron properties, is outside the scope of the 
presentt chapter. The learning rule (2.1), which constitutes our main result as far as biology is 
concerned,, has a form that is compatible with Hebb's postulate. 

Itt is a well-known fact that, for a given neural net with strengths Wij of the weights, there 
aree infinitely many ways to choose changes Au/y- of the weights such that the network will 
performm storage and retrieval of a new pattern. The derivation of our learning rule is based 
onn the assumption that, at each instant of the learning process, the energy needed to change 
thee neural network in order to store a new pattern, is minimal. The requirement that, at each 
stepp n of the learning process, the energy energy needed is as low as possible, turns out to be 
sufficientt to uniquely determine the way in which the weight of each synapse connecting two 
arbitraryy neurons i and j should be changed, and thus fixes a learning rule for the adaptation 
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off the weights of all the connections. We will call this learning rule, the 'non-local energy 
savingg learning rule', since it turns out to depend on the state of activity of all neurons j from 
whichh neuron i receives its input. It is given by eq. (2.39) below. 

Itt is impossible, however, for a synapse connecting two neurons i and j, to realize the non-
locall energy saving learning rule (2.39) exactly, as follows by a careful inspection of formula 
(2.39).. In fact, in order to adapt itself according to this learning rule, a synapse between i and 
jj would have to 'know' the individual states of activity f* of all pre-synaptic neurons k from 
whichh neuron i gets its input, whereas a synapse only 'feels' the states of the two neurons i 
andd j which it connects. The best a synapse can do in order to compete with the performance 
off the non-local learning rule (2.39) is to adapt itself according to a learning rule that is a 
locall approximation of the non-local learning rule. It is this local approximation, given the 
expressionn (2.1) above, which constitutes our main biological result. We will refer to it as the 
locall energy saving learning rule, to distinguish it from its non-local counterpart. The point of 
localityy of learning rules is discussed in more detail in section 2.6. 

AA numerical estimation of the performance of the local learning rule, eq. (2.1), versus to 
thee non-local one, eq. (2.39), is made in section 2.7. Local learning turns out to be a very 
effectivee alternative for non-local learning, as well as regarding its power to store and retrieve 
patternss as with respect to its capacity to be economic in use of energy. 

Inn order to arrive at the non-local energy saving learning rule, we think of a neuron as a 
livingg cell. A living cell, as a physical object, is a stationary non-equilibrium system. The basic 
assumptionn of this chapter is that any type of change of the cellular cleft can only be effected 
byy adding energy to the non-equilibrium system, independent of the fact whether it leads to 
aa strengthening or a weakening of the synaptic efficacy. This is a plausible, but not totally 
triviall postulate, which can only be falsified by a detailed biophysical or biochemical study of 
thee process of change of the synapse. In our setup, the mere assumption that extra energy is 
neededd for any change of the synapse, independent of the fact whether it leads to an increase 
orr a decrease of its efficiency, replaces Hebb's postulate on efficiency cited above. 

Beforee starting the derivation of the energy saving learning rule itself, we discuss, in sec-
tionn 2.3, the 81 possibilities which, in principle, are compatible with Hebb's postulate. In 
particular,, we consider these mathematical realizations with respect to there biological plau-
sibility.. We then find that, in fact, out of the 81 learning rules that are possible in principle, 
onlyy two are also biologically plausible. These are the learning rules (2.18) and (2.19). 

Thee actual derivation of the energy saving learning rule is performed in section 2.4. To 
ourr satisfaction, it general form turns out to imply the two forms (2.18) and (2.19) expected 
inn the preceding section on biological grounds only. Thus our 'principle of minimal change of 
energy',, which might lead, a priori, to any of the 81 possibilities for a realization of a learning 
rulee for the change of weight of a synapse, happens to yield precisely those rules which are 
biologicall plausible. 

Inn section 2.5 we consider the situation that the changes of the connections do not take 
placee in an energetically optimal way, but in such a way that patterns are not partially wiped 
outt when new patterns are learned as is the case for learning based on the energy saving 
learningg rule (2.1) or (2.39). We then ask ourselves the question which learning rule would 
thenn be found for the changes AivtJ of the synaptic weights. Again, its general form turns out 
too comply with one of the 81 possible realizations of the Hebb rule considered in section 2.3, 
but,, in this case, it is an biologically improbable one. We therefore do not pursue this path 
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anyy further. 
Thee question might arise whether the non-local energy saving learning rule converges, in 

thee limit that the number of learning steps tends to infinity. And, if so, to what values they 
thenn would converge. The answers to these questions are the subject of section 2.4.2. 

Theree exists a well-know way to obtain the final form of the connection strengths w^ of an 
artificiall neural network that can store and retrieve a set of patterns: it goes under the name 
'pseudoo inverse solution' [44, 45]. By inversion of a certain matrix related to the patterns to 
bee stored, the so-called correlation matrix, one can obtain, without any limiting procedure, 
finall values for the weights Wij  of the connections of a neural network that yield the desired 
resultt of being capable of storing and retrieving a collection of patterns. 

Ass mentioned in the previous chapter, we will study, from the very beginning, diluted, or 
partiallyy connected, networks. In the limit that the dilution tends to zero, we rediscover, if we 
relaxx the requirement that the self-connections all vanish, some of the well-known results for 
fullyy connected networks, in particular those of Diederich and Opper [46], and of Linkevich 
[66]. . 

AA possible question one might now ask is: is there any relation between the final values 
obtainedd for the weights lu^ obtained in the limit of an infinite number of learning steps, 
nn -> co, at the one hand and the values obtained via the pseudo-in verse method at the other 
hand?? The answer to this question is as simple as it is amazing: the results are identical. The 
prooff of this point is the subject of appendix B, where the method of pseudo-inverse is modified 
inn such a way that it can be used for partially connected networks. Thus, as a final conclusion, 
wee can state that /'. the assumption of economy of energy in a learning step, /'/'. the well-known 
methodd based on the pseudo-inverse of the correlation matrix and ///'. biological plausibility 
off a learning rule are three members of a trio that work in concert. We want to stress, once 
again,, that the question whether the evolutionary development of the brain actually has led 
too an adaptation process of the synapses that is energetically the most economical, is, as yet, 
experimentally,, an open question. It is not excluded that the realization of the changes of the 
synapsess might take place in a biologically less probable, or an energetically less favourable 
way.. Our only certainty is that economy of energy and biological probability go hand in hand. 

2.22 Attracto r neura l networ k mode l 

Dynamic ss  We consider a network of N interconnected McCulloch and Pitts neurons in the 
binaryy representation, i.e., each neuron can have a state X{ — 1 (the neuron produces one 
action-potentiall or spike) or xi = 0 (the neuron is quiescent). 

Thee post-synaptic potential of neuron i at time t of this system of neurons is modeled by 

hhtt(t)(t) = JT Wijitfcit) (i = 1,..., N) (2.2) 

wheree the Xj(t)  are the input signals at time t and where the ?%(£) are the synaptic weights. 
Thee output of neuron i is supposed to be given by the dynamical equation 

Xi(tXi(t + At) = e^hS) -$i) (i = 1,..., N) (2.3) 

wheree the constant Si is the activation threshold characteristic of neuron i and where At is 
somee discrete time step. 
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Fixe dd point s We want to determine the synaptic efficacies of an attractor neural network, 
i.e.,, of a network which can recall a number, p say, of previously stored patterns. The realization 
off a recall corresponds to a fixed network state of the network dynamics (2.3). Let us denote 
thee patterns of activity, or patterns, by £" = (£{*,..., f{J) , where // = 1 , . . . ,p. Thus £f = 1 
orr f? = 0 with i = 1 , . . . , N and / i — 1 , . . . ,p. The probability that a neuron i is in the state 
11 or 0 is supposed to be given by a or (1 - a) respectively. The quantity a is usually called 
thee mean activity of the neural net. For random patterns the mean activity a is given by 0.5. 
Inn biological neural networks, however, the mean activity a is smaller [67]. 

Thus,, a network which has stored, somehow, p patterns £** satisfies the fixed point equa-
tions s 

xt(txt(t + At) = xt(t) for Xi(t) = Q (i = l , . . . ,JV;/ i= l p) (2.4) 
Hence,, equations (2.3) and (2.4) yield the pN equations 

£?? = eH ( 5 > y ( < ) # - 0 i) (2.5) 
3=1 3=1 

forr  TV2 unknown Wi/s. 
Lett us now introduce so-called stability coefficients -yf [68]: 

7 f ( 00 := (>»?( * ) - f t ) ( 2 t f - l ) (2-6) 

withh hf the post-synaptic potential 

W(t)W(t) = E*>ij(t)$-  (2.7) 

Remarkk that ^(t) = j?{wn{t),wl2{t),... ,wN_hN(t),wNN(t)), i.e., -yf depends, via /if, on 
alll  weights w^. 

Onee easily checks, by distinguishing the cases £f = 1 and £f = 0, that an equivalent way 
too express the equalities (2.5) are the pN /nequalities 

7 ? ( 0 > 0 .. (2.8) 

Thee inequality sign in (2.8) reflects that fact that the set of equations (2.5) is under-
determined,, i.e., the eqs. (2.8) are necessary but not sufficient equations to determine uniquely 
aa set of weights of a network which has stored some patterns. 

Ann arbitrary pattern X ( t ) will only be recalled if it evolves in time to one of the fixed points 
$?.$?. Therefore, it is not sufficient for a network to have fixed points: for each of the p fixed 
pointss that is related to a retrieval of a pattern £M, there must exist a whole neighborhood of 
pointss around £M which is such that all points of this neighborhood will evolve to ^ under 
thee dynamics (2.3). In technical terms, the fixed points ^ must have a non-zero basin of 
attraction.. For this reason, one may introduce [46, 40, 43] a positive threshold K, and demand 
thee stronger inequalities 

-yff  W > * (2-9) 

too hold, rather than the inequalities (2.8), which are equivalent to the fixed point equations 
(2.5).. The larger the threshold K, the larger the basins of attractions can be expected to be 
[40,, 43]. 
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Inn order to solve the equations (2.9) for the unknown weights w^, we consider the case 
thatt the equality sign holds. Then (2.9) can be recast in the equivalent form 

f X ^ - ^ ^ C f - l )) (,' = l,...,JV;/i = l,...,p) (2.10) 
j= i i 

ass may be checked by putting f f equal to 1 or 0. The pN equations (2.10) do not fix uniquely 
thee N2 weights uiy as long as p < N, the case we consider throughout this chapter. The 
storagee capacity a, defined as a := p/N, of a neural network is maximally equal to one for 
networkss described by eqs. (2.10). 

Variou ss type s of network s It is our aim to take into account specific aspects of the 
connectivityy of a biological network. In a biological neural network a neuron does not excite 
orr inhibit itself, i.e., for all t we have for the self-interactions (or self-connections) 

wwuu(t)(t) = 0 (t = 1 JV). (2.11) 

Moreover,, a biological network will, in general, be partially connected: each neuron will have 
somee neighbourhood outside which there are no connections, i.e., 

wwtJtJ(t)(t) = Q (2.12) 

forr a given set of neuron pairs {i,j).  We shall call a network in which a (finite) fraction of the 
weightss vanish, a diluted network. Let M0 be the number of pairs (i, j) for which Wij(t) = 0. 
Thenn the dilution d of a network of N neurons is defined as 

d:=Md:=M QQ/N/N22.. (2.13) 

Hence,, the dilution d is a number between 0 and 1. 
Lett us slightly generalize the above by distinguishing in a learning process changingg and non-

changingg connections Wij(t) instead of changing and vanishing connections. Let us consider, 
forr a moment, one particular neuron i. Then one may define the index sets 

ViVi := {j  i Wij{t) * Wij{to)} Vf := {j  | wtj(t) = wtj(t0)} . (2.14) 

Thuss Vi contains the indices related to all connections of neuron i that, in a learning process, 
changee in time, whereas its complement, Vf, contains the indices related to all non-changing 
connections.. In particular Vf contains the index of neuron i itself [wu(t) = wtl(t0) = 0], the 
indicess of neurons j which have no connections with neuron i [wij(t) = Wij(t0) = 0], and 
thee indices of neurons j which have connections with fixed strengths with neuron i [wij(t) -
Wij{to)Wij{to) / 0]. Thus, diluted networks are a subclass of networks with changing and non-
changingg connections. By specifying, via eq. (2.14), which connections are absent, the network 
connectivityy is completely defined. In our numerical study, this will be done independently from 
thee choice g = 1 or Q = 0 for all i and / i . 

Forr later use, we introduce M, the number of pairs (i, j) for which Wij(t) = Wij(t0) is 
constant,, but not necessarily equal to zero. 
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2.33 Learnin g prescription s — Hebb rules 

Inn this section we will consider all mathematical realizations which are, in principle, compatible 
withh Hebb's postulate. We will argue that, in our view, only two of them, namely (2.18) and 
(2.19)) are biologically plausible, in contrast to the realizations (2.20) and (2.21) used in the 
literature.. In order to show this, let us consider a network with changing and non-changing 
connections,, in which a learning process takes place with the purpose to store a collection of 
pp patterns £" . Let the weights at time tn be given by Wij(tn). After a learning step the new 
weightss will be given in terms of the old weights by 

„ ,, (f \ - ƒ «>«('«) + A™ij( 0 U € V-) 
Wij[tWij[t nn+i)+i)  - < 1 -̂15J 

l « W n)) (J € Vi) 
wheree Awij(tn) is the increment at time tn. A learning rule is a recipe for the change Awij 
ass a function of the state of the post-synaptic neuron i and the pre-synaptic neuron j when a 
patternn ( £ x , . . . , £N) is presented to the network. There are four possible states (&, £,) that the 
post-- and pre-synaptic neuron can have, namely (0,0), (0,1), (1,0) and (1,1), each of which 
mayy lead to one of the three possible changes for Aiüy: positive, negative or zero. Hence, in 
principlee there are 34 = 81 possible learning rules 

Atüyy : (£,&)  Awijfatj). (2.16) 

Itt is biologically improbable that connections will always grow or will always decrease. 
Therefore,, we exclude learning rules for which AiUy(&,£j), for all four states (&, £,). a|re 
eitherr always positive, or always negative (reason of rejection a of table 2.1) . Moreover, in 
ourr opinion, it is biologically probable that a connection between a pre-synaptic neuron j and 
aa post-synaptic neuron i does not change if the neuron j does not contribute to the post-
synapticc potential of neuron i, i.e., if £, = 0. Therefore, we exclude learning rules for which 
AA Wij ( 6 , 6 = 0) / 0 with & = 0,1 (reason of rejection b of table 2.1) . 

Excludingg these improbable learning rules, we are left with no more than two learning 
rules,, as may be verified by a simple inspection of table 2.1. One of these corresponds to the 
assignments s 

( 0 , 0 ) — > A t « y =00 (0,1)  Aw 0-< 0 

(1,0)) .—> Aw  ̂ = 0 (1,1) > Awij > 0 [ ' ] 

(columnn H in table 2.1), which can be expressed compactly by the formula 

AwAwijij =e=eijij (2Z(2Zii-l)Z-l)Zjj (2.18) 

wheree the €ijt here and elsewhere in this chapter, are positive numbers. Similarly, the other 
onee can be expressed by the formula 

AwyAwy = -€ij{2Zi-l)i J. (2.19) 

(columnn A in table 2.1). 
Learningg can be classified as Hebbian or anti-Hebbian. Hebbian learning is characterized 

byy the fact that, if both neurons i and j are active, Awij is positive, whereas for anti-Hebbian 
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(t\\ i) 
(0,0) ) 

(0,1) ) 

(1.0) ) 

(i,D D 

(iJ) (iJ) 
(0,0) ) 

(0,1) ) 

(1,0) ) 

(1,1) ) 

(»".i) ) 
(0,0) ) 

(0,1) ) 

(1,0) ) 

(1,1) ) 

GG H 
0 0 0 0 0 0 0 0 0 0 

t t t o o o 4 4 4 4 
t O i t O i t O I I 
t t t t t t t t t t 
aa a a a 

bb 6 6 6 6 6 

A A 
0 0 0 0 0 0 0 0 0 0 

t t t o o o 4 4 4 4 
T 0 4 T 0 4 T 0 4 4 
4 4 4 4 4 4 4 4 4 4 

aa a a a 

bb b b 6 6 6 

0 0 0 0 0 0 0 0 0 0 

T t t o o o i i i i 
t 0 4 . t 0 4 . t 0 4 4 
0 0 0 0 0 0 0 0 0 0 

aa a a a a a 

bb 6 6 6 6 6 

P P 

tt T t T T t t t t 
t t t 0 0 0 4 4 4 4 
TT 0 4 t 0 4 t 0 4 
TT t t t t T t T T 
aa a a a 

6 6 6 6 6 6 6 66 6 

T t t t t t t t t t 
t t t O 0 0 4 4 4 4 
tt 0 4. t 0 4- T 0 4 
4-- 4- 4- 4 4 4 4 4 4 

6 6 6 6 6 6 6 6 6 6 

tt T t T T t t t t 
tt T t 0 0 0 4 4- 4. 
TT 0 4 t 0 4 t 0 | 
0 0 0 0 0 0 0 0 0 0 

aa a a a 
6 6 6 6 6 6 6 6 6 6 

4 . 4 . 4 4 . 4 . 4 , 4 . 4 . 4 4 
t t t 0 0 0 4 4 4 4 
tt 0 4 T 0 4 t 0 4 
TT T t T T t t t t 

6 6 6 6 6 6 6 6 6 6 

4 4 4 4 4 4 4 4 4 4 
t t t 0 0 0 4 4 4 4 
TT 0 4 T 0 4 T 0 4 
1 44 4 4 - 4 1 1 4 4 

aa a a a 

6 6 6 6 6 6 6 6 6 6 

4 4 4 4 4 4 4 4 4 4 
tt t t 0 0 0 4 4 4 
tt 0 4 t 0 4 t 0 4 
0 0 0 0 0 0 0 0 0 0 

aa a a a 

6 6 6 6 6 6 6 6 6 6 

Tablee 2.1: A surve y of possibl e biologica l learnin g rules . The 81 possible ways in which 
WijWij  may change as a function of the activities of the post-synaptic neuron i and the pre-
synapticc neuron j can be read off from the 81 columns of the table. Each row may have up 
arrowss ( t ) , down arrows (I) or zeros, indicating a strengthening, a weakening or no change 
off a synaptic connection. The biological reason to reject a column is indicated by the letter 
aa or b immediately below the column. The reasons are a: there either is only strengthening 
orr weakening of the synapse, b: there is a change of the synaptic strength if the pre-synaptic 
neuronn j is inactive. From the table we can read off that 78 possibilities are excluded for reason 
aa and/or b. The column with only zeros is excluded for obvious reasons. The two possibilities 
forr the Hebb rule which we are left with are indicated by the symbols H and A: the first 
correspondss to what is called Hebbian learning, the second to what is called anti-Hebbian 
learning.. If we do not reject a possibility for reason b, there are many more possible Hebbian 
rules.. The possibility indicated by G was used by Gardner [53]. The one preferred by physicists 
inn their modeling of neural networks, has been indicated by the symbol P. 

learningg Awy is negative. So, the two remaining learning rules (2.18) and (2.19) are Hebbian 
andd anti-Hebbian, respectively. The learning rules (2.18) and (2.19) have, to the best of our 
knowledge,, not been used, as yet, in mathematical or physical studies that tried to model 
biologicall neural systems (see, e.g. [12, 69, 70]). In [70], however, van Hemmen et. al. obtain 
aa result that is, in a particular case, the same as ours: if one puts the activity equal to zero 
(whichh corresponds to taking a = - 1 in their convention) their result becomes equal to our 
resultt (which holds for all values of a). 

Iff we allow for the possibility that Awij ^ 0 if the pre-synaptic neuron j is inactive 
(fj-- = 0), there are many extra possible mappings (2.16), of which we mention the two most 
oftenn encountered in the literature 

HH = € ^ ( 2 ^ - 1) (2-20) 

http://t04.t04.t04
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AwAwtjtj = ey(2&  - l)(2fc - 1) (2.21) 

Thee learning rule (2.20) was used, e.g., by Gardner [53] in studying the retrieval properties 
off a neural network with an asymmetric learning rule (row G in table 2.1). The learning rule 
(2.21)) is the one most often used by physicists [69, 16] in their modeling of neural networks 
(roww P in table 2.1). 

Finally,, let us compare the four learning rules (2.18)-(2.21) after one learning step of one 
patternn £. Let us suppose that a pattern £ is not yet learned at time t0 so that, in view of 
(2.9),, the quantity 7»(to) is negative. In order to store a pattern, j{ should be positive. Upon 
substitutionn of the Hebbian or symmetric learning rules (2.18) or (2.21) into (2.6) we find 

$$ (2-22) 

forr the anti-Hebbian learning rule (2.19) we get 

7i(*i )) = 7*(*o) - £ €yfc (2.23) 

whereass for the asymmetric learning rule (2.20) we obtain 

7 i ( * i ) = 7 i ( < o ) + 6 £ e y 66 (2.24) 
jew jew 

wheree t0 is the initial time and t i is the time after one learning step. By a suitable choice for e^ 
itt can always be achieved that ji{ti) is positive in case of the Hebbian and symmetric learning 
ruless (2.18) and (2.21), whatever are the values of & and £Jt as follows from (2.22). This 
cann never be achieved in case of the anti-Hebbian learning rule (2.19), as is seen from (2.23). 
Finally,, in case & = 0, this can never be achieved for the asymmetric learning rule (2.20), as 
cann be read off from (2.24). These simple arguments show that the Hebbian and symmetric 
learningg rules (2.18) and (2.21) — but not the anti-Hebbian and asymmetric learning rules 
(2.19)) and (2.20) :— are, in principle, suitable for storage of patterns. 

Inn the next section we will show that the requirement that synaptic changes take place in 
ann energetically economic way leads to a learning rule which, depending on the state of the 
post-synapticc neuron i, is of the Hebbian or anti-Hebbian form (2.18) or (2.19). Hence, the 
naivee approach of this section, which leads to the two forms (2.18) and (2.19), is consistent 
withh an approach which is based on a physical principle. 

2.44 Energ y savin g learnin g rul e 

Inn the literature, Hebb rules for the change of the synaptic connections have been derived in 
variouss manners, many of which essentially correspond to the determination of an extremum 
off some 'Lyapunov' or 'cost function', also called 'energy function' 

HH((tt)) = -lE Jij(t)si(t)Sj(t). (2.25) 
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Iff jtj = Jjit eq. (2.25) is the central equation of the Hopfield model [16]. In case of an Ising 
systemm of atoms with spins, an equation of the form (2.25) corresponds to the actual physical 
energyy of the spin-system. 

Forr a system of neurons, however, an energy function of the form (2.25) is an ad-hoc 
postulate.. It is not derived from or suggested by some underlying biological, biochemical or 
biophysicall principle. In other words, the function (2.25), is, a priori, totally unrelated to the 
actuall energy of the neural system. Consequently, a 'derivation' leading to a Hebb rule based 
onn a function of the type (2.25), (see, e.g., [37]), is just as ad hoc as the postulate underlying 
it. . 

Inn this section we will show that the Hebb rule (2.18) and its anti-Hebbian counterpart 
(2.19)) can be found by postulating that the (biochemical) energy needed to change the 
synapsess — in order to store a new pattern £ — is minimal. We thus show that these particular 
Hebbb rules — and only these ones — are consistent with a physical principle. The argument 
runss as follows. 

Thee energy AEi3 to change the connection tUy(*„) to Wij(tn+i) will be some function of 
thee magnitude of the change Awij(tn) occurring in (2.15) 

AEijAEij = fijiAwij).  (2-26) 

Iff a synapse between the neurons i and j is not changed in a learning step there is no energy 
consumed.. Hence, the energy change AEij vanishes if A«iy = 0, i.e., 

fij(0)fij(0)  = 0. (2.27) 

Moreover,, we assume that a change of a synapse, whether it be a strengthening or a weakening, 
cann only be achieved by adding energy to the system. Thus, if Auiy 7̂  0, we put, 

ffijij (Aw(Awijij )>0.)>0. (2.28) 

Thee equations (2.27) and (2.28) enable us to obtain a useful approximate expression for the 

energyy change AEij. 
Inn general, ƒ„  will be a function which grows for larger arguments Awy . The assumption 

thatt the function ƒ„ will be linear, together with (2.28), results in a function that will not be 
differentiatee and as a consequence difficult to treat analytically. 

Inn our approach we assume the function fi3 to be differentiate to avoid this problem. 
Wee first note that any differentiable function f(x) can be written as a power series f(x) = 

c(o)) + c ( i ) x -1- CC2)X
2 + ... . Thus, we have for the function (2.26), up to terms quadratic in 

Awij, Awij, 
fij(Awij)fij(Awij)  = 40) + c^Awi3 + cfj>Awl (2.29) 

where,, in view of (2.27) and (2.28) the coefficients have the properties 

00 c«=0 <f >0. (2.30) 

Thee total change AE in the n-th learning step «;„(*„) —> Wij(tn+i), where in principle all 
WijWij with j <E Vi may change, is given by the sum of the individual changes, 

AE(AwAE(Awklkl)) = E E fv(*Wij) (2-31) 
i=\i=\  jeVi 
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or,, inserting (2.29) with (2.30), by 

N N 

AE(wAE(wkki{ti{t n+1n+1)))) = E £ ^j {wij(tn+1) - Wij(tn))
2 . (2.32) 

Notee that from now on dff  will be denoted as c^. From (2.32) we see that our assumption on 
thee function / ^ to be differentiable leads to a quadratic form in the changes in the connections. 
Itt has to be remarked that it remains to be seen whether such a dependency holds in reality. 
Onn the other hand it is the best assumption we have at our disposal at this moment. 

Inn the present study time is considered to be discrete. Together with the quadratic function 
(2.32)) it has the effect that learning in two time-steps is energetically more economical than 
learningg in one time-step. For instance, putting all connections from value zero to a value w 
inn one step, one needs an energy AEX say. If, however, one puts all connections to a value w 
viaa an intermediate value, w/2 say, one arrives at an energy AE2 = AEx/2. 

Equationn (2.32) will be our starting point for the derivation of the energy saving learning 
rulee (2.39). It is the general form any differentiate expression must have that describes the 
energyy needed to adapt the connection strengths wv- as a function of their changes Awi3. We 
noww will minimize the change in energy AE as a function of the new weights wki(tn+x) under 
thee constraint (2.10) using the Lagrange method. This was the reason to write AE in (2.32) 
ass a function of the wkl(tn+i) rather than as a function of the Awki = wM(tn+1) - wkl(tn), 
ass was done in (2.31). 

2.4.11 Storag e of one patter n 

Lett us consider at the n-th learning step, i.e., at time tn, the storage of one pattern £ in a 
networkk with connections given by wi:j(tn). In other words we assume at time tn the connections 
off the network to be such that the fixed point equations (2.10) do not hold for the pattern 
£.. It our goal to find a change in the connections such that at time fn+1 the fixed point 
equationss are satisfied for the pattern £. Moreover, we want this change in the connections to 
bee accompied with a minimal consumption of energy. 

Inn case of a network with changing and non-changing weights as introduced in section 2.2, 
thee expression for the change of energy is, up to second order in the changes of the synaptic 
weights,, given by (2.32). Note that a minimization of the one condition (2.32) under the 
constraintt induced by the fixed point equations (2.10) implies a minimization of the N2 - M 
changess Aw^(tn), since a sum of positive terms is minimal if and only if each term is minimal; 
recalll that M is the number of synapses with constant weights wv-. 

Forr the storage of one single pattern £, one may rewrite the fixed point equations (2.10) 
att time t = i n + 1 in the form 

9i{w9i{wijij (t(tn+1n+1))=0))=0 (i = l , . . . ,JV) (2.33) 

where e 

S i O M W i ) )) = «(26 - 1) - E t M O < i " £ Ww(*»+i)& + %  (2-34) 

Remarkk that for all j e Vf the connections Wij do not change in time, i.e., for all j e Vf we 
havee that wi:j{tn) = Wij(tQ). 
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Thee method of Lagrange multipliers tells that one finds the extrema of (2.32) subject to 
thee auxiliary conditions (2.33) from the N2 - M equations 

»»ddiiEE x + £ > „  du ^=° (t = l , . . . , iV; jeV«). (2-35) 
dwij(tdwij(tn+ln+l )) ^[ dwij{tn+1) 

Uponn substitution of (2.32) and (2.34) into this expression, we find the N2 - M relations 

Wijitn+i)Wijitn+i)  = Wij(tn) + — \i£j {i  = l,...,N;j£Vi). (2.36) 
ZCij ZCij 

Inn the method of Lagrange multipliers the number of constraints equals the number of Lagrange 
multiplierss \ . Hence, there are N Lagrange multipliers. Since the N multipliers A» are unequal 
too zero, it follows from the N2 - M equations (2.36) that N2 - M > N, or M < N2 - N. 
Wee now have obtained the N + N2 - M equations (2.33) and (2.36) for the N + N2 - M 
unknownss Aj and Wij(tn+i). 

Thee structure of these equations happens to be such that an explicit expression for the 
Aj'ss can be found, and thereupon, an explicit expression for the Wij(tn+i)'s can be obtained. 
Thee procedure is as follows. 

Eliminatingg the Wij(tn+i)'s from (2.33) with the help of (2.36), leads to 

Aii  = 2( £ a/c,*)-1 [K - 7<(*„)] (2& " 1) (2-37) 
keVi keVi 

wheree we used the property (£j)2 = £,. Substituting this expression for A; into (2.36) yields 

wwi3i3(t(tn+ln+l )) = wi3{tn) + (Cij £ We* ) '1 [K - 7*(*n)] (2^ - l)€i Ü' e Vt) (2.38) 

or,, equivalently [see eq. (2.15)], 

AWijitn)AWijitn) = (ci3 J2 ft/Cub)-1 [« " 7«(*n)] (2& - 1)0 0' € Vi) (2.39) 
fcev-fcev-

wheree K is the positive parameter (2.9) related to the basins of attraction, and where the 
7ii (i = 1 , . . . , N) are the stability coefficients given by (2.6). We will refer to (2.39) by the 
namee of non-local energy saving learning rule, since the denominator of (2.39) depends on the 
inputt from all neurons k that are connected via changing connections to neuron i. The factor 
betweenn square brackets 

KK - 7i(t») = « - [K{t n) - 0i)(2& - 1) (2.40) 

dependss solely upon the temporal and environmental state of the post-synaptic neuron i, that 
is,, on its post-synaptic potential hi at time tn of the n-th learning step, its thresholds 9it 

itss activity & and a parameter K. The factor (2.40) can be positive or negative. Therefore, 
thee learning rule (2.39)-(2.40) derived here from the assumption of minimal energy change 
perr learning step, happens to coincide with the particular Hebbian learning rule (2.18) and 
itss anti-Hebbian counterpart (2.19) found in section 2.3 on purely intuitive grounds, grounds 
whichh were related to biological plausibility. 
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Wee thus have shown that if biological neurons would adapt their connections according 
too the non-local energy saving learning rule (2.39), this adaptation would be such that the 
networkk would fulfill the fixed point equation (2.10) for a pattern £. Moreover, the learning 
rulee (2.39) guarantees that the energy needed to rebuild a neural network with connections 
Wij(tWij(tnn)) to a network with connections Wij(tn+i) is minimal. 

Wee conclude this section with some remarks. The energy saving learning rule is only appli-
cablee in those situations in which the denominator is unequal to zero. This can be translated 
intoo a restriction on the & , k € Vit namely that for at least one k we have ffc = 1. It follows 
thatt with an decreasing number of adaptable connections there is an increasing number of 
patternss that cannot be stored with the help of the non-local energy saving learning rule. This 
effectt will be absent when the local energy saving learning rule is used (see section 2.6). 

Whenn we repeat the derivation of (2.39) in the spin-representation with time-dependent 
thresholdss as given by (1.5), we find again (2.39) with £ replaced by (s + l ) / 2 , i.e., 

AA Jij oc Siisj + l) (2.41) 

ass could be expected. If, however, the derivation of (2.39) is repeated in the spin representation 
withh Ti taken to be a constant, as is usually done in the spin-representation, one finds a result 
whichh differs from (2.41), namely 

AA Jij oc SiSj . (2.42) 

Thiss is the biologically less relevant result commonly encountered in the physical literature, as 
noticedd already in section 2.3: see eq. (2.21). 

2.4.22 Storag e of p pattern s 

Inn the previous section we saw that storage of one pattern £ can be achieved via a synaptic 
changee Awij given by (2.39). Now we turn to the more challenging problem of storage of 
moree than one pattern with the energy saving learning rule. The energy saving learning rule 
iss a storage prescription for a new pattern, which does not take into account, however, any 
constraintt that would guarantee that a previously stored patterns remain stored. Thus it may 
occurr that storage of a new pattern will perturb, partially or totally, the storage of an older 
pattern. . 

Inn section 2.5, on maximal learning efficiency, we wilt discuss a learning rule which does 
guaranteee that new patterns are stored without wiping out previously stored patterns. However, 
thiss learning rule will turn out to be biologically unacceptable. We therefore proceed with the 
energyy saving learning rule along the lines of reasoning of Diederich and Opper [46], but for 
dilutedd networks. In other words we will consider the following learning process. 

Inn a first interval of time, [t0,ti), a first pattern £l is stored via the change Awijfo), 
leadingg to the connections Wij(t\) = Wij(t0) + Awij(t0), j G V*. Next, in the interval [ t i , t 2 ) . 
patternn £2 is stored, etcetera. Finally, pattern £p is stored. We call this sequence of storage of 
pp patterns a learning cycle. 

Wee shall derive an expression for the weights t% of the synaptic connections after infinitely 
manyy learning cycles. Moreover, the calculations will be performed for the generalized learning 
rule e 

AAWiWij(t)j(t)  = < - [ « - 7f (*)] (2tf - l ) t f (j e V-) (2.43) 
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withh t being the initial moment of an interval in which pattern /z is to be stored and where 
thee factor in front, i.e., ify, is some general function of variables related to the neural network. 
Itt will turn out that with the learning rule (2.43) for some specific choices of r/£, in the end, 
previouslyy stored patterns are not forgotten. 

Ass follows from eq. (2.15), the connections after R learning cycles are given by 

RR p 

Wij(tWij(tRpRp)) = Wij{tQ) + E E Au/y^m-ijp+jj-i ) 0' G Vi) (2.44) 
m=ll  / i= l 

withh tRp the time after R learning cycles of p patterns. 
Substitutingg (2.43) into (2.44) we find 

Wij(tWij(tRpRp)) = w^to) + N-1 E FT^R-D^-M* (j € V  ̂ (2.45) 
11=1 11=1 

where e 

^(*(«-i) P+^i )) = r$N E [«(2ff " 1) - ( E «taMff 
m=ii  fcev? (2.46) 

++ E «toftm-ijp+p-OÉj? " ft)] 

iss the effect on lu^ of pattern £** after i? learning cycles have been completed. From (2.46) it 
followss that 

i^ ( ' (K- l )P^- l )) " ^(t(K-2)P+„- l ) = r$N[K(2& - 1) 

-- (E «w*o)eï + E "«fe-u^-üt f - ft)]  (2-47) 

Jfcev;cc k€Vi 

Inn thei?-th learning cycle, at time <(f i_1)p+1/_1, only the pat te rns^ 1 , . . . ,£ " _ 1 have changed 
thee weights of the network. Hence, the F^ with v < \i have new values at time £(^-1^+^-1, 
whereass the F£ with v > fi are still identical to their values in the previous learning cycle, i.e., 
aree equal to the values at time t(R_2)p+n-i- Thus, with the help of (2.45), the weights in the 
right-handd side of (2.47) can be expressed as follows in terms of the F§\ 

Wik{tWik{t{{R-iR-i)p+)p+„-i)„-i)  = wik{tQ) + AT1 E i^(t(ü-i)p+^-i)CJfc 
v<tlv<tl  (2 AS) 
++  N'1 E ^5(*(R-2)p+/i-l)Cfe

v>_p, v>_p, 

Eliminatingg Wik(t[R-i)p+(x-i) from (2.47) with the help of (2.48) yields 

Ftj{t(R-i)Ftj{t(R-i) P+fP+fi-i)i-i)  + r\% E E ^ij(*(fi-i)p+/i-iK K - ^ij(*(fl-2)p+/i-i ) 

* ~ ~~ (2-49) 

-- < E E ^(v-2)P+ « - 7r(«o)](2tf -1). 
keVikeVi v>n 

Thiss system of linear equations can be solved for FQ using the Gauss-Seidel iterative method 
[71].. We first rewrite (2.49) in matrix notation. Next, we introduce a p x p matrix Ci, the 
matrix-elementss of which are given by 

Cr-=N-Cr-=N- llT,tKk'T,tKk' (2-50) 
keVi keVi 
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Wee might call this matrix the 'reduced correlation matrix', since it correlates fj£ and f£ while 
takingg into account, via Vit the connectivity of the network. The reduced correlation matrix 
iss closely related to the usual correlation matrix if V{ contains all neuron indices. We proceed 
byy decomposing this matrix Ci into matrices Li and Ui in such a way that C{ = Li + Ui. 
Thee matrix Li is a matrix with only non-zero matrix-elements below the diagonal and Ui is 
aa matrix with only non-zero matrix-elements on and above the diagonal. We also introduce 
thee vectors F y ( f l ) := (F1

j(t{R_l)p+l^l), - - , i ^ ( * (K_ i ) p + p - i ) ) and G{ := ([K - 7?(*o)l(2tf -
1 ) , . . . ,, [K — 7?(*o)](2f? - 1)). Finally, we shall denote a p x p unit matrix as I and a p x p 
diagonall matrix with diagonal elements given by (^y-ZV) -1,..., (jTyiV) -1 as fly. We thus can 
rewritee (2.49) in the form 

{Hij{Hij  + Li)  Fij(R) = (Hij - Ui)  Fij(R - 1) + G*. (2.51) 

Byy iteratively solving this equation for Fij(R), we find 

Fij{R)Fij{R)  = [(Hij  + Li)'1  (fl y - Ui)]  '  Fy ( l ) + (fl y + L^1 

 [I  + (Htj + L-1)  (Hij + Ui) + ---+ ((Hij  + L^-1  (H  ̂ - Ui))R~2}  G, 
(2.52) ) 

Fromm now on, only 7/y will be considered such that the matrix My = ( f l y + L j ) _ 1  ( f l y — Ui) 
hass eigenvalues Ajt smaller than one. Given the eigenvalues of M, a matrix S with SS~l = I 
doess exist such that M can be rewritten as M = STS~l with T a diagonal matrix with the 
eigenvaluess Ajt on the diagonal. Then using the fact that the eigenvalues are smaller than one, 
wee arrive at 

limm M*" 1 = lim [STS"1]*" 1 = lim ST^S'1 = 0. (2.53) 

Fromm (2.53) it follows that, in the limit R -  oo, (2.52) converges to 

i - i i 
Fy(00)) = (fl y + Li)~l  [/ - (fl y + Z,*)"1  (fl y - Ui))]  G> 

—— c r  Gj 
(2.54) ) 

wheree Fy(oo) = \imR^00Fij(R). Substitution of (2.54) in (2.45) and restoring the old nota-
tion,, yields, for R —> oo 

uu , U(*o ) + N-1  [K - 7f (*o)] m ~ l ) ^ 1 ) ^ ; (J e Vi) 

[wij(t[wij(t 00)) (jeVf) 

wheree ( C " 1 ) ^ is the inverse of the matrix (2.50). 
Whatt left is to investigate which tjg, i.e., which learning rules, lead to (2.55). First note 

thatt the matrix d, as defined in (2.50), is symmetric. This allows the matrix to be rewritten 
ass Ci = Li + Di + Lj, in which Li is as before, Di is a diagonal matrix and Lj is the 
transposee of L^ Furthermore, the matrix Q is positive definite, i.e., any arbitrary vector v@ 
yieldss {v0, CiVp) > 0. Next, consider the matrix My , M y = ( f l y + L* ) - 1  ( f l y - ( A + Lf), 
withh eigenvalues A^ and eigenvectors v$: MijVp = \$v$ with {3 = 1 , . . . ,p. The fact that d is 
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symmetricc allows the matrix My to have only real eigenvalues. For the matrix My conditions 
cann be found which lead to 

to,to, Civp) = ^ / ^ / ( ( ^ KM) + { ^ , # y ^ > - <^ , A V / J » > 0  (2.56) 

Alll T/£ which yield the constraint that to, HijVp) + {v$, HfjVp) — {vp,DiVp) is to be positive, 
leadd to eigenvalues Xp which are smaller than one, as requested. Finally, let us rewrite the 
constraintt in terms of r/g 

^E(ii  + i-E«OK)2>0. (2.57) 
IyIy v 'lij  'Iji  keVi 

Althoughh (2.55) is not the result of learning rules with arbitrary r]^, the constraint (2.57), 
necessaryy to obtain (2.55), holds for many r/g. For instance, it holds for r?g = (£*ev5 f j?) -1. 

Byy substituting (2.55) into (2.10) it can directly be verified that the weights (2.55) fulfill 
(2.10)) for all (i (fi = l , . . . , p ) . For p — 1 this was to be expected, since the learning rule 
(2.39)) was constructed that way. For p > 1 one could, for the same reason, expect that (2.10) 
wouldd be verified by (2.55) for the final pattern of the learning cycle, £p. It is less transparent, 
however,, that (2.55) satisfies (2.10) for all patterns £". 

Notee that with (2.55) we have connections as a result of minimal consumption of energy 
inn all learning steps. This does not imply that it is the most economical way to store a set of 
pp patterns £**. Other more efficient learning processes still may exist. 

Thee result (2.55) has been established for networks with a number of vanishing connections 
runningg from M 0 = 0 to M 0 = N2 — Np, i.e., valid for dilution 0 to d = 1 — a, where a = p/N. 
Thee analogous calculation performed by Diederich and Opper for networks with empty Vf, so 
thatt Vi contains all indices, yields a result that coincides with the result obtained via the usual 
pseudo-inn verse solution [44, 45] of eq. (2.10). Hence, the following question may now arise. 
Cann we solve the eq. (2.10) for a neural network where Vf is not empty and, consequently, the 
methodd of the pseudo-inverse in its standard form is not applicable? To show that this is indeed 
thee case, we modify in appendix B the method of the pseudo-inverse so as to be applicable 
too systems with changing and non-changing interactions. Solving eq. (2.10) for networks with 
changingg and non-changing connections via what we have called the modified method of the 
pseudo-inverse,, one indeed obtains (2.55), as we also prove in the appendix. 

Thuss we have shown that the solution that corresponds to the stepwise energetically most 
economicc way to realize storage of patterns in a partially connected network, turns out to 
bee identical to the one obtained via a —modified— version of the well-known mathematical 
methodd of the pseudo-inverse applied to the fixed point equation (2.10). In other words, the 
non-locall energy saving learning rule (2.39) leads to the solution of the fixed point equation 
(2.10),, obtained via the modified method of the pseudo-inverse, which is based, in turn, on 
thee reduced correlation matrix. 

Wee conclude this section with a few remarks. In general, the inverse of the matrix C f 
cannott easily be found analytically. However, in the non-biological case that none of the weights 
iss kept constant, all index sets Vf are empty. As a consequence one may use, for large JV and 
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loww storage capacity a := p/N, the approximations 

N-'lLqN-'lLq = a (2.58) 
i= i i 

^ - 1 E ^^ = a2 {lift,)  (2.59) 
i= i i 

Substitutionn of (2.58) and (2.59) into (2.50), where now Vi is the set of all indices, yields 

C rr = a ( l - a ) < 5 ^ + a2 . (2.60) 

Forr the inverse of Cfv we thus obtain from (2.60) the simple analytical expression 

a a 

Usingg (2.61) in (2.55), leads to 

1 1 

apap — a + 1 
(2.61) ) 

„, (00 = Wij{to) _ __________ £ [s _ 7f(,o)] (2tf _ 1)e; 
(2.62) ) 

Equationn (2.62) is an explicit expression for the weights w^ of a (non-biological) network in 
whichh all the weights, including the self-interactions wa, are present. 

Kanterr and Sompolinsky used symmetric connections of the form (2.55) for fully connected 
networkss without self-interactions [39]. Their ad-hoc assumption that the self-interactions w„ 
cann be put equal to zero, turns out to be justified in view of our exact result (2.55) with 
wu(twu(t 00)) — 0. 

2.55 A learnin g rul e wit h maxima l learnin g efficienc y 

Inn the preceding section learning of a collection of patterns was achieved by repeated application 
off the non-local energy saving learning rule. This learning rule was not constructed in such a 
wayy that conservation of storage of old patterns was automatically guaranteed when a new 
patternn was stored. We now address the question whether and how storage of a new pattern 
£ p + 11 can be achieved without disturbing the storage of the old patterns £ \ . . . ,£p . We shall 
referr to this type of learning as maximally efficient learning. 

Linkevichh [66] treated this problem on the basis of a mathematical model, in which sup-
positionss are made which cannot be true in a biological neural network. Firstly, he treated 
thee thresholds Ti(t), eq. (1-5), as a vanishing constant. Moreover, his network has symmet-
ricc connections tWy(t) = Wji(t), whereas a biological network has non-symmetric connections 
Wij(t)Wij(t) ^ Wji(t). Finally, his network is fully connected, i.e., all Wjj(t) ^ 0. 

Wee may improve and generalize the reasoning of Linkevich to obtain a maximally efficient 
learningg rule for a partially connected network with non-symmetric connections. The calcula-
tionss only hold for networks in which the thresholds are equal to the stability coefficients K, 
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i.e.,, $i = K, for all i, and in case the initial connections are equal to zero, Wij(to) = 0 for all 
ii and j. As a final result we have, in this particular case, the following rule for learning with 
maximall learning efficiency (see appendix A for a verification) 

A-MO==  i>-^w °eVi)  (2 63) 

lev* * 

Fromm (2.63) we immediately see that, in general, Awy is not symmetric in i and j. 
However,, for a network in which all connections may change we find that AiUy is symmetric 
inn i and j, in accordance with the result of Linkevich. Note that the i- dependent factors in 
thee numerators of (2.63) and (2.39) are identical, which reflects the fact that the new pattern 
£ p + 11 has to obey the fixed point equation, both in the cases of 'stepwise minimal change in 
energy'' (2.39) and of 'stepwise maximal efficient learning' (2.63). 

Thee learning rule with maximal learning efficiency (2.63) is of the form (2.21), a form 
whichh we have rejected, in section 2.3, on biological grounds. We therefore shall not pursue 
anyy further the analysis of the learning rule with maximal learning efficiency in the remainder 
off this chapter. 

2.66 Localit y of learnin g rules 

Upp to now we did not mention an important limitation of a biological learning rule. The 
mathematicall learning rule to change a weight of a network can, in principle, be local or non-
local.. The second possibility must be excluded in case the weight is associated with a synapse: 
theree is no biological construction available in the brain to tell a specific synapse how and 
whenn to change as a function of properties of neurons with which it has no direct contact. 
Thee modifications must result from the local situation, i.e., limited to the situation spatially 
'closee enough' to the synapse in question, and within a 'brief span' of time. Thus, a change 
AwijAwij may depend only on variables local, in space and time, to the neurons i and j. The 
locall variables available at the synapse between neurons i and j are the activities & and £Jt 

thee post-synaptic potentials fn and hj, and the thresholds $i and dj. Hence, the factors ti} 
occurringg in Hebb rules should depend on these variables only 

ti jj  = €ij(£i, hi, 9i,£j, hj,6j). (2-64) 

Thee energy saving learning rule (2.39) for Awy guarantees, after repeated application, 
storagee of patterns in a way which is energetically efficient. The factor between square brackets 
inn the non-local learning rule (2.39) fulfills the criterion of locality. However, the learning rule 
ass a whole is not a local learning rule because of the factor, 

(cij(cij  £ Wc* ) - 1 (2.65) 
keVi keVi 

whichh depends, because of the sum over k's restricted to Vit eq. (2.14), on the network 
connectivity,, and hence, not on properties related to neurons i and j only. If we approximate 
(2.65)) by some constant, ^ say, we do obtain a learning rule that is local, [see (2.43)], 

Aw y ( t „ )) = mj [« - {hi(tn) - &<)  (2& - 1)] (2& - 1)& . (2.66) 
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Wee shall refer to (2.66) as the focal energy saving learning rule. The better % approximates a 
valuee dictated by (2.65), the better this local learning rule will be with respect to its energetic 
efficiency. . 

Ass noticed in section 2.1, the constant rjij is a neuron property, the determination of which 
iss outside the scope of the present chapter, since there is no obvious way to determine the 
coefficientss cfj in the expression for j^ (2.29) explicitly. A reasonable approximation for rjij 
cann easily be obtained for a fully connected network where all connections may change in time. 
Forr such a network we have the approximation (2.58) for the denominator of (2.65), which 
implies s 

rjij^iNa)'rjij^iNa)' 11 forain = l,...,7V. (2.67) 

Itt has been showed in section 2.4.2, that for all rj^ satisfying (2.67) the values of the weights 
convergee to (2.55). Thus for those rfo, the local, biologically realizable energy saving learning 
rulee yields the same final values Wij(ioo) as the non-local energy saving learning rule. 

Wee will use the approximation (2.67) in the following section where we consider a biological 
network. . 

2.77 Loca l versu s non-loca l learnin g 

Inn this section, we will study numerically, for a biological network with dilution d, the local 
energyy saving learning rule (2.66) as a competitor of the non-local learning rule (2.39). For 77̂  
wee take, quite arbitrarily, the constant (2.67). We could as well have taken l/N or l/(N(l—d)): 
thee essentials of the behaviour of the numerical results are not very sensitive for the precise 
valuess of the r)^. 

Inn order to judge the functioning of a recurrent network with respect to its ability to store 
ann arbitrary collection of p patterns £** (/i = 1 , . . . ,p), we take L sets of such collections, 
andd label them by £^ , m (m = 1 , . . . , L), i.e., £^'m is pattern fi of set m. The performance of 
thee network with respect to the patterns from the m-th set may be characterized by the Np 
stabilityy coefficients 7J*,m {i = 1 , . . . , N; n = 1 , . . . ,p) defined in equation (2.6). The stability 
coefficientss y?,m should be positive [see eq. (2.8)]. Moreover, we have normalized in such a 
wayy that the 7's should be close to one. Hence, the more 7f 'm we find with values around 
one,, the better the network will perform. 

Wee first define for the particular set m of p patterns the quantity: 

7mm = mini =1, . . .i Jv{ 7 t
1'm, . . . ,7f 'm} . (2-68) 

Hence,, 7 m is the minimal value of all stability coefficients for a particular set m of p patterns. 
AA network does not function if 7 m is negative, and functions better and better when 7 m 

becomess closer to one (with the normalization K = 1). To find a number that characterizes 
thee network performance for an arbitrary set of p patterns, we average the minimal values 7"1 

overr L arbitrarily chosen sets, 

7=} i> m -- (269) 
LL m=l 

Hence,, 7 is the average with respect to the L sets of p patterns f . We therefore will refer to 
77 as the average performance of the network. Similarly, we define the average energy change 
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AE AE 
11 L 

&E&E = -Y, A£m (2.70) 

wheree AEm is the change of energy in one learning step of the m-th set of patterns. Further-
more,, we define the average energy change per synapse Ae, as 

Aee = AE/{N2 - M) (2.71) 

wheree M is the number of non-changing synapses. We also will study the performance of 
neurall networks with varying dilution by considering the distribution of the stability coefficients 
JiJi,m,m.. By studying numerically the quantities 7 and Ae and the distribution of the stability 
coefficientss 7f 'm , we can judge the power of the (exact) non-local energy saving learning rule 
(2.39)) compared to the (biologically feasible) local energy saving learning rule (2.66)-(2.67). 

2.7.11 Storag e of one patter n 

Performanc ee To store one pattern £ we have used the non-local energy saving learning rule 
(2.39)) with coefficients ci}  = cit i.e., 

AiM*»)) = ^ - T [« "  fa(*») -  (2& "  !)1 (2& - %  (272) 

andd its local approximation (2.66)-(2.67), i.e., 

AwAwi:ii:i {t{t nn)) = J - [K - (hi(tn) - $i) (2& - 1)] (2& - % . (2.73) 

Inn order to compare the quality of the two learning rules we have plotted in figure 2.1 the 
averagee performance 7 versus the dilution d of the network for both learning rules. We see that 
thee non-local learning rule stores a new pattern such that 7 = 1, as could be expected since it 
hass been designed that way. Moreover, we see that both the non-local and the local learning 
ruless lead to positive values of 7, and, hence, lead to storage of the pattern £. The non-local 
learningg rule, however, leads at once to 7 = 1, whereas the local learning rule converges to 
77 = 1 only after repeated application. Hence, basins of attractions of the local learning rule 
aree smaller initially [see figure 2.1]. 

Usee of energ y Furthermore, we consider the average energy change per synapse Ae (2.71) 
forr the non-local and local learning rules as a function of the number of synapses in a network 
off a fixed number of neurons. In case of a single application of an energy saving learning 
rule,, it turns out that for the non-local learning rule Ae increases as the number of synapses 
decreases,, while Ae is constant in case of the local learning rule. This favourable situation 
off remaining constant apparently is an unexpected positive effect of the approximation made 
whenn going from a non-local energy saving learning rule to a local energy saving learning rule. 

Inn case of repeated application there almost is no energy effect for the non-local learning 
rule,, and a slight effect for the local learning rule: the energy need per synapse grows with 
growingg dilution [see figure 2.2]. 
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Figuree 2.1: Storag e of one pattern . Depicted is the average performance, j, of a network 
off 512 neurons as a function of its dilution d. Dilution d = 0 means that the network is fully 
interconnectedd (wtj ^ 0 for all i and j), dilution d = 1 means that there are no connections 
anymoree {wij = 0 for all i and j). The one pattern £ is chosen arbitrarily, but such that 
thee mean activity a = 0.2. The computations have been averaged over 100 different £. The 
errorr bars give the standard deviation of the averaged stability coefficients 7, (i = 1 , . . . , N). 
Thee calculations are performed starting from a tabula rasa for the weights (wy(£n) = 0) and 
vanishingg thresholds (#, = 0). 
Figuress (a),(b). In the first two figures, a comparison between the non-local energy saving 
learningg rule (2.72) (upper curves) and the local energy saving learning rule (2.73) (lower 
curves)) after it has been applied one, (a), and five, (b), times. 
Figuree (c). In the last figure, a comparison of the local energy saving learning rule (2.73) after 
itt has been applied one (lower curve), five and ten (upper curve) times. 

Forr the derivation of the global energy saving learning rule we used the equalities (2.10). 
Inn practise, however, we do not need these equalities to hold for a proper functioning network. 
Thee inequalities (2.9) which are less strict suffice. This is supported when using the local 
energyy saving learning rule (2.73). Moreover, figure 2.2 suggests that less energy is needed to 
satisfyy the inequalities (2.9) than the more restricted equalities (2.10). 

2.7.22 Storage of p patterns 

Havingg studied numerically the storage of one pattern, we now turn to the storage of p 
patterns.. As pointed out in section 2.4.2 this may be achieved through repeated application 
off the energy saving learning rule. 

Storagee of one pattern (p = 1) could be achieved in such a way that, by construction, all 
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Figuree 2.2: The energ y consume d in learnin g one pattern . Depicted is the average energy 
consumedd per synapse Ae in one learning step, of a network of 512 neurons as a function 
off its dilution d. The one pattern £ is chosen arbitrarily, but such that the mean activity 
aa = 0.2. The computations have been averaged over 100 different £. The error bars give the 
standardd deviation of the averaged stability coefficients 7, (i = 1 , . . . , N). The calculations are 
performedd starting from a tabula rasa for the weights {wtj(t0) = 0) and vanishing thresholds 

(0,(0, = 0). 
Figuree (a). The average energy change per synapse Ae for the non-local energy saving learning 
rulee in one (upper curve) and two learning steps (lower curve, coinciding with the horizontal 

axis). . 
Figuree (b). The average energy change per synapse Ae for the local energy saving learning 
rulee caused by the first (upper curve), second or fifth (lower curves) time that the local energy 
savingg rule (2.66)-(2.67) is used. 

m m 

H,m H,m (/ii = 1) were equal to one in case of the non-local learning rule: 7,'m = 1 for all i and 
Ass a consequence, the local energy saving learning rule, which is an approximation to the 

non-locall one, has the property that all m are 'not too far away' from the value K = 1, 
i.e.,, they are positive. We recall that positivity of the stability coefficients 7, 'm is a sufficient 
criterionn for a network to store what should be stored [see figure 2.1]. 

Whenn the energy saving learning rule is used to store more than one pattern, the positivity 
off all but the last stored pattern is not guaranteed. As noted before, we must allow for the 
factt that storage of a new pattern may spoil the storage of older patterns. Therefore, the 
requirementt that the minimum of all rf'm (fj, = l,...,p) should be positive is too strong. 
Forgettingg thus turns out to be an inevitable consequence of storing new patterns, at least 
inn the beginning. By repeating the learning procedure for whole sequences of patterns we can 
achievee that more and more 7f 'm become positive, suggesting that more and more patterns 
mayy be definitely stored. 

Inn order to judge the performance of the network in case of storage of more patterns, we 
noww picture the distribution of the -/f'™ over the real axis. Ideally, all tf'm should be equal to 
KK = 1. In figure 2.3 the distribution has been plotted for both the non-local and local energy 
savingg learning rule. As one observes from figure 2.3, some of the 7's have values smaller than 
onee (and even negative) whereas others have values larger than one. This is due to the fact 
thatt storing in set m a pattern £", the 7,''m's of the other patterns £" {/J ^ v) are not taken 
intoo account in the learning step and as a consequence can be enlarged or reduced in value. 
Wee have drawn the number of 7's with values outside the plotted interval in the very first and 
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Figuree 2.3: Storag e of p patterns . The average number of stability coefficients n7 per interval 
off size 0.05, divided by the total number of the stability coefficients 7f 'm , given by NpL, has 
beenn plotted for a neural network with dilution 0.6, after one or more learning cycles, for the 
non-locall and local energy saving learning rules. The calculations have been performed for a 
tabulaa rasa network, wlj(t0) = 0, of N = 128 neurons with vanishing thresholds (6t = 0). An 
averagee has been taken of L — 100 sets of p = 32 patterns. The average activity is a = 0.2. 
Figuress (a-d). The average number of stability coefficients after 1, 5, 10 and 20 learning cycles 
inn case of the local energy saving learning rule (2.66)-(2.67). 

Figuress (e-h). The average number of stability coefficients after 1, 5, 10 and 20 learning cycles 
inn case of the non-local energy saving learning rule (2.39). 
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thee very last interval: see, e.g., figure 2.3e. 
Thee general conclusion is that the local energy saving learning rule, although in principle 

approximative,, is an excellent competitor of the non-local one. After five learning cycles already 
thee number of negative 7f 'm is negligible [see figures 2.3b and 2.3f], and the distribution of 
thee 7f , m 's are comparable. 

Wee finally make some observations regarding other learning rules. In view of (2.22), the 
symmetricc learning rule (2.21) yields the same values of the 7's as in case of our asymmetric 
learningg rule (2.18). Hence, in particular, the whole analysis of this section holds true for the 
symmetricc learning rule as well. In other words, although the changes Aiüy in the weights «/„ 
ass given by the symmetric learning rule (2.21) are, of course, different from those given by our 
asymmetricc learning rule (2.18), the distribution of the 7's as displayed in figure 2.3 is exactly 
thee same for the symmetric learning rule (2.21) and our asymmetric learning rule (2.18). The 
'wrong'' asymmetric learning rule (2.20) does not work at all, as has been explained at the end 
off section 2.3. 

2.88 Summar y 

Wee have shown that two different arguments, a biological one (section 2.3) and a physical one 
(sectionn 2.4) lead to a Hebb rule of the same asymmetric form: compare eqs. (2.18)-(2.19) 
att the one hand and eq. (2.39) at the other hand. A learning rule of this form is never, or 
att least not often, used in the physical literature, which, in general, is less concerned with an 
accuratee modeling of a biological network. 

Thee biological argument was largely based on the improbability of a change of connections 
iff the pre-synaptic neuron was inactive. The physical argument was based on the expression 
(2.32)) for the energy change, not on any ad-hoc cost-function like (2.25) as has been done 
soo far in the literature. The local version of the energy saving Hebb rule (2.39), given by 
eqs.. (2.66)-(2.67), may be relevant for biological systems. It has been tested numerically in 
sectionn 2.7, and turns out to yield storage of patterns in a satisfactory way: see in particular 
figuree 2.3. 

AA Maxima l efficien t learnin g 

Wee shall here merely verify the maximal efficient learning rule, not derive the rule, since 
thee derivation closely parallels the one of Linkevich [66]. In view of the special constraints 
mentionedd directly above eq. (2.63), eq. (2.10) reduces to 

5 > ü ( 0 t ff = 2 < ( / i = l , . . . , p ) . (2.74) 

Similarly,, the solution (2.55) of (2.10) reduces to 

u>ij(t)u>ij(t)  = < u,v=i  (2-75) AT11 £ 2«cr1re; 
0 0 

UU e Vi) 

oo e vn 
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Inn order  to store a new pattern £p + \ the new weights Wij(t') have to obey the equations 

EE WiiVKÏ = 2«ff (/i = 1,... ,p + 1). (2.76) 

Thee weights w^t') are related to the weights ) by 

wheree the wi:j(t) are the connections after storage of the patterns £ \ . . . , £ p as given by 
equationn (2.75) and the Awtj(t) are given by (2.63). 

Insertingg (2.77) with (2.75) and (2.63) into the left-hand side of (2.76) yields 

„„  , „ „  ( 2 « e f + E ^ y W^ (A* = I , . . . ,P) 
EE »MO# = S >ev, (2.78) 
* v«« U<f (/i = P+l) 

Thee right-hand side of these equations is equal to that of (2.76) if 

E H WW = 0 (/*  = l,...,p). (2.79) 

Inn order to show that (2.79) holds, we first decompose £p + 1 according to 

«r=< < 
p p 

E ^^ + ^ T (jeVï) 
(2.80) ) 

wheree a'*, a£ and Ï / ^ + 1 have been taken such tha t 1 

E^VT11 = 0 (/i = l , . . . , p ). (2.81) 

Usingg (2.75) and (2.81) one may prove the auxiliary relation 

Etti»(C=0-- (2-82) 

Thee proof of (2.79) is now straightforward. First, substitution of (2.63) into (2.79) yields 

EE *«,«,-(*)# oc £ [ 2 <+ 1 - £ M ^ r 1 ] ^ (M=l P). (2.83) 
jeVijeVi jzVi keVj 

Then,, substituting the decomposition (2.80) in (2.83), and using (2.74), (2.81) and (2.82) 
wee see that this expression vanishes, which proves (2.79). Hence, the left-hand side of (2.76) 
equalss the right-hand side of (2.76) for a learning rule given by (2.63). 

Mnn case all connections may change in time, the index sets V» are all equal to the set of all indices. Then 
thee equations (2.80) with j e V? disappear and (2.81) amounts to the condition that the vector V""1"1 is 
orthogonall to the vectors £ " (/* = 1 , . . . ,p). Hence, in this particular case there are p + N restrictions (2.80) 
andd (2.81) for p + N variables a" and ^ . 
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BB Modifie d metho d of the pseudo-invers e 

Considerr the p sets of N linear equations 

jrjr WijXWijX>j>j  = aï ( i = l , . . . J N ; / i = l , . . . , p) (2.84) 

wheree x^ and af are known constants ( j = 1 , . . . , JV; / i = 1 , . . . ,p). The N2 unknowns w^ 
aree not determined as long as p < N. Let V* be the subset of indices j with the property that 
WijWij  is a solution of the set of equations (2.84), and let the complement of the set Vi with 
respectt to the total set of indices ( 1 , . . . , N), denoted by Vf, contain the indices j with the 
propertyy that the u)y have the pre-described constant values 6^, i.e., 

WijWij = hj ( j € V ? ). (2.85) 

chosenn in such a way that the system of equations (2.84) does not become incompatible. If the 
sett Vf is empty, a solution of (2.84) can be obtained via the Moore-Penrose pseudo-inverse 
matrixx [44, 45]. We want to obtain a solution for Wij  of (2.84)-(2.85) in case Vf is not empty, 
andd the pseudo-inverse matrix can not be used directly. To that end, we construct a new set 
off equations, closely related to (2.84)-(2.85), which can be solved via the pseudo-inverse. We 
willl refer to this construction as the modified method of the pseudo-inverse. 

Wee first define a new set of variables Wij  according to 

WijWij = Wij - b  ̂ {ij  = 1,2,..., JV) (2.86) 

wheree 6y are arbitrary in case j e Vi. We then have 

UU e Vi) 
UU e V?) 

Thee under-determined set of pN linear equations (2.84)-(2.85) can now be rewritten 

(2.87) ) 

5>ü*?? = a? (/i = l,.-.,p) (2.88) 

where e 

fi?fi? = a ? - E M ?. (2-89) 

Notee that (2.88) cannot be solved with the help of the pseudo-inverse, since the summation 
iss only with respect to a restricted set of indices j G Vi. We therefore consider a new set of 
pNpN linear equations, namely 

Y,vY,vtjtjy<;y<; = ~a>! ( / i = l , . . . , p ) . (2.90) 

Thee relation of (2.90) to (2.88) can be made clear by taking 

UU e K) ( j 
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sincee then the set of equations (2.90) for the N2 unknowns Vy (i, j = 1 ,2, . . . , N) becomes 
identicall to the set of equations (2.88) for the unknown t&y {i = l , . . . , J V ; j e Vj). The 
equationn (2.90) can be solved with the help of the pseudo-inverse. The solution reads 

Vij=Vij= it~<(C-Tyj (iJ = l,2....,N) (2.92) 

wheree C " is the usual correlation matrix [72] 

<?""" = £ # ! / £. (2-93) 
k=l k=l 

Iff we use (2.91), the matrix C^ becomes what we have called the 'reduced correlation matrix', 
givenn by 

CTT = £ * £ * £  (2-94) 
k£Vi k£Vi 

Thee modified correlation matrix takes into account the modifications in the usual correlation 
matrixx due to the particular network architecture as dictated by the index set Vi. The solutions 
VijVij  become, using (2.91), 

VuVu = < 
EE after1 r*y Ü«K) 

oo  (j e v?) 

Hence,, the solution (2.95) turns out to be compatible with (2.87) for j e Vf. Putting now 

üijüij  = Vij (i, j = 1,2,..., N) (2.96) 

wee have obtained a solution for (2.88), as follows by comparing (2.90) and (2.88). In this way 
wee find, transforming back from Wij  to Wij with the help of (2.86), and substituting (2.89), 
thee final result for the solution of the under-determined set of equations (2.84)-(2.85) : 

WaWa = < 
bijbij  + E w - E6**H(cr1r* y u e y^) ,0 ü7, 
bijbij  (j e V') 

Wee recall that the b^ are arbitrary for j e Vit and prescribed for j e Vf. Notice that the 
solutionn (2.97) is not unique because of the arbitrary constants b^ (j e Vi). 

Wee want to solve (2.10) for a network with changing connections w^ if j € VJ and 
non-changingg connections if j € Vf. Applying (2.97) with 

bbijij  = wij{t0) ( i, j = l,2,... ,A0 (2.98) 
aff  = «(2er-l) + ft 

wee obtain at once (2.55). We thus arrive at the observation that the energy saving solution 
(2.55)) coincides with the solution (2.97), obtained with the help of the modified method of 
thee pseudo-inverse. 
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3.11 Introductio n 

Thee capacity of a neural network to recognize a pattern that is not precisely equal to, but 
resembles,, a given, stored pattern, is characterized by what is called, in a mathematical context, 
thee 'basin of attraction' of the stored pattern. If the basin is small, the network will be capable 
onlyy to associate a small set of similar patterns to a typical pattern, whereas for a large basin 
thee set of similar patterns that can be recognized is large. 

Oncee a pattern has been presented to a neural network, the neural network starts to evolve 
underr the influence of its own internal dynamics. In the following we are assuming deterministic 
dynamics.. Then if the network, at the end of a this deterministic process, ends in a unique 
statee this state is called a (single) attractor of the network. It is also possible that the network 
hopss between more than one final state, in which case one speaks of a multiple attractor 
[73,, 74, 75]. Patterns that evolve to an attractor are said to belong to the basin of attraction 
off this attractor. Many ways of characterizing basins are en vogue: basins are said to be deep 
orr shallow and narrow or wide [76]. 

AA way to influence the attractors and its basins is to change the network dynamics, switch-
ingg from deterministic to stochastic dynamics [77, 78]. Another way to change the dynamics of 
thee neural network is to vary the connections during the learning stage. The latter possibility 
cann be exploited in a model for an actual, biological system [79, 80, 81]. 

Wee are primarily interested in biological neural networks and are not aiming at mathematical 
problemss such as (optimizing) the storage capacity in relation to the sizes of the basins of 
attraction,, a subject that has got ample attention in the literature [56, 82, 83, 84, 85]. 

Manyy dynamical systems are parameterized by a certain constant K, sometimes called 
'marginn parameter'. The margin parameter K is claimed to be related to the size of the basins 
off attraction of the fixed points of the dynamics of a neural network [40, 43, 46, 86, 87]. 
Naively,, one would expect, for reasons that are directly related to the way this parameter K is 
introducedd in the model that, the larger K, the larger the basins of attraction will be. However, 
ass the 1997 study of Rodrigues Neto and Fontanari indicates this may not be true. Their 
numericall analysis, for tiny networks (up to 24 neurons) suggest that the number of attractors 
increasee with increasing K and that, perhaps because of this increase, the basins of attraction 
aree not enlarged — as one might expect in the first instance [88]. In this chapter, we will 
considerr the effect of the margin parameter on the basins for a network with 256 neurons. We 
willl find that the larger K, the larger the basins, in agreement with what one would expect 
naivelyy (see figure 3.1 for b = 0). 

Thee 1992 study of Wong and Sherrington is also concerned with the sizes of the basins 
off attraction. One of their finding is, roughly speaking, that the noisier the set of learning 
patterns,, the larger the basins of attraction [76]. 

Inn the preceding chapter we were concerned with learning of patterns £*\ In the derivation 
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off the learning rule we demanded these patterns £** to be fixed points. To obtain basins of 
attractionss we used the 'margin parameter' mentioned above, see section 2.2. In this chapter, 
wee will introduce basins of attraction more directly. That is, we will derive expressions for the 
weightss of the connections of a recurrent neural network by requiring the network to have a 
dynamicss with fixed points and prescribed basins off attraction. The latter requirement is intro-
ducedd via the demand that a collection of patterns Q has to exist such that all patterns in the 
collectionn evolve towards one of the fixed points. More specifically, we try and construct a net-
workk with weights Wy using not only a certain set of p prescribed patterns £** = (£{*,.. . ,££) , 
wheree fj, = 1 , . . . ,p, but a larger set of patterns, centered around these typical patterns. The 
sizee of these enlarged sets, called ^ ( 6 ) below, and, hence, the size of the basins of attraction 
iss characterized by a basin parameter 6. If 6 = 0, the set ft**(6) reduces to the sole pattern £**. 

Whatt we obtain are values for the weights that depend on this basin parameter 6: 

WiiiWiii b)=hflb)=hfl+v+v^^ b)b) UeVi] (3.i) 
«ty(*o)) (J € Vf) 

with h 

VijVij(b)(b) :=  N-' Y, (K " ïïfrviMm? ~ l)(C-l(b)r [(1 - b)$ + 6(1 - %)] (3.2) 

[seee section 3.5, eqs. (3.43)]. Here, the Wij(t0) are arbitrary numbers, which can be interpreted, 
inn a different context, as initial values for the weights, at an initial time t0, as is suggested 
byy the notation. Furthermore, K is the margin parameter referred to above, N is the number 
off neurons of the network. We abbreviated Wi(t 0) := (wn(t0),..., wiN(t0)). The quantities 
7 ff are defined in (3.15) for arbitrary wif and the matrices €fu are defined in (3.28). The -yf 
dependd on threshold potentials 0it the basin parameter b and the input patterns £**. V$ and V? 
aree index collections defined in such a way that the weights wtj are adaptable if j G V* and 
constantt if j e Vf (for all i = 1 , . . . , TV), see also chapter 2 section 2.2. If the (constants) 
WijWij  vanish, there is no connection between i and j. Hence, the w^ (j € V^) determine the 
networkk topology. The more w{j (j € Vf) vanish, the more 'diluted' a network. 

Thee formulae (3.1)-(3.2), the main result of this chapter, generalize well-known results 
forr the weights of a recurrent network. The generalizations concerned are: the network is not 
fullyy connected, and the weights depend upon the prescribed size of the basins, characterized 
byy the basin parameter b. For 6 = 0 we recover our earlier result for a diluted network (see 
chapterr 2). 

Theree is no unique way to define the functioning of a neural network. With respect to 
fixedd points a neural network may be said to function better if its storage capacity a = p/N 
iss larger. On the other hand a neural network may be said to function better if the basins of 
attractionn are larger. In the first definition basins are neglected, whereas in the second one the 
numberr of patterns is ignored. However, for a biological neural network both fixed points and 
basinss are important. 

Ourr numerical study shows that in some cases the basins of attraction are larger for values 
off the basin parameter 6 unequal to zero. In other words, a network which has learned not only 
aa set of patterns £", but a collection of perturbed patterns fiM(6), will function better with 
respectt to basins. Hence, a network can recognize perturbed patterns better, if it has been 
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constructedd with perturbed patterns. This is what Wong and Sherrington [76], in a related 
study,, but for a network with connections that are changed during a learning process, call the 
'principlee of adaptation': a neural network is found to perform best in an operating environment 
identicall to the training environment. Our analysis confirms this observation albeit that the 
wordd 'identical' is not to be taken literally. So far our general introduction to the problem. We 
noww come to a short overview of this chapter. 

Inn section 3.2 we start by defining mathematically the problem to find suitable synaptic 
weightss by formulating the equations to be obeyed by the weights Wy(ft) of the connections. In 
sectionn 3.3.1 and the appendix we indicate how we could obtain, in principle, a series expansion 
inn the parameter b for the solution of the equations. To actually calculate the first terms of the 
expansionn would be very time consuming. We therefore proceed differently. In section 3.3.2 
wee rewrite the implicit expression found in section 3.3.1 in such a way, that we can easily 
findd an approximation [see eq. (3.34)]. What we essentially do, is to replace in the alternative 
implicitt expression found in section 3.3.2, a certain average jj* related to the z-th neuron 
potentiall hit threshold 0, and the activity Xi, given explicitly by eq. (3.7) below, by one and 
thee same constant K. We thus find an interpretation for the margin parameter K. Whether this 
replacementt of the functions 7^ by one and the same constant makes sense, is studied in the 
nextt section. In section 3.4 we introduce a probing set, characterized by a probing parameter 
b.b. The size of the basins of attraction of the network, as a function of the basin parameter 
b,b, are calculated numerically for different values of the probing parameter 6. We thus test our 
approximationn to the exact solution, and find it to be quite satisfactory. In the final section a 
mathematicall learning rule will be presented which, via a certain learning process, evolves to 
valuess of the weights as predicted by our main result (3.1)-(3.2). 

3.22 Mathematica l formulatio n of the proble m 

3.2.11 Equation s for th e enlarge d sets of inpu t pattern s 

Considerr a recurrent network of N neurons. A neuron i of this network fires (xt — 1) if its 
potentiall hi — Y^iLi^u^i surpasses a certain threshold value Oi {i = 1,...,JV). As in the 
previouss chapter we consider deterministic dynamics for the state x(t) of the network 

N N 

xx{{(t(t + At) = 6 H E waxt(t) -0i) {i  = 1,. . ., TV) (3.3) 
i=i i=i 

wheree 6 H is the Heaviside step function: Qn(z) = 1 for positive z and zero elsewhere, cf. 
equationn (2.3). Let us suppose that the network is such that it can store the p patterns 
£ \ . .. . ,£p , where £ is an JV dimensional vector consisting of zeros and ones. For the /j-th 
patternn we have hi — J^fLi wa^t'' hence the weights wu of this network are constrained by 
thee fixed point equations, following from (3.3) 

N N 

eH ( Ew « f f - ö * )) = ff (ji = l , . . . ,p ;t = l , . . . , ;V). (3.4) 
(=1 1 

(seee chapter 2). 
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Oncee the weights wu occurring in (3.4) have been determined for chosen collections of 
patternss £**, one may ask the question which patterns x, alike but not exactly equal to one 
off the É^'S, evolve to the fixed point £**, i.e., what are the basins of attraction of the fixed 
pointss g1. It is precisely the purpose of this chapter to study this question in some detail. 

Thee basin of attraction of an attractor of a dynamical system is defined to be the collection 
off points that evolve, in one or many steps, to this attractor. In the context of neural networks 
suchh an evolution has to be rather quick: arrival at a fixed point has to take place before 
aa new task is imposed by the neural system. In other words, in a biological system not all 
stimulii of the 'physical' basin will reach the attractor in a biologically prescribed time interval. 
Thiss biological time interval defines a 'biological' basin. We are here interested in the question 
whichh vectors x, belonging to certain disjunct sets of patterns Q?, centered around typical 
patternss £M (fi = 1 , . . . ,p), arrive, in one step of the dynamics only, at the fixed point £p . 
Thesee latter x 's certainly belong to the 'physical' basin of attraction as defined above, and will 
bee referred to, for the sake of simplicity, as the basin of attraction, although it is only a part 
off the 'physical' basin of attraction. The case of biological basins which reach the attractor in 
twoo or more time-steps is rather complicated and will not be discussed here. 

Inn order to take our newly defined basin of attraction into account, we shall replace the 
requirementt (3.4), an equation for the weights wü, by 

e H ( 2 > ^ - ^ ) = ## 0*  = l , . . . ,p ;i = l,...,JV) (3.5) 
i=i i=i 

wheree the patterns x belong to certain given disjunct sets of patterns fiM, still to be specified, 
centeredd around typical patterns £** (/z = l , . . . , p ) . Due to the Heaviside function we are 
nott able to solve (3.5) for all x € W. However, we shall determine by an (approximating) 
analyticalanalytical procedure the weights wu such that (3.5) is probably satisfied for most of the patterns 
x,x, but not necessarily for all patterns. The latter will depend on the chosen collections Of1 

{n={n= 1 , . . . ,p). Having obtained the weights wu, for such a particular choice of Ws, we shall 
checkk by a numerical procedure, whether all x € f)M actually satisfy (3.5). This will indeed 
nott always, but often, be the case. Thus we shall have obtained values for the weights which 
couldd be useful for an actual network. 

Ass stated above, we are not concerned, in this chapter, with the process via which learning 
takess place, we only are studying the purely mathematical problem of finding values for the 
weightss Wij  that guarantee storage and retrieval properties of a neural net. This leaves us with 
thee question whether the values, given by such a dry, mathematical requirement can actually 
bee realized by the wet-ware constituted by the neurons and their connections. This point will 
bee the subject of the next chapter, where it will turn out that this question can be answered 
affirmatively. . 

Distinguishingg the cases £f = 0 and £f = 1 one may verify that the equations (3.5) are 
fulfilledd if and only if 

7ff  («*) := ( E waXl - 9i)(2& - 1) > 0 V ^ f i " (3.6) 

wheree we abbreviated Wi := ( % , . . . , IUUV), and where Of1 is a collection of patterns which 
willl be made explicit in section 3.2.2. Let ^(x) be the probability distribution of patterns x 
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inn the set QM of patterns centered around a typical pattern £M. From (3.6) it follows that the 
averagess j? defined as 

7?(«>i):== E ^ H E w W - 1 ) (̂  = l,...,p;»=l,...,JV) (3.7) 

aree also positive, i.e., 
7 f K ) > 0 .. (3.8) 

Conversely,, the fact that the averages are positive, 7f > 0, does not necessarily imply that 
7ff > 0 (i — 1 , . . . , N;fi = 1 , . . . ,p). Throughout this chapter, the averages 7f will play a 
centrall role. 

Lett riQ be the total number of patterns belonging to any of the collections W (^ = 
1 , . . .. ,p). Since, in general, the number n^ is larger than the number p, the set of equations 
(3.5)) will be more restrictive than the set (3.4). 

Inn the following we shall consider biological networks, for which wü — 0 (i — 1 , . . . , N). 
Moreover,, we shall consider partially connected (or diluted) networks, i.e., we allow for the 
possibilityy that a particular set of connections wri vanish. In general, we shall suppose that 
aa certain subset of connections Wy have prescribed values. In order to formalize this, we 
introducee the sets V* (i = 1 , . . . , N) and their complements Vf: the V* contain all indices j for 
whichh w^ is not prescribed, but to be determined via equation (3.5), while their complements 
VfVf contain all indices j for which w^ have certain prescribed values, which may or may not 
bee zero (see chapter 2). Let the total number of indices j for which w^ [i = 1 , . . . , N) is 
prescribedd be given by M. Then (3.5) is a set of NUQ equations for N2 — M unknown weights 

Wij. Wij. 

Multiplyingg both sides of (3.5) by pfi(x)xJ and summing over fi and x we obtain 

EE £ ^(x)xjeu(E VÜXI - 0i) = E E P"(*totf 0' e Vi). (3.9) 
M=ll  X^Q,  ̂ 1=1 ti=\  XGQV 

Thesee are N2 — M equations for the N2 — M non-prescribed weights wi3, from which we want 
too solve the w^, once the fiM, or, equivalently, the p^(x) are specified. Notwithstanding the 
factt that the number of equations equals the number of unknowns, the solution of (3.9) for 
thee weights wu is not unique, because the step function G# only requires that Y^ïLi wu^i — $% 
bee positive or negative. As a side-remark we notice that equation (3.4) is under-determined 
forr p < N: then there are more unknowns wu than equations. 

3.2.22 The distributio n of pattern s in th e basin s 

Wee choose the following, particular, probability distribution function 

p"(*)) = nrffo) (3-10) 

where e 
rf{xi)rf{xi)  = (l-b)óXi$+bóXiil_% (3.11) 
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andd where b is a parameter between 0 and 1, which we will refer to as the 'basin-parameter'. 
Thee sets fi'1 around the patterns £** are supposed to be disjunct, and a vector x outside 

U j = 1 f i MM has, by definition, a vanishing probability. The probability distribution (3.10)-(3.11), 
however,, yields a finite — albeit it very small — probability for a vector x outside the direct 
surroundingg W of £*\ since it is defined for all 2N possible vectors x. The observation that the 
probabilityy distribution (3.10)-(3.11) for x's outside f i ^ is very small allows us to approximate 
thee sum of all x € u£=1£}" by the larger sum over all x e { 0 ,1 } ^ . This approximation will 
enableenable us to obtain analytical results. 

Iff b = 0 (no prescribed basins), only the patterns x = £** have a non-zero probability. For 
valuess of b close to zero any vector x has a non-zero probability, but only the probability of 
vectorss x close to one of the $? is appreciable. 

Note,, that the basin-parameter is directly related to the magnitude of OP: the larger b, the 
largerr the number of patterns in W that resemble the patterns £**. Let us denote the average 
overr the patterns as 

%:=%:= E p»(x)x3. (3.12) 
a;e{o,i}N N 

Then,, from (3.10) and (3.11) we find 

EE * " ( * ) = 1 (3-13) 

and d 

*?*? = £ [A-»)«.,<+«.„nr]*jl l E [(i-*)^+*««..^f ] 
== ( 1 - 6 ) ^ + 6 ( 1 - ^ ) . (3-14) 

Thee first equation expresses the normalization of the probability distribution function, the 
secondd one expresses the fact that the average value of the activity of neuron j is a number 
betweenn 0 and 1, depending on the basin-parameter 6. Using (3.12) and (3.13) in (3.7) yields 

7ff  (&, wt) = (E wa% ~ W(2ff - 1) (3-15) 

wheree b is the basin-parameter and where xf is given by (3.14). The wu occurring in this 
expressionn still have to be found. 

3.33 Solvin g the equation s 

Inn this section, we will try and solve the problem of finding the weights wu of a recurrent 
neurall network, in the approximation dictated by equation (3.9) combined with the particular 
probabilityy distribution (3.10)-(3.11), and we hope, thereby, to have obtained a useful solution 
forr the problem that we actually want to solve, i.e., the equations (3.5) or, equivalently, (3.6) 
forr given collections Q'\ The question to what extent we will have achieved this goal will be 
answeredd in section 3.4, where we perform a numerical analysis. 

Thee analytical approach to the problem to solve (3.9), an equation for the weights of a 
manyy neuron recurrent network is an adapted version of the way in which Wiegerinck and 
Coolenn calculated the weights for a large perceptron [89]. 
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3.3.11 Implici t equation s fo r th e weight s 

Byy substituting (3.10)-{3.11) into equation (3.9), we can obtain explicit expressions for both its 
leftt and its right side, and, from these, solve for the weights wit. Using (3.14), we immediately 
obtainn for the right-hand side of (3.9) 

EE E (̂x)̂ f = E^i (3-16) 

wheree x^ is given by (3.14). We turn now to the left-hand side of equation (3.9), the handling 
off which is more complicated and will be largely done in appendix A. 

Wee note that if w^ = Wij(8i,£!f) is a solution of equation (3.4) or (3.5), then also 

Wij(0i,£i)Wij(0i,£i) := <iiWij(<%l0i,€i) is a solution of equation (3.4) or (3.5), if fy is replaced by 

OiOi = afii, where a, is an arbitrary real constant. Using this freedom of gauge with a* -

(Ew=ii wim)1/2' w e c a n adjust the order of magnitude of the weights and the thresholds 

WijWij = ,  ̂ 0t = *  (3.17) 
yJ2m=lyJ2m=l wim y S m =l wim 

whichh has a consequence that, if w^ and $i are of the order Ny (y an arbitrary real number), 
thee hatted quantities are small, namely of the order 1/VN. Note that 

E<nn = l- (3-18) 
m =l l 

Onee has, trivially, 
NN N 

eH(EE waxi - Oi) = eH(E «to - A)  (3.19) 
1=11=1 1=1 

Thee further evaluation of the left-hand side of (3.9) in terms of the vbij is rather complicated 
andd is given in appendix A. The left- and right-hand side of equation (3.9) yields an implicit 
equationn for the Wij which is given by 

WijWij = TV"1 £ E?(b)(2& - l)a£ (i = 1 , . . ., N; j e Vt) (3.20) 

wheree the Ef given by 

p. fMM - „(^(t.«-0)-1 exp(-(^(6,100)726(1 -6)) , , „ , 

' WW ~ 2 , exp (-(#(*, «,))V»(1 -»)) l ' 

aree positive quantities in which the j**(b,Wi) are defined by 

%(b,w%(b,wtt)) = (5>«s? -ëm? - 1) (3-22) 
1=1 1=1 

inn analogy to (3.15). 
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Wee could find explicit expressions for the weights by starting from an explicit solution for 
bb = 0 and expanding the 7f(&, Wi) as a power series in the basin parameter b 

Tf(ft,»,)) = fl*+tf1*,+tfV + ... (3.23) 

Insertingg this expansion into (3.20)-(3.21) and equating equal powers of the expansion variable 
b,b, we may obtain explicit expressions for the expansion coefficients 7? (/z = 1 , . . . , p ; i = 
1 , . . . ,, N; k = 0 , 1 , 2 , . . . , 00) of the power series in 6, in terms of the physical quantities £**, 
&i&i and Wij,  where j is restricted to the set Vf. We thus would find an analytical solution of 
eq.. (3.9). This scheme has been carried out by Wiegerinck and Coolen [89] for the perceptron. 
Wee do not pursue this path for the recurrent neural net considered here, but we will use a 
pragmaticc simplification to arrive at an approximate explicit expression instead. This will be 
donee on the basis of an alternative implicit expression for the weights (3.20), to be derived in 
thee next section [see eq. (3.31) below]. 

3.3.22 An alternativ e implici t expressio n for th e weight s 

Inn order to arrive at an alternative expression for the weights, we decompose the 7^(6,10») as 

%(b,w%(b,wii)=%<)=%< cc(b,w(b,wii)) + tf(b) (3.24) 

inn which 

TiTi,C,C{b,Wi){b,Wi) = ( E üim< ~ ft)(2ff - 1) (3.25) 
rntVf rntVf 

iss the contribution from the wim with arbitrary (prescribed) values, i.e., m € Vf and 

f?WW = E <*W^(2ff - 1) (3.26) 

iss the combination from the weights which are to be determined. From (3.20) and (3.26) we 
find d 

rftfi )) = £ cTEWmï - i)(2tf -1) (3-27) 

wheree <7f" is the symmetric p x p correlation matrix given by 

Cr(b):=N-Cr(b):=N- llJ2x^J2xm̂m (3.28) 
meVi meVi 

withh / i , v = 1 , . . . ,p. For given values of the averages 7f'c(&, Wi), the contributions 7^(6, wï) 
whichh are to be determined have to satisfy 

7,, (J, « 0 - 7, ( ö ,« ,j )+N(2 f j - l ) i : m t ( ) j ) I : j i e x p ( _ ( , f ( 6 ) U ) j ) ) 2 / 2 M 1_6 ) ) (3.29) 

ass follows from (3.27) using the decomposition (3.24) and the explicit expression (3.21) for 
thee E?{b). 
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Fromm (3.27) we get, by multiplying both sides by (2£f - l ) (C j l(b))*tX and summing over 

/ x== l , . . . , p , 

EÏV)EÏV) = E Ff (6)(2Cf - l)(C-\b)rx(2Ü - 1) (3.30) 

wheree C - 1 is the inverse of the matrix C. Thus we have obtained an alternative expression 
forr the E?(b) [see equation (3.21)] in terms of the same quantities, namely ?%, £f, &i and b. 
Substitutionn of this alternative expression (3.30) into (3.20) leads to an alternative expression 
forr the Wi?: 

p p 

N'N'11 E ffifr  «0 - ^C(b, wt)}{^ - l)(CrW%- 0' e vo 
^ t jj  \ ti-,t/=\ (3.31) ) 

w, , ijij  (prescribed) (j £ V?) 

Inn equation (3.22) we introduced the ^(b,Wi) as functions of the weights t&y. Here, we have 
found,, conversely, the weights in terms of the 7^(6, Wi), which, in turn, are given by (3.29). By 
insertingg u)^ (3.31) into ^(b,Wi), equation (3.22), and making use of the definition (3.28) 
forr Cj*(b)  one arrives, indeed, at an identity. In view of (3.17), equation (3.31) also holds true 
withh all hats dropped. 

Thee equations (3.31) with (3.29) are an implicit expression for the weights. Developing 
thee 7's according to (3.23), we might obtain an explicit expression for the weights (3.31), just 
ass in section 3.3.1. 

Thee weights Wij  have been constructed as a solution of equation (3.9), an equation which 
iss strongly related to equation (3.8). Hence, one may expect that, on the average, the 7f's 
aree positive, i.e., 

7 f ( 6 , w i ) > 0 .. (3.32) 

Wee come now to the simplification referred to above. Instead of determining the coefficients 

off the expansion (3.23) for the 7's, we truncate this expansion after the first term and neglect 

alll coefficients % , for k > 0. Dropping the hats and writing 

7̂ (3.33) ) 

forr all constant first terms in the expansions (3.23), we obtain from (3.31) 

,, N-1 £ [« - ^'c(ö, i*)](2t f - l)(CT1(6)r^ U e Vi) 
WijWij = { M,„= i (3 .J4) 

\Wij\Wij (prescribed) {j  e Vf) 

Notee that with the choice u/y(t0) = 0 for j e V{ and Wij(t0) = w^ (prescribed) for j e Vf 
inn our main result, eqs. (3.1)-(3.2), the latter equations reduce to the equations (3.34). We 
thuss have almost found the main result. The final form (3.1)-(3.2) is derived in section 3.5, 
afterr a numerical analysis of the particular case (3.34). 

Inn view of (3.32), we will choose for K in eq. (3.33) a certain positive number. Then, sub-
stitutionn of (3.34) into (3.15) yields 7^(6, wt) = K, as is to be expected. Thus although (3.34) 
iss not necessarily a solution of (3.9), as a consequence of the simplification, it nevertheless 
yieldss positive values for the 7f (6, wi). 
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Thee approach, in which we replace the constants 7f by a number to be found by (nu-
merical)) trial and error, is a priori, rather crude. The usefulness of this way of handling will be 
checkedd in the next section. 

3.44 Numerica l results : probin g the basin s 

Inn this section we will study the question regarding the size of the basins of attraction induced 
byy the collection of patterns 1^(6). Stated differently, we will determine whether the solution 
(3.34)) for the weights gives suitable basins of attraction. More in particular, we will search for 
thee optimal values K and b to be taken in (3.34). This will be done by carrying out a numerical 
analysis. . 

Inn the preceding section we have shown that the weights given by (3.34) are such that the 
averagee values ^(b,Wi) are all positive. This does not mean, however, that equation (3.5) for 
weightss Wij  is satisfied for all patterns x e Ü^. Rather than attempting to determine basins 
off attractions Q'1 satisfying this requirement we will use the following procedure. 

First,, we construct a large number of patterns x by randomly generating them in agreement 
withh probability distributions 

P"(* 00 = UK 1 -5)4*,<f +5**«.i-tf ] (3-35) 

ass in (3.10) and (3.11) but with an parameter b taking some values in the interval 0 < b < 1. 
Wee will refer to this parameter b as 'probing-parameter'. If the probing parameter b vanishes, 
aa probing collection 0,^(1 = 0) consists of precisely one pattern, namely $/J. 

Havingg these patterns we determine the fraction of patterns x for which the 7 are positive 
forr all i 

l?{wi{b))l?{wi{b))  = (5>a(tyr, - ft)(2ff - 1) (3.36) 

withh wu(b)  given by (3.34). In this manner we have a measure for the adequacy of the solutions 
off equation (3.5) for the weights t%(6) as given by (3.34). In general, the probing-parameter b 
usedd in the test will be unequal to the basin-parameter b used to calculate the weights Wij(b). 

Inn our numerical studies we first picked a certain value of 6, next generated randomly a 
largee number of patterns x in agreement with (3.35), then determined the fraction of x's with 
alll Ji(wi(b)) positive. In doing so we took vanishing prescribed weights Wij(t0) = 0, (j G Vf), 
andd $i = l/N for all (i = 1 , . . . , N). The patterns f have been chosen randomly, with a well 
definedd value of the activity a = 0.2 and the dilution d has been chosen to be 0.2. 

Inn figure 3.1, we have depicted the relative number of x's belonging to the basin (vertical 
axis)) as a function of the basin-parameter 6 (horizontal axis). The graphs a, b, c and d in 
figuree 3.1 correspond to four values of the margin parameter K: K = 1, K = 2N~l, K = N~l 

andd K = iJV" 1 . 
Eachh of the broken lines in the graphs 3.1a- 3.1d corresponds to a different value of the 

probingg parameter b. Going from top to bottom in the four graphs of figure 3.1, we cross 
curvess with a larger and larger probing parameter 6. For the smallest possible value of the 
probing-parameterr 6, namely 6 = 0, the probing set reduces to a typical pattern £". It follows 
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00 0.1 0.2 0.3 0 0.1 0.2 0.3 
Basin-parameterr b Basin-parameter b 

00 0.1 0.2 0.3 0 0.1 0.2 0.3 
Basin-parameterr b Basin-parameter b 

Figuree 3.1: Probin g of th e basin s for variou s value s of th e margi n parameter . In the 
fourr graphs a, b, c and d, the fraction of x's with all 7, positive is depicted, vertically, for four 
valuess of the parameter K occurring in the final expression for the weights (K = 1, K = 2N~l, 
KK = i V - 1 and K = ^N^1), as a function of the basin parameter b. The six broken lines in each 
off the graphs correspond to different values of the probing parameter b that characterize the 
setss £y (6). From top to bottom, in each graph, we have plotted the fraction of x's with all 7 
positivee for values of b given by the six numbers 0, 0.02, 0.04, 0.06, 0.08 and 0.1, respectively. 
Thee number of neurons is N = 256, the number of patterns £ equals p = 32. The mean 
activityy is a — 0.2. The dilution of the network is d = 0.2. 
Inn each of the four graphs, a, b, c and d, that is, for four different values of the margin 
parameterr K, there is an interval of values of b for which the fraction of 7's equals one, for a 
rangee of values of the probing parameter b. Hence, for probes with b in the latter range, the 
nett has values for the weights iuy(& ) which are such that the net performs optimally. 

fromm figure 3.1 (see the upper lines, little diamonds) that the fraction of x's belonging to 
aa basin equals 1 for a large range of the basin-parameter b. As is to be expected, a typical 
patternn £M indeed is a fixed point for all values of b (up to some upper limit which is larger 
thann 0.3). 

Forr values of the probing-parameter b close to zero, b = 0.02 say, the fraction of x's 
belongingg to a basin equals one for a large range of the basin parameter b (see the second 
curvess from above, indicated by little plus signs). As long as the probing-set is smaller than 
thee set of patterns which belong to the basin of attraction, the fraction remains one. In case 
thiss fraction is less than one, the probing-set is larger than the set of patterns which forms the 
basinss of attraction. Hence, the probing-parameter b can be viewed upon as a measure for the 
sizee of the basin of attraction. 

Too illustrate these latter statements we take as an example figure Id. The lines 6 = 0 
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Figuree 3.2: Probin g of th e basin s for variou s number s of patterns . The fraction of a;'s 
withh all 7J positive is depicted, vertically, for three different values p of the number of stored 
patterns,, p = 16 (top), p = 32 and p = 64 (bottom), as a function of the basin parameter 
b.b. In the left-column the margin parameter is chosen large compared to the threshold, K = 1, 
whereass in the right-column K is taken of the order of the threshold, K — ^N"1. The six 
brokenn lines in each of the graphs correspond to different values of the probing-parameter b. 
Fromm top to bottom in each graph we have plotted the fraction of a;'s with all 7,- positive for 
valuess of b given by 0, 0.02, 0.04, 0.06, 0.08 and 0.1, respectively. The number of neurons is 
NN — 256, the mean activity is a = 0.2. The dilution of the network is d = 0.2. 
Itt is seen that for 6 ^ 0 , the fraction rises, up to some value of b. Hence, for large K (left 
column)) and small K (right column), the net possesses larger basins of attraction for b ^ 0 
thann for 6 = 0, for different values of the number of patterns p. 
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andd b = 0.02 coincide: they are the straight horizontal line with fraction one. For 6 = 0.04, 
correspondingg to a fraction given by the curve with little squares, the fraction rises to one as 
aa function of b. This implies that the size of the basins grows as a function of b. For larger 
valuess of b, given by the curves with crosses, triangles and asterisks, the fraction also rises as 
aa function of b, up to some value of 6, but never equals one. So in these cases, the number 
off elements of the probing sets always clearly is larger than the number of elements belonging 
too the basins. 

Wee now come to the effect of K on the performance of the network. Comparing figures la 

andd Id, and looking where the fraction equals one, we discover that for large K, b should be 

small,, and vice versa. 
Inn figure 3.2, we study for a large value K = 1 and a small value K = _1 of the margin 

parameterr what happens when the number of patterns varies from 16 via 32 to 64. As before 
wee have taken vanishing prescribed weights, «/„  = 0, (j € Vf), 0* = N~l for all i = 1 , . . . , N, 
andd dilution d = 0.2. We find for « = 1 as well as K = l that when the number of 
patternss increases, the size of the basins decreases. But, since the curves have a hump, a value 
forr the basin parameter b unequal zero yields a network that recognizes a larger part of the 
probingg sets ü^(b). 

Thee final observation relating to figures 3.1 and 3.2 reads that, in general, a network with 
weightss Wij(b ^ 0) performs better than a network with weights wzj(b = 0). 

3.55 Relatio n to earlie r work 

Thee above mathematical study has been performed for adaptable weights, wtj, j G Vlt to be 
determinedd by the equations (3.9), and prescribed weights, wijt j e Vf. Let us turn to the 
situationn of a neural network that adapts its weights, in the course of time, according to some 
learningg rule, i.e., to the situation of chapter 2. In a network that learns, all weights start, at 
tt = t0 say, with some initial value Wij(t0). The weights wijt with j € Vf, keep their weights 
throughoutt the learning process, while the weights wijf with j G Vit change in the course of 

time. . 
Now,, we ask the question whether we can find Wij which are such that wa(t) has prescribed 

valuess Wijito), for all i and j, at t = t0, whereas ï?(b,v>i(t)) has a large probability of being 
positive.. In case the prescribed values Wij(t0) vanish for all j € Vit the solution is given by 
thee un-hatted counterpart of equation (3.31). Here, we want to generalize this solution to 
non-vanishingg values Wij(t0), i.e., to weights of the form 

m_KM+«*(* )) 0'GVO ( 3) 
Wtj[t)Wtj[t) ~ \wrj(t0) (jGVf) V 

wheree v „ ( i ) is to be some function of the lüy of equation (3.31) such that 7f (b,Wi{t)) has a 
largee probability of being positive. For convenience, we will denote the «;„ of equation (3.31) 
ass Wij{t). The requirement on ^{b,Wi(t)) will be fulfilled if the v „ ( t ) are chosen such that 

t(b,Wi(t))t(b,Wi(t)) = ï?(b^(t)) (3-38) 

Itt is obvious that the property (3.38) guarantees that when the ï?(b,Wi{t)) are positive, the 

7ff (6, Wi(t)) are also positive. 
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Inn general, the 7^(6, Wi{t)), as defined by (3.15), are invariant under the transformations 

Wij{i)Wij{i)  = 
wait)wait) + Cij - AT-1 £ £ cim^(Cr1(6)r^ (j e Vi) 

n,v=\n,v=\ meVi (3.39) 

inn which the c^ are arbitrary numbers. In fact 

7*(ft,w*(0)) - 7?&  w4(0) = E f cW "  *>ij(t))$(2&  ~ 1) 
i € KK - (3 40Ï 

== E <*;**(2 # -1) - iv-1 £ E E cim<(cr1(fc)r^(2t f -1) 
andd both terms in the right-hand side cancel, as follows using equation (3.28) for the summa-
tionn over j e Vi. Hence, weights of the form (3.39) yield the property (3.38). The freedom 
too choose the Cy- in the transformation (3.39) allows us to find Vij(t) which meet all the 
demands.. In particular, writing Cy = Wij(t0) for j £ Vi and denoting the prescribed weights 
ass Wij(t) = Wij(t0), j e Vf, we can rewrite (3.39) as (3.37) with Vij(t) given by 

viAt)viAt) = wijW-N-1^ E ^ f o w ^ w r * ? 

==  N-' £ [7f (6, Wi(t)) - 7^(6, Wi(to))](2g - l)(C-l(b)rx  ̂ . (3.41) 

wheree in the second step we took for the ) the weights wijt denoted as Wy(t), of equation 
(3.31). . 

Notee that, by construction, the Vij{t) are such that (3.38) is satisfied. An alternative way 
too write equation (3.41), using (3.38), is given by 

Vij(t)Vij(t)  = N-1 J2 [7f (6, Wi(t)) - 7J*(6, Wi{to))](2$ - l){pr\b))^ . (3.42) 
ti,V—\ ti,V—\ 

Thee weights given by (3.37) with (3.42) are the generalization we were after from the point of 
vieww of learning. In doing so we have lost the connection with solutions of (3.9), since those 
Wij(tWij(tQQ)) with j e Vi do not have to satisfy (3.9) themselves. On the other hand, the usefulness 
off the expression for the weights w)y is supported by the fact that it can be viewed upon as 
aa transformation. By this transformation we can, starting from initial averages y?(b,Wi(t0)) 
associatedd to arbitrary weights Wijfo), change the average to arbitrary presented (positive) 
valuess 7 f (6, «;*(*)). 

Usingg the same simplification as above, equation (3.33), we obtain the result (3.2) men-
tionedd in the introduction 

Vij(t)Vij(t)  = N-1 £ [K - 7f (&, t*(to))](2ff - l ) ( C r i ( 6 ) ) ^ (3.43) 

withh xvj given by (3.14). The equations (3.37) with (3.43) are equivalent to the main result 
(3.1)-(3.2)) mentioned in the introduction of this chapter. Putting in this expression the basin 
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parameterr equal to zero (b = 0), we recover the expression obtained after a learning process in 
thee preceding chapter. This suggest that (3.37) with (3.43) is the generalization of the weights 
inn a process of learning with noisy patterns. Hence, we may state that a network performs 
optimallyy when trained with noise (b ^ 0), or, stated differently (and less precise): a neural 
networkk performs best in an environment identical to the training environment. This is what 
Wongg and Sherrington refer to as the 'principle of adaptation' [76]. In the next chapter, we will 
extensivelyy come back to this question, in a biological context. The final result will turn out to 
bee that the expression (3.37) with (3.43) is not identical but closely resembles the generalized 
expressionn for the weights in case of learning with noisy patterns. 

Thee equations (3.1)-(3.2), as derived in this section, are for b = 0 identical to the equations 
(2.55)) of chapter 2. This was not to be expected, since in chapter 2 we derived the weights as 
aa result of a learning process, whereas in the current chapter we are not concerned with the 
dynamicss itself but merely with the resulting neural network with fixed-points and basins of 
attraction.. This fortunate coincidence allows us to generalize the energy saving learning rule 
forr learning noisy patterns and thus find the dynamics after all. It will be the topic of the next 
section. . 

3.66 Learnin g fixe d point s and basin s 

Inn  chapter 2 we have seen that an analytical expression for the weights, equation (2.55) could be 
derivedd on the basis of the 'energy saving learning rule', equation (2.39). As already mentioned, 
thesee expressions for the weights can be generalized to obtain the equations (3.1)-(3.2). This 
raisess the question whether the energy saving learning rule can be generalized to b ̂  0. This 
indeedd can be done in the following way. 

Forr p = 1, the equations (3.37) with (3.42) give the values of the weights after storage 
off one pattern, which is identical to the application of a learning rule if this pattern is stored 
inn one learning step. Using the fact that for p — 1 we have C}l{b) = N~l EmeVj Xm^m. this 
assumptionn leads to a change in the connections given by 

Awijito)Awijito) = !»[7i(&, Wi(*i) ) - 7*(&, u>i(*o))](2& - l)x ; (3.44) 

where e 
ViVi = 1/ Yl XrnXm (3-45) 

meVi meVi 

andd where 

xxmm = [(l-b)U + b{l-U)\- (3-46) 

Iff we take 7i(0, u?j(£i)) = K, it can be verified that for b = 0 this learning rule reduces to 
thee global energy saving learning rule. This implies (3.44) to be the generalized global energy 
savingg learning rule, which stores any pattern in one learning step. Then, using the method 
off Diederich and Opper in the same manner as done in chapter 2, the final values of the 
weightss after a learning process with learning rule (3.44) can be found to be given by equation 
(3.1)-(3.2). . 

Too conclude our short discussion on learning rules we mention that other learning rules 
doo exist which take basins of attraction into account. Therefore, we return to the equations 
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(3.4).. Then, the following perceptron-like learning rule can be proposed 

**>nM**>nM  = ( E Smr'Kf - Ö H ( (£ wa(to)ff ~ Oi)]xj . (3.47) 
mev;; 1=1 

Sincee the equations (3.4) can be rewritten as 

N N 

(Zmtf-6i)(2&-l)>0,(Zmtf-6i)(2&-l)>0, ( j i = l , . . . , p ; i = l , . . . ,JV), (3.48) 

ann alternative form of the learning rule (3.47) is given by 

AtM*o )) = ( £ Xm)-lQfi{-(tMto)# ~ Si)(2Z? - l))(2tf - 1)*,-. (3.49) 
meVimeVi 1=1 

Notee that, by construction, the connections of a network build with this learning rule change 
inn time unless equation (3.4) is satisfied. Hence, convergence of the connections to some 
asymptoticc value imply the equations (3.4) to be satisfied. We will not study these learning 
ruless analytically nor numerically, mainly due to their mathematical nature. 

3.77 Conclusio n 

Inn this chapter we mainly asked the question: what values must one take for the weights of a 
neurall network in order that it performs best with respect to the basins of attraction. We were 
ablee to reformulate this problem in a mathematically exact way, and to obtain a solution that, 
byy its construction, had a certain plausibility of being a suitable one. Finally, we performed a 
numericall test, which confirmed the usefulness of our approach. The weights u>y(6) obtained 
inn this chapter on the basis of perturbed data (b ^ 0), yield a network with larger basins than 
wouldd have been obtained in case of non-perturbed data (6 = 0). In the following chapter we 
willl propose a biological learning rule, in contrast to the mathematical learning rule of this 
chapter,, which is such that, apart from a minor detail, the synapses strive at values for their 
weightss as given by the main result of this chapter, equations (3.1)-(3.2). In other words, 
naturee might realize almost totally what mathematics suggests. 

AA Derivatio n of implici t equation s for the weight s 

Inn this appendix we will evaluate the left-hand side of equation (3.9). Then combining this 
withh the result of section 3.3.1 for the right-hand side will lead to implicit equations for u)y. 

Insertingg (3.19) into the left-hand side of (3.9), multiplying by a delta function containing 
aa variable z and integrating over z, we get the equivalent expression 

EE E  E P^i*) fdz XjSjiiwijXj -§i + z)6[z - Y,™uxi) 
ItIt  a;i=0,l xjv=0,l  J l^j 

==  Hjdz £p?(*>iÖH(t&y*i ~0i + z)I%(z) 
ItIt  J Xj 

(3.50) ) 
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wheree we used (3.10) and where we abbreviated 

W*)W*) = E - E E - E II lC(xm)6{z - £ *üXi]  (j e Vi). (3.51) 
xixi  Xj-i  Xj+ i Xff m^j l^j 

Thee summation over xj in (3.50) yields 

SP?fe)*jÖH(t&yarjj  -0i + z)= X ^ O H K -Bi + z) (3.52) 
Xj Xj 

ass follows by inserting (3.11). The factor P£(z) can be rewritten in the following way. 
Usingg a well-known representation of the delta-function we first obtain 

11 rOO . 

ww = T- / dfce n E^(^) e_ imxm  (3-53) 
Onee has 

E^(x»»)e"i* l&imI mm = (1 - &)e-** ira*™ + 6e-
ifctóim(1~^) (3.54) 

wheree we used (3.11). Inserting (3.54) into (3.53) we may write 

mmzz)) = — fdk exp {ikz + £ In K1 - b)e-ik^  ̂ + frr**'"* 1-^]}  (3.55) 
27rr J mft 

wheree we used y = exp{\ny}. We can now expand the two exponentials occurring in the 
argumentt of the logarithm. This leads to a term of the form l n ( l + y). Thereupon, we can 
expandd this term as y — \y2 + . . . , since y is of the order of u ^ , and ?% is of the order N~1/2, 
ass noted above [see eqs. (3.17) and following text]. Thus we obtain 

Inn [(1 - b)e-ik* im&  + be'**^1-^] = -ikwimx  ̂ - ^6(1 - b)k2w2
m + ... (3.56) 

Insertingg (3.56) into (3.55) we may write 

I#{z)I#{z) = i exp {-{z - z0)
2/2a} f ° dk exp {~{k - i(z - z0)/a)2} + ... (3.57) 

wheree we abbreviated 

**  := 6(1 - 6) 5 > L 2 0 : = E ^ - < - (3-58) 

Usingg the fact that w^ is of the order 1/y/N we may write a = 6(1 - 6). After evaluating the 
integrall we obtain 

Ptj(z)Ptj(z) = (2na)-i exp {-(z - z0)
2/2a} + ... (i = 1,.. ., N; j e VJ) (3.59) 

withh (i = 1 , . . . ,p. Substituting (3.52) and (3.59) into the right-hand side of (3.50) we obtain 
forr the left-hand side of (3.9) 

(27r<j)-ii  J2 fdzXjQu(wij -Oi + z) exp{-(z - z0)
2/2a} . (3.60) 

ft ft 
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Thee integral occurring in (3.60) can be rewritten 

ƒ§§ := (2TT(7)-2 jdz &n{wij  -$i + z) exp {-(z - ZQ)2/2a). (3.61) 

Changingg the integration variable z according to y = (z — zo)/y/2a, we find 

ii  r°° 
lijlij  = TT"? / %6H(w)y -êi + z0 + y/2ay)e-y2 

JJ — oo 

== 7T"2 y %e"1' + (47r)"2 y dy [sgn(u)jj -OI + ZQ- V2ay) 

+sgn(t&yy -0i + zo + \/20y)]e-y2. (3.62) 

Thee integral over the first term is a Gaussian integral, the second term can be expressed in an 
errorr function. Thus we find 

^j^j = \ + |erf([^?(6, Wi){2& - 1) + c£]/V^) (i = 1, , N; j G 1/,) (3.63) 

wheree // — 1 , . . . ,p, where the error function is defined according to 

erf (x) :=^== F dy<Ty\ (3.64) 

y/TTy/TT Jo 

andd where -ff (6, W{) is defined in (3.22). Furthermore, we abbreviated 

efjefj = -WijX^j + Wij . (3.65) 
Notee that, apart from a £M dependent factor, the quantity eg equals the weight Wij.  In view 
off (3.17), e^j/y/Öxr is small. The error function in (3.63) can be split into two contributions. 
Forr small e we have 

PP++** 2 2 
// dye"» - e e ^ + . . . (3.66) 

whichh allows us to write for (3.63) 

/gg = i + ierf(^(6, Wi)(2t? - l ) / v ^ ) + - ^ L exp ( - (^(6, ^) )2/2a) + . .. (3.67) 

Usingg (3.60) and (3.67) with (3.22), the final expression for the left-hand side of (3.9) can be 
obtained d 

\\ E X?[1 4- erf(^(6, Wi)(2& - \)/y/2a)\ + ^ = < % E « P (-«?(6, w^f/2a) (3.68) 

Combiningg the right- and left-hand sides of equation (3.9), as given by (3.16) and (3.68), 
respectively,, we get an equation from which the weights wlj follow immediately 

-- = y/2^E^[(2& - 1) - erfffi&tpQflf f - l ) / y ^ ) ] 

26(l-6)E| lexp(-(^(6,füi ))V2a)) " { } 
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Withh the properties 

erff  (7f (6, w{)(2tf - 1) /V^) = (2^ - l)erf(^(6, t * ) / v ^ ) (3.70) 

and d 
erff  (y) = 1 - -^T=e-y2 + ... (3.71) 

yy/TT yy/TT 

wee can rewrite (3.69), 

\Fhw \Fhw 
WiiWii  = E^W-iJlV^W».^)]- 1 1 

^^ } » (3-72) 
xx exp ( - ( ^ (ö , iü i ) ) 2 / 2^ ) /Ee xP( - ( ^ (6 . ^ ) )2 / 2a) 

or,, equivalently, 

<  = N-l"£EÏ(b)(2tf - 1)3$ (t = l JV;j G VJ) (3.73) 

wheree E? given by 

WMM  = NU (^ (& ' Wi ^ -16XP (-ffi( 6'  ^))V 2(7) ,, 74ï 
i WW 6(1-6) E^exp(-(^(6,Wi))

2/2<7) l J 

iss a positive quantity with a and 7^(6, u»j) introduced in (3.58) and (3.22). With (3.73)-
(3.74),, the final results in this appendix, we have obtained expressions for the weights Wij  in 
termss of the 7^(6, Wj) and a, which, in turn, are given as functions of the weights w)y, the 
thresholdss 0, and the patterns £**. In other words, the equations (3.73)-(3.74) are implicit 
expressionss for the weights only. 
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44 A recurren t neura l networ k wit h ever 
changin gg synapse s 

4.11 Introductio n 

Inn this chapter, it is our purpose to construct and describe a neural net that can learn and 
retrievee patterns in a way that is biologically realizable. In an actual situation, the input to 
aa network is noisy: the brain is confronted with patterns that are similar, but not identical. 
Therefore,, we are going to model the training phase of a neural network by considering p sets, 
0,",0,", of similar patterns x, centered around p typical patterns, f (fi = 1 , . . . ,p). 

Inn the existing literature and in chapter 2, learning rules are used which are based on typical 
patternss £**, and not on sets of similar patterns Q*1 This is biologically unrealistic: a child does 
nott learn 'standard words', £" , pronounced by a 'standard speaker', but hears the same word 
pronouncedd by different speakers in different ways, i.e., the child is exposed to sets f^ . In 
orderr to model biologically realistic learning, we will use in this chapter a learning rule which 
containss patterns x belonging to learning sets Q^ rather than the patterns £M alone. 

Inn the first part of this chapter, we show that when this learning rule, based on noisy input 
patternss is used, the network evolves to values for the strengths of the synaptic connections, 
thatt fluctuate with respect to certain fixed asymptotic values. This is in contrast to the situation 
inn chapter 2 where a learning rule is used such that the fluctuations diminish as the learning 
processs continues and vanishes in the long time limit, see section 2.4.2. 

Forr an actual brain these fluctuations of the weights correspond to the fact that the 
confrontationn with input data leads to synaptic connections that change in strength, through 
alll of their lifetime, but in such a way that there is stability in what it stores and recollects. 
Whenn a biological neural network gets as input a pattern that it has learned a long time 
agoo already, and which, via the tuning of the synapses, has found a firm and fixed place on 
thee substrate formed by the neural tissue, it nevertheless changes the synapses. This is not 
necessaryy of course, but can not be circumvented in an actual biological network. Input always 
changess the connections, since there is no way for an individual neuron to know whether or 
nott a pattern has been encountered earlier. All this means that the learning rule must be such 
thatt the learning speed is not too large [90]: new information might otherwise destroy too 
muchh of the old information and, hence, the network's functioning. 

Inn the above we mentioned a situation in which the synapses of our network model ever 
changee in time and compared it with a biological situation. However, at this point we must 
emphasizee that, so far, we have been considering learning and retrieval to be separate phenom-
ena.. That is, we considered a learning phase in which patterns are presented to the network 
andd that, through some learning rule, synaptic connections are changed. After this learning 
phase,, the behaviour of the neural net is evaluated via a retrieval phase in which the weights 
weree kept constant. The quantities related to this retrieval phase are the stability coefficients 
7,, which are used throughout the previous chapters. 

Inn a biological system a separation between a learning and a retrieval phase does not 
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occur,, since connections change continuously as a response to the patterns presented to the 
net.. Therefore, we address, in the last part of this chapter, section 4.3.5, the question how 
ann actual, biological, neural net, while changing its connections continuously, can nevertheless 
recognizee a pattern. In other words, what is the difference, for a neural net, between an old, 
i.e,, already stored pattern and a new, unknown pattern? As noted before, also an old pattern 
iss 'stored', in the sense that it gives rise to a change of the connections. The answer to the 
questionn is that albeit that each individual neuron and each synapse reacts independently of 
thee fact whether a pattern has been stored or not, the net as a whole reacts differently in 
thesee two cases. 

Alsoo in the literature neural nets have been studied with fixed [54, 78], and with adapting 
—orr dynamic— synapses [90, 91, 92]. The latter neural nets are also called nets with double 
dynamicss [93]. In the context of spin glasses one speaks of coupled dynamics [94]. 

Wee study what happens in a net with ever changing connections, by comparing what hap-
penss when a pattern is presented to the net that has been learned before to what happens 
whenn this is not the case. These two cases are investigated numerically on the basis of a 
particularr learning rule, for which we have chosen the one we derived earlier in chapter 2: it is 
aa Mixed Hebbian-Anti-Hebbian, Hopfield like, learning rule, which is non-symmetric with re-
spectt to post- and pre-synaptic input, and which contains, moreover, a post-synaptic potential 
dependentt factor. We found this rule assuming that building and destroying of a synapse costs 
biochemicall energy, and by requiring, at the same time, that the energy needed to change a 
neurall network be minimal. We suppose that the patterns x e Q^ that are presented to the 
nett (the various ways in which one and the same 'word' is presented) are chosen randomly 
fromm a set of patterns distributed around a set of p typical patterns £M (the p 'standard words' 
too be learned). 

Randomm processes can often be described in a useful way via a so-called Master Equation 
forr the relevant random variables [95, 96]. We therefore start, in section 4.2, our study on 
everr changing synapses by deriving a Discrete Time Master Equation for the random variables 
inn question, namely the weights Wij of the connections of the network. Usually, a Master 
Equationn is solved going from discrete time to continuous time, which always entails some 
essentiall difficulties [97, 98, 99]. Such a transition to a process that is continuous in time is 
oftenn advantageous, since a differential equation, in general, is easier to solve than a difference 
equation.. In our approach, the transition to the differential equation could be circumvented, 
sincee we had in this case at our disposal a tool that turned out to enable us to directly solve 
thee difference equation itself: the Gauss-Seidel iterative method. 

AA question one might raise is whether a system with ever changing connections (in a 
learningg phase) will ever achieve some kind of stationary state. A numerical study can not 
easilyy answer this question, since the fluctuations of the weights are quite wild (see figure 4.2). 
Wee therefore performed an analytic study, based on the particular learning rule used throughout 
ourr work. We found that the system's weights will fluctuate around certain asymptotic values, 
andd that the last stored pattern that has given rise to a fixed point is roaming over QP, the 
collectionn of patterns around a typical pattern £p . All this can be rephrased by stating that 
bothh the neural net itself and its particular states, the fixed points, wiggle around average 
values:: the ever changing mind is, in some sense, stable. 

Thee above can be summarized as follows. In section 4.2 we derive the Discrete Time 
Masterr Equation for the weights of a neural network in a learning process with noisy patterns, 
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andd solve this equation analytically. In section 4.3 we have two objectives: firstly, to check 
numericallyy the analytical result of section 4.2, and, secondly, to introduce double dynamics 
inn a biologically realizable manner. 

4.22 The weight s of a networ k traine d wit h nois y pattern s 

Inn chapter 2 we derived what we have called an 'energy saving learning rule'. When at time tn 

(n(n = 0,1, . . . ) the weights are given by Wij(tn), and if, thereupon, a pattern £ = ( £ 1 : . . . , £N) 
iss presented to the net, then the weights are changed according to the rule 

Wij{tWij{t nn+i)+i)  = Wij{tn) + Awij(tn) (j e Vj) (4.1) 

where e 

AAWijWij(t(tnn)) = n[K - Ji{t Wi(i„))](2 & - 1)£ (j e Vi) (4.2) 

(seee chapter 2, equations (2.38) and (2.39)). The index n in tn labels subsequent moments 
off the net: tQ is the initial time, where the weights have there initial values, Wij(t0). In these 
equationss V* is the collection of indices j with which neuron i is connected via adaptable, non-
zeroo synapses. Furthermore, for the so-called stability coefficients we used the abbreviation 

N N 

7i(iB,, Wi(t)) :=  Q2 wa{t)xi - ft)(2a* - 1) (s = 1 , . . ., N) (4.3) 

wheree Wi := (wn,... ,wiN). The quantity arises naturally in case the dynamics of the network 
iss taken to be given by equation (4.52) below; see also chapter 2. In the learning rule (4.3) 
occurr two quantities, r?j and K. For a non-biological system they can be expressed in terms of 
propertiess of the neural net and as a function of the patterns £** to be stored in the net: for r)it 

thee so-called learning rate, see equation (2.65) of chapter 2; for the margin parameter AC, see 
chapterr 3. For biological systems, the coefficients r\i and K are replaced by suitable constants: 
forr rji see chapter 2, section 2.6; for « see chapter 3. 

Itt was shown that a repeated application (n —> oo) of the rule (4.2) gave rise to the 
followingg expression for the weights at some —finite or infinite— time t^ 

wij(k)wij(k) + N-i j : [K - 7f(t0)](2tf - ï x ^ r e j 0' ^ Vi) (A A, 
pp tVtV=i=i  (4.4) 

f«(«o)) U e Vf) 

wheree 7f(<o) : ~ lii^^iiU)) and where C?v is the reduced correlation matrix, defined by 

Cr^N-'E&tkCr^N-'E&tk (4-5) 
k£Vk£V{ { 

(seee chapter 2 equation (2.50)). This type of learning, and the ensuing expression for the 
weights,, Wy(tfoo). correspond to the idealized situation of ideal, i.e., unperturbed, input. 

WijWij (too) = 
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4.2.11 The energy savin g learnin g rule for learnin g wit h nois e 

Inn a realistic situation the repeated training of a network will not take place with patterns 
£MM which remain exactly the same throughout all of the training process. Each time a certain 
patternn £M is presented to the network, it may be slightly different. Therefore, rather than 
studyingg what happens when patterns £** are presented, we will study what happens when 
patternss x are learned, which belong to sets of patterns f ^ clustered around typical patterns £M 

(JJ,(JJ, = 1 , . . . ,p). In other words, we allow the patterns to be alike —but not necessarily exactly 
equal—— to one of the p representative patterns £M: we allow for what is called, technically, 
'noise'. . 

Inn chapter 3, we studied patterns x, belonging to sets of patterns W clustered around 
typicall patterns £**, in the context of basins of attraction. In other words, we introduced 0 M 

ass a means to construe, by hand, basins of attraction. In the present chapter, we use fiM 

too represent noisy patterns. Thus the sets f)M appearing in the two chapters have the same 
meaning,, namely sets of patterns around a typical pattern, but the reasons for introducing 
themm is different: in chapter 3 there was a mathematical motivation, whereas in the current 
chapterr it is motivated by the biological reality that patterns are never exactly equal. 

Thee purpose of this chapter is to determine the values for the weights Wij,  in case of 
learningg with noisy patterns. We start by simply conjecturing that for noisy patterns the old 
rulee (4.2) can essentially be maintained: all what we do is replacing in (4.2) the £^'s by x's. 
Hence,, we take as learning rule 

Awij(x,Awij(x, tn) = r}i[K  - ji(x, Wi{tn))){2xi - l ) ^ {j  e K ) . (4.6) 

Thee learning rate rji figuring in this expression will be discussed in section 4.3.4; the margin 
parameterr K has been discussed in chapter 3. We will prove that this learning rule leads, on 
thee average, to suitable values for the weights. From this we conclude that the energy saving 
learningg rule is suitable also for learning patterns with noise. 

4.2.22 The Discret e Tim e Master Equatio n 

Whenn learning takes place in a biological neural network with a learning rule of the type (4.6), 
wee assume that the changes of the weights at time tn+i depend only on the values of the 
weightss Wi at time tn and the variable x = (x\,..., xn) which is randomly drawn out of the 
collectionn f2 = U^Q'*, the union of disjunct sets 17̂  of patterns x centered around typical 
patternss £M, at time tn. Consequently, learning with a learning rule like (4.6) is a Markovian 
process,, and the weights w^ are stochastic variables. Thus we have for the new weights : 

{ WijWij + Awij(x, Wi) (j e Vi) 

UU e V?) 
wheree the Awij(x,Wi) are the increments given by the learning rule (4.6), 

Awij{x,Awij{x, Wi) = rji[n  - 7J(X, Wi)](2xi - 1)XJ {j  e Vi). (4.8) 
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Lett p(x) be the probability to draw x from Q. A simple choice for p(x) corresponding to 
thee prescription above is given by 

p(x)p(x) = -J2pu(x) (4.9) 
P„=i i 

with h 

MM (4.10) 
00 otherwise 

wheree |f2^| is the numbers of patterns x belonging to f i ^ . Rather than working out our results 
forr this specific probability, we give a statistical description in which the p(x) can be an 
arbitraryy function of x satisfying 

££ P(*) = i (411) 

andd having the property that p{x) — 0 for x £ £1. 
Lett 7ij(iy{-|u;y) be the probability density that a transition takes place from the value u>y 

too the value wU- Then we have 
J J 

TTij{w'ij\wij)ij{w'ij\wij)  = £ P(x)t(wij  - wij  ~ A^ij{x, Wi)) (4.12) 
xen xen 

wheree p(x) is the probability to draw x from fi. The 5-function guarantees that only transitions 
takee place which obey the learning rule (4.8). Using a probability p(x) normalized to unity, 
i.e.,, equation (4.11), we find from (4.12) the following total transition probability to a state 
Wif Wif 

fdw'fdw'ijij TTijij (w'(w'ljlj \w\wijij )) = l. (4.13) 

Lett Pij(wijttn+i) be the probability of occurrence of the variable w^ at tn+\. Then, the 
probabilityy P^ and the transition probability T^ are related according to 

PijiWj,PijiWj, tn+i)  = Jdw'ij Tij{wij\w' i3)Pij{w' ip tn) (i = 1,. . ., N; j e V*). (4.14) 

Let,, furthermore, the probability P^ be normalized according to 

// dwij Pij{wij,t n) = 1. (4.15) 

Fromm (4.13) and (4.14) it follows that 

Pij{wij,Pij{wij,  tn+i)-Pij{wij,  tn) = Jdw'i3 Pij(ti>y K J ) / ^ - ( U / | J, tn) 

-- Tij{w
l
ij\wlj)PlJ(wij, tn)]  (i = 1,.. ., N; j e Vi) 

whichh is the Discrete Time Master Equation for the weights u?^. 
Next,, let us consider the average of the weights at tn: 

(4.16) ) 

(wij)t(wij)t nn -= jdwijPijiwij^rJwij  {j  <E VÏ) (4.17) 



72 2 AA recurren t neura l networ k wit h ever changin g synapse s 

or,, using the normalization (4.15), 

N N 

E E 
fc=i fc=i 

NN f 
(V>ij)tn(V>ij)tn  = I I J dw*  Pik(Wik, tn)Wij (J G Vj) . (4.18) 

Inn equation (4.18) the {?%)*„ have been defined for an arbitrary given Pik(wik,tn). It is 
implicitlyy understood that if we consider the Pik(wik, tn) as a dynamical result obtained from 
ann initial situation at to via repeated applications of (4.14), that in all intermediate steps 
rangingg from to to tn averages over x have already been carried out, just as implied by (4.12). 
Inn other words, the process is Markovian by construction. 

Usingg the Master Equation (4.16) and (4.18), we obtain for the change of the weights 

(wij)t(wij)t n+ln+l  -(Wj)tn = t l ldwikdw\k[T ik(wik\w\k)Pik{w'ik,tn) 

-- Tik{w'ik\wik)Pik{wik,tn)]wij . 

Interchangingg the primed and unprimed variables in the first term we find 

N N 

n n 
fc=i' fc=i' 

or,, with (4.12), 

(4.19) ) 

NN f 
((wwij)tij)t n+n+ii  ~ (Wij)tn = I I J dwikdw'ik (wij  ~ Wi^Tikiw'iklWiijPikiWik, tn) (4.20) 

NN f 
(Wij)tn+i(Wij)tn+i  - K ) t „  = E P(X) I I dWikAWijix.W^PikiWik^n) {j  G Vi). (4.21) 

xenxen fc=i 

Insertingg (4.8), and using (4.15) and (4.18) we find a first order difference equation for the 

variablee (wij)t„ 

K ) t » + 11 - (u>ij)tn = E Pix)Vi[K ~ 7i(«, {wi) tB)](2a:i - \)xj (j G V-) (4.22) 
xeu xeu 

whichh can be solved once more is known about the probability p(x). 
Heree we shall restrict ourselves to the case of a simple distribution with 

PP(X)(X) = -J:PU(X) (4.23) 

inn which the pv(x) can be factorized in terms of the probability of the components Xi of x 

P"(aOO = I I r f M (4-24) 
t = i i 

withh the normalization 

EE #(**) = i. (4-25) 
x<=0,l l 
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Wee now introduce the average with respect to the probability distribution pP(x), compare 

(3.12): : 
x?:== E ^(*)^ - (4-26) 

xeCH* xeCH* 

Inn view of (4.11), (4.24), (4.25) and (4.26) we have 

Y,p(*)xiXjY,p(*)xiXj = - E ^ i (»*i)- (4-28) 
xeuxeu P /*=i 

Withh these relations we may rewrite the difference equation for the average weights, equation 

(4.22),, in the form 

K > W ii  - K ) t . = - E »*["  "  * (* " ' to)  J](2x f "  1)^  0' e V,) (4.29) 

Thiss equation will be solved in the limit of large n in the next section. Note that the ji's  now 
containn the averages xM. 

4.2.33 The Gauss-Seide l solutio n 

Thee equation (4.29) for the average value of the weights wi3 at time t„, can be solved, for 
nn -¥ oo, in a way that closely parallels the method of Diederich and Opper [46]. First, using 
(4.29)) recursively, we arrive at 

<"y)e»+ll = K->*  + AT1 E *?(*»)*? (i = h...,N;j£ V.) (4.30) 
M = l l 

where e 

mtn)mtn) = - E W - 7<( ,̂ to)*m)](2Sf - 1) (4-31) 
T7l=U U 

withh a = p/N. From (4.31) it follows that 

Ft(tFt(tnn)) - Ftitn-,) = ^ [K - 7*(^ , to) J](2*f " 1) (4-32) 
a a 

or,, using (4.3), 

Ft(tFt(tnn)) - Ff(tn-l) = ~[«(2«? - 1) " ( E <«>*>*.*£ + E K*><0*ï " *)]  (4-33) 

Eliminatingg (iVijt)tB from (4.33) via (4.30) yields 

-(Ft(t-(Ft(t nn)) - mtn-i)) =[«(2x? -1) - (£>*>to* ï - ft)] 
**  , fc=1 (4-34) 
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Too solve this set of linear equations, we shall rewrite them in matrix notation. First of all, let 
uss introduce a p x p matrix, Cit with matrix-elements given by 

CT-N-^Sin-CT-N-^Sin- (4-35) 
keVi keVi 

Wee will refer to this matrix as the 'correlation matrix of averages', compare (3.28). The 
connectionn with a usual correlation matrix becomes more apparent in case x% can be replaced 
byy £jt  Then the 'correlation matrix of averages' is identical to the 'reduced correlation matrix' 
off chapter 2. We also introduce a p x p diagonal matrix Hi with diagonal elements given by 
i / ff = a/iji. Finally we shall denote a p xp unit matrix as / . Apart from the above mentioned 
matrices,, we introduce the vectors Fi(tn) : = ( / ? ( * „ ) , . . . , F[(tn)) and G* := (<?}, . . . , G?) 
withh components <7f = [re(2i? - 1) - (EfcLi<w*fe}«o£ï ~ #«)]  With these notations and 
abbreviationss (4.34) can be recast in the simple form 

HiHi  Fi(tn) = (Hi - Ci)  Ft(tn^) + Gi (4.36) 

Solvingg this equation iteratively for Fi(tn) we obtain 

Fi(tFi(t nn)) ={H~ l  (Ht - &)]»¥&)  + H~l[I  + H-1  (Hi - d) 
++  ... + [H- l-(Hi-Ci)r

1]-G i
 {* 67) 

Thee matrix Cit as defined in (4.35), is easily seen to be positive definite and symmetric. It 
thenn can be shown that the matrix H'1  (Ht - Ci) has eigenvalues smaller than one [71]. As 
aa consequence, we have 

l i m J ^ - ^ - C , ) ] " ^ .. (4.38) 

Thiss implies that, in the limit n —> oo, (4.37) converges to 

F ^)) = H^lI-H^^Hi-Ci^-Gi 
==  C-'-Gi. (4.39) 

Substitutionn of (4.39), in index-notation, into (4.30) yields the following result for the average 
weightss (wij)too (j e Vi) after a learning process with noisy patterns 

== Uwa)to 
\(Wij)to \(Wij)to 

where e 

%% = ̂  E (« " 7i(S", (Wi)t0)](2x? - \)(C;^x] . (4.41) 

Hence,, although the weights Wij(tn) themselves do not converge, since the changes Awij(tn), 
givenn by eq. (4.6), do not tend to zero for n going to infinity, the average (tuy(t„)) does. 
Wee thus find that the actual, biological weights Wij(tn) of the neural net fluctuate around the 
averagee value (wij)too (see figure 4.2). The expression (4.40)-(4.41) for the average weights 
off a network trained with noisy patterns constitutes the main analytical result of this chapter. 

Inn the following section we carry out a numerical analysis on the process of learning patterns 
thatt are perturbed. We will use a particular expression for the probability distribution jf(x), 
namely,, eq. (4.44), which is the same as the one used in chapter 3, in order to compare the e 
biologicall result (4.40)-(4.41) for the weights and the result for the weights obtained in case of 
aa mathematical approach aiming at creating fixed points with prescribed basins of attraction. 
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4.33 Numerica l analysi s 

Onn the basis of the result found above, in particular equations (4.40)-(4.41), we expect that 
thee energy saving learning rule (4.6) applied to a set of noisy input patterns x € ft" will lead to 
satisfactoryy results. By satisfactory we mean that the system can recognize patterns belonging 
too the clusters of patterns ft". Still more in detail we mean that, after a certain number of 
learningg steps, each cluster ft" has a fixed point, y " say, whereas the other patterns of ft" 
belongg to the basin of attraction of this fixed point y». It should be noted that when a new 
patternn 2 " G ft" is learned, the old fixed point j / " e ft can be replaced by a new fixed point 
z" .. This is a direct consequence of the (global) learning rule (2.39), which is such that the 
lastt learned pattern becomes automatically, and in one learning step only, a fixed point of the 
dynamics,, see chapter 2. In chapter 2, we considered learning of p patterns £" (/x = 1 , . . . ,p). 
Inn the language of the present chapter, we can say that we studied, in chapter 2, the learning 
off 'clusters' ft" (^ = 1 , . . . ,p), each consisting of one single pattern, y " = £". Since there was 
onlyy one pattern per cluster ft", the fixed point remained the same during all of the learning 
process.. In this chapter, the situation is a little bit different: the fixed point of a cluster ft" is 
'roaming'' over ft", i.e., the fixed point is no longer fixed during all of the learning process. 

4.3.11 A measur e for th e performanc e of a neura l net 

AA criterium for the way in which a neural net functions may be based on the stability coefficients 
7J.. The more of them are positive, for given sets of typical patterns £", the better the net 
fulfillss its task of storing and recollecting patterns, see chapter 2. Inserting the final expression 
forr the weights, eqs. (4.40)-(4.41), into the definition of the stability coefficients jit eq. (4.3), 
itt follows that at t^ they are given by 

7i(*Mwi)t JJ = K (i = l , . . . , iV ; ^= l , . . . , p ). (4.42) 

Inn view of (4.28), the 7-function of the average x " can be replaced by the average of the 

7-functionn of x itself 

7f(x ,, {wjtj  = K (i = 1, , N; /i = 1,... ,p). (4.43) 

Sincee the margin parameter K is positive, the latter equation implies that, on the average, the 
7ii are positive. We now recall that for a perfectly functioning network allji should be positive. 
Therefore,, by calculating the fraction of 7/s that are positive in various cases, we can judge 
thee quality of a neural network. 

4.3.22 A usefu l probabilit y distributio n 

Wee now address the question whether there exists, after a certain number of learning steps, 
aa (roaming) fixed point for each cluster. An alternative way of putting this question is to ask 
whetherr there exist z\ . . . , zp such that the 7»(z", Wi(t)) are all positive at a certain time t. 
Wee will investigate this question numerically. To that end, we choose a particular form for the 
clusterss ft" by specifying the choice of the probability distribution jf{x), equations (4.24). 
Wee take for its i-th factor 

tf(xi)tf(xi) = (l-b)6Xi# + b6Xul-% (4.44) 
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wheree 6 is a parameter between 0 and 1, which we will refer to as the 'noise-parameter'. If 
66 = 0 (no noise), only the patterns x = £" have a non-zero probability of occurrence. For 
valuess of b close to zero any vector x has a non-zero probability of occurrence, but only vectors 
xx close to one of the £M have a probability of occurrence comparable to the probability of 
occurrencee of a typical pattern. The particular choice (4.44) for jf{x) enables us to construct 
thee collection of vectors x to be used as learning input vectors in our numerical calculation. 
Sincee in biological situations the clusters ti1* have to be chosen disjunct, a vector x cannot 
belongg to more than one cluster. According to the probability distribution (4.44), however, a 
vectorr x which belongs to a certain cluster Q**, has a —very small, but— non-zero probability 
too belong to any other cluster. This implies that (4.44) is not exact but only a —very good— 
approximationn to the actual situation, for which these probabilities vanish exactly 

Thee expression (4.44) can be used to calculate the average x f . Inserting (4.11) with (4.24) 
andd (4.44) into (4.26) we obtain 

*?? = E [(i-&)<W r + ^x.,W f]^ n E [ U - ^ x ^ + ̂ . i - d (4-45) 
or r 

%% = (l-b)& + b(l-&). (4.46) 

Forr 6 = 0, the case of patterns without noise, x? reduces to £f. Using this fact in our present 
mainn analytical result, given by equations (4.40)-(4.41), one indeed recovers the old result 
(4.4)) for the final values of the weights in case of noiseless input. 

Itt is instructive to compare the result for the weights {wij)too, equations (4.40), (4.41) with 
(4.46)) and the result tuy( t) of the previous chapter, equations (3.1)-(3.2). The only difference 
iss found in the factor 2xf - 1 which, in the result of the previous chapter, reads 2tf - 1. In 
fact,, we find for the difference of the preceding and present results: 

v>ij(t)v>ij(t)  ~ K><„  = 2/dV-1 £ (tf - xf)(Crlr^ (4.47) 

wheree we used the expressions (3.1)-(3.2) of the previous chapter and (4.40)-(4.41), together 
withh the definitions of 7 in the two cases. Furthermore, we put (wij)to = Wij{t0) for the initial 
valuess of the weights. Since 

&-%&-% = b&&-l)  (4.48) 

thee difference (4.47) is of the order b, i.e., small compared to the weights themselves. Conse-
quently,, the biological system considered here is found to be able to realize the optimal values 
Wij(t)Wij(t) for the weights derived in the preceding chapter, up to terms that are small compared 
too unity. This is intriguing, since, a priori, there is no reason to expect that a biological learning 
rulee based on economy of energy to rebuild a synapse, see chapter 2, will lead to values of the 
weightss that are a good approximation to the values found from the requirement that there 
aree fixed points with prescribed basins, see chapter 3. 

Duee to the fact that the final results of chapter 3 and the present chapter for the weights 
aree very similar, one may expect that natural, biologically learning via the learning rule (4.6) 
forr noisy patterns x € H" (// = 1 , . . . ,p) will lead to larger basins of attraction than in case 
off learning of noiseless patterns. 
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4.3.33 Storag e of nois y pattern s 

Havingg chosen the sets Qti
t v j a tf(x), eq. (4.44), we are able to simulate a learning process 

withh noisy patterns. What we will do in the numerical study below is to pick an input vector 
xx according to a probability distribution as given by equation (4.44). Next, we calculate the 
neww synaptic weights iUy(<„+ i), equation (4.1), using the energy saving learning rule (4.6). 
Finally,, we calculate the pN stability coefficients 7 i(js",u> i(<n+i)) {i = 1 , . . . , N), where z» 
standss for the last learned pattern of Q11 (/i = 1 , . . . ,p), coefficients which we hope to be 
positive.. The result is shown in figure 4.1. The left and right columns in figure 4.1 correspond 
too two particular choices for the factor rji occurring in the learning rule (4.6) as described in 
subsectionn 4.3.4. Going downwards in one of these two columns, the number of learning steps 
rises.. In each figure, we have put the number of gamma's as a function of its value. It is seen 
thatt after 300 learning steps almost all 7's are positive. Hence, at the 300-th step, most of 
thee last learned patterns z* are fixed points indeed. We note that it is instructive to compare 
thee results of learning of patterns with and without noise: see figure 2.3 of chapter 2. There is 
almostt no difference in case of the local learning rule, whereas noise seems to diminish a little 
bitt the effectiveness of the (non-biological) global learning rule. 

Too illustrate the fact that the weights of the synaptic connections fluctuate around the 
averagee value as given by the expression (4.40)-(4.41), we have plotted, in figure 4.2, the 
time-evolutionn of the weight of an arbitrarily chosen connection together with its average 
value. . 

4.3.44 The learnin g rat e //, 

Soo far, we have been concerned with learning, and problems related to learning. In our study 
off the learning process, the weights w^ of the synaptic connections changed according to the 
learningg rule (4.6), in which a factor rji occurred, the so-called learning rate, which, so far, 
wass left unspecified. In this subsection, we focus the attention on this factor rji. In chapter 2, 
wee showed that in a process of ideal learning, i.e., such that the energy needed to change the 
synapsess is minimal, the learning rate rji was given by 

tttt  = l / £ * * - (4-49) 
keVi keVi 

Dependingg on neuron activity not restricted to two neurons only, this factor is non-local and 
thereforee biologically unrealistic (see chapter 2, section 2.6). In a biological context, it should 
bee replaced by some local approximation, for instance, a constant like 

THTH = l/Na (*  = 1 JV) (4.50) 

wheree a is the mean activity. In figure 4.1, the left column of pictures corresponds to the 
biological,, local learning rule, i.e., equation (4.6) with rji given by (4.50), while the right 
columnn corresponds to the global learning rule, i.e., equation (4.6) with rji given by (4.49). 
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Figuree 4.1: Nois y patterns . The performance of a neural network is measured by the stability 
coefficientss y-t related to neuron i, which should be positive for a properly functioning neural 
net.. In the figure we have plotted averages of these 7's, for series of noisy input patterns, for 
thee local learning rule (left column) and the global learning rule (right column). The number 
off learning steps increases from 32 (top) via 160 and 320 to 640 (bottom). The average is 
takenn over 100 sets of p = 32 patterns for a neural network with N = 128 neurons. The 
noisee parameter which yields the sets Ü" is taken to be b = 0.01. The calculations have 
beenn performed starting with a tabula rasa for the weights: tiiy(f0) = 0, and for neurons with 
vanishingg thresholds: 6>, = 0. The dilution in the network is d = 0.2, the average activity of 
thee net is a = 0.2. The normalization of the weights has been fixed such that re = 1. Both in 
casee of global and local learning, the proposed learning rule (4.6) leads to a very satisfactory 
result:: almost all 7's become positive. 
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Figuree 4.2: Fluctuation s of th e weigh t of a connectio n aroun d it s average . The value 
off an arbitrarily chosen synaptic connection w is followed during 20,000 learning steps, for the 
locall learning rule. A similar picture is obtained in case of the global learning rule. The average 
valuee (w)too as predicted by equations (4.40)-(4.41) is depicted as a horizontal dashed line. 
Itt is observed that the value of the connection fluctuates around the dashed line. The same 
parameterss are chosen as in figure 4.1, i.e., N = 128, p = 32, a = 0.2, b = 0.01, d = 0.2, 
K=K= 1, Wij (t0) = 0 and 0t = 0 for all i and j. 

4.3.55 Retrieval by a biological network with ever changing connec-
tions s 

Iss there more one can say on the value for the learning rate ry, in case of a biological network 
thann that it should be an approximation to the value (4.49), which guarantees that the process 
off learning takes place in an energetically most economical way? The answer is affirmative in 
casee one requires that the learning is good enough to store patterns, but is not that good that 
itt stores each learned pattern in only one learning step, as is the case for the global learning 
rule,, i.e., the learning rule with % given by equation (4.49). In other words, it will turn out in 
thiss section that it is of advantage to learn via a learning rule that is not able to always store a 
neww pattern in only one learning step. The reason for this counter-intuitive requirement which 
wee are going to impose, is a consequence of the fact that we demand that the network be able 
too retrieve patterns and change connections at the same time. 

Inn most models of neural networks one distinguishes between a learning phase and a retrieval 
phase.. In the learning phase the weights are changed according to some rule, in the retrieval 
phasee the weights are kept fixed. In a biological neural network such a separation of phases does 
nott occur. Weights do not stop changing in the retrieval phase when a stimulus is presented, 
andd this is precisely what is happening when a neural network has to recognize a pattern. If 
thee change due to the stimulus would be too close to the 'ideal' value (4.49), the network 
wouldd change in such a way that every new pattern would immediately be learned, and, hence, 
bee recognized. And this is not what should be the case: if every new pattern would be stored 
immediately,, it could not easily be distinguished from a pattern that had been stored in the 
networkk a long time ago already. Therefore, we must require that ?/, is sufficiently unequal 
too the value (4.49), which it has in case of the global learning rule. If we take r]t larger and 
largerr with respect to the value (4.49), network changes will become too large for the network 
too function properly [90]. So we are left with the possibility that T]t has a value somewhere 
betweenn zero and the value (4.49), which is large enough to store patterns, and small enough 
forr the network to distinguish between new and formerly learned patterns. 

Thee above qualitative statements should now be made quantitative. In figure 4.3 we con-



80 0 AA recurren t neura l networ k wit h ever changin g synapse s 

siderr the storage of one pattern. We have plotted the percentage of positive 7's as a function 
off the learning rate 77. For 77 in the range (3/TV,ll/TV) all, or almost all, 7's are positive after 
onee learning step. For r\ ss l/N, only 80% of the 7's are positive after one learning step. We 
concludee from all this that the factor r\ figuring in the learning rule (4.6) should be of the 
orderr of 3/TV or less. Such a value guarantees that a biological network, which is bound to 
changee its connections also during retrieval, does not learn so fast that it recognizes patterns 
alreadyy after one learning step, as in the case of the global learning rule (4.49). 
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Figuree 4.3: Storag e efficienc y for loca l learning . The neural net has been initialized by 
takingg a tabula rasa for the weights, followed by some learning process. Then, the fraction 
off positive 7's, after one more learning step, has been plotted as a function of the learning 
ratee 77. For a biological network with ever changing connections r\ should not be too effective, 
i.e.,, not in the range 3/TV to 11/TV. We took a neural net with TV = 512 neurons, we used 
200 initial learning steps. Furthermore, we took thresholds 9t = 0, dilution d = 0.2, activity 
aa = 0.2 and noise level b = 0.01. 

Inn order to compare what happens when an already learned pattern is presented to the 
networkk with what happens in the net when a totally new pattern is the input, it is useful to 
definee the overlap function of the two input patterns. The 'overlap', Q(x,y), of two binary 
patternss x and y of N bits defined in the usual way, is given by 

11 N 

Q(x,y)Q(x,y) = ^(2xi-l)(2yi-l). (4.51) 

Iff Xi = yi for all (i — 1 , . . . , TV), the overlap takes its maximal value + 1 ; if xt = 1 - yt, for all 
i,i, the overlap takes its minimal value — 1 . 

Too examine learned patterns, we now consider the overlap Q(x(tn),z
fl(tn)) of an arbitrary 

learnedd pattern x(tn) e Q that is presented to the network, and the last learned fixed point 
zM.. Both patterns may change in time because of the continuous updating of the weights. 
Nevertheless,, the overlap should become one if a pattern x e £1 evolves to the last learned 
fixedd point z**. 

Anyy biological neural net should be able to distinguish arbitrary patterns from learned 
patterns.. It implies that the overlap Q(x(tn), zM( t „)) of arbitrary, non-learned, patterns should 
nott evolve to one. However, apart from the fixed points zM other fixed points may exist. As 
aa consequence, a neural network state that is fixed in time does not necessarily imply the 
retrievall of a previously stored pattern. Therefore, we have to verify the additional requirement 
forr arbitrary patterns that they should not evolve to some fixed point. To do so, we introduce 
thee overlap Q(x(tn),x(tn+i)) of an arbitrary pattern x(tn), not previously presented to the 

-—-— «— —-6----

11 1 

-i -i 
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networkk and the pattern x(tn+i) generated by the network one time step later. For a proper 
differencee with learned patterns, the overlap Q(x(tn),x(tn+i)) should not evolve to one. 

Inn figure 4.4 we compare the functioning of a neural network that changes its connections 
duringg the process of 'recognition' of previously learned patterns (left column) and random, 
non-learned,, patterns (right column), for values of 77 going down from 3/7V (top) to \/N 
(bottom).. In the left column we have plotted, vertically, the overlap Q(x(tn), z^{tn)) to study 
learnedd patterns. In case random patterns are the input to the network, there is in general no 
evolutionn of the network to one of the fixed points z^\ a numerical study of the overlap of 
aa random pattern and any of the z** turned out to yield an overlap Q(x(tn),z^(tn)) which 
wass always less than 1. Therefore, we have omitted the overlap Q(x(tn), z^(tn)) for arbitrary 
patternss in figure 4.4. Instead, we have plotted, vertically, in the right column the overlap 
Q{x{tQ{x{tnn),x{t),x{tnn+\)).+\)). In both columns, time steps are plotted along the horizontal axis. 

Inn our numerical study, the connections Wij(tn) are changed according to the rule (4.1) 
combinedd with the learning rule (4.6); the patterns x(tn) are updated using the usual dynamics 

N N 

Xi{tXi{t n+ln+l )) = e H ( £ tc/y(*„)*;(*» ) -Oi) (i = 1, , N) (4.52) 
i= i i 

appliedd parallelly, i.e., at a time tn, all neurons i update their states Xi(t n) simultaneously 
(seee chapter 2). The learned patterns x are chosen according to the probability p^(x) around 
£*\\ equation (4.44). The arbitrary, non-learned, patterns x are chosen randomly with mean 
activityy a = 0.2. 

Inn each of the four pictures of the left column learned patterns are presented to the 
network,, and followed during ten learning steps. In the top left picture no recognition takes 
place,, whereas for lower values of r\ the recognition capability of the network rises. In the 
bottomm left picture recognition always takes place. In case recognition takes place, it is found 
thatt the fixed point z p does not change in time. If, however, recognition does not occur, the 
fixedd point z'4 was found to change in time. Observe that in some cases the learned patterns 
seemm to evolve to a two-state attractor, in contrast to what one might expect. In fact, we 
showedd in chapter 2 that when a new pattern is learned with the global form of learning 
rulee (4.2), one arrives at a one-state attractor (fixed point) after one learning step: see the 
firstt new paragraph of chapter 2 under equation (2.40). Hence, we may expect that in the 
leftt column, where we use a local learning rule that approximates the global one, one-state 
attractorss would occur only. The occurrence of two-state attractors can only be a consequence 
off the fact that, in contrast to the treatment of chapter 2, the weights always change in time 
and/orr the approximation of the global learning rule by a local learning rule. 

Whatt we have pictured in the right column of figure 4.4 is evolution of a random pattern 
duringg 20 time steps. For all values of rj a random pattern evolves to a pattern that remains 
stablee or almost stable under the network dynamics. In related cases (see, e.g., [42] and [34] 
sectionn 4.1) these 'spurious states' are found to vanish when the dynamics of the network is 
takenn to be stochastic rather than deterministic. 

Nott only in case of learned patterns but also in case of random patterns fixed points 
z**z** have been found which change in time. This is due to the fact that the weights change 
continuouss in time or due to the approximation of the global learning rule by a local learning 
rule.. We do not pursue this and other points related to figure 4.4 any further. 
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Figuree 4.4: Retrieva l of learne d and rando m patterns . In the left column we have plotted, 
vertically,, the overlap Q(x(tn),z^{tn)) of an arbitrary learned pattern with the last learned 
fixedd point z' ' . In the right column the overlap Q{x{tn),x{tn+\)) of an arbitrary patterns at 
twoo consecutive time-steps is plotted vertically. In each of the pictures at the left, a learned 
patternn is presented six times to a network, for r\ = 3/N, 2/N, 1.5/N and 1/N (top to 
bottom).. The recognition is preceded by a learning stage which took 300 learning steps. A 
patternn is recognized when the overlap is 1. In each of the pictures at the right, a random 
picturee is presented five times to the network, after a learning period of the same number of 
3000 time-steps. Again rj varied from 3/N to 1/N (top to bottom). A pattern is seen to evolve 
almostt always to some other, stable, pattern, for all values of r/, since the overlap with the 
precedingg pattern almost always tends to 1. The network considered had the following network 
properties.. Number of neurons N = 512, number of patterns p — 16, mean activity a = 0.2, 
dilutionn d = 0.2, noise parameter b = 0.05. The parameter rj occurs in the learning rule (4.6) 
usedd to perform the updating of the weights of the connections. 
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4.44 Conclusion s 

Thee basis of this chapter is the learning rule for noisy patterns, equation (4.6). We found, by 
aa numerical study of this learning rule, that storage of noisy patterns leads to fixed points that 
movee around in collections W that are representative for the noisy patterns. An analytical 
studyy of the same learning rule reveals that the weights found via this rule fluctuate, as long 
ass learning or retrieval of patterns takes place, around certain average values, for which the 
explicitt expression given by (4.40)-(4.41) could be derived. 

Inn the limit of vanishing noise in the input, we recover the expressions for the weights 
obtainedd in chapter 2 on the basis of a totally different approach, namely, economy of energy 
inn case of synaptic change. This is satisfactory, because it yields an independent check of their 
correctness. . 

AA comparison with the result of chapter 3, in which we determined the optimal weights 
forr a neural net with prescribed basins of attraction, shows that the biological updating rule 
off the present chapter, eq. (4.6), realizes the latter results via eqs. (4.40)-(4.41) up to terms 
off the order of the noise parameter b, which are small compared to one. 
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5.11 Introductio n 

Inn chapter 4 retrieval dynamics of an attractor neural network was considered, using a discrete 
dynamicall rule, see equation (4.6). It was observed that the desired behaviour suffers from 
whatt is called spurious states. A spurious state is a fixed point of the dynamics, just as the input 
patternss to the network which were stored explicitly. The only difference between a spurious 
statee and an input pattern is the fact that the arrival of the neural system in a spurious state is 
nott associated to the retrieval of some previously stored information. As a consequence, it was 
difficultt to distinguish between the response of a network to an input pattern that belonged 
too a basin of attraction of a stored pattern and the response to a random pattern. In both 
casess the network was observed to relax to a fixed point. From work done by Amit, Gutfreund 
andd Sompolinsky [42] it can be concluded that changing a deterministic rule into a stochastic 
rulee enhances the difference in response to a random input and to an input which belongs to a 
basinn of attraction. This is due to the fact that more and more stochasticity destroys more and 
moree spurious states. Furthermore, the basins of attraction of the stored patterns are reduced 
inn size by stochastic rules. 

Fromm the above it follows that in our neural network model, we have a complicated structure 
inn phase-space. This complexity does not restrict to our model, but extends to a wide variety 
off models of complex systems, such as spin-glass models [100, 101]. To examine more closely 
thee structure of our phase-space, many methods have been developed. One of them is the 
studyy of damage spreading, which got ample attention both in neural network models [54, 76, 
75,, 74, 102] as in spin-glass models [103, 104] and Ising models [105, 106]. 

Thee study of damage spreading was introduced by Kauffman in the sixties for the study 
off the propagation of a little mutation, or damage, and its stability in an otherwise 'normal' 
systemm [107]. In the eighties it was realized that damage spreading could be a powerful tool to 
distinguishh different dynamical regimes in disordered systems, such as glasses [103, 108]. The 
interestt in damage spreading faded away, however, after it was realized that damage spreading 
transitionss were dependent on the type of dynamics used. In other words, the existence of 
aa damage spreading transition does not indicate the presence of a thermo-dynamical phase 
transition.. Instead, the research on damage spreading continued on well-known ordered systems 
suchh as the Ising model [105, 106]. 

Appliedd to our neural network model damage spreading can be formulated in more detail 
ass follows. Consider two identical neural networks 51 and 52 of iV neurons with the same 
dynamicall rule. Then to each network an input pattern is imposed with a given Hamming 
distancee d(0). The Hamming distance is defined as 

rfW:=^Ete(*)-yi(<))rfW:=^Ete(*)-yi(<)) 22 (51) 
i vv i=l 

wheree x(y) refers to the state of network 51(52) at time t. If both states are identical, the 
Hammingg distance is minimal (d(t) = 0), whereas it is maximal (d(t) — 1) if both states are 
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maximallyy distinct. The response to a stimulus of both network's with respect to each other 
iss investigated through the Hamming distance d(t). We proceed with a few predictions for the 
valuee of the asymptotic long-time behaviour of the distance, d(oo). 

Lett us consider the phase-space of a neural network, consisting of fixed points with basins. 
Thesee fixed points can be patterns learned by the network, or spurious states. Several cases 
cann be distinguished, depending whether x and y belong to the same, or different, basins of 
attraction: : 

a.a. If two states x and y belong to the same basin, they will be attracted to the same fixed 
point.. Consequently, we have in this situation d(oo)  — 0. 

b.b. However, if a state x belongs to a certain basin and a state y not to this basin, the 
asymptoticc distance d(oc)  will be unequal to zero. 

c.. Finally, if two states x and y do not belong to any basin the asymptotic distance can have 
ann arbitrary value. 

Inn this chapter several averages will occur. The average over the thermal noise will be 
denotedd as { ( . . . ) ) , the average over the disorder, i.e., the connections or couplings in the 
systemm as (. . .) , see section 5.2. Finally, the average over the noise, the disorder and over 
thee initial states, or configurations of the system will be given by { { ( . . . ) ) ) , see section 5.2.1 
forr a precise definition of this average. The overall effect of the above mentioned cases can 
bee measured with the asymptotic distance averaged over the dynamical paths and over the 
disorderr in the connections, ({cf(oo))) = : D^. 

Ass mentioned before, the existence of fixed points and basins depend, among other things, 
uponn the dynamics being used. Important in this context is the stochasticity of the dynamical 
rule,, which is measured with a quantity referred to as temperature. At zero temperature the 
dynamicss is defined to be deterministic, whereas for high temperatures it is considered to be 
highlyy stochastic. 

Inn general, three different regimes can be distinguished: i. a high temperature phase T > TQ 

wheree the asymptotic distance D^ vanishes for any initial distance D0, ii. an intermediate 
phasee Ti < T < T0 where D^ = A » ( T ) is unequal to zero but independent of the initial 
distance,, and finally iii. a low temperature phase T < Ti where D^ = D^T, D0) is unequal 
too zero and dependent upon the initial distance. For the high temperature phase it is said 
thatt the initial damage heals, whereas for the other phases that the damage spreads. All three 
regimess have been reported to be present in neural network models [102], as well as in spin 
glasss models [103]. Also disordered models do exist in which only two of the three regimes are 
present,, see section 5.2 and [103]. The same applies to models without disorder such as the 
Isingg model [105, 106] and the Bernasconi model, section 5.4.1. Let us now proceed with a 
feww speculative scenario's for the origin of these three regimes. 

Firstt of all (neural network) models may exist such that above some given temperature 
thee system is ergodic. Then two arbitrary initial conditions with distance d(0) can be expected 
too coincide eventually, leading to d(oo)  = 0. As a consequence, the value of the asymptotic 
distancee A » which is an average over all configurations, with a certain initial condition, will be 
zeroo for arbitrary initial conditions DQ. This situation corresponds to the regime with T > TQ. 
Remarkk that in this regime a neural network does not function at all. 
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Lett us now consider a situation such that for a given temperature a large amount of fixed 
pointss (with basins of attraction) is present. Then due to the existence of many initial condi-
tionss which comply with case b, an asymptotic distance DQO unequal to zero may arise. This 
mightt be the scenario for temperatures below T0. Remark that due to case c the asymptotic 
distancee D^ may also become unequal to zero in the absence of many fixed points. We come 
backk to this point later on (see section 5.2.7). 

Lett us assume that a large amount of all possible initial configurations belong to a basin 
off attraction of one of the fixed points. If the basins are large, then for small, averaged, 
initiall distance D0, many states may belong to the same basin, whereas for a large, averaged, 
initiall distance D0 a small amount of states may belong to the same basin. Comparing case 
aa with cases b and c, this argument leads to the statement that the value for the averaged 
asymptoticc distance D^ can be expected to be dependent on the averaged initial distance D0. 
Furthermore,, due to case a we may expect the averaged asymptotic distance to be smaller 
forr smaller averaged initial distances. In other words, the presence of many, large, basins of 
attractionn may be the origin of the regime below T\. What remains, however, is an explanation 
forr the intermediate regime between To and T\. 

Sincee case a yields a dependency of D^ on D0, its probability apparently vanishes at 
temperaturee 7\. The cause can be found in the fact that an increase in the temperature yields 
aa decrease in the number of fixed points and a reduction in the sizes of the basins of attraction. 
Inn other words, at temperature 7\, the number and the size of the basins of attraction have 
beenn reduced such that case a looses its influence on D^. The probability of case b on D^ 
vanishess in turn at To. 

Inn this chapter, we will study damage spreading in a more general framework than solely 
inn the context of neural networks. In particular, we will study the damage spreading in the 
p-spinn spherical spin-glass model. The majority of the theoretical work on damage spreading 
hass been done with discrete dynamics. The purpose of this chapter is to consider damage 
spreadingg with continuous time dynamics, i.e., Langevin dynamics. Using Langevin dynamics, 
thee jo-spin spherical spin-glass model can be exactly solved [109, 110], which makes the analysis 
off damage spreading more rigorous in comparison to a strictly numerical analysis. We will show 
thatt the asymptotic distance D^ can be used as an order parameter for the damage spreading 
transitionn which occurs at temperature T0. We will also show that the damage spreading 
transitionn depends upon the cross-correlations between two stochastic noises, if present in the 
problem.. This is the analogue of the effect of the dynamical rules in discrete dynamics. 

Inn the next section we will end the introduction with a survey on the theoretical study on 

glasses. . 

5.1.11 Glasse s 

Lett us begin the topic of glasses by telling how to create a glass. A glass is a non-equilibrium 
system,, created by cooling rapidly a liquid below its freezing temperature. As a consequence, 
thee liquid does not have the time to reach its equilibrium state and will instead be frozen into 
somee meta-stable state. Moreover, the relaxation from this meta-stable state to the equilibrium 
statee will be very slow. The theoretical understanding of this phenomenon is a long outstanding 
problemm in statistical physics. This inspired a lot of authors to publish on glasses, introducing 
manyy ideas and theories. Because of the existence of this pool of knowledge, the study of 
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attractorr neural networks blossomed a decade ago. This emphasizes once more the close 
relationshipp between glasses and neural networks from a theoretical point of view. 

AA special class of models which has been studied widely is that of spin-glasses. A spin-glass 
iss a model for particular solids with magnetic impurities, like Aui_cFec, in which c denotes the 
fractionn of iron atoms. The application of a small magnetic field to such a material was found to 
givee a magnetic susceptibility with a sharp cusp at some given temperature. In other words, at 
aa given temperature a phase transition occurred from a high temperature paramagnetic phase 
too a low temperature phase with some sort of magnetic ordering, the so-called spin-glass phase. 

Beforee studying damage spreading in the spherical p-spin model, we summarize some 
resultss and insights in (spin) glasses, most of them can be found in [100]. A simplified model 
off a spin-glass was introduced by Edwards and Anderson in 1975 [111]. In this model the 
magneticc moments are located on sites i of a regular lattice. Their interaction strengths J^ 
aree random variables determined by a suitable distribution P(Jij). A further simplification is 
too take the same distribution for all pairs [ij),  independent of the distance between atoms i 
andd j. This is the infinite-range model of Sherington and Kirkpatrick [112], which possesses 
att low temperatures the two ingredients which seems to be required for spin-glass behaviour. 
Thesee are quenched disorder and frustration. 

Quenchedd disorder refers to the fact that although the interactions J^ are disordered, the 
magneticc moments freeze spontaneous in some way at a given temperature. A consequence of 
thee disorder in the interactions is that there does not exists an absolute ground state in the SK 
modell as in a ferro-magnet. In other words, bonds between atoms do exist which do not give 
aa minimal contribution to the energy. Those bonds are called frustrated bonds. The existence 
off frustrated bonds imply the existence of a large number of almost degenerate ground states. 

Thee SK model was originally solved by Sherrington and Kirkpatrick [112] using identical 
replicass of the model [112]. That original solution was unstable and it was found by Parisi 
thatt a stable solution, based on distinct replicas, existed [113]. In other words, he found that 
identicall replicas do not always have the same thermo-dynamical properties. This is commonly 
referredd to as replica symmetry breaking. The temperature which separates replica symmetric 
andd replica broken solutions is denoted by Ts. The region with the typical spin-glass behaviour 
iss found to correspond to replica symmetry breaking. 

Replicaa symmetry breaking is in some way related to a complex way of breaking ergodicity. 
Breakingg of ergodicity implies that for some given initial conditions a part of phase space 
willl not be visited by the system. At high temperatures ergodicity is not broken and as a 
consequencee correlation functions decay to zero for time approaching infinity. If at a certain 
temperaturee ergodicity is broken the correlation functions will remain unequal to zero for large 
times.. Usually the crossover between a zero and a non-zero correlation function is denoted by 
aa temperature Td, referring to the dynamical origin of this transition. 

Inn conclusion, the temperatures Ta and Td both indicate the separation between a phase 
withh many and few meta-stable states. In some models it is found that Td > Ts. The origin of 
thiss difference is found to be the fact that in these models the replica symmetric solutions are 
unstablee and cannot be used to locate Td. Then the dynamical temperature Td can be related 
too a (stable) broken replica symmetric solution of the model. 

Anotherr method to look at meta-stable states has been introduced by Thouless, Anderson 
andd Palmer via so-called TAP equations [114]. In this context meta-stable states are also called 
TAPP states. It can be shown that above the temperature TTAP only the paramagnetic solution 
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satisfiess the TAP equations. Below TTAP more and more meta-stable states with a given free 

energyy start to appear. 
Althoughh illustrated with the SK model, the above mentioned concepts apply to many 

spin-glasss models. In the following section we will investigate the phase-space of the spherical 
p-spinn model by means of damage spreading. 

5.1.22 The spherica l p-spin mode l 

Inn the class of spin-glass models, the spherical spin-glass models, which are models with 
continuouss spins rather than Ising spins, appeared to give a large amount of analytical results. 
Thee origin of these results is given by the fact that spherical spins allow for an exact closure 
off the dynamical equations in terms of correlation and response functions [115]. 

Thee N spins ( a ^ ) ; 1 < i < N}, of the p-spin model, instead of being restricted to the 
valuess + 1 or - 1 as in the Ising model, are continuous variables which satisfy the spherical 
globall constraint £ £ i af(t) = N at any time t. The Langevin dynamics of the spherical p-spin 
modell is given by 

^ 00 = Fl[ a(t)} - tiifya^t) + Vi(t) (5-2) 
ot ot 

wheree F* is the force acting on the spin Oi at time t due to the interaction with the rest of 

thee spins 
FFM*)]M*)]  = F4TÏÏ £ Jr3-ip^(t)^(t)  ..*„(' )  (5-3) 

^^  i}- (i2,i3,...,ip) 

Thee quantity y is a Lagrange multiplier which ensures that the spherical constraint is satisfied 
att all times. Furthermore, r]i(t) is a Gaussian random field with zero mean and variance 

(r(rHH(t)r(t)r fjfj(s))(s)) = 2T6(t-8)6ij (5.4) 

whichh follows from the definition 

(X(t)):=(X(t)):=  d[fi]P[ri{t)]X(t) (5-5) 
JJ — OO 

inn which 

P[rP[r11(t)](t)] = (V^f)-lexY>{- ^5>,2 (0/(4T)} . (5.6) 
JoJo i=l 

Thee notation [drj\ stands for X\idrn{t): at each time t the integration is performed over all 
possiblee values of the noise. Remark that the angular brackets {( . . . ) ) refer to the thermal 
average,, whereas the bar (...), introduced below, denotes the average over the disorder, i.e., 
thee couplings Jf ' , 3 ' " '*p. The J*2 '13 '"' !p are quenched random variables with zero mean which 
followss from 

/

OOO  - i 

" 0 0»2.«3,. . . , ip p 

== 0 (5-7) 

with h 
p{Jp{Ĵ ,.J^,.JP)P) = (y/^Ppl/N'-i))-1 exp {-(J?<i>'-"' i>)2/{J2pl/N>-1)}. (5.8) 
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Thee couplings are taken to be symmetric under permutation of the different super-indices 
«2,, «3, , V In the most general case, however, the interactions may not be symmetric under 
thee exchange of the subindex i with a generic super-index, for instance, J*2'*3'""*" ^ J*'*3' . 
Mostt of the studies undertaken in this model concentrate on the symmetric case where J * 2 * 3 ' * " 
iss symmetric under the permutation of all possible indices. This case is particularly interesting 
sincee then an energy function exists such that the force F{ derives from a Hamiltonian H, 
givenn by 

HWt)}HWt)} = - £  oh (t)ai2 (t)... aip (t) (5.9) 
l<h<il<h<i 22...<ip<N ...<ip<N 

via a 
p rr , ., dH[a(t)] 

Hence,, in this particular case there exists a stationary state described by a Boltzmann-Gibbs 
distribution.. Due to the mean-field character of the model, the dynamical equations depend 
onn the statistical properties of the force only through its correlations. On the other hand, the 
statisticall properties of the force F{ depend on the correlations of the J's. The simplest case 
[116]] corresponds to correlations of the type 

r~.r~.  : : :  : — „1 

^^ J**  =a2N^ ( 5 1 1) 

forr every k. So if a = 1 we recover the symmetric case while for a = 0 we obtain the 
asymmetricc case. 

Thee statics of the model has been studied by Crisanti and Sommers [117]. For a=l, the 
temperaturee Ts, which separates a high temperature replica phase and a low temperature phase 
off replica symmetry breaking is shown to be given by Ts{p = 2) = 1.0 and Ts(p = 3) = 0.586 
[118].. Also the TAP equations have been studied, leading in the large p limit to a temperature 
TTAPTTAP = y log(p) [118, 119, 120]. Finally, the Langevin relaxation dynamics of the model has 
beenn studied by Crisanti, Horner and Sommers [115]. It was found that Td(p = 2) = 0.5 and 
thatt Td(p = 3) = 0.612. Now we have introduced the spherical p-spin model we will turn to 
thee problem of damage spreading. 

5.22 Damage spreadin g in th e spherica l p-spi n mode l 

Inn order to study damage spreading in the spherical p-spin model, two systems will be consid-
ered,, one system with spins denoted by a, the other with spins denoted by r: 

dajt) dajt) 
dt dt 

dTjjt) dTjjt) 
dt dt 

==  FMt)]-Kt)<n(t)  + Tk{t) (5.12) 

== FMt)]-Kt)n(t) + Vi(t) (5.13) 

wheree F{ is the force (5.3) which is identical for both systems and 77^) is an external white 
noisee with variance given by fo(*)»fc(s)) = 2TÖ{t - 5 )%, c.f. equation (5.4). 
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Lett us now introduce some variables which will play a central role in the study of damage 
spreading.. First the different time overlap within spin-system a is given by c(t, s) 

c(t,s)c(t,s) =  (5-14) 

whereass in spin-system r it will be given by b(t, s). The resemblance of spin-system o at time 
tt with spin-system r at time s can be measured with the overlap q(t, s), defined as 

q{tq{tii8)8) = ^J2ai{t)Ti{s). (5-15) 

Thee equal time overlap, i.e., the overlap in case s equals t, shall be denoted as qd(t). Further-
more,, the Hamming distance in terms of the equal time overlap is given by 

d[t)d[t)  = L^l. (5.16) 

Thuss identical configurations have zero distance and opposite configurations have maximal 
distancee d(t) = 1. What we are interested in and what is usually referred to as damage 
spreadingg is the study of the time evolution of the Hamming distance d(t), given a certain 
initiall distance d(0). In particular, we are interested in d(oo) . 

Inn our analytical calculations we will deal with averages of c, q and d over all dynamical 
pathss which lead from certain initial configurations to the configurations ait) and n(t) at 
timee t. This average of the overlap will be denoted as ((q{t))) = : Q{t),  of the equal time 
overlapp as «&( * ) ) ) = : Qd{t) and of the asymptotic long-time distance as «d(oo))) = : Dx, 
seee equation (5.31). 

Inn equations (5.12) and (5.13) there is competition between two different terms. On the 
onee hand, the force terms Fi[a(t)] and Fi[r{t)] propagate the error (or damage) in the initial 
configuration.. The noise acts in the same way in both systems smearing out possible differences 
inn the initial condition. In other words, the stochastic noise is the synchronizing force which 
triess to make both evolving configurations to merge in time while the force term amplifies the 
initiall damage playing the role of a noise. 

Quitee generally, the asymptotic long-time distance D^ will be a function of the type 
off initial configuration (for instance, random or stationary), the initial distance D0 and the 
intensityy of the noise T. It is our goal to find the value of D^ as a function of these variables. 

Lett us consider a physical interpretation for the study of damage spreading. This interpre-

tationn only holds if we assume that the forces Fi[a(t)] and F;[r(t)] f equation (5.3), derive from 

aa potential Fi[a(t)] = - ^ p - Then defining the new variable Zi = Oi- n and subtracting 

equationss (5.12) from (5.13)'we obtain 

^^ = FW) + r(t)]  - FMt)]  - Kt)zi(t) (5-17) 

Hence,, the solution z{ = 0 is a stationary solution of (5.17) and corresponds to a vanishing 

Hammingg distance D = 0. A linear stability analysis around this solution Zi = 0 yields the 

equation n 
dd^^  = J2HtJ[r(t)h(t)-^t)z l(t) (5.18) 
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wheree we introduced the matrix fly[r(t)], defined as ^ - [ r ( t ) ] := - ^ f f i 1 , which is a Hessian 
matrixx evaluated at the point (TU .., TN). The solution z{ = 0 is stableif the Hessian matrix is 
negativee definite, i.e, if all eigenvalues of the matrix are negative. An instability of the D = 0 
solutionn may appear when an eigenvalue of the Hessian matrix vanishes. This corresponds to 
aa saddle point of the potential landscape V(r). 

Duee to ergodicity, the a, r systems sample all the possible configurations. So the asymptotic 
distancee D^ is a direct measure of the stability of the D = 0 solution along all possible config-
urationss (weighted with their corresponding statistical Boltzmann weight). In other words, an 
instabilityy in the solution D^ = 0 and, hence, the existence of a damage spreading transition 
iss an indication of the presence of saddle points in the potential landscape of systems a, r. 

Wee stress that T0 can only be related to the presence of saddle points in case, at high 
temperatures,, the D^ = 0 solution is stable. Of course, also other stable solutions D^ which 
aree unequal to zero may exist. 

Wee will proceed by deriving an equation for D(t) on the basis of the equations (5.12) and 
(5.13). . 

5.2.11 Th e Martin-Siggia-Ros e formalis m for rando m initia l configu -
ration s s 

Inn this chapter we are primarily concerned with macroscopic quantities. In this section we shall 
derivee macroscopic dynamical equations for macroscopic quantities, based upon the micro-
scopicc Langevin equations (5.12) and (5.13). 

Inn order to arrive at macroscopic quantities such as the correlation and response functions 
wee shall rewrite the Langevin equations in terms of a generating function. This is done by 
rewritingg the Langevin equations for the spin systems a and r as fi(t) = 0 and gt(t) = 0 
respectively,, with 

Mt)Mt) = & t{t) - FMt)} + Kt)°i(t) - n(t) 

gigi(t)(t) = Tt(t) - FMt)] + mri{t) - m(t). ( ] 

Thenn the generating function is the integral over all dynamical paths satisfying the Langevin 
equation.. In other words, we use the Martin-Siggia-Rose formalism [121, 122]. 

Lett us start by considering initial configurations at infinite temperature, i.e., random initial 
configurations.. Then all initial configurations a(0) and r (0) contribute equally to the gen-
eratingg function. This implies that in the macroscopic dynamical equations the macroscopic 
initiall configuration Qd(0) is a random initial condition which can have any value between 
- 11 and + 1 . The case of initial equilibrium configurations, i.e., configurations with a finite 
temperature,, will be analyzed later on in section 5.2.5. For random initial configurations the 
generatingg function reads 

roc roc 

z{<t>,y)=z{<t>,y)=  [doWdTWiïMgmJWb 
JQ JQ 

,ooo * (5.20) 
exp{{  / dt J2Mt)<n{t) + <Pi{t)Ti{t)]} 

t = i i 
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wheree J[<r] and J[T] are Jacobians given by 

dfi(t) dfi(t) 
J[<T)J[<T)  = 

d(jj{s) d(jj{s) 
J[T}J[T}  = 

dfi(t) dfi(t) 

dTj(s) dTj(s) 
(5.21) ) 

Thee notation [da] stands for Ridcr^t): at each time t the integration is performed over all 

possiblee values of the spins. 
Thee introduction of the Jacobians yields an important property of the generating function, 

namelyy Z(0,0) = 1 [122]. This allows the generating function to be averaged over the noise 
andd the disorder. By differentiation of the (averaged) generating function with respect to 
thee variables <j> and <p, one obtains macroscopic quantities such as the correlation function 
andd the response function, as will be done below. It also possible to find a closed set of 
equationss for these quantities. Finally, the macroscopic dynamical equations will be analyzed 
bothh analytically and numerically. 

Thee Jacobians can be calculated using Ito's regularisation to discretize time [123] 

fi(t)fi(t)  = ot(t) -Ui(t- dt) - dt f ds AMs)] (5.22) 
Jt—dt Jt—dt 

withh Ai[a(t)]  = Fi[a{t)]  - v{t)<Ti(t) + ifc(*). It follows that 

dajs)dajs) = 6ij6ts ~ 6{t-dt)Aj ~ S{t~dt)s L / U -da^sT ( 5 > 2 3) 

andd consequently J[a] = 1. Analogous, one obtains J[r] = 1. Thus the generating function 

(5.20)) becomes 

Z(4>Z(4>tt<p)<p) = |[d^][dr] 5 ( ^ ( 0 - ^ W ^ l + M ^ W - * » ( < ) ) 

S(fS(ftt(t)(t) - Fi[r(*) ] + Kt)n(t) - Vi(t)) exp {  / dt £(&(*)<*(* ) + <Pi(*Mt))} 
JJ i=\ 

==  J[dado][dTdf] exp{-ijdt |> * (0 ( *» ( ' ) - Fi[a{t)]  + »(t)ai(t) - rn{t))} 

rr  N 

xx exp {-i  dt 53fi(t)(7i(0 - Fi[T{t)}  + t*(t)Ti(t) - m{t))} 
JJ i=l 

rr  N 

xexp{jdtxexp{jdt £[&(0<*( 0 + <Pi{t)Ti{t)]}  (5-24) 
i = l l 

wheree in the second step a well-known representation of the delta-function is used. 
Usingg the fact that Z(0,0) = 1, the generating function (5.24) can be averaged over the 

noisee without altering the normalization: 

(Zfatp))(Zfatp)) = fd[rj\P[ri{t)]Z{<l>,<p) 

==  j\dada][dTdf] exp {-% j dt ][>,(* ) (<Ji(*) - Fi[a{t)]  + n{t)at{t)) 

+f+f tt(t)(f(t)(fii(t)(t) - FMt)} + /i(t)n(t)) - *T(a?(0 + ff(t) + di(t)ti{t)) 

+i{Mt)0i(t)+i{Mt)0i(t)  + <Pi(t)n(t))]}  (5-25) 
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withh P[rj{t)] given by (5.6). 
Likewise,, the generating function can be averaged over the disorder in the couplings J. To 

doo so, one has to calculate exp {A} with A = ijdt Hi[êi(t)Fi[a(t)] + ^ (0 * i [ r ( < ) ] ] - Since 
P(J*2'*3''"' tp)) is Gaussian we have exp {A} = expA2/2. To evaluate A2 we have to use 

FMt)]FA<*W]FMt)]FA<*W]  = «ü/,(c(<,*)) + (l-<5ü)a^(*)o'i(0/"(c(t,a))/JV (5.26) 

FJTfflFM*)]FJTfflFM*)]  = WW,*)) + (1 " 8ij)<xTi(*)T3(t)f"(b(t,8))/N (5.27) 
fiWWM*)]fiWWM*)] = ^jfiQ^s  ̂ + il-S^aT^aj^fiq^s^/N (5.28) 

wheree f(x) = xp/2 for x = c, b and q and where a is the symmetry parameter in the couplings. 
Onee obtains after averaging over the noise and the disorder, the following expression for the 
generatingg function 

(Z{4>,<p))(Z{4>,<p))  = J[dada][dTdf] exp {S(aarf) + j dt f > , ( * M ( i ) + <P*(tMt)]}  (5.29) 

with h 

ff N 

S{aarf)S{aarf) =-i  Idt £ fo( t ) (* i ( * ) + n{t)(n{t)) + ?&)(+#) + ^{t)n(t)) - iT(o?(t) + 

+rf(t)+rf(t)  + ai(*)ft(*)) ] " \ fdtds YHti(t)&i(s)f'(c(t, s)) + Ut)^) f(b(t, s)) + 

+o+o ii{t)T{t)Tii{s)f{s)f,,{q{U{q{U  s)) + fi(t)di(8)f'{q{8% t))] 

" 2 ^^ IdtdS E I * * W ^ i ( * ) ^ ( * ) ^ ( * ) f ( c ( * , s)) + fiitMsftWTjWWt, s)) + 

+ ^ ( / ) r , ( S ) f j ( S ) ^ ( « ) ) r ( ^ , 5 ) )) + f i ( ^ ( S ) a , ( S ) r i ( i ) r ( ^ , i ) ) ] (5.30) 

Lett us define the average over the disorder and the dynamical histories as 

((A))((A)) = ((Z^O)))'1 lim f[dodd][dTdf}Aexp{S(<7ÖTT) + 
<p,ip-*0<p,ip-*0 J 

ff N 

++ dt 52(MtMt)+<Pi(t)Ti(t))} 
JJ t=i 

== f[dad&][dTdT]Aexp{S(aaTf)}. (5.31) 

Thee correlation function C(t,s) in terms of this average is defined as 

N N 

C(t,s):=((^^(t)aC(t,s):=((^^(t)akk(s))).(s))). (5.32) 

Thee correlation function can also be expressed as derivatives of (5.29) 

aa a 
== }^mt)am{z(M) (5-33) 
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wheree in the second step the property <Z(0,0)) = 1 is used. Remark that S{aarf) is symmetric 

inn a and r. It follows that 

« 44 E °*(t)°k(s))) = « ^ E rk(t)rk(s))). (5.34) 
i VV Jt=i i V *=i 

Thee spherical constraint yields the boundary condition C(t,t) = 1. 
Thee response function R(t, s) is defined as 

W,s):=j:-^~{Mt)))\W,s):=j:-^~{Mt)))\hh«=o«=o (5-35) 

inn which hl(s)  is an extern (magnetic) field coupled to the spins <T». This field enters the 
Hamiltonian,, if any, as H[a{t)\ = - E JnM ^ix{t)ai2{t)... aip{t) + ZÏLi h?(t)<Ti(t), com-
paree (5.9). We study the spherical p-spin model with vanishing fields hi and hj. Remark that 
R(t,R(t, s) = 0 for all / < s since any field coupled to spin a at time s cannot have any influence 
onn spins a at times smaller than s. If, in addition, s equals t we have R(t, t) - 1/2. In terms 
off (5.29), it becomes 

N N dd d 
W,W, s) = mag ^ y ^ y in <Z(*. *)> \h7-o (5-36) 

Ann alternative way to write the response function is given by 

R(t,R(t, s) = ((-i £ ak(t)dk(8))) = {(— E n(t)rk(s))) (5.37) 

wheree again we have used the symmetry of a and r in S(aarf). 
Next,, the overlap Q(t, s) is introduced as 

TTJ:°k(t)TJ:°k(t)Tkk(s)))(s))) (5.38) 
k * * = i i 

andd can be written as a derivative of (5.29) 

JV V dd d 
QiiQii '''' ))'^o^m)a^M'^o^m)a^M ln{zlln{zl*"*" p))p))-- (539) 

Itt is possible to write a closed set of equations for the correlation and response functions and 
thee overlap. To achieve such a set of equations, one uses the average (5.31) to arrive at the 
expression n 

rr  dA 
==  — [dodaMdrdf] exp {S(aoTf)} 

JJ 0<Ji(t) 

== -0> (5-40) 
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wheree in the second step a partial integration is performed. 

Too obtain an integro-differential equation for the correlation function C(t, s) we have to 
takee A = N'1 E* <*»(«) in (540). This results in 

== 0 . (5.41) 

Then,, calculating the left-hand side of (5.41) with the help of (5.30) yields 

rocc 1 £ ,oo 1 N 

-<< /00 *«üEvMMu)f(c(t,u))))-{(J0 du-Y,°i(s)n(u)f'(q(t,u)))) 

QQ /-CO ^ 

// dw E^(«)**(«toW* JW
#l(c(*,«))>) 

(5.42) ) 

Inn the same manner, the choices A = N~l Et^»(«) and ̂  = A'""1 E i Ti{s) lead to expressions 
forr the response function R(t, s) and the overlap Q(t, s) respectively. 

Macroscopicc quantities such as {{-iN'1 Ek^k(t)fk(s))) = E * 5fi^y«<r*(0»lftj=o and 

({- i^V-1EfcTfc(*)5 ' *(5)))) = E f c a ^ ) « ^ ( 0 » l f t ^ = o vanish, because any field of the spin-

systemm a cannot have any effect on the spin-system r and vice versa. Finally, the remaining 

quantityy {{N~ l Efe^fc(0^fc(s))) also vanishes, as will be argued in short. First, from (5.4) it 

followss that 
dd22TT _ 1 

drH{t)dm(8)drH{t)dm(8) t=s~2' ( 5 - 4 3 ) 

Thiss yields together with ( (AT 1 £v ^(s)^^)) = -6(t - s) the above statement. 

Afterr these manipulations and taking always s < t, one arrives at the following closed set 
off equations 

^ ^^ + ti{t)C{t,s) =  V-£duR{s,u)CP-\t,u) + 

+0+0PKP-PKP- 1) f'duR̂ u^c^w)Cp_2(i,u) (5.44) 

22 JO 

a f l(* '* )) + ii{t)R{t,s) = a ^  ̂ fduR(t,u)R{u,s)Cp-\t,u) (5.45) 

dQ(t,s) dQ(t,s) 
dt dt + + »{t)Q{t,s)»{t)Q{t,s) =  rduR{s,u)Qv-\t,u) + 

ll  Jo 

+<*+<*  2 f du R{t, u)Q(u, s)Cp~2(t, u). (5.46) 
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Takingg the limit s —> t instead of taking s < t in the equation for the correlation function 
C(t,C(t, s) yields an equation for the Lagrange multiplier fi{t) : 

H(t)H(t) = T+ P (1 + ( " ( P~1 ) ) fdu R(t, u)Cp-l(t, u). (5.47) 
22 Jo 

Finally,, the macroscopic correlation function which measures the damage spreading is the 
diagonall correlation function Qd{t),  defined as Qd(t)  = Q(t,t). It obeys the equation 

IdQdQIdQdQ + tl{t)Qd{t) = T + RftduR̂ u)QP-i^u) + 
22 ot I Jo 

+a+aP{pP{p ~ 1) r* du R̂  u)Q̂  u)CP-2(tt uj (5 48) 
22 Jo 

Remarkk that (5.48) is not derived directly from (5.46), but from a related equation. The set of 
equationss (5.44)-(5.48) is quite involved. At time t = 0 we have C(0,0) = 1, R{0,0) = 1/2, 
n(t)n(t) = T and Q(0,0) = <2d(0). Hence, to solve these equations for t > 0 we have to specify 
Qd(0),, which in case of random initial configurations can have any value between - 1 and + 1 . 

Forr the correlation C and response functions R, equations (5.44), (5.45) and (5.47), 
severall results are known, in particular their behaviour in the equilibrium regime, where time-
translationall invariance is satisfied and the fluctuation-dissipation theorem is obeyed, as well 
ass in the non-stationary aging regime [124]. In the next section we will analyze the diagonal 
correlationn function Qd{t), equation (5.48), at high temperatures. 

5.2.22 High temperatur e analysi s 

Ass explained in the introduction, there are several possibilities for the asymptotic value of Qd(t). 
Thiss depends, among other things, upon the temperature. Let us start by first considering the 
casee of very large temperatures. 

Furthermore,, let us consider solutions of (5.48) in equilibrium, i.e., let us consider large 
timess t and s such that (t - s)/t « 1. In equilibrium, fluctuations are time-translational 
invariantt which implies C(t, s) = C(t - s) and R{t, s) — R(t - s). As a consequence we have 

R(tR(t -3) = -0?^ZJ1 (5.49) 

wheree ft = 1/T. This equation is commonly referred to as the fluctuation-dissipation theorem 
(FDT).. From (5.49) it follows that the integral terms in (5.48) and (5.47) vanish in comparison 
withh the other terms, and we find 

\^ir\^ir ==T[1T[1 -Qi(t)] (550) 

wheree we have used fi = T using equation (5.47). Equation (5.50) can be exactly solved. The 
stationaryy solution is given by Q = 1. 

AA first question is whether this stationary solution is stable. The answer can be obtained 
withh a linear stability analysis of (5.50). We therefore write Qd(t)  = 1 + e ƒ (t), in which 1 is a 
stationaryy solution, e a small but positive parameter and ƒ (t) some arbitrary positive function. 
Inn this fashion we find that stationary solutions Q = 1 are stable indeed. 
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Ourr analysis only holds at very large temperatures. For lower, finite, temperatures the stable 
stationaryy solution Q = 1 may become unstable. The damage spreading transition corresponds 
too the situation in which the stable high-temperature stationary solution becomes unstable. 

5.2.33 Existenc e of To : lower and upper boun d f or a = 1 

Basedd on the discussion of the previous section, we here shall try to estimate the tempera-
turee T0 at which the stable high-temperature stationary solution Qd = 1 (D = 0) becomes 
unstable.. To do so we shall restrict the analysis of the set of equations (5.44)-(5.48) to the 
symmetricc case a = 1. Then, a first glance to equations (5.46),(5.48) reveals that the overlap 
Q(t,Q(t, s) and its diagonal part Qd{t) are coupled to each other through the correlation C(t, s) 
andd response function R(t, s). The trivial solution Q(t, s) — C(t, s) and Qd{t) — 1 corresponds 
too the case where the initial conditions are the same, Qd(0) — 1 and the distance D(t) = 0 
forr all times. This solution (hereafter we will denote it by HT) corresponds to A » = 0 and is 
asymptoticallyy reached by the dynamics for high enough temperatures as discussed before. Nu-
mericall integration of those equations (see later) reveals that the typical time needed to reach 
thatt solution grows if the temperature decreases. At a given temperature (which we identify 
withh 7Q) there is an instability in the dynamical equations (5.46),(5.48) and the asymptotic 
solutionn differs from the HT one. We did not succeed in finding an explicit expression for TQ 
butt we show in this section its existence and find lower and upper bounds for its value. 

Ass we approach T0 the distance D(t) decays towards its asymptotic value D^ = 0 with a 
divergingg characteristic time r, i.e. 

T=T= ƒ dtD(t, TQ) -  oo (5.51) 
Jo Jo 

Too show the existence of To we focus in the high temperature regime, where the fluctuation-
dissipationn theorem (FDT), equation (5.49), is satisfied. Remark that in the previous section 
wee were concerned with an infinite temperature, whereas we now consider finite temperatures. 
Att the damage spreading temperature (which is deep in the high temperature phase, as we 
willl be shown a postiori) the typical relaxation time for the quantities C and R is finite so we 
mayy introduce FDT with no harm. On the other hand, section 5.2.5 shows that the damage 
spreadingg transition is already present if we start from an equilibrium condition where condition 
(5.49)) is satisfied for all times. 

Too obtain the lower bound we start from equation (5.48) and write, for a = 1, 

\^p-\^p- + tit)Q*(t) - T - | ftduRit, u)Q*-\t, u 
Pto-Df*Pto-Df*  a

 (552) 

22 Jo 

Takingg Q2(t, s) and using the Schwartz inequality, we arrive at high temperatures at the 
inequalityy Q(t,s) < Qd(s)C(t - s). Together with (5.49) we obtain 

\^M\^M  +li(t)Qd(t) -T(Qi(t)) - Êlfadû Ac-\t - u)Qrd-\u) 

_«^i)pu£fc)c,-I(t _u)(3d(u)<o. . 
(5.53) ) 
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Thee property ^ ^ = pC^-\t  - u)d-^- yields 

\mi\mi++,,{tmt){tmt) _ Tmt)) _ i jy^ipiQV{u) 
£ ( p - l )) r*  dCp(t~u) 

// du y- J-Qd{u) < 0 
JoJo du 

(5.54) ) 

2 2 

Doingg an integration by parts for the two integrals appearing in (5.54) we may write 

ldQldQdd(t) (t) 
+ + 22 dt , /i(0Q-(0 - f (QT )̂ - «-1(0)C(t) - [du^d^u)C?(t - «)) 

0ip0ip-^-(Q-^-(Qdd(t)(t) - Qd(0)Cp(t) - [  du^^C^t - „)) < 0. 
(5.55) ) 

-r--
Att temperatures above the damage spreading transition temperature T0, we may expect that 
Qd{t)Qd{t) is a monotonous increasing function of time towards the stable solution Qd = 1, i.e., 
^ ^^ > 0 at all times t. It follows that 

ff  dudQPdduiU)CP{t ~u^°  (5-56> 
jyjyuu?9Mc?9Mcpp(t-u)>0(t-u)>0 (5.57) 

If,, in addition, we note that in the long-time limit t —> oo the correlation function C(t) 
vanishes,, l im^oo C(£) = 0 and that l im^oo/zft) = T + ^ , we get 

l^Érl^Ér+T{Qd{t)+T{Qd{t) ~l)~ f {Qd"1{t) ~ Qd{t)) - °  (5-58) 
Finally,, due to the monotonicity of Qd{t) we reach the desired inequality 

00 < i ^ P < T(l - Qd(t)) + ̂ (<?d-
2(t) - 1)  (5.59) 

AA trivial solution which always satisfies this inequality is Qd{t) — 1. Let us now expand 
QQdd(t)(t) around Qd{t) = 1 via Qd(t) = 1 - ef(t) with ƒ (t) > 0 and ^ < 0. It follows that for 
largee times the function ƒ approaches zero, l im^oo ƒ(*) = 0, which is in accordance with the 
previouss assumption of the monotonicity of Qd{t).  We thus find the result that at the damage 
spreadingg transition the inequality is satisfied only if T0 > J(p — 2)/2. 

Too find an upper bound for the damage spreading transition temperature T0, we perform 
aa linear stability analysis of the equations (5.46),(5.48) around the HT solution, Qd(t)  — 
11 - ef(t) , Q(t, s) = C(t -s)- eg(t,  s) where ƒ (0) = 1, g{t, t) = ƒ(*). This yields for equation 
(5.48)) in the large t limit 

iS^- f ) / -^ '^-^ -- MO) 
Finally,, with the inequality dg^' > 0, we arrive at T0 < Jp/2. 
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Soo as a result we have found the following estimate for the damage transition temperature 
To o 

^<To<f^<To<f rr  (5.61) 

Notee that for the particular case p = 2 the inequality (5.61) yields T0 < 1. Taking into account 
thatt (5.61) was derived under the assumption T0 > Ts, i.e., we supposed we were in the high-
temperaturee regime., and using Ts(p = 2) = 1, this is not inconsistent with the result T0 = 1 
derivedd by Stariolo [104]. 

Inn the next section we discuss the behaviour of the asymptotic distance as a function of 
temperature.. We will see that D^ seems to play the role of a dynamical order parameter in 
damagee spreading transitions. 

5.2.44 Series expansio n and Pade analysi s 

Inn section 5.2.2 we presented an analysis of the set of equations (5.44)-(5.48) at high tem-
peratures.. At lower temperatures an analysis of the set of equations (5.44)-(5.48) is more 
demandingg and a general solution is too complicated to find. Nevertheless, in the asymmetric 
casee a = 0 and the anti-symmetric case a = -l/(p- 1) some progress is made, see [110]. 
Since,, in general, an analytical solution has not been found, we shall devote this section to a 
numericall study of the equations (5.44)-(5.48) for the damage spreading problem. 

First,, one could try to investigate the long-time limit of Qa via a numerical integration of 
thee set of dynamical equations (5.44)-(5.48). However, the CPU time and the memory needed 
too do so grows fast with time because of the integrals occurring in the equations. Thus the 
spreadingg of damage at large times can here only be obtained from the dynamical equations 
viaa extrapolation. This enlarges the error in the estimate of the damage spreading, especially 
sincee in several cases Qd{t) is a non-monotonic function of time (see figure 5.1). 

Ann alternative approach to obtain the long-time behaviour of time dependent variables 
withh high accuracy was introduced by Franz, Marinari and Parisi [125] to study the long-time 
behaviourr of the energy. Here we extend their method to analyze the asymptotic behaviour of 
D(t).D(t). In their method they first decompose the time dependent variables in a series expansion 
beforee extrapolating for large times with the help of Pade approximants. For the damage 
spreadingg problem, it leads to a Taylor expansion of the correlation function C, the response 
functionn R and the overlap Q 

ooo oo oo oo oo oo 

C{t,C{t, s) = £ E ckit
ksl R(t, s) = £ E 'Hi** 1 Q(tt s) = E E qklt

ksl (5.62) 
Jfc=00 /=0 fc=0 1=0 k=0 1=0 

wheree CQQ = roo = 1 since C(t,t) = 1 and limfH>(J})+ R(t,s) = 1. Remark that due to the 
propertyy R(t, s) = 0 for all t < s, the expansion cannot be done for arbitrary t and s. In 
orderr to perform the expansion let us now assume that R(t,s) is analytic for a lU > s [125]. 
Furthermore,, //(£) and the equal time overlap Qd(t) can be written as 

ooo oo fc 

fi(t)fi(t)  = E tikt
k Qd(t) = E E 9(*-Di«*  (5-63) 

fc=0 fc=0fc=0 fc=01=0 1=0 
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inn which ^Q = T and where <?oo is a parameter identical to the value of Qd at t — 0. Assuming 
alwayss t > s, the dynamical equations (5.44)-(5.48) can be transformed into recurrence 
relationss for the coefficients of the expansion. To this end one first substitutes (5.62) and 
(5.63)) into (5.44)-(5.48) under the constraint t > s, then calculate the integrals and finally 
rearrangee terms. Numerically, the coefficients of the expansion are now readily obtained. In 
casee p = 3, the coefficients of the expansions can be computed on a RISC workstation up to 
orderr 80 in a few hours. However, for larger values of p the computational effort is larger. 

Too ensure high accuracy of the asymptotic extrapolation, one needs a large radius of 
convergencee of the series expansion. A good method to enlarge the radius of convergence of a 
seriess expansion is using the method of Pade approximants. In this method one introduces two 
polynomialss Um(t) and Vk(t) of degree at most m and k, respectively. The goal is to choose 
UUmm(t)(t) and Vk{t) for given m and k such that Qd(t) and Um(t)/Vk{t) are equal at t - 0 and 
havee as many derivatives as possible equal at t = 0. The polynomials Um(t) and Vk{t) will be 
writtenn as 

mm k 

tU*)=E«i* '' H(t) = £to*. (5.64) 
i=0i=0  i=0 

Sincee there are m+k+1 constants in the problem, the aim will be to make Qd(t)~Um(t)/Vk(t) 
andd its first m + k derivatives equal to zero at t - 0. If this can be achieved, one arrives at 
thee following expression for the unknown coefficients a* and fy 

ooo i k m oo 

(££<7( i - ; ) / ) (EM')-5>ff  = £ dj (5.65) 
i=Qi=Q  j=0 1=0 i=0 i—m+k+1 

inn which di are unknowns not relevant for the problem of the first m + k + 1 powers of t. The 
vanishingg of the first m + k + 1 coefficients in (5.65) leads to the set of equations 

ii  i 

EE E ^{i-i-i)Jbi - ai  = ° Ï = 0 , . . ., m; bi = 0 if I > k; b0 = 1 
1=01=0 j = 0 (5.66) 
kk i 

EE E Q{i-i-J)A = ° i-m + l,...,m + k; Q(i-i-j)j  = 0 if i - I - j < 0. 
i=oi=o j=o 

Thiss set of m + k + 1 equations can be solved for the m + k + 1 unknowns a» and bi. It is an 
empiricall fact that diagonal Pade approximants, i.e., approximants in which k equals m, and 
thee off diagonal Pade approximants m = k + 1 give the smallest error in the estimate. For 
thatt reason only those approximants are used in estimating Qd(t). 

Thee computations have been performed for the symmetric case a = 1. Three differ-
entt initial conditions have been considered: i. anti-correlated random initial conditions with 
QQdd(0)(0) — - 1 , ii. uncorrelated random initial conditions with Qd{0) — 0 and Hi. partially 
correlatedd random initial conditions with Qd{0) = 0.5. 

Too check that the extrapolations A » using the Pade approximants are correct, the Pade 
seriess is compared with numerical integrations of the dynamical equations. In figure 5.1, for 
pp = 3, the behaviour of Qd{t) in case b) is shown for different temperatures. The continuous 
liness correspond to the numerical integration of the dynamical equations, while the dashed 
liness are the reconstructed functions Qd{t) obtained from the Pade analysis. Indeed, the Pade 
seriess and the numerical integration fit closely. 
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Figuree 5.1: Pade analysi s for th e equa l tim e overlap . Depicted is the equal time overlap 
Qd(t)Qd(t) with Qd(0) = 0 for p = 3 (a = 1) as a function of time for different temperatures. From 
topp to bottom T = 0.9,0.7,0.5,0.3,0.1. The continuous lines are the numerical integrations 
withh time step A t = 0.01 and the dashed lines are the reconstructed functions obtained from 
thee Pade analysis. 

Thee estimate for D^ is obtained by division of the highest order coefficients of Pm(t) and 
Qk{t),Qk{t), i.e., by am/6fc. An asymptotic estimate can be obtained assuming a power law decay 
off the equal time overlap: Qd(t) = Qd(oo) + At~c. The analysis of Dx suffers in some cases 
fromm a small radius of convergence (even with Pade) as well as from the presence of poles in 
thee Pade expansion. The results are displayed for p = 3 in figure 5.2 and for p = 4 in figure 5.3 
forr cases i, ii and in as a function of the temperature. Let us remark that a lower number of 
coefficientss in the Taylor expansion in the case p = 4 with respect to p = 3 leads to a less 
accuratee estimate of the asymptotic distance. 

Inspectionn of figures 5.2 and 5.3 reveals that the dynamical transition temperature T0 

iss in the predicted regime, equation (5.61). It can be estimated more accurately from the 
relaxationn time Treiax associated to the decay of the distance D(t) to zero. Starting from 
highh temperatures, we assume the relaxation time to diverge at T0 according to a power law: 
rrelaxx ~ (T - T0)-">. We thus have found T0(p = ó) = 1.04  0.02 with 7 ~ 1.1  0.1 and 
TT00(p(p = 4) = 1.13  0.02 with 7 ~ 1.1  0.1. The result depicted in figure 5.2 indicates that 
thee temperature 2\ , below which D^ is dependent upon the averaged initial distances D0, 
vanishes,, i.e., 7\ = 0. This is also suggested, although less convincing, in figure 5.3. 

Itt has to be stressed that, for any p, the transition at temperature T0 is not present for 
initiall conditions D0 = 0, since in this case D(t) = 0 for all t > 0, independently from the 
temperaturee T. This raises the question whether the solution D = 0 is stable. To answer this 
questionn we have studied the asymptotic distance D^ for small initial distances D0. It appeared 
thatt for small initial distances D0 as well as for large initial distances such as D0 = 0.25, D^ 
behavess alike as a function of temperature. In other words, the solution D — 0 is not stable. 

Wee conclude that for all temperatures, both p = 3 and p = 4, the asymptotic distance is 
independentt of the averaged initial distance D0 =£ 0. Remark that we analyze averaged initial 
distancess D. Of course, different initial distances d(0) may lead to different asymptotic results 
d(oo). d(oo). 
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Figuree 5.2: Th e asymptoti c distanc e for rando m initia l configuration s wit h p = 3. 
Depictedd is the asymptotic distance Dx for p = 3 (a — 1) as a function of the temperature 
T.T. The distance D^ is obtained from the Pade analysis of the series expansions for different 
randomm initial conditions D0 = 1 (circles), D0 = 0.5 (triangles), D0 = 0.25 (stars). Typical 
errorr bars are shown for the last case. 

Ourr results are in contrast with the case p = 2, where dependence of the averaged initial 
distancee D0 ^ 0 is found for the low temperature region [104]. We must say that we have 
obtainedd the same results, as in cases p = 3,4, for a model which is a combination of 
thee p = 2 and p = 4 spherical spin-glass model [126]. For a certain range of parameters, 
thiss model is known to have a continuous phase transition with continuous replica symmetry 
breakingg and without collapse of the configurational entropy. So the first-order character of 
thee spin-glass transition found in our model for p > 3 is not essential for the appearance of 
thee damage spreading transition. Still, that model [126], is also characterized by the presence 
off an exponentially large number of meta-stable states. From the point of view of the form of 
thee dynamical equations, the fact that the damage spreading temperature T0 is finite for p > 2 
ass well as in a model which combines p = 2 and p — 4 is a consequence of the non-linearity in 
thee coupling between the equal time overlap Qd(t) and the overlap Q(t,s) which occurs for 
alll p > 2. 

Fromm the physical point of view, this independence of D^ on the initial distance D0 ^ 0 is 
quitee appealing. The asymptotic value D ^ can, on the basis of our computations, be regarded 
ass an order parameter for the damage spreading transition at temperature TQ. For a better 
understandingg of the physical origin of this transition we shall consider the case of equilibrium 
initiall conditions in the next section. 

5.2.55 Equilibriu m initia l configuratio n 

Wee have seen in the previous section that the asymptotic distance A » is a non-trivial function 
off the temperature which is finite below T0 and vanishes above T0. The relevance of the 
existencee of the meta-stable states has been already pointed out in previous sections. The fact 
thatt the damage spreading transition exists suggests that the nature of this phase transition 
iss related to the corrugated properties of the free energy landscape. To check this result 
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Figuree 5.3: The asymptoti c distanc e for rando m initia l configuration s wit h p = 4. 
Depictedd is the asymptotic distance D^ for p = 4 (a = 1) as a function of the temperature 
T.T. The distance D^ is obtained from the Pade analysis of the series expansions for different 
randomm initial conditions D0 = 1 (crosses), D 0 = 0.5 (triangles), D0 = 0.25 (stars). Typical 
errorr bars are shown for the case D0 = 0.5. 

itt is convenient to investigate the damage spreading transition starting from an equilibrium 
configuration.. In this case the system starts from a stationary state and remains there forever. 
Att high temperatures this state is paramagnetic so in this case the damage spreading is a direct 
checkk of the ruggedness of the paramagnetic state. In fact, we will find that if we start from 
ann initial equilibrium condition, then the damage spreading transition persists and actually 
coincidess with the temperature T0 found for a random initial configuration. This reinforces 
thee idea of D^ as a dynamical order parameter for the damage spreading transition. In this 
sectionn our discussion is only valid for a = 1, where a stationary Boltzmann distribution is 
present. . 

Thee analysis of the dynamical equations for an equilibrium initial condition follows the same 
stepss as for the random case but now we must impose a Gibbs distribution for the configurations 
aa and r at time t — 0. The equivalent of the dynamical equations (5.44,5.45,5.46), for 
thee symmetric case a = 1, can be easily obtained for T > Ts in the replica symmetric 
approximationn [120]. For equilibrium initial configurations, the generating function reads 

Z^(4>,Z^(4>, if) = Zü1 f[da(0)][dT(0)} Z(</>, <p)e 0H[<r(O)]0H[<r(O)]  P-J5fl[r(0)] 

where e 

ZZnn = f[da(0)}[dr(0)}< f[da(0)}[dr(0)}< -f)H[<r(0)]-f)H[<r(0)]  p-/3//[r(0)] 

(5.67) ) 

(5.68) ) 

andd where Z(<p, ip) is the generating function (5.20). Furthermore, H is the Hamiltonian for the 
p-spinn model defined in (5.9). The equilibrium generating function can be evaluated using the 
replicaa trick X/Y — l i m , , ^ . ! XYn. Then, as before, the generating function can be averaged 
overr the noise and the disorder. Finally, in the replica symmetric approximation, the fact is used 
that,, in equilibrium, the correlation function C(t, s) and the response function R(t, s) are time-
translationall invariant and satisfy the fluctuation-dissipation theorem R(t) = -0^^-Q(t). 
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E E 

Figuree 5.4: Th e asymptoti c distanc e for equilibriu m configurations . Depicted is the 
asymptoticc distance D^ as a function of the temperature T, starting from an equilibrium 
configuration,, for p — 3 (a = 1). 

Afterr some algebra, we obtain for the correlation function C(t) 

8C{t)8C{t) . „ , „ , „  , /3p ft ^^_llx ,,dC{u) 

dt dt 
++  TC(t) +  ̂ [  duCp^(t-u) 

22 Jo du du 
(5.69) ) 

withh (7(0) = 1. The two-times overlap satisfies the equation 

-- — / duQ(s,u)-
22 Jo 

(5.70) ) 

Thee diagonal part, Qd(t) = Q(t,t), is given by 

11 dQd{t) 
22 dt ++ (T+

P4mt)-T-P4 ff duQp-\t, 
Jo Jo 

El El 
2 2 

du du 

dc(t dc(t 

duQ(t,u duQ(t,u 

du du 

dcdcpp-\t-u) -\t-u) 
(5.71) ) 

du du 
0 0 

wheree we have taken the initial condition Qd(0) = 0. With Q(0,0) = 0 we have taken two 
initiallyy independent systems. This leads to the condition Q(t, 0) = Q(0, t) = 0. Now we are in 
equilibriumm so fi(t) = T+ ^ [120]. We have looked for a time-translational invariant solution 
forr Q(t,s), i.e, a solution of the type Q{t,s) = Qd(s)Q(t - s) for t > s, but we have not 
foundd it (even for p = 2). Our numerical results suggest that such an asymptotic solution does 
nott exist. 

Usingg as before a series expansion in the time-dependent variables and Pade approximants, 
wee have estimated the asymptotic distance for equilibrium initial conditions, i.e., for Qd(0) = 
0.. The results are displayed in figure 5.4 for different temperatures. The divergence of the 
relaxationn time leads to T0(p = 3) = 1.01  0.04 with 7 = 1.4  0.3 which indicates that T0 

coincidess with the result obtained for random initial conditions. 
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Inn conclusion, we state that one of the most interesting results concerning the damage 
spreadingg transition is the fact that we find D^ to be a non-trivial quantity which does not 
dependd on initial conditions D0 ^ 0. The initial condition DQ = 0 was found to yield an 
unstablee solution. 

Inn equilibrium thermodynamics, the independency on the initial condition can be one of the 
featuress of an order parameter which separate different equilibrium phases. In the stationary 
state,, when fluctuation-dissipation theorem is obeyed, the order parameter is a quantity which 
characterizess the equilibrium state and (in the absence of ergodicity breaking) may not depend 
onn the initial condition. Since D^ is of a dynamical nature, we thus may have encountered, with 
DQO,DQO, a dynamical order parameter. A discussion on the origin of the transition at temperature 
TT00 will be presented in a following section, section 5.2.7. In the next section we will investigate 
thee behaviour of D^ as a function of the symmetry a. 

5.2.66 Th e non-symmetri c case a ^  1 

Thee study of the symmetric case a = 1 suffered from the fact that, below T0, the convergence 
off the distance D(t) towards its asymptotic value A » is very slow (a power law in time), 
seee figure 5.1. Consequently, both numerically or using the Pade method it is very difficult to 
extrapolatee to the asymptotic value. As the asymmetry of the interactions J, equation (5.11), 
iss turned on, i.e, if a < 1, the relaxation of the system to the stationary state turns out to 
bee faster. Actually, for the two cases we have studied, i.e., the asymmetric case (a — 0) and 
thee antisymmetric case (a = —r r t ) . the relaxation of the distance D(t) is found to be nearly 
exponentiall [110]. Like the symmetric case a = 1 it is found that for a < 1 the asymptotic 
distancee D^ does not depend on the initial distance DQ [110]. 

Itt is important to note that, for a < 1, the equilibrium stationary state is not known 
andd that the fluctuation-dissipation theorem is not applicable. Still we expect, for p > 2, the 
damagee spreading transition to survive for a < 1. The reason is that the damage spreading 
transitionn (even for a = 1) is inherently a non-equilibrium transition so the effect of the 
asymmetryy may not change the character of that transition. The T — a phase diagram of the 
damagee spreading transition, for p = 3, is showed in figure 5.5. 

5.2.77 Discussio n 

Forr the spherical spin glass model with p > 2, we have found a damage spreading transition to 
bee present at a temperature T0. The transition at temperature T0 has the following interesting 
properties:: it is i. independent of the type of initial configuration and ii. stable in the presence 
off asymmetry. Furthermore, the asymptotic distance D^, is independent of the initial distance. 
Thiss suggests that D » has some of the good properties to be a dynamical order parameter. 
Wee conclude this section with an explanation what the damage transition at temperature To 
impliess for the configu rationa I landscape. 

Inn the introduction it was already suggested that the transition might be related to the 
presencee of meta-stable states. In addition, we have seen that the damage spreading tran-
sitionn at temperature T0 is related to the presence of saddle-points. Since saddle-points are 
relatedd meta-stable points, this reinforces the idea that T0 is related to meta-stable states. 
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Figuree 5.5: The T - a phas e diagram . Depicted is the damage spreading transition for 
differentt temperatures T and asymmetry a, with p = 3. The line is a guide to the eye and 
displayss the dependency of the transition on the symmetry a. In the DS regime damage 
spreads,, L ^ ^ 0, whereas in the NO DS regime damage heals, Dx = 0. 

Thee question remains what is the change in the number of meta-stable states, associated with 
thee transition at T0. This will be treated below. 

Firstt of all, at the damage spreading transition there exists not a number of meta-stable 
statess exponential in Ar, since, for increasing temperatures, this number vanishes at TTAP 
whichh is well below T0. The temperature T0 at which the damage spreading transition occurs 
iss also well above Td. Like TTAP, the temperature Td is associated, for increasing temperatures, 
withh a decrease in the number of meta-stable states. This can be seen as follows. 

Lett us consider the correlation function in equilibrium, equation (5.69). The correlation 
functionn C(t,s)  measures the similarity of a number of states at two different times t and 
s,s, via the overlap c(t,s), equation (5.14). If a state does not change in time, the overlap 
c(t,c(t, s) equals one and will contribute maximally to the correlation function C(t, s). For a state 
whichh has changed between time t and s, the overlap c(t,s)  will be unequal to one, leading 
too a smaller contribution to the correlation function C(t,s). In case the dynamics is ergodic, 
thee correlation function C(t, s) tends to zero if the time difference between t and s rises. If 
theree exists meta-stable points and basins of attraction, the correlation function C(t,s)  may 
havee a non-zero limit for a large time difference between t and s. This, of course, depends 
uponn the number of meta-stable states. For the p-spin model it has been found, for increasing 
temperatures,, that the number of meta-stable states drops , and hence the correlation function 
C(t,C(t, s) becomes zero for a large time difference between t and s, at Td(p — 3) — 0.612 [115]. 
Ass mentioned, this is well below the damage transition temperature T0(p = 3) = 1.01. 

Inn conclusion, at the damage spreading transition, apparently, a number of meta-stable 
statess and saddle-points is present, which is, e.g., a power of N, but not exponential in N. 

Ann alternative interpretation for the transition at T0 can be found in case c of the intro-
duction,, i.e., the case in which two states which do not belong to any basin of attraction will 
leadd to an arbitrary value for the asymptotic distance. A possible explanation for the transition 
att T0 then might be the presence of limit-cycles, which may lead, via ri(oc), to non-zero Dx. 
Inn the symmetric case a = 1, however, no limit-cycles do exist in the high temperature phase 



108 8 Damag ee spreadin g 

wheree the system is expected to be ergodic. Hence, the transition at T0 cannot be related to 
thee presence of limit-cycles. 

Inn the regime below T0, we have found D^, to be unequal to zero, independent from the 
initiall condition. In phase space, this latter observation might be accounted for by a (large) 
numberr of meta-stable states with basins of attraction which are not very large, see the 
introduction.. Other methods have been used to study the basins of attraction of meta-stable 
statess of the spherical p-spin model in more detail. They revealed a complex structure in 
configurationn space [127]. Furthermore, we observed that for T <T0 the asymptotic distance 
A »» 's a decreasing function of the temperature. This is a direct consequence of the fact that 
thee number of meta-stable states decreases as a function of temperature. 

Ass a final observation we mention that if T approaches zero from above, D^ tends to 
0.55 for all D0 ^ 0. In other words, the complexity of the phase space destroys all correlations 
betweenn two arbitrary initial configurations which are not identical. 

5.33 Cross-correlation s 

Wee have studied damage spreading for the continuous Langevin dynamics. Damage spreading 
hass also been studied extensively in discrete dynamics such as Monte Carlo dynamics. From 
thesee studies is was noticed that different algorithms often lead to different results. In the 
casee of continuous dynamics such a situation seems not to occur. Below, we will study this 
differencee in more detail. 

Onee of the essential ingredients for the damage spreading transition is the presence of two 
competingg effects: a synchronizing force (the stochastic noise TJ in the Langevin dynamics) and 
aa landscape-dependent force which pulls configurations apart from each other into different 
directions.. In the case of a discrete (Monte Carlo) dynamics the equivalent role of the stochastic 
noisee is played by the set of random numbers generated during the Monte Carlo updates. 
Now,, the random number in the Monte Carlo algorithm (uniformly chosen between 0 and 1) 
determiness the probability of a move depending also on the configuration of the system. 

Inn the Langevin dynamics, the noise did not depend upon the configuration of the system, 
sincee we took identical noises. However, like the Monte Carlo dynamics, damage spreading in 
thee Langevin dynamics can also be studied for noises that depend upon the configurations, 
i.e.,, for correlated noises rj and rf. In other words, instead of (5.12)-(5.13) we can study 

- ^ PP = Fil<r(t)]-tt(t)oi(t)  + rH(t)  (5.72) 

^^  = FilTiM-rttMQ  + f&it)  (5.73) 

wheree ^ ( f ) and rj'^t) are noises which do not have to be identical. Let us now define the 
averagee over the correlated noises rji(t) and rj'^t) as 

/

oo o 

%]d[i/]P[i7W,»/(*)l̂ WW (5.74) 
-oo o 

inn which we take 

''  X Jo ijii  4T(1 - K?[<r,r])  '  l ' 
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withh M - {TTTJ(1 - tC2[a,T]))'1. Furthermore, IC[CT,T} is some arbitrary function of the 

systemss a and r. As a consequence of (5.75), rji(t) and rf^t) are external white noises with zero 
meann and with variance given by {j)i{t)i)j{s)) = 2TS(t-s)6ij and ( f ^ ) 7 / ^ 5 ) ) = 2Tö(t-s)öij, 
respectively,, c.f. equation (5.4). The cross-correlations are given by 

{ViitWjis)){ViitWjis)) = 2TfC[a, r]6{t  - *)<Jy . (5.76) 

Fromm (5.4) and (5.76) it follows that the function K has to satisfy JC[a,a] = 1. Furthermore, 
wee have - 1 < JC[a,r] < 1, Va,T. Since the function K appears in the expression for the 
cross-correlations,, we shall refer to it as cross-correlator. The cross-correlator K does not 
influencee the individual properties of the two systems a and r. For instance, K does not have 
anyy influence on the mean and the variance of the noises rji(t) and 7?-(t). However, it does 
havee influence on variables which are related to both systems, such as the equal time overlap 
Qd{t),Qd{t), see equation (5.77). 

Thee various choices for the functions K, for continuous dynamics correspond to the various 
algorithmss used in Monte Carlo dynamics for discrete dynamics. In the same manner as different 
Montee Carlo algorithms, different choices for fC may lead to different results for the damage 
spreadingg transition. In the preceding sections, damage spreading has been studied for the 
sphericall p-spin model in case of identical noises, i.e., for a cross-correlation K, = 1. Here, 
wee will discuss some of our earlier results in relation to arbitrary cross-correlators /C. In a 
nextt section, we will also discuss similarities and differences between continuous and discrete 
dynamics. . 

Ass mentioned before in case of identical noises, i.e., fC = 1, in the Langevin dynamics the 
stochasticc noise is the synchronizing force which tries to make both evolving configurations to 
mergee in time while the force term amplifies the initial damage playing the role of a noise. In 
thee general case — 1 < K < 1 the noise does not necessarily synchronizes both systems and 
itss effect is similar to that of the force. This difference between K = 1 and K, ̂  1 has some 
consequences. . 

Inn section 5.2.2 we found that the Qd = 1 solution is stable for K = 1. In the context 
off cross-correlations the Qd = 1 solution is maximally stable for K — 1. This is due to the 
factt that noises which are not identical decreases the stability of the Qd = 1 solution, see 
[110].. Hence, in general, the asymptotic distance will be a function of the cross-correlation K. 
Alsoo the temperature T0 at which the damage spreading transition occurs will depend on the 
particularr form of K. 

Duee to the destabilizing effect of the noise, the D = 0 {Qd = 1) solution becomes instable 
att higher temperatures with respect to the case K = 1, provided a solution D = 0 may exist 
forr choices K^\. Furthermore, among all possible cross-correlations K for which the D = 0 
solutionn is stable, K = 1 yields the lowest damage spreading transition temperature T0, see 
alsoo the discussion below (5.79). 

Wee have argued above that for Langevin dynamics the maximal cross-correlator K, = 1 is 
aa special case. We emphasize that in other dynamical systems it is unclear whether or not the 
maximall cross-correlator fC = 1 plays the same role in the context of damage spreading. This 
iss due to the complexity of cross-correlations. 

Lett us now extend the calculations performed for a cross-correlator K. = 1 to arbitrary 
cross-correlations.. First, the Martin-Siggia-Rose formalism, introduced in section 5.2.1, can be 
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Figuree 5.6: High temperatur e analysi s of som e arbitrar y cross-correlato r /C. Depicted 
aree the stationary solutions of Qd and the flow diagram for some arbitrary correlator K, at 
infinitee temperature. The points Q* and 1 are stable stationary points, whereas the point 0 
andd the stationary point between Q* and 1 are unstable. 

repeatedd in case of arbitrary cross-correlations K. We obtain 

11 dQd(t) 
22 at 

Kt)Qd(t) Kt)Qd(t) 

,, P(P-

TKTK + l J duR(t,u)Qp-1(t,u) + 
22 Jo 

122 f 
Jo Jo 

duR(t,u)Q(t,u)CduR(t,u)Q(t,u)Cpp--22(t,u) (t,u) (5.77) ) 

wheree C(t,s), R(t,s), Q(t,s) and //(*) are given by (5.44), (5.45), (5.46) and (5.47), respec-
tively.. In the high temperature analysis we arrive at 

11 dQd(t) 
22 dt 

==  T[K(Qd(t)) - Qd(t)} (5.78) ) 

wheree we have used \x — T using equation (5.47). Furthermore, for the sake of simplicity, 
wee have taken the cross-correlator K. to be solely depend on the Hamming distance D, or, 
equivalently,, on Qd(t). Equation (5.78) can be exactly solved. The stationary solutions are 
givenn by K.(Q) = Q and are found to be stable if they satisfy the condition K'{Q) < 1. 

Lett us now consider a specific example of a cross-correlator K. In figure 5.6 a cross-
correlatorr K, with four stationary solutions is depicted as a solid line. This correlator has four 
stationaryy solutions, since it crosses the line K(Q) — Q, the broken line in figure 5.6, four 
times.. Of those four solutions only Q = Q* and Q = 1 satisfy the condition K!{Q) < 1, and, 
hence,, are stable solutions. The other two stationary solutions are unstable. 

Apartt from the stationary solutions, there are two possibilities for the asymptotic behaviour 
off Qd(t). In the region where fC(Q) > Q, the region above the broken line in figure 5.6, we 
havee ^f > 0, whereas for K(Q) < Q, the region below the broken line in figure 5.6, we have 
-Jjf 11 < 0. From this it follows that the asymptotic values of Qd(t) always tend to the stable 
stationaryy solutions Q = Q* and Q — 1. This is indicated in figure 5.6 with the help of the 
arrowss on the solid line of the chosen cross-correlator fC. 

Ourr analysis only holds at very large temperatures. For lower, finite, temperatures the stable 
stationaryy solutions may become unstable and, vice versa, the unstable stationary solutions 
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Figuree 5.7: Hig h temperatur e analysi s of th e cross-correlato r K — 1. Depicted is the 
stationaryy solution and the flow diagram for the correlator /C = 1 at infinite temperature. 

stable.. The damage spreading transition corresponds to the situation in which one of the stable 
high-temperaturee stationary solutions become unstable. Since for different cross-correlators /C 
thee stable stationary solutions Q may vary, and, hence, the value of AC'(Q) may vary, the 
influencee of the cross-correlators AC on the damage spreading transition temperature is clear, 
oncee again. Remark that cross-correlator AC = 1 has a unique stable stationary solution at 
Q*Q* = 1, see figure 5.7. 

Inn section 5.2.3 we made an estimate for the temperature T0 at which the damage spreading 
transitionn occurs. Also for arbitrary cross-correlators AC an estimate can be made for T0. Taking, 
ass before, cross-correlators AC = /C(Q</(£)), we find 

P P 
2(1-AC'(1)) ) 

< T 0 < < P P 
2(1-AC'(1)) ) 

(5.79) ) 

Notee that both the lower and upper limit diverge when AC'(l) = 1. This limiting value sets 
aa condition on the possible cross-correlations AC(Qd) where the Qd — 1 solution is stable. 
Onlyy those functions fC{Qd) for which AC'(l) < 1 yield solutions Qd = 1 which are linearly 
stablee at very high temperatures. Furthermore, the property AC(1) = 1 of the cross-correlator 
yieldss a lower bound for AC'(l), i.e., AC'(l) > 0. As a consequence, the lowest value for 
thee temperature T0 is found for cross-correlators which satisfy /C'(l) = 0. In particular, this 
conditionn is satisfied for cross-correlator AC = 1. Hence, whatever the choice for the cross-
correlatorr AC, damage always spreads below the temperature T0 = J(p - 2)/2. This general 
resultt ends our discussion regarding cross-correlations. In addition to the results presented 
here,, more work has to be done to en-reveal the behaviour of the damage spreading transition 
ass a function of the cross-correlator. 

5.44 Damage spreading in discrete glassy models 

Upp to now we have considered the damage spreading problem in case of a dynamics continuous 
inn time such as Langevin dynamics. Here we want to investigate damage spreading and in 
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particularr the existence of a damage spreading transition at a finite temperature TQ for discrete 
dynamicss such as Monte Carlo algorithms. 

Thee various choices for the functions /C for continuous dynamics correspond to the various 
algorithmss used in Monte Carlo dynamics for discrete dynamics. So different Monte Carlo 
algorithmss determine different types of correlations between the noises. As for the cross-
correlatorr K, this implies that the algorithms determine the structure of the high-temperature 
stationaryy solutions. Their instabilities determine the subsequent low-temperature behaviour. 
Ass we have already commented in the introduction we therefore do not expect the damage 
spreadingg transition to be universal and the results of this section aim to be compared with 
thee results already obtained for the Langevin dynamics in a continuous system. 

Forr continuous (Langevin) dynamics we had the freedom to choose the maximal cross-
correlationn K = 1. For discrete dynamics, however, this is not the case. There are several 
welll known algorithms in the Monte Carlo approach, for instance, Metropolis, Glauber, or 
heat-bath.. Among these, the last one is the only one which has a unique stationary solution 
QQdd = 1 at infinite temperature. So, heat-bath dynamics is the closest case (but different) to 
thee K, — 1 of Langevin dynamics. Here, our numerical investigation will focus on this type 
off discrete dynamics. Let us note that the other algorithms may show different behaviour 
(duee to the presence of other infinite-temperature stationary solutions) and consequently also 
differentt damage spreading transitions. Roughly speaking the Metropolis algorithm corresponds 
too the case K,(Qd) = Qd for Langevin. It is easy to check that, at infinite temperature, 
thee stationary solutions in both dynamics are the same. The non-universality of the damage 
spreadingg transition (as in our previous analysis of the Langevin case) has received some 
attentionn in the literature [128]. 

5.4.11 Damag e spreadin g in the Bernascon i mode l 

Heree we will analyze the Monte Carlo dynamics with the Glauber algorithm for the Bernasconi 
modell [129]. This is a long-range interaction model without disorder which is known to have a 
glassyy behaviour in the universality class of spin-glass models with one step of replica symmetry 
breakingg [130]. Consequently, its dynamical behaviour is the same as predicted by the mode-
couplingg theory. 

Thee Bernasconi model (for simplicity we will consider the closed model, see [130] for more 
details)) consists of N Ising spins at = 1 in a one dimensional chain interacting through a 
long-rangee four-spin interaction. It is defined by the following Hamiltonian, 

""  = lZCl (580) 
lyly k=l 

where e 
N N 

CCkk = Yl Wj+k (5-81) 

wheree we take periodic boundary conditions <7j = CTJ+JV-
Inn this model there are particular values of N for which the ground state is exactly known 

[130].. The interest of this model is that it behaves like a disordered spin glass in the absence of 
explicitt quenched disorder in the Hamiltonian. This means that the dynamics itself generates 
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sloww evolving variables which effectively act as quenched disordered fields [130, 131, 132, 
133].. This model is characterized by three temperatures, a melting first-order transformation 
temperaturee TM, a transition temperature Td ~ 0.5 [134] where the relaxation time of the 
correlationn function diverges and, hence, where ergodicity breaks and, finally, a static (or 
glass)) transition temperature Ts ~ 0.25 where replica symmetry breaks and the configurational 
entropyy collapses (this is the ideal glass transition predicted in the AGM theory [135]). 

Inn the heat-bath algorithm, to go from a configuration {(Ji{t)}, at a given time t, to a 
configurationn {ai(t + At)} at the next time-step t + At with At = l/N, a spin ak is chosen 
att random among the N spins to be updated. The probability to put the spin up or down is 
decidedd according to the intensity of the local field acting on that spin. More precisely, if we 
definee the local field as hk = £-H with H the Hamiltonian (5.80), then the probability of 
puttingg the spin ak up (ak = 1) or down (ak = - 1 ) at time t + At is given by, 

P(aP(akk(t(t + At) = a) = i + i tanh (0hk{t)a) (5.82) 

withh a = 1 and hk(t) is the local field acting on the spin k at time t. Note that the probability 
(5.82)) does only depend on the local field acting on the spin k and not on the actual value of 
thatt spin at time t. Then, a random number z(t) with a uniform distribution between 0 and 
11 can be introduced and spins are sequentially updated according to the dynamical rule 

aakk(t(t + At) = sign -- + -tanh(Phk{t)) - z{t) (5.83) ) 

Withh this rule (5.83) we have studied numerically the damage spreading of three different initial 
conditions,, as in the p-spin model: i. anti-correlated random initial conditions with D0 = 1, 
ii.ii. uncorrelated random initial conditions with D0 — 0.5 and in. partially correlated random 
initiall conditions with DQ = 0.1. For each of these cases, the distance D(t) is computed up 
too 100000 and 10000 Monte-Carlo time-steps for N = 1000 and TV = 5000 respectively. To 
analyzee the data, the logarithmic time with base a = 1.1 is considered. Furthermore, the data 
iss averaged in intervals of the form (ak,ak+1 — 1) with k a positive integer. For T — 0.3 the 
evolutionn of D(t) is plotted in figure 5.8. 

Too obtain the asymptotic value £>«, from figures like 5.8, a power law fit for low temper-
aturess is used. For high temperatures an exponential fit up to 2000 Monte-Carlo steps in real 
timee is used. The results are displayed in figure 5.9. One observes that the distance does not 
vanishh for any finite temperature. Also, figure 5.9 indicates the existence of a temperature 
T\T\ above which the asymptotic distance is independent of the initial distance D0. Below this 
temperaturee 7\, D^ does seem to be dependent of the initial distance D0. This temperature 
wee obtain here T\ ~ 0.5 is in very good agreement with the transition Td where ergodicity 
breakss [134]. 

Lett us compare the behaviour we find here with the previous Langevin analysis for the 
p-spinn model. This analysis was largely based upon a cross-correlator K — 1. However, K, 
iss some arbitrary function which may depend on the overlap as well as on the temperature 
TT = 1//3. Thus, we may imagine a K to exist such that the infinite-temperature fixed-point 
£>ooo  = 0 becomes unstable as soon as /? is finite. In this case the asymptotic distance would 
bee a non trivial function of /3 and the transition 7\ could well happen at the usual dynamical 
transitionn Ta where ergodicity is broken. In other words, a function K may exist such that for 
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Figuree 5.8: Th e distanc e in th e Bernascon i model . Depicted is the distance D averaged 
perr interval (ak, ak+1 — 1) as a function of logarithmic time with base a = 1.1 for temperature 
TT = 0.3. The upper two curves are the result of initial condition DQ = 1 for TV = 1000 (boxes) 
andd N = 5000 (diamonds). In the same manner, the middle (lower) curves are the result of 
Doo = 0 . 5 (D 0 =0.1) . 
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Figuree 5.9: Th e asymptoti c distanc e in the Bernascon i model . Depicted is the asymptotic 
distancee D^ as a function of temperature T for the Bernasconi model using the heath-bath 
algorithm.. There are three different initial conditions: D0 = 1 with N = 5000(1000) as 
closed(open)) triangles, D0 = 0.5 with N = 5000(1000) as closed(open) circles and D0 = 0.1 
withh TV = 5000(1000) as closed(open) diamonds. 
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Langevinn dynamics the same results are found as in case of the Monte Carlo dynamics we used 
forr the Bernasconi model. 

Ass explained in the introduction of this chapter, the dependence of the asymptotic distance 
DooDoo on the initial distance D0, at low temperatures, might be a consequence of the presence 
off a large number of different fixed points with large basins of attraction. This is supported by 
diminishingg differences in D^, for different D0, for increasing temperatures, since an increase 
inn the temperature yields a reduction in the number and the size of the basins of attraction. 
Att Td = 0.5 the number of meta-stable states drops drastically (for increasing temperatures). 
Thiss drop in meta-stable states might cause the fact that the asymptotic distance D^ becomes 
independentt of the initial distance DQ at this temperature. The presence of a large number of 
limit-cycless at finite temperatures might be the argument for the asymptotic distance to be 
unequall to zero and independent on the initial distance DQ above Td-

Thee results we find for the Bernasconi model are the same as found by Derrida and 
Weisbuchh [108] for the Sherrington-Kirkpatrick model. The fact that in this model T0 —> oc 
iss related to the infinite-range character of the interaction. Actually, Derrida[103] has found 
numericall evidence that for finite-dimensional spin glasses there exists a range of temperatures 
wheree the asymptotic distance vanishes. In other words, he found a range of finite values for 
To.. The dependence of the asymptotic overlap on the initial condition DQ found here and in 
[103]] below T\ could well be an artifact of the large-time extrapolation where the time window 
simulatedd and the size as well are not sufficiently large. Unfortunately, it is not easy to simulate 
veryvery large times and sizes in infinite-ranged models like the present one. 

Damagee spreading has also been studied in case of a discrete parallel dynamics for a neural 
networkk with connections given by the prescription of Hopfield [102]. In this model it was found 
thatt the temperatures 7\ and T0 both have a finite value. This result reveals the influence 
off the stochasticity of the dynamical rule on the structure of the phase-space, through a 
parameterr which is usually referred to as temperature. 

Thee results of this section show that the transition 7\ is very close and probably coincides 
withh the dynamical transition temperature Td below which the system never attains equilibrium 
andd ergodicity is broken. Nevertheless, in this case the asymptotic damage apparently depends 
att low temperatures on the initial condition D0 and probably on the type of initial condi-
tionn as well, although such a firm conclusion needs more understanding of damage-spreading 
transitionss for generic updating rules. 

5.55 Summar y 

Thee phase space of models like spin glasses and neural networks is, in general, highly complex. 
Too probe the structure of such a complex phase space we have used the technique of damage 
spreadingg in this chapter. In particular, we have studied damage spreading in a system with 
continuous,, Langevin, dynamics as well as in a system with discrete, Monte Carlo, dynamics. 

Forr the continuous Langevin dynamics of the spherical p-spin model we were able to 
derivee some precise results. We showed the existence of a damage spreading transition at 
aa temperature TQ via a derivation for its upper and lower bound in case of random initial 
conditionss D0. This was supported via i. a numerical integration of the dynamical equations 
andd ii. a series expansion and a Pade approximation. 
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Inn case of identical noises, we argued that the damage spreading transition at T0 is a 
consequencee of an instability in the high-temperature stationary solution D^ = 0. We have 
associatedd this high-temperature instability with the presence of saddle-points in phase-space 
forr systems where the force derives from a potential. More in particular, we have associated 
T00 with the presence of a large number of meta-stable states, e.g., a power of N, but not 
exponentiall in N. 

Wee have found that the damage spreading transition at TQ has the following interesting 
properties:: it is i. independent of the type of initial configuration D0 and ii. stable in the 
presencee of asymmetry. Furthermore, the asymptotic distance D^ is independent of the initial 
distancee D0. This suggests that A » has some of the good properties to be a dynamical order 
parameter. . 

Wee have compared the results for the continuous Langevin dynamics with the discrete 
Montee Carlo dynamics. In order to do so, we have introduced cross-correlators K in case of 
continuouss dynamics. The cross-correlators are associated with two stochastic noises which 
aree correlated, but not necessarily identical. We have found that for any choice of the cross-
correlatorr damage always spreads below temperature T0 = J(p — 2)/2. Such a statement 
iss not possible in case of discrete dynamics, where the various choices for the functions /C 
correspondd to the various algorithms used, e.g., in Monte Carlo dynamics. Thus, the advantage 
off Langevin dynamics with respect to discrete dynamics is that in case of Langevin dynamics 
thee cross-correlator K may be chosen at will. 

Finally,, we stress that the specific results of this chapter obtained for a cross-correlator 
KK = 1 may be altered if other, more complex, cross-correlators fC are studied. In the same 
fashion,, different algorithms in models with discrete dynamics may lead to different results. 
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Samenvattin g g 

Hett is een belangrijke gebeurtenis die elke vier jaar plaatsvindt. Het symbool dat ermee ge-
associeerdd is bestaat uit vijf ringen die op een speciale manier in elkaar gevlochten zijn. Als 
bovendienn het feit wordt toegevoegd dat de oorsprong van deze gebeurtenis in Griekenland 
tee vinden is, zal bijna iedereen gedacht hebben aan de Olympische Spelen. Van de personen, 
diee via deze aanwijzingen de gebeurtenis hebben herkend, wordt gezegd dat ze in staat waren 
informatiee op te roepen, die in hun geheugen is opgeslagen. 

Niett iedereen is in sport geïnteresseerd en sommigen zullen daardoor deze feiten voor het 
eerstt horen. Als, daarentegen, aan deze personen gevraagd zou worden, na de bovenstaande 
paragraaff te hebben gelezen, om wat te zeggen over de Olympische Spelen zouden ze dat waar-
schijnlijkk kunnen: ze hebben in de eerste paragraaf iets geleerd wat ze zich kunnen herinneren 
inn de huidige paragraaf. Met dit eenvoudige experiment worden de twee belangrijkste proces-
senn geïllustreerd die in dit proefschrift theoretisch en met de computer worden bestudeerd: het 
lerenn en het herkennen. 

Hett bovenstaande is de Nederlandse vertaling van de Engelse tekst waarmee de inleiding 
vann dit proefschrift begint. Het is niet de bedoeling een vertaling te geven van het gehele 
proefschriftt en daarom zal ik in een aantal woorden, en zonder formules, proberen te schetsen 
watt er verder allemaal beschreven wordt. 

Doorr experimenteel onderzoek is er al veel bekend over de manier waarop geleerd wordt. 
Menn heeft de invloed van stress op het leren bestudeerd, de maximale hoeveelheid gegevens 
diee men kan leren, en ga zo maar door. Dat leren bestaat is geen punt van discussie meer; wat 
eenn nog onbeantwoorde vraag is, is wat leren in feite voor een proces is. Met andere woorden, 
hoee zorgen de hersenen ervoor dat er iets geleerd wordt? 

Dezee vraag is al door vele wetenschappers gesteld en er is inmiddels ook een idee gegroeid 
vann wat leren in feite is. Het komt hier op neer. De hersenen bestaan uit vele miljarden 
zenuwcellenn die allemaal op een speciale manier met elkaar verbonden zijn. Een zenuwcel is 
eenn cel die elektrische signalen ontvangt, maar ook weer uitzendt. Op deze wijze 'praten' 
zenuwcellenn met elkaar en zorgen ervoor dat de hersenen werken en de taken uitvoeren die 
uitgevoerdd moeten worden. 

Watt belangrijk is in verband met leren is dat zenuwcellen elkaar net niet raken, maar 
gescheidenn zijn door een nauwe spleet. Deze spleet is te vergelijken met het Nauw van Calais 
datt Engeland en Frankrijk van elkaar scheidt. Hoe kunnen elektrische signalen nu vanuit Calais 
inn Dover aankomen zou je zeggen? Ingewikkeld maar toch ook makkelijk: ze nemen de boot, 
of,, in technische termen, neurotransmitters. In de woorden van de metafoor is leren nu dat 
process dat ervoor zorgt dat de boot groter dan we! kleiner wordt of dat maar een deel van 
dee lading gelost kan worden. In de realiteit is leren de verandering in effectiviteit waarmee 
elektrischee signalen worden doorgegeven tussen zenuwcellen (via neurotransmitters). 

Blijftt over experimenteel te testen of dit idee klopt. Dit is makkelijker gezegd dan gedaan, 
wantt tot op dit moment is er geen onomstotelijk bewijs voor de juistheid ervan. Wel zijn er 
sterkee aanwijzingen dat het idee klopt. De moeilijkheid in het bewijs is dat er moet worden 
aangetoondd dat een verandering op het niveau van cellen het gedrag van mensen verandert. 
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Hett is op dit punt dat de theoretisch fysicus zijn intrede doet. Deze is namelijk in staat 
hersenenn te beschrijven met behulp van eenvoudige modellen, ook wel neurale, of neuronale, 
netwerkenn genoemd. Op deze wijze kan hij bepalen welke veranderingen in signaaloverdracht 
tussenn zenuwcellen leiden tot leren en welke niet. 

Inn mijn onderzoek heb ik me in essentie beziggehouden met leren zoals dat in 1949 werd 
voorgesteldd door de Canadese psycholoog Hebb. Hij beweerde dat leren, de verandering in 
effectiviteitt van signaaloverdracht tussen twee zenuwcellen, alleen kan plaatsvinden als deze 
tweee zenuwcellen tegelijkertijd signalen uitzenden. Op grond hiervan zijn er al vele praktische 
voorstellenn gedaan voor deze veranderingen in effectiviteit. Deze worden in het vakgebied 
vann neurale netwerken ook wel leerregels genoemd. In tegenstelling tot deze leerregels, die 
domwegg geponeerd zijn, is de leerregel die ik ga toepassen een regel die uit een algemeen 
erkendd principe wordt afgeleid. In deze afleiding gebruik ik alleen het idee dat elke verandering 
diee tot het opslaan van informatie leidt zo min mogelijk energie mag kosten. De leerregel die ik 
daarmeee vind, heb ik dan ook 'energie besparende leerregel' genoemd. Dit is het belangrijkste 
resultaatt van hoofdstuk 2. 

Hett is de kracht van de theoretische natuurkunde om in eenvoudige modellen de vaak 
ingewikkeldee natuur op een correcte wijze te beschrijven. Pas als een abstract model begrepen is 
wordenn er (soms) details aan toegevoegd om het gat tussen theorie en praktijk te dichten. Ook 
hett hersenmodel dat in hoofdstuk 2 wordt gebruikt verwaarloost vele biologische eigenschappen 
vann individuele zenuwcellen en clusters van zenuwcellen. In de hoofdstukken 3 en 4 komen 
eenn aantal dingen aan de orde die in eerste instantie verwaarloosd zijn. Alhoewel dit mijn 
oorspronkelijkee model weliswaar realistischer maakt, echte hersenen worden er nog niet mee 
nagebootst.. Het is dan ook de uitdaging voor het vakgebied van de neurale netwerken om 
modellenn te ontwikkelen, en bovendien te begrijpen, die steeds dichter bij de realiteit liggen. 

Hett laatste hoofdstuk van mijn proefschrift handelt niet over neurale netwerken maar gaat 
overr glas. Hierbij kan je inderdaad denken aan een ruit in een raam. Wat heeft glas nu te 
makenn met de hersenen, zou je denken? In de praktijk helemaal niets, in de theorie heel veel. 
Hett blijkt namelijk dat theoretische hersenmodellen, de neurale netwerken, sterk lijken op de 
theoretischee modellen die de eigenschappen van glas beschrijven. Hierdoor heeft de studie van 
verschillendee glassoorten veel invloed gehad op het huidige begrip van neurale netwerken. 

Watt nog niet geheel begrepen is van glas is het feit dat glas stroperige eigenschappen 
heeft,, in tegenstelling tot een kristal of steen. Met andere (extreme) woorden, als je maar 
langg genoeg wacht zal al het glas uit je raam op de vensterbank komen te liggen. Wees niet 
bang,, dit proces neemt vele miljoenen jaren in beslag zodat we er niets van merken. Om deze 
stroperigheidd te onderzoeken zijn er vele methoden ontwikkeld. In het laatste hoofdstuk wordt 
éénn ervan gebruikt om te kijken naar de stroperigheid van een model voor een zeker type glas. 
Dee motivatie voor dit onderzoek, binnen het raamwerk van dit proefschrift, is, dat inzichten die 
mett dit soort onderzoek verkregen wordt, ook de inzichten in (biologische) neurale netwerken 
kann bevorderen. 

Hett doel van het onderzoek is geweest al bestaande neurale-netwerk-modellen te verrijken 
mett ter zake doende biologische bijzonderheden. Tevens is er gewerkt aan het vergroten van de 
algemenee kennis van de klasse van modellen waartoe de neurale netwerk modellen ook behoren. 
Opp beide terreinen valt nog veel te ontdekken, en het is mijn hoop dat dit proefschrift een 
opstapjee kan betekenen voor anderen de vooruitgang op het gebied van het onderzoek naar 
dee werking van de hersenen vorm te geven. 



Dankwoor d d 

Eindelijkk is het dan zover, het schrijven van het dankwoord. Voor mij betekent dat de afsluiting 
vann de periode die ik bij de Universiteit van Amsterdam heb doorgebracht, eerst als student 
enn later als assistent in opleiding (AIO). Na bijna twaalf jaar is er veel om op terug te kijken, 
zowell binnen als buiten de universiteit. Velen hebben in deze periode een rol gespeeld in mijn 
leven.. Enkelen zal ik bij name noemen. Dit betekent niet dat ik de rest vergeten ben. 

Tenn eerste ben ik dank verschuldigd aan Willem, zonder wie dit proefschrift nooit tot stand 
zouu zijn gekomen. Vele uren hebben we gediscussieerd om het onderzoek weer op het juiste 
padd te brengen als ik weer eens verdwaald was in m'n 'selv' gecreëerd moeras van berekeningen 
enn bedenkselen. Thee met hazelnoottaartjes was vaak een welkome adempauze. 

Mijnn promotores Hans en Bernard dank ik voor hun waardevolle bijdragen aan de diverse 
hoofdstukken. . 

Hett laatste hoofdstuk van het proefschrift is tot stand gekomen uit onderzoek dat ik samen 
mett Felix verricht heb. Zijn expertise op het gebied van glazen deed me soms duizelen, maar 
ikk dank hem voor het geduld waarmee hij deze op mij over bracht. Een hoogtepunt in het 
onderzoekk was voor mij het werkbezoek dat ik aan hem in Barcelona bracht. 

Bobb dank ik voor zijn rol als vraagbaak naar de vele experimentele gegevens over de 
hersenenn die voor een theoreet minder toegankelijk zijn. Ilse dank ik voor haar hulp bij het 
vergrotenn van de leesbaarheid van de Nederlandse samenvatting. 

Hett Instituut voor Theoretische Fysica is een prettige plek om te werken geweest, mogelijk 
gemaaktt door de vaste staf, post-docs en mede-promovendi. Altijd was er wel iemand bereid 
mee te helpen bij een vraag of een probleem. Tot mijn genoegen heb ik een groot deel van de 
tijdd de kamer gedeeld met Hanna en Michael. Met Michael had ik menig vrolijk gesprek in het 
Duits. . 

Mijnn natuurkunde leraar van de middelbare school heeft eens gezegd dat studeren een 
kwestiee is van een goede belans tussen concentratie en ontspanning. Ontspanning vind ik 
inn het sporten en dan met name in de atletiek. Zonder atletiek had ik het waarschijnlijk 
niett volgehouden om dagen achtereen stil te zitten achter m'n bureau, pijnzend om de altijd 
aanwezigee problemen op te lossen. Onder de enthousiaste leiding van Marcel was het prettig 
trainenn met de Nathalie's, Stijn, Pirn, Michael, Antoinette, Jantine, Tjitske, Alex, Marivonne, 
Richard,, Wim en vele anderen. Met dit groepje werd niet alleen getraind. Ook andere vormen 
vann vermaak werden ondernomen, zoals het café, de bioscoop en de disco. Daarnaast hebben 
dee aktiviteiten met Arnaud en met Guido voor veel plezier gezorgd. 

Hett onderzoek wordt in dit proefschrift uitvoerig beschreven. Om een beeld te geven wat 
err zoal naast het onderzoek is gebeurd heb ik op de achterkant een collage gemaakt van foto's 
vann de afgelopen jaren. 

'Dee laatste loodjes wegen het zwaarst'. Zo voelde het althans om dit proefschrift af te 
ronden;; Gelukkig was daar ineens Nicole om voor verlichting te zorgen. 

Tenslottee wil ik m'n ouders bedanken. Zij hebben het mogelijk gemaakt dat ik überhaupt 
aann dit proefschrift kon beginnen en hebben altijd klaar gestaan om me te steunen met woord 
enn daad. 
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