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22 Derivatio n of Hebb' s rul e 

2.11 Introductio n 

Inn this chapter we consider some theoretical aspects of the changes of the connections as they 
couldd take place between the nerve ceils, or neurons, of the brain. In a learning process, these 
connectionss change continuously, and are adapted in such a way that a particular task, e.g., 
thee storage of patterns, is achieved. The answer to the question in which way the connections 
betweenn neurons actually change, in response to external stimuli, can only be given by experi-
ment,, not via any theoretical discussion. Although there is a lot of experimental activity related 
too the study of functioning of neurons, there is not yet a unique answer to this question: see 
e.g.,, the 1998 review articles of Buonomano and Merzenich [63] or Marder [64], or the 1990 
revieww article of Brown et al. [65]. 

Theree is a great amount of evidence that synapses do change in a learning process, and, 
sincee the appearance of Hebb's article [17] many quantitative proposals, all complying with 
Hebb'ss postulate, have been put forward. Also the present chapter is concerned with such a 
quantitativee expression for the synaptic changes. However, rather than postulating a learning 
rule,, we derive it from some underlying principle. As a final result, we find a learning rule 
forr the adaptation of the strengths, or weights, Wij, of a synapse connecting a post-synaptic 
neuronn i and a pre-synaptic neuron j. Its explicit form reads: 

Awy(f»)) = TH[K - {hiiU) - ft}(26 - l)](2fc - 1& (2.1) 

Thiss —asymmetric— learning rule gives Awy, the positive or negative increment of the weight 
wij,wij, as a function of the activities & and £j of neurons i and j of the synapse that connects 
thesee neurons. In our convention, the activity £ of a neuron equals 1 if it generates an action 
potential,, and 0 if it is quiescent. The function h is the potential difference between the interior 
andd the exterior of a neuron, at its axon hillock. The formula gives the change at time tn. The 
indexx n denotes the time at the n-th learning step in the process of learning (n = 1,2,...). 
Thee threshold potential, $i, is a constant, typical for the neuron i in question. It equals, by 
definition,, the potential that must be surmounted, at the axon hillock of neuron i, in order 
thatt it will fire. The quantities T/J and K are also constants. Their precise identification, as 
variabless related to individual and collective neuron properties, is outside the scope of the 
presentt chapter. The learning rule (2.1), which constitutes our main result as far as biology is 
concerned,, has a form that is compatible with Hebb's postulate. 

Itt is a well-known fact that, for a given neural net with strengths Wij of the weights, there 
aree infinitely many ways to choose changes Au/y- of the weights such that the network will 
performm storage and retrieval of a new pattern. The derivation of our learning rule is based 
onn the assumption that, at each instant of the learning process, the energy needed to change 
thee neural network in order to store a new pattern, is minimal. The requirement that, at each 
stepp n of the learning process, the energy energy needed is as low as possible, turns out to be 
sufficientt to uniquely determine the way in which the weight of each synapse connecting two 
arbitraryy neurons i and j should be changed, and thus fixes a learning rule for the adaptation 
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off the weights of all the connections. We will call this learning rule, the 'non-local energy 
savingg learning rule', since it turns out to depend on the state of activity of all neurons j from 
whichh neuron i receives its input. It is given by eq. (2.39) below. 

Itt is impossible, however, for a synapse connecting two neurons i and j, to realize the non-
locall energy saving learning rule (2.39) exactly, as follows by a careful inspection of formula 
(2.39).. In fact, in order to adapt itself according to this learning rule, a synapse between i and 
jj would have to 'know' the individual states of activity f* of all pre-synaptic neurons k from 
whichh neuron i gets its input, whereas a synapse only 'feels' the states of the two neurons i 
andd j which it connects. The best a synapse can do in order to compete with the performance 
off the non-local learning rule (2.39) is to adapt itself according to a learning rule that is a 
locall approximation of the non-local learning rule. It is this local approximation, given the 
expressionn (2.1) above, which constitutes our main biological result. We will refer to it as the 
locall energy saving learning rule, to distinguish it from its non-local counterpart. The point of 
localityy of learning rules is discussed in more detail in section 2.6. 

AA numerical estimation of the performance of the local learning rule, eq. (2.1), versus to 
thee non-local one, eq. (2.39), is made in section 2.7. Local learning turns out to be a very 
effectivee alternative for non-local learning, as well as regarding its power to store and retrieve 
patternss as with respect to its capacity to be economic in use of energy. 

Inn order to arrive at the non-local energy saving learning rule, we think of a neuron as a 
livingg cell. A living cell, as a physical object, is a stationary non-equilibrium system. The basic 
assumptionn of this chapter is that any type of change of the cellular cleft can only be effected 
byy adding energy to the non-equilibrium system, independent of the fact whether it leads to 
aa strengthening or a weakening of the synaptic efficacy. This is a plausible, but not totally 
triviall postulate, which can only be falsified by a detailed biophysical or biochemical study of 
thee process of change of the synapse. In our setup, the mere assumption that extra energy is 
neededd for any change of the synapse, independent of the fact whether it leads to an increase 
orr a decrease of its efficiency, replaces Hebb's postulate on efficiency cited above. 

Beforee starting the derivation of the energy saving learning rule itself, we discuss, in sec-
tionn 2.3, the 81 possibilities which, in principle, are compatible with Hebb's postulate. In 
particular,, we consider these mathematical realizations with respect to there biological plau-
sibility.. We then find that, in fact, out of the 81 learning rules that are possible in principle, 
onlyy two are also biologically plausible. These are the learning rules (2.18) and (2.19). 

Thee actual derivation of the energy saving learning rule is performed in section 2.4. To 
ourr satisfaction, it general form turns out to imply the two forms (2.18) and (2.19) expected 
inn the preceding section on biological grounds only. Thus our 'principle of minimal change of 
energy',, which might lead, a priori, to any of the 81 possibilities for a realization of a learning 
rulee for the change of weight of a synapse, happens to yield precisely those rules which are 
biologicall plausible. 

Inn section 2.5 we consider the situation that the changes of the connections do not take 
placee in an energetically optimal way, but in such a way that patterns are not partially wiped 
outt when new patterns are learned as is the case for learning based on the energy saving 
learningg rule (2.1) or (2.39). We then ask ourselves the question which learning rule would 
thenn be found for the changes AivtJ of the synaptic weights. Again, its general form turns out 
too comply with one of the 81 possible realizations of the Hebb rule considered in section 2.3, 
but,, in this case, it is an biologically improbable one. We therefore do not pursue this path 
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anyy further. 
Thee question might arise whether the non-local energy saving learning rule converges, in 

thee limit that the number of learning steps tends to infinity. And, if so, to what values they 
thenn would converge. The answers to these questions are the subject of section 2.4.2. 

Theree exists a well-know way to obtain the final form of the connection strengths w^ of an 
artificiall neural network that can store and retrieve a set of patterns: it goes under the name 
'pseudoo inverse solution' [44, 45]. By inversion of a certain matrix related to the patterns to 
bee stored, the so-called correlation matrix, one can obtain, without any limiting procedure, 
finall values for the weights Wij  of the connections of a neural network that yield the desired 
resultt of being capable of storing and retrieving a collection of patterns. 

Ass mentioned in the previous chapter, we will study, from the very beginning, diluted, or 
partiallyy connected, networks. In the limit that the dilution tends to zero, we rediscover, if we 
relaxx the requirement that the self-connections all vanish, some of the well-known results for 
fullyy connected networks, in particular those of Diederich and Opper [46], and of Linkevich 
[66]. . 

AA possible question one might now ask is: is there any relation between the final values 
obtainedd for the weights lu^ obtained in the limit of an infinite number of learning steps, 
nn -> co, at the one hand and the values obtained via the pseudo-in verse method at the other 
hand?? The answer to this question is as simple as it is amazing: the results are identical. The 
prooff of this point is the subject of appendix B, where the method of pseudo-inverse is modified 
inn such a way that it can be used for partially connected networks. Thus, as a final conclusion, 
wee can state that /'. the assumption of economy of energy in a learning step, /'/'. the well-known 
methodd based on the pseudo-inverse of the correlation matrix and ///'. biological plausibility 
off a learning rule are three members of a trio that work in concert. We want to stress, once 
again,, that the question whether the evolutionary development of the brain actually has led 
too an adaptation process of the synapses that is energetically the most economical, is, as yet, 
experimentally,, an open question. It is not excluded that the realization of the changes of the 
synapsess might take place in a biologically less probable, or an energetically less favourable 
way.. Our only certainty is that economy of energy and biological probability go hand in hand. 

2.22 Attracto r neura l networ k mode l 

Dynamic ss  We consider a network of N interconnected McCulloch and Pitts neurons in the 
binaryy representation, i.e., each neuron can have a state X{ — 1 (the neuron produces one 
action-potentiall or spike) or xi = 0 (the neuron is quiescent). 

Thee post-synaptic potential of neuron i at time t of this system of neurons is modeled by 

hhtt(t)(t) = JT Wijitfcit) (i = 1,..., N) (2.2) 

wheree the Xj(t)  are the input signals at time t and where the ?%(£) are the synaptic weights. 
Thee output of neuron i is supposed to be given by the dynamical equation 

Xi(tXi(t + At) = e^hS) -$i) (i = 1,..., N) (2.3) 

wheree the constant Si is the activation threshold characteristic of neuron i and where At is 
somee discrete time step. 
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Fixe dd point s We want to determine the synaptic efficacies of an attractor neural network, 
i.e.,, of a network which can recall a number, p say, of previously stored patterns. The realization 
off a recall corresponds to a fixed network state of the network dynamics (2.3). Let us denote 
thee patterns of activity, or patterns, by £" = (£{*,..., f{J) , where // = 1 , . . . ,p. Thus £f = 1 
orr f? = 0 with i = 1 , . . . , N and / i — 1 , . . . ,p. The probability that a neuron i is in the state 
11 or 0 is supposed to be given by a or (1 - a) respectively. The quantity a is usually called 
thee mean activity of the neural net. For random patterns the mean activity a is given by 0.5. 
Inn biological neural networks, however, the mean activity a is smaller [67]. 

Thus,, a network which has stored, somehow, p patterns £** satisfies the fixed point equa-
tions s 

xt(txt(t + At) = xt(t) for Xi(t) = Q (i = l , . . . ,JV;/ i= l p) (2.4) 
Hence,, equations (2.3) and (2.4) yield the pN equations 

£?? = eH ( 5 > y ( < ) # - 0 i) (2.5) 
3=1 3=1 

forr  TV2 unknown Wi/s. 
Lett us now introduce so-called stability coefficients -yf [68]: 

7 f ( 00 := (>»?( * ) - f t ) ( 2 t f - l ) (2-6) 

withh hf the post-synaptic potential 

W(t)W(t) = E*>ij(t)$- (2.7) 

Remarkk that ^(t) = j?{wn{t),wl2{t),... ,wN_hN(t),wNN(t)), i.e., -yf depends, via /if, on 
alll  weights w^. 

Onee easily checks, by distinguishing the cases £f = 1 and £f = 0, that an equivalent way 
too express the equalities (2.5) are the pN /nequalities 

7 ? ( 0 > 0 .. (2.8) 

Thee inequality sign in (2.8) reflects that fact that the set of equations (2.5) is under-
determined,, i.e., the eqs. (2.8) are necessary but not sufficient equations to determine uniquely 
aa set of weights of a network which has stored some patterns. 

Ann arbitrary pattern X ( t ) will only be recalled if it evolves in time to one of the fixed points 
$?.$?. Therefore, it is not sufficient for a network to have fixed points: for each of the p fixed 
pointss that is related to a retrieval of a pattern £M, there must exist a whole neighborhood of 
pointss around £M which is such that all points of this neighborhood will evolve to ^ under 
thee dynamics (2.3). In technical terms, the fixed points ^ must have a non-zero basin of 
attraction.. For this reason, one may introduce [46, 40, 43] a positive threshold K, and demand 
thee stronger inequalities 

-yff  W > * (2-9) 

too hold, rather than the inequalities (2.8), which are equivalent to the fixed point equations 
(2.5).. The larger the threshold K, the larger the basins of attractions can be expected to be 
[40,, 43]. 
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Inn order to solve the equations (2.9) for the unknown weights w^, we consider the case 
thatt the equality sign holds. Then (2.9) can be recast in the equivalent form 

f X ^ - ^ ^ C f - l )) (,' = l,...,JV;/i = l,...,p) (2.10) 
j= i i 

ass may be checked by putting f f equal to 1 or 0. The pN equations (2.10) do not fix uniquely 
thee N2 weights uiy as long as p < N, the case we consider throughout this chapter. The 
storagee capacity a, defined as a := p/N, of a neural network is maximally equal to one for 
networkss described by eqs. (2.10). 

Variou ss type s of network s It is our aim to take into account specific aspects of the 
connectivityy of a biological network. In a biological neural network a neuron does not excite 
orr inhibit itself, i.e., for all t we have for the self-interactions (or self-connections) 

wwuu(t)(t) = 0 (t = 1 JV). (2.11) 

Moreover,, a biological network will, in general, be partially connected: each neuron will have 
somee neighbourhood outside which there are no connections, i.e., 

wwtJtJ(t)(t) = Q (2.12) 

forr a given set of neuron pairs {i,j).  We shall call a network in which a (finite) fraction of the 
weightss vanish, a diluted network. Let M0 be the number of pairs (i, j) for which Wij(t) = 0. 
Thenn the dilution d of a network of N neurons is defined as 

d:=Md:=M QQ/N/N22.. (2.13) 

Hence,, the dilution d is a number between 0 and 1. 
Lett us slightly generalize the above by distinguishing in a learning process changingg and non-

changingg connections Wij(t) instead of changing and vanishing connections. Let us consider, 
forr a moment, one particular neuron i. Then one may define the index sets 

ViVi := {j  i Wij{t) * Wij{to)} Vf := {j  | wtj(t) = wtj(t0)} . (2.14) 

Thuss Vi contains the indices related to all connections of neuron i that, in a learning process, 
changee in time, whereas its complement, Vf, contains the indices related to all non-changing 
connections.. In particular Vf contains the index of neuron i itself [wu(t) = wtl(t0) = 0], the 
indicess of neurons j which have no connections with neuron i [wij(t) = Wij(t0) = 0], and 
thee indices of neurons j which have connections with fixed strengths with neuron i [wij(t) -
Wij{to)Wij{to) / 0]. Thus, diluted networks are a subclass of networks with changing and non-
changingg connections. By specifying, via eq. (2.14), which connections are absent, the network 
connectivityy is completely defined. In our numerical study, this will be done independently from 
thee choice g = 1 or Q = 0 for all i and / i . 

Forr later use, we introduce M, the number of pairs (i, j) for which Wij(t) = Wij(t0) is 
constant,, but not necessarily equal to zero. 
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2.33 Learnin g prescription s — Hebb rules 

Inn this section we will consider all mathematical realizations which are, in principle, compatible 
withh Hebb's postulate. We will argue that, in our view, only two of them, namely (2.18) and 
(2.19)) are biologically plausible, in contrast to the realizations (2.20) and (2.21) used in the 
literature.. In order to show this, let us consider a network with changing and non-changing 
connections,, in which a learning process takes place with the purpose to store a collection of 
pp patterns £" . Let the weights at time tn be given by Wij(tn). After a learning step the new 
weightss will be given in terms of the old weights by 

„ ,, (f \ - ƒ «>«('«) + A™ij( 0 U € V-) 
Wij[tWij[t nn+i)+i)  - < 1 -̂15J 

l « W n)) (J € Vi) 
wheree Awij(tn) is the increment at time tn. A learning rule is a recipe for the change Awij 
ass a function of the state of the post-synaptic neuron i and the pre-synaptic neuron j when a 
patternn ( £ x , . . . , £N) is presented to the network. There are four possible states (&, £,) that the 
post-- and pre-synaptic neuron can have, namely (0,0), (0,1), (1,0) and (1,1), each of which 
mayy lead to one of the three possible changes for Aiüy: positive, negative or zero. Hence, in 
principlee there are 34 = 81 possible learning rules 

Atüyy : (£,&)  Awijfatj). (2.16) 

Itt is biologically improbable that connections will always grow or will always decrease. 
Therefore,, we exclude learning rules for which AiUy(&,£j), for all four states (&, £,). a|re 
eitherr always positive, or always negative (reason of rejection a of table 2.1) . Moreover, in 
ourr opinion, it is biologically probable that a connection between a pre-synaptic neuron j and 
aa post-synaptic neuron i does not change if the neuron j does not contribute to the post-
synapticc potential of neuron i, i.e., if £, = 0. Therefore, we exclude learning rules for which 
AA Wij ( 6 , 6 = 0) / 0 with & = 0,1 (reason of rejection b of table 2.1) . 

Excludingg these improbable learning rules, we are left with no more than two learning 
rules,, as may be verified by a simple inspection of table 2.1. One of these corresponds to the 
assignments s 

( 0 , 0 ) — > A t « y =00 (0,1)  Aw 0-< 0 

(1,0)) .—> Aw  ̂ = 0 (1,1) > Awij > 0 [ ' ] 

(columnn H in table 2.1), which can be expressed compactly by the formula 

AwAwijij =e=eijij (2Z(2Zii-l)Z-l)Zjj (2.18) 

wheree the €ijt here and elsewhere in this chapter, are positive numbers. Similarly, the other 
onee can be expressed by the formula 

AwyAwy = -€ij{2Zi-l)i J. (2.19) 

(columnn A in table 2.1). 
Learningg can be classified as Hebbian or anti-Hebbian. Hebbian learning is characterized 

byy the fact that, if both neurons i and j are active, Awij is positive, whereas for anti-Hebbian 
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(t\\ i) 
(0,0) ) 

(0,1) ) 

(1.0) ) 

(i,D D 

(iJ) (iJ) 
(0,0) ) 

(0,1) ) 

(1,0) ) 

(1,1) ) 

(»".i) ) 
(0,0) ) 

(0,1) ) 

(1,0) ) 

(1,1) ) 

GG H 
0 0 0 0 0 0 0 0 0 0 

t t t o o o 4 4 4 4 
t O i t O i t O I I 
t t t t t t t t t t 
aa a a a 

bb 6 6 6 6 6 

A A 
0 0 0 0 0 0 0 0 0 0 

t t t o o o 4 4 4 4 
T 0 4 T 0 4 T 0 4 4 
4 4 4 4 4 4 4 4 4 4 

aa a a a 

bb b b 6 6 6 

0 0 0 0 0 0 0 0 0 0 

T t t o o o i i i i 
t 0 4 . t 0 4 . t 0 4 4 
0 0 0 0 0 0 0 0 0 0 

aa a a a a a 

bb 6 6 6 6 6 

P P 

tt T t T T t t t t 
t t t 0 0 0 4 4 4 4 
TT 0 4 t 0 4 t 0 4 
TT t t t t T t T T 
aa a a a 

6 6 6 6 6 6 6 66 6 

T t t t t t t t t t 
t t t O 0 0 4 4 4 4 
tt 0 4. t 0 4- T 0 4 
4-- 4- 4- 4 4 4 4 4 4 

6 6 6 6 6 6 6 6 6 6 

tt T t T T t t t t 
tt T t 0 0 0 4 4- 4. 
TT 0 4 t 0 4 t 0 | 
0 0 0 0 0 0 0 0 0 0 

aa a a a 
6 6 6 6 6 6 6 6 6 6 

4 . 4 . 4 4 . 4 . 4 , 4 . 4 . 4 4 
t t t 0 0 0 4 4 4 4 
tt 0 4 T 0 4 t 0 4 
TT T t T T t t t t 

6 6 6 6 6 6 6 6 6 6 

4 4 4 4 4 4 4 4 4 4 
t t t 0 0 0 4 4 4 4 
TT 0 4 T 0 4 T 0 4 
1 44 4 4 - 4 1 1 4 4 

aa a a a 

6 6 6 6 6 6 6 6 6 6 

4 4 4 4 4 4 4 4 4 4 
tt t t 0 0 0 4 4 4 
tt 0 4 t 0 4 t 0 4 
0 0 0 0 0 0 0 0 0 0 

aa a a a 

6 6 6 6 6 6 6 6 6 6 

Tablee 2.1: A surve y of possibl e biologica l learnin g rules . The 81 possible ways in which 
WijWij  may change as a function of the activities of the post-synaptic neuron i and the pre-
synapticc neuron j can be read off from the 81 columns of the table. Each row may have up 
arrowss ( t ) , down arrows (I) or zeros, indicating a strengthening, a weakening or no change 
off a synaptic connection. The biological reason to reject a column is indicated by the letter 
aa or b immediately below the column. The reasons are a: there either is only strengthening 
orr weakening of the synapse, b: there is a change of the synaptic strength if the pre-synaptic 
neuronn j is inactive. From the table we can read off that 78 possibilities are excluded for reason 
aa and/or b. The column with only zeros is excluded for obvious reasons. The two possibilities 
forr the Hebb rule which we are left with are indicated by the symbols H and A: the first 
correspondss to what is called Hebbian learning, the second to what is called anti-Hebbian 
learning.. If we do not reject a possibility for reason b, there are many more possible Hebbian 
rules.. The possibility indicated by G was used by Gardner [53]. The one preferred by physicists 
inn their modeling of neural networks, has been indicated by the symbol P. 

learningg Awy is negative. So, the two remaining learning rules (2.18) and (2.19) are Hebbian 
andd anti-Hebbian, respectively. The learning rules (2.18) and (2.19) have, to the best of our 
knowledge,, not been used, as yet, in mathematical or physical studies that tried to model 
biologicall neural systems (see, e.g. [12, 69, 70]). In [70], however, van Hemmen et. al. obtain 
aa result that is, in a particular case, the same as ours: if one puts the activity equal to zero 
(whichh corresponds to taking a = - 1 in their convention) their result becomes equal to our 
resultt (which holds for all values of a). 

Iff we allow for the possibility that Awij ^ 0 if the pre-synaptic neuron j is inactive 
(fj-- = 0), there are many extra possible mappings (2.16), of which we mention the two most 
oftenn encountered in the literature 

HH = € ^ ( 2 ^ - 1) (2-20) 

http://t04.t04.t04
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AwAwtjtj = ey(2&  - l)(2fc - 1) (2.21) 

Thee learning rule (2.20) was used, e.g., by Gardner [53] in studying the retrieval properties 
off a neural network with an asymmetric learning rule (row G in table 2.1). The learning rule 
(2.21)) is the one most often used by physicists [69, 16] in their modeling of neural networks 
(roww P in table 2.1). 

Finally,, let us compare the four learning rules (2.18)-(2.21) after one learning step of one 
patternn £. Let us suppose that a pattern £ is not yet learned at time t0 so that, in view of 
(2.9),, the quantity 7»(to) is negative. In order to store a pattern, j{ should be positive. Upon 
substitutionn of the Hebbian or symmetric learning rules (2.18) or (2.21) into (2.6) we find 

$$ (2-22) 

forr the anti-Hebbian learning rule (2.19) we get 

7i(*i )) = 7*(*o) - £ €yfc (2.23) 

whereass for the asymmetric learning rule (2.20) we obtain 

7 i ( * i ) = 7 i ( < o ) + 6 £ e y 66 (2.24) 
jew jew 

wheree t0 is the initial time and t i is the time after one learning step. By a suitable choice for e^ 
itt can always be achieved that ji{ti) is positive in case of the Hebbian and symmetric learning 
ruless (2.18) and (2.21), whatever are the values of & and £Jt as follows from (2.22). This 
cann never be achieved in case of the anti-Hebbian learning rule (2.19), as is seen from (2.23). 
Finally,, in case & = 0, this can never be achieved for the asymmetric learning rule (2.20), as 
cann be read off from (2.24). These simple arguments show that the Hebbian and symmetric 
learningg rules (2.18) and (2.21) — but not the anti-Hebbian and asymmetric learning rules 
(2.19)) and (2.20) :— are, in principle, suitable for storage of patterns. 

Inn the next section we will show that the requirement that synaptic changes take place in 
ann energetically economic way leads to a learning rule which, depending on the state of the 
post-synapticc neuron i, is of the Hebbian or anti-Hebbian form (2.18) or (2.19). Hence, the 
naivee approach of this section, which leads to the two forms (2.18) and (2.19), is consistent 
withh an approach which is based on a physical principle. 

2.44 Energ y savin g learnin g rul e 

Inn the literature, Hebb rules for the change of the synaptic connections have been derived in 
variouss manners, many of which essentially correspond to the determination of an extremum 
off some 'Lyapunov' or 'cost function', also called 'energy function' 

HH((tt)) = -lE Jij(t)si(t)Sj(t). (2.25) 
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Iff jtj = Jjit eq. (2.25) is the central equation of the Hopfield model [16]. In case of an Ising 
systemm of atoms with spins, an equation of the form (2.25) corresponds to the actual physical 
energyy of the spin-system. 

Forr a system of neurons, however, an energy function of the form (2.25) is an ad-hoc 
postulate.. It is not derived from or suggested by some underlying biological, biochemical or 
biophysicall principle. In other words, the function (2.25), is, a priori, totally unrelated to the 
actuall energy of the neural system. Consequently, a 'derivation' leading to a Hebb rule based 
onn a function of the type (2.25), (see, e.g., [37]), is just as ad hoc as the postulate underlying 
it. . 

Inn this section we will show that the Hebb rule (2.18) and its anti-Hebbian counterpart 
(2.19)) can be found by postulating that the (biochemical) energy needed to change the 
synapsess — in order to store a new pattern £ — is minimal. We thus show that these particular 
Hebbb rules — and only these ones — are consistent with a physical principle. The argument 
runss as follows. 

Thee energy AEi3 to change the connection tUy(*„) to Wij(tn+i) will be some function of 
thee magnitude of the change Awij(tn) occurring in (2.15) 

AEijAEij = fijiAwij).  (2-26) 

Iff a synapse between the neurons i and j is not changed in a learning step there is no energy 
consumed.. Hence, the energy change AEij vanishes if A«iy = 0, i.e., 

fij(0)fij(0)  = 0. (2.27) 

Moreover,, we assume that a change of a synapse, whether it be a strengthening or a weakening, 
cann only be achieved by adding energy to the system. Thus, if Auiy 7̂  0, we put, 

ffijij (Aw(Awijij )>0.)>0. (2.28) 

Thee equations (2.27) and (2.28) enable us to obtain a useful approximate expression for the 

energyy change AEij. 
Inn general, ƒ„  will be a function which grows for larger arguments Awy . The assumption 

thatt the function ƒ„ will be linear, together with (2.28), results in a function that will not be 
differentiatee and as a consequence difficult to treat analytically. 

Inn our approach we assume the function fi3 to be differentiate to avoid this problem. 
Wee first note that any differentiable function f(x) can be written as a power series f(x) = 

c(o)) + c ( i ) x -1- CC2)X
2 + ... . Thus, we have for the function (2.26), up to terms quadratic in 

Awij, Awij, 
fij(Awij)fij(Awij)  = 40) + c^Awi3 + cfj>Awl (2.29) 

where,, in view of (2.27) and (2.28) the coefficients have the properties 

00 c«=0 <f >0. (2.30) 

Thee total change AE in the n-th learning step «;„(*„) —> Wij(tn+i), where in principle all 
WijWij with j <E Vi may change, is given by the sum of the individual changes, 

AE(AwAE(Awklkl)) = E E fv(*Wij) (2-31) 
i=\i=\  jeVi 
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or,, inserting (2.29) with (2.30), by 

N N 

AE(wAE(wkki{ti{t n+1n+1)))) = E £ ^j {wij(tn+1) - Wij(tn))
2 . (2.32) 

Notee that from now on dff  will be denoted as c^. From (2.32) we see that our assumption on 
thee function / ^ to be differentiable leads to a quadratic form in the changes in the connections. 
Itt has to be remarked that it remains to be seen whether such a dependency holds in reality. 
Onn the other hand it is the best assumption we have at our disposal at this moment. 

Inn the present study time is considered to be discrete. Together with the quadratic function 
(2.32)) it has the effect that learning in two time-steps is energetically more economical than 
learningg in one time-step. For instance, putting all connections from value zero to a value w 
inn one step, one needs an energy AEX say. If, however, one puts all connections to a value w 
viaa an intermediate value, w/2 say, one arrives at an energy AE2 = AEx/2. 

Equationn (2.32) will be our starting point for the derivation of the energy saving learning 
rulee (2.39). It is the general form any differentiate expression must have that describes the 
energyy needed to adapt the connection strengths wv- as a function of their changes Awi3. We 
noww will minimize the change in energy AE as a function of the new weights wki(tn+x) under 
thee constraint (2.10) using the Lagrange method. This was the reason to write AE in (2.32) 
ass a function of the wkl(tn+i) rather than as a function of the Awki = wM(tn+1) - wkl(tn), 
ass was done in (2.31). 

2.4.11 Storag e of one patter n 

Lett us consider at the n-th learning step, i.e., at time tn, the storage of one pattern £ in a 
networkk with connections given by wi:j(tn). In other words we assume at time tn the connections 
off the network to be such that the fixed point equations (2.10) do not hold for the pattern 
£.. It our goal to find a change in the connections such that at time fn+1 the fixed point 
equationss are satisfied for the pattern £. Moreover, we want this change in the connections to 
bee accompied with a minimal consumption of energy. 

Inn case of a network with changing and non-changing weights as introduced in section 2.2, 
thee expression for the change of energy is, up to second order in the changes of the synaptic 
weights,, given by (2.32). Note that a minimization of the one condition (2.32) under the 
constraintt induced by the fixed point equations (2.10) implies a minimization of the N2 - M 
changess Aw^(tn), since a sum of positive terms is minimal if and only if each term is minimal; 
recalll that M is the number of synapses with constant weights wv-. 

Forr the storage of one single pattern £, one may rewrite the fixed point equations (2.10) 
att time t = i n + 1 in the form 

9i{w9i{wijij (t(tn+1n+1))=0))=0 (i = l , . . . ,JV) (2.33) 

where e 

S i O M W i ) )) = «(26 - 1) - E t M O < i " £ Ww(*»+i)& + %  (2-34) 

Remarkk that for all j e Vf the connections Wij do not change in time, i.e., for all j e Vf we 
havee that wi:j{tn) = Wij(tQ). 
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Thee method of Lagrange multipliers tells that one finds the extrema of (2.32) subject to 
thee auxiliary conditions (2.33) from the N2 - M equations 

»»ddiiEE x + £ > „  du ^=° (t = l , . . . , iV; jeV«). (2-35) 
dwij(tdwij(tn+ln+l )) ^[ dwij{tn+1) 

Uponn substitution of (2.32) and (2.34) into this expression, we find the N2 - M relations 

Wijitn+i)Wijitn+i)  = Wij(tn) + — \i£j {i  = l,...,N;j£Vi). (2.36) 
ZCij ZCij 

Inn the method of Lagrange multipliers the number of constraints equals the number of Lagrange 
multiplierss \ . Hence, there are N Lagrange multipliers. Since the N multipliers A» are unequal 
too zero, it follows from the N2 - M equations (2.36) that N2 - M > N, or M < N2 - N. 
Wee now have obtained the N + N2 - M equations (2.33) and (2.36) for the N + N2 - M 
unknownss Aj and Wij(tn+i). 

Thee structure of these equations happens to be such that an explicit expression for the 
Aj'ss can be found, and thereupon, an explicit expression for the Wij(tn+i)'s can be obtained. 
Thee procedure is as follows. 

Eliminatingg the Wij(tn+i)'s from (2.33) with the help of (2.36), leads to 

Aii  = 2( £ a/c,*)-1 [K - 7<(*„)] (2& " 1) (2-37) 
keVi keVi 

wheree we used the property (£j)2 = £,. Substituting this expression for A; into (2.36) yields 

wwi3i3(t(tn+ln+l )) = wi3{tn) + (Cij £ We* ) '1 [K - 7*(*n)] (2^ - l)€i Ü' e Vt) (2.38) 

or,, equivalently [see eq. (2.15)], 

AWijitn)AWijitn) = (ci3 J2 ft/Cub)-1 [« " 7«(*n)] (2& - 1)0 0' € Vi) (2.39) 
fcev-fcev-

wheree K is the positive parameter (2.9) related to the basins of attraction, and where the 
7ii (i = 1 , . . . , N) are the stability coefficients given by (2.6). We will refer to (2.39) by the 
namee of non-local energy saving learning rule, since the denominator of (2.39) depends on the 
inputt from all neurons k that are connected via changing connections to neuron i. The factor 
betweenn square brackets 

KK - 7i(t») = « - [K{t n) - 0i)(2& - 1) (2.40) 

dependss solely upon the temporal and environmental state of the post-synaptic neuron i, that 
is,, on its post-synaptic potential hi at time tn of the n-th learning step, its thresholds 9it 

itss activity & and a parameter K. The factor (2.40) can be positive or negative. Therefore, 
thee learning rule (2.39)-(2.40) derived here from the assumption of minimal energy change 
perr learning step, happens to coincide with the particular Hebbian learning rule (2.18) and 
itss anti-Hebbian counterpart (2.19) found in section 2.3 on purely intuitive grounds, grounds 
whichh were related to biological plausibility. 
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Wee thus have shown that if biological neurons would adapt their connections according 
too the non-local energy saving learning rule (2.39), this adaptation would be such that the 
networkk would fulfill the fixed point equation (2.10) for a pattern £. Moreover, the learning 
rulee (2.39) guarantees that the energy needed to rebuild a neural network with connections 
Wij(tWij(tnn)) to a network with connections Wij(tn+i) is minimal. 

Wee conclude this section with some remarks. The energy saving learning rule is only appli-
cablee in those situations in which the denominator is unequal to zero. This can be translated 
intoo a restriction on the & , k € Vit namely that for at least one k we have ffc = 1. It follows 
thatt with an decreasing number of adaptable connections there is an increasing number of 
patternss that cannot be stored with the help of the non-local energy saving learning rule. This 
effectt will be absent when the local energy saving learning rule is used (see section 2.6). 

Whenn we repeat the derivation of (2.39) in the spin-representation with time-dependent 
thresholdss as given by (1.5), we find again (2.39) with £ replaced by (s + l ) / 2 , i.e., 

AA Jij oc Siisj + l) (2.41) 

ass could be expected. If, however, the derivation of (2.39) is repeated in the spin representation 
withh Ti taken to be a constant, as is usually done in the spin-representation, one finds a result 
whichh differs from (2.41), namely 

AA Jij oc SiSj . (2.42) 

Thiss is the biologically less relevant result commonly encountered in the physical literature, as 
noticedd already in section 2.3: see eq. (2.21). 

2.4.22 Storag e of p pattern s 

Inn the previous section we saw that storage of one pattern £ can be achieved via a synaptic 
changee Awij given by (2.39). Now we turn to the more challenging problem of storage of 
moree than one pattern with the energy saving learning rule. The energy saving learning rule 
iss a storage prescription for a new pattern, which does not take into account, however, any 
constraintt that would guarantee that a previously stored patterns remain stored. Thus it may 
occurr that storage of a new pattern will perturb, partially or totally, the storage of an older 
pattern. . 

Inn section 2.5, on maximal learning efficiency, we wilt discuss a learning rule which does 
guaranteee that new patterns are stored without wiping out previously stored patterns. However, 
thiss learning rule will turn out to be biologically unacceptable. We therefore proceed with the 
energyy saving learning rule along the lines of reasoning of Diederich and Opper [46], but for 
dilutedd networks. In other words we will consider the following learning process. 

Inn a first interval of time, [t0,ti), a first pattern £l is stored via the change Awijfo), 
leadingg to the connections Wij(t\) = Wij(t0) + Awij(t0), j G V*. Next, in the interval [ t i , t 2 ) . 
patternn £2 is stored, etcetera. Finally, pattern £p is stored. We call this sequence of storage of 
pp patterns a learning cycle. 

Wee shall derive an expression for the weights t% of the synaptic connections after infinitely 
manyy learning cycles. Moreover, the calculations will be performed for the generalized learning 
rule e 

AAWiWij(t)j(t)  = < - [ « - 7f (*)] (2tf - l ) t f (j e V-) (2.43) 
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withh t being the initial moment of an interval in which pattern /z is to be stored and where 
thee factor in front, i.e., ify, is some general function of variables related to the neural network. 
Itt will turn out that with the learning rule (2.43) for some specific choices of r/£, in the end, 
previouslyy stored patterns are not forgotten. 

Ass follows from eq. (2.15), the connections after R learning cycles are given by 

RR p 

Wij(tWij(tRpRp)) = Wij{tQ) + E E Au/y^m-ijp+jj-i ) 0' G Vi) (2.44) 
m=ll  / i= l 

withh tRp the time after R learning cycles of p patterns. 
Substitutingg (2.43) into (2.44) we find 

Wij(tWij(tRpRp)) = w^to) + N-1 E FT^R-D^-M* (j € V  ̂ (2.45) 
11=1 11=1 

where e 

^(*(«-i) P+^i )) = r$N E [«(2ff " 1) - ( E «taMff 
m=ii  fcev? (2.46) 

++ E «toftm-ijp+p-OÉj? " ft)] 

iss the effect on lu^ of pattern £** after i? learning cycles have been completed. From (2.46) it 
followss that 

i^ ( ' (K- l )P^- l )) " ^(t(K-2)P+„- l ) = r$N[K(2& - 1) 

-- (E «w*o)eï + E "«fe-u^-üt f - ft)]  (2-47) 

Jfcev;cc k€Vi 

Inn thei?-th learning cycle, at time <(f i_1)p+1/_1, only the pat te rns^ 1 , . . . ,£ " _ 1 have changed 
thee weights of the network. Hence, the F^ with v < \i have new values at time £(^-1^+^-1, 
whereass the F£ with v > fi are still identical to their values in the previous learning cycle, i.e., 
aree equal to the values at time t(R_2)p+n-i- Thus, with the help of (2.45), the weights in the 
right-handd side of (2.47) can be expressed as follows in terms of the F§\ 

Wik{tWik{t{{R-iR-i)p+)p+„-i)„-i)  = wik{tQ) + AT1 E i^(t(ü-i)p+^-i)CJfc 
v<tlv<tl  (2 AS) 
++  N'1 E ^5(*(R-2)p+/i-l)Cfe

v>_p, v>_p, 

Eliminatingg Wik(t[R-i)p+(x-i) from (2.47) with the help of (2.48) yields 

Ftj{t(R-i)Ftj{t(R-i) P+fP+fi-i)i-i)  + r\% E E ^ij(*(fi-i)p+/i-iK K - ^ij(*(fl-2)p+/i-i ) 

* ~ ~~ (2-49) 

-- < E E ^(v-2)P+ « - 7r(«o)](2tf -1). 
keVikeVi v>n 

Thiss system of linear equations can be solved for FQ using the Gauss-Seidel iterative method 
[71].. We first rewrite (2.49) in matrix notation. Next, we introduce a p x p matrix Ci, the 
matrix-elementss of which are given by 

Cr-=N-Cr-=N- llT,tKk'T,tKk' (2-50) 
keVi keVi 
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Wee might call this matrix the 'reduced correlation matrix', since it correlates fj£ and f£ while 
takingg into account, via Vit the connectivity of the network. The reduced correlation matrix 
iss closely related to the usual correlation matrix if V{ contains all neuron indices. We proceed 
byy decomposing this matrix Ci into matrices Li and Ui in such a way that C{ = Li + Ui. 
Thee matrix Li is a matrix with only non-zero matrix-elements below the diagonal and Ui is 
aa matrix with only non-zero matrix-elements on and above the diagonal. We also introduce 
thee vectors F y ( f l ) := (F1

j(t{R_l)p+l^l), - - , i ^ ( * (K_ i ) p + p - i ) ) and G{ := ([K - 7?(*o)l(2tf -
1 ) , . . . ,, [K — 7?(*o)](2f? - 1)). Finally, we shall denote a p x p unit matrix as I and a p x p 
diagonall matrix with diagonal elements given by (^y-ZV) -1,..., (jTyiV) -1 as fly. We thus can 
rewritee (2.49) in the form 

{Hij{Hij  + Li)  Fij(R) = (Hij - Ui)  Fij(R - 1) + G*. (2.51) 

Byy iteratively solving this equation for Fij(R), we find 

Fij{R)Fij{R)  = [(Hij  + Li)'1  (fl y - Ui)]  '  Fy ( l ) + (fl y + L^1 

 [I  + (Htj + L-1)  (Hij + Ui) + ---+ ((Hij  + L^-1  (H  ̂ - Ui))R~2}  G, 
(2.52) ) 

Fromm now on, only 7/y will be considered such that the matrix My = ( f l y + L j ) _ 1  ( f l y — Ui) 
hass eigenvalues Ajt smaller than one. Given the eigenvalues of M, a matrix S with SS~l = I 
doess exist such that M can be rewritten as M = STS~l with T a diagonal matrix with the 
eigenvaluess Ajt on the diagonal. Then using the fact that the eigenvalues are smaller than one, 
wee arrive at 

limm M*" 1 = lim [STS"1]*" 1 = lim ST^S'1 = 0. (2.53) 

Fromm (2.53) it follows that, in the limit R -  oo, (2.52) converges to 

i - i i 
Fy(00)) = (fl y + Li)~l  [/ - (fl y + Z,*)"1  (fl y - Ui))]  G> 

—— c r  Gj 
(2.54) ) 

wheree Fy(oo) = \imR^00Fij(R). Substitution of (2.54) in (2.45) and restoring the old nota-
tion,, yields, for R —> oo 

uu , U(*o ) + N-1  [K - 7f (*o)] m ~ l ) ^ 1 ) ^ ; (J e Vi) 

[wij(t[wij(t 00)) (jeVf) 

wheree ( C " 1 ) ^ is the inverse of the matrix (2.50). 
Whatt left is to investigate which tjg, i.e., which learning rules, lead to (2.55). First note 

thatt the matrix d, as defined in (2.50), is symmetric. This allows the matrix to be rewritten 
ass Ci = Li + Di + Lj, in which Li is as before, Di is a diagonal matrix and Lj is the 
transposee of L^ Furthermore, the matrix Q is positive definite, i.e., any arbitrary vector v@ 
yieldss {v0, CiVp) > 0. Next, consider the matrix My , M y = ( f l y + L* ) - 1  ( f l y - ( A + Lf), 
withh eigenvalues A^ and eigenvectors v$: MijVp = \$v$ with {3 = 1 , . . . ,p. The fact that d is 
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symmetricc allows the matrix My to have only real eigenvalues. For the matrix My conditions 
cann be found which lead to 

to,to, Civp) = ^ / ^ / ( ( ^ KM) + { ^ , # y ^ > - <^ , A V / J » > 0  (2.56) 

Alll T/£ which yield the constraint that to, HijVp) + {v$, HfjVp) — {vp,DiVp) is to be positive, 
leadd to eigenvalues Xp which are smaller than one, as requested. Finally, let us rewrite the 
constraintt in terms of r/g 

^E(ii  + i-E«OK)2>0. (2.57) 
IyIy v 'lij  'Iji  keVi 

Althoughh (2.55) is not the result of learning rules with arbitrary r]^, the constraint (2.57), 
necessaryy to obtain (2.55), holds for many r/g. For instance, it holds for r?g = (£*ev5 f j?) -1. 

Byy substituting (2.55) into (2.10) it can directly be verified that the weights (2.55) fulfill 
(2.10)) for all (i (fi = l , . . . , p ) . For p — 1 this was to be expected, since the learning rule 
(2.39)) was constructed that way. For p > 1 one could, for the same reason, expect that (2.10) 
wouldd be verified by (2.55) for the final pattern of the learning cycle, £p. It is less transparent, 
however,, that (2.55) satisfies (2.10) for all patterns £". 

Notee that with (2.55) we have connections as a result of minimal consumption of energy 
inn all learning steps. This does not imply that it is the most economical way to store a set of 
pp patterns £**. Other more efficient learning processes still may exist. 

Thee result (2.55) has been established for networks with a number of vanishing connections 
runningg from M 0 = 0 to M 0 = N2 — Np, i.e., valid for dilution 0 to d = 1 — a, where a = p/N. 
Thee analogous calculation performed by Diederich and Opper for networks with empty Vf, so 
thatt Vi contains all indices, yields a result that coincides with the result obtained via the usual 
pseudo-inn verse solution [44, 45] of eq. (2.10). Hence, the following question may now arise. 
Cann we solve the eq. (2.10) for a neural network where Vf is not empty and, consequently, the 
methodd of the pseudo-inverse in its standard form is not applicable? To show that this is indeed 
thee case, we modify in appendix B the method of the pseudo-inverse so as to be applicable 
too systems with changing and non-changing interactions. Solving eq. (2.10) for networks with 
changingg and non-changing connections via what we have called the modified method of the 
pseudo-inverse,, one indeed obtains (2.55), as we also prove in the appendix. 

Thuss we have shown that the solution that corresponds to the stepwise energetically most 
economicc way to realize storage of patterns in a partially connected network, turns out to 
bee identical to the one obtained via a —modified— version of the well-known mathematical 
methodd of the pseudo-inverse applied to the fixed point equation (2.10). In other words, the 
non-locall energy saving learning rule (2.39) leads to the solution of the fixed point equation 
(2.10),, obtained via the modified method of the pseudo-inverse, which is based, in turn, on 
thee reduced correlation matrix. 

Wee conclude this section with a few remarks. In general, the inverse of the matrix C f 
cannott easily be found analytically. However, in the non-biological case that none of the weights 
iss kept constant, all index sets Vf are empty. As a consequence one may use, for large JV and 
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loww storage capacity a := p/N, the approximations 

N-'lLqN-'lLq = a (2.58) 
i= i i 

^ - 1 E ^^ = a2 {lift,)  (2.59) 
i= i i 

Substitutionn of (2.58) and (2.59) into (2.50), where now Vi is the set of all indices, yields 

C rr = a ( l - a ) < 5 ^ + a2 . (2.60) 

Forr the inverse of Cfv we thus obtain from (2.60) the simple analytical expression 

a a 

Usingg (2.61) in (2.55), leads to 

1 1 

apap — a + 1 
(2.61) ) 

„, (00 = Wij{to) _ __________ £ [s _ 7f(,o)] (2tf _ 1)e; 
(2.62) ) 

Equationn (2.62) is an explicit expression for the weights w^ of a (non-biological) network in 
whichh all the weights, including the self-interactions wa, are present. 

Kanterr and Sompolinsky used symmetric connections of the form (2.55) for fully connected 
networkss without self-interactions [39]. Their ad-hoc assumption that the self-interactions w„ 
cann be put equal to zero, turns out to be justified in view of our exact result (2.55) with 
wu(twu(t 00)) — 0. 

2.55 A learnin g rul e wit h maxima l learnin g efficienc y 

Inn the preceding section learning of a collection of patterns was achieved by repeated application 
off the non-local energy saving learning rule. This learning rule was not constructed in such a 
wayy that conservation of storage of old patterns was automatically guaranteed when a new 
patternn was stored. We now address the question whether and how storage of a new pattern 
£ p + 11 can be achieved without disturbing the storage of the old patterns £ \ . . . ,£p . We shall 
referr to this type of learning as maximally efficient learning. 

Linkevichh [66] treated this problem on the basis of a mathematical model, in which sup-
positionss are made which cannot be true in a biological neural network. Firstly, he treated 
thee thresholds Ti(t), eq. (1-5), as a vanishing constant. Moreover, his network has symmet-
ricc connections tWy(t) = Wji(t), whereas a biological network has non-symmetric connections 
Wij(t)Wij(t) ^ Wji(t). Finally, his network is fully connected, i.e., all Wjj(t) ^ 0. 

Wee may improve and generalize the reasoning of Linkevich to obtain a maximally efficient 
learningg rule for a partially connected network with non-symmetric connections. The calcula-
tionss only hold for networks in which the thresholds are equal to the stability coefficients K, 
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i.e.,, $i = K, for all i, and in case the initial connections are equal to zero, Wij(to) = 0 for all 
ii and j. As a final result we have, in this particular case, the following rule for learning with 
maximall learning efficiency (see appendix A for a verification) 

A-MO==  i>-^w °eVi)  (2 63) 

lev* * 

Fromm (2.63) we immediately see that, in general, Awy is not symmetric in i and j. 
However,, for a network in which all connections may change we find that AiUy is symmetric 
inn i and j, in accordance with the result of Linkevich. Note that the i- dependent factors in 
thee numerators of (2.63) and (2.39) are identical, which reflects the fact that the new pattern 
£ p + 11 has to obey the fixed point equation, both in the cases of 'stepwise minimal change in 
energy'' (2.39) and of 'stepwise maximal efficient learning' (2.63). 

Thee learning rule with maximal learning efficiency (2.63) is of the form (2.21), a form 
whichh we have rejected, in section 2.3, on biological grounds. We therefore shall not pursue 
anyy further the analysis of the learning rule with maximal learning efficiency in the remainder 
off this chapter. 

2.66 Localit y of learnin g rules 

Upp to now we did not mention an important limitation of a biological learning rule. The 
mathematicall learning rule to change a weight of a network can, in principle, be local or non-
local.. The second possibility must be excluded in case the weight is associated with a synapse: 
theree is no biological construction available in the brain to tell a specific synapse how and 
whenn to change as a function of properties of neurons with which it has no direct contact. 
Thee modifications must result from the local situation, i.e., limited to the situation spatially 
'closee enough' to the synapse in question, and within a 'brief span' of time. Thus, a change 
AwijAwij may depend only on variables local, in space and time, to the neurons i and j. The 
locall variables available at the synapse between neurons i and j are the activities & and £Jt 

thee post-synaptic potentials fn and hj, and the thresholds $i and dj. Hence, the factors ti} 
occurringg in Hebb rules should depend on these variables only 

ti jj  = €ij(£i, hi, 9i,£j, hj,6j). (2-64) 

Thee energy saving learning rule (2.39) for Awy guarantees, after repeated application, 
storagee of patterns in a way which is energetically efficient. The factor between square brackets 
inn the non-local learning rule (2.39) fulfills the criterion of locality. However, the learning rule 
ass a whole is not a local learning rule because of the factor, 

(cij(cij  £ Wc* ) - 1 (2.65) 
keVi keVi 

whichh depends, because of the sum over k's restricted to Vit eq. (2.14), on the network 
connectivity,, and hence, not on properties related to neurons i and j only. If we approximate 
(2.65)) by some constant, ^ say, we do obtain a learning rule that is local, [see (2.43)], 

Aw y ( t „ )) = mj [« - {hi(tn) - &<)  (2& - 1)] (2& - 1)& . (2.66) 
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Wee shall refer to (2.66) as the focal energy saving learning rule. The better % approximates a 
valuee dictated by (2.65), the better this local learning rule will be with respect to its energetic 
efficiency. . 

Ass noticed in section 2.1, the constant rjij is a neuron property, the determination of which 
iss outside the scope of the present chapter, since there is no obvious way to determine the 
coefficientss cfj in the expression for j^ (2.29) explicitly. A reasonable approximation for rjij 
cann easily be obtained for a fully connected network where all connections may change in time. 
Forr such a network we have the approximation (2.58) for the denominator of (2.65), which 
implies s 

rjij^iNa)'rjij^iNa)' 11 forain = l,...,7V. (2.67) 

Itt has been showed in section 2.4.2, that for all rj^ satisfying (2.67) the values of the weights 
convergee to (2.55). Thus for those rfo, the local, biologically realizable energy saving learning 
rulee yields the same final values Wij(ioo) as the non-local energy saving learning rule. 

Wee will use the approximation (2.67) in the following section where we consider a biological 
network. . 

2.77 Loca l versu s non-loca l learnin g 

Inn this section, we will study numerically, for a biological network with dilution d, the local 
energyy saving learning rule (2.66) as a competitor of the non-local learning rule (2.39). For 77̂  
wee take, quite arbitrarily, the constant (2.67). We could as well have taken l/N or l/(N(l—d)): 
thee essentials of the behaviour of the numerical results are not very sensitive for the precise 
valuess of the r)^. 

Inn order to judge the functioning of a recurrent network with respect to its ability to store 
ann arbitrary collection of p patterns £** (/i = 1 , . . . ,p), we take L sets of such collections, 
andd label them by £^ , m (m = 1 , . . . , L), i.e., £^'m is pattern fi of set m. The performance of 
thee network with respect to the patterns from the m-th set may be characterized by the Np 
stabilityy coefficients 7J*,m {i = 1 , . . . , N; n = 1 , . . . ,p) defined in equation (2.6). The stability 
coefficientss y?,m should be positive [see eq. (2.8)]. Moreover, we have normalized in such a 
wayy that the 7's should be close to one. Hence, the more 7f 'm we find with values around 
one,, the better the network will perform. 

Wee first define for the particular set m of p patterns the quantity: 

7mm = mini =1, . . .i Jv{ 7 t
1'm, . . . ,7f 'm} . (2-68) 

Hence,, 7 m is the minimal value of all stability coefficients for a particular set m of p patterns. 
AA network does not function if 7 m is negative, and functions better and better when 7 m 

becomess closer to one (with the normalization K = 1). To find a number that characterizes 
thee network performance for an arbitrary set of p patterns, we average the minimal values 7"1 

overr L arbitrarily chosen sets, 

7=} i> m -- (269) 
LL m=l 

Hence,, 7 is the average with respect to the L sets of p patterns f . We therefore will refer to 
77 as the average performance of the network. Similarly, we define the average energy change 
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AE AE 
11 L 

&E&E = -Y, A£m (2.70) 

wheree AEm is the change of energy in one learning step of the m-th set of patterns. Further-
more,, we define the average energy change per synapse Ae, as 

Aee = AE/{N2 - M) (2.71) 

wheree M is the number of non-changing synapses. We also will study the performance of 
neurall networks with varying dilution by considering the distribution of the stability coefficients 
JiJi,m,m.. By studying numerically the quantities 7 and Ae and the distribution of the stability 
coefficientss 7f 'm , we can judge the power of the (exact) non-local energy saving learning rule 
(2.39)) compared to the (biologically feasible) local energy saving learning rule (2.66)-(2.67). 

2.7.11 Storag e of one patter n 

Performanc ee To store one pattern £ we have used the non-local energy saving learning rule 
(2.39)) with coefficients ci}  = cit i.e., 

AiM*»)) = ^ - T [« "  fa(*») -  (2& "  !)1 (2& - %  (272) 

andd its local approximation (2.66)-(2.67), i.e., 

AwAwi:ii:i {t{t nn)) = J - [K - (hi(tn) - $i) (2& - 1)] (2& - % . (2.73) 

Inn order to compare the quality of the two learning rules we have plotted in figure 2.1 the 
averagee performance 7 versus the dilution d of the network for both learning rules. We see that 
thee non-local learning rule stores a new pattern such that 7 = 1, as could be expected since it 
hass been designed that way. Moreover, we see that both the non-local and the local learning 
ruless lead to positive values of 7, and, hence, lead to storage of the pattern £. The non-local 
learningg rule, however, leads at once to 7 = 1, whereas the local learning rule converges to 
77 = 1 only after repeated application. Hence, basins of attractions of the local learning rule 
aree smaller initially [see figure 2.1]. 

Usee of energ y Furthermore, we consider the average energy change per synapse Ae (2.71) 
forr the non-local and local learning rules as a function of the number of synapses in a network 
off a fixed number of neurons. In case of a single application of an energy saving learning 
rule,, it turns out that for the non-local learning rule Ae increases as the number of synapses 
decreases,, while Ae is constant in case of the local learning rule. This favourable situation 
off remaining constant apparently is an unexpected positive effect of the approximation made 
whenn going from a non-local energy saving learning rule to a local energy saving learning rule. 

Inn case of repeated application there almost is no energy effect for the non-local learning 
rule,, and a slight effect for the local learning rule: the energy need per synapse grows with 
growingg dilution [see figure 2.2]. 
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Figuree 2.1: Storag e of one pattern . Depicted is the average performance, j, of a network 
off 512 neurons as a function of its dilution d. Dilution d = 0 means that the network is fully 
interconnectedd (wtj ^ 0 for all i and j), dilution d = 1 means that there are no connections 
anymoree {wij = 0 for all i and j). The one pattern £ is chosen arbitrarily, but such that 
thee mean activity a = 0.2. The computations have been averaged over 100 different £. The 
errorr bars give the standard deviation of the averaged stability coefficients 7, (i = 1 , . . . , N). 
Thee calculations are performed starting from a tabula rasa for the weights (wy(£n) = 0) and 
vanishingg thresholds (#, = 0). 
Figuress (a),(b). In the first two figures, a comparison between the non-local energy saving 
learningg rule (2.72) (upper curves) and the local energy saving learning rule (2.73) (lower 
curves)) after it has been applied one, (a), and five, (b), times. 
Figuree (c). In the last figure, a comparison of the local energy saving learning rule (2.73) after 
itt has been applied one (lower curve), five and ten (upper curve) times. 

Forr the derivation of the global energy saving learning rule we used the equalities (2.10). 
Inn practise, however, we do not need these equalities to hold for a proper functioning network. 
Thee inequalities (2.9) which are less strict suffice. This is supported when using the local 
energyy saving learning rule (2.73). Moreover, figure 2.2 suggests that less energy is needed to 
satisfyy the inequalities (2.9) than the more restricted equalities (2.10). 

2.7.22 Storage of p patterns 

Havingg studied numerically the storage of one pattern, we now turn to the storage of p 
patterns.. As pointed out in section 2.4.2 this may be achieved through repeated application 
off the energy saving learning rule. 

Storagee of one pattern (p = 1) could be achieved in such a way that, by construction, all 
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Figuree 2.2: The energ y consume d in learnin g one pattern . Depicted is the average energy 
consumedd per synapse Ae in one learning step, of a network of 512 neurons as a function 
off its dilution d. The one pattern £ is chosen arbitrarily, but such that the mean activity 
aa = 0.2. The computations have been averaged over 100 different £. The error bars give the 
standardd deviation of the averaged stability coefficients 7, (i = 1 , . . . , N). The calculations are 
performedd starting from a tabula rasa for the weights {wtj(t0) = 0) and vanishing thresholds 

(0,(0, = 0). 
Figuree (a). The average energy change per synapse Ae for the non-local energy saving learning 
rulee in one (upper curve) and two learning steps (lower curve, coinciding with the horizontal 

axis). . 
Figuree (b). The average energy change per synapse Ae for the local energy saving learning 
rulee caused by the first (upper curve), second or fifth (lower curves) time that the local energy 
savingg rule (2.66)-(2.67) is used. 

m m 

H,m H,m (/ii = 1) were equal to one in case of the non-local learning rule: 7,'m = 1 for all i and 
Ass a consequence, the local energy saving learning rule, which is an approximation to the 

non-locall one, has the property that all m are 'not too far away' from the value K = 1, 
i.e.,, they are positive. We recall that positivity of the stability coefficients 7, 'm is a sufficient 
criterionn for a network to store what should be stored [see figure 2.1]. 

Whenn the energy saving learning rule is used to store more than one pattern, the positivity 
off all but the last stored pattern is not guaranteed. As noted before, we must allow for the 
factt that storage of a new pattern may spoil the storage of older patterns. Therefore, the 
requirementt that the minimum of all rf'm (fj, = l,...,p) should be positive is too strong. 
Forgettingg thus turns out to be an inevitable consequence of storing new patterns, at least 
inn the beginning. By repeating the learning procedure for whole sequences of patterns we can 
achievee that more and more 7f 'm become positive, suggesting that more and more patterns 
mayy be definitely stored. 

Inn order to judge the performance of the network in case of storage of more patterns, we 
noww picture the distribution of the -/f'™ over the real axis. Ideally, all tf'm should be equal to 
KK = 1. In figure 2.3 the distribution has been plotted for both the non-local and local energy 
savingg learning rule. As one observes from figure 2.3, some of the 7's have values smaller than 
onee (and even negative) whereas others have values larger than one. This is due to the fact 
thatt storing in set m a pattern £", the 7,''m's of the other patterns £" {/J ^ v) are not taken 
intoo account in the learning step and as a consequence can be enlarged or reduced in value. 
Wee have drawn the number of 7's with values outside the plotted interval in the very first and 
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Figuree 2.3: Storag e of p patterns . The average number of stability coefficients n7 per interval 
off size 0.05, divided by the total number of the stability coefficients 7f 'm , given by NpL, has 
beenn plotted for a neural network with dilution 0.6, after one or more learning cycles, for the 
non-locall and local energy saving learning rules. The calculations have been performed for a 
tabulaa rasa network, wlj(t0) = 0, of N = 128 neurons with vanishing thresholds (6t = 0). An 
averagee has been taken of L — 100 sets of p = 32 patterns. The average activity is a = 0.2. 
Figuress (a-d). The average number of stability coefficients after 1, 5, 10 and 20 learning cycles 
inn case of the local energy saving learning rule (2.66)-(2.67). 

Figuress (e-h). The average number of stability coefficients after 1, 5, 10 and 20 learning cycles 
inn case of the non-local energy saving learning rule (2.39). 
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thee very last interval: see, e.g., figure 2.3e. 
Thee general conclusion is that the local energy saving learning rule, although in principle 

approximative,, is an excellent competitor of the non-local one. After five learning cycles already 
thee number of negative 7f 'm is negligible [see figures 2.3b and 2.3f], and the distribution of 
thee 7f , m 's are comparable. 

Wee finally make some observations regarding other learning rules. In view of (2.22), the 
symmetricc learning rule (2.21) yields the same values of the 7's as in case of our asymmetric 
learningg rule (2.18). Hence, in particular, the whole analysis of this section holds true for the 
symmetricc learning rule as well. In other words, although the changes Aiüy in the weights «/„ 
ass given by the symmetric learning rule (2.21) are, of course, different from those given by our 
asymmetricc learning rule (2.18), the distribution of the 7's as displayed in figure 2.3 is exactly 
thee same for the symmetric learning rule (2.21) and our asymmetric learning rule (2.18). The 
'wrong'' asymmetric learning rule (2.20) does not work at all, as has been explained at the end 
off section 2.3. 

2.88 Summar y 

Wee have shown that two different arguments, a biological one (section 2.3) and a physical one 
(sectionn 2.4) lead to a Hebb rule of the same asymmetric form: compare eqs. (2.18)-(2.19) 
att the one hand and eq. (2.39) at the other hand. A learning rule of this form is never, or 
att least not often, used in the physical literature, which, in general, is less concerned with an 
accuratee modeling of a biological network. 

Thee biological argument was largely based on the improbability of a change of connections 
iff the pre-synaptic neuron was inactive. The physical argument was based on the expression 
(2.32)) for the energy change, not on any ad-hoc cost-function like (2.25) as has been done 
soo far in the literature. The local version of the energy saving Hebb rule (2.39), given by 
eqs.. (2.66)-(2.67), may be relevant for biological systems. It has been tested numerically in 
sectionn 2.7, and turns out to yield storage of patterns in a satisfactory way: see in particular 
figuree 2.3. 

AA Maxima l efficien t learnin g 

Wee shall here merely verify the maximal efficient learning rule, not derive the rule, since 
thee derivation closely parallels the one of Linkevich [66]. In view of the special constraints 
mentionedd directly above eq. (2.63), eq. (2.10) reduces to 

5 > ü ( 0 t ff = 2 < ( / i = l , . . . , p ) . (2.74) 

Similarly,, the solution (2.55) of (2.10) reduces to 

u>ij(t)u>ij(t)  = < u,v=i  (2-75) AT11 £ 2«cr1re; 
0 0 

UU e Vi) 

oo e vn 
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Inn order  to store a new pattern £p + \ the new weights Wij(t') have to obey the equations 

EE WiiVKÏ = 2«ff (/i = 1,... ,p + 1). (2.76) 

Thee weights w^t') are related to the weights ) by 

wheree the wi:j(t) are the connections after storage of the patterns £ \ . . . , £ p as given by 
equationn (2.75) and the Awtj(t) are given by (2.63). 

Insertingg (2.77) with (2.75) and (2.63) into the left-hand side of (2.76) yields 

„„  , „ „  ( 2 « e f + E ^ y W^ (A* = I , . . . ,P) 
EE »MO# = S >ev, (2.78) 
* v«« U<f (/i = P+l) 

Thee right-hand side of these equations is equal to that of (2.76) if 

E H WW = 0 (/*  = l,...,p). (2.79) 

Inn order to show that (2.79) holds, we first decompose £p + 1 according to 

«r=< < 
p p 

E ^^ + ^ T (jeVï) 
(2.80) ) 

wheree a'*, a£ and Ï / ^ + 1 have been taken such tha t 1 

E^VT11 = 0 (/i = l , . . . , p ). (2.81) 

Usingg (2.75) and (2.81) one may prove the auxiliary relation 

Etti»(C=0-- (2-82) 

Thee proof of (2.79) is now straightforward. First, substitution of (2.63) into (2.79) yields 

EE *«,«,-(*)# oc £ [ 2 <+ 1 - £ M ^ r 1 ] ^ (M=l P). (2.83) 
jeVijeVi jzVi keVj 

Then,, substituting the decomposition (2.80) in (2.83), and using (2.74), (2.81) and (2.82) 
wee see that this expression vanishes, which proves (2.79). Hence, the left-hand side of (2.76) 
equalss the right-hand side of (2.76) for a learning rule given by (2.63). 

Mnn case all connections may change in time, the index sets V» are all equal to the set of all indices. Then 
thee equations (2.80) with j e V? disappear and (2.81) amounts to the condition that the vector V""1"1 is 
orthogonall to the vectors £ " (/* = 1 , . . . ,p). Hence, in this particular case there are p + N restrictions (2.80) 
andd (2.81) for p + N variables a" and ^ . 
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BB Modifie d metho d of the pseudo-invers e 

Considerr the p sets of N linear equations 

jrjr WijXWijX>j>j  = aï ( i = l , . . . J N ; / i = l , . . . , p) (2.84) 

wheree x^ and af are known constants ( j = 1 , . . . , JV; / i = 1 , . . . ,p). The N2 unknowns w^ 
aree not determined as long as p < N. Let V* be the subset of indices j with the property that 
WijWij  is a solution of the set of equations (2.84), and let the complement of the set Vi with 
respectt to the total set of indices ( 1 , . . . , N), denoted by Vf, contain the indices j with the 
propertyy that the u)y have the pre-described constant values 6^, i.e., 

WijWij = hj ( j € V ? ). (2.85) 

chosenn in such a way that the system of equations (2.84) does not become incompatible. If the 
sett Vf is empty, a solution of (2.84) can be obtained via the Moore-Penrose pseudo-inverse 
matrixx [44, 45]. We want to obtain a solution for Wij  of (2.84)-(2.85) in case Vf is not empty, 
andd the pseudo-inverse matrix can not be used directly. To that end, we construct a new set 
off equations, closely related to (2.84)-(2.85), which can be solved via the pseudo-inverse. We 
willl refer to this construction as the modified method of the pseudo-inverse. 

Wee first define a new set of variables Wij  according to 

WijWij = Wij - b  ̂ {ij  = 1,2,..., JV) (2.86) 

wheree 6y are arbitrary in case j e Vi. We then have 

UU e Vi) 
UU e V?) 

Thee under-determined set of pN linear equations (2.84)-(2.85) can now be rewritten 

(2.87) ) 

5>ü*?? = a? (/i = l,.-.,p) (2.88) 

where e 

fi?fi? = a ? - E M ?. (2-89) 

Notee that (2.88) cannot be solved with the help of the pseudo-inverse, since the summation 
iss only with respect to a restricted set of indices j G Vi. We therefore consider a new set of 
pNpN linear equations, namely 

Y,vY,vtjtjy<;y<; = ~a>! ( / i = l , . . . , p ) . (2.90) 

Thee relation of (2.90) to (2.88) can be made clear by taking 

UU e K) ( j 
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sincee then the set of equations (2.90) for the N2 unknowns Vy (i, j = 1 ,2, . . . , N) becomes 
identicall to the set of equations (2.88) for the unknown t&y {i = l , . . . , J V ; j e Vj). The 
equationn (2.90) can be solved with the help of the pseudo-inverse. The solution reads 

Vij=Vij= it~<(C-Tyj (iJ = l,2....,N) (2.92) 

wheree C " is the usual correlation matrix [72] 

<?""" = £ # ! / £. (2-93) 
k=l k=l 

Iff we use (2.91), the matrix C^ becomes what we have called the 'reduced correlation matrix', 
givenn by 

CTT = £ * £ * £  (2-94) 
k£Vi k£Vi 

Thee modified correlation matrix takes into account the modifications in the usual correlation 
matrixx due to the particular network architecture as dictated by the index set Vi. The solutions 
VijVij  become, using (2.91), 

VuVu = < 
EE after1 r*y Ü«K) 

oo  (j e v?) 

Hence,, the solution (2.95) turns out to be compatible with (2.87) for j e Vf. Putting now 

üijüij  = Vij (i, j = 1,2,..., N) (2.96) 

wee have obtained a solution for (2.88), as follows by comparing (2.90) and (2.88). In this way 
wee find, transforming back from Wij  to Wij with the help of (2.86), and substituting (2.89), 
thee final result for the solution of the under-determined set of equations (2.84)-(2.85) : 

WaWa = < 
bijbij  + E w - E6**H(cr1r* y u e y^) ,0 ü7, 
bijbij  (j e V') 

Wee recall that the b^ are arbitrary for j e Vit and prescribed for j e Vf. Notice that the 
solutionn (2.97) is not unique because of the arbitrary constants b^ (j e Vi). 

Wee want to solve (2.10) for a network with changing connections w^ if j € VJ and 
non-changingg connections if j € Vf. Applying (2.97) with 

bbijij  = wij{t0) ( i, j = l,2,... ,A0 (2.98) 
aff  = «(2er-l) + ft 

wee obtain at once (2.55). We thus arrive at the observation that the energy saving solution 
(2.55)) coincides with the solution (2.97), obtained with the help of the modified method of 
thee pseudo-inverse. 


