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5.11 Introductio n 

Inn chapter 4 retrieval dynamics of an attractor neural network was considered, using a discrete 
dynamicall rule, see equation (4.6). It was observed that the desired behaviour suffers from 
whatt is called spurious states. A spurious state is a fixed point of the dynamics, just as the input 
patternss to the network which were stored explicitly. The only difference between a spurious 
statee and an input pattern is the fact that the arrival of the neural system in a spurious state is 
nott associated to the retrieval of some previously stored information. As a consequence, it was 
difficultt to distinguish between the response of a network to an input pattern that belonged 
too a basin of attraction of a stored pattern and the response to a random pattern. In both 
casess the network was observed to relax to a fixed point. From work done by Amit, Gutfreund 
andd Sompolinsky [42] it can be concluded that changing a deterministic rule into a stochastic 
rulee enhances the difference in response to a random input and to an input which belongs to a 
basinn of attraction. This is due to the fact that more and more stochasticity destroys more and 
moree spurious states. Furthermore, the basins of attraction of the stored patterns are reduced 
inn size by stochastic rules. 

Fromm the above it follows that in our neural network model, we have a complicated structure 
inn phase-space. This complexity does not restrict to our model, but extends to a wide variety 
off models of complex systems, such as spin-glass models [100, 101]. To examine more closely 
thee structure of our phase-space, many methods have been developed. One of them is the 
studyy of damage spreading, which got ample attention both in neural network models [54, 76, 
75,, 74, 102] as in spin-glass models [103, 104] and Ising models [105, 106]. 

Thee study of damage spreading was introduced by Kauffman in the sixties for the study 
off the propagation of a little mutation, or damage, and its stability in an otherwise 'normal' 
systemm [107]. In the eighties it was realized that damage spreading could be a powerful tool to 
distinguishh different dynamical regimes in disordered systems, such as glasses [103, 108]. The 
interestt in damage spreading faded away, however, after it was realized that damage spreading 
transitionss were dependent on the type of dynamics used. In other words, the existence of 
aa damage spreading transition does not indicate the presence of a thermo-dynamical phase 
transition.. Instead, the research on damage spreading continued on well-known ordered systems 
suchh as the Ising model [105, 106]. 

Appliedd to our neural network model damage spreading can be formulated in more detail 
ass follows. Consider two identical neural networks 51 and 52 of iV neurons with the same 
dynamicall rule. Then to each network an input pattern is imposed with a given Hamming 
distancee d(0). The Hamming distance is defined as 

rfW:=^Ete(*)-yi(<))rfW:=^Ete(*)-yi(<)) 22 (51) 
i vv i=l 

wheree x(y) refers to the state of network 51(52) at time t. If both states are identical, the 
Hammingg distance is minimal (d(t) = 0), whereas it is maximal (d(t) — 1) if both states are 
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maximallyy distinct. The response to a stimulus of both network's with respect to each other 
iss investigated through the Hamming distance d(t). We proceed with a few predictions for the 
valuee of the asymptotic long-time behaviour of the distance, d(oo). 

Lett us consider the phase-space of a neural network, consisting of fixed points with basins. 
Thesee fixed points can be patterns learned by the network, or spurious states. Several cases 
cann be distinguished, depending whether x and y belong to the same, or different, basins of 
attraction: : 

a.a. If two states x and y belong to the same basin, they will be attracted to the same fixed 
point.. Consequently, we have in this situation d(oo)  — 0. 

b.b. However, if a state x belongs to a certain basin and a state y not to this basin, the 
asymptoticc distance d(oc)  will be unequal to zero. 

c.. Finally, if two states x and y do not belong to any basin the asymptotic distance can have 
ann arbitrary value. 

Inn this chapter several averages will occur. The average over the thermal noise will be 
denotedd as { ( . . . ) ) , the average over the disorder, i.e., the connections or couplings in the 
systemm as (. . .) , see section 5.2. Finally, the average over the noise, the disorder and over 
thee initial states, or configurations of the system will be given by { { ( . . . ) ) ) , see section 5.2.1 
forr a precise definition of this average. The overall effect of the above mentioned cases can 
bee measured with the asymptotic distance averaged over the dynamical paths and over the 
disorderr in the connections, ({cf(oo))) = : D^. 

Ass mentioned before, the existence of fixed points and basins depend, among other things, 
uponn the dynamics being used. Important in this context is the stochasticity of the dynamical 
rule,, which is measured with a quantity referred to as temperature. At zero temperature the 
dynamicss is defined to be deterministic, whereas for high temperatures it is considered to be 
highlyy stochastic. 

Inn general, three different regimes can be distinguished: i. a high temperature phase T > TQ 

wheree the asymptotic distance D^ vanishes for any initial distance D0, ii. an intermediate 
phasee Ti < T < T0 where D^ = A » ( T ) is unequal to zero but independent of the initial 
distance,, and finally iii. a low temperature phase T < Ti where D^ = D^T, D0) is unequal 
too zero and dependent upon the initial distance. For the high temperature phase it is said 
thatt the initial damage heals, whereas for the other phases that the damage spreads. All three 
regimess have been reported to be present in neural network models [102], as well as in spin 
glasss models [103]. Also disordered models do exist in which only two of the three regimes are 
present,, see section 5.2 and [103]. The same applies to models without disorder such as the 
Isingg model [105, 106] and the Bernasconi model, section 5.4.1. Let us now proceed with a 
feww speculative scenario's for the origin of these three regimes. 

Firstt of all (neural network) models may exist such that above some given temperature 
thee system is ergodic. Then two arbitrary initial conditions with distance d(0) can be expected 
too coincide eventually, leading to d(oo)  = 0. As a consequence, the value of the asymptotic 
distancee A » which is an average over all configurations, with a certain initial condition, will be 
zeroo for arbitrary initial conditions DQ. This situation corresponds to the regime with T > TQ. 
Remarkk that in this regime a neural network does not function at all. 
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Lett us now consider a situation such that for a given temperature a large amount of fixed 
pointss (with basins of attraction) is present. Then due to the existence of many initial condi-
tionss which comply with case b, an asymptotic distance DQO unequal to zero may arise. This 
mightt be the scenario for temperatures below T0. Remark that due to case c the asymptotic 
distancee D^ may also become unequal to zero in the absence of many fixed points. We come 
backk to this point later on (see section 5.2.7). 

Lett us assume that a large amount of all possible initial configurations belong to a basin 
off attraction of one of the fixed points. If the basins are large, then for small, averaged, 
initiall distance D0, many states may belong to the same basin, whereas for a large, averaged, 
initiall distance D0 a small amount of states may belong to the same basin. Comparing case 
aa with cases b and c, this argument leads to the statement that the value for the averaged 
asymptoticc distance D^ can be expected to be dependent on the averaged initial distance D0. 
Furthermore,, due to case a we may expect the averaged asymptotic distance to be smaller 
forr smaller averaged initial distances. In other words, the presence of many, large, basins of 
attractionn may be the origin of the regime below T\. What remains, however, is an explanation 
forr the intermediate regime between To and T\. 

Sincee case a yields a dependency of D^ on D0, its probability apparently vanishes at 
temperaturee 7\. The cause can be found in the fact that an increase in the temperature yields 
aa decrease in the number of fixed points and a reduction in the sizes of the basins of attraction. 
Inn other words, at temperature 7\, the number and the size of the basins of attraction have 
beenn reduced such that case a looses its influence on D^. The probability of case b on D^ 
vanishess in turn at To. 

Inn this chapter, we will study damage spreading in a more general framework than solely 
inn the context of neural networks. In particular, we will study the damage spreading in the 
p-spinn spherical spin-glass model. The majority of the theoretical work on damage spreading 
hass been done with discrete dynamics. The purpose of this chapter is to consider damage 
spreadingg with continuous time dynamics, i.e., Langevin dynamics. Using Langevin dynamics, 
thee jo-spin spherical spin-glass model can be exactly solved [109, 110], which makes the analysis 
off damage spreading more rigorous in comparison to a strictly numerical analysis. We will show 
thatt the asymptotic distance D^ can be used as an order parameter for the damage spreading 
transitionn which occurs at temperature T0. We will also show that the damage spreading 
transitionn depends upon the cross-correlations between two stochastic noises, if present in the 
problem.. This is the analogue of the effect of the dynamical rules in discrete dynamics. 

Inn the next section we will end the introduction with a survey on the theoretical study on 

glasses. . 

5.1.11 Glasse s 

Lett us begin the topic of glasses by telling how to create a glass. A glass is a non-equilibrium 
system,, created by cooling rapidly a liquid below its freezing temperature. As a consequence, 
thee liquid does not have the time to reach its equilibrium state and will instead be frozen into 
somee meta-stable state. Moreover, the relaxation from this meta-stable state to the equilibrium 
statee will be very slow. The theoretical understanding of this phenomenon is a long outstanding 
problemm in statistical physics. This inspired a lot of authors to publish on glasses, introducing 
manyy ideas and theories. Because of the existence of this pool of knowledge, the study of 
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attractorr neural networks blossomed a decade ago. This emphasizes once more the close 
relationshipp between glasses and neural networks from a theoretical point of view. 

AA special class of models which has been studied widely is that of spin-glasses. A spin-glass 
iss a model for particular solids with magnetic impurities, like Aui_cFec, in which c denotes the 
fractionn of iron atoms. The application of a small magnetic field to such a material was found to 
givee a magnetic susceptibility with a sharp cusp at some given temperature. In other words, at 
aa given temperature a phase transition occurred from a high temperature paramagnetic phase 
too a low temperature phase with some sort of magnetic ordering, the so-called spin-glass phase. 

Beforee studying damage spreading in the spherical p-spin model, we summarize some 
resultss and insights in (spin) glasses, most of them can be found in [100]. A simplified model 
off a spin-glass was introduced by Edwards and Anderson in 1975 [111]. In this model the 
magneticc moments are located on sites i of a regular lattice. Their interaction strengths J^ 
aree random variables determined by a suitable distribution P(Jij). A further simplification is 
too take the same distribution for all pairs [ij),  independent of the distance between atoms i 
andd j. This is the infinite-range model of Sherington and Kirkpatrick [112], which possesses 
att low temperatures the two ingredients which seems to be required for spin-glass behaviour. 
Thesee are quenched disorder and frustration. 

Quenchedd disorder refers to the fact that although the interactions J^ are disordered, the 
magneticc moments freeze spontaneous in some way at a given temperature. A consequence of 
thee disorder in the interactions is that there does not exists an absolute ground state in the SK 
modell as in a ferro-magnet. In other words, bonds between atoms do exist which do not give 
aa minimal contribution to the energy. Those bonds are called frustrated bonds. The existence 
off frustrated bonds imply the existence of a large number of almost degenerate ground states. 

Thee SK model was originally solved by Sherrington and Kirkpatrick [112] using identical 
replicass of the model [112]. That original solution was unstable and it was found by Parisi 
thatt a stable solution, based on distinct replicas, existed [113]. In other words, he found that 
identicall replicas do not always have the same thermo-dynamical properties. This is commonly 
referredd to as replica symmetry breaking. The temperature which separates replica symmetric 
andd replica broken solutions is denoted by Ts. The region with the typical spin-glass behaviour 
iss found to correspond to replica symmetry breaking. 

Replicaa symmetry breaking is in some way related to a complex way of breaking ergodicity. 
Breakingg of ergodicity implies that for some given initial conditions a part of phase space 
willl not be visited by the system. At high temperatures ergodicity is not broken and as a 
consequencee correlation functions decay to zero for time approaching infinity. If at a certain 
temperaturee ergodicity is broken the correlation functions will remain unequal to zero for large 
times.. Usually the crossover between a zero and a non-zero correlation function is denoted by 
aa temperature Td, referring to the dynamical origin of this transition. 

Inn conclusion, the temperatures Ta and Td both indicate the separation between a phase 
withh many and few meta-stable states. In some models it is found that Td > Ts. The origin of 
thiss difference is found to be the fact that in these models the replica symmetric solutions are 
unstablee and cannot be used to locate Td. Then the dynamical temperature Td can be related 
too a (stable) broken replica symmetric solution of the model. 

Anotherr method to look at meta-stable states has been introduced by Thouless, Anderson 
andd Palmer via so-called TAP equations [114]. In this context meta-stable states are also called 
TAPP states. It can be shown that above the temperature TTAP only the paramagnetic solution 
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satisfiess the TAP equations. Below TTAP more and more meta-stable states with a given free 

energyy start to appear. 
Althoughh illustrated with the SK model, the above mentioned concepts apply to many 

spin-glasss models. In the following section we will investigate the phase-space of the spherical 
p-spinn model by means of damage spreading. 

5.1.22 The spherica l p-spin mode l 

Inn the class of spin-glass models, the spherical spin-glass models, which are models with 
continuouss spins rather than Ising spins, appeared to give a large amount of analytical results. 
Thee origin of these results is given by the fact that spherical spins allow for an exact closure 
off the dynamical equations in terms of correlation and response functions [115]. 

Thee N spins ( a ^ ) ; 1 < i < N}, of the p-spin model, instead of being restricted to the 
valuess + 1 or - 1 as in the Ising model, are continuous variables which satisfy the spherical 
globall constraint £ £ i af(t) = N at any time t. The Langevin dynamics of the spherical p-spin 
modell is given by 

^ 00 = Fl[ a(t)} - tiifya^t) + Vi(t) (5-2) 
ot ot 

wheree F* is the force acting on the spin Oi at time t due to the interaction with the rest of 

thee spins 
FFM*)]M*)]  = F4TÏÏ £ Jr3-ip^(t)^(t)  ..*„(' )  (5-3) 

^^  i}- (i2,i3,...,ip) 

Thee quantity y is a Lagrange multiplier which ensures that the spherical constraint is satisfied 
att all times. Furthermore, r]i(t) is a Gaussian random field with zero mean and variance 

(r(rHH(t)r(t)r fjfj(s))(s)) = 2T6(t-8)6ij (5.4) 

whichh follows from the definition 

(X(t)):=(X(t)):=  d[fi]P[ri{t)]X(t) (5-5) 
JJ — OO 

inn which 

P[rP[r11(t)](t)] = (V^f)-lexY>{- ^5>,2 (0/(4T)} . (5.6) 
JoJo i=l 

Thee notation [drj\ stands for X\idrn{t): at each time t the integration is performed over all 
possiblee values of the noise. Remark that the angular brackets {( . . . ) ) refer to the thermal 
average,, whereas the bar (...), introduced below, denotes the average over the disorder, i.e., 
thee couplings Jf ' , 3 ' " '*p. The J*2 '13 '"' !p are quenched random variables with zero mean which 
followss from 

/

OOO  - i 

" 0 0»2.«3,. . . , ip p 

== 0 (5-7) 

with h 
p{Jp{Ĵ ,.J^,.JP)P) = (y/^Ppl/N'-i))-1 exp {-(J?<i>'-"' i>)2/{J2pl/N>-1)}. (5.8) 
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Thee couplings are taken to be symmetric under permutation of the different super-indices 
«2,, «3, , V In the most general case, however, the interactions may not be symmetric under 
thee exchange of the subindex i with a generic super-index, for instance, J*2'*3'""*" ^ J*'*3' . 
Mostt of the studies undertaken in this model concentrate on the symmetric case where J * 2 * 3 ' * " 
iss symmetric under the permutation of all possible indices. This case is particularly interesting 
sincee then an energy function exists such that the force F{ derives from a Hamiltonian H, 
givenn by 

HWt)}HWt)} = - £  oh (t)ai2 (t)... aip (t) (5.9) 
l<h<il<h<i 22...<ip<N ...<ip<N 

via a 
p rr , ., dH[a(t)] 

Hence,, in this particular case there exists a stationary state described by a Boltzmann-Gibbs 
distribution.. Due to the mean-field character of the model, the dynamical equations depend 
onn the statistical properties of the force only through its correlations. On the other hand, the 
statisticall properties of the force F{ depend on the correlations of the J's. The simplest case 
[116]] corresponds to correlations of the type 

r~.r~.  : : :  : — „1 

^^ J**  =a2N^ ( 5 1 1) 

forr every k. So if a = 1 we recover the symmetric case while for a = 0 we obtain the 
asymmetricc case. 

Thee statics of the model has been studied by Crisanti and Sommers [117]. For a=l, the 
temperaturee Ts, which separates a high temperature replica phase and a low temperature phase 
off replica symmetry breaking is shown to be given by Ts{p = 2) = 1.0 and Ts(p = 3) = 0.586 
[118].. Also the TAP equations have been studied, leading in the large p limit to a temperature 
TTAPTTAP = y log(p) [118, 119, 120]. Finally, the Langevin relaxation dynamics of the model has 
beenn studied by Crisanti, Horner and Sommers [115]. It was found that Td(p = 2) = 0.5 and 
thatt Td(p = 3) = 0.612. Now we have introduced the spherical p-spin model we will turn to 
thee problem of damage spreading. 

5.22 Damage spreadin g in th e spherica l p-spi n mode l 

Inn order to study damage spreading in the spherical p-spin model, two systems will be consid-
ered,, one system with spins denoted by a, the other with spins denoted by r: 

dajt) dajt) 
dt dt 

dTjjt) dTjjt) 
dt dt 

==  FMt)]-Kt)<n(t)  + Tk{t) (5.12) 

== FMt)]-Kt)n(t) + Vi(t) (5.13) 

wheree F{ is the force (5.3) which is identical for both systems and 77^) is an external white 
noisee with variance given by fo(*)»fc(s)) = 2TÖ{t - 5 )%, c.f. equation (5.4). 
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Lett us now introduce some variables which will play a central role in the study of damage 
spreading.. First the different time overlap within spin-system a is given by c(t, s) 

c(t,s)c(t,s) =  (5-14) 

whereass in spin-system r it will be given by b(t, s). The resemblance of spin-system o at time 
tt with spin-system r at time s can be measured with the overlap q(t, s), defined as 

q{tq{tii8)8) = ^J2ai{t)Ti{s). (5-15) 

Thee equal time overlap, i.e., the overlap in case s equals t, shall be denoted as qd(t). Further-
more,, the Hamming distance in terms of the equal time overlap is given by 

d[t)d[t)  = L^l. (5.16) 

Thuss identical configurations have zero distance and opposite configurations have maximal 
distancee d(t) = 1. What we are interested in and what is usually referred to as damage 
spreadingg is the study of the time evolution of the Hamming distance d(t), given a certain 
initiall distance d(0). In particular, we are interested in d(oo) . 

Inn our analytical calculations we will deal with averages of c, q and d over all dynamical 
pathss which lead from certain initial configurations to the configurations ait) and n(t) at 
timee t. This average of the overlap will be denoted as ((q{t))) = : Q{t),  of the equal time 
overlapp as «&( * ) ) ) = : Qd{t) and of the asymptotic long-time distance as «d(oo))) = : Dx, 
seee equation (5.31). 

Inn equations (5.12) and (5.13) there is competition between two different terms. On the 
onee hand, the force terms Fi[a(t)] and Fi[r{t)] propagate the error (or damage) in the initial 
configuration.. The noise acts in the same way in both systems smearing out possible differences 
inn the initial condition. In other words, the stochastic noise is the synchronizing force which 
triess to make both evolving configurations to merge in time while the force term amplifies the 
initiall damage playing the role of a noise. 

Quitee generally, the asymptotic long-time distance D^ will be a function of the type 
off initial configuration (for instance, random or stationary), the initial distance D0 and the 
intensityy of the noise T. It is our goal to find the value of D^ as a function of these variables. 

Lett us consider a physical interpretation for the study of damage spreading. This interpre-

tationn only holds if we assume that the forces Fi[a(t)] and F;[r(t)] f equation (5.3), derive from 

aa potential Fi[a(t)] = - ^ p - Then defining the new variable Zi = Oi- n and subtracting 

equationss (5.12) from (5.13)'we obtain 

^^ = FW) + r(t)]  - FMt)]  - Kt)zi(t) (5-17) 

Hence,, the solution z{ = 0 is a stationary solution of (5.17) and corresponds to a vanishing 

Hammingg distance D = 0. A linear stability analysis around this solution Zi = 0 yields the 

equation n 
dd^^  = J2HtJ[r(t)h(t)-^t)z l(t) (5.18) 



92 2 Damag ee spreadin g 

wheree we introduced the matrix fly[r(t)], defined as ^ - [ r ( t ) ] := - ^ f f i 1 , which is a Hessian 
matrixx evaluated at the point (TU .., TN). The solution z{ = 0 is stableif the Hessian matrix is 
negativee definite, i.e, if all eigenvalues of the matrix are negative. An instability of the D = 0 
solutionn may appear when an eigenvalue of the Hessian matrix vanishes. This corresponds to 
aa saddle point of the potential landscape V(r). 

Duee to ergodicity, the a, r systems sample all the possible configurations. So the asymptotic 
distancee D^ is a direct measure of the stability of the D = 0 solution along all possible config-
urationss (weighted with their corresponding statistical Boltzmann weight). In other words, an 
instabilityy in the solution D^ = 0 and, hence, the existence of a damage spreading transition 
iss an indication of the presence of saddle points in the potential landscape of systems a, r. 

Wee stress that T0 can only be related to the presence of saddle points in case, at high 
temperatures,, the D^ = 0 solution is stable. Of course, also other stable solutions D^ which 
aree unequal to zero may exist. 

Wee will proceed by deriving an equation for D(t) on the basis of the equations (5.12) and 
(5.13). . 

5.2.11 Th e Martin-Siggia-Ros e formalis m for rando m initia l configu -
ration s s 

Inn this chapter we are primarily concerned with macroscopic quantities. In this section we shall 
derivee macroscopic dynamical equations for macroscopic quantities, based upon the micro-
scopicc Langevin equations (5.12) and (5.13). 

Inn order to arrive at macroscopic quantities such as the correlation and response functions 
wee shall rewrite the Langevin equations in terms of a generating function. This is done by 
rewritingg the Langevin equations for the spin systems a and r as fi(t) = 0 and gt(t) = 0 
respectively,, with 

Mt)Mt) = & t{t) - FMt)} + Kt)°i(t) - n(t) 

gigi(t)(t) = Tt(t) - FMt)] + mri{t) - m(t). ( ] 

Thenn the generating function is the integral over all dynamical paths satisfying the Langevin 
equation.. In other words, we use the Martin-Siggia-Rose formalism [121, 122]. 

Lett us start by considering initial configurations at infinite temperature, i.e., random initial 
configurations.. Then all initial configurations a(0) and r (0) contribute equally to the gen-
eratingg function. This implies that in the macroscopic dynamical equations the macroscopic 
initiall configuration Qd(0) is a random initial condition which can have any value between 
- 11 and + 1 . The case of initial equilibrium configurations, i.e., configurations with a finite 
temperature,, will be analyzed later on in section 5.2.5. For random initial configurations the 
generatingg function reads 

roc roc 

z{<t>,y)=z{<t>,y)=  [doWdTWiïMgmJWb 
JQ JQ 

,ooo * (5.20) 
exp{{  / dt J2Mt)<n{t) + <Pi{t)Ti{t)]} 

t = i i 
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wheree J[<r] and J[T] are Jacobians given by 

dfi(t) dfi(t) 
J[<T)J[<T)  = 

d(jj{s) d(jj{s) 
J[T}J[T}  = 

dfi(t) dfi(t) 

dTj(s) dTj(s) 
(5.21) ) 

Thee notation [da] stands for Ridcr^t): at each time t the integration is performed over all 

possiblee values of the spins. 
Thee introduction of the Jacobians yields an important property of the generating function, 

namelyy Z(0,0) = 1 [122]. This allows the generating function to be averaged over the noise 
andd the disorder. By differentiation of the (averaged) generating function with respect to 
thee variables <j> and <p, one obtains macroscopic quantities such as the correlation function 
andd the response function, as will be done below. It also possible to find a closed set of 
equationss for these quantities. Finally, the macroscopic dynamical equations will be analyzed 
bothh analytically and numerically. 

Thee Jacobians can be calculated using Ito's regularisation to discretize time [123] 

fi(t)fi(t)  = ot(t) -Ui(t- dt) - dt f ds AMs)] (5.22) 
Jt—dt Jt—dt 

withh Ai[a(t)]  = Fi[a{t)]  - v{t)<Ti(t) + ifc(*). It follows that 

dajs)dajs) = 6ij6ts ~ 6{t-dt)Aj ~ S{t~dt)s L / U -da^sT ( 5 > 2 3) 

andd consequently J[a] = 1. Analogous, one obtains J[r] = 1. Thus the generating function 

(5.20)) becomes 

Z(4>Z(4>tt<p)<p) = |[d^][dr] 5 ( ^ ( 0 - ^ W ^ l + M ^ W - * » ( < ) ) 

S(fS(ftt(t)(t) - Fi[r(*) ] + Kt)n(t) - Vi(t)) exp {  / dt £(&(*)<*(* ) + <Pi(*Mt))} 
JJ i=\ 

==  J[dado][dTdf] exp{-ijdt |> * (0 ( *» ( ' ) - Fi[a{t)]  + »(t)ai(t) - rn{t))} 

rr  N 

xx exp {-i  dt 53fi(t)(7i(0 - Fi[T{t)}  + t*(t)Ti(t) - m{t))} 
JJ i=l 

rr  N 

xexp{jdtxexp{jdt £[&(0<*( 0 + <Pi{t)Ti{t)]}  (5-24) 
i = l l 

wheree in the second step a well-known representation of the delta-function is used. 
Usingg the fact that Z(0,0) = 1, the generating function (5.24) can be averaged over the 

noisee without altering the normalization: 

(Zfatp))(Zfatp)) = fd[rj\P[ri{t)]Z{<l>,<p) 

==  j\dada][dTdf] exp {-% j dt ][>,(* ) (<Ji(*) - Fi[a{t)]  + n{t)at{t)) 

+f+f tt(t)(f(t)(fii(t)(t) - FMt)} + /i(t)n(t)) - *T(a?(0 + ff(t) + di(t)ti{t)) 

+i{Mt)0i(t)+i{Mt)0i(t)  + <Pi(t)n(t))]}  (5-25) 
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withh P[rj{t)] given by (5.6). 
Likewise,, the generating function can be averaged over the disorder in the couplings J. To 

doo so, one has to calculate exp {A} with A = ijdt Hi[êi(t)Fi[a(t)] + ^ (0 * i [ r ( < ) ] ] - Since 
P(J*2'*3''"' tp)) is Gaussian we have exp {A} = expA2/2. To evaluate A2 we have to use 

FMt)]FA<*W]FMt)]FA<*W]  = «ü/,(c(<,*)) + (l-<5ü)a^(*)o'i(0/"(c(t,a))/JV (5.26) 

FJTfflFM*)]FJTfflFM*)]  = WW,*)) + (1 " 8ij)<xTi(*)T3(t)f"(b(t,8))/N (5.27) 
fiWWM*)]fiWWM*)] = ^jfiQ^s  ̂ + il-S^aT^aj^fiq^s^/N (5.28) 

wheree f(x) = xp/2 for x = c, b and q and where a is the symmetry parameter in the couplings. 
Onee obtains after averaging over the noise and the disorder, the following expression for the 
generatingg function 

(Z{4>,<p))(Z{4>,<p))  = J[dada][dTdf] exp {S(aarf) + j dt f > , ( * M ( i ) + <P*(tMt)]}  (5.29) 

with h 

ff N 

S{aarf)S{aarf) =-i  Idt £ fo( t ) (* i ( * ) + n{t)(n{t)) + ?&)(+#) + ^{t)n(t)) - iT(o?(t) + 

+rf(t)+rf(t)  + ai(*)ft(*)) ] " \ fdtds YHti(t)&i(s)f'(c(t, s)) + Ut)^) f(b(t, s)) + 

+o+o ii{t)T{t)Tii{s)f{s)f,,{q{U{q{U  s)) + fi(t)di(8)f'{q{8% t))] 

" 2 ^^ IdtdS E I * * W ^ i ( * ) ^ ( * ) ^ ( * ) f ( c ( * , s)) + fiitMsftWTjWWt, s)) + 

+ ^ ( / ) r , ( S ) f j ( S ) ^ ( « ) ) r ( ^ , 5 ) )) + f i ( ^ ( S ) a , ( S ) r i ( i ) r ( ^ , i ) ) ] (5.30) 

Lett us define the average over the disorder and the dynamical histories as 

((A))((A)) = ((Z^O)))'1 lim f[dodd][dTdf}Aexp{S(<7ÖTT) + 
<p,ip-*0<p,ip-*0 J 

ff N 

++ dt 52(MtMt)+<Pi(t)Ti(t))} 
JJ t=i 

== f[dad&][dTdT]Aexp{S(aaTf)}. (5.31) 

Thee correlation function C(t,s) in terms of this average is defined as 

N N 

C(t,s):=((^^(t)aC(t,s):=((^^(t)akk(s))).(s))). (5.32) 

Thee correlation function can also be expressed as derivatives of (5.29) 

aa a 
== }^mt)am{z(M) (5-33) 
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wheree in the second step the property <Z(0,0)) = 1 is used. Remark that S{aarf) is symmetric 

inn a and r. It follows that 

« 44 E °*(t)°k(s))) = « ^ E rk(t)rk(s))). (5.34) 
i VV Jt=i i V *=i 

Thee spherical constraint yields the boundary condition C(t,t) = 1. 
Thee response function R(t, s) is defined as 

W,s):=j:-^~{Mt)))\W,s):=j:-^~{Mt)))\hh«=o«=o (5-35) 

inn which hl(s)  is an extern (magnetic) field coupled to the spins <T». This field enters the 
Hamiltonian,, if any, as H[a{t)\ = - E JnM ^ix{t)ai2{t)... aip{t) + ZÏLi h?(t)<Ti(t), com-
paree (5.9). We study the spherical p-spin model with vanishing fields hi and hj. Remark that 
R(t,R(t, s) = 0 for all / < s since any field coupled to spin a at time s cannot have any influence 
onn spins a at times smaller than s. If, in addition, s equals t we have R(t, t) - 1/2. In terms 
off (5.29), it becomes 

N N dd d 
W,W, s) = mag ^ y ^ y in <Z(*. *)> \h7-o (5-36) 

Ann alternative way to write the response function is given by 

R(t,R(t, s) = ((-i £ ak(t)dk(8))) = {(— E n(t)rk(s))) (5.37) 

wheree again we have used the symmetry of a and r in S(aarf). 
Next,, the overlap Q(t, s) is introduced as 

TTJ:°k(t)TJ:°k(t)Tkk(s)))(s))) (5.38) 
k * * = i i 

andd can be written as a derivative of (5.29) 

JV V dd d 
QiiQii '''' ))'^o^m)a^M'^o^m)a^M ln{zlln{zl*"*" p))p))-- (539) 

Itt is possible to write a closed set of equations for the correlation and response functions and 
thee overlap. To achieve such a set of equations, one uses the average (5.31) to arrive at the 
expression n 

rr  dA 
==  — [dodaMdrdf] exp {S(aoTf)} 

JJ 0<Ji(t) 

== -0> (5-40) 
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wheree in the second step a partial integration is performed. 

Too obtain an integro-differential equation for the correlation function C(t, s) we have to 
takee A = N'1 E* <*»(«) in (540). This results in 

== 0 . (5.41) 

Then,, calculating the left-hand side of (5.41) with the help of (5.30) yields 

rocc 1 £ ,oo 1 N 

-<< /00 *«üEvMMu)f(c(t,u))))-{(J0 du-Y,°i(s)n(u)f'(q(t,u)))) 

QQ /-CO ^ 

// dw E^(«)**(«toW* JW
#l(c(*,«))>) 

(5.42) ) 

Inn the same manner, the choices A = N~l Et^»(«) and ̂  = A'""1 E i Ti{s) lead to expressions 
forr the response function R(t, s) and the overlap Q(t, s) respectively. 

Macroscopicc quantities such as {{-iN'1 Ek^k(t)fk(s))) = E * 5fi^y«<r*(0»lftj=o and 

({- i^V-1EfcTfc(*)5 ' *(5)))) = E f c a ^ ) « ^ ( 0 » l f t ^ = o vanish, because any field of the spin-

systemm a cannot have any effect on the spin-system r and vice versa. Finally, the remaining 

quantityy {{N~ l Efe^fc(0^fc(s))) also vanishes, as will be argued in short. First, from (5.4) it 

followss that 
dd22TT _ 1 

drH{t)dm(8)drH{t)dm(8) t=s~2' ( 5 - 4 3 ) 

Thiss yields together with ( (AT 1 £v ^(s)^^)) = -6(t - s) the above statement. 

Afterr these manipulations and taking always s < t, one arrives at the following closed set 
off equations 

^ ^^ + ti{t)C{t,s) =  V-£duR{s,u)CP-\t,u) + 

+0+0PKP-PKP- 1) f'duR̂ u^c^w)Cp_2(i,u) (5.44) 

22 JO 

a f l(* '* )) + ii{t)R{t,s) = a ^  ̂ fduR(t,u)R{u,s)Cp-\t,u) (5.45) 

dQ(t,s) dQ(t,s) 
dt dt + + »{t)Q{t,s)»{t)Q{t,s) =  rduR{s,u)Qv-\t,u) + 

ll  Jo 

+<*+<*  2 f du R{t, u)Q(u, s)Cp~2(t, u). (5.46) 
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Takingg the limit s —> t instead of taking s < t in the equation for the correlation function 
C(t,C(t, s) yields an equation for the Lagrange multiplier fi{t) : 

H(t)H(t) = T+ P (1 + ( " ( P~1 ) ) fdu R(t, u)Cp-l(t, u). (5.47) 
22 Jo 

Finally,, the macroscopic correlation function which measures the damage spreading is the 
diagonall correlation function Qd{t),  defined as Qd(t)  = Q(t,t). It obeys the equation 

IdQdQIdQdQ + tl{t)Qd{t) = T + RftduR̂ u)QP-i^u) + 
22 ot I Jo 

+a+aP{pP{p ~ 1) r* du R̂  u)Q̂  u)CP-2(tt uj (5 48) 
22 Jo 

Remarkk that (5.48) is not derived directly from (5.46), but from a related equation. The set of 
equationss (5.44)-(5.48) is quite involved. At time t = 0 we have C(0,0) = 1, R{0,0) = 1/2, 
n(t)n(t) = T and Q(0,0) = <2d(0). Hence, to solve these equations for t > 0 we have to specify 
Qd(0),, which in case of random initial configurations can have any value between - 1 and + 1 . 

Forr the correlation C and response functions R, equations (5.44), (5.45) and (5.47), 
severall results are known, in particular their behaviour in the equilibrium regime, where time-
translationall invariance is satisfied and the fluctuation-dissipation theorem is obeyed, as well 
ass in the non-stationary aging regime [124]. In the next section we will analyze the diagonal 
correlationn function Qd{t), equation (5.48), at high temperatures. 

5.2.22 High temperatur e analysi s 

Ass explained in the introduction, there are several possibilities for the asymptotic value of Qd(t). 
Thiss depends, among other things, upon the temperature. Let us start by first considering the 
casee of very large temperatures. 

Furthermore,, let us consider solutions of (5.48) in equilibrium, i.e., let us consider large 
timess t and s such that (t - s)/t « 1. In equilibrium, fluctuations are time-translational 
invariantt which implies C(t, s) = C(t - s) and R{t, s) — R(t - s). As a consequence we have 

R(tR(t -3) = -0?^ZJ1 (5.49) 

wheree ft = 1/T. This equation is commonly referred to as the fluctuation-dissipation theorem 
(FDT).. From (5.49) it follows that the integral terms in (5.48) and (5.47) vanish in comparison 
withh the other terms, and we find 

\^ir\^ir ==T[1T[1 -Qi(t)] (550) 

wheree we have used fi = T using equation (5.47). Equation (5.50) can be exactly solved. The 
stationaryy solution is given by Q = 1. 

AA first question is whether this stationary solution is stable. The answer can be obtained 
withh a linear stability analysis of (5.50). We therefore write Qd(t)  = 1 + e ƒ (t), in which 1 is a 
stationaryy solution, e a small but positive parameter and ƒ (t) some arbitrary positive function. 
Inn this fashion we find that stationary solutions Q = 1 are stable indeed. 
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Ourr analysis only holds at very large temperatures. For lower, finite, temperatures the stable 
stationaryy solution Q = 1 may become unstable. The damage spreading transition corresponds 
too the situation in which the stable high-temperature stationary solution becomes unstable. 

5.2.33 Existenc e of To : lower and upper boun d f or a = 1 

Basedd on the discussion of the previous section, we here shall try to estimate the tempera-
turee T0 at which the stable high-temperature stationary solution Qd = 1 (D = 0) becomes 
unstable.. To do so we shall restrict the analysis of the set of equations (5.44)-(5.48) to the 
symmetricc case a = 1. Then, a first glance to equations (5.46),(5.48) reveals that the overlap 
Q(t,Q(t, s) and its diagonal part Qd{t) are coupled to each other through the correlation C(t, s) 
andd response function R(t, s). The trivial solution Q(t, s) — C(t, s) and Qd{t) — 1 corresponds 
too the case where the initial conditions are the same, Qd(0) — 1 and the distance D(t) = 0 
forr all times. This solution (hereafter we will denote it by HT) corresponds to A » = 0 and is 
asymptoticallyy reached by the dynamics for high enough temperatures as discussed before. Nu-
mericall integration of those equations (see later) reveals that the typical time needed to reach 
thatt solution grows if the temperature decreases. At a given temperature (which we identify 
withh 7Q) there is an instability in the dynamical equations (5.46),(5.48) and the asymptotic 
solutionn differs from the HT one. We did not succeed in finding an explicit expression for TQ 
butt we show in this section its existence and find lower and upper bounds for its value. 

Ass we approach T0 the distance D(t) decays towards its asymptotic value D^ = 0 with a 
divergingg characteristic time r, i.e. 

T=T= ƒ dtD(t, TQ) -  oo (5.51) 
Jo Jo 

Too show the existence of To we focus in the high temperature regime, where the fluctuation-
dissipationn theorem (FDT), equation (5.49), is satisfied. Remark that in the previous section 
wee were concerned with an infinite temperature, whereas we now consider finite temperatures. 
Att the damage spreading temperature (which is deep in the high temperature phase, as we 
willl be shown a postiori) the typical relaxation time for the quantities C and R is finite so we 
mayy introduce FDT with no harm. On the other hand, section 5.2.5 shows that the damage 
spreadingg transition is already present if we start from an equilibrium condition where condition 
(5.49)) is satisfied for all times. 

Too obtain the lower bound we start from equation (5.48) and write, for a = 1, 

\^p-\^p- + tit)Q*(t) - T - | ftduRit, u)Q*-\t, u 
Pto-Df*Pto-Df*  a

 (552) 

22 Jo 

Takingg Q2(t, s) and using the Schwartz inequality, we arrive at high temperatures at the 
inequalityy Q(t,s) < Qd(s)C(t - s). Together with (5.49) we obtain 

\^M\^M  +li(t)Qd(t) -T(Qi(t)) - Êlfadû Ac-\t - u)Qrd-\u) 

_«^i)pu£fc)c,-I(t _u)(3d(u)<o. . 
(5.53) ) 
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Thee property ^ ^ = pC^-\t  - u)d-^- yields 

\mi\mi++,,{tmt){tmt) _ Tmt)) _ i jy^ipiQV{u) 
£ ( p - l )) r*  dCp(t~u) 

// du y- J-Qd{u) < 0 
JoJo du 

(5.54) ) 

2 2 

Doingg an integration by parts for the two integrals appearing in (5.54) we may write 

ldQldQdd(t) (t) 
+ + 22 dt , /i(0Q-(0 - f (QT )̂ - «-1(0)C(t) - [du^d^u)C?(t - «)) 

0ip0ip-^-(Q-^-(Qdd(t)(t) - Qd(0)Cp(t) - [  du^^C^t - „)) < 0. 
(5.55) ) 

-r--
Att temperatures above the damage spreading transition temperature T0, we may expect that 
Qd{t)Qd{t) is a monotonous increasing function of time towards the stable solution Qd = 1, i.e., 
^ ^^ > 0 at all times t. It follows that 

ff  dudQPdduiU)CP{t ~u^°  (5-56> 
jyjyuu?9Mc?9Mcpp(t-u)>0(t-u)>0 (5.57) 

If,, in addition, we note that in the long-time limit t —> oo the correlation function C(t) 
vanishes,, l im^oo C(£) = 0 and that l im^oo/zft) = T + ^ , we get 

l^Érl^Ér+T{Qd{t)+T{Qd{t) ~l)~ f {Qd"1{t) ~ Qd{t)) - °  (5-58) 
Finally,, due to the monotonicity of Qd{t) we reach the desired inequality 

00 < i ^ P < T(l - Qd(t)) + ̂ (<?d-
2(t) - 1)  (5.59) 

AA trivial solution which always satisfies this inequality is Qd{t) — 1. Let us now expand 
QQdd(t)(t) around Qd{t) = 1 via Qd(t) = 1 - ef(t) with ƒ (t) > 0 and ^ < 0. It follows that for 
largee times the function ƒ approaches zero, l im^oo ƒ(*) = 0, which is in accordance with the 
previouss assumption of the monotonicity of Qd{t).  We thus find the result that at the damage 
spreadingg transition the inequality is satisfied only if T0 > J(p — 2)/2. 

Too find an upper bound for the damage spreading transition temperature T0, we perform 
aa linear stability analysis of the equations (5.46),(5.48) around the HT solution, Qd(t)  — 
11 - ef(t) , Q(t, s) = C(t -s)- eg(t,  s) where ƒ (0) = 1, g{t, t) = ƒ(*). This yields for equation 
(5.48)) in the large t limit 

iS^- f ) / -^ '^-^ -- MO) 
Finally,, with the inequality dg^' > 0, we arrive at T0 < Jp/2. 
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Soo as a result we have found the following estimate for the damage transition temperature 
To o 

^<To<f^<To<f rr  (5.61) 

Notee that for the particular case p = 2 the inequality (5.61) yields T0 < 1. Taking into account 
thatt (5.61) was derived under the assumption T0 > Ts, i.e., we supposed we were in the high-
temperaturee regime., and using Ts(p = 2) = 1, this is not inconsistent with the result T0 = 1 
derivedd by Stariolo [104]. 

Inn the next section we discuss the behaviour of the asymptotic distance as a function of 
temperature.. We will see that D^ seems to play the role of a dynamical order parameter in 
damagee spreading transitions. 

5.2.44 Series expansio n and Pade analysi s 

Inn section 5.2.2 we presented an analysis of the set of equations (5.44)-(5.48) at high tem-
peratures.. At lower temperatures an analysis of the set of equations (5.44)-(5.48) is more 
demandingg and a general solution is too complicated to find. Nevertheless, in the asymmetric 
casee a = 0 and the anti-symmetric case a = -l/(p- 1) some progress is made, see [110]. 
Since,, in general, an analytical solution has not been found, we shall devote this section to a 
numericall study of the equations (5.44)-(5.48) for the damage spreading problem. 

First,, one could try to investigate the long-time limit of Qa via a numerical integration of 
thee set of dynamical equations (5.44)-(5.48). However, the CPU time and the memory needed 
too do so grows fast with time because of the integrals occurring in the equations. Thus the 
spreadingg of damage at large times can here only be obtained from the dynamical equations 
viaa extrapolation. This enlarges the error in the estimate of the damage spreading, especially 
sincee in several cases Qd{t) is a non-monotonic function of time (see figure 5.1). 

Ann alternative approach to obtain the long-time behaviour of time dependent variables 
withh high accuracy was introduced by Franz, Marinari and Parisi [125] to study the long-time 
behaviourr of the energy. Here we extend their method to analyze the asymptotic behaviour of 
D(t).D(t). In their method they first decompose the time dependent variables in a series expansion 
beforee extrapolating for large times with the help of Pade approximants. For the damage 
spreadingg problem, it leads to a Taylor expansion of the correlation function C, the response 
functionn R and the overlap Q 

ooo oo oo oo oo oo 

C{t,C{t, s) = £ E ckit
ksl R(t, s) = £ E 'Hi** 1 Q(tt s) = E E qklt

ksl (5.62) 
Jfc=00 /=0 fc=0 1=0 k=0 1=0 

wheree CQQ = roo = 1 since C(t,t) = 1 and limfH>(J})+ R(t,s) = 1. Remark that due to the 
propertyy R(t, s) = 0 for all t < s, the expansion cannot be done for arbitrary t and s. In 
orderr to perform the expansion let us now assume that R(t,s) is analytic for a lU > s [125]. 
Furthermore,, //(£) and the equal time overlap Qd(t) can be written as 

ooo oo fc 

fi(t)fi(t)  = E tikt
k Qd(t) = E E 9(*-Di«*  (5-63) 

fc=0 fc=0fc=0 fc=01=0 1=0 
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inn which ^Q = T and where <?oo is a parameter identical to the value of Qd at t — 0. Assuming 
alwayss t > s, the dynamical equations (5.44)-(5.48) can be transformed into recurrence 
relationss for the coefficients of the expansion. To this end one first substitutes (5.62) and 
(5.63)) into (5.44)-(5.48) under the constraint t > s, then calculate the integrals and finally 
rearrangee terms. Numerically, the coefficients of the expansion are now readily obtained. In 
casee p = 3, the coefficients of the expansions can be computed on a RISC workstation up to 
orderr 80 in a few hours. However, for larger values of p the computational effort is larger. 

Too ensure high accuracy of the asymptotic extrapolation, one needs a large radius of 
convergencee of the series expansion. A good method to enlarge the radius of convergence of a 
seriess expansion is using the method of Pade approximants. In this method one introduces two 
polynomialss Um(t) and Vk(t) of degree at most m and k, respectively. The goal is to choose 
UUmm(t)(t) and Vk{t) for given m and k such that Qd(t) and Um(t)/Vk{t) are equal at t - 0 and 
havee as many derivatives as possible equal at t = 0. The polynomials Um(t) and Vk{t) will be 
writtenn as 

mm k 

tU*)=E«i* '' H(t) = £to*. (5.64) 
i=0i=0  i=0 

Sincee there are m+k+1 constants in the problem, the aim will be to make Qd(t)~Um(t)/Vk(t) 
andd its first m + k derivatives equal to zero at t - 0. If this can be achieved, one arrives at 
thee following expression for the unknown coefficients a* and fy 

ooo i k m oo 

(££<7( i - ; ) / ) (EM')-5>ff  = £ dj (5.65) 
i=Qi=Q  j=0 1=0 i=0 i—m+k+1 

inn which di are unknowns not relevant for the problem of the first m + k + 1 powers of t. The 
vanishingg of the first m + k + 1 coefficients in (5.65) leads to the set of equations 

ii  i 

EE E ^{i-i-i)Jbi - ai  = ° Ï = 0 , . . ., m; bi = 0 if I > k; b0 = 1 
1=01=0 j = 0 (5.66) 
kk i 

EE E Q{i-i-J)A = ° i-m + l,...,m + k; Q(i-i-j)j  = 0 if i - I - j < 0. 
i=oi=o j=o 

Thiss set of m + k + 1 equations can be solved for the m + k + 1 unknowns a» and bi. It is an 
empiricall fact that diagonal Pade approximants, i.e., approximants in which k equals m, and 
thee off diagonal Pade approximants m = k + 1 give the smallest error in the estimate. For 
thatt reason only those approximants are used in estimating Qd(t). 

Thee computations have been performed for the symmetric case a = 1. Three differ-
entt initial conditions have been considered: i. anti-correlated random initial conditions with 
QQdd(0)(0) — - 1 , ii. uncorrelated random initial conditions with Qd{0) — 0 and Hi. partially 
correlatedd random initial conditions with Qd{0) = 0.5. 

Too check that the extrapolations A » using the Pade approximants are correct, the Pade 
seriess is compared with numerical integrations of the dynamical equations. In figure 5.1, for 
pp = 3, the behaviour of Qd{t) in case b) is shown for different temperatures. The continuous 
liness correspond to the numerical integration of the dynamical equations, while the dashed 
liness are the reconstructed functions Qd{t) obtained from the Pade analysis. Indeed, the Pade 
seriess and the numerical integration fit closely. 
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Figuree 5.1: Pade analysi s for th e equa l tim e overlap . Depicted is the equal time overlap 
Qd(t)Qd(t) with Qd(0) = 0 for p = 3 (a = 1) as a function of time for different temperatures. From 
topp to bottom T = 0.9,0.7,0.5,0.3,0.1. The continuous lines are the numerical integrations 
withh time step A t = 0.01 and the dashed lines are the reconstructed functions obtained from 
thee Pade analysis. 

Thee estimate for D^ is obtained by division of the highest order coefficients of Pm(t) and 
Qk{t),Qk{t), i.e., by am/6fc. An asymptotic estimate can be obtained assuming a power law decay 
off the equal time overlap: Qd(t) = Qd(oo) + At~c. The analysis of Dx suffers in some cases 
fromm a small radius of convergence (even with Pade) as well as from the presence of poles in 
thee Pade expansion. The results are displayed for p = 3 in figure 5.2 and for p = 4 in figure 5.3 
forr cases i, ii and in as a function of the temperature. Let us remark that a lower number of 
coefficientss in the Taylor expansion in the case p = 4 with respect to p = 3 leads to a less 
accuratee estimate of the asymptotic distance. 

Inspectionn of figures 5.2 and 5.3 reveals that the dynamical transition temperature T0 

iss in the predicted regime, equation (5.61). It can be estimated more accurately from the 
relaxationn time Treiax associated to the decay of the distance D(t) to zero. Starting from 
highh temperatures, we assume the relaxation time to diverge at T0 according to a power law: 
rrelaxx ~ (T - T0)-">. We thus have found T0(p = ó) = 1.04  0.02 with 7 ~ 1.1  0.1 and 
TT00(p(p = 4) = 1.13  0.02 with 7 ~ 1.1  0.1. The result depicted in figure 5.2 indicates that 
thee temperature 2\ , below which D^ is dependent upon the averaged initial distances D0, 
vanishes,, i.e., 7\ = 0. This is also suggested, although less convincing, in figure 5.3. 

Itt has to be stressed that, for any p, the transition at temperature T0 is not present for 
initiall conditions D0 = 0, since in this case D(t) = 0 for all t > 0, independently from the 
temperaturee T. This raises the question whether the solution D = 0 is stable. To answer this 
questionn we have studied the asymptotic distance D^ for small initial distances D0. It appeared 
thatt for small initial distances D0 as well as for large initial distances such as D0 = 0.25, D^ 
behavess alike as a function of temperature. In other words, the solution D — 0 is not stable. 

Wee conclude that for all temperatures, both p = 3 and p = 4, the asymptotic distance is 
independentt of the averaged initial distance D0 =£ 0. Remark that we analyze averaged initial 
distancess D. Of course, different initial distances d(0) may lead to different asymptotic results 
d(oo). d(oo). 
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Figuree 5.2: Th e asymptoti c distanc e for rando m initia l configuration s wit h p = 3. 
Depictedd is the asymptotic distance Dx for p = 3 (a — 1) as a function of the temperature 
T.T. The distance D^ is obtained from the Pade analysis of the series expansions for different 
randomm initial conditions D0 = 1 (circles), D0 = 0.5 (triangles), D0 = 0.25 (stars). Typical 
errorr bars are shown for the last case. 

Ourr results are in contrast with the case p = 2, where dependence of the averaged initial 
distancee D0 ^ 0 is found for the low temperature region [104]. We must say that we have 
obtainedd the same results, as in cases p = 3,4, for a model which is a combination of 
thee p = 2 and p = 4 spherical spin-glass model [126]. For a certain range of parameters, 
thiss model is known to have a continuous phase transition with continuous replica symmetry 
breakingg and without collapse of the configurational entropy. So the first-order character of 
thee spin-glass transition found in our model for p > 3 is not essential for the appearance of 
thee damage spreading transition. Still, that model [126], is also characterized by the presence 
off an exponentially large number of meta-stable states. From the point of view of the form of 
thee dynamical equations, the fact that the damage spreading temperature T0 is finite for p > 2 
ass well as in a model which combines p = 2 and p — 4 is a consequence of the non-linearity in 
thee coupling between the equal time overlap Qd(t) and the overlap Q(t,s) which occurs for 
alll p > 2. 

Fromm the physical point of view, this independence of D^ on the initial distance D0 ^ 0 is 
quitee appealing. The asymptotic value D ^ can, on the basis of our computations, be regarded 
ass an order parameter for the damage spreading transition at temperature TQ. For a better 
understandingg of the physical origin of this transition we shall consider the case of equilibrium 
initiall conditions in the next section. 

5.2.55 Equilibriu m initia l configuratio n 

Wee have seen in the previous section that the asymptotic distance A » is a non-trivial function 
off the temperature which is finite below T0 and vanishes above T0. The relevance of the 
existencee of the meta-stable states has been already pointed out in previous sections. The fact 
thatt the damage spreading transition exists suggests that the nature of this phase transition 
iss related to the corrugated properties of the free energy landscape. To check this result 
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Figuree 5.3: The asymptoti c distanc e for rando m initia l configuration s wit h p = 4. 
Depictedd is the asymptotic distance D^ for p = 4 (a = 1) as a function of the temperature 
T.T. The distance D^ is obtained from the Pade analysis of the series expansions for different 
randomm initial conditions D0 = 1 (crosses), D 0 = 0.5 (triangles), D0 = 0.25 (stars). Typical 
errorr bars are shown for the case D0 = 0.5. 

itt is convenient to investigate the damage spreading transition starting from an equilibrium 
configuration.. In this case the system starts from a stationary state and remains there forever. 
Att high temperatures this state is paramagnetic so in this case the damage spreading is a direct 
checkk of the ruggedness of the paramagnetic state. In fact, we will find that if we start from 
ann initial equilibrium condition, then the damage spreading transition persists and actually 
coincidess with the temperature T0 found for a random initial configuration. This reinforces 
thee idea of D^ as a dynamical order parameter for the damage spreading transition. In this 
sectionn our discussion is only valid for a = 1, where a stationary Boltzmann distribution is 
present. . 

Thee analysis of the dynamical equations for an equilibrium initial condition follows the same 
stepss as for the random case but now we must impose a Gibbs distribution for the configurations 
aa and r at time t — 0. The equivalent of the dynamical equations (5.44,5.45,5.46), for 
thee symmetric case a = 1, can be easily obtained for T > Ts in the replica symmetric 
approximationn [120]. For equilibrium initial configurations, the generating function reads 

Z^(4>,Z^(4>, if) = Zü1 f[da(0)][dT(0)} Z(</>, <p)e 0H[<r(O)]0H[<r(O)]  P-J5fl[r(0)] 

where e 

ZZnn = f[da(0)}[dr(0)}< f[da(0)}[dr(0)}< -f)H[<r(0)]-f)H[<r(0)]  p-/3//[r(0)] 

(5.67) ) 

(5.68) ) 

andd where Z(<p, ip) is the generating function (5.20). Furthermore, H is the Hamiltonian for the 
p-spinn model defined in (5.9). The equilibrium generating function can be evaluated using the 
replicaa trick X/Y — l i m , , ^ . ! XYn. Then, as before, the generating function can be averaged 
overr the noise and the disorder. Finally, in the replica symmetric approximation, the fact is used 
that,, in equilibrium, the correlation function C(t, s) and the response function R(t, s) are time-
translationall invariant and satisfy the fluctuation-dissipation theorem R(t) = -0^^-Q(t). 
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E E 

Figuree 5.4: Th e asymptoti c distanc e for equilibriu m configurations . Depicted is the 
asymptoticc distance D^ as a function of the temperature T, starting from an equilibrium 
configuration,, for p — 3 (a = 1). 

Afterr some algebra, we obtain for the correlation function C(t) 

8C{t)8C{t) . „ , „ , „  , /3p ft ^^_llx ,,dC{u) 

dt dt 
++  TC(t) +  ̂ [  duCp^(t-u) 

22 Jo du du 
(5.69) ) 

withh (7(0) = 1. The two-times overlap satisfies the equation 

-- — / duQ(s,u)-
22 Jo 

(5.70) ) 

Thee diagonal part, Qd(t) = Q(t,t), is given by 

11 dQd{t) 
22 dt ++ (T+

P4mt)-T-P4 ff duQp-\t, 
Jo Jo 

El El 
2 2 

du du 

dc(t dc(t 

duQ(t,u duQ(t,u 

du du 

dcdcpp-\t-u) -\t-u) 
(5.71) ) 

du du 
0 0 

wheree we have taken the initial condition Qd(0) = 0. With Q(0,0) = 0 we have taken two 
initiallyy independent systems. This leads to the condition Q(t, 0) = Q(0, t) = 0. Now we are in 
equilibriumm so fi(t) = T+ ^ [120]. We have looked for a time-translational invariant solution 
forr Q(t,s), i.e, a solution of the type Q{t,s) = Qd(s)Q(t - s) for t > s, but we have not 
foundd it (even for p = 2). Our numerical results suggest that such an asymptotic solution does 
nott exist. 

Usingg as before a series expansion in the time-dependent variables and Pade approximants, 
wee have estimated the asymptotic distance for equilibrium initial conditions, i.e., for Qd(0) = 
0.. The results are displayed in figure 5.4 for different temperatures. The divergence of the 
relaxationn time leads to T0(p = 3) = 1.01  0.04 with 7 = 1.4  0.3 which indicates that T0 

coincidess with the result obtained for random initial conditions. 
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Inn conclusion, we state that one of the most interesting results concerning the damage 
spreadingg transition is the fact that we find D^ to be a non-trivial quantity which does not 
dependd on initial conditions D0 ^ 0. The initial condition DQ = 0 was found to yield an 
unstablee solution. 

Inn equilibrium thermodynamics, the independency on the initial condition can be one of the 
featuress of an order parameter which separate different equilibrium phases. In the stationary 
state,, when fluctuation-dissipation theorem is obeyed, the order parameter is a quantity which 
characterizess the equilibrium state and (in the absence of ergodicity breaking) may not depend 
onn the initial condition. Since D^ is of a dynamical nature, we thus may have encountered, with 
DQO,DQO, a dynamical order parameter. A discussion on the origin of the transition at temperature 
TT00 will be presented in a following section, section 5.2.7. In the next section we will investigate 
thee behaviour of D^ as a function of the symmetry a. 

5.2.66 Th e non-symmetri c case a ^  1 

Thee study of the symmetric case a = 1 suffered from the fact that, below T0, the convergence 
off the distance D(t) towards its asymptotic value A » is very slow (a power law in time), 
seee figure 5.1. Consequently, both numerically or using the Pade method it is very difficult to 
extrapolatee to the asymptotic value. As the asymmetry of the interactions J, equation (5.11), 
iss turned on, i.e, if a < 1, the relaxation of the system to the stationary state turns out to 
bee faster. Actually, for the two cases we have studied, i.e., the asymmetric case (a — 0) and 
thee antisymmetric case (a = —r r t ) . the relaxation of the distance D(t) is found to be nearly 
exponentiall [110]. Like the symmetric case a = 1 it is found that for a < 1 the asymptotic 
distancee D^ does not depend on the initial distance DQ [110]. 

Itt is important to note that, for a < 1, the equilibrium stationary state is not known 
andd that the fluctuation-dissipation theorem is not applicable. Still we expect, for p > 2, the 
damagee spreading transition to survive for a < 1. The reason is that the damage spreading 
transitionn (even for a = 1) is inherently a non-equilibrium transition so the effect of the 
asymmetryy may not change the character of that transition. The T — a phase diagram of the 
damagee spreading transition, for p = 3, is showed in figure 5.5. 

5.2.77 Discussio n 

Forr the spherical spin glass model with p > 2, we have found a damage spreading transition to 
bee present at a temperature T0. The transition at temperature T0 has the following interesting 
properties:: it is i. independent of the type of initial configuration and ii. stable in the presence 
off asymmetry. Furthermore, the asymptotic distance D^, is independent of the initial distance. 
Thiss suggests that D » has some of the good properties to be a dynamical order parameter. 
Wee conclude this section with an explanation what the damage transition at temperature To 
impliess for the configu rationa I landscape. 

Inn the introduction it was already suggested that the transition might be related to the 
presencee of meta-stable states. In addition, we have seen that the damage spreading tran-
sitionn at temperature T0 is related to the presence of saddle-points. Since saddle-points are 
relatedd meta-stable points, this reinforces the idea that T0 is related to meta-stable states. 
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Figuree 5.5: The T - a phas e diagram . Depicted is the damage spreading transition for 
differentt temperatures T and asymmetry a, with p = 3. The line is a guide to the eye and 
displayss the dependency of the transition on the symmetry a. In the DS regime damage 
spreads,, L ^ ^ 0, whereas in the NO DS regime damage heals, Dx = 0. 

Thee question remains what is the change in the number of meta-stable states, associated with 
thee transition at T0. This will be treated below. 

Firstt of all, at the damage spreading transition there exists not a number of meta-stable 
statess exponential in Ar, since, for increasing temperatures, this number vanishes at TTAP 
whichh is well below T0. The temperature T0 at which the damage spreading transition occurs 
iss also well above Td. Like TTAP, the temperature Td is associated, for increasing temperatures, 
withh a decrease in the number of meta-stable states. This can be seen as follows. 

Lett us consider the correlation function in equilibrium, equation (5.69). The correlation 
functionn C(t,s)  measures the similarity of a number of states at two different times t and 
s,s, via the overlap c(t,s), equation (5.14). If a state does not change in time, the overlap 
c(t,c(t, s) equals one and will contribute maximally to the correlation function C(t, s). For a state 
whichh has changed between time t and s, the overlap c(t,s)  will be unequal to one, leading 
too a smaller contribution to the correlation function C(t,s). In case the dynamics is ergodic, 
thee correlation function C(t, s) tends to zero if the time difference between t and s rises. If 
theree exists meta-stable points and basins of attraction, the correlation function C(t,s)  may 
havee a non-zero limit for a large time difference between t and s. This, of course, depends 
uponn the number of meta-stable states. For the p-spin model it has been found, for increasing 
temperatures,, that the number of meta-stable states drops , and hence the correlation function 
C(t,C(t, s) becomes zero for a large time difference between t and s, at Td(p — 3) — 0.612 [115]. 
Ass mentioned, this is well below the damage transition temperature T0(p = 3) = 1.01. 

Inn conclusion, at the damage spreading transition, apparently, a number of meta-stable 
statess and saddle-points is present, which is, e.g., a power of N, but not exponential in N. 

Ann alternative interpretation for the transition at T0 can be found in case c of the intro-
duction,, i.e., the case in which two states which do not belong to any basin of attraction will 
leadd to an arbitrary value for the asymptotic distance. A possible explanation for the transition 
att T0 then might be the presence of limit-cycles, which may lead, via ri(oc), to non-zero Dx. 
Inn the symmetric case a = 1, however, no limit-cycles do exist in the high temperature phase 
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wheree the system is expected to be ergodic. Hence, the transition at T0 cannot be related to 
thee presence of limit-cycles. 

Inn the regime below T0, we have found D^, to be unequal to zero, independent from the 
initiall condition. In phase space, this latter observation might be accounted for by a (large) 
numberr of meta-stable states with basins of attraction which are not very large, see the 
introduction.. Other methods have been used to study the basins of attraction of meta-stable 
statess of the spherical p-spin model in more detail. They revealed a complex structure in 
configurationn space [127]. Furthermore, we observed that for T <T0 the asymptotic distance 
A »» 's a decreasing function of the temperature. This is a direct consequence of the fact that 
thee number of meta-stable states decreases as a function of temperature. 

Ass a final observation we mention that if T approaches zero from above, D^ tends to 
0.55 for all D0 ^ 0. In other words, the complexity of the phase space destroys all correlations 
betweenn two arbitrary initial configurations which are not identical. 

5.33 Cross-correlation s 

Wee have studied damage spreading for the continuous Langevin dynamics. Damage spreading 
hass also been studied extensively in discrete dynamics such as Monte Carlo dynamics. From 
thesee studies is was noticed that different algorithms often lead to different results. In the 
casee of continuous dynamics such a situation seems not to occur. Below, we will study this 
differencee in more detail. 

Onee of the essential ingredients for the damage spreading transition is the presence of two 
competingg effects: a synchronizing force (the stochastic noise TJ in the Langevin dynamics) and 
aa landscape-dependent force which pulls configurations apart from each other into different 
directions.. In the case of a discrete (Monte Carlo) dynamics the equivalent role of the stochastic 
noisee is played by the set of random numbers generated during the Monte Carlo updates. 
Now,, the random number in the Monte Carlo algorithm (uniformly chosen between 0 and 1) 
determiness the probability of a move depending also on the configuration of the system. 

Inn the Langevin dynamics, the noise did not depend upon the configuration of the system, 
sincee we took identical noises. However, like the Monte Carlo dynamics, damage spreading in 
thee Langevin dynamics can also be studied for noises that depend upon the configurations, 
i.e.,, for correlated noises rj and rf. In other words, instead of (5.12)-(5.13) we can study 

- ^ PP = Fil<r(t)]-tt(t)oi(t)  + rH(t)  (5.72) 

^^  = FilTiM-rttMQ  + f&it)  (5.73) 

wheree ^ ( f ) and rj'^t) are noises which do not have to be identical. Let us now define the 
averagee over the correlated noises rji(t) and rj'^t) as 

/

oo o 

%]d[i/]P[i7W,»/(*)l̂ WW (5.74) 
-oo o 

inn which we take 

''  X Jo ijii  4T(1 - K?[<r,r])  '  l ' 
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withh M - {TTTJ(1 - tC2[a,T]))'1. Furthermore, IC[CT,T} is some arbitrary function of the 

systemss a and r. As a consequence of (5.75), rji(t) and rf^t) are external white noises with zero 
meann and with variance given by {j)i{t)i)j{s)) = 2TS(t-s)6ij and ( f ^ ) 7 / ^ 5 ) ) = 2Tö(t-s)öij, 
respectively,, c.f. equation (5.4). The cross-correlations are given by 

{ViitWjis)){ViitWjis)) = 2TfC[a, r]6{t  - *)<Jy . (5.76) 

Fromm (5.4) and (5.76) it follows that the function K has to satisfy JC[a,a] = 1. Furthermore, 
wee have - 1 < JC[a,r] < 1, Va,T. Since the function K appears in the expression for the 
cross-correlations,, we shall refer to it as cross-correlator. The cross-correlator K does not 
influencee the individual properties of the two systems a and r. For instance, K does not have 
anyy influence on the mean and the variance of the noises rji(t) and 7?-(t). However, it does 
havee influence on variables which are related to both systems, such as the equal time overlap 
Qd{t),Qd{t), see equation (5.77). 

Thee various choices for the functions K, for continuous dynamics correspond to the various 
algorithmss used in Monte Carlo dynamics for discrete dynamics. In the same manner as different 
Montee Carlo algorithms, different choices for fC may lead to different results for the damage 
spreadingg transition. In the preceding sections, damage spreading has been studied for the 
sphericall p-spin model in case of identical noises, i.e., for a cross-correlation K, = 1. Here, 
wee will discuss some of our earlier results in relation to arbitrary cross-correlators /C. In a 
nextt section, we will also discuss similarities and differences between continuous and discrete 
dynamics. . 

Ass mentioned before in case of identical noises, i.e., fC = 1, in the Langevin dynamics the 
stochasticc noise is the synchronizing force which tries to make both evolving configurations to 
mergee in time while the force term amplifies the initial damage playing the role of a noise. In 
thee general case — 1 < K < 1 the noise does not necessarily synchronizes both systems and 
itss effect is similar to that of the force. This difference between K = 1 and K, ̂  1 has some 
consequences. . 

Inn section 5.2.2 we found that the Qd = 1 solution is stable for K = 1. In the context 
off cross-correlations the Qd = 1 solution is maximally stable for K — 1. This is due to the 
factt that noises which are not identical decreases the stability of the Qd = 1 solution, see 
[110].. Hence, in general, the asymptotic distance will be a function of the cross-correlation K. 
Alsoo the temperature T0 at which the damage spreading transition occurs will depend on the 
particularr form of K. 

Duee to the destabilizing effect of the noise, the D = 0 {Qd = 1) solution becomes instable 
att higher temperatures with respect to the case K = 1, provided a solution D = 0 may exist 
forr choices K^\. Furthermore, among all possible cross-correlations K for which the D = 0 
solutionn is stable, K = 1 yields the lowest damage spreading transition temperature T0, see 
alsoo the discussion below (5.79). 

Wee have argued above that for Langevin dynamics the maximal cross-correlator K, = 1 is 
aa special case. We emphasize that in other dynamical systems it is unclear whether or not the 
maximall cross-correlator fC = 1 plays the same role in the context of damage spreading. This 
iss due to the complexity of cross-correlations. 

Lett us now extend the calculations performed for a cross-correlator K. = 1 to arbitrary 
cross-correlations.. First, the Martin-Siggia-Rose formalism, introduced in section 5.2.1, can be 
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Figuree 5.6: High temperatur e analysi s of som e arbitrar y cross-correlato r /C. Depicted 
aree the stationary solutions of Qd and the flow diagram for some arbitrary correlator K, at 
infinitee temperature. The points Q* and 1 are stable stationary points, whereas the point 0 
andd the stationary point between Q* and 1 are unstable. 

repeatedd in case of arbitrary cross-correlations K. We obtain 

11 dQd(t) 
22 at 

Kt)Qd(t) Kt)Qd(t) 

,, P(P-

TKTK + l J duR(t,u)Qp-1(t,u) + 
22 Jo 

122 f 
Jo Jo 

duR(t,u)Q(t,u)CduR(t,u)Q(t,u)Cpp--22(t,u) (t,u) (5.77) ) 

wheree C(t,s), R(t,s), Q(t,s) and //(*) are given by (5.44), (5.45), (5.46) and (5.47), respec-
tively.. In the high temperature analysis we arrive at 

11 dQd(t) 
22 dt 

==  T[K(Qd(t)) - Qd(t)} (5.78) ) 

wheree we have used \x — T using equation (5.47). Furthermore, for the sake of simplicity, 
wee have taken the cross-correlator K. to be solely depend on the Hamming distance D, or, 
equivalently,, on Qd(t). Equation (5.78) can be exactly solved. The stationary solutions are 
givenn by K.(Q) = Q and are found to be stable if they satisfy the condition K'{Q) < 1. 

Lett us now consider a specific example of a cross-correlator K. In figure 5.6 a cross-
correlatorr K, with four stationary solutions is depicted as a solid line. This correlator has four 
stationaryy solutions, since it crosses the line K(Q) — Q, the broken line in figure 5.6, four 
times.. Of those four solutions only Q = Q* and Q = 1 satisfy the condition K!{Q) < 1, and, 
hence,, are stable solutions. The other two stationary solutions are unstable. 

Apartt from the stationary solutions, there are two possibilities for the asymptotic behaviour 
off Qd(t). In the region where fC(Q) > Q, the region above the broken line in figure 5.6, we 
havee ^f > 0, whereas for K(Q) < Q, the region below the broken line in figure 5.6, we have 
-Jjf 11 < 0. From this it follows that the asymptotic values of Qd(t) always tend to the stable 
stationaryy solutions Q = Q* and Q — 1. This is indicated in figure 5.6 with the help of the 
arrowss on the solid line of the chosen cross-correlator fC. 

Ourr analysis only holds at very large temperatures. For lower, finite, temperatures the stable 
stationaryy solutions may become unstable and, vice versa, the unstable stationary solutions 
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Figuree 5.7: Hig h temperatur e analysi s of th e cross-correlato r K — 1. Depicted is the 
stationaryy solution and the flow diagram for the correlator /C = 1 at infinite temperature. 

stable.. The damage spreading transition corresponds to the situation in which one of the stable 
high-temperaturee stationary solutions become unstable. Since for different cross-correlators /C 
thee stable stationary solutions Q may vary, and, hence, the value of AC'(Q) may vary, the 
influencee of the cross-correlators AC on the damage spreading transition temperature is clear, 
oncee again. Remark that cross-correlator AC = 1 has a unique stable stationary solution at 
Q*Q* = 1, see figure 5.7. 

Inn section 5.2.3 we made an estimate for the temperature T0 at which the damage spreading 
transitionn occurs. Also for arbitrary cross-correlators AC an estimate can be made for T0. Taking, 
ass before, cross-correlators AC = /C(Q</(£)), we find 

P P 
2(1-AC'(1)) ) 

< T 0 < < P P 
2(1-AC'(1)) ) 

(5.79) ) 

Notee that both the lower and upper limit diverge when AC'(l) = 1. This limiting value sets 
aa condition on the possible cross-correlations AC(Qd) where the Qd — 1 solution is stable. 
Onlyy those functions fC{Qd) for which AC'(l) < 1 yield solutions Qd = 1 which are linearly 
stablee at very high temperatures. Furthermore, the property AC(1) = 1 of the cross-correlator 
yieldss a lower bound for AC'(l), i.e., AC'(l) > 0. As a consequence, the lowest value for 
thee temperature T0 is found for cross-correlators which satisfy /C'(l) = 0. In particular, this 
conditionn is satisfied for cross-correlator AC = 1. Hence, whatever the choice for the cross-
correlatorr AC, damage always spreads below the temperature T0 = J(p - 2)/2. This general 
resultt ends our discussion regarding cross-correlations. In addition to the results presented 
here,, more work has to be done to en-reveal the behaviour of the damage spreading transition 
ass a function of the cross-correlator. 

5.44 Damage spreading in discrete glassy models 

Upp to now we have considered the damage spreading problem in case of a dynamics continuous 
inn time such as Langevin dynamics. Here we want to investigate damage spreading and in 
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particularr the existence of a damage spreading transition at a finite temperature TQ for discrete 
dynamicss such as Monte Carlo algorithms. 

Thee various choices for the functions /C for continuous dynamics correspond to the various 
algorithmss used in Monte Carlo dynamics for discrete dynamics. So different Monte Carlo 
algorithmss determine different types of correlations between the noises. As for the cross-
correlatorr K, this implies that the algorithms determine the structure of the high-temperature 
stationaryy solutions. Their instabilities determine the subsequent low-temperature behaviour. 
Ass we have already commented in the introduction we therefore do not expect the damage 
spreadingg transition to be universal and the results of this section aim to be compared with 
thee results already obtained for the Langevin dynamics in a continuous system. 

Forr continuous (Langevin) dynamics we had the freedom to choose the maximal cross-
correlationn K = 1. For discrete dynamics, however, this is not the case. There are several 
welll known algorithms in the Monte Carlo approach, for instance, Metropolis, Glauber, or 
heat-bath.. Among these, the last one is the only one which has a unique stationary solution 
QQdd = 1 at infinite temperature. So, heat-bath dynamics is the closest case (but different) to 
thee K, — 1 of Langevin dynamics. Here, our numerical investigation will focus on this type 
off discrete dynamics. Let us note that the other algorithms may show different behaviour 
(duee to the presence of other infinite-temperature stationary solutions) and consequently also 
differentt damage spreading transitions. Roughly speaking the Metropolis algorithm corresponds 
too the case K,(Qd) = Qd for Langevin. It is easy to check that, at infinite temperature, 
thee stationary solutions in both dynamics are the same. The non-universality of the damage 
spreadingg transition (as in our previous analysis of the Langevin case) has received some 
attentionn in the literature [128]. 

5.4.11 Damag e spreadin g in the Bernascon i mode l 

Heree we will analyze the Monte Carlo dynamics with the Glauber algorithm for the Bernasconi 
modell [129]. This is a long-range interaction model without disorder which is known to have a 
glassyy behaviour in the universality class of spin-glass models with one step of replica symmetry 
breakingg [130]. Consequently, its dynamical behaviour is the same as predicted by the mode-
couplingg theory. 

Thee Bernasconi model (for simplicity we will consider the closed model, see [130] for more 
details)) consists of N Ising spins at = 1 in a one dimensional chain interacting through a 
long-rangee four-spin interaction. It is defined by the following Hamiltonian, 

""  = lZCl (580) 
lyly k=l 

where e 
N N 

CCkk = Yl Wj+k (5-81) 

wheree we take periodic boundary conditions <7j = CTJ+JV-
Inn this model there are particular values of N for which the ground state is exactly known 

[130].. The interest of this model is that it behaves like a disordered spin glass in the absence of 
explicitt quenched disorder in the Hamiltonian. This means that the dynamics itself generates 
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sloww evolving variables which effectively act as quenched disordered fields [130, 131, 132, 
133].. This model is characterized by three temperatures, a melting first-order transformation 
temperaturee TM, a transition temperature Td ~ 0.5 [134] where the relaxation time of the 
correlationn function diverges and, hence, where ergodicity breaks and, finally, a static (or 
glass)) transition temperature Ts ~ 0.25 where replica symmetry breaks and the configurational 
entropyy collapses (this is the ideal glass transition predicted in the AGM theory [135]). 

Inn the heat-bath algorithm, to go from a configuration {(Ji{t)}, at a given time t, to a 
configurationn {ai(t + At)} at the next time-step t + At with At = l/N, a spin ak is chosen 
att random among the N spins to be updated. The probability to put the spin up or down is 
decidedd according to the intensity of the local field acting on that spin. More precisely, if we 
definee the local field as hk = £-H with H the Hamiltonian (5.80), then the probability of 
puttingg the spin ak up (ak = 1) or down (ak = - 1 ) at time t + At is given by, 

P(aP(akk(t(t + At) = a) = i + i tanh (0hk{t)a) (5.82) 

withh a = 1 and hk(t) is the local field acting on the spin k at time t. Note that the probability 
(5.82)) does only depend on the local field acting on the spin k and not on the actual value of 
thatt spin at time t. Then, a random number z(t) with a uniform distribution between 0 and 
11 can be introduced and spins are sequentially updated according to the dynamical rule 

aakk(t(t + At) = sign -- + -tanh(Phk{t)) - z{t) (5.83) ) 

Withh this rule (5.83) we have studied numerically the damage spreading of three different initial 
conditions,, as in the p-spin model: i. anti-correlated random initial conditions with D0 = 1, 
ii.ii. uncorrelated random initial conditions with D0 — 0.5 and in. partially correlated random 
initiall conditions with DQ = 0.1. For each of these cases, the distance D(t) is computed up 
too 100000 and 10000 Monte-Carlo time-steps for N = 1000 and TV = 5000 respectively. To 
analyzee the data, the logarithmic time with base a = 1.1 is considered. Furthermore, the data 
iss averaged in intervals of the form (ak,ak+1 — 1) with k a positive integer. For T — 0.3 the 
evolutionn of D(t) is plotted in figure 5.8. 

Too obtain the asymptotic value £>«, from figures like 5.8, a power law fit for low temper-
aturess is used. For high temperatures an exponential fit up to 2000 Monte-Carlo steps in real 
timee is used. The results are displayed in figure 5.9. One observes that the distance does not 
vanishh for any finite temperature. Also, figure 5.9 indicates the existence of a temperature 
T\T\ above which the asymptotic distance is independent of the initial distance D0. Below this 
temperaturee 7\, D^ does seem to be dependent of the initial distance D0. This temperature 
wee obtain here T\ ~ 0.5 is in very good agreement with the transition Td where ergodicity 
breakss [134]. 

Lett us compare the behaviour we find here with the previous Langevin analysis for the 
p-spinn model. This analysis was largely based upon a cross-correlator K — 1. However, K, 
iss some arbitrary function which may depend on the overlap as well as on the temperature 
TT = 1//3. Thus, we may imagine a K to exist such that the infinite-temperature fixed-point 
£>ooo  = 0 becomes unstable as soon as /? is finite. In this case the asymptotic distance would 
bee a non trivial function of /3 and the transition 7\ could well happen at the usual dynamical 
transitionn Ta where ergodicity is broken. In other words, a function K may exist such that for 
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Figuree 5.8: Th e distanc e in th e Bernascon i model . Depicted is the distance D averaged 
perr interval (ak, ak+1 — 1) as a function of logarithmic time with base a = 1.1 for temperature 
TT = 0.3. The upper two curves are the result of initial condition DQ = 1 for TV = 1000 (boxes) 
andd N = 5000 (diamonds). In the same manner, the middle (lower) curves are the result of 
Doo = 0 . 5 (D 0 =0.1) . 
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Figuree 5.9: Th e asymptoti c distanc e in the Bernascon i model . Depicted is the asymptotic 
distancee D^ as a function of temperature T for the Bernasconi model using the heath-bath 
algorithm.. There are three different initial conditions: D0 = 1 with N = 5000(1000) as 
closed(open)) triangles, D0 = 0.5 with N = 5000(1000) as closed(open) circles and D0 = 0.1 
withh TV = 5000(1000) as closed(open) diamonds. 
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Langevinn dynamics the same results are found as in case of the Monte Carlo dynamics we used 
forr the Bernasconi model. 

Ass explained in the introduction of this chapter, the dependence of the asymptotic distance 
DooDoo on the initial distance D0, at low temperatures, might be a consequence of the presence 
off a large number of different fixed points with large basins of attraction. This is supported by 
diminishingg differences in D^, for different D0, for increasing temperatures, since an increase 
inn the temperature yields a reduction in the number and the size of the basins of attraction. 
Att Td = 0.5 the number of meta-stable states drops drastically (for increasing temperatures). 
Thiss drop in meta-stable states might cause the fact that the asymptotic distance D^ becomes 
independentt of the initial distance DQ at this temperature. The presence of a large number of 
limit-cycless at finite temperatures might be the argument for the asymptotic distance to be 
unequall to zero and independent on the initial distance DQ above Td-

Thee results we find for the Bernasconi model are the same as found by Derrida and 
Weisbuchh [108] for the Sherrington-Kirkpatrick model. The fact that in this model T0 —> oc 
iss related to the infinite-range character of the interaction. Actually, Derrida[103] has found 
numericall evidence that for finite-dimensional spin glasses there exists a range of temperatures 
wheree the asymptotic distance vanishes. In other words, he found a range of finite values for 
To.. The dependence of the asymptotic overlap on the initial condition DQ found here and in 
[103]] below T\ could well be an artifact of the large-time extrapolation where the time window 
simulatedd and the size as well are not sufficiently large. Unfortunately, it is not easy to simulate 
veryvery large times and sizes in infinite-ranged models like the present one. 

Damagee spreading has also been studied in case of a discrete parallel dynamics for a neural 
networkk with connections given by the prescription of Hopfield [102]. In this model it was found 
thatt the temperatures 7\ and T0 both have a finite value. This result reveals the influence 
off the stochasticity of the dynamical rule on the structure of the phase-space, through a 
parameterr which is usually referred to as temperature. 

Thee results of this section show that the transition 7\ is very close and probably coincides 
withh the dynamical transition temperature Td below which the system never attains equilibrium 
andd ergodicity is broken. Nevertheless, in this case the asymptotic damage apparently depends 
att low temperatures on the initial condition D0 and probably on the type of initial condi-
tionn as well, although such a firm conclusion needs more understanding of damage-spreading 
transitionss for generic updating rules. 

5.55 Summar y 

Thee phase space of models like spin glasses and neural networks is, in general, highly complex. 
Too probe the structure of such a complex phase space we have used the technique of damage 
spreadingg in this chapter. In particular, we have studied damage spreading in a system with 
continuous,, Langevin, dynamics as well as in a system with discrete, Monte Carlo, dynamics. 

Forr the continuous Langevin dynamics of the spherical p-spin model we were able to 
derivee some precise results. We showed the existence of a damage spreading transition at 
aa temperature TQ via a derivation for its upper and lower bound in case of random initial 
conditionss D0. This was supported via i. a numerical integration of the dynamical equations 
andd ii. a series expansion and a Pade approximation. 
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Inn case of identical noises, we argued that the damage spreading transition at T0 is a 
consequencee of an instability in the high-temperature stationary solution D^ = 0. We have 
associatedd this high-temperature instability with the presence of saddle-points in phase-space 
forr systems where the force derives from a potential. More in particular, we have associated 
T00 with the presence of a large number of meta-stable states, e.g., a power of N, but not 
exponentiall in N. 

Wee have found that the damage spreading transition at TQ has the following interesting 
properties:: it is i. independent of the type of initial configuration D0 and ii. stable in the 
presencee of asymmetry. Furthermore, the asymptotic distance D^ is independent of the initial 
distancee D0. This suggests that A » has some of the good properties to be a dynamical order 
parameter. . 

Wee have compared the results for the continuous Langevin dynamics with the discrete 
Montee Carlo dynamics. In order to do so, we have introduced cross-correlators K in case of 
continuouss dynamics. The cross-correlators are associated with two stochastic noises which 
aree correlated, but not necessarily identical. We have found that for any choice of the cross-
correlatorr damage always spreads below temperature T0 = J(p — 2)/2. Such a statement 
iss not possible in case of discrete dynamics, where the various choices for the functions /C 
correspondd to the various algorithms used, e.g., in Monte Carlo dynamics. Thus, the advantage 
off Langevin dynamics with respect to discrete dynamics is that in case of Langevin dynamics 
thee cross-correlator K may be chosen at will. 

Finally,, we stress that the specific results of this chapter obtained for a cross-correlator 
KK = 1 may be altered if other, more complex, cross-correlators fC are studied. In the same 
fashion,, different algorithms in models with discrete dynamics may lead to different results. 


