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We give a complete characterization of the cubic graphs 
with no eigenvalues in the open interval (−1, 1). We first 
classify the connected cubic graphs with no eigenvalues in 
(−1, 1) showing that there are two infinite families: one due 
to Guo and Mohar (2014) [7] and the other due to Kollár and 
Sarnak (2021) [12], and 13 ``sporadic'' graphs on at most 32
vertices. Then a not necessarily connected cubic graph has no 
eigenvalues in (−1, 1) if and only if the same is true for every 
connected component. This classification allows us to show 
that (−1, 1) is a maximal spectral gap set for cubic graphs, 
thereby answering a question of Kollár and Sarnak (2021) 
[12]. The techniques used include examination of the small 
subgraphs that can appear in such a graph and an application 
of the classification of generalized line graphs.
© 2025 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

We show that with the exception of two infinite families and 13 sporadic examples, all 
connected cubic graphs have an eigenvalue in the open interval (−1, 1) where, here and 
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for the remainder of the paper, ``cubic graph'' means a 3-regular graph with no loops or 
multiple edges.

This work complements recent results of Kollár and Sarnak [12] regarding spectral gap 
sets for cubic graphs. If G is a cubic graph then its eigenvalues (i.e., the eigenvalues of 
its adjacency matrix) lie in the interval [−3, 3]. Kollár and Sarnak [12] (see also [13]) 
define a spectral gap set, or simply a gap set, to be an open subset ℐ ⊂ [−3, 3] such that 
there are infinitely many connected cubic graphs with no eigenvalues in ℐ. A gap set ℐ
is maximal if there is no gap set ℐ ′ such that ℐ ⊂ ℐ ′.

Kollár and Sarnak observe that several important results in graph theory are equiva
lent to identifying maximal gap intervals. For example, the Alon-Boppana theorem (see 
[1,10,6,14]) and the existence of cubic Ramanujan graphs [5] show that (2

√
2, 3) is a 

maximal gap interval.
Among several other results, Kollár and Sarnak [12] exhibit an infinite family of 

connected cubic planar graphs with no eigenvalues in (−1, 1) thereby showing that (−1, 1)
is a gap interval (in fact they show that it is a maximal gap interval). The fact that 
(−1, 1) is a gap interval had previously been shown by Guo and Mohar [7], who found 
an infinite family of (non-planar) connected cubic graphs with no eigenvalues in (−1, 1). 
These graphs belong to a larger family of graphs, called cyclic Haar graphs, which were 
introduced and studied by Hladnik, Marušič, and Pisanski [9].

We show that these two infinite families, along with 13 small graphs on at most 32
vertices, form the complete list of connected cubic graphs with no eigenvalues in (−1, 1). 
As a result of this characterization, we can then show that (−1, 1) is a maximal gap set 
(not just a maximal gap interval).

The remainder of the paper is structured as follows. Taking the bipartite double (which 
is defined below) of a graph preserves the property of having no eigenvalues in (−1, 1)
and so we start by determining the connected bipartite cubic graphs with no eigenvalues 
in (−1, 1). First, Section 3.1 analyses the local structure of the graph to show that the 
Guo–Mohar graphs are the only connected bipartite cubic graphs of girth 4 with no 
eigenvalues in (−1, 1). Then, Section 3.2 shows that any connected bipartite cubic graph 
of girth at least 6 with no eigenvalues in (−1, 1) can be associated with another graph 
with least eigenvalue −2, and the famous classification of graphs with least eigenvalue 
−2 (see [2,4]) is used to determine all the possibilities. Finally, Section 3.3 determines the 
connected non-bipartite cubic graphs with no eigenvalues in (−1, 1) by ``reversing'' the 
bipartite doubling process in all possible ways on each of the newly-determined connected 
bipartite cubic graphs with no eigenvalues in (−1, 1).

2. The graphs

In this section we describe in detail the connected cubic graphs with no eigenvalues 
in (−1, 1).
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Fig. 1. The base graph B(5). 

2.1. Two infinite families

There are two infinite families, each existing only when the number of vertices is a 
multiple of 4. There is a unique graph on 4k vertices in each of the families. These graphs 
are obtained from a base graph which we denote B(k) consisting of k ⩾ 1 vertex-disjoint 
4-cycles connected in a linear fashion forming a path of 4-cycles (as depicted for k = 5
in Fig. 1).

The base graph has four vertices of degree 2 (two at each end) and can be completed 
to a cubic graph in two nonisomorphic ways. The Kollár–Sarnak graphs are obtained by 
adding two edges, each joining the two vertices of degree 2 at the same end, while the 
Guo–Mohar graphs are obtained by adding two edges, each joining a vertex of degree 2
at one end to a vertex of degree 2 at the other end. (There are two ways to do this, but 
the resulting graphs are isomorphic.)

More explicitly, the base graph B(k) on 4k vertices has vertex set

V = {w0, . . . , wk−1} ∪ {w′
0, . . . , w

′
k−1} ∪ {b0, . . . , bk−1} ∪ {b′0, . . . , b′k−1}

and edges

E = {wibi, w
′
ib

′
i, wib

′
i, w

′
ibi | i = 0, . . . , k − 1} ∪ {biwi+1, b

′
iw

′
i+1 | i = 0, . . . , k − 2}.

For k ⩾ 1, the Kollár–Sarnak graph KS(k) on 4k vertices is obtained from B(k) by adding 
edges w0w

′
0 and bk−1b

′
k−1. For k ⩾ 2, the Guo–Mohar graph GM(k) on 4k vertices is 

obtained from B(k) by adding edges w0bk−1 and w′
0b

′
k−1. We see that the base graph and 

the Guo–Mohar graphs are bipartite, where the bipartite colour classes are {wi, w
′
i}k−1

i=0
and {bi, b′i}k−1

i=0 , while the Kollár–Sarnak graphs each contain four triangles.
The smallest Kollár–Sarnak graph is KS(1) which is K4, but the smallest Guo–Mohar 

graph is GM(2) which is the 3-cube Q3. (This follows from the fact that putting k = 1
into the construction for Guo–Mohar graphs does not yield a simple cubic graph.)

Given the cyclic group Zn and a subset A ⊆ Zn, the cyclic Haar graph H(Zn, A) is 
the graph on 2n vertices with vertex set

V = {b0, b1, . . . , bn−1} ∪ {w0, w1, . . . , wn−1}

and edge set
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Fig. 2. The Kollár–Sarnak graph KS(5) (top) and the Guo–Mohar graph GM(5) (bottom). 

E = {(bi, wi+a) | a ∈ A}

where indices are taken modulo n. Cyclic Haar graphs were introduced by Hladnik, 
Marušič, and Pisanski [9] who studied the fundamental properties of these graphs. These 
graphs have a cyclic automorphism of order n with exactly two orbits of length n, and 
for this reason are sometimes known as bicirculants.

It is straightforward to verify that GM(k) is isomorphic to the cyclic Haar graph 
H(Z2k, {0, k − 1, 2k − 1}). Looking ahead, we note that three other cyclic Haar graphs 
will occur later in the paper. More precisely, H(Z7, {0, 2, 6}) (the Heawood graph), 
H(Z8, {0, 2, 7}) (the Möbius-Kantor graph or generalized Petersen graph P (8, 3)) and 
H(Z12, {0, 2, 11}) are three of the 13 sporadic connected cubic graphs with no eigenvalues 
in (−1, 1).

The bipartite double of a graph G is the tensor product G × K2 with vertex set 
V (G) × {0, 1} and where

{(u, i), (v, j)} ∈ E(G×K2) ⇐⇒ (u, v) ∈ E(G) and i ̸= j.

In other words, each vertex of G is replaced by a pair of non-adjacent vertices and each 
edge of G is replaced by a ``crossed matching'' between the corresponding vertex-pairs. 
If G is connected and not bipartite, then G×K2 is a connected bipartite graph. If G is 
bipartite, then G×K2 is just two copies of G.

If v is an eigenvector for G with eigenvalue λ, then we can form two related eigenvectors 
for G × K2 with eigenvalues ±λ. One is obtained by assigning the value vx to each of 
the vertices (x, 0) and (x, 1) and the other is obtained by assigning the value vx to the 
vertex (x, 0) and −vx to the vertex (x, 1).

Lemma 2.1. If G is a graph with spectrum sp(G), then

sp(G×K2) = sp(G) ⊎ −sp(G),
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Table 1
Sporadic cubic graphs with no eigenvalues in (−1, 1).

Vertices Bipartite Description 
10 Petersen graph. 
10 K3,3 with two white vertices truncated. 
12 Petersen with one vertex truncated. 
12 K3,3 with three white vertices truncated. 
14 ✓ Heawood graph, H(Z7, {0, 2, 6}. 
16 ✓ Möbius–Kantor, generalized Petersen G(8, 3), H(Z8, {0, 2, 7}. 
16 Cube with four white vertices truncated. 
20 ✓ Desargues graph, generalized Petersen G(10, 3). 
20 ✓ Cospectral mate for Desargues graph. 
24 ✓ Bipartite double (of either 12-vertex example). 
24 ✓ H(Z12, {0, 2, 11}) (row 4, column 3 of Fig. 3). 
32 ✓ See row 5, column 1 of Fig. 3. 
32 ✓ Bipartite double of cube with four vertices truncated. 

where ⊎ denotes multiset union. In particular, G has no eigenvalues in (−1, 1) if and 
only if G×K2 has no eigenvalues in (−1, 1). □
Lemma 2.2. For k ⩾ 1, the bipartite double of the Kollár–Sarnak graph KS(k) is the 
Guo–Mohar graph GM(2k).

Proof. Because B(k) is bipartite, B(k) ×K2 consists of two disjoint copies of B(k). To 
obtain the bipartite double of the Kollár–Sarnak graph, we need to add the matchings 
coming from the original edges w0w

′
0 and bk−1b

′
k−1. This connects both ends of the two 

copies of B(k) resulting in the graph GM(2k). □
Thus, half of the Guo–Mohar graphs—those where the number of vertices is a multiple 

of 8�-are bipartite doubles of the Kollár–Sarnak graphs. We will see in Theorem 3.7 that 
while the other Guo–Mohar graphs are bipartite, they are not the bipartite double of a 
non-bipartite graph.

2.2. Sporadic graphs

Table 1 lists all the connected cubic graphs with no eigenvalues in (−1, 1) that are not 
in the two infinite families and identifies which of them are bipartite. They are shown in 
Fig. 3, in the same order they appear in the table.

Most of these graphs have common names or are easily described in terms of simple 
operations on named graphs. Each row of the table refers to a single graph; multiple 
entries in the description field represent different names for the same graph. Several 
rows refer to the operation of truncating a vertex–that is, replacing that vertex with a 
triangle (also known as a Y -Δ operation).

As an aside, we note that cubic graphs with integer eigenvalues have been classified 
[3], and that those without 0 as an eigenvalue should appear in our classification. Of 
the 13 cubic graphs with integer eigenvalues, six have nonsingular adjacency matrices: 
K4, the cube, the Petersen graph, K3,3 with two white vertices truncated, the Desargues 
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Fig. 3. Sporadic graphs with no eigenvalues in (−1, 1). From left to right. Row 1: Petersen graph; K3,3 with 
two non-adjacent vertices truncated. Row 2: Petersen graph with one vertex truncated; K3,3 with three 
pairwise non-adjacent vertices truncated; Heawood graph. Row 3: Möbius-Kantor graph; cube with one 
bipartite colour class truncated; Desargues graph. Row 4: cospectral mate of Desargues graph (obtained 
from Desargues graph by Godsil-McKay switching on the square vertices); bipartite double of Petersen 
graph with one vertex truncated, Cyclic Haar H(Z12, {0, 2, 11}). Row 5: graph on 32 vertices; bipartite 
double of the cube with one bipartite colour class truncated.



K. Guo, G.F. Royle / Journal of Combinatorial Theory, Series B 176 (2026) 561--583 567

graph and its cospectral mate, and it is reassuring to find all of these graphs in our 
classification.

3. Proofs

We start with an elementary but very useful observation:

Lemma 3.1. A graph G has no eigenvalues in (−1, 1) if and only if the matrix M(G) =
A(G)2 − I is positive semidefinite. □

The reason this is so useful is because a matrix is positive semidefinite if and only if 
all of its principal minors are nonnegative. If a particular local configuration in G would 
create a negative principal minor of M(G), then that configuration is forbidden in any 
graph with no eigenvalues in (−1, 1).

The proof strategy will be to first classify the connected bipartite cubic graphs with no 
eigenvalues in (−1, 1), and then to determine which of those graphs are bipartite doubles 
of non-bipartite graphs.

Theorem 3.1. Let G be a connected bipartite cubic graph with no eigenvalues in (−1, 1). 
Then the girth of G is either 4 or 6. Furthermore, if G has girth 4, then it is a Guo--
Mohar graph, and if G has girth 6, then it is one of the eight graphs marked as bipartite 
in Table 1. □

We divide the proof of this into two cases, according to whether the girth is equal to 
4 or greater than 4, with the next two subsections dealing with these cases in turn.

3.1. Bipartite with girth equal to 4

In this section, we assume that G is a connected bipartite cubic graph of girth 4 with 
no eigenvalues in (−1, 1) and show that G is necessarily a Guo–Mohar graph.

Recall that the Guo–Mohar graph GM(k) consists of k > 1 induced 4-cycles C0, C1, 
. . . , Ck−1 connected in a cyclic order; see Fig. 4 for an example. We use the notation 
established in Section 2.1, where each 4-cycle Ci = (wi, bi, w

′
i, b

′
i) and the cycle Ci is 

connected to Ci+1 by the two edges biwi+1 and b′iw
′
i+1 (with all indices being taken 

modulo k), as illustrated in Fig. 2.
We shall show that if G contains a subgraph isomorphic to the base graph B(k) (that 

is, a path of k induced 4-cycles connected as described above) then either G is isomorphic 
to GM(k) or it contains a subgraph B(k + 1). We start with the case k = 1, where the 
case analysis is a little more complicated than for the case k > 1.

Lemma 3.2. Let G be a cubic bipartite graph with no eigenvalues in (−1, 1) and suppose 
that G contains an induced 4-cycle C0. Then G contains a subgraph isomorphic to B(2).
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Fig. 4. Guo--Mohar graph GM(6). 

Fig. 5. The 4-cycle, {w0, b0, w
′
0, b

′
0}, shown with other neighbours, w1, w′

1, of b0 and b′0, respectively and 
two further neighbours.

Proof. Starting with C0, we know that b0 and b′0 each have a third neighbour, say w1
and w′

1 respectively. These two new vertices are distinct because otherwise b0, b′0 would 
be twin vertices (i.e., two vertices with the same neighbours) and so A(G) would have 
repeated rows and therefore an eigenvalue of 0.

Now w1 and w′
1 are each adjacent to two new vertices so we can pick distinct vertices 

b1, b′1 such that w1 is adjacent to b1 and w′
1 is adjacent to b′1. The vertices b1, b′1 can 

each be adjacent to at most one of the vertices in {w0, w
′
0} otherwise w0, w′

0 would be 
twin vertices. See Fig. 5 for the configuration implied by these considerations.

We aim to show that b1 is adjacent to w′
1, so assume for a contradiction that this is 

not the case. Then if we take S = {b0, b′0, b1} we have

MSS =

⎡
⎢⎣

2 2 1 + x

2 2 x

1 + x x 2

⎤
⎥⎦

where x is either 1 or 0, when b1 is adjacent to a vertex in {w0, w
′
0} or not, respectively.
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Fig. 6. One 4-cycle leads to another. 

It is easy to verify that detMSS = −2, independent of the value of x, and thus M
is not positive semidefinite. Therefore, our assumption was incorrect, and it follows that 
b1 is adjacent to w′

1. A symmetric argument shows that b′1 is adjacent to w1. Therefore 
G contains a configuration of two induced 4-cycles forming the graph B(2), as shown in 
the second diagram of Fig. 6. □

The next lemma shows that if there is any edge from the last cycle in a path of 4-cycles 
to the first, then G is a Guo–Mohar graph.

Lemma 3.3. Let G be a connected bipartite cubic graph with no eigenvalues in (−1, 1). 
Suppose that G contains a subgraph B(k) for some k > 1. If either of the black vertices 
{bk−1, b

′
k−1} is adjacent to either of the white vertices {w0, w

′
0}, then G is the Guo–Mohar 

graph GM(k).

Proof. Without loss of generality, suppose that bk−1 is adjacent to w0. Then it is not 
adjacent to w′

0, for that would create twin vertices {w0, w
′
0}. If b′k−1 is not adjacent to 

w′
0 then let S = {w0, w

′
0, wk−1}, and count 2-paths between these vertices to determine 

that

MSS =

⎡
⎢⎣

2 2 2
2 2 1
2 1 2

⎤
⎥⎦

if k = 2 and

MSS =

⎡
⎢⎣

2 2 1
2 2 0
1 0 2

⎤
⎥⎦

if k > 2. (These matrices are different because w0 ∼ b0 ∼ w1 is a path from w0 to wk−1

only when k = 2.) Both of these matrices have determinant −2 and so M(G) is not 
positive semidefinite.

Therefore b′k−1 is adjacent to w′
0, and the graph is cubic and isomorphic to GM(k). □
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Lemma 3.4. Let G be a connected bipartite cubic graph with no eigenvalues in (−1, 1). 
Suppose that G contains a subgraph isomorphic to B(k) but that G is not isomorphic to 
GM(k). Then G contains a subgraph isomorphic B(k + 1).

Proof. By the assumption that G is not isomorphic to GM(k) and the previous lemma, 
bk−1 is not adjacent to either of {w0, w

′
0} and so its third neighbour is a new vertex wk. 

Similarly b′k−1 is adjacent to a third vertex, call it w′
k where, to avoid twin vertices, it 

must be the case that wk ̸= w′
k. Now wk is not adjacent to either of the vertices {w0, w

′
0}

because G is bipartite. Therefore it has two additional neighbours, which we call bk, b′k. 
If bk is not adjacent to w′

k then taking S = {bk−1, b
′
k−1, bk} we get that

MSS =

⎡
⎢⎣

2 2 1
2 2 0
1 0 2

⎤
⎥⎦

which has determinant −2. Therefore bk is adjacent to w′
k and similarly for b′k, thereby 

adding an additional induced 4-cycle to the path of 4-cycles and creating a subgraph 
isomorphic to B(k + 1). □
Theorem 3.2. If G is a connected bipartite cubic graph of girth 4 with no eigenvalues in 
(−1, 1), then G is a Guo–Mohar graph GM(k) for some k.

Proof. Let k be the largest integer such that G contains a subgraph isomorphic to B(k); 
by Fig. 6 we know that k exists and that k ⩾ 2. Then by Lemma 3.4, G is isomorphic 
to GM(k). □

Ferenc Bencs (private communication) observed that the same conclusion can be 
deduced from weaker hypotheses: it suffices to forbid eigenvalues in the shorter (closed) 
interval [−α, α] where

α =
√︂

3 −
√

5 ≈ 0.874032 . . .

Theorem 3.3. If G is a connected bipartite cubic graph of girth 4 with no eigenvalues in 
[−α, α], then G is a Guo–Mohar graph GM(k) for some k.

Proof. The graph G has no eigenvalues in [−α, α] if and only if M = A(G)2 − α2I is 
positive definite. The structural arguments used in the lemmas preceding Theorem 3.2
will work unchanged provided that the matrices

⎡
⎢⎣

3 − α2 2 1 + x

2 3 − α2 x

1 + x x 3 − α2

⎤
⎥⎦
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for x = 0, 1 both have non-positive determinant. It is straightforward to verify that this 
is true provided α >

√︁
3 −

√
5. □

3.2. Bipartite with girth at least 6

In any graph with girth at least 5, there is at most one path of length 2 between two 
vertices and so the non-diagonal entries of A(G)2 are either 0 or 1.

Therefore

A(G)2 − I = 2I + A(D2(G))

where D2(G) is the ``distance-2 graph'' of G, in other words the graph on the same vertex 
set as G where two vertices are adjacent if and only if they have distance exactly two in 
G.

In particular A(G)2 − I is positive semidefinite if and only if D2(G) has minimum 
eigenvalue at least −2. One of the seminal results of algebraic graph theory is the char
acterization of graphs with least eigenvalue −2 by Cameron, Goethals, Seidel and Shult 
in 1976. Our strategy then will be to use this characterization to determine all of the 
possibilities for D2(G) and hence G.

Because G is a connected bipartite cubic graph of girth at least 6, the graph D2(G)
is 6-regular graph and has two connected components.

Theorem 3.4 (Cameron, Goethals, Seidel and Shult [4]). If X is a connected regular graph 
with minimum eigenvalue at least −2, then one of the following holds:

1. X is a line graph, or
2. X is a cocktail party graph, i.e., X = mK2, or
3. X is an exceptional graph with a representation in the E8 root lattice.

The next three lemmas examine each of these cases in turn, determining all the pos
sibilities for the components of D2(G) and therefore all the possibilities for G.

Since G is bipartite and has girth at least 6, we can view it as the point–line incidence 
graph of a partial linear space. As G is a cubic graph, each line of this geometry contains 
three points, and each point lies in three lines (i.e., the geometry is 3-regular). The two 
components of D2(G) are the collinearity graph on points and the concurrence graph on 
lines. Because each line determines a triangle of the collinearity graph (and dually each 
point determines a triangle in the concurrence graph), the edges of each component of 
D2(G) can be partitioned into triangles. A partition of a graph’s edges into edge-disjoint 
triangles is called a triangle decomposition of the graph.

Lemma 3.5. Let G be a connected bipartite cubic graph of girth at least 6 such that D2(G)
has a connected component isomorphic to a cocktail party graph. Then G is the Möbius--
Kantor graph.
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Proof. The only 6-regular cocktail party graph is 4K2 which has 8 vertices and so G has 
16 vertices. Of the 38 connected cubic bipartite graphs on 16 vertices, routine computa
tion shows that the only one of girth at least 6 is the Möbius–Kantor graph. This indeed 
has no eigenvalues in (−1, 1) and has a distance-2 graph with components isomorphic to 
4K2. □
Lemma 3.6. Let G be a connected bipartite cubic graph of girth at least 6 such that D2(G)
has a connected component isomorphic to one of the exceptional graphs of Theorem 3.4. 
Then G has 24 or 32 vertices and is one of the four graphs of those orders listed in 
Table 1.

Proof. The regular graphs (of any degree) with minimum eigenvalue at least −2 that are 
not line graphs are explicitly listed in [2, Table 9.1]. The only 6-regular graphs in these 
lists are five graphs on 12 vertices and 35 graphs on 16 vertices. It is straightforward to 
verify by computer that just two of the 12-vertex graphs and two of the 16-vertex graphs 
have triangle decompositions. □

Finally, we move on to the main case, which is to consider which of the infinite number 
of line graphs might occur as distance-2 graphs of connected cubic bipartite graphs of 
girth at least 6.

It is known that a connected line graph L(Y ) of a graph Y is regular if and only 
if Y itself is connected and is a regular graph or is a bipartite (a, b)-semiregular graph 
(this means that the vertices have degree either a or b according to which part of the 
bipartition they belong). The degree of e = uv ∈ E(Y ) in the line graph L(Y ), is 
d(u) + d(v)− 2. As D2(G) is 6-regular, if D2(G) is a line graph, then it is the line graph 
of either a 4-regular graph or a bipartite (a, b)-semiregular graphs with a + b = 8.

Theorem 3.5. Let Y be a connected 4-regular graph. Then its line graph L(Y ) has a 
triangle decomposition if and only if Y = K5.

Proof. If v ∈ V (Y ) has neighbours {a, b, c, d}, then the four vertices {va, vb, vc, vd} of 
L(Y ) form a 4-clique. Each edge of L(Y ) is contained in exactly one of the 4-cliques and 
so the edges of L(Y ) are partitioned into 4-cliques�-this is called a K4 decomposition 
of L(Y ). In what follows, we imagine the six edges of each 4-clique as being coloured 
with the name of the corresponding vertex of Y . For example, in L(K5) the vertices 
{01, 02, 03, 04} form a 4-clique whose edges are coloured 0, the vertices {01, 12, 13, 14}
form a 4-clique whose edges are coloured 1, and so on.

For what follows, it helps to first consider the situation when L(Y ) does have a triangle 
decomposition. The two diagrams of Fig. 7 show a triangle decomposition of L(K5). In 
this decomposition the triangles come in two types—monochromatic triangles such as 
{04, 24, 34} which lie entirely within one of the 4-cliques of L(K5), and colourful triangles 
such as {01, 12, 02} which contain one edge from each of three different 4-cliques for 
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L(K5). The graph L(K5) has a triangle decomposition with four monochromatic triangles 
and six colourful triangles. The two parts of Fig. 7 illustrate this decomposition with the 
colourful triangles in the first diagram and the monochromatic triangles in the second. It 
is easy to verify that each edge of L(K5) is contained in exactly one of these 10 triangles.

It is clear that each 4-clique of L(Y ) contains at most one monochromatic triangle 
in a putative triangle decomposition and so there must be enough colourful triangles to 
cover the remaining edges. Our aim is to show that when Y is not a complete graph, 
there are some edges in L(Y ) that cannot be incorporated into a suitable triangle.

We do this through an analysis of the neighbourhoods of the vertices in Y identifying 
certain configurations in the neighbourhood of a single vertex that are incompatible with 
the existence of a triangle decomposition of L(Y ). For any vertex v, let Y1(v) denote the 
subgraph of Y induced by the four vertices adjacent to v.

The following five cases enumerate various possibilities for Y1(v) that are incompatible 
with the existence of a triangle decomposition of L(Y ).

Case 1: For some v, the graph Y1(v) has two vertex-disjoint non-edges.
Suppose that a ̸∼ b and c ̸∼ d in Y1(v). Then the edge (va, vb) in L(Y ) cannot 
belong to a colourful triangle because the ``third vertex'' ab is missing. So in any 
putative triangle decomposition of L(Y ), it must be the case that (va, vb) lies in a 
monochromatic triangle of colour v. But the same argument implies that (vc, vd)
must also be contained in a monochromatic triangle of colour v, which is impossible.

Case 2: For some v, the graph Y1(v) is isomorphic to K3 ∪K1.
Suppose that {a, b, c} is a triangle in Y1(v) and d is the isolated vertex. Then in any 
putative triangle decomposition of L(Y ), the edge (va, vd) lies in a monochromatic 
triangle of colour v and similarly for (vb, vd) and (vc, vd) which is again impossible.

Case 3: For some v, the graph Y1(v) is isomorphic to K1,3.
Suppose that a is the vertex of degree 3 in Y1(v) and that it is adjacent to b, c and 
d. Then b is adjacent to two more vertices b′ and b′′ which are not equal to c or d
and are not adjacent to v or a. So ab′ and vb′′ are two non-edges in Y1(b) and Case 
1 shows that L(Y ) does not have a triangle decomposition.

Case 4: For some v, the graph Y1(v) is isomorphic to K3 with one pendant vertex.
Suppose that {a, b, c} is a triangle in Y1(v) and ad is the pendant edge. Then d is 
adjacent two vertices d′ and d′′ that are not equal to b or c and are not adjacent to 
a or v. So ad′ and vd′′ are two non-edges in Y1(d) and Case 1 shows that L(Y ) does 
not have a triangle decomposition.

Case 5: For some v, the graph Y1(v) is isomorphic to K4 − e.
Suppose that every pair of vertices from {a, b, c, d} is an edge of Y1(v) except for cd. 
Then c is adjacent to a vertex c′ that is not equal to d and not adjacent to any of a, 
b and v. Then Y1(c) is isomorphic to K3 ∪K1 and Case 2 shows that L(Y ) does not 
have a triangle decomposition.
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Fig. 7. Colourful and monochromatic triangles in a triangle decomposition of L(K5). 

Now we combine all of these facts to complete the proof. If there is a vertex v for 
which Y1(v) has fewer than three edges, then Case 1 shows that L(Y ) has no triangle 
decomposition. If there is a vertex v for which Y1(v) has exactly three edges then Y1(v)
is either P3, K3 ∪ K1 or K1,3 and Case 1, Case 2 or Case 3 (respectively) show that 
L(Y ) has no triangle decomposition. If there is a vertex v for which Y1(v) has exactly 
four edges then Y1(v) is either C4 or K3 with a pendant vertex and Case 1 or Case 4 
(respectively) show that L(Y ) has no triangle decomposition. If there is a vertex v such 
that Y1(v) has exactly five edges, then Y1(v) = K4 − e and Case 5 shows that L(Y ) does 
not have a triangle decomposition.

The only case remaining is when there is a vertex v such that Y1(v) has six edges, in 
which case Y = K5 and, as previously described, Fig. 7 illustrates a triangle decompo
sition of L(K5). □

There are two 20-vertex connected bipartite cubic graphs of girth 6 whose distance-2
graph is isomorphic to 2L(K5), namely the Desargues graph and its unique cospectral 
mate. Two nonisomorphic graphs arise because L(K5) has two nonisomorphic triangle 
decompositions: the one shown in Fig. 7 which has six colourful and four monochromatic 
triangles, and a second triangle decomposition containing all ten colourful triangles.

Theorem 3.6. Let Y be a simple connected (a, b)-biregular graph with a < b and a+b = 8. 
Then its line graph L(Y ) has a triangle decomposition if and only if Y = K1,7.

Proof. Analogously to the situation in Theorem 3.5, the edges of L(Y ) can be partitioned 
into cliques, with some of size a and some of size b.

A colourful triangle in L(Y ) must have the form {ab, bc, ca} and hence can only arise if 
{a, b, c} are mutually adjacent in Y . Therefore when Y is bipartite there are no colourful 
triangles in L(Y ) so a triangle decomposition has only monochromatic triangles. There
fore this can occur if and only if Ka and Kb separately have triangle decompositions.
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Neither K2 (too few edges) nor K5 (wrong number of edges modulo 3) have triangle 
decompositions and so (a, b) ̸= (2, 6) and (a, b) ̸= (3, 5). This only leaves (a, b) = (1, 7)
in which case Y = K1,7 and L(Y ) is a monochromatic K7. Up to isomorphism, K7 has 
a unique triangle decomposition into the seven blocks of the Fano plane. □

If Y = K1,7, then L(Y ) = K7, and the Heawood graph is the only connected bipartite 
cubic graph of girth 6 on 14 vertices with distance-2 graph isomorphic to 2K7.

3.3. Non-bipartite graphs

If G is a connected non-bipartite cubic graph with no eigenvalues in (−1, 1), then its 
bipartite double G ×K2 is either a Guo–Mohar graph or one of the sporadic bipartite 
graphs listed in Table 1.

If G×K2 is one of the sporadic graphs, then G has at most 16 vertices. As there are only 
4681 connected cubic graphs on 4--16 vertices, direct computation is very straightforward 
and gives the results listed in Table 1. Although there is only a minuscule chance that 
numerical approximation may cause eigenvalues very close to ±1 to be misclassified, we 
avoided even this small chance by using the function polsturm in Pari/GP [17]. This 
function uses exact arithmetic to count the number of real roots of an integer polynomial 
that lie in an interval given with exact end-points.

All that remains is to consider the graphs whose bipartite double is a Guo–Mohar 
graph.

Theorem 3.7. If G × K2 is isomorphic to GM(k) then k is even and G is the Kollár--
Sarnak graph KS(k/2).

Proof. Imrich and Pisanski [11] show that a bipartite graph is a Kronecker cover (i.e., of 
the form G×K2) if and only if its automorphism group has a fixed-point-free involution σ
that exchanges the colour classes and is such that v ̸∼ vσ for all v. In this case, the orbits 
of the involution are the fibres of the covering map and so the quotient graph can easily 
be recovered. We will prove this theorem by showing that, without loss of generality, any 
suitable automorphism σ has the Kollár–Sarnak graph on half the number of vertices as 
quotient.

The automorphism group of GM(k) is the semidirect product Zk
2⋊Dk where Dk is the 

dihedral group of order 2k. The elementary abelian subgroup Zk
2 is generated by the k

elements that swap the two edges in the matching that connects adjacent 4-cycles while 
fixing all other vertices. The dihedral group acts on the k induced 4-cycles by rotation 
and/or reflection.

In GM(k) a colour-swapping involution that does not fix any edges cannot fix any 
of the 4-cycles and therefore k must be even. Fig. 8 illustrates the partially-completed 
construction of such an involution σ for k = 8, using colours to indicate which pairs of 
vertices are exchanged by the involution. We may assume without loss of generality that 
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Fig. 8. GM(8) = KS(4) × K2. 

the reflection from the dihedral group has the vertical axis shown in Fig. 8, in which 
case σ must exchange the two square grey vertices ( ) and the two square white vertices 
( ). Now σ must exchange the other two vertices in C0 with the other two vertices in 
C7. Because these pairs of vertices are completely joined to the other vertices in their 
own 4-cycle, we can assume without loss of generality that the grey pentagonal vertices 
( ) are paired and the white pentagonal vertices ( ) are paired. Now the two vertices 
adjacent to the two pentagonal grey vertices must be exchanged by σ; these are the 
gray star-shaped vertices ( ) in the diagram, and similarly the two white star-shaped 
vertices ( ) each adjacent to one of the two white pentagonal vertices ( ) must be 
exchanged. Continuing in this fashion, the involution σ is constructed by a series of 
choices where each choice is either forced, or can be made without loss of generality. The 
second diagram shows the partially-constructed quotient graph that is emerging from 
this process, which can only be completed to KS(4). □
3.4. A maximal gap set

Kollár and Sarnak [12] proved that (−1, 1) is a maximal gap interval but raised the 
question of whether it is a maximal gap set. In other words, are there any additional 
open intervals that are avoided by infinitely many graphs chosen from those that already 
avoid (−1, 1)?

From our main result, any such infinite set of graphs must contain infinitely many 
Guo–Mohar or Kollár–Sarnak graphs. The next lemma shows that, in terms of eigenval
ues, we may assume that such a set contains only Guo–Mohar graphs. For this we need 
to show that every eigenvalue (other than −3) of a Guo–Mohar graph is an eigenvalue of 
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a Kollár–Sarnak graph (the converse is true by standard results on equitable partitions 
and quotient graphs). As the proof of this result is incidental to the main flow of our 
argument, we defer the proof to Appendix A.

Lemma 3.7. For k ⩾ 1, the set of distinct eigenvalues of GM(2k) is equal to the set of 
distinct eigenvalues of KS(k), together with {−3}. □

The Guo–Mohar graph GM(k) on 4k vertices has eigenvalues ±1 each with multiplicity 
k and the values

τj = ±
√︁

5 + 4 cos (2πj/k)

for 0 ⩽ j ⩽ k − 1. (This expression may increase the stated multiplicity of ±1.)
The eigenvalues of GM(k) are the images of the rational points j/k for 0 ⩽ j ⩽ k− 1

under the map

x ↦→
√︁

5 + 4 cos(πx).

If we consider this map as a function with domain [0, 1] then it has range [1, 3] and is 
continuous and decreasing. Therefore any open interval ℐ ⊂ [1, 3] has some preimage 
ℐ ′ ⊂ [0, 1] which is also an open interval. If 1/K is less than the length of this preimage 
then ℐ ′ contains some multiple of 1/k for every k > K. We conclude that ℐ contains 
eigenvalues of GM(k) for all k > K. A symmetric argument holds for open intervals 
contained in [−3,−1].

Theorem 3.8. The interval (−1, 1) is a maximal gap set for connected cubic graphs.

Proof. By Lemma 3.7 every Kollár–Sarnak graph has precisely the same eigenvalues 
as a Guo–Mohar graph (with the sole exception of −3). Therefore in any infinite set 
of connected cubic graphs avoiding (−1, 1) we may replace each Kollár–Sarnak graph 
with a Guo–Mohar graph without altering the overall set of eigenvalues. But from the 
discussion in the preceding paragraph, every open interval contained in [−3,−1] or [1, 3]
contains eigenvalues from all sufficiently large Guo–Mohar graphs and therefore cannot 
be a subset of a gap set. □
4. Open problems and future work

There are a number of natural ways in which to extend the work presented in this 
paper, either by changing the interval, changing the family of graphs, or by determining 
the most precise results (or any combination of these).

Kollár and Sarnak [12] showed that a spectral gap interval for cubic graphs has length 
at most 2 and that (−1, 1) and (0, 2) are the only spectral gap intervals of this length 
with integer endpoints. Using broadly similar techniques to the current paper, we have 
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recently characterized the cubic graphs with no eigenvalues in (0, 2) [8]. We know of no 
further spectral gap intervals of length 2 (necessarily with non-integer endpoints), but 
we cannot rule out their existence.

Our results apply only to cubic graphs and rely fundamentally on the degree of each 
vertex being exactly 3. However, we might ask whether it is possible to determine all the 
graphs with maximum degree 3 with no eigenvalues in (−1, 1)�-in other words extend 
the class of graphs to subcubic graphs. Preliminary investigations show that there are at 
least two infinite families of nonregular subcubic graphs with no eigenvalues in (−1, 1). 
In particular, for each k ⩾ 2, the graphs KS(k)\w0 and KS(k)\{w0, bk−1} are nonregular 
subcubic graphs with no eigenvalues in (−1, 1). In addition, we know four sporadic graphs 
on 8, 10, 14, and 18 vertices but we cannot currently rule out the existence of larger ones.

Finally, we might ask for more precise results along the lines of Theorem 3.3. This 
shows that if a connected cubic graph of girth 4 has no eigenvalues in the interval [−α, α]
where α =

√︁
3 −

√
5 ≈ 0.874032 . . . then it is a Guo–Mohar graph. What is the smallest 

value of α for which this statement remains true?
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Appendix A. Eigenvalues of KS(𝒏) and GM(𝒏)

In this section, we prove Lemma 3.7, which is required for our assertion in Theorem 3.8
that (−1, 1) is a maximal gap set for cubic graphs. To be precise, we will show that apart 
from −3, the set of distinct eigenvalues of KS(k) and GM(2k) are the same. We use the 
fact that GM(2k) is the bipartite double of KS(k) and that (except for 3) the roots of 
the characteristic polynomial of KS(k) come in pairs θ, −θ.

In order to prove this, we will need to consider four related families of graphs P (k), 
Q(k), R(k) and S(k). The graph P (k) is a path of even length k with alternating double 
and single edges, starting and ending with a double edge, and with a loop at each 
endvertex. The graph Q(k) is a path of even length k with alternating double and single 
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Fig. A.9. Four families of graphs whose characteristic polynomials satisfy a linear recurrence. 

Fig. A.10. The graph KS(5), which has quotient graph P (10). 

edges, starting and ending with a double edge. The graph R(k) is a path of even length k
with alternating single and double edges starting and ending with a single edge. Finally, 
S(k) is a path of odd length k with alternating single and double edges. Note that P (k), 
Q(k) and R(k) are only defined for even k, while S(k) is defined only for odd k. These 
families are illustrated in Fig. A.9.

A.1. Characteristic polynomial of KS(k)

For the graph KS(k), we will consider the partition

W0 ∪ · · · ∪Wk−1 ∪B0 ∪ · · · ∪Bk−1 (A.1)

where Wi = {wi, w
′
i} and Bi = {bi, b′i} for i = 0, 1, . . . , k − 1. It is easy to see that this 

partition is equitable (see Fig. A.10) and that its quotient graph is P (2k).
Next we will determine the precise relationship between the characteristic polynomials 

of KS(k) and P (2k). Each eigenvector of P (2k) lifts to an eigenvector of KS(k) (with the 
same eigenvalue) which is constant on the cells of the partition, while other eigenvalues 
can be obtained directly. For these latter eigenvalues, suppose that X is any graph that 
contains the base graph B(2) (as shown in the right-hand figure of Fig. 6) as an induced 
subgraph. From this configuration we can construct two eigenvectors for X, one with 
eigenvalue 1, and one with eigenvalue −1. Each is obtained by assigning the specific 
values shown in Fig. A.11 to the four central vertices of the configuration, and zero to 
all other vertices.

The next lemma shows that we have now found all of the eigenvalues/vectors.
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Fig. A.11. Eigenvectors with eigenvalues ±1. 

Lemma A.1. The characteristic polynomial of KS(k) is given by

φ(KS(k), t) = φ(P (2k), t)(t + 1)k+1(t− 1)k−1.

Proof. Since KS(k) has k−1 distinct copies of B(2), it has k−1 eigenvectors for each of 
−1 and 1. Since the eigenvectors found in this way have the property that they are not 
constant over each cell of the partition in (A.1), they are not in the subspace spanned 
by the eigenvectors coming from P (2k).

In addition there are two additional linearly independent eigenvectors with eigenvalue 
−1: either assign values 1 and −1 to w0 and w′

0 respectively (all other weights being 0) 
or, symmetrically, assign 1 and −1 to bk−1 and b′k−1.

There are 2k linearly independent eigenvectors of KS(k) corresponding to the 2k
eigenvalues of P (2k), along with k − 1 additional eigenvectors with eigenvalue 1 and 
k + 1 additional eigenvectors with eigenvalue −1, and the result follows. □
A.2. Eigenvalues of the quotient

In this subsection, we show that the eigenvalues of P (k) other than {−1, 3} come in 
pairs {−θ, θ} by showing that

φ(P (k), t) = (t− 3)(t + 1)ek(t)

where ek is an even polynomial.
To do this, we will (eventually) show that φ(Pk(t)) satisfies a linear recurrence whose 

coefficients are even polynomials. First however we need to show that the characteristic 
polynomials of the families {Q(k)}, {R(k)} and {S(k)} satisfy the same recurrence.

We use the following result of Rowlinson [15]:

Lemma A.2. Suppose that uv is an edge of multiplicity m in a graph G, and that there 
are no other edges incident to u (in other words, u is a pendant vertex in the underlying 
simple graph). Then

φ(G, t) = t φ(G \ u) −m2φ(G \ uv, t)

where G \ u and G \ uv are vertex-deleted subgraphs of G. □
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Using this lemma on the first and last edges of the graphs Q(k), R(k) and S(k), we 
obtain the following equations:

φ(Q(k), t) = t φ(S(k − 1), t) − 4φ(Q(k − 2), t) (A.2)

φ(R(k), t) = t φ(S(k − 1), t) − 1φ(R(k − 2), t) (A.3)

φ(S(k), t) = t φ(R(k − 1), t) − 4φ(S(k − 2), t) (A.4)

φ(S(k), t) = t φ(Q(k − 1), t) − 1φ(S(k − 2), t) (A.5)

Lemma A.3. The characteristic polynomial of the family of graphs {Q(k)} satisfies the 
recurrence

φ(Q(k), t) = (t2 − 5)φ(Q(k − 2), t) − 4φ(Q(k − 4), t).

Moreover, the same recurrence holds for the characteristic polynomials of {R(k)} and 
{S(k)}.

Proof. We give the proof only for the family of graphs {Q(k)}; the proofs for the other 
families are analogous. To lighten the notation we let qk := φ(Q(k), t) and similarly for 
sk. Using the first and last equations we get

qk = tsk−1 − 4qk−2 (using (A.2))

= t(tqk−2 − sk−3) − 4qk−2 (using (A.5))

= t2qk−2 − tsk−3 − 4qk−2 (rearranging)

= t2qk−2 − (qk−2 − 4qk−4) − 4qk−2 (using (A.2))

= (t2 − 5)qk−2 − 4qk−4. □
Next we show that the same recurrence holds for P (k). For this we use the following 

result of Sinha, Kaur and Zaslavsky [16].

Theorem A.1. If G is a graph with loops at vertices ℒ = {v1, v2, . . . , vk} and G′ is the 
same graph with these loops removed, then

φ(G, t) =
∑︂
X⊆ℒ

(−1)|X|φ(G′ \X).

Theorem A.2. The characteristic polynomials of the graphs {P (k)} satisfy the recurrence

φ(P (k), t) = (t2 − 5)φ(P (k − 2), t) − 4φ(P (k − 4), t)

with initial conditions
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φ(P (2), t) = (t− 3)(t + 1)

φ(P (4), t) = (t− 3)(t + 1)(t2 − 5)

and therefore φ(Pk(t)) has the form (t− 3)(t + 1)ek(t), where e is an even polynomial.

Proof. The graph P (k) has two loops, one at each end of the alternating path. Therefore 
by Theorem A.1

φ(P (k), t) = φ(Q(k), t) − 2φ(S(k − 1), t) + φ(R(k − 2), t).

As the characteristic polynomials of the families {Q(k)}, {R(k)} and {S(k)} all satisfy 
the same recurrence, so does any linear combination of them. The base cases can be 
verified by computer. □

Finally we can establish the main result showing that GM(2k) and KS(k) have the 
same distinct eigenvalues. We will denote by ev(X) the set of distinct eigenvalues of a 
graph X.

Lemma A.4. For k ⩾ 2, ev(GM(2k)) = ev(KS(k)) ∪ {−3}.

Proof. From Lemma A.1 and Theorem A.2, the characteristic polynomial of KS(k) is

φ(KS(k), t) = φ(P (2k), t)(t + 1)k+1(t− 1)k−1 = (t− 3)ek(t)(t + 1)k+2(t− 1)k−1

where ek(t) is an even function. Since GM(2k) is the bipartite double of KS(k), there is 
a pair of eigenvalues {λ,−λ} of GM(2k) for each eigenvalue λ of KS(k). Since ek(t) is 
an even function, its roots already come in pairs {θ,−θ}, and thus the only eigenvalue 
of GM(2k) which is not already an eigenvalue of KS(k) is −3. □
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