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Abstract
For m given square matrices A0, A1, . . . , Am−1 (m ≥ 2), one of which is assumed to be of

rank 1, and for a given sequence (ωn) in {0, 1, . . . ,m − 1}
N, the following limit, if it exists,

L(ω) := lim
n→∞

1
n

log ∥Aω0 Aω2 · · · Aωn−1∥

defines the Lyapunov exponent of the sequence of matrices (Aωn )n≥0. It is proven that the
Lyapunov exponent L(ω) has a closed-form expression under certain conditions. One special case
arises when A j ’s are non-negative and ω is generic with respect to some shift-invariant measure;
a second special case occurs when A j ’s (for 1 ≤ j < m) are invertible and ω is a typical point
with respect to some shift-ergodic measure. Substitutive sequences and characteristic sequences
of B-free integers are considered as examples. An application is presented for the computation
of multifractal spectrum of weighted Birkhoff averages.
© 2025 Published by Elsevier GmbH.
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1. Introduction

We study the Lyapunov exponent of products of matrices in the standard setup of
dynamical systems. That is to say, we consider a topological dynamical system (Ω , T )
where T : Ω → Ω is a continuous mapping on a compact metric space Ω , and a
continuous function A : Ω → Md(C) from Ω into the space Md(C) of d × d complex
matrices. Our main objective is to compute the (maximal) Lyapunov exponent of A
(relative to the dynamics T ), at a given point ω ∈ Ω which is defined by the limit

L(ω) := lim
n→∞

1
n

log ∥A(ω)A(Tω) · · · A(T n−1ω)∥,

provided the limit exists. The existence of the limit defining such Lyapunov exponents
was first studied by Bellman [6]. For any T -ergodic probability measure ν (see Sec-
tion 2.1 for the notion of ergodic measure and other basic notions in dynamical systems
and ergodic theory), Furstenberg and Kesten [25] proved that if A takes values in the
space GL(d,R) of invertible matrices and if log+

∥A∥ ∈ L1(ν), then the limit defining
L(ω) exists ν-almost surely, and is equal to the constant

L A := lim
n

1
n
Eν log ∥A(n)(ω)∥ = inf

n

1
n
Eν log ∥A(n)(ω)∥

where

A(n)(ω) = A(ω)A(Tω) · · · A(T n−1ω).

The Furstenberg–Kesten theorem was later generalized by Kingman [29] to a broad
subadditive setting.

A natural question is how to compute L A. Another important question is for which
‘individual’ points ω does the conclusion of the Furstenberg–Kesten theorem hold. Does
it hold for a given generic point for some invariant measure? Recall that a point ω ∈ Ω
is said to be ν-generic for some T -invariant measure ν, if

1
n

n−1∑
k=0

δT kω ⇀ ν

in the weak* topology. If ν is ergodic, then ν-almost every point ω is ν-generic by the
Birkhoff ergodic theorem.

Perhaps surprisingly, the conclusion of the Furstenberg–Kesten theorem does not
necessarily hold for a given ν-generic point. In fact, even if (Ω , T ) is uniquely ergodic
(or equivalently, by Oxtoby’s theorem, if every point in Ω is ν-generic, c.f., Proposition
2.8 in [38], p.152), it is possible that the limit defining L(ω) fails to exist for some ω.
Such counter-examples were first constructed by M. Herman [26] and P. Walters [47].

A continuous matrix function A : Ω → Md(R) is called uniform if the limit
L A := limn

1
n log ∥A(n)(ω)∥ exists for all ω ∈ Ω and the convergence is uniform on

Ω . For uniquely ergodic system (Ω , T ), A. Furman [24] identified sufficient conditions
on matrix functions to be uniform. For aperiodic subshifts (Ω , T ) satisfying a certain
growth condition introduced by Boshernitzan [9], Damanik and Lenz [14] proved that any
locally constant function A : Ω → SL(2,R) is uniform. Recently, Avila and Damanik [2]
answered affirmatively a question by Walters [47] asking whether for any uniquely
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ergodic system (Ω , T ) with non-atomic ergodic measure, one can find a continuous
matrix function A : Ω → GL(2,R) which is not uniform. The results on Lyapunov
exponents by Avila, Damanik, and Lenz, are used to study spectra of the Schrödinger
operators on ℓ2(Z).

Recently, Fan and Wu provided an affirmative answer on the existence of the Lyapunov
exponent for every generic point [23] in the case of non-negative matrices, but no explicit
formula for the Lyapunov exponent L A was obtained.

In general, computing Lyapunov exponents is a highly non-trivial task. As one of the
problems, Kingman commented at the end of his paper [30] in 1973: “Pride of place
among the unsolved problems of subadditive ergodic theory must go to the calculation
of the Lyapunov exponent. In none of the applications described here is there an obvious
mechanism for obtaining an exact numerical value, and indeed this usually seems to be
a problem of some depth”.

The existence and the computation of Lyapunov exponents are important in theory
and in practice. Let us mention [13] where the products of (random) matrix products are
used as tools in statistical physics. We refer to [8,10,12,46] for more information about
random products of matrices.

In this paper, we present a special class of products of matrices for which we can
derive an explicit formula for the Lyapunov exponent. This type of result is interesting
for several reasons. In particular, it can serve as a benchmark for numerical procedures
to estimate the Lyapunov exponents.

Our sequence of matrices is selected from a finite set of matrices, one of which
is assumed to be of rank one. More precisely, let {A0, A1, . . . , Am−1} be a set of
d × d matrices. We will assume that A0 is of rank 1, namely A0 = uv′

̸= 0 where
u and v are two column vectors (v′ denoting the transpose of v). Given a sequence
ω = (ωk)k≥0 ∈ {0, 1, . . . ,m −1}

N, we select the sequence of matrices (Aωk )k≥0. We will
assume that the symbol 0 appears infinitely often in ω. Our objective is to compute the
Lyapunov exponent

L(ω) := lim
n→∞

1
n

log ∥Aω0 Aω1 · · · Aωn−1∥. (1.1)

Before stating our results, let us fix some notation and notions. We refer to {0, 1, . . . ,
m −1} as the alphabet and let Ω = {0, 1, . . . ,m −1}

N be the space of infinite sequences
from the alphabet. The left shift map σ : Ω → Ω , ω′

= σ (ω), is given by ω′
n = ωn+1

for all n ∈ N. For a word w = w1 · · ·wℓ with w j ∈ {0, . . . ,m −1}, we use |w| to denote
the length ℓ of w and Aw to denote the matrix product Aw1 · · · Awℓ . The symbol an will
denote the word with the letter or word a, concatenating the letter or word a, n times. We
use L(ω) to denote the language of ω: namely, the set of all finite subwords contained in
ω ( recall that subwords are consecutive letters). If w is a proper subword of w′, we write
w ≺ w′. For a given word w, [w] denotes the cylinder in Ω = {0, . . . ,m −1}

N, consisting
of sequences having w as prefix. We use 1[w] to denote the indicator function of [w].
We refer to [43], Chapter 5, for basic notions used here. In Section 2.1, we shall recall
some basic notions from dynamical systems and ergodic theory, like ergodic measure
and unique ergodicity etc.
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We consider a given sequence ω ∈ Ω such that the symbol 0 appears infinitely often
in ω. Then ω can be uniquely written as

ω = ω0 · · ·ωn−1 · · · = w0 0t0 w1 0t1w2 0t2 · · · wr 0tr · · · (1.2)

where the words {w j } do not contain 0 (with w0 possibly an empty word) and {t j } are
positive integers. Let R = R(ω) = {w1,w2, . . .}. The words in R will be called return
words (to 0).

When A0, A1, . . . , Am−1 are non-negative matrices and ω is a generic point for some
ergodic measure, the following theorem is proved.

Theorem 1.1. Suppose that

(1) {A0, A1, . . . , Am−1} is a collection of non-negative matrices; A0 = uv′ for some
vectors u, v such that v′u ̸= 0,

(2) ω = {ωn}n≥0 ∈ Ω is a generic point for some ergodic measure µ with µ([0]) > 0.

Then the limit (1.1) defining L(ω) exists. Moreover, L(ω) = −∞ if Aw0u = 0 or
v′ Awu = 0 for some w ∈ R; otherwise, L(ω) is given by

L(ω) = µ([0]) log v′u +

∑
w∈R

µ([0w0]) log
v′ Awu

v′u
∈ [−∞,+∞). (1.3)

If we assume that {A1, . . . , Am−1} are all invertible but not assumed non-negative, we
have the following formula for the Lyapunov exponent of products of random matrices.

Theorem 1.2. Let {A0, A1, . . . , Am−1} be a set of complex matrices. Suppose that
A0 = uv′ is of rank one such that v′u ̸= 0 and that A1, . . . , Am−1 are invertible. Let
µ be a shift invariant and ergodic measure on {0, 1, . . . ,m − 1}

N such that µ([0]) > 0.
Then for µ-almost every ω, the Lyapunov exponent L(ω) defined by (1.1) exists and is
equal to

L = µ([0]) log |v′u| +

∑
w∈R

µ([0w0]) log
|v′ Awu|

|v′u|
∈ [−∞,+∞), (1.4)

where R is the set of all words w not containing 0 such that µ([0w0]) > 0.

The proof of Theorem 1.2 will show that R in Theorem 1.2 is the set of return words
as stated in Theorem 1.1 for µ-almost every ω.

Both Theorems 1.1 and 1.2 are corollaries of a more general result (Theorem 2.1).
The following result is a direct corollary of Theorem 1.2.

Corollary 1.3. Under the assumption of Theorem 1.2, if, furthermore, µ is the Bernoulli
measure corresponding to the probability vector (p0, p1, . . . , pm−1) with p0 > 0, then
almost surely we have

L(ω) = p0 log |v′u| +

∑
w∈R

p2
0 pw log

|v′ Awu|

|v′u|
(1.5)

where pw = pw1 pw2 · · · pwℓ for w = w1w2 · · ·wℓ.
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It is also easy to obtain similar expressions for Lyapunov exponents in case of Markov
measures µ with µ([0]) > 0.

Expressions for Lyapunov exponents, similar to (1.4) and (1.5), have been obtained
in a number of particular cases of random matrix products, where one or all matrices are
presumed to be of rank one. For example, Pincus [39] (1985) proved that the Lyapunov
exponent for random products of two 2 × 2 matrices

A0 =

[
1 0
0 0

]
, A1 = arbitrary,

chosen independently with P(A0) = p, P(A1) = 1 − p, is given by

L =

∞∑
n=1

p2(1 − p)n log |u′ An
1u|, u =

(
1
0

)
.

This formula is a special case of (1.5). R. Lima and M. Rahibe [32] (1994) generalized
this result to the case when matrices A0, A1 are chosen according to some Markov
measure. The formula (1.4) covers the case of Markov measures. E. Key [28] (1987)
considered independent random products of two matrices A0, A1 ∈ Md×d(C), satisfying
the following algebraic relations:

A2
0 = z A0 and A0 Ak

1 A0 = xk A0 A1 A0 + yk A0

for some (complex) numbers {z, xk, yk |k ≥ 1} and obtained

L = lim
n→∞

n−1 log
Aωn · · · Aω1

 = max
s∈S1

(1 − p)2
∞∑

k=0

log
⏐⏐xksz−1

+ yk
⏐⏐ pk .

Notice that if A0 has rank 1, many matrices A1 satisfy the above algebraic conditions.
More recently, Altschuler and Parrilo [1] (2020) considered independent products of any
number of rank one matrices A j = u j v′

j (0 ≤ j < m), and found that the corresponding
Lyapunov exponent is given by

L =

m−1∑
i, j=0

pi p j log
⏐⏐u′

i v j
⏐⏐,

where p j is the probability to choose the matrix A j , j = 0, . . . ,m − 1.
This result is not covered by Theorems 1.1 and 1.2, but it follows from Theorem 2.1.

We point out that Pollicott [40,41] developed an accurate numerical method for comput-
ing the Lyapunov exponent for products of independent identically distributed random
positive matrices, based on the Fredholm theory of determinants of trace-class linear
operators. See [27] for an effective estimate of Lyapunov exponent for random product
of positive and invertible 2 × 2 matrices, which improves to extent the result in [40] for
2 × 2 matrices. See [42] for accurate estimates of Lyapunov exponents for real piecewise
analytic expanding interval maps.

Let us look at an application of Theorem 1.2 to products of random matrices arising
in quantum mechanics [7]. Consider the set of two matrices

A0 =

(
1 0
0 0

)
, A1 = Rθ =

(
cos θ − sin θ
sin θ cos θ

)
.
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We consider the invariant Markov measure µ defined by the transition matrix

P =

(
p0 1 − p0

1 − p1 p1

)
(0 < p0, p1 < 1).

The unique invariant probability vector π = (π0, π1), which satisfies π P = π , is such
that π0 =

1−p1
2−(p0+p1) and π1 =

1−p0
2−(p0+p1) . When 1 − p0 = p1 = p for some 0 < p < 1,

the resulting measure is Bernoulli. By Theorem 1.2, for µ-almost all ω, the Lyapunov
exponent L(ω) is equal to

λ(θ) =

∞∑
n=1

π0(1 − p0)pn
1 log

1
| cos nθ |

.

Notice that λ(θ) ∈ [−∞, 0) for all θ , meaning that the matrix product is contractive, even
“strongly” contractive (i.e. λ(θ) = −∞). Moreover, for Lebesgue almost all θ , λ(θ) is
finite because log 1

| cos θ | is integrable on the interval [0, 2π ]. On the other hand, it is easy
to see that there exists an uncountable dense set of θ such that λ(θ) = −∞. For example,
we can choose a sequence of integers (nk) that is highly lacunary in the sense that

nk+1 ≫ n1 + · · · + nk

so that p2nk
1 log 1

| cos 2nk θ |
≥ 1 for θ defined by

θ

π
=

∞∑
k=1

1
2nk
.

Consequently the function λ(·) is nowhere continuous.
The proof of our main result will be based on the following simple observation.

Suppose M = uv′ is a d × d matrix of rank 1 (u and v being two column vectors,
v′ denoting the transpose of v). Let a,b be two column vectors, and let L and R are two
d × d matrices. Then

a′L M Rb = a′Lu · v′ Rb

where a′Lu and v′ Rb are scalars. If, furthermore, L ,M and R are non negative and if
a = b = 1 (the column vector having 1’s as its entries), then

∥L M R∥ = 1′Lu · v′ R1

where ∥ · ∥ denotes the matrix norm defined by the sum of the absolute values of its
entries. This allows us to convert the computation of the Lyapunov exponent to a kind
of combinatorial problem: namely, studying statistics of occurrences of rank 1 matrices
in the long products of matrices. This is possible because our sequence of matrices are
selected by a generic sequence and we can apply techniques from topological dynamics.

Theorem 1.1 — computing the Lyapunov exponent for a “deterministic” matrix
product, seems entirely new. Here by “deterministic” we mean a fixed sequence of
matrices, while “random” means an almost sure sampling of matrices.

Theorems 1.1 and 1.2 can be applied in many interesting cases. For example, as we
will see in Section 6 and Section 7, respectively, when ω is a primitive substitutive
sequence or when ω is the characteristic function of the set of B-free integers. Section 8
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is devoted to an application to the computation of multifractal spectrum of weighted
Birkhoff averages. In Section 2, we will first prove a general result (Theorem 2.1) which
covers Theorems 1.1 and 1.2. The proofs of Theorems 1.1 and 1.2 will be given in
Sections 3 and 4. Section 5 provides a way to compute the measures ν([0w0]), called
exact frequency of the return word w, which appear in our formulas.

Notation convention. We shall use T to denote a general topological dynamical
system, and σ to denote the shift dynamics which defines our selecting sequence (ωn).

2. A general formula

In this section, we prove a general formula for Lyapunov exponent. Our proof is
based on the analysis of return words. We start with recalling some basic notions from
dynamical systems and ergodic theory, which will be used.

2.1. Basic notions from dynamical systems and ergodic theory

The materials in this subsection are taken from [38,43] where we can find more
complete information.

By a topological dynamical system (TDS) we mean a pair (Ω , T ), where Ω is a
compact metric space and T is a continuous mapping from Ω into Ω . If x ∈ Ω , O(x)
denotes the orbit of x , which is the set of all T n x (n ≥ 0). A TDS (Ω , T ) is said to be
minimal if every orbit O(x) (∀x ∈ Ω ) is dense in Ω . A Borel probability measure µ on
Ω is said to be T -invariant if µ is equal to the image measure µ ◦ T −1 of µ under T .
This invariance is, by Riesz representation, equivalent to

∀ f ∈ C(Ω),
∫
Ω

f ◦ T dµ =

∫
Ω

f dµ

where C(Ω) is the space of all continuous functions on Ω . Krylov–Bogoliubov’s theorem
says that any TDS admits at least one invariant measure (see [43], p.90). In fact, it is
easy to check that for any x ∈ Ω , every weak* accumulation point of the sequence of
probability measures N−1∑N−1

n=0 δT n x is a T -invariant measure. A TDS (Ω , T ) is said to
be uniquely ergodic if there exists a unique T -invariant probability measure. By Fourier
method, it is easy to prove that the dynamics Rα : R/Z → R/Z defined by Rα(x) = x+α

for irrational number α is uniquely ergodic. Oxtoby’s theorem (see [43], p. 91) says that
the following statements are equivalent:

(1) The TDS (Ω , T ) is uniquely ergodic.
(2) For every f ∈ C(Ω), the Birkhoff averages

AN f (x) :=
1
N

N−1∑
n=0

f (T n x)

converges uniformly in x ∈ Ω to a constant.
(3) For every f ∈ C(Ω), the Birkhoff averages AN f (x) converges for every x ∈ Ω to

a constant.
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When one of the above conditions is satisfied, the constant must be
∫
Ω f dµ where µ is

the unique invariant measure.
Let µ be an invariant measure of a TDS (Ω , T ). A point a ∈ Ω is said to be µ-generic

if

∀ f ∈ C(Ω), lim
N→∞

1
N

N−1∑
n=0

f (T na) =

∫
Ω

f dµ.

Oxtoby’s theorem tells us that if (Ω , T ) is uniquely ergodic with µ being the unique
invariant measure, then every point ω of Ω is µ-generic. For a general TDS, we are
going to see that generic points are rich to some extent in the space Ω .

An invariant measure µ is said to be ergodic if for any invariant Borel set B
(i.e., T −1 B ⊂ B) we have µ(B) = 0 or 1. Birkhoff ergodic theorem (see [38], p.30
or [43], p.55) says that if µ is ergodic, then for every integrable function f ∈ L1(µ) we
have

lim
N→∞

1
N

N−1∑
n=0

f (T n x) =

∫
Ω

f dµ µ− a.e.

Since C(Ω) is separable, Oxtoby’s and Birkhoff’s theorems together imply that if µ is
an ergodic invariant measure, then µ-almost every point of Ω is µ-generic.

In the present paper, only the special shift dynamical systems are involved. The
compact space Ω is the infinite product space {0, 1, . . . ,m − 1}

N where m ≥ 2 is a
fixed integer, {0, 1, . . . ,m − 1} being equipped with the discrete topology. This space is
metrizable, but we will not use any specific metric. The mapping to be considered is the
so-called shift σ : Ω → Ω defined by (ωn) ↦→ (ωn+1).

2.2. Decomposition of ω into return words and return word statistics.

Let ω ∈ {0, 1, . . . ,m−1}
N be a sequence in which 0 appears infinitely often. Consider

the decomposition (1.2) which is repeated below:

ω = ω0 · · ·ωn · · · = w0 0t0 w1 0t1w2 0t2 · · · wr 0tr · · · (2.1)

where the words {w j } do not contain 0 (with w0 possibly an empty word) and {t j } are
positive integers. We define the set of return word R as the set of all w-words which
appear in the decomposition above, but not including the first word w0. Equivalently, if
we define the language of ω, denoted by L(ω), as the collection of all finite subwords
appearing in ω, then

R = {w ∈ L(ω) : 0w0 ∈ L(ω) and w does not contain 0}.

Let T be the set of subwords of ω of the form 0t , which appear between two consecutive
return words, i.e.,

T = {0t
∈ L(ω) : w0t w̃ ∈ L(ω) for some w, w̃ ∈ R}.

Note that if ω is minimal, both sets R and T are finite. In this case, the sum in (1.3) is
taken over a finite set.
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We define the (asymptotic) frequency ρa of a finite word a in L(ω) as follows:

ρa := lim
n→∞

1
n

Nn(a|ω) = lim
n→∞

1
n

n−1∑
j=0

1[a](σ jω),

provided the limit exists, where

Nn(a|ω) := #
{
0 ≤ j < n − 1 : a is a prefix of σ jω

}
.

For any return word w in R, we will need a different frequency: namely, the
frequency of appearances of the return word w between two consecutive symbols 0 in
the decomposition (2.1), which will be referred to as the exact frequency of w ∈ R and
will be denoted by Fw. It is clear that Fw is the asymptotic frequency of a word 0w0:

Fw = ρ0w0. (2.2)

The exact frequency Fw does not account for occurrences of w as a proper subword of
some longer return words w′

∈ R.
We use the term “exact frequency” in order to distinguish Fw from ρw, the latter is

called the frequency of w.
If ω is a generic point for some shift invariant measure ν, we have

ρ0 = ν([0]), Fw = ν([0w0]). (2.3)

2.3. Main result

The following theorem describes conditions under which we are able to derive explicit
expressions for Lyapunov exponents. Its proof is based on the decomposition (1.2) of ω.
For a large integer, say n ≥ |w0| + t0 ≥ 1, we can write the n-prefix of ω as follows

ω|
n−1
0 = ω0 · · ·ωn−1 = w00t0w10t1w20t2 · · · wr 0tr w∗

r+10t∗r+1 (2.4)

where r = r(n) depends on n, 0t j ∈ T for 0 ≤ j ≤ r (therefore t j ≥ 1) and w j ∈ R for
1 ≤ j ≤ r , but t∗

r+1 ≥ 0 and w∗

r+1 is a prefix of a return word (it is a return word when
t∗

j+1 ≥ 1).

Theorem 2.1. Let {A0, A1, . . . , Am−1} be a set of complex matrices. Suppose that
A0 = uv′ is of rank one such that the inner product v′u ̸= 0. Let ω = {ωn}n≥0 be a
point of Ω = {0, 1, . . . ,m − 1}

N such that 0 appears infinitely many times in ω with
(R, T )-decomposition (2.1) such that the frequency ρ0 exists and the exact frequencies
Fw exist for all w ∈ R. Suppose furthermore that

(a) Aw0u ̸= 0; v′ Aw j u ̸= 0 for all j ≥ 1;
(b) γn := maxw′≺wr+1 | log ∥v′ Aw′∥| = o(n) as n → ∞ (with r = r(n) as in (2.4));
(c) we have

lim
M→∞

lim
n→∞

1
n

∑
w j ≺ω|

n−1
0 ,|w j |>M

| log |v′ Aw j u|| = 0.
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Then the following limit exists

L = lim
n→∞

1
n

log ∥Aω0 Aω1 · · · Aωn−1∥ ∈ [−∞,+∞)

and is given by

L = ρ0 log |v′u| +

∑
w∈R

Fw log
|v′ Awu|

|v′u|
. (2.5)

Remark 1. We have trivially L = −∞ if Aw0u = 0 or v′ Aw j u = 0 for some j (i.e. the
condition (a) is violated), or v′u = 0. Because, as we shall see in the proof of Theorem 2.1
(see (2.13)), for large n we have

Aω0 Aω1 · · · Aωn−1 = 0.

Remark 2. Assume that the set R is finite. Then both the conditions (b) and (c) are
trivially satisfied, the expression (2.5) involves only a finite number of matrix products
Aw, which can be directly evaluated, and a finite number of exact frequencies Fw is to be
computed. Therefore, when R is finite, the formula (2.5) is effective. Thus, Theorem 2.1
applies to all minimal sequences, including primitive substitutive sequences {ω}, like
Thue–Morse sequence and Fibonacci sequence; see Section 6.1 for the definition of
primitive substitutive sequences.

Remark 3. As we shall see in the proof of Theorem 2.1 (see Lemma 2.3), the positive
part of the series (2.5) converges. Recall that for a real series

∑
an with an ∈ R, its

positive part is
∑

a+
n where x+ denotes the positive part of a real number x .

Remark 4. The closed formula (2.5) can be restated as follows

L =

(
1 −

∑
w∈R

(|w| + 1)Fw

)
log v′u +

∑
w∈R

Fw log v′ Awu. (2.6)

2.4. A counterexample

In general, the formula (2.5) does not hold when the condition (c) in Theorem 2.1 is
violated, even for positive matrices.

Consider the following sequence

ω = 0101101110 · · · 01n01n+1
· · · . (2.7)

It is clear that R = {1, 11, 111, . . .}, Fw = 0 for all w ∈ R and ρ0 = 0. The
following example shows that the formula (2.5) in Theorem 2.1 is not always true when
the condition (c) in Theorem 2.1 is violated.

Example. Consider the above sequence ω defined by (2.7). Consider two d × d
matrices: A0 = 11′, and A1 being a nonnegative and invertible matrix. Then

L(ω) = ρ(A1), (2.8)

where ρ(A1) is the spectral radius of A1. But the formula (2.5) would give L(ω) = 0.
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Indeed, if we consider the product of first n(n+1)
2 + n + 1 matrices of (Aω j ), we get

∥A0 A1 A0 A2
1 A0 A3

1 A0 · · · A0 An
1 A0∥ = 1(1′ A11)(1′ A2

11) · · · (1′ An
11)1′

= ∥A1∥∥A2
1∥ · · · ∥An

1∥∥11′
∥

where ∥A∥ is chosen to be the norm
∑

i. j |ai, j | for a matrix A = (ai, j ). Since ∥11′
∥ = d2

is a positive constant and log ∥An
1∥ ∼ nρ(A1) as n → ∞, we get

lim
n→∞

log(∥A1∥∥A2
1∥ · · · ∥An

1∥∥11′
∥)

n(n+1)
2 + n + 1

= ρ(A1). (2.9)

Consider 1 ≤ m ≤ n + 1 and the product

∥A0 A1 A0 A2
1 A0 A3

1 A0 · · · A0 An
1 A0 Am

1 ∥ = ∥A1∥∥A2
1∥ · · · ∥An

1∥∥11′ Am
∥.

With the help of (2.9), in order to conclude for (2.8), we only need to check that

lim
n→∞

1
n2 max

1≤m≤n+1
| log ∥11′ Am

1 ∥| = 0.

The checking is as follows. On the one hand, evidently we have

∥11′ Am
1 ∥ ≤ d2

∥A1∥
m,

and on the other hand, as A1 is invertible, we have ∥11′
∥ ≤ ∥11′ Am

1 ∥∥A−m
1 ∥ and then

∥11′ Am
1 ∥ ≥

d2

∥A−1
1 ∥m

.

It follows that log ∥11′ Am
1 ∥ = O(m) = o(n2). This last estimate shows that the condition

(b) is satisfied.
Assume furthermore that A1 is non negative. Then log |1′ Am

1 1| ∼ ρ(A1) as m → ∞. It
can be deduced that the limit involved in the condition (c) exists and is equal to log ρ(A1).
Thus the condition (c) of Theorem 2.1 is not satisfied if ρ(A1) ̸= 1.

2.5. Convergence of the series
∑

w∈R Fw log
⏐⏐⏐ v′ Awu

v′u

⏐⏐⏐
Before proving Theorem 2.1, let us first discuss the convergence of the series

appearing in Theorem 2.1. As we shall see, its positive part is convergent and thus its
sum is finite or −∞.

The following notation will be used several times. For any integer M ≥ 1, denote

RM = {w ∈ R : |w| ≤ M}.

It is the set of all return words of length not exceeding M .

Lemma 2.2. Under the assumptions of Theorem 2.1, we have
∑

w∈R |w|Fw ≤ 1 − ρ0.

Proof. Let us first observe that

|w0| + |w1| + · · · + |wr | + |w∗

r+1| + t0 + t1 + · · · + tr + t∗

r+1 = n. (2.10)
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Also notice that Nn(0) = t0 + t1 +· · ·+ tr + t∗

r+1 is the number of 0’s contained in ω|
n−1
0

and w j ’s (possibly w∗

r+1) in (2.10) are all return words contained in ω|
n−1
0 . We keep only

those return words with length not exceeding M to get

1
n

∑
w∈RM

|w|Nn(w) ≤ 1 −
Nn(0)

n
.

We get an equality if w∗

r+1 is a return word. But if w∗

r+1 is not a return word and is
very long, we get a big gap in the last inequality. See Example in Section 2.4. Since it
is assumed that the exact frequencies Fw exist, letting n → ∞ we get

∑
w∈RM

|w|Fw ≤

1 − ρ0. The claim is proved since M is chosen arbitrarily. □

Lemma 2.3. The series
∑

w∈R Fw log
⏐⏐⏐ v′ Awu

v′u

⏐⏐⏐ has its sum in the interval [−∞,+∞).
In other words, the sum is equal to the following limit

lim
M→∞

∑
w∈RM

Fw log
⏐⏐⏐⏐v′ Awu

v′u

⏐⏐⏐⏐ ∈ [−∞,+∞).

Proof. Since |v′ Awu| ≤ ∥v∥∥u∥∆|w| where ∆ = max1≤ j≤m−1 ∥A j∥, there exists a
constant D > 0 such that

log
⏐⏐⏐⏐v′ Awu

v′u

⏐⏐⏐⏐ < D|w|.

Thus the following series of negative terms verifies∑
w∈R

Fw

(
log

⏐⏐⏐⏐v′ Awu
v′u

⏐⏐⏐⏐− D|w|

)
∈ [−∞, 0).

We finish the proof by using the fact that the series
∑

w∈R |w|Fw converges (Lemma 2.2).
□

2.6. Proof of Theorem 2.1

The definition of Lyapunov exponent does not depend on the choice of matrix norm.
We will choose the most convenient norm for us, namely, the Frobenius norm or the
Hilbert–Schmidt norm defined by

∥A∥F =

√
tr(A∗ A)

where A = (ai j ) and A∗
= (a j i ). Note that for a rank one matrix A = uv′ one has

∥uv′
∥F = ∥u∥2∥v∥2 (2.11)

where ∥ · ∥2 is the Euclidean norm. Furthermore, for any t ≥ 1 we have

A0t = (uv′)t
= u(v′u)t−1v′

= λt−1u · v′
= λt−1 A0 (2.12)

where λ = v′u =
∑d

j=1 u jv j is a scalar.
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Therefore, using the notation introduced in (2.4) and the associativity of matrix
multiplication, one has

Aω0 Aω1 · · · Aωn−1 = Aw0 At0
0 Aw1 At1

0 · · · Awr Atr
0 A

w∗
r+10t∗r+1

= Aw0(λt0−1uv′)Aw1(λt1−1uv′) · · · Awr (λtr −1uv′)A
w∗

r+10t∗r+1

= λ
∑r

j=0(t j −1) Aw0(uv′)Aw1(uv′) · · · Awr (uv′)A
w∗

r+10t∗r+1

= λ
∑r

j=0(t j −1)(Aw0u)(v′ Aw1u) · · · (v′ Awr u)(v′ A
w∗

r+10t∗r+1
). (2.13)

Taking into account that all matrix products v′ Aw j u, j = 1, . . . , r , are scalars, we
conclude that

∥Aω0 · · · Aωn−1∥F = |λ|
∑r

j=0(t j −1)
r∏

j=1

|v′ Aw j u|×∥Aw0uv′ A
w∗

r+10t∗r+1
∥F =: Mn×Rn

where

Mn := |λ|
∑r

j=0(t j −1)
r∏

j=1

|v′ Aw j u|, Rn := ∥Aw0 A0 A
w∗

r+10t∗r+1
∥F .

We will refer to Mn as the main term, and to Rn as the remainder term. We will show
that the remainder has no contribution to the Lyapunov exponent.

Let us start by analyzing the remainder term Rn , which contains at least one matrix
A0, and hence is of rank at most one. It is actually of rank one i.e. Rn > 0, as we see
now. Two situations may occur. First, if t∗

r+1 = 0, one has

Aw0 A0 A
w∗

r+10t∗r+1
= (Aw0u)(v′ Aw∗

r+1
),

and thus by (2.11) and the condition (a),

Rn = ∥Aw0u∥2∥v′ Aw∗
r+1

∥2 > 0.

Secondly, if t∗

r+1 > 0, then w∗

r+1 = wr+1 and

Aw0 A0 A
wr+10t∗r+1

= (Aw0u) · (v′ Awr+1) · λt∗r+1−1uv′

= λt∗r+1−1(Aw0u) · (v′ Awr+1u) · v = λt∗r+1−1(v′ Awr+1u)(Aw0u)v′,

since v′ Awr+1u is a scalar. Thus, applying (2.11) again, one has

Rn = |λ|t
∗
r+1−1

· |v′ Awr+1u| · ∥Aw0u∥2∥v∥2 > 0.

Therefore, depending on whether the last symbol in (ω0, . . . , ωn−1) is the symbol 0 or
not, i.e., whether, t∗

r+1 > 0 or t∗

r+1 = 0, we meet two situations. First, if t∗

r+1 = 0, we
obtain that the equality

∥Aω0 · · · Aωn−1∥F = |λ|
∑r

j=0(t j −1)
( r∏

j=1

|v′ Aw j u|

)
· ∥Aw0u∥2 · ∥v′ Aw∗

r+1
∥2
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where λ = v′u, that we write in the following way

∥Aω0 · · · Aωn−1∥F = |v′u|

∑r
j=0 t j −1

( r∏
j=1

|v′ Aw j u|

|v′u|

)
∥Aw0u∥2 · ∥v′ Aw∗

r+1
∥2, (2.14)

Secondly, if t∗

r+1 > 0, we have

∥Aω0 · · · Aωn−1∥F = |λ|
∑r

j=0(t j −1)+(t∗r+1−1)
(r+1∏

j=1

|v′ Aw j u|

)
· ∥Aw0u∥2 · ∥v∥2

which is then written as follows

∥Aω0 · · · Aωn−1∥F = |v′u|

∑r
j=0 t j +t∗r −1

(r+1∏
j=1

|v′ Aw j u|

|v′u|

)
∥Aw0u∥2 · ∥v∥2. (2.15)

Using the expressions (2.14),(2.15) and the conditions (a) and (b) of Theorem 2.1, we
get ∥Aω0 · · · Aωn−1∥F ̸= 0 for all n and

lim
n

1
n

log ∥Aw0u∥2 = lim
n

log
1
n
∥v∥2 = lim

n

1
n

log ∥v′ Aw∗
r+1

∥2 = 0.

So, what remain to prove are the following equalities

lim
n→∞

∑r
j=0 t j + t∗

r+1

n
= ρ0 (2.16)

lim
n→∞

1
n

r∑
j=1

log
|v′ Aw j u|

|v′u|
=

∑
w∈R

Fw log
|v′ Awu|

|v′u|
. (2.17)

The equality (2.16) holds just because t0 + t1 +· · ·+ tr + t∗

r+1 is precisely the number
of times the symbol 0 appears in ω|

n−1
0 .

The equality (2.17) means

lim
n→∞

1
n

∑
j :w j ≺ω|

n−1
0

log
⏐⏐⏐⏐v′ Aw j u

v′u

⏐⏐⏐⏐ =

∑
w∈R

Fw log
⏐⏐⏐⏐v′ Awu

v′u

⏐⏐⏐⏐ . (2.18)

Let us prove this limit. For simplicity, for any n ≥ 1 we denote

Sn =

∑
j :w j ≺ω|

n−1
0

log
⏐⏐⏐⏐v′ Aw j u

v′u

⏐⏐⏐⏐ ,
For any integer M ≥ 1, we decompose

Sn = S′

n(M) + S′′

n (M) (2.19)

with

S′

n(M) =

∑
j :w j ≺ω|

n−1
0 ,w j ∈RM

log
⏐⏐⏐⏐v′ Aw j u

v′u

⏐⏐⏐⏐ ,
S′′

n (M) =

∑
j :w j ≺ω|

n−1
0 ,w j ∈Rc

M

log
⏐⏐⏐⏐v′ Aw j u

v′u

⏐⏐⏐⏐ .
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Since RM is finite and the exact frequencies Fw exist, it is easy to see that

lim
n→∞

S′
n(M)

n
=

∑
w∈RM

Fw log
⏐⏐⏐⏐v′ Awu

v′u

⏐⏐⏐⏐ .
Then, from the decomposition (2.19) we get

lim
n→∞

Sn

n
=

∑
w∈RM

Fw log
⏐⏐⏐⏐v′ Awu

v′u

⏐⏐⏐⏐+ lim
n→∞

S′′
n (M)

n
,

lim
n→∞

Sn

n
=

∑
w∈RM

Fw log
⏐⏐⏐⏐v′ Awu

v′u

⏐⏐⏐⏐+ lim
n→∞

S′′
n (M)

n
.

As

|S′′

n (M)| ≤

∑
j :w j ≺ω|

n−1
0 ,w j ∈Rc

M

⏐⏐⏐⏐log
⏐⏐⏐⏐v′ Aw j u

v′u

⏐⏐⏐⏐⏐⏐⏐⏐ ,
by the condition (c), we have

lim
M→∞

lim
n→∞

S′′
n (M)

n
= lim

M→∞

lim
n→∞

S′′
n (M)

n
= 0.

Thus we get

lim
n→∞

Sn

n
= lim

n→∞

Sn

n
= lim

M→∞

∑
w∈RM

Fw log
⏐⏐⏐⏐v′ Awu

v′u

⏐⏐⏐⏐ =

∑
w∈R

Fw log
⏐⏐⏐⏐v′ Awu

v′u

⏐⏐⏐⏐ ,
where for the last equality we have used Lemma 2.3. This finishes the proof of
Theorem 2.1.

3. Product of non-negative matrices: Proof of Theorem 1.1

In order to prove Theorem 1.1 as a corollary of Theorem 2.1, we need an investigation
of the structure of a generic sequence by studying its return words. The key point is
Lemma 3.1, which shows that long return words will have negligible contribution to the
limit defining the Lyapunov exponent.

3.1. Structure of generic sequence

The proof of the following lemma, which shows that the long return words are
relatively sparse, is inspired by [23].

Lemma 3.1. If ω is a ν-generic point such that ν([0]) > 0, we have

lim
M→∞

lim
n→∞

1
n

∑
w j ≺ω|

n−1
0 , |w j |>M

|w j | = 0.

The rest of this subsection is devoted to the proof of Lemma 3.1, which is somewhat
involved. Let us first explain the structure of the proof. Lemma 3.1 will be proved by
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contradiction. We first observe that what we have to prove is a kind of limit of Birkhoff
averages, see (3.1). This leads us to consider orbit measures defined by (3.4), each of
which is decomposed into the orbit measure νi

M along with long return words and its
complementary orbit measure ηi

M . Next we consider weak* accumulation points ν∞

M and
η∞

M of νi
M and ηi

M to get the decomposition (3.9) of ν for each given M . Then weak*
accumulation points ν∞

∞
and η∞

∞
of ν∞

M and η∞

M give us the decomposition (3.13) of ν. We
can prove that the limit orbit measure ν∞

∞
along with long return words is shift-invariant

and has the disintegration (3.11). We can even prove that ν∞
∞

is absolutely continuous
with respect to ν, which is assumed ergodic. Consequently, ν∞

∞
must be a multiple of ν.

By analyzing the measure of ν∞
∞

of the cylinder [0], we shall get a contradiction to the
assumption ν([0]) > 0.

Now we start the proof of Lemma 3.1. Let U =
⋃

w∈R[0w0]. Define inductively the
return times to U by

τ1 = inf{ j ≥ 0 : σ j (ω) ∈ U }; τ j = inf{ j > τ j−1 : σ j (ω) ∈ U } ( j ≥ 2).

In other words, for j ≥ 1,

σ τ j (ω) = 0w j 0t j w j+10t j+1 · · · .

where w j and t j are defined in (1.2). For M ≥ 1, let

RM = {w ∈ R : |w| > M}.

Consider the average length of long return words defined by

SM
i =

1
τi

i∑
j=1

⏐⏐w j
⏐⏐ 1RM (w j ).

What we have to prove is

lim
M→∞

lim
i→∞

SM
i = 0. (3.1)

For any fixed i ≥ 1, the average SM
i is decreasing in M , and so is limi→∞ SM

i . We shall
prove (3.1) by contradiction. Then suppose that there exists a δ > 0 such that

∀M ≥ 1, lim sup
i→∞

SM
i ≥ δ.

Let us fix an M ≥ 1. Let {iℓ} be a subsequence of integers such that

lim
ℓ→∞

SM
iℓ ≥ δ. (3.2)

For any M ≥ 1 and i ≥ 1 fixed, consider the “orbit measures along with long return
words”:

νi
M :=

1
τi

i∑
j=1

1RM (w j )

⎛⎝|w j |−1∑
n=1

δ
{σ n(0w j 0

t j w j+1··· )}

⎞⎠ (3.3)

and the “complementary orbit measures” ηi
M defined by

1
τi

τi −1∑
n=0

δσ nω = νi
M + ηi

M . (3.4)
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Recall that σ τ jω = 0w j 0t j w j+1 · · · ∈ [0], but σ n(0w j 0t j w j+1 · · · ) ̸∈ [0] for all
1 ≤ n ≤ |w j − 1|. Thus the measure νi

M does not charge the cylinder [0], i.e.,

∀M ≥ 1,∀i, νi
M([0]) = 0. (3.5)

On the other hand, let Y = {σ nω}n≥1 be the orbit closure of ω. In view of (3.2) and the
definition of νi

M , we have

∀M ≥ 1, ν
iℓ
M(Y ) ≥

1
τiℓ

iℓ∑
j=1

1RM (w j )(|w j | − 1) ≥
δ

2
if ℓ ≫ 1. (3.6)

Up to taking a subsequence of {iℓ}, we can assume that

ν
iℓ
M ⇀ ν∞

M and η
iℓ
M ⇀ η∞

M

where ν∞

M and η∞

M are some measures concentrated on Y . Note that ν∞

M and η∞

M are not
necessarily probability measures. Because of (3.5), we have

∀M ≥ 1, ν∞

M ([0]) = 0. (3.7)

By (3.6), we have

∀M ≥ 1, ν∞

M (Y ) ≥
δ

2
. (3.8)

Since ω is ν-generic, the measure νi
M + ηi

M converges to ν in the weak star topology, as
i → ∞. Thus we have

∀M ≥ 1, ν∞

M + η∞

M = ν. (3.9)

In the following, we will study in more details the measure ν∞

M . Associated to the j th
return word w j , we consider the orbit probability measure

π j :=
1

|w j | − 1

|w j |−1∑
n=1

δ
{σ n(0w j 0

t j w j+1··· )}.

This is the orbit measure along with w j . Let

AM =
{
π j : w j ∈ RM

}
,

the set of orbit measures corresponding to long return words. Notice that

|w j | − 1 ≥ M when π j ∈ AM .

Lemma 3.2. Suppose that we have a sequence of measures µt ∈ AMt , with Mt → ∞

as t → ∞, such that µt ⇀ µ. Then µ is σ -invariant.

Indeed, it is a direct consequence of the following simple fact: Given two sequences
of integers {pk}, {qk} ⊂ N with qk − pk → ∞ as k → ∞ and a sequence of points
{xk} ∈ {0, 1, . . . ,m − 1}

N. If

1
qk − pk

qk∑
j=pk

δσ j (xk) ⇀ λ, as k → ∞,
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then the limit measure λ is a σ -invariant measure. Indeed, for any continuous function
f we have∫

f ◦σdλ = lim
k→∞

1
qk − pk

qk∑
j=pk

f (σ j+1xk) = lim
k→∞

1
qk − pk

qk∑
j=pk

f (σ j xk) =

∫
f dλ,

because the difference of the above two sums is bounded by | f (σ pk xk)|+ | f (σ qk+1xk)|,
which is o(qk − pk).

Continue our discussion. Let A be the weak*-closure of
⋃

M AM , a compact set of
measures. Writing νi

M as

νi
M =

1
τi

i∑
j=1

1RM (w j )(|w j | − 1)π j ,

or equivalently

νi
M =

∫
A
µd Qi

M(µ)

where Qi
M is a discrete measure on AM(⊂ A) with total mass not exceeding 1. Since

ν∞

M is the weak-* limit of νiℓ
M , it can be written as

ν∞

M =

∫
A
µd QM(µ). (3.10)

for some limit measure QM of Qiℓ
M (not necessarily probability measure) on the space

AM . Let us explain the obtention of (3.10). Recall that equipped with the weak-* topology
the dual space C∗(Ω) is locally compact and metrizable. The set A is a compact subset
in C∗(Ω). That Qiℓ

M converges to QM means∫
A
ϕ(µ)d Qiℓ

M(µ) →

∫
A
ϕ(µ)d QM(µ)

for all weak-∗ continuous function ϕ. In particular, as the function µ →
∫
Ω f dµ is

weak-∗ continuous, we have∫
A

∫
Ω

f dµd Qi
M(µ) →

∫
A

∫
Ω

f dµd QM(µ).

So, the equality (3.10) reads as∫
Ω

f dν∞

M =

∫
A

∫
Ω

f dµd QM(µ)

for all continuous function f on Ω .
Take a sequence of integers {Mt } tending to ∞ such that

ν∞

Mt
⇀ ν∞

∞
, η∞

Mt
⇀ η∞

∞
, QMt ⇀ Q∞ as t → ∞.

Then from (3.10), we have

ν∞

∞
=

∫
A
µd Q∞(µ); (3.11)



A.H. Fan and E. Verbitskiy / Expo. Math. 43 (2025) 125733 19

from (3.7), we get

ν∞

∞
([0]) = 0; (3.12)

from (3.9), we get

ν∞

∞
+ η∞

∞
= ν. (3.13)

Since Q∞ is the weak limit of QMt , it holds that for each µ ∈ supp(Q∞) and each
r > 0, we have QMt (B(µ, r)) > 0 for all large enough t , where B(µ, r) is the ball
centered at µ of radius r . It follows that for every µ ∈ supp(Q∞), there is a sequence of
probability measures {µt } with µt ∈ AMt such that µt ⇀ µ, as t → ∞. By Lemma 3.2,
the measure µ is σ -invariant on Y . Then ν∞

∞
is σ -invariant, by (3.11).

By (3.13), the invariant measure ν∞
∞

is absolutely continuous with respect to the
measure ν which is assumed ergodic. It follows that ν∞

∞
= cν for some constant c,

which is not zero by (3.8). Finally, (3.12) contradicts ν([0]) > 0.

3.2. Proof of Theorem 1.1

If v′ Aw j u = 0 for some j , we have L(ω) = −∞ by Theorem 2.1. Assume that
v′ Aw j u ̸= 0 for all j . We have only to check conditions (b) and (c) in Theorem 2.1.

First remark that if ∆ denote the maximum of the operator norms ∥A1∥, . . . , ∥Am−1∥
we have the upper bound

|v′ Aw j u| ≤ |v| |u|∆|w j |.

On the other hand, from the definition of matrix product, we have the lower bound

|v′ Aw j u| ≥ a∗b∗δ
|w j |

where a∗ (resp. b∗) is the minimum of the non zero entries of v (resp. v) and δ is the
minimum of all non zero entries of A1, . . . , Am−1. From the above two estimates we get

| log |v′ Aw j u|| ≤ C |w j |

for some constant C > 0. It follows that
1
n

∑
w j ≺ω|

n−1
0 ,|w j |>M

⏐⏐⏐ log |v′ Aw j u|

⏐⏐⏐ ≤
C
n

∑
w j ≺ω|

n−1
0 ,|w j |>M

|w j |.

But by Lemma 3.1, the right hand term in the above inequality tends to zero as n → ∞.
Thus we have checked the condition (c) in Theorem 2.1.

Similarly, we can deduce that γn = O(|wr(n)+1|). Again, we get |wr(n)+1| = o(n) by
Lemma 3.1. Thus we have checked the condition (b) in Theorem 2.1.

4. Product of random matrices: Proof of Theorem 1.2

Let us first identify the return words for a µ- almost every sequence ω. Notice that if
µ([0w0]) = 0, then

µ

(
∞⋃

k=0

σ−k([0w0])
)

≤

∞∑
k=0

µ(σ−k([0w0])) = 0.
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So, for almost every ω, the word [0w0] never appears in ω. On the other hand, every word
0w′0 such that µ(0w′0) > 0 appears infinitely many times in ω by Poincaré’s recurrence
theorem. Thus the set R stated in Theorem 1.2 is the set of return words for almost every
ω. Hence, such ω’s have the decomposition (1.2). We will consider such points ω.

Case I. Assume v′ Awu = 0 for some w ∈ R. We immediately conclude that L = −∞

by Theorem 2.1.
Case II. From now on we assume that v′ Awu ̸= 0 for all w ∈ R. We are going

to apply Theorem 2.1, by checking that all the conditions (a)–(c) in Theorem 2.1 are
satisfied for µ-almost all ω.

The condition (a) is almost surely satisfied. It suffices to check that Aw0u·v′ Aw∗
r+1

̸= 0.
Indeed, otherwise A0 = u · v′

= 0, because both matrices Aw0 and Aw∗
r+1

are invertible.
The condition (b) is almost surely satisfied. It is essential to show that with the notation

used in (2.4), we have

a.s. tr + |wr | = o(n). (4.1)

To this end, let us consider the induced dynamics. Consider the disjoint union over return
words w ∈ R of cylinders [0w0]:

U =

⋃
w∈R

[0w0].

Consider the first return time to U defined by

τ (x) = inf{n ≥ 1 : σ n x ∈ U }.

It is the first time to see a return word w (or more exactly 0w0). By the ergodicity of
µ and the fact that µ(U) > 0, we get τ (x) < ∞ for almost all points x . Then let us
consider the induced map T : U → U defined by

T (x) = σ τ(x)(x).

The restricted measure µ|U is still T -invariant and ergodic. Define higher order return
times, inductively, by

τ1(x) = τ (x), τk(x) = τ (T k−1(x)).

Notice that τk(ω) is the time difference when we see the word 0wk−10 and the word
0wk0, where w′

j s denotes the j th return word in the decomposition of ω, see (1.2). So,
we have

a.s. tk + |wk | = O(τk(ω)), (4.2)

which implies |wk | = O(τk(ω)) holds almost surely. This fact will be useful. By Kac’s
theorem [38, p. 46], τ is integrable and even

∫
U τ (x)dµ = 1. Then, by the Birkhoff

Ergodic Theorem applied to the induced system which is ergodic ([38], p.56 Exercise 1),
the Birkhoff average

1
k

k∑
j=1

τ j (x) =
1
k

k−1∑
j=0

τ (T j x)
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converges a.e. Consequently, τ (T k−1x) = o(k) a.s. This, together with (4.2), implies
(4.1). Now, let us check the condition (b). From the estimates

∥v′ Aw′∥ ≤ ∥v∥∥Aw′∥, ∥v∥ = ∥v′ Aw′ A−1
w′ ∥ ≤ ∥v′ Aw′∥∥A−1

w′ ∥

we get
∥v∥

∥A−1
w′ ∥

≤ ∥v′ Aw′∥ ≤ ∥v∥∥Aw′∥

But both ∥Aw′∥ and ∥A−1
w′ ∥ increase at most exponentially with |w|. So, the quantity γn

involved in the condition (b) satisfies

γn = O(|wr+1|).

This implies γn = o(n) a.s, with the help of (4.1). Thus we have checked the condition
(b) for almost all ω.

The condition (c) is almost surely satisfied. We do not check the condition (c). As
we have shown in the proof of Theorem 2.1, what we have to prove is that (2.18) holds
almost surely, namely

a.s. lim
n→∞

1
n

∑
j :w j ≺ω|

n−1
0

log
⏐⏐⏐⏐v′ Aw j u

v′u

⏐⏐⏐⏐ =

∑
w∈R

Fw log
⏐⏐⏐⏐v′ Awu

v′u

⏐⏐⏐⏐ . (4.3)

Notice that

1
n

∑
j :w j ≺ω|

n−1
0

log
⏐⏐⏐⏐v′ Aw j u

v′u

⏐⏐⏐⏐ =
1
n

n−1∑
k=0

h(σ kω),

where

h(ω) =

∑
w∈R

1[0w0](ω) log
⏐⏐⏐⏐v′ Awu

v′u

⏐⏐⏐⏐ .
Notice that the right-hand side of (4.3) is nothing but the mean value of h. That is to say∫

h(ω)dµ(ω) =

∑
w∈R

Fw log
⏐⏐⏐⏐v′ Awu

v′u

⏐⏐⏐⏐ .
So, (4.3) is a consequence of the Birkhoff Ergodic Theorem. To finish the proof, we
point out that h is not necessarily integrable. But the positive part of h is integrable, due
to Lemma 2.2 and the fact

log |v′ Awu| ≤ C |w|

for some constant C > 0. Therefore, the ergodic theorem is applicable in this case.

5. Computation of exact frequencies

It was pointed out that the exact frequency Fw, which appears in the our main formula
(2.5), is nothing but the asymptotic frequency of the word 0w0, namely Fw = ρ0w0
(cf. (2.2)). But it is possible to compute the exact frequency Fw by the asymptotic
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frequencies of return words w′ with their lengths not exceeding that of w. This remark
is useful because the asymptotic frequencies of return words of shorter lengths are easier
to compute.

5.1. Computation of Fw by ρw′ with |w′
| ≤ |w|

Let us assume that ω is ν-generic for some shift invariant measure ν and the collection
of return words R in ω is finite. Here we refer to the decomposition (2.1) of ω. We will
compute the exact frequencies Fw (w ∈ R) in terms of the cylinder measures ν([w′])
(w′

∈ R) and the numbers Nw(w′) with w,w′
∈ R, which are defined as follows.

For two given words w and w′ with w ≺ w′ (meaning that w is a proper subword of
w′), we denote by Nw(w′) the number of occurrences of w in w′ when reading w′ from
left to right. For example, N01(101001101) = 3. In practice, for a given finite collection
of return words R, it is easy to compute the numbers Nw(w′).

As R is assumed finite. Let ℓ be the maximal length of return words, i.e.

ℓ = max{|w| : w ∈ R}.

For any return word w ∈ R, put

S(0)
w = ν([w]),

S( j)
w =

∑
w≺w′≺···≺w( j)

Nw(w′)Nw′(w′′) · · · Nw( j−1)(w( j))ν([w( j)]), (1 ≤ j ≤ ℓ− |w|)

S( j)
w = 0, ( j > ℓ− |w|).

where the sum is taken over all j-uple return words (w′,w′′, . . . ,w( j)) such that w(i) is
a proper subword of w(i+1) for 0 ≤ i < j (with convention w(0)

= w).
The numbers S( j)

w , mixing the numbers Nw(w′) and the cylinder measures ν([w]),
allow us to compute the exact frequencies Fw, as stated in the following theorem.

Theorem 5.1. Let ω be decomposed as in (1.2). Suppose that the set R of return words
is finite and the frequency of each w ∈ R exists, which is denoted by ν([w]). Then for
any return word w ∈ R, the exact frequency Fw exists and is equal to

Fw =

ℓ−|w|∑
j=0

(−1) j S( j)
w =

∑
j≥0

(−1) j S( j)
w . (5.1)

5.2. Proof of Theorem 5.1

We prove the formula (5.1) by induction on the length of w in decreasing order. We
start with the remark that for any return word w ∈ R, we have

ν([w]) = Fw +

∑
w′∈R,|w′|>|w|

Nw(w′)Fw′ , (5.2)
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under the condition that the exact frequencies Fw′ exist for all return words w′ containing
w as proper subword. This is a consequence of the existences of frequencies:

∀w ∈ R, ν([w]) = lim
n→∞

1
n

n−1∑
k=0

1[w](σ kω). (5.3)

Indeed, when we read the prefix of σ kω and see w (recall here the decomposition (1.2)
of ω), either we meet the return word w in the decomposition or we meet longer return
words w′ which contain w as subword. The summands in the right hand side of (5.3)
which correspond to the return words w that we meet gives the contribution Fw in (5.2).
While when we meet w′, we will read from left to right a number Nw(w′) of w’s in each
w′. Since the exactly frequency of w′ is F ′

w, we get the other contribution of the right
hand side of (5.3), the second term on the right hand side of (5.2).

Now let us start our proof by induction. When |w| = ℓ, the formula (5.2) reads as
ν([w]) = Fw, which confirms the formula (5.1) in this case.

Assume now w ∈ R with |w| = ℓ− 1. Then the formula (5.2) reads as

ν([w]) = Fw +

∑
w′∈R,|w′|>|w|

Nw(w′)ν([w′]).

because |w′
| = ℓ, and Fw′ = ν([w′]) as we have just seen. Thus

Fw = ν([w]) −

∑
w′∈R:|w′|>|w|

Nw(w′)ν([w′]) = S(0)
w − S(1)

w . (5.4)

So the formula (5.1) is also confirmed when |w| = ℓ− 1.
Suppose Fw exists and the formula (5.1) is true when |w| ≥ k + 1. For w ∈ R with

|w| = k, by (5.2), we get

Fw = ν([w]) −

∑
w′∈R,|w′|>|w|

Nw(w′)Fw′ .

By the induction hypothesis, we have

Fw′ =

∑
j≥0

(−1) j S( j)
w′ .

Thus, by substituting this into the preceding equality we get

Fw = ν([w]) −

∑
|w′|>|w|

Nw(w′)
∑
j≥0

(−1) j S( j)
w′

= ν([w]) +

∑
j≥0

∑
|w′|>|w|

(−1) j+1 Nw(w′)S( j)
w′ .

Recall that

S( j)
w′ =

∑
w′≺w′′≺···≺w( j+1)

Nw′(w′′) · · · Nw( j)(w( j+1))ν([w( j+1)])

where the sum is taken over w′′, . . . ,w( j+1) (w′ being fixed). So,

Fw = ν([w]) +

∑
j≥0

(−1) j+1
∑

|w|<|w′|<|w′′|<···<|w( j+1)|

Nw(w′)Nw′ (w′′) · · · Nw( j) (w( j+1))ν([w( j+1)])
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= ν([w]) +

∑
k≥1

(−1)k S(k)
w .

Recall that ν([w]) = S(0)
w . We have thus finished the proof of Theorem 5.1.

5.3. Examples

In the following, we consider some sequences ω of 0 and 1, which are generic for
some invariant measure ν.

Example 1. Assume that R = {1}. By definition, we have F1 = ν([1]). It is the case for
the Fibonacci sequence that will be examined later.

Example 2. Assume that R = {1, 11}. Then

S(0)
11 = ν([11]), S( j)

11 = 0 for j ≥ 1

and

S(0)
1 = ν([1]), S(1)

1 = 2ν([11]), S( j)
1 = 0 for j ≥ 2.

Therefore the formula (5.1) gives us

F11 = ν([11]), F1 = ν([1]) − 2ν([11]) = ν([10]) − ν[11]. (5.5)

Here we have used the fact N1(11) = 2. This is the case for the Thue–Morse sequence,
that will be examined later.

Example 3. Assume that R = {1, 11, 111}. It is the case for the characteristic function
of the square free integers, that will be re-examined in Section 7.3 where another way
to compute F1, F11 and F111 will be proposed.

By Theorem 5.1, we have

F111 = ν([111]), F11 = ν([11])−2ν([111]), F1 = ν([1])−2ν([11])+ν([111]).
(5.6)

Indeed, the first equality is trivial. The formula (5.1) implies immediately the second one:

F11 = ν([11])−
∑

|11|<|w′|

ν([w′]) = ν([11])−N11(111)ν([111]) = ν([11])−2ν([111])

because w′
= 111 is the unique choice over which we take the sum. Now we state the

formula (5.1) for F1:

F1 = ν([1]) −

∑
|1|<|w′|

N1(w′)ν([w′]) +

∑
|1|<|w′|<|111|

N1(w′)Nw′(111)ν([111]).

In the first sum, w′ may be 11 with N1(11) = 2 or 111 with N1(111) = 3; in the second
sum, w′ must be 11 and N1(11) = N11(111) = 2. So

F1 = ν([1]) − (2ν([11]) + 3ν([111])) + 4ν([111]) = ν([1]) − 2ν([11]) + ν([111]).
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6. Matrices selected by substitutive sequences

Given m matrices A0, A1, . . . , Am−1 (m ≥ 2) with A0 being assumed of rank
one. We select a sequence of matrices (Aωn )n≥1 by some sequence ω = (ωn) ∈

{0, 1, . . . ,m −1}
N. Typical primitive substitutive sequences ω include the famous Thue–

Morse sequence, Fibonacci sequence and Rudin–Shapiro sequence, etc. For a sequence
of matrices (Aωn )n≥1 selected by a primitive substitutive sequence (ωn), we can use
Theorem 2.1 to compute the Lyapunov exponent of

lim
1
n

log ∥Aω0 Aω1 · · · Aωn−1∥

if A1, . . . , Am−1 are assumed non-negative (cf. Theorem 1.1) or invertible (cf. Theo-
rem 1.2). We assume that 0 appears infinitely in (ωn). We have to compute the frequencies
of the return words of 0.

In this section, we compute Lyapunov exponents when ω is a substitutive sequence.
Let us recall basic facts about substitutions and the method of computation of frequencies
(cf. [43]).

6.1. Basic notions and notation

Let A = {0, 1, . . . , s − 1} be an alphabet of s ≥ 2 letters. Let A∗
=
⋃

∞

n=0 An be the
set of all words on the alphabet A, with A0

= {∅} consisting of the empty word. The
length |w| of a word w = w0w1 · · ·wn−1 ∈ An is defined to be n. Two words u, v ∈ A∗

can be concatenated to a new word uv. Equipped with the concatenation, A∗ becomes a
monoid with ∅ as identity.

Let A+
= A∗

\ {∅}. A substitution ζ on A is a map from A into A+. It induces a
morphism of the monoid A∗ as follows

ζ (∅) = ∅; ζ (w) = ζ (w0)ζ (w1) · · · ζ (wn−1) for w = w0w1 · · ·wn−1 ∈ An
⊂ A+.

The language of the substitution ζ is defined by

Lζ = {subwords of ζ n(α) : α ∈ A, n ≥ 0}.

The language L (x) of an infinite word x ∈ AN is defined to be the set of finite subwords
of x . The subshift of the substitution ζ is defined to be

Xζ = {x ∈ AN
: L (x) ⊂ Lζ }.

The substitution also defines a continuous map ζ : AN
→ AN:

ζ (x) = ζ (x0)ζ (x1) · · · for x = x0x1 · · · ∈ AN.

We are interested in the possible fixed points of this continuous map. Now we make the
following assumptions:

(i) For every β ∈ A, limn→∞ |ζ n(β)| = +∞;
(ii) For some α ∈ A, ζ (α) has α as its first letter.
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Under these assumptions, ζ admits a fixed point u, called substitutive sequence, which
is equal to ζ∞(α), namely limn→∞ ζ

n(α). We also assume that every letter in A appears
in the substitutive sequence u. The language of u is simply

L (u) = {subword of ζ n(α) : n ≥ 0}.

A morphic sequence is the image of a substitutive sequence under a letter-to-letter
projection.

Given two words u and v, we denote by Lu(v) the number of occurrences of u in v.
For a substitution ζ , its ζ -matrix or composition matrix, is defined to be

Mζ := M := (mα,β) with mα,β = Lα(ζ (β)).

It is clear that∑
α

mα,β = |ζ (β)|.

It is also easy to see that

Mζ n = Mn
ζ .

The ζ -matrix does not contain all informations about the substitution, but some
important informations. First we introduce the composition function L : Lζ → Rs ,
defined by

L(w) := (Lα(w))α∈A,

which counts the number of each letter contained in a given word w. The composition
matrix involves in the following linear recursive relation (which can be called composition
equation)

L(ζ (w)) = M · L(w),

which describes the evolution of the numbers of letters contained in a word under the
substitution. It follows that L(ζ n(w)) = Mn

· L(w). This relation allows us to study the
frequencies of letters contained in a substitutive sequence, and similar properties. The
Perron–Frobenius theorem can provide a complete solution. This is one of dynamical
aspects of the substitution.

Given a substitution ζ with substitutive sequence u. There are two associated sub-
systems of the shift T : AN

→ AN. One is (Xζ , T ) and the other is (O(u), T ), where
O(u) = {T nu}n≥0 is the orbit of u. Clearly O(u) ⊂ Xζ . But when ζ is primitive, we
have O(u) = Xζ . In the following, we make the following assumption

(iii) ζ is primitive, namely M N > 0 for some N ≥ 1.

If ζ is primitive, we even have Xζ n = Xζ for all n ≥ 1 and the system (Xζ , T ) is
minimal and uniquely ergodic [34] (see also [43], p. 141).
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6.2. The unique ergodic measure

Let ν be the unique invariant probability measure of the primitive substitutive system
(Xζ , T ). We are interested in the computation of the frequencies of patterns in the
substitutive sequence u (cf. Section 5.4 of [43]).

Let a0a1 · · · at−1 be a given pattern, namely a finite word. Recall that [a0a1 · · · at−1]
denotes the cylinder set consisting of all infinite words having a0a1 · · · at−1 as prefix.
The frequency of a0a1 · · · at−1 is nothing but the measure ν([a0a1 · · · at−1]), according
to the unique ergodicity. That is to say

lim
n→∞

1
n

n−1∑
k=0

1[a0a1···at−1](T ku) = ν([a0a1 · · · at−1]).

When t = 1, if ρ denotes the maximal eigenvalue of M (called the Perron–Frobenius
eigenvalue), from the composition equation L(ζ n(w)) = Mn

· L(w) and the Perron–
Frobenius theorem, we get that ρ−n L(ζ n(α)) is asymptotic to a Perron–Frobenius vector.
Normalizing this eigenvector to a probability vector, we get the frequencies of letters
contained in u.

The frequencies of patterns of length t > 1 can be similarly computed, through
an induced substitution. Let At be the set of all words of length t contained in u.
We consider the induced substitution ζt on the alphabet At defined as follows. For
ω = ω0ω1 · · ·ωt−1 ∈ At , assume that

ζ (ω) = x0x1 · · · x|ζ(ω0)|−1x|ζ(ω0)| · · · x|ζ(ω0)|+|ζ(ω1)|+1 · · · x|ζ(ω)|−1.

Then we define

ζt(ω) = (x0x1 · · · xt−1)(x1x2 · · · xt) · · · (x|ζ(ω0)|−1x|ζ(ω0)| · · · x|ζ(ω0)|+t−2),

which is the ordered list of the first |ζ (ω0)| words of length t contained in ζ (ω).
Notice that the length of ζt(ω) is equal to the length of ζ (ω0). Thus, if ζ is of non-

constant length, so is ζt . Let us look at the Fibonacci substitution which is of non constant
length: ζ (0) = 01, ζ (1) = 0. There are three admissible words 00, 01, 10 of length 2,
which constitute A2. Since

ζ (00) = 0101, ζ (01) = 010, ζ (10) = 001,

we have

ζ2(00) = (01)(10), ζ2(01) = (01)(10), ζ2(10) = (00).

Notice that ζ2(10) has length 1 because ζ (1) has length 1. But ζ2(00) and ζ2(01) have
length 2.

It is known (see Lemma 5.3, page 138, in [43]) that the primitivity of ζ implies the
primitivity of ζt and the fix point of ζt is equal to

U = (u0u1 · · · ut−1)(u1u2 · · · ut)(u2u3 · · · ut+1) · · ·

if u = u0u1u2 · · · is the fixed point of ζ . So, the same idea as above permits the
computation of the frequencies of patterns of length t , namely the probability vector
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ν([ω])ω∈At . It is the normalized Perron–Frobenius vector of the composition matrix Mζt

of ζt .
Now we illustrate the method of computation by some concrete examples.

6.3. Matrices selected by Fibonacci sequence

Consider the Fibonacci sequence ω, which is generated by the substitution

ζ (0) = 01, ζ (1) = 0.

Corollary 6.1. Let A0 = uv′ be a non-negative matrix of rank 1 and A1 = A = (ai, j ) be
a nonnegative matrix. Let {ωn}n≥0 be the Fibonacci sequence 01001010 · · · . If v′u > 0
and v′ Au > 0, we have

lim
n→∞

1
n

log ∥Aω0 · · · Aωn−1∥ = (
√

5 − 2) log v′u +
3 −

√
5

2
log v′ Au.

If v′u = 0 or v′ Au = 0, then Aω0 · · · Aωn−1 = 0 when n ≥ 4.

Proof. The last assertion is obvious because A0 A1 A2
0 = 0 under the condition v′u = 0

or v′ Au = 0. In the sequel, we compute the limit under the assumption v′u > 0 and
v′ Au > 0.

We use the notation in Theorem 2.1. Since the word 11 is forbidden, we have R = {1}

and F1 = ν([1]) = ν([10]). We are led to compute the frequency ν([1]).
Recall that the composition matrix of ζ is equal to

Mζ =

(
1 1
1 0

)
.

Its Perron–Frobenius eigenvalue is 1+
√

5
2 and the associated probability eigenvector is

(
√

5−1
2 , 3−

√
5

2 ). Therefore ν([0]) =

√
5−1
2 and ν([1]) =

3−
√

5
2 . □

6.4. Matrices selected by Thue–Morse sequence

The Thue–Morse sequence ω is generated by the substitution

ζ : 0 ↦→ 01, 1 ↦→ 10.

The Thue–Morse sequence is then

0110100110010110 · · · .

Corollary 6.2. Let A0 = uv′ be a non-negative matrix of rank 1 and A1 = A = (ai, j )
be a nonnegative matrix. Let {ωn}n≥0 be the Thue–Morse sequence. If v′u > 0 and
v′ Au > 0, we have

lim
1
n

log ∥Aω0 · · · Aωn−1∥ =
1
6

(
log v′u + log v′ Au + log v′ A2u

)
.

If v′u = 0 or v′ Au = 0, then Aω0 · · · Aωn−1 = 0 when n ≥ 4.
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Proof. The Thue–Morse sequence does not contain the cube 13
= 111, but contains

1 and 11. Thus R = {1, 11}. In order to apply Theorem 1.1, let us first compute the
frequencies of 2-words. Observe that

ζ2(00) = (01)(10), ζ2(01) = (01)(11), ζ2(10) = (10)(00), ζ2(11) = (10)(01).

The composition matrix of ζ2 is then equal to

Mζ2 =

⎛⎜⎜⎝
0 0 1 0
1 1 0 1
1 0 1 1
0 1 0 0

⎞⎟⎟⎠ . (6.1)

Its Perron–Frobenius eigenvalue is 2 and the associated probability eigenvector is
( 1

6 ,
1
3 ,

1
3 ,

1
6 ). We have F11 = ν([11]) =

1
6 . By the formula (5.1) in Theorem 5.1, we

get

F1 = ν([1]) − 2ν([11]) = [ν([1]) − ν([11])] − ν([11]) = ν([10]) − ν([11]) =
1
3

−
1
6

=
1
6
.

It follows that 1 − (2F1 + 3F11) =
1
6 . Thus the formula (2.6) applies and gives what we

want. □

6.5. Computation of exact frequencies through the normalized derivative substitution

We have presented above the method, due to P. Michel [34], using the induced
substitution to compute the exact frequencies. If there are return words of length t , the
ζt -matrix of the induced substitution ζt is a |A|

t
× |A|

t matrix, where A is the alphabet
on which the substitution is defined. For example, if we consider a substitutive sequence
of two letters which has a return word of length 10, then the matrix size is 210

× 210.
When t is larger, it is a large matrix and it is consuming for numerical calculation. In
this way, we compute the frequencies of all words of length t .

However we do not need all frequencies but only some of them. There is another
method, due to Fabien Durand [15] (cf. also [5, Chapter 11]). As pointed out in [16], the
first observation was made by Gérard Rauzy, using another induced substitution called the
derivative substitution. If there are R return words, the substitutive matrix of the derived
substitution is of size R × R. For example, if we consider a substitutive sequence of two
letters which has 100 return words, then the size of involved matrix is 100 × 100. This
is to be compared with the above mentioned matrix of size 210

× 210, i.e. 1024 × 1024.
Let us briefly recall the derived substitution method adapted to our setting. Consider

a primitive substitution ζ on the alphabet A := {0, 1, . . . , s − 1} (s ≥ 2). Let ω be a fix
point of ζ . Recall that (Xζ , T ) denotes the associated subshift. Now we consider the set
R(0) of return words to the cylinder [0]: a word w belongs to R(0) if w0 is a subword of
ω, and w contains 0 as prefix and does not contain other 0’s. In other words, w0 = 0 ∗ 0
where ∗ is a word without letter 0 (∗ can be an empty word). Notice that R(0) is not
the same as R, which is defined earlier in this paper. Also notice that it is possible that
0 ∈ R(0). Our substitutive sequence ω is clearly decomposed in the following way

ω = w00w10w2 · · · 0wn0 · · · (6.2)
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where w j ∈ R(0) for all j ≥ 1, and w0 is a word not containing the letter 0, which can
be the empty word.

Since ζ is primitive, the subshift (Xζ , T ) is minimal. Therefore the set of return words
R(0) is finite, let R = CardR(0). We relabel R(0) by A(0) := {0, 1, . . . , R − 1}. For
i ∈ A(0), we define φ(i) to be the i th return word, belonging to R(0), that appears
in ω. Thus φ defines a bijection between A(0) and R(0), called the normalized return
substitution. It defines a substitution η on the alphabet A(0) such that

φ ◦ η = ζ ◦ φ.

This substitution η is called the normalized derivative substitution of ζ . Any bijection
between A(0) and R(0) defines a substitution on A(0), called a derivative substitution.
However, we will only use the normalized derivative substitution.

To illustrate these notions, let us consider an example, the Thue–Morse substitution ζ
defined by 0 ↦→ 01, 1 ↦→ 10 and the corresponding Thue–Morse sequence ω = ζ∞(0).
We have R(0) = {011, 01, 0}. The normalized return substitution is

φ(0) = 011, φ(1) = 01, φ(2) = 0

and the normalized derivative substitution:

η(0) = 012, η(1) = 12, η(2) = 1

because

ζ (011) = 011010 = (011)(01)(0), ζ (01) = 0110 = (011)(0), ζ (0) = 01 = (01).

Therefore the η-matrix is given by

Mη =

⎛⎝1 1 0
1 0 1
1 1 0

⎞⎠ . (6.3)

Let us return to the general case. Let µ be the unique shift invariant measure on Xζ .
Let τ be the first return time to the cylinder [0]

τ (x) = inf{n ≥ 1 : T n x ∈ [0]}.

The induced map S : [0] → [0], where [0] is understood as [0] ∩ Xζ , is defined
by S(x) = T τ(x)(x). It is well known that ([0], µ[0], S) is ergodic, where µ[0] is the
normalized restriction of µ on [0], namely µ[0](·) =

µ(·)∩[0]
µ([0]) . The induced system S

is topologically conjugate to the substitutive system associated to η, which is primitive
and thus is uniquely ergodic. Therefore, the ergodic system ([0], µ[0], S) is conjugate
to the substitutive ergodic system associated to the normalized derivative substitution η
(cf. [17], Lemma 19). Let λ be the unique invariant measure of the system associated to
the substitution η. We have µ[0] = λ.

Notice that the cylinder [0] (in Xζ ) is decomposed into cylinders [u0] with u ∈ R(0)
so that

µ([0]) =

∑
u∈R(0)

µ[u0].
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For w ∈ R (return word defined earlier), we have 0w ∈ R(0) and the exact frequency
of w is equal to

Fw = µ([0w0]) = µ[0]([0w0])µ([0]) = λ([0w])µ([0]). (6.4)

The formula (6.4) allows us to compute the exact frequencies. Let us now look at
some examples.

Thue–Morse sequence. For the Thue–Morse sequence we have R = {1, 11} but
R(0) = {011, 01, 0}. It is clear that the η-matrix (cf. (6.3)) has 1 as Perron eigenvalue
and ( 1

3 ,
1
3 ,

1
3 ) as the corresponding eigenvector. If follows that λ([011]) = λ([01]) =

λ([0]) =
1
3 . As µ([0]) =

1
2 , by the formula (6.4), we get F11 = F1 =

1
6 . This coincides

with what we have computed using the ζ2-matrix (cf. (6.1)).
Tribonacci sequence. Now let us look at the Tribonacci substitution:

ζ (0) = 01, ζ (1) = 02, ζ (2) = 0.

Firstly we have

Mζ =

⎛⎝1 1 1
1 0 0
0 1 0

⎞⎠ . (6.5)

The characteristic polynomial of Mζ is x3
− x2

− x −1 and the Perron eigenvalue of Mζ

is equal to

ρ =
1
3

((
19 + 3

√
33
)
+
(
19 − 3

√
33
)
+ 1

)
= 1.839286755214161...

The normalized Perron eigenvector is equal to (ρ−1, ρ−2, ρ−3), so that

µ([0]) =
1
ρ
, µ([1]) =

1
ρ2 , µ([2]) =

1
ρ3 .

Secondly, we have R = {1, 2}, R(0) = {01, 02, 0} and

φ(0) = 01, φ(1) = 02, φ(2) = 0.

It is observed that in this case, the normalized derivative substitution η is equal to the
initial Tribonacci substitution ζ . This was first observed by Rauzy (cf. [16]). By the
formula (6.4), we get

F1 = λ([01])µ([0]) =
1
ρ

·
1
ρ

=
1
ρ2 , F2 = λ([02])µ([0]) =

1
ρ2 ·

1
ρ

=
1
ρ3

However, since 1 and 2 must be followed by 0, we can also argue that

F1 = µ([1]) =
1
ρ2 , F2 = µ([2]) =

1
ρ3 .

Actually, for Tribonacci sequence, the exact frequencies of 1 and 2 are the frequencies
of 1 and 2. Therefore, we do not actually need (6.4).

If we are given three non-negative matrix A0, A1, A2 such that A0 = uv′ is of rank one
and if we selection a sequence of matrices {Aωn } according to the Tribonacci sequence
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ω = (ωn). Then, by the formula (1.3), the Lyapunov exponent of {Aωn } is equal to

L(ω) =

(
1
ρ

−
1
ρ2 −

1
ρ3

)
log v′u +

1
ρ2 log log v′ A1u +

1
ρ3 log v′ A2u.

Similar results holds for the m-bonacci sequence (m ≥ 4) generated by the substitution

0 ↦→ 01, 1 ↦→ 02, · · · , m − 2 ↦→ 0(m − 1), m − 1 ↦→ 0.

Another example. Let us consider the substitution ζ (0) = 01, ζ (1) = 100110. Then the
substitutive sequence is decomposed into return words:

(011)(0)(011)(01)(0)(011)(0)(01)(011)(0)(011) · · ·

We have R(0) = {011, 0, 01} and

011 ↦→ (011)(0)(011)(01)(0)(011)(0), 0 ↦→ (01), 01 ↦→ (011)(0)(011)(0).

The ζ -matrix and the η-matrix are respectively

Mζ =

(
1 3
1 3

)
, Mη =

⎛⎝3 0 2
3 0 2
1 1 0

⎞⎠ .
The matrix Mζ has 2 as Perron-eigenvalue with the eigenvector (1/2, 1/2), and for the
matrix Mη the Perron eigenvalue is 4 and its Perron eigenvector (2/5, 2/5, 1/5). Therefore,
by the formula (6.4), we get the exact frequencies of 11 and 1:

F11 =
2
5

·
1
2

=
1
5
, F1 =

1
5

·
1
2

=
1
10
.

If we use the method of Michel [34], we have to compute the frequencies of words of
length 3. The matrix Mζ3 is a 8 × 8 matrix. This allows us to compute all the frequencies
of words of length 3. But we only need that of 011 and 010.

With the help of the formula (5.1), we can only compute the frequencies of words of
length 2.

7. Matrices selected by B-free integers

In this section, we apply Theorems 2.1 and 5.1 to compute the Lyapunov exponents
of the products of matrices selected by the characteristic function of B-free integers. An
interesting particular example is the characteristic function of square-free integers. An
important fact is that the characteristic function of B-free integers as a point in {0, 1}

N

is generic for the Mirsky measure and another important fact is that the distribution of
Mirsky measure is well known (cf [18]).

7.1. Characteristic function of B-free integers and Mirsky measure

Following [18], we recall below some basic facts about the B-free integers and the
associated dynamical system, especially the Mirsky measure. Let

B = {bk : k ≥ 1} ⊂ {2, 3, 4, . . .}
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be an increasing sequence of integers satisfying
(B1) bk and bk′ are relatively prime for any 1 ≤ k < k ′,
(B2)

∑
∞

k=1
1
bk
< ∞.

Natural numbers which have no factors in B are said to be B-free. The most interesting
example is the set of squares of primes numbers and the corresponding B-free integers
are the square-free integers. The above notion of B-free numbers was introduced by P.
Erdös [19] in 1966, who proved that there exists a constant 0 < c < 1 such that each
interval [x, x + xc] contain at least one B-free number when x is large enough. There
are many works trying to improve the constant c of Erdös (cf. [31,48,49]). The fact that
c < 1 will be useful for us to apply Theorem 2.1. See [11,35,36] for studies on the
classical square free integers.

The characteristic function of the set of B-free integers is the sequence η := ηB :=

(ηn)n≥1 ∈ {0, 1}
N defined by

ηn =

{
0 if n is divided by some bk,

1 otherwise.

Recall that the shift map σ on {0, 1}
N is defined, for x = (xn) ∈ {0, 1}

N, by σ x = (x ′
n)

where x ′
n = xn+1 for all n ≥ 0. The closure Xη := {σ nη : n ≥ 0} of the orbit of η

under the shift is a closed set such that σ (Xη) ⊂ Xη. We are interested in the dynamical
properties of the subshift (Xη, σ ).

The subshift Xη is well described by B-admissible sequences (cf. [18]). A subset
A ⊂ N is said to be B-admissible if t(A, bk) < bk for all k ≥ 1 where t(A, b) is the
number of classes modulo b in A, i.e.

t(A, b) = #{a mod b : a ∈ A}.

The support of a sequence x = (xn)n≥1 ∈ {0, 1}
N is the set {n ∈ N : xn = 1}, denoted

supp x . An infinite sequence x ∈ {0, 1}
N is said to be B-admissible if its support is

B-admissible. In the same way, a finite sequence x1x2 · · · xN ∈ {0, 1}
N is said to be

B-admissible if its support {n ∈ {1, 2, . . . , N } : xn = 1} is B-admissible. Let XB be
the set of all B-admissible sequences. It was proved that Xη = XB, and it was also
proved that the sequence η is νB-generic for some invariant measure νB, called Mirsky
measure [18].

Let us get together the above mentioned properties and other properties of the subshift
(Xη, σ ) in the following two theorems.

Theorem 7.1 ([18]). The following are true:
(1) Xη = XB.
(2) The topological entropy of (Xη, σ ) is equal to

∏
∞

k=1(1 − 1/bk).
(3) The subshift Xη supports a σ -invariant measure νB and the measure preserving

system (Xη, νB, σ ) is isomorphic to the minimal and unique ergodic rotation by adding
(1, 1, . . .) on the compact abelian group

∏
∞

k=1 Z/bkZ.
(4) η is νB-generic.

Let T :
∏

∞

k=1 Z/bkZ →
∏

∞

k=1 Z/bkZ be the rotation defined by Tω = (ωk + 1)k≥1.
Notice that here we add 1 to every coordinate and, thus, T is not the odometer
transformation.
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Let us define the B-free test function on
∏

∞

k=1 Z/bkZ:

B(ω) =

{
0 if ωk = 0 mod bk for some k ≥ 1,
1 if ωk ̸= 0 mod bk for all k ≥ 1.

For n ≥ 1, define

n = (n mod b1, n mod b2, . . .) ∈

∞∏
k=1

Z/bkZ.

It is clear that n is B-free if and only if B(n) = 1. So, every integer n is identified with a
point n in

∏
∞

k=1 Z/bkZ (the map n ↦→ n being injective but not surjective) and the value
B(n) indicates whether n is B-free or not. As

n = (n mod b1, n mod b2, . . .) = T n(0),

we get

η = (B(T 1(0)), B(T 2(0)), B(T 3(0)), . . .).

Define the map ϕ :
∏

∞

k=1 Z/bkZ → XB ⊂ {0, 1}
N by

ϕ(ω) = (B(T nω))n≥1, i.e. ϕ(ω) = (B(ω + n))n≥1.

Indeed, ϕ(ω) is B-admissible because for any k,

suppϕ(ω) mod bk = {n mod bk : B(ω + n) = 1},

which does not contain −ωk .
The map ϕ is not continuous but measurable and σ ◦ T = T ◦ ϕ. Let P be the

normalized Haar measure on
∏

∞

k=1 Z/bkZ. The Mirsky measure νB is defined to be
the image measure of P under ϕ.

For two disjoint finite subset A, B ⊂ N we define the cylinder set

CA,B = {(xn)n≥1 ∈ {0, 1}
N

: ∀n ∈ A, xn = 1; ∀m ∈ B, xm = 0}.

We write C1
A for CA,∅, C0

B for C∅,B . If A = {1, 2, . . . , t}, we usually write [1t ] for C1
A.

Theorem 7.2 ([18]). The following are true.
(1) (Xη, νB, σ ) is a factor of (

∏
∞

k=1 Z/bkZ,P, T ). So, νB is ergodic and of zero
entropy.

(2) For finite subset A ⊂ N we have

νB(C1
A) =

∞∏
k=1

(
1 −

t(A, bk)
bk

)
.

(3) For finite disjoint subsets A, B ⊂ N we have

νB(CA,B) =

∑
A⊂D⊂A∪B

∞∏
k=1

(−1)#(D\A)
(

1 −
t(D, bk)

bk

)
.

(4) A is B-admissible iff νB(C1
A) > 0 iff νB(CA,B) > 0 for all B disjoint from A.
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7.2. Lyapunov exponent of the product of the matrices {Aηn }

Given two non-negative matrices A0 and A1 with A0 having rank 1, we are going
to compute the Lyapunov exponent of the product of the matrices {Aηn } selected by the
characteristic function η = (ηn) of the sequence of B-free integers.

Recall that B = {bk : k ≥ 1} ⊂ {2, 3, 4, . . .} be an increasing sequence of integers
such that bk and bk′ (k ̸= k ′) are relatively prime and

∑
∞

k=1
1
bk
< ∞.

For 1 ≤ t < b1, we introduce the function of Euler type

ζBt (s) =

∞∏
k=1

(
1 −

t

bs/2
k

)−1

.

When B = {p2
: p ∈ P} (P being the set of prime numbers), ζB1 (s) is the Riemann zeta

function ζ (s) =
∑

∞

n=1
1
ns . Clearly we have 1 < ζBt (2) < ∞ for 1 ≤ t < b1.

Theorem 7.3. Let η be the characteristic function of the set of B-free integers. Let
A0 and A1 be two non-negative matrices. Suppose A0 = uv′ is of rank one and that
v′u ̸= 0, v′ Awu ̸= 0 for w ∈ R = {1, 11, . . . , 1b1−1

}. Then the Lyapunov exponent of
the sequence of matrices (Aηn ) is equal to

L =

(
1 −

∑
w∈R

(|w| + 1)Fw

)
log v′u +

∑
w∈R

Fw log v′ Awu, (7.1)

where

Fw =

b1−1−|w|∑
j=0

(−1) j S( j)
w (7.2)

for w ∈ R, with S(0)
w =

1
ζB
|w|

(2)
and for 1 ≤ s < b1 − 1 − |w|

S(s)
w =

b1−1−|w|∑
js=s

1
ζB
|w|+ js (2)

∑
1≤ j1< j2<···< js−1< js

( j1 +1)( j2 − j1 +1) · · · ( js − js−1 +1).

(7.3)

Proof. The subset {1, 2, . . . , b1} is not B-admissible as it is a complete system modulo
b1. Therefore there is no pattern 1t in η for t ≥ b1. But all proper subsets of {1, 2, . . . , b1}

are clearly B-admissible. Therefore we get the set of return words of η (return to 0)

R = {1, 11, . . . , 1b1−1
}.

Theorem 2.1 is applicable: firstly, because R is finite and the condition (iv) in
Theorem 2.1 is also satisfied for the reason of existence of B-free integers in small
interval and the result of Erdös mentioned in the introduction is sufficient (cf. [31,48,49]
for better results on the existence of B-free integers in small intervals). Secondly, because
η is νB-generic, by Theorem 7.1 (4). The formulas (7.1) and (7.2) follows directly from
Theorem 2.1.
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What we need is just the computation of S(s)
w for w = 1k

∈ R (1 ≤ k < b1 − 1),
which is relatively straightforward. First,

S(1)
1k =

b1−1−k∑
j=1

N1k (1k+ j )νB([1k+ j ]) =

b1−1−k∑
j=1

( j + 1)νB([1k+ j ]),

just because N1k (1k+ j ) = j + 1. For the same reason, we have

S(2)
1k =

∑
1≤ j1< j2≤b1−1−k

N1k (1k+ j1)N1k+ j1 (1k+ j2)νB([1k+ j2 ])

=

∑
1≤ j1< j2≤b1−1−k

( j1 + 1)( j2 − j1 + 1)νB([1k+ j2 ])

=

b1−1−k∑
j2=2

νB([1k+ j2 ])
j2−1∑
j1=1

( j1 + 1)( j2 − j1 + 1).

In general, for 1 ≤ s < b1 − 1 − k, we have

S(s)
1k =

∑
1≤ j1< j2<···< js≤b1−1−k

N1k (1k+ j1)N1k+ j1 (1k+ j2) · · · Nk+ js−1(1k+ js )νB([1k+ js ])

=

b1−1−k∑
js=s

νB([1k+ js ])
∑

1≤ j1< j2<··· js−1< js

( j1 + 1)( j2 − j1 + 1) · · · ( js − js−1 + 1).

This is (7.3) because, by Theorem 7.2 (2), we have

νB([1t ]) =
1

ζBt (2)
for all 1 ≤ t ≤ b1 − 1. □

Remark that w ∈ R takes the form 1t with 1 ≤ t < b1, for which Aw = At
1.

7.3. Square-free integers

Let us look at a concrete example. In the case of square-free integers, we have b1 = 4
and R = {1, 11, 111}. For simplicity, we write ν for νB. We have seen in Example 3,
Section 5.3, that

F111 = ν([111]), F11 = ν([11]) − 2ν([1]), F1 = ν([1]) − 2ν([11]) + ν([111]).

We are going to give another way to compute the exact frequencies F1, F11, F111. Let
us first examine the patterns of the forms 1t and 0s in η, or the patterns of the forms
01t0 and 10s1, which will help us to compute both the exact frequencies of exactly t
consecutive 1 or s consecutive 0’s (the exact frequency of s consecutive 0’s will be not
used).

First notice that patterns 01t0 with t ≥ 4 are impossible, because among four
consecutive integers n, n + 1, n + 2, n + 3 there is one which is congruent to 0 modulus
4. However patterns 10s1 are possible for all s ≥ 1.
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Let u1 · · · uℓ ∈ {0, 1}
ℓ, the frequency of u1 · · · uℓ is given by

ν([u1 · · · uℓ]) = lim
N→∞

1
N

N−1∑
n=0

1[u1···uℓ](σ
nη).

Notice that the exact frequencies F1t of 1t (1 ≤ t ≤ 3) and F0s of 0s (s ≥ 1) are
respectively the exact frequencies of 1t0 and of 0s1. In other words, F1t = F1t 0 and
F0s = F0s1.

In each pattern 1t ′0 with t ′
≥ t we see exactly one occurrence of 1t0. Similarly, in

each pattern 0s′1 with s ′
≥ 1 we see exactly one occurrence of 0s1. Thus we have the

following relations

ν([1t0]) = F1t 0+F1t+10+F1t+20+· · · ; ν([0s1]) = F0s1+F0s+11+F0s+21+· · · .

It follows that

F1t = F1t 0 = ν([1t0]) − ν([1t+10]); (7.4)

F0s = F0s1 = ν([0s1]) − ν([0s+11]). (7.5)

We are led to compute ν([1t0]) and ν([0s1]).
For a ∈ R, we introduce the function

ζa(s) =

∏(
1 −

a
ps

)−1
=

∞∑
n=1

aΩ(n)

ns
,

where the product is taken over all prime numbers and Ω(n) is the number of primes
(counted with multiplicity) contained in n. The function ζa(s) is analytic in Re s > 1
and ζ1(s) is equal to the Riemann zeta function ζ (s). We have

ζ3(2) = 7.968954 · · · > ζ2(2) = 3.099486 · · · > ζ1(2) =
π2

6
= 1.644934 · · · .

Recall that for t ≥ 4, F1t 0 = ν([1t0]) − ν([1t+10]) = 0. By Theorem 7.2 (3), we have

ν([10]) =

∏(
1 −

1
p2

)
−

∏(
1 −

2
p2

)
=

1
ζ1(2)

−
1

ζ2(2)
= 0.285293,

ν([110]) =

∏(
1 −

2
p2

)
−

∏(
1 −

3
p2

)
=

1
ζ2(2)

−
1

ζ3(2)
= 0.197147,

ν([1110]) =

∏(
1 −

3
p2

)
−

∏(
1 −

4
p2

)
=

1
ζ3(2)

= 0.125487.

(the last product is equal to 0). So, by (7.4) we get

F1 = F10 =
1

ζ1(2)
−

2
ζ2(2)

+
1

ζ3(2)
= 0.0881459;

F11 = F110 =
1

ζ2(2)
−

2
ζ3(2)

= 0.0716601;

F111 = F1110 =
1

ζ3(2)
= 0.125487.
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We can similarly find F0s1, which will be not necessary for us to compute the
Lyapunov exponent. In order to find all F0s1, we are led to compute ν([0r 1]) for r ≥ 1,
by (7.5). Notice that

ν([0r 1]) = ν([0r ]) − ν([0r+1]).

By Theorem 7.2 (2), we can compute ν([0r ]) by

ν([0r ]) =

∑
D⊂{1,2,...,r}

(−1)r−|D|
∏(

1 −
t(D, p2)

p2

)
(7.6)

where t(D, p2) = #{d mod p2
: d ∈ D}.

Let us look at the patterns 1, 11, 111 among the first 300 terms of η (50 by row,
grouped by 10, the first of each group is marked blue):

11101110011001101010111001001110111011101110001000

10101011101100111011101100111001101110101011101000

11101110111011100110011000101110111011101110110010

10011011101010111001001100111011101110011011101010

11101100111011101110111001101110101011101000011101

10111011100110111010101100110011101110011010100010
The pattern 04 is seen only once for η(242)η(243)η(244)η(245). Recall that

242 = 2 × 112, 243 = 35, 244 = 22
× 61, 245 = 5 × 72

all of which contain a square factor.

8. Multifractal analysis

Here we present an application of Theorems 2.1 and 5.1 to the computation of
multifractal spectrum of weighted Birkhoff averages. In general, multifractal analysis
is a mathematical framework designed to study the heterogeneity of singular structures
in measures, functions, and dynamical systems. It quantifies how local irregularities
(e.g., Hölder exponents, local entropy and pointwise Lyapunov exponent etc.) distribute
across a system, revealing intricate scaling behaviors. Our study here is related to the
multifractal analysis of Birkhoff averages (see [21,22,37,44]) and we go further with
weighted Birkhoff averages.

Let us first recall a theoretical result from [20], see also [3,4] for information on the
same topic. Let S be a finite set of cardinality |S|. We consider the space X = SN on
which is defined the left-shift map T , a continuous function f : X → R and a weight
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sequence {wk} taking values in R. We are interested in the multifractal analysis of the
weighted ergodic average

M f (x) := lim
n→∞

1
n

n−1∑
k=0

wk f (T k x).

Following [20], we first define the pressure function

ψ(β) = lim
n→∞

1
n

log
∫

X
exp

(
β

n−1∑
k=0

wk f (T k x)
)

dx + log |S|,

if the limit exists, where β ∈ R and dx denotes the symmetric Bernoulli measure on SN.
When wk = 1 for all k, we recover the classical pressure function. The function ψ is
convex. It is a consequence of the definition of ψ and the Hölder inequality. For α ∈ R,
we define the level set

E(α) = {x ∈ X : M f (x) = α}.

Recall that the usual metric on X is defined by d(x, y) = |S|
−n where n = inf{k ≥ 0 :

xk ̸= yk}. The Hausdorff dimension dim and the packing dimension Dim in the following
theorem refer to this metric.

Theorem 8.1 ([20], Theorem 1.1). Assume that f is a Hölder continuous function. If the
pressure function ψ is well defined and differentiable on R, then for α = ψ ′(β) we have

dim E(α) = DimE(α) =
ψ(β) − αβ

log |S|
= −

ψ∗(α)
log |S|

(8.1)

where ψ∗ denotes the Legendre transform of ψ .

Thus the multifractal analysis is reduced to the computation of the pressure function
ψ and its Legendre transform

ψ∗(α) = sup
γ

(αγ − ψ(γ )).

Now assume that f (x) = f (x0, x1) depends only on the first two coordinates (when
f depends on a finite number of coordinates, we can reduce it to the case of dependence
on the first two coordinates). We introduce the following positive matrices

Awk (β) := (eβwk f (i, j))(i, j)∈S×S.

It is easy to see (cf. [20], p.30) that the limit defining ψ(β) exists if and only if the
following Lyapunov exponent L(β) exists:

L(β) = lim
n→∞

1
n

log ∥Aw0(β)Aw1(β) · · · Awn−1(β)∥.

In this case, we have ψ(β) = L(β). Therefore we can compute ψ by applying
Theorem 1.1. In the following, we are going to illustrate how it works by examples.
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8.1. Fibonacci weight

Consider the Fibonacci sequence generated by the substitution 0 ↦→ 01 and 1 ↦→ 0,
which is a typical primitive substitutive sequence. Consider a function f (x0, x1) on
{0, 1}

2. For β ∈ R, let

A0(β) =

(
e0· f (0,0) e0· f (0,1)

e0· f (1,0) e0· f (1,1)

)
= 11′,

A1(β) =

(
eβ· f (0,1) eβ· f (0,1)

eβ· f (1,0) eβ· f (1,1)

)
.

Recall that 1 is the column vector of entries 1 and 1′ is its transpose. In this case, we
have

1′1 = 2, 1′ A11 = eβ f (0,0)
+ eβ f (0,1)

+ eβ f (1,0)
+ eβ f (1,1).

So, by Corollary 6.1, the Lyapunov exponent

ψ(β) := lim
n→∞

1
n

log ∥Aω1(β) · · · Aωn (β)∥

is well defined and is equal to

ψ(β) = (
√

5−2) log 2+
3 −

√
5

2
log(eβ f (0,0)

+eβ f (0,1)
+eβ f (1,0)

+eβ f (1,1)). (8.2)

Clearly we have

ψ ′(β) =
3 −

√
5

2
·

f (0, 0)eβ f (0,0)
+ f (0, 1)eβ f (0,1)

+ f (1, 0)eβ f (1,0)
+ f (1, 1)eβ f (1,1)

eβ f (0,0) + eβ f (0,1) + eβ f (1,0) + eβ f (1,1)

and

ψ ′(+∞) =
3 −

√
5

2
· max

i, j
f (i, j), ψ ′(−∞) =

3 −
√

5
2

· min
i, j

f (i, j).

The multifractal spectrum is supported by the interval [ψ ′(−∞), ψ ′(+∞)]. See Fig. 1
for the graphs of ψ and of the multifractal spectrum in the special case f (x0, x1) =

(2x0 − 1)(2x1 − 1), which takes values −1 and 1.

8.2. Möbius weight

We can determine the multifractal spectrum of the Birkhoff average

M f (x) := lim
N→∞

1
N

N∑
n=1

µ(n)2 f (xn, xn+1).

where µ(·) is the Möbius function (see [45] for more information about the Möbius
function). The key point is that η := (µ(n)2) is the characteristic function of the square
free integers, which is ν-generic for the associated Mirsky measure ν and the Mirsky
measure is well described by its values on cylinders (see [18,35,36]). Let us state the
following result, which is a particular case of Theorem 7.3. In the following theorem,
for simplicity, we will write 1′ B1 by ∥B∥, which is a norm for positive matrix B.
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Fig. 1. Graphs of ψ(β) and multifractal spectrum in the case of f (x0, x1) = (2x0 − 1)(2x1 − 1) with
Fibonacci weight.

Theorem 8.2. Let f : S × S → R be a given function and µ(·) be the Möbius function.
The Lyapunov exponent ψ(β) of the sequence of matrices Aµ(n)2(β) := (eβµ(n)2 f (i, j)) is
computed as follows

ψ(β) = (1 − 2F1 − 3F11 − 4F111) log 2+F1 log ∥A1(β)∥+F11 log ∥A1(β)2
∥+F111 log ∥A1(β)3

∥,

where F1, F11, F111 are three numerical values

F1 =
1

ζ1(2)
−

2
ζ2(2)

+
1

ζ3(2)
= 0.0881459,

F11 =
1

ζ2(2)
−

2
ζ3(2)

= 0.0716601,

F111 =
1

ζ3(2)
= 0.125487,

where the functions ζa(s), similar to the Riemann zeta function, are defined by

ζa(s) =

∞∑
n=1

aΩ(n)

ns
=

∏(
1 −

a
ps

)−1

with Ω(n) being the number of primes with multiplicity contained in n. The product here
is taken over all prime numbers.

For the special case where S = {0, 1} and f (x0, x1) = x0x1, see Fig. 2 for the
graphs of the Lyapunov exponent ψ(β) as function of β and of the multifractal spectrum
α ↦→ dim{x : Φ(x) = α}.

In this case, we have

A0(β) =

(
1 1
1 1

)
= 11′, A1(β) =

(
1 1
1 eβ

)
.

Then

A11(β) =

(
2 1 + eβ

1 + eβ 1 + e2β

)
, A111(β) =

(
3 + eβ 2 + eβ + e2β

2 + eβ + e2β 1 + 2eβ + e3β

)
.
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Fig. 2. Graphs of ψ(β) and dim{x : Φ(x) = α} in the case: f (x0, x1) = x0x1 and wn = µ(n)2.

Thus

∥A1(β)∥ = 3+eβ, ∥A11(β)∥ = 5+2eβ+e2β, ∥A111(β)∥ = 8+5eβ+2e2β
+e3β

On the other hand, since R = {1, 11, 111}, we have∑
w∈R

(|w| + 1)Fw = 2F1 + 3F11 + 4F111.

By Theorem 7.3, we get

ψ(β) = (1 − 2F1 − 3F11 − 4F111) log 2+F1 log ∥A(β)∥+F11 log ∥A(β)2
∥+F111 log ∥A(β)3

∥.

Consequently,

ψ ′(β) = F1
eβ

3 + eβ
+ F11

2eβ + 2e2β

5 + 2eβ + e2β + F111
5eβ + 4e2β

+ 3e3β

8 + 5eβ + 2e2β + e3β .

It is then clear that

ψ ′(−∞) = 0, ψ ′(+∞) = F1 + 2F11 + 3F111 = 0.607927 · · · .

See Fig. 3 for the graph of ψ ′(β).
The above multifractal analysis (equivalently the computation of Lyapunov exponent

ψ) for the weighted Birkhoff average with weights (µ(n)2) is based on the fact that the
square of Möbius function (µ(n)2) is generic. Actually we only need the existence of
frequencies of the patterns 1,11 and 111.

However it is not known if the function of the Möbius function itself is generic for
some invariant measure. It is thus an open problem to determine the multifractal spectrum
of the weighted Birkhoff average

lim
N→∞

1
N

N∑
n=1

µ(n) f (xn, xn+1).

In order to perform the multifractal analysis for the above Birkhoff average weighted
by the Möbius function, we only need to know the exact frequencies of the patterns
a, ab, abc with a, b, c ∈ {−1, 1} (there are 14 such patterns). The frequencies of −1
and 1 are known to be 3

π2 . But it is an open problem to compute the frequencies of the
patterns ab, abc with a, b, c ∈ {−1, 1} (see [33]).
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Fig. 3. Graph of ψ ′(β) in the case: f (x0, x1) = x0x1 and wn = µ(n)2.
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