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Chapter r 

Strategyy to quantify sources 
off  variation in process 

analyticall  measurements 

5.11 Introduction 

Onee of the conditions for monitoring and controlling processes in an accurate 
wayy is to ensure that the total variation apparent in chemical analysis results 
iss small compared to the allowed product variation. Processes art1 controlled 
basedd on analysis results. If the analysis results lack accuracy, process steering 
basedd on chemical analyses wil l become inaccurate as well. While customer 
demandss towards products likt1 cast steel become! more and more stringent. 
thee total variation apparent in the final analysis results should be reduced to 
ann accepted level. Reduction of variation in process analytical measurements 
iss often performed by means of trial and error. In this way. reduction of 
variationn is possible but the model according to which the variation is build-
upp is still unknown. A more strategic approach in which all possible sources 
off  variation are taken into account gives a better insight in the structure of 
thee total variation apparent in the final analysis result. 

5 5 
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Tin11 strategy shown in this chapter comprises the following 6 main steps 
whichh wil l he discussed in more detail in this chapter: 

1.. Identify and select factors that contribute1 to the total variation of the 
responsee factors. 

2.. Select a model that includes the factors chosen in step 1. 

3.. Design an experiment which is efficient for estimating the effects of the 
factorss included in tin' model. 

4.. Perform the experiments according to the experimental design. 

5.. Estimate the effects of the factors included in the model on the total 
variationn of the response factors. 

6.. Interpret and discuss the results of the estimations. 

Thee strategy helps in finding those1 factors which contribute mostly to the 
totall  variation. Applications of this strategy in the reduction of variation 
inn the production, sampling and analysis of steel are shown in chapters ü 
andd 7. Further explanation of the individual steps is given in the sections 5.2 
throughh 5.7. 

5.22 Factor identification and selection 

MM For the identification and selection of factors, brainstorming sessions 
shouldd be organized. Factors which give1 rise to variation in the response factors 
havee to be chosen. In most cast's, not all identified factors wil l be included 
inn the experiment. The choice1 of factors to be included in the experiment 
dependss on interest in certain factors, feasability of including factors in an 
experimentt and the expected magnitude1 of the1 sources of variation. 

Preliminaryy studies in which a small number of experiments are performed 
accordingg to a simple experimental design can be1 helpful in determining which 
factorss are1 important in the build-up of the' total variation. At this stage1, also 
historicall  datasets can be- useful in getting a rough estimate of the magnitude's 
off  the sources of variation. These rough estimate's can then be' helpful in the 
selectionn of factors. 
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5.33 Model selection 

- H ^ B H JJ The factors chosen in step 1 are included into OIK1 or more models. 
Inn this step a choice has to he made for each factor whether it is included as a 
fixedd or a random effect. A choice5 out of' three1 types of models can be made1: 

 Fixed-effects model (also known as model I). 

 Random-effects mode1! (also known as model II) . 

 Mixed-effects mode1!. 

Thee third (mixed) model includes both random and fixed effects. The model 
presentedd in Equation 5.1 is a mixed effects model presented in words for 
easee of explanation. When measurements are performed in a process, the 
responss is a summation of the overall mean, fixed effects such as the place 
off  sampling, random effects such as the operator taking the sample and the 
residuall  which contains all variation not explained by the effects included in 
thee model. Although the mean is a fixed effort and the residual is a random 
effect,, the name of the model (I. II . mixed) depends only upon the other factors 
includedd in the model. 

concentrationn = mean + fixed effects + 

randomm effects + residual 
(5.r r 

UU ij = // + n, + zjj (5.2) 

Equationn 5.2 shows a simple linear statistical model with OIK1 effect o which 
cann be used as both a model I as well as a model II . In this equation. y,j 
iss the ./th observation of treatment i of effect rv. // is the overall mean, a, is 
thee treatment (fleet, and ; ,, is the residual or random error component. This 
modell  is called the one-way or single-factor analysis of variance1 (ANOVA ) model 
because11 only erne facte»- is inclueleel in the menled. Each a, (where / = 1 : n) 
representss an eflen-t of a evrtain treatment /. 

The11 fae-ten- a could, for (example, represent time1 of sampling and // then could 
be11 the1 carbon concentration. If during an experiment, sample's are takeni at 
specificc points in time /. tests can be1 peTfbrnieHl whet hen- samples taken at erne1 

pointt in time1 have signihVaiitly elifferemt cemcemtrations than samples takeni at 
anotheTT point in time1. The1 point in time wemlel then be1 cemsielered as being a 
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fixedd effect: it is chosen explicitely by the experimenter and the outcome only 
givess information about the investigated levels i of the factor o. This type of 
experimentt facilitates making decisions about which level(s) i of the factor <\ 
arcc to be used. Level i is repeated a number of times, represented by j in Et] 

(wheree j = 1 : a), in order to obtain a good estimate for the residual (j are 
repeatedd measurements at level i of factor o). This is a fixed-effect model. 

Inn another situation, the factor a could be the process engineer controlling 
thee process. Each level i then would be a different process engineer but these 
levelss would be a random sample from a larger population of process engineers 
ratherr than a explicitely chosen group of process engineers. This type of 
experimentt is performed to investigate to what account the factor a contributes 
too the total variation in y. Here again, level / of factor a is repeated a number 
off  times (j). In this case the process is operated a number of times by process 
engineerr / during the experiment. This is a random effect model. 

Besidess the situations described above in which only one fixed effect or one 
randomm effect is included in the model, any combination of both types of 
factorss can be used resulting in a model with multiple random and/or fixed 
effects. . 

In terac t io n n 

Certainn factors can interact with each other, which means that the effect of 
onee factor is not independent of the presence of a particular level of another 
factor.. If factor a has a combined effect with factor ft. interaction exists. In 
thee model, this interaction is included as 7;;- (equation 5.3). So every level i 
off  a and j of ft is combined in the factor 7. 

VijkVijk = // + <*i  + ftj + Hj + £jjk (5.3) 

Includingg the interaction fact en' results in obtaining information about the 
combinedd effect of factors a and ft. For example;, for the growth of a plant 
theree exists a combined effect for the amount of water and the amount of light, 
givenn to a plant. 

Nes t i ng g 

Nestedd (or hierarchical) analysis of variance; occurs when the levels of OIK1 fac-
torr are not crossed independently with all levels of another factor. A crossed 
experimentt is one where all possible combinations of levels of the factors ex-
ist.. Thus, the cells of data arc; formed by each level of one factor being in 
combinationn with each level of every other factor. 
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Tabl ee 5.1: Example of'two factors crossed independently from each other. 

Analyst t 

Spectrometer r 

11 2 

1 1 

2 2 

Inn a situation as presented in Table 5.1 the factors spectrometer and analyst 
aree completely crossed. Analyst 1 operates both spectrometer 1 and 2 just 
ass analyst 2 operates both spectrometers. Hence, analyst 1 (or 2) operating 
spectrometerr 1 is physically the same as the analyst operating spectrometer 2. 
Inn Figure 5.1 a. nested design is presented. The two factors spectrometer 
andd ad jus tment are crossed but the adjustment of one spectrometer is not 
comparablee to the adjustment period of another spectrometer. In other words: 
thee state of spectrometer 1 during adjustment, 1 is completely independent 
fromm the state of spectrometer 2 during adjustment 1. Therefore, Figure 5.1 
showss more correctly the situation during such an experiment. 

5.44 Experimental design 

^ M M JJ After selecting one or more models in step 2 of the strategy, ex-
perimentss have to be set-up. Much has been written about the design of 
experiments.. Among many others, the books written by Montgomery1' and 
Mead'88 give a good overview of the available techniques. 

Experimentss in which several factors are varied but only one1 factor at a 
timee (one-factor-at-a-time). are very disadvantageous (Figure 5.2(a)). While 
onee factor may not have much influence on the respons factor, the combined 
influencee of two or more1 factors could result in a change1 in the respons factor. 

aa Adjustment is the two point recalibration performed after cleaning the spark stand (Ex-
plainedd in more detail in Chapter 2). 

Spectrometerr 1 Spectrometerr 2 

adjustmentt 1 adjustment 2 adjustment 1 adjustment 2 

Figur ee 5.1: Nested or hiërarchie-al design. 
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Variablee I 

M M 

> > 

Variablee 1 

^f f 

(b) ) 

Figuree 5.2: Experimenal designs with two factors, two levels each: a) one-factor-at-
a-timee design: b) a factorial design 

Ass an example, changing the amount of water only or the amount of light only 
givenn to a plant may have a certain effect but the combined effect (interaction) 
wil ll  probably be much more effective. In other situations, such an effect may 
nott always be as obvious as in this simple example but when experiments are 
performedd according to an experimental design in which more than one factor 
iss varied at the same time, chances are high that interactions wil l be found if 
theyy exist. When an experiment is performed according to a factorial design 
(Figuree 5.2(b)). interactions can be estimated. 

AA factorial design does not necessarily results in better results. Experimental 
designss such as fractional factorial designs have1 been developed which allow 
forr the estimation of all factors of interest without doing all the experiments. 
AA fractional factorial design is presented in Figure 5.3. By using fractional fac-
toriall  designs, a reduction of the amount of experiments can be accomplished. 
Inn such a design not all combinations of all levels of the factors need to be 
investigated.. These designs wil l not be discussed here further and interested 
readerss are referred to excellent books written on this subject." '9 
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Variable e 

Figuree 5.3: A two-level, three-factor fractional factorial design. 

5.55 Experiment 

Att this stage1 the actual experiments are performed according to the 
experimentall  design. It should be stressed towards the analyst(s) performing 
thee experiments that oecnring abnormalities should be reported. When re-
markss about abnormalities (i.e. turbidities in a liquid sample which normally 
shouldd be clear) are written in a journal, unusual results can be explained 
moree easily and removal of outliers can be justified. Also, only those factors 
includedd in the experimental design should be varied. Other factors should be 
keptt as constant as possible. Extra variation included in the analysis results 
wil ll  end up in the residual variation when estimating the factors. Sigiiificancy 
off  the effects included in the model are tested relative to this residual varia-
tionn and therefore it is of importance to maintain other factors at a constant 
level.. If for example the temperature of the environment can not be kept at 
aa constant level, inclusion of the factor into the model can be considered to 
estimatee the effect of this factor. 

5.66 Factor estimation 

Inn ANOVA. for the estimation of the effects in the models, many tech-
niquess are available. Most of these techniques use least squares or maximum 
likelihoodd methods. In this thesis, the main goal is to identify those factors 
whichh have the largest influence on the variation apparent in the response fac-
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tors.. Feedback is needed to the first two steps of the strategy (brainstorm and 
selectionn of the model). Possibly another mock1! can be chosen with less factors 
inn order to increase the reliability of the estimates. This is common when in 
thee original model interactions are included and when after estimation of the 
factorss it appears that certain interactions have no significant, effect on the 
totall  variability of the response factor. 

Thee estimation methods least squares and restricted maximum likelihood are 
givenn in general terms only. A more exhaustive1 explanation of the methods can 
bee found in many textbooks on statistics and applications in statistics.80 8'5 

5.6 .11 Least squa res 

Considerr the following linear statistical model: 

yy = a + Xf3 + e e^N(Q.a2I) (5.4) 

wheree y is a vector of responses. X is the design matrix. (3 is the vector of 
regressionn coefficients, ct is the intercept vector (or mean in this case) and e 
iss the residual error that is assumed to be independent, normally distributed 
withh mean zero and variance a21. Estimate's of a. (3 and e that are i) unbiased 
andd ii ) have the smallest standard errors of any unbiased estimators that are 
linearr expressions in the / /s can be obtained by minimising the sum of squares 
presentedd in equation 5.5. 

m i n ^ ( y - a - / 3 X ) 22 (5.5) 

Thee resulting estimates for the regression coefficients in the vector 0 are 
testedd against the obtained residuals for significancy. 

5.6.22 Maximum likelihood 

AA problem associated with the use of mixed and random models in case of 
unbalancedd data has been the estimation of the variances of the random ef-
fects,, i.e.. the estimation of the variance1 components. The development of 
effectivee computational maximum likelihood solved this problem.8' Maximum 
likelihoodd is a method for obtaining estimators for a statistical model where a 
specificc distributional assumption is made1 about the vector of sample1 observa-
tions.800 Like1 the method of least squares. the1 method e)f maximum likelihooel 
iss a general nier.hod for finding gooel estimates of parameters in me>dels. It 
mincerss essentially to the method of least, seniares when the (observations are1 
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normallyy distributed but docs not dopend on normality, requiring only that 
thee probability distribution of the observations is known. It is therefore more 
generall  than least, squares.*1 

Supposee a sample (A'|. X) A'„ ) is drawn from a population with the pro-
liabilit yy function p{X/0). when1 6 is the unknown population parameter to 
bee found. If the sample is random, then the A', are independent, each with 
probabilityy function p(Xt/0). Hence the joint probability function for the 
wholee sample is obtained by multiplying: 

likelihoodd = p( A , . X2 X„/0)=p(X l/0)p(X2/0)...(Xlt/0) (5.6) 

Thee question to be asked is: "witic.h of all flic hypothetical values of 0 maxi-
mizesmizes this probability'?". The general idea behind maximum likelihood is that 
itt finds the population value 0 that matches the sample1 best. By taking the 
logg of equation 5.0. equation 5.7 is obtained which is more practical. The 
maximumm likelihood estimate is that, value of 0 that maximises the right hand 
termm in equation 5.7. 

logg likelihood = \ogp{Xi/0) + \ogp(X-2/0) + . .. (5.7) 

Thee maximum likelihood procedure for estimating the variance components 
doess not, take into account the degrees of freedom lost in estimating the fixed 
effects,, and hence they become biased. The restricted maximum likelihood 
(REML)) method corrects for this bias.83-* 1 

Whenn a balanced experimental design is used, estimation of the variance 
componentss (random effects) may be obtained by the ANOVA method from the 
sumss of squares corresponding to the random effects in the model. However. 
ANOVAA estimates may be negative1'. 

Examplee of R E M L versus M L 

Forr a random sample y\ ...y„ (y ~ N(p..cj2)}. the maximum likelihood esti-
matorr of a~ is shown in equation 5.8. 

$>/,-W)'7" -- (5-8) 

T h ee data used in the exper iments presented in this thesis are balanced, hut tor practical 
reasonss (rhoire of software) the random components have been est imated with max imum 
likelihoodd methods. 
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Thiss equation does not take into account the decree of freedom lost for the 
estimationn of// by the mean J] from T lie individual samples i)t. The REML 
estimatorr is obtained by replacing the divisor ?/. by ;/. - 1 and is unbiased. 

Inn a mixed model the loss of degrees of freedom due to the fixed effects is 
evenn of more concern, resulting in a substantial bias for ML estimators. REML 
estimatorss generally yield a smaller bias although this often results in a higher 
meann squared error.rS'' 

5.77 Interpretation of the results 

^mmm^m^mmm^m After estimating the contributions of the various effects to the total 
variationn in the respons factor, feedback is needed to the first step of the 
strategy.. Interpretation is best left to the experts which came up with the 
differentt sources variation. The results should be presented in such a way that 
aa clear conclusion about the most contributing factors is possible1. The results 
shouldd preferably be presented in the form of graphs and (small) tables. In 
thatt way. the end-user is not confronted with large1 amounts of' output from 
statisticall  software1. 


