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Chapterr  2 

Theoryy of Two-Way Methods 

2.11 Introductio n 

Thee theory of the two-way methods traditional curve fitting (TCF), classical curve 

resolutionn (CCR) and weighted curve resolution (WCR) for estimating reaction rate 

constantss from spectroscopic data in time of chemical reactions is described in this 

Chapter.. Constraints that can be implemented into these two-way methods are also 

discussed.. Before algorithms and the implementation of constraints are treated in 

detail,, the measurement model is described firstly. 

2.22 The measurement model 

Lett matrix X (MxN) be a collection of spectra taken in time of a certain chemical 

reactionn with M time points at JV wavelengths, £ reacting absorbing species and 

uniformm errors assumed in the data. Matrix X can be expressed as the following 

equationn assuming the Beer-Lambert law; 

XX = FDT+E (1) 

Thee matrices from Equation (1) have the following properties: 

1)) Every row in X denotes a spectrum measured at a certain time. 

2)) F (MxK) is the matrix with concentration profiles of the reacting absorbing species. 

Everyy column in F denotes the concentration profile of a certain reacting absorbing 

speciess in time. 

3)) D (NxK) is the matrix containing the pure spectra of the reacting absorbing species. 

Everyy column in D represents the pure spectrum of a certain reacting absorbing 

species. . 

4)) E (MxN) is a matrix of spectral residuals (model errors, experimental errors and 

instrumentall  noise). 
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ChapterChapter 2 

Supposee the following two-step consecutive reaction is considered with 

secondd order reaction rate constant k& (NT'min') and first order reaction rate constant 

kk22(mm(mmAA). ). 

Equationn (2)-(5) describe the differential equations of species U, V, Wand Y, 

respectively. . 

^ rr  = -Kiu][v]  (2) 

dt dt 

d[V]d[V]  d[U] 
dtdt dt 

d[W] d[W] 

(3) ) 

dt dt 
==  ka[U][V]-k 2[W]  (4) 

4¥l4¥l = k3[W]  (5) 
dt dt 

Thee first reaction step of the two-step consecutive reaction can be made pseudo-first 

orderr if reactant Kis present in large excess. In that case, the reaction can be described 

as: : 

U—*>->W—b->Y U—*>->W—b->Y 

withh pseudo-first order reaction rate constant k\ (min" ). If the first reaction step is a 

pseudo-firstt order reaction, Equation (6)-(8) can be used to describe the concentration 

profiless of species U, Jfand Y, respectively. 

CCVjVj=C=Cvsvse-*>e-*>  (6) 

kk22-k-kx x 

CCyjyj=C=C t!at!a-C-Cvv,-C,-CWjWj (8) 
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TheoryTheory of Two-Way Methods 

wheree C(/.o is the initial concentration of U; Cu,„ Cw.i and CYm, are the concentrations 

off U, W and Y at time t„  respectively. It is assumed that only species U and species V 

aree present at the start of the reaction. The relation given in Equation (9) links the 

secondd order reaction rate constant Aa and the pseudo-first order reaction rate constant 

k]k]  discussed. 

wheree [V]Q is the initial concentration of species V.  V. 

Iff  concentrations in time of the reacting absorbing species are available, the 

reactionn rate constants can be obtained by fitting, for example, Equation (6)-(8) in 

casee of pseudo-first order conditions to the time versus concentration data using 

mathematicall  techniques.2"4 However, in practice only X is known and F and D are 

bothh unknown. In that case, it is impossible to estimate the reaction rate constants of 

thee considered chemical reaction using techniques which are based on fitting the 

kineticc expressions to the concentration versus time data since these concentrations 

aree not measured. Often, it is possible to obtain a part of D by means of measuring 

puree spectra of reactants and products. However, obtaining pure spectra of 

intermediatee species can be a problem because they are difficult to isolate. Matrix F is 

unknown,unknown, but a model for F (structure) is known if a suitable kinetic model for the 

chemicall  reaction of interest and the initial concentrations of the different reacting 

absorbingg species are known. Iterative algorithms are necessary- in order to estimate 

thee reaction rate constants of interest. Three iterative algorithms which can be used to 

achievee this goal arc described in Sections 2.3, 2.5 and 2.6 of this Chapter. In the next 

Sectionss it is assumed that species £/, Wand Fare spectroscopically active whereas 

speciess Kis not spectroscopically active. 

2.33 Traditiona l curve fittin g 
Inn traditional curve fitting (TCP) reaction rate constants are estimated from the 

absorbancee differences in time, which is a concentration profile of a certain species, 

obtainedd from one (or more) selective wavelength(s), that is (are) specific for mainly 

thiss species."'7 This is illustrated in Figure 2. In this figure, the pure UV-Vis spectra 

aree shown of three reacting absorbing species involved in a certain chemical reaction. 

Supposee that species II is the species of interest. The wavelength Asekctivc, indicated by 

thee arrow, is one possible selective wavelength for species II, because the absorbances 
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off  species I and III at this wavelength are very small. From the absorbance versus time 

dataa obtained from one or more selective wavelengths, which results in a 

concentrationn profile, unknown reaction rate constants can be estimated quite easily 

andd fast. This is done by means of fitting the rate equation of the specific species to 

thee obtained concentration profile. It is important to stress that TCF is an univariate 

methodd in case of one selective wavelength. 

Considerr the measurement model described in Section 2.2 of this Chapter. 

Fromm Equation (4) in case of second order kinetics or from Equation (7) in case of 

pseudo-firstt order kinetics, it is observed that the reaction rate constants of interest, 

kkaa and ki or k\ and ki% can be estimated from only the concentration profile of the 

intermediatee species (species W). Hence, if one or more selective wavelengths are 

chosenn for the intermediate species, the reaction rate constants can be estimated from 

thee concentration profile obtained from the absorbance versus time data. Selective 

wavelengthss for the intermediate species can be obtained using fixed-size window 

evolvingg factor analysis (FSWEFA), a local rank selection method.8"10 Also other 

locall  rank selection methods like heuristic evolving latent projection (HELP)1 Ll2 

couldd be used to obtain these selective wavelengths. In FSWEFA selective 
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wavelengthss are obtained from a matrix containing the spectra of the reacting system 

inn time. The FSWEFA technique is explained in more detail in the next Section. 

Afterr selective wavelengths have been obtained, the mean absorbance for the 

selectivee wavelengths chosen for every time point is calculated. This wil l give a 

concentrationn profile for the intermediate species. It is essential that the pure spectra 

off  reactant and product are both known in advance. Finally, the concentration profile 

obtainedd is fitted to the equation of the theoretical concentration profile of the 

intermediatee species using the Levenberg-Marquardt algorithm. This algorithm, for 

findingfinding an optimum in a response surface, smoothly varies between two methods for 

findingfinding the optimum, the steepest decent method, that is used far from the optimum, 

andd the inverse Hessian method, that is used close to the optimum. 

8-10 0 

2.44 Fixed-size window evolving factor  analysis 

Fixedd size window evolving factor analysis (FSWEFA)ÖIU is applicable if the rows or 

columnss of a matrix have a certain structure, for example the appearance and 

disappearancee of chemical species in time. In FSWEFA a window of rows or columns 

iss selected which is moved over the dataset. Typically a window size equal to the 

numberr of expected reacting absorbing chemical species, for example, is chosen. At 

eachh position of the window a singular value decomposition (SVD) is calculated and 

thee associated singular values are plotted as a function of the position of the window. 

Inn this way, local rank can be estimated. This procedure is illustrated in Figure 3. 

M M 
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M M 

X' ' 

N N 

N N 

XT T 
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moving g 
windoww of'  w 
wavelengths s 
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Figuree 3. Fixed size window evolving factor analysis (FSVVFFA). 
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Inn this thesis, FSWEFA has been applied in the spectral domain, because 

selectivee wavelengths have to be located. Therefore, a fixed size window of three 

wavelengthss has been moved over the rows of datamatrix XT, because it is known that 

threee reacting absorbing species are involved in the reacting system in case of the 

reactionn described in Section 2.2 of this Chapter. However, in Figure 3, a fixed size 

windoww often wavelengths has been moved over the rows of X . From the plots of 

thee log (singular value) versus position of the window, local rank of one, representing 

thee presence of mainly the intermediate, is detected. From these plots it is obvious that 

threee reacting absorbing species are involved and hence it is sufficient to use a fixed 

windoww size of three wavelengths instead often wavelengths. The approach presented 

cann only be applied, if the pure spectra of reactant and product are both known in 

advance.. The pure spectrum of reactant and product are both shown in Figure 2 of the 

previouss Section indicated by species I and species III , respectively. Because the 

positionn of thee window corresponds to a certain sequence of three wavelengths, 

selectivee wavelengths for the intermediate are obtained quite easily. 

2.55 Classical curve resolution 

Curvee resolution15,16 is a set of techniques based on the determination of qualitative 

informationn and the recovery of response profiles, for example time profiles. If 

parameterss of interest, for example reaction rate constants, are incorporated as 

unknownss in curve resolution this results in modifications of curve resolution 

techniques,, because specific kinetic information is used explicitly. One of these 

modificationss is the classical curve resolution (CCR) algorithm.17 In CCR, an estimate 

forr &a and k.2 in case of second order kinetics or an estimate of k\ and ki in case of 

pseudo-firstt order kinetics and an estimate of D can be obtained simultaneously by 

minimizationn of the sum of squares (SSQ) of residuals defined in Equation (10). 

ss00 = I5>™ do) 
m=]m=] r, = \ 

wheree the residual em„  is the m,nth element of matrix E from Equation (1). 

Thee differential equations in case of second order kinetics are solved 

numericallyy using the Runge-Kutta (4,5) formula.,3 In that case, numerical integration 

iss part of thee algorithm. Stepwise the algorithm works as follows according to an 

alternatingg least squares scheme. 
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Initialization Initialization 

Constructt the estimate of F, F, using Equation (2)-(5) in case of second order kinetics 

orr Equation (6)-(8) in case of pseudo-first order kinetics and the starting values for the 

reactionn rate constants. 

MinimizationMinimization of SSQ 

Repeatt step 1 up to step 5 of the following minimization loop until the SSQ has been 

minimized. . 

1)) Minimize Equation (11) with respect to D, where D is obtained using 

Equationn (12) which represents an ordinary least squares step. 

mm m |X-FDT |22 (11) 

DD = XTF(FTF)~' (12) 

2)) Update the reaction rate constants using the Levenberg-Marquardt13 algorithm 

accordingg to Equation (13). 

mi n n |X-FDTTT (13) 

3)) Calculate X, according to Equation (14). 

XX = FDT (14) 

4)4) Calculate matrix E by applying Equation (15). 

EE = X - X (15) 

5)) Calculate SSQ. 

Itt is important to stress that step 1 and step 2 reduce the sum of squares of 

residualss and convergence is guaranteed. This is the principle of alternating least 

squares.. The columns of matrix F are all updated simultaneously in every iteration. 

Hence,, all concentration profiles are updated simultaneously in every iteration. 
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Moreover,, only starting values for the reaction rate constants are required and no 

initiall  estimates of the pure spectra are needed. In the Appendix a proof is given that 

assumingg the kinetic model proposed in this thesis is sufficient for uniqueness of the 

solutionn of the curve resolution model and no rotational freedom of the solution is 

present. . 

CCRR can account for non-uniform errors present in the data by using weighted 

leastt squares (WLS) if the structure of the measurement error is known.18 However, 

thee use of WLS is beyond the scope of this thesis, since the structure of this 

measurementt error is unknown. 

2.66 Weighted curve resolution 

Equationn (16) shows the SVD of X1 (NxM) assuming M< N. For the cases where 

N<MN<M is valid X can be used instead of XT. 

X T = U S VTT (16) 

withh UTU = I, VTV = VV T = I, U (NxM), V (MxM) and S (MxM) is a diagonal matrix 

withh the non-negative singular values arranged in decreasing order on the diagonal. 

Equationn (17) shows the truncated version of Equation (16) to the first L significant 

singularr values. 

XTT = U,SA V T or X = V,S,Ul (17) 

U,, (A'x/.) contains the first L columns of U , S, (L*L) is the upper left part of S . 

\j\j  (MxL) represents the first L columns of V . \j] U; = I and V;
TVf = I . The 

estimatee of F, F. is reconstructed using the valid kinetic equations and the starting 

valuess for the reaction rate constants. If Equation (1) from Section 2.2 holds then F 

andd VL span the same space and are connected with each other by means of a 

transformationn matrix H according to Equation (18). 

V,, = FH (18) 

with h 

HH = (F 'F) 'F 'V, (19) 
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Followingg the target factor analysis (TFA) approach used by Maeder et a/.19"21 the 

objectivee function given in Equation (20) is minimized over k\ and k% ensuring that for 

thee proper k\ and kj the minimum of zero wil l be attained. 

min|(V/.-FH)sJ22 (20) 

wheree V ; and Sy are both fixed during optimization. Because the columns of V, are 

weightedd by S, in order to account for the differences in the order of magnitude of 

importancee of the different columns of V, as suggested by Shrager,22 the algorithm is 

calledd weighted curve resolution (WCR). This approach can be very valuable in case 

off  data with a poor signal to noise ratio. If Equation (20) is used without weighting the 

columnss of V ; , the algorithm is called curve resolution (CR) in this thesis. 

Fromm Equation (20) it is obvious that WCR reflects a separable problem, 

becausee the concentration space and spectral space are separated. This is an important 

differencee between CCR and WCR. In WCR only reaction rate constant estimates are 

obtainedd whereas in CCR reaction rate constant estimates and pure spectra estimates 

aree obtained simultaneously. In WCR, the matrix with concentration profiles, F, can 

bee reconstructed using the optimal values of the reaction rate constants found. An 

estimatee of the pure spectra of the reacting absorbing species, D, can be obtained by 

applyingg Equation (12) from the previous Section. 

Iff  the reaction rate constants are estimated, the relative fit error can be 

calculatedd according to Equation (21) and (22) for CR and WCR, respectively. 

V ;; - FH 
Relativee fit error = " ' _ „ " * 100% (21) 

V, , 

(V , . -FH)S ,| | 
Relativee fit error = 1! „ „ Ü- * 100% (22) 

VV S 

wheree a number of 0% indicates that there are no residuals left. 
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2.77 Implementation of constraints 

Inn Chapter 1, it has been explained already that the use of constraints implemented 

intoo optimization algorithms can be very useful with respect to the accuracy of 

reactionn rate constant estimates. Three different types of constraints are considered in 

thiss thesis. In constraint R only the pure spectrum of the reactant is used in the 

optimizationn procedure. In constraint RP the pure spectra of reactant and product are 

bothh used in the optimization procedure. In constraint NNLS the pure spectra are 

updatedd in each iteration of the optimization procedure using a non-negative least 

squaress step.23 Implementation of the three constraints mentioned in the optimization 

proceduree is only possible in case of CCR. In TCF and WCR, the pure spectra of 

reactingg absorbing species are not used during optimization of the reaction rate 

constantss and hence implementation of the constraints discussed is not possible. In the 

nextt Chapter, the use of constraints within three-way methods is reported. 

Usingg constraint R, the first column of matrix D will be fixed during the 

wholee optimization procedure. Only the reaction rate constants and the pure spectra of 

thee intermediate and the product (second and third column of D, respectively) are 

updatedd simultaneously during the optimization procedure. Using constraint RP, the 

firstt and third column of matrix D will be fixed during the whole procedure. Only the 

reactionn rate constants and the pure spectrum of the intermediate (second column of 

D)) are updated simultaneously during the optimization procedure. In the CCR 

algorithmm described in Section 2.5 the pure spectra are estimated using an ordinary 

leastt squares step. In constraint NNLS the pure spectra are updated in each iteration 

usingg a non-negative least squares step. 
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