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Chapterr  1 

Introductio n n 

Thiss thesis studies, from a mathematical point of view, a number of transformations that map 
functionss ƒ € L2(R), i.e., square integrable functions on J2, to functions ƒ € L2(R2). In 
particularr we study transformations that are related to the Fourier transform in the following 
sense. . 

Thee Fourier transform maps a function ƒ to a function ƒ. For a function of time (a signal), 
ƒƒ represents the intensity of the fluctuations (frequencies) in the signal ƒ. Analysing a signal 
inn this way is called spectral analysis. Besides the representation in time ƒ and the repre-
sentationn in frequency ƒ, there exists transformations ƒ t-> ƒ to represent a signal both in 
timee and in frequency. Some of these transformations are discussed extensively in this thesis, 
namelyy the windowed Fourier transform, the Wigner distribution, the Rihaczek distribution, 
thee fractional Fourier transform and the wavelet transform. In this introduction we will briefly 
introducee these transformations. 

Thiss introduction also considers applications of the wavelet transform in the field of signal 
andd image processing. We show, that the wavelet transform can be a very useful tool for 
denoisingg algorithms, data compression techniques, and numerical analysis. 

Finally,, this introductory chapter summarizes the contents of this thesis. 

1.11 Time-Frequency Methods 

Inn 1822 Fourier published his famous work Theorie analytique de la Chaleur, see [31] for an 
Englishh translation. In this work he stated that a periodic function ƒ could be expressed as 
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Figuree 1.1: Approximation of a discontinuous function by a Fourier series 

thee sum of trigonometric functions 
oo o 

ƒƒ (x) = oo + 52 (a*  cos(AwoaO + 6*  sin(fcw0x)), (1.1) 
fc=i fc=i 

forr some ao, a*, 6*  e -K. Here u>0 = 2ir/T, with T the period of ƒ. The series in (1.1) is 
calledd the Fourier series of ƒ. In the literature the Fourier series of ƒ is mostly given by 

f(x)f(x)  = '£cke
ik"°*.  (1.2) 

feez feez 

Nott only periodic functions can be expressed in terms of their Fourier series. Also compactly 
supportedd functions can be written in this way. To do this, we extend such a function ƒ to a 
periodicc function and compute its Fourier series. This Fourier series, regarded on the support 
of/,, is then said to be the Fourier series of/. 

Fourier'ss idea was that also a discontinuous function ƒ could be expressed in this way, namely 
ass the sum of continuous function. Later, Dirichlet formulated necessary and sufficient con-
ditionss such that (1.1) holds pointwise. In Figure 1.1, an example of a discontinuous function 
andd its Fourier series is depicted. As an example we have taken 

/ W - \\ 0, x = 0, 

andd with ƒ (x + 2n) = f(x), for all I É I Its Fourier series is given by 

oo o 

f(x)f(x) = ^2 sm(kx)/k. 
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Wee observe, that the coefficients ak in (1.1) all vanish in this example, since ƒ is an odd 
function.. A good approximation of ƒ is already established by a partial sum 

N N 

SSNN = ^2sin(kx)/k, 
*= i i 

withh N > 0 relatively small. In fact, Figure 1.1 shows ƒ and its approximation by means of 
thee partial sum Sg. 

Analysingg signals by means of Fourier series, called spectral analysis, is nowadays a standard 
techniquee to obtain additional information of a signal. However, in our era, signals we want 
too analyse are often not continuous in time. These discrete-time signals are mostly the result 
off  a sampling procedure built into the measurement equipment, that measures an incoming 
physicall  signal. To deal with these signals, we can use the discrete Fourier transform (DFT) 
insteadd of the Fourier series. The DFT is given by a discretisation (1.2). Particularly, if the 
signall  has been measured during a finite time interval, the number of samples of such a signal 
iss finite and its DFT simplifies to a polynomial on the unit circle. 

Inn this particular case, the DFT can be computed in a fast way by means of the butterfly al-
gorithm,, see [19]. This algorithm arranges the Fourier coefficients in such a way, that they 
cann be computed recursively. The complexity of this algorithm is given by 0(N log N), with 
NN the number of samples in the signal. Computing the DFT in this manner is called the fast 
Fourierr transform (FFT). The existence of such a fast algorithm is an important reason why 
Fourierr analysis has become a standard tool in signal analysis. 

Forr non-periodic functions the Fourier transform provides a tool for spectral analysis. This 
transformm is given by 

R R 

Thee Fourier transform ƒ of ƒ can be considered intially for functions that belong to a class 
off  rapidly decreasing functions, called the Schwartz class S(R), see [88, 89]. Each function 
ƒƒ € S{]R) can also be recovered from its Fourier transform ƒ. This means that the Fourier 
transformm indeed offers an alternative way for representing a function ƒ € S(R). The Fourier 
transformm can be extended to functions in Lx{Si), i.e., absolutely integrable functions on M, 
orr functions in L2(M). A unique reconstruction of the original function in L1 (M) or L2{R) 
fromm its Fourier transform is also possible. 

Afterr taking the Fourier transform of ƒ, the value ƒ (o;0) represents the complex-valued am-
plitudee by which a frequency u>0 appears in the signal ƒ. However, we cannot read off from 
/(CJO)) at which time intervals the frequency Ü>0 appears in ƒ. So, ƒ is not localized both in 
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timee and in frequency. 

Forr localizing a signal simultaneously in time and frequency we cann use transforms , 
withh ƒ € L2{R) and ƒ G L2(JR2), representing the signal both in time and in frequency. 
However,, although such a transform can improve localization compared to the Fourier trans-
form,, we are not able to localize time and frequency arbitrarily well. The limitations on 
simultaneouss time-frequency analysis are given by the time-frequency equivalent of Heisen-
berg'ss uncertainty relation 

ff x2\f(x)\2dx- Ju2\f{u)\2<L;>  H/llJ/4. (1.3) 

Equalityy in (1.3) is established only for the constant multiples of f(x) = e- " 2 , fore > 0. 
Originallyy Heisenberg presented relation (1.3) in quantum mechanics as a relation between 
thee standard deviation of position and the standard deviation of momentum. In his famous 
paperr [34], Gabor translated this relation in terms of time-frequency analysis. 

AA natural starting point for an overview of time-frequency transformations is the windowed 
Fourierr transform (WFT). The idea of the WFT is to multiply a signal ƒ by a window function 
hh and then to take the Fourier transform of the product function. By translating such a well 
localizedd window h along the signal, the WFT is able to analyse the frequency behavior of ƒ 
duringg the time interval for which h is localized. Translated into a representation formula the 
WFTT reads 

**[ƒ](*,« )) = ^JmW^e-^dy. (1.4) 

Sincee Th ƒ can assume complex values, mostly the spectrogram of a signal is used to analyse 
thee signal's behavior in time and frequency. The spectrogram of ƒ is given by | Th[f](x, w)\2. 

Itt follows from (1.4), that h(x) should be more or less concentrated around x = 0. Further-
more,, the behavior oiFhf in both time and frequency is strongly influenced by the window 
functionn h. This suggests that we have to deal with the problem of finding a window function 
h,h, that is both well localized and for which Th ƒ is a good reproduction of the time-frequency 
behaviorr of/. 

Sincee no information of a signal ƒ is thrown away by representing it by means of the WFT, 
ƒƒ can also be reconstructed from Fj. We observe, that ƒ (xo) contributes to Fh(x, u), for all 
xx £ M, for which 

f(xo)h{xf(xo)h{x00-x)-x) £ 0. 

Consequently,, ƒ is represented redundantly by Th-, which means that no unique reconstruc-
tionn formula exists to recover ƒ from its WFT, like we have for the Fourier transform. 
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Figuree 1.2: Time-frequency representations of a quadratic chirp: fig. a) the original signal, 
fig.fig. b, c, d) its time-frequency representation by means of the WFT, the Wigner distribution 
andd the Rihaczek distribution respectively. 
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AA window function, that is optimal in the sense, that it gives the best localization of the 
WFTT in time and frequency will strongly depend on the signal ƒ. In 1946, Gabor suggested 
inn his paper [34] to use a window function, that is optimal in the sense that equality in the 
Heisenbergg relation is established. Such a window function is given by 

M * )) = (™2)-1/4e-*2/2* 3, 
wheree a > 0. The constant (na2)-1/4 is chosen such that HM2 = 1 for all a > 0. The 
WFTT that corresponds to this choice for h is given by the Gabor transform 

&[ƒ](*,« )) = (to)-*'**- 1*  f Me-t'-'f'^e-^dy.  (1.5) 
R R 

Inn Figure 1.2.b, the spectrogram of the function sin(?rx2) is depicted. In this picture, the dark 
greyy values indicated high amplitudes of the spectrogram at that particular time-frequency 
point.. The function itself is depicted in Figure 1.2.a. For the spectrogram a Gaussian func-
tionn is used. Obviously, the spectrogram provides information about the signal's behavior 
bothh in time and localization. However, energy is spread instead of being perfectly localized. 

Choosingg an appropriate window is not the only difficulty we have to deal with, when we use 
thee WFT to analyse a signal. An other problem is to choose the 'width' of the window, i.e., 
itss support for compactly supported windows or the parameter a for the Gaussian function 
hhffff.. If the signal ƒ contains a frequency component with in a very small time interval, the 
chosenn window width can be too large to detect the localization of such a component with 
highh precision. On the other hand, if the window 'width' is chosen too small, the WFT will 
nott detect very low frequency components in ƒ. 

AA time-frequency representation that only takes the behavior of the signal itself into account 
iss the Wigner distribution 

WV[/](*,u)) = ̂ ffiz + tfflfiz-tffle-^dt. (1.6) 

Thiss representation was already introduced in 1932 by Wigner in his paper f 104]. He pre-
sentedd this representation in the field of quantum mechanics. In 1948, Vill e introduced the 
representationn in the fields of signal analysis in [99]. Therefore, this representation is also 
knownn in the literature as the Wigner-Ville distribution. A comprehensive approach of the 
Wignerr distribution as a tool for time-frequency analysis is provided by a paper by Claasen 
andd Mecklenbrauker [15]. 

Wee observe, that the Wigner distribution is in fact the Fourier transform of the autocorrelation 
functionn RffX, given by 

RfAt)RfAt) = ƒ(*  + */2) ƒ(* - i/2)/V5r" . 
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Thiss means that the Fourier transform is taken of the product of a signal with a translated 
versionn of itself. Consequently, the Wigner distribution is non-linear and it also represents a 
signall  redundantly in time and frequency. Therefore, a signal can be reconstructed from its 
Wignerr distribution, but this cannot be done in a unique way. 

Thee quadratic character of the Wigner distribution is a problem when analysing a sum of sig-
nals.. Then interference of the two signals appears in the time-frequency analysis. As a result 
off  this interference it can happen that WV[f](x, u) ^ 0, while ƒ (x) = 0 for a fixed x e R. 
Thiss is the case if ƒ (x) = 0 for x in a finite interval. 

Inn Figure 1.2.c, the Wigner distribution of the function sin(?rx2) is depicted. We observe, 
thatt this function behaves linearly in the Wigner plane. Since we only computed the Wigner 
distributionn for a finite part of the signal, the edges of this time interval cause distortions, that 
aree visualized between the two lines. 

Inn [17], Leon Cohen presented a general class of time-frequency transformations. A general 
formulaa for the transformations in his class is given by 

ƒ(*,«)) = ^ ƒ ƒ ƒ ƒ (« +1/2) ƒ (« - t/2)^(v, t)e-'<"+w*— > dudtdv. (1.7) 
MiMi  Mi. Mt 

Startingg from this representation formula, all known time-frequency distributions can be de-
rivedd by choosing an appropriate kernel function 0. In his paper, Cohen also showed that 
propertiess of the time-frequency representations are reflected by relatively simple constraints 
onn the kernel function <f>. 

Relationn (1.7) turns into the Wigner distribution for <f>  = 1 and it turns into the spectrogram 
for r 

<(>(v,<(>(v,  t)= f h{u + t/2) h(u - t/2)e~iuv du. 
R R 

Inn both cases, Fourier integrals have to be computed for obtaining the Wigner distribution 
andd the spectrogram from (1.7). A third time-frequency representation, that will be used in 
thee sequel of this thesis, is the Rihaczek distribution. This representation is given by 

K[f)(xK[f)(x yyuj)uj) = f{x)W)e-^/V2^. (1.8) 

Itt can be obtained from (1.7) by taking <f>{v,  t) = eivt/2. For a comprehensive list of time-
frequencyy distributions and its corresponding kernel functions, we refer to [18]. In Fig-
uree 1.2.d, the Rihaczek distribution of the function sin(7rx2) is depicted. We observe, that for 
thiss particular signal the localization in the phase plane is poor. 
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33 4 5 
timee axis 

Figuree 1.3: The fractional Fourier transform of a quadratic chirp in the Wigner plane: fig. a) 
aa = 0, b) a = TT/8, C) a = n/4 and d) a = 3n/8. 
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AA representation of a signal in a domain other than the time or frequency domain is given by 
thee fractional Fourier transform (FRFT). This transform is given by 

TTaa[f]{x)[f]{x)  = . °a /V(«)e*«",+x>H^a>'a-~~a)*i , (1.9) 
^27r|sina|| J 

forr some parameter a G It and a constant Ca. This transform was introduced by Namias in 
1980.. He defined this transform as a fractional power of the Fourier transform, 

TTaa = .T\ (1-10) 

wheree T denotes the Fourier transform. Namias derived formula (1.9) starting from his defi-
nitionn (1.10) and using generating functions for Hermite functions, which are eigenfunctions 
off  the Fourier transform. In 1987 Kerr and McBride provided a rigorous mathematical frame-
workk for the fractional Fourier transform on L2(R), see [53, 61]. 

Inn 1992 the FRFT became interesting for signal analysis by a paper of Almeida [4]. He 
showed,, that taking the Wigner distribution of Taj corresponds to the Wigner distribution of 
thee function ƒ followed by a rotation over an angle a in the Wigner plane, the time-frequency 
planee that corresponds to the Wigner distribution. In Figure 1.3, this phenomenon is illus-
tratedd by taking the FRFT of the signal sin(7rx2) for four different values of a and taking their 
Wignerr distributions. We observe, that Figure 1.3.b, c, d are rotated versions of Figure 1.3.a. 

Thee rotation property of the FRFT inspired mathematicians in the past to study also other 
transformationss in the Wigner plane, that correspond to linear operators on L2(R). Already 
beforee the introduction of the FRFT De Bruijn proposed in [9] a class of operators that are 
relatedd to linear operators in the Wigner plane. Also we study this problem in this thesis. 

Thee last representation of a signal, that is briefly discussed in this introduction, is the wavelet 
transform.. This transform was introduced in 1984 by Morlet and co-workers, who wanted to 
analysee geophysical signals with some kind of an adaptive WFT. However, in mathematical 
circless this transform was not new. It was already know as Caldéron's reproducing formula 
[10]. . 

Thee WFT analyses a signal by multiplying it with a sliding window function and then by 
takingg the Fourier transform of this product function. The wavelet transform makes use of 
thee same principle, however the Fourier transform is replaced by a dilation of the window 
functionn in L2(R). In this way the window function can be adapted in a better way to the 
signal.. This transform reads 

W**  [ƒ](<*, 6) = ^ ƒ f(x)rl>  ( ^ ) dx, (1.11) 
R R 
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Figuree 1.4: Four well-known wavelets: fig. a) the Haar wavelet, b) the Daubechies-4 wavelet, 
c)) the Meyer wavelet, d) the Mexican hat. 
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timee axis 

Figuree 1.5: The continuous wavelet transform of sin(7ra;2). 

forr some tp 6 L2(M) and a € M+ and b £ R. The window function ip is called a wavelet if 
itt satisfies the additional condition 

00 < C*,A = 2TT 
|^(aw)|5 5 

daa < oo, 

H+ + 

forr almost all ui E 1R. This condition guarantees the existence of a unique reconstruction 
formula. . 

Too give an impression, what kind of functions are wavelets, four-well known wavelets are de-
pictedd in Figure 1.4. The first wavelet we see (fig. a) is the Haar wavelet, which is probably 
alsoo the oldest known wavelet. In 1910 already Haar used this function for constructing an 
orfhonormall  basis in L2 (M) by means of dilations and integer translations of a mother func-
tion.. We shall recognize this idea later as the discrete wavelet transform. The second wavelet, 
thatt is depicted (fig. b), is the Daubechies-4 wavelet. Generally, the Daubechies-iV wavelet 
belongss to a class of wavelets that posses some desirable properties for signal analysis. Also 
thesee properties are discussed when we come to the discrete wavelet transform. The index 
numberr N denotes the order of regularity of the particular wavelet. We observe, that the Haar 
wavelett is also a Daubechies wavelet, namely the Daubechies-1 wavelet. 



12 12 Introduction Introduction 

Thee wavelet in Figure 1.4.c is named after Meyer, who created this Meyer wavelet by starting 
fromm some necessary condition on the Fourier transform of the wavelet, e.g. compact support 
off  the Fourier transform. The fourth wavelet (fig. d) is called the Mexican hat, since it looks 
likee a sombrero. In fact, the Mexican hat is the second derivative of the Gaussian function, 
thatt is used for the Gabor transform. This wavelet is often used for applying the CWT in 
physics.. In choosing a wavelet for analysing a signal, we are led by the shape of the signal 
andd the aim of the analysis. Of course we want the wavelet to match with the signal, that 
hass to be analysed. However, if the aim of the analysis is to give a time-scale representation 
withh only a few wavelet coefficients W^(a, 6), then a compactly supported wavelet can be 
appropriate. . 

Thee wavelet transform analyses a signal in time and scaling behavior, since it is based on a 
scaledd window function, instead of a frequency representation of the product of the signal 
andd the window function. Therefore, we say that the wavelet transform is a time-scale trans-
formation. . 

Ass an example, we analysed the behavior of the quadratic chirp ƒ (x) = sin(7nr2) in time and 
scale.. For this we computed the wavelet transform of this function using the Daubechies-4 
wavelet.. In Figure 1.5 we have depicted the scalogram |W^[/](a, &)| for the time period 
66 € [0,5] and the scales a G (0,128]. As in Figure 1.2, the dark grey values indicated high 
amplitudess of \ W^ [ƒ] (a, ft) | at that particular time-scale point. By comparing the plots of the 
spectrogramm and the Wigner distribution of this function in Figure 1.2 and the scalogram in 
Figuree 1.5 it is obvious, that scale and frequency are reciprocal concepts. 

Formulaa (1.11) is mostly called the continuous wavelet transform (CWT), since there also 
existss a discrete version of this transform. This discrete wavelet transform (DWT) can be 
obtainedd by computing the CWT on a lattice 

{(2 m,n2m)) | n , m € Z }. 

Thenn the DWT of a function ƒ is given by 

ooo oo 

ƒ == £ £ ( / > m , n ) ^ m , n , (1.12) 
m=—ooo n= —oo 

withh if>m,n(x) = if>(2mx - n) and with (/,t/>m,n) denoting the inner product in L2{M) of ƒ 
andd tpm,n- The breakthrough of the (discrete) wavelet transformation was set by two impor-
tantt contributions by Daubechies and Mallat. 

Inn 1988 Daubechies introduced a method to construct wavelets rp that are compactly sup-
portedd and for which ipmtn, m,n € Z form an orthonormal basis in L2{R). Since rp is 
compactlyy supported, also V>TO,n is compactly supported for all m,n € Z. Consequently, a 
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compactlyy supported function ƒ can be written as a finite sum of mutually orthonormal func-
tionss with compact support. As we shall see, this property is of great importance if we want 
too represent a signal ór an image by a few coefficients. 

Ann other important contribution for the DWT was given by Mallat in 1989. In his paper [60] 
hee related the DWT to a concept called multiresolution analysis (MRA). This MRA provides 
ann algorithm of complexity O(N), with N proportional to the number of inner products 
(ƒ»» VVn.n) that are not zero. This algorithm, called the pyramid algorithm, relates the inner 
productss (ƒ, VVn.n) for different values of m and n to each other. In this way only a few inner 
productss have to be computed explicitly. The other ones follow from the computed inner 
productss by means of the algorithm. Computing the DWT in this way is mostly referred to as 
thee fast wavelet transform. 

1.22 Applications of the Wavelet Transform 

Inn the past decade the wavelet transform has become of great value not only for signal and im-
agee analysis, but also for signal and image processing. Even outside these fields the wavelet 
transformm has shown to be a useful in mathematics, e.g. in the field of numerical analysis. 
Here,, we briefly discuss the advantages of using a wavelet transform for these applications. 

1.2.11 Denoising 
Thee idea behind denoising signals using a wavelet transform is as follows. Given a measured 
signall  ƒ, that consists of a signal g and some undesired noise signal h, linearity of the wavelet 
transformm yields 

W*[fl(a ,, 6) = WM(a, b) + W,[*l(« , 6). 

Then,, by choosing an appropriate orthogonal wavelet, we expect the wavelet coefficients 
W [̂<7](a,, b) to be concentrated within a small set of time-scale points (a, b). Since the energy 
off  g is then spread over a small set in the time-scale plane, the wavelet coefficients will attain 
relativelyy large values at these points. The wavelet coefficients of the noise, W^[/i](a, b), are 
expectedd to be spread out over the whole time-scale plane, since in general we cannot indicate 
dominatingg frequencies in a noise signal h. Consequently, the wavelet coefficients related to 
thee noise signal h will attain relatively small values at all points in the time-scale plane. 

Followingg these considerations, a natural way to come to a wavelet based denoising algo-
rithmrithm is given by thresholding the wavelet coefficients, i.e., |W^[/](a, b)\ is set to be zero, if 
|W^[/](o,, 6)| < M, with M the chosen threshold value. After this thresholding procedure 
thee inverse wavelet transform reconstructs the signal g. 
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Thee problem of this method is how to find an appropriate threshold value M. In a series 
off  papers Donoho and co-workers have dealt with this wavelet denoising method if h is a 
whitee noise signal, see e.g. [24]. For white noise signals they derived an expression for the 
thresholdd value M as a function of the standard deviation a of the noise. In Chapter 7 we use 
thee same technique for denoising seismic signals. For this application the threshold value is 
determinedd by computing the wavelet coefficients of noisy reference signal. 

1.2.22 Compression 

Usingg the wavelet transform for analysing signals, we are able to represent fluctuations in a 
signall  with wavelet coefficients at a low scale. If a signal does not fluctuate during a time 
interval,, we can represent the signal on this time interval by a small number coefficients at 
largerr scales. Combining these observations yields that a signal can be represented in a sparse 
way.. This is done by throwing away the wavelet coefficients at high scales if fluctuations in 
aa signal can be observed in the corresponding time interval. Furthermore, the wavelet coef-
ficientss at low scales can be put to zero, if the signal only contains low frequencies in the 
correspondingg time interval. This compression procedure is mostly applied to the DWT. We 
observe,, that this compression technique is based on the adaptive character of the wavelet 
transform,, that the WFT does not posses. 

Forr images the same procedure can be applied. The wavelet transform is then replaced by a 
two-dimensionall  wavelet transform. For this transform the wavelet is replaced by a wavelet 
V>> € L2(IR?), the scaling parameter o is replaced by a matrix A e M2x2 and the translation 
overr b is changed into translation over a two-dimensional lattice. Finally, fluctuations in a 
signall  are translated into edges in an image. 

Dataa compression is an important issue for multimedia applications, where one wants to store 
aa huge set of images in a database or wants to send images to a receiver by the internet in 
aa fast way. In the field of image compression, the JPEG standard does not use the wavelet 
transformm yet, however the new JPEG-2OO0 standard will be fitted with a wavelet compression 
techniquee for data compression. 

1.2.33 Wavelet-Galerkin methods 

Wee consider a boundary value problem 

(£/ ) (x)) = g{x), xe [xux2], 

withh ƒ (xi) = 0, f(x2) = 0, ƒ € C2(R), g € C(M) and C a second order linear differential 
operatorr with continuous coefficients. The differential equation can also be given in a weak 
formulation,, i.e., 

(Cf,<j>)(Cf,<j>) = (g,<f>), 
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withh f(xi) = f(x2) - 0, for all 0 € C([x0,xi]), that satisfy <f>(x0) = 0, <f>(xi)  = 0 and <f>' 
piecewisee continuous and bounded on [xo, xi] . The space of such functions 4> is denoted by 
V. V. 

Galerkin'ss method consists of approximating ƒ and <f>  by functions in a finite dimensional 
subspacee VQ of V, see e.g. [49]. By choosing a set of basis functions ^*, k — 1, . . ., dim(Vo), 
thee weak formulation can then be written as a linear system of equations 

AZAZ = b, 

with h 
MhJ)MhJ) = (&,£0i)i Hi) = (9,<f>i),  h3 = 1, • • •,dim(Vo)-

Lett /o denote the approximation of ƒ in VQ, then f is related to /o by 

dim(Vo) ) 

i= l l 

Now,, assume that C = — ^ j , then 

A(t,i)) = ( £ ^ , ^ ) = (^ ,^ . ) . 

Thee wavelet-Galerkin method uses a wavelet bases for VQ. If such a wavelet bases is com
pactlyy supported, then the stiffness matrix A becomes a sparse matrix. We observe, that if <j> 
iss a wavelet, then <fi'  is also a wavelet. Mostly, semi-orthogonal wavelet bases with compact 
supportt are used to create a sparse stiffness matrix. We observe, that solving the linear system 
off equations can be established in a fast numerical way if A is sparse. Another way of looking 
att the wavelet-Galerkin method is to consider the wavelet approach as a pre-conditioning of 
thee matrix A. 

AA comprehensive view of wavelet based methods in scientific computing is given by a series 
off papers by Beylkin et al., see e.g. [8]. 

1.33 Some Main Results 

Thee following chapters can be divided into three parts, with each part consisting of two chap
ters.. The first part consists of two chapters that introduce the Fourier transform, the win
dowedd Fourier transform, the Wigner distribution and the wavelet transform in a rigorous 
mathematicall way. Properties of these transformations and their mutual relations are exten
sivelyy discussed. Furthermore, we study the relation of the introduced transformation to Lie 
groups.. It is well known, that the wavelet transform is a unitary representation of the linear 
affinee group, see e.g. [55, 62], and that the introduced time-frequency transformations are all 
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relatedd to a unitary representation of the Heisenberg group, see e.g. [29]. 

Inn Chapters 4 and 5 we study two theoretical topics in the fields of the wavelet transform and 
thee Wigner distribution respectively. In relation to the discrete wavelet transform we study 
thee concept of an multiresolution analysis for arbitrary separable Hilbert spaces. By doing 
thiss we obtain a functional analytical framework in which the concept of an MRA can be 
studied.. This framework relates the problem of finding wavelet bases in L2(M) to the prob
lemm of finding semi-orthogonal bases in Z2(Z). By means of a discrete Fourier transform 
thee latter problem is translated into the problem of finding invertible matrix functions on the 
n-foldd unit circle. This theoretical approach of the concept of an MRA is illustrated by the 
examplee of constructing a spline wavelets, that generate a semi-orthogonal basis in L2(JR). 
Thiss topic can be found in Chapter 4 and is mainly based on 

[75]] P.J. Oonincx and S.J.L. Van Eijndhoven, "Frames, Riesz systems and MRA in 
Hilbertt spaces", Indag. Math., 10 (3), 369-382,1999. 

Chapterr 5 concerns affine transformations in then-dimensional Wigner plane. This topic was 
inspiredd by the study of the fractional Fourier transform. This transformation was recently 
introducedd for analysing signals in the Wigner plane, since it acts like a rotation in this plane. 
Wee show with relatively elementary results from Lie group theory, that the fractional Fourier 
transformm on L2(JT1) can be embedded in a group of unitary operators. Each element in 
thiss group corresponds to a symplectic transformation in the Wigner plane. Moreover, linear 
transformationss in the Wigner plane that are related to unitary transformations on L2(Mn) 
cann only be symplectic. 

Wee show that the FRFT is a special element of this group, since it is the only transformation 
thatt corresponds to an orthogonal symplectic transformation in the one-dimensional case. For 
thee multi-dimensional case we also present other transformations that correspond to orthog
onall symplectic transformations. Finally, a representation formula is given for all unitary 
transformationss that correspond to symplectic transformations in the Wigner plane. This 
topicc is mainly based on 

[63]] H.G. ter Morsche and RJ. Oonincx, "The fractional Fourier transform and the 
integrall representations of affine transformations in phase space", to appear. 

Thee last two chapters of this thesis deal with applications of the studied transformations. The 
firstt application deals with energy localization problems and is based on a generalization of 
thee FRFT. Two well-known problems are discussed rigorously, namely maximalization of 
thee energy of time-limited signal within a compact frequency interval and maximalization of 
aa signal's energy within a disc in the Wigner plane. Both problems are already extensively 
studiedd in the literature, see [57, 80, 92] and [20,28, 29,46]. In this chapter, we give a rigor-
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ouss proof of Slepian's conjecture, that shows how the eigenvalues of an energy localization 
operatorr behave asymptotically. Furthermore, an alternative proof is given for showing that 
Hermitee functions are optimally localized on a disc in the Wigner plane. This proof is based 
onn an argument, that uses the rotation property of the FRFT. 

Inn the second part of Chapter 6 we show how the generalized FRFT can be used to solve a 
classs of localization problems in the phase plane, if the solution of one problem in such a class 
iss known. This procedure is illustrated by using it for the classical localization problems, that 
wee discussed in the first part of this chapter. These problems and their solutions can be found 
inn Chapter 6. This chapter is mainly based on 

[73]] P.J. Oonincx, "On time-frequency analysis and time-limitedness", 
CWI-Reportt PNA-R9720,1997. 

[?]] P.J. Oonincx and H.G. ter Morsche, "The fractional Fourier transform and its 
applicationn to energy localisation problems", to appear. 

Chapterr 7 is devoted to an application of the discrete wavelet transform in the field of seismol
ogy.. Seismic data that are measured when an earthquake has taken place consist of several 
waves.. These waves travel at different velocities from the epicenter of the earthquake to
wardss the earth's surface, where they are measured. Consequently, they do not appear at the 
samee time in a seismogram. Moreover, the several waves are overlapping and are also em
beddedd in different kinds of noise. By detecting the arrival time of the so-called S-waves in 
aa seismogram and relating this arrival time to the first time sample that the earthquake was 
recognized,, an estimate of the distance towards the epicenter can be given. This is done by 
relatingg the difference in time between the two measured time samples to the difference in 
velocityy between the S-wave and the P-wave, the first wave to arrive. 

Wee developed an algorithm to detect automatically S-wave arrival times in seismograms. This 
algorithmm is based both on physical properties of the waves and on separation of the waves 
byy means of the discrete wavelet transform. Moreover, the DWT is used to reduce the noise 
inn the waves. By doing this, a better estimate of the S-wave arrival time is established. This 
researchh has been done in strong collaboration with the Royal Dutch Meteorological Institute 
(KNMI).. At KNMI the algorithm has been tested for a large set of seismic events. The results 
off this test are also included in Chapter 7. The mathematical concept of the algorithm has 
beenn published in 

[70]] P.J. Oonincx, "A Wavelet Method for Detecting S-Waves in Seismic Data", 
ComputationalComputational Geosciences, 3,111-134,1999. 
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