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I. VARIABILITY OF EXPONENTS AND VARIANCE M; OF COARSE-GRAINED VARIABLES

Our analysis of the rs-fMRI data from a large cohort of 714 subjects in the Human Connectome Project (HCP)
indicates a clear variability of the scaling exponents across different subjects. We have considered all participants
in the Young Adult (HCP-YA) database (S1200 release) who had the complete set of two independent resting-state
sessions with standard pre-processing. Specifically, each subject has his/her own set of exponents «, 5 and €, defined
in Egs. (2)-(4) of the main text, so that the whole set of exponents for the entire cohort lie in the approximate ranges:
11<a<1.7 07<5<10, and 0.1 <e<0.7.

Strikingly, despite this variability, the exponents are strongly interdependent, with their relation falling remarkably
on a single line in Fig. 2(a). The projections of this line onto the two-exponent planes are given by Eq. (5):

B=-052a+156, r®=0.90,
€=1.02a — 0.98, r? =0.98, (S.1)
B =—0.50¢+ 1.06, r2 = 0.88.

Here we address the variability of the scaling exponents by studying the exponent @ of the mean variance My
of coarse-grained variables, which scales with the cluster size K as in Eq. (2): Ma(K) ~ K%. (Due to the interrelations

between exponents, we note that the variability of E and € should follow accordingly.)

The statistical measure M is the variance of the sum of raw variables in clusters of size K, S(K) = Zfil 0.

By considering the covariance matrix C of a given subject, with elements Cj; = (o;0;) — (0:)(0j), ¢ # J,
and Cy; = (0?) — (0)?, i = j, and the averages (---) taken with respect to the probability distribution Pk ({o;})
of the neuronal states {o;} of this subject, we write

K K K
My(E)=> Ci+> > Ci (S.2)
i=1 i=1 j(#£i)=1

The first (variance) term in Eq. contributes with linear dependence, My ~ K. This is why statistically indepen-
dent brain regions, with C;; = 0, i # j, lead to the exponent value o = 1.

The analysis of the second (covariance) term is more involved. In the recent study [S1] of rs-fMRI signals under
the PRG approach, a power-law decay of the correlation function with the distance between ROIs in the human brain
was identified. Such dependence is typical of systems with translational invariance, and actually represents one of
the paradigmatic models for statistical correlations (for a review, see, e.g., [S2]). For a system with translational
invariance one has C;; = C(|r; —r;|) = C(r;;), where r; is the position of ROI i. In this case, the double sum in
can be transformed into a single sum in r;; of terms N(r;;)C(r;;), where N(r;;) is the multiplicity factor of C(r;;).
By writing C;; = C(|i — j|) = C(n) in 1d, where n =1,..., K — 1, since the term ¢ = j (n = 0) is not included in the
double sum, and noticing that for each value of n there are N(n) = 2(K — n) terms with the same C(n), we obtain

K-1

My(K)=> Cii+ > 2(K —n)C(n). (S.3)

i=1 n=1



For power-law decay, C(n) = ¢;/n?, and changing the variable u = n/K, we rewrite Eq. (S.3) as

K 1-1/K (1 _ u)
MQ(K) = Z C” + 201.[(27’y Z TAU (84)
i=1 u=1/K
1-1/K

For K > 1 the sum in u becomes the nearly K-independent integral I = fl /K

(1 — u)/u?” du, and hence we find
K*7 | 0<y<1,

S.5
K , v=> L 8:5)

M2(K)N{

We thus identify the exponent & =2 — ~, which varies in the range & € (1,2] for not so fast decay, 0 <~ < 1.
On the other hand, a faster power-law decay, with v > 1, yields the value @ = 1 of the statistically independent
regime. For d dimensions we replace v by /d in . We observe that the result comprises the range of
empirical values of & obtained in our analysis under the PRG approach. We also stress that the scaling relations
between exponents are satisfied by the exponent values of each subject individually. So the inherent variability of
scaling exponents should be related to the structure of correlations of brain activity.

Interestingly, other paradigmatic models for the decay of C(n) with n, such as those with exponential decay or
Gaussian decay [S2], yield only the value & = 1 of the statistically independent regime for K > 1.

II. DERIVATION OF THE SCALING RELATION BETWEEN EXPONENTS a AND §

Here we give more details on the derivation of the scaling relation B = (3 — a)/2, Eq. (13). By substituting
Eq. (6) into Eq. (7), with the Fourier representation of the Dirac delta, Eq. (8), the distribution of activity for large
but finite K reads

K K K
P(yk) = E/ dkeﬂky/ / ZGXP th + 5 szijgio'j etkor oK oy dok. (S.6)

i=1 j=1
At this point, in order to perform the integrals in {o;} we use the Hubbard-Stratonovich transformation [S3],

0 o K/2
/ / exp (—;CJ’TAO' + nT0'> doy...dog = (Zre)t(A) exp <;nTA_1n) , (S.7)

in which & = (04, ...,0K), n = (n1,...,nk), A is a matrix with positive eigenvalues, and T means transpose. By
identifying in Eq. (S.6) A = —J and n = h + ¢k, with the K-dimensional vectors h = (hq,...,hg) and k = (k, ..., k),
we obtain

(27.‘.)1(/2

e o - - 1 k2
Pr({o;i})e*or . e*ox doy . dog = ex (—hTth—i— —utJgtu— ikhTJ1u> , (S.8
/_m /_Oo w({o:}) e e P2 2 (5:8)

where J ! is the inverse of the matrix with elements Ji; and u is the K-dimensional vector of ones.
Next, the integral in k& and the normalization constant Zx in Eq. (S.6) can be also calculated using (S.7)), and we find

7% (yK n ‘fﬂ , (8.9)

which is Eq. (9), where a®> = —uTJ 'u, a®/b = h"J 'u, and C is the normalization constant. As mentioned in the
main text, the two activity distributions of interest inferred from the empirical data in Fig. 1(h) are: (i) the Gaussian

P(yx) = Cexp

distribution for the surrogate data, P(yx) o e‘yi/mz7 with maximum around yx = 0, corresponding to taking in
Eq. the limit a?/b = hTJ 'u — 0, with @ non-null; and (ii) the exponential distribution for the actual data,
P(yx) x e ¥s/* with a — oo and b = —(uTJ 'u)/(h"J 'u) > 0 [S4]. We remark as well that a non-Gaussian form
of the coarse-grained activity distribution is intrinsically related to the emergence of nontrivial scaling exponents.
We highlight that the activity distribution P(yk) provides a link between the exponents & and 5 as follows. On the
one hand, the exponent & drives the scaling behavior of Ms(K'), which is the variance of the activity distribution,



3

Eq. 1} i.e., My(K) = Var(yx). On the other hand, the exponent E governs the scaling behavior of the effective
free energy F, given by the log of the probability of silence, Py, calculated by integrating P(yx) up to a small silence
threshold ys < 1. In this context, while the general result for Ms(K) (i.e., before taking any of the above limits) is

N

2,—% 2
My(K) =a® + LI)Z {\/27rae2ab2 erfc (a) - Qb} , (5.10)
wberfc (ﬁ) V2b

with erfc denoting the complementary error function, the probability of silence reads
2
erfc (ﬁ(% + ys))
erfc (

(S.11)
_a_
ﬂb)
Now, using that F' = In Py and expanding F for y, < 1, we write

a2
2 e 22 TRET (1 4>
Frehh(\|——F—ys | - +5 |5 —= - (S.12)
7ra2 erfc(\/‘%b) 2b 24 b2 a2

In the Gaussian limit of the activity distribution, Egs. (S.10]) and (S.12)) become, respectively,

My(K) = <”_2) a2, (S.13)

7r
2ys\ w2
F=l —= | -= S.14
. (\/; a > 6a?’ (5-14)
while in the exponential limit they read
Ys Ys
i (%) Y 1
Fxln ( b ) 2’ (8.15)
My (K) = b2 (S.16)

Finally, combining Egs. (S.13)-(S.16)) with the general scaling form for the variance, My = AK®, Eq. (2), we obtain
Egs. (11) and (12) of the main text, respectively for the Gaussian and exponential cases, from which we identify the
scaling relation of Eq. (13),

~ 33—«

B="— (S.17)

III. ALTERNATIVE DERIVATION OF THE SCALING RELATION BETWEEN EXPONENTS & AND ¢

While the activity distribution provides a link between a and B , the covariance matrix C connects the exponents
& and €. Indeed, as & drives the scaling behavior of My (K), linked to C via Eq. , we recall that € is the exponent
associated with the largest eigenvalue \; of the matrix C: \;(K) ~ K.

In the main text, the scaling relation € = & — 1, Eq. (15), was derived by considering the property [S5] that
the eigenvalues {\,} of the covariance matrix C with translational invariance correspond to the propagator G (k) in
k-space, given by the inverse Fourier transform of C;;, which we take to decay as a power law: C;; = C(n) = ¢1/n".

We now rederive this scaling relation heuristically through the analysis of the characteristic (or secular) equation,
det(C — M k) = 0, where I'i is the K x K identity matrix. For the power-law C(n), by retaining the two leading
terms of the characteristic equation in the K > 1 regime with € > 0, and approximating Hfil (Cii — M) = (= ),
we obtain

ME L eAE2R=2+2 ~ , (S.18)

where ¢ is a K-independent coeflicient. Dividing Eq. || by )\{{72 leads to A\? ~ K~27%2_ which, by using the scaling
form for A1, implies € = 1 — 4. Finally, combining this result with & = 2 —  yields the scaling relation of Eq. (15),

T=a-1. (S.19)



IV. MEAN-FIELD CURIE-WEISS-TYPE APPROACH

We note that the scaling relations between the exponents «, E and €, Eqs. 1} and 1} [or Egs. (13) and (15)

of the main text], are also consistent with a mean-field Curie-Weiss-type approach, in which J;; = —(C~!);; and
h; = Z]K:l((}’_l)ij(aj% with homogeneous variances, Cj; = v, and covariances, C; = ¢ < v, © # j. In this case, the
joint distribution of Eq. (6) can be cast into the form of the multivariate normal distribution [S6],

1 1 _
Pr(x) = G R det (C)[12 exp <—2XTC 1x> , (5.20)

where x = o — (o). The covariance matrix in this mean-field approach reads
C=@w-c)Ig+cuu’. (5.21)
Its largest eigenvalue \; is non-degenerate,
MK)=v+c(K —-1), (5.22)
while the other eigenvalues, A\ = v — ¢, have multiplicity K — 1. Since from Eq. we write
My(K) =vK + cK(K —1), (5.23)

then My = K )y, and so we identify the scaling relation € = & — 1, Eq. (S.19), also in mean-field context. In this
case, we notice that for large-K Eq. recovers the expected results: @ = 1 and € = 0 for ¢ = 0 (statistically
independent variables), while @ = 2 and € = 1 for ¢ # 0 (homogeneously correlated variables).

Regarding the interdependence of exponents o and B , we apply the procedure of Section IT above to this mean-field
approach, with J = —C™!, h = C’_1<o'>7 Ci = v, and Cy5 = ¢, i # j. The results are also consistent with the scaling
relation E = (3 — @&)/2: the Gaussian regime corresponds to taking ¢ = 0, leading to @ = 1 and 5 =1 (independent
variables), while the exponential regime with ¢ # 0 yields @ = 2 and B =1/2 for K > 1, as expected.

We can also explore numerically the regime of not so large K -values. We observe that combining the mean-field
result (S.23) with @ = d(In Ms)/d(In K), from the scaling form M, ~ K¢, leads to

~ rK

where we have defined the ratio r = ¢/v < 1. For K > 1, Eq. (S.24]) leads to & = 1 for » = 0 (independent variables),
and @ = 2 for r # 0 (homogeneous correlation). However, in the following we shall be interested in the effect on & of
K-values not necessarily fulfilling K > 1.

By writing 8 = d(In F)/d(In K) from F ~ KE, and combining with Eq. 1) we obtain

d(ln F)

f=@2-a@-1 o

(S.25)

As usual, F is the log of probability of silence, which can be also found by integrating Px (x) in Eq. (S.20)) up to a small
silence threshold xs. Truncated integrals of the multivariate normal distribution have been performed in [S7], yielding

Al/KZ e
e s o ()| -

where z, = VK, /v A1, ¢ is the standard normal pdf, and ® is its cdf. From Eq. |D the mean-field largest
eigenvalue A1, Eq. (S.22)), can be written in terms of @. We then numerically integrate Eq. (S.26)) for typical empirical

values 7 = 0.01 and x4 = 0.01, and take the numerical derivative in Eq. to obtain . Flnally7 we have found

that the numerical mean-field values of ﬁ agree with the prediction from the scahng relation ﬁ (3 — @)/2 within a
relative error of 4% — 9% for the empirical range of & values, 1.1 < a < 1.7.



V. DETERMINING SCALING EXPONENTS FROM DATA IN THE PRG APPROACH

In standard methodologies for investigating scale invariance in neural systems, it is often necessary to apply max-
imum likelihood estimators to adjust power laws from probability distributions obtained from empirical data. This
procedure can be challenging and occasionally requires the definition of additional parameters, such as cutoff ranges
and subsampling ratios [S8HS10]. Notably, however, these difficulties do not arise in the estimation of scaling expo-
nents under the PRG procedure, since in this context the exponents are obtained through simple observables rather
than distributions, which allowed us to opt for the least squares method approach (see, e.g., related discussions
in [S1L [S9) [S11]). Importantly, we remark that the fits obtained in our work under the PRG procedure have excellent
goodness-of-fit values, which we tracked separately for each subject through the coefficient of determination (r2-values
very close to 1, see below), thus ensuring that the exponent values are quite reliable across all subjects.

In the right panel of Fig. we show the histograms of the coefficients of determination 72 (square of the Pearson
correlation coefficient) for the scaling exponents a, E, and €, comprising the rs-fMRI time series of all subjects.
We note that the histograms maxima take place at very high r2-values, r? > 0.98, with the data spread rarely
entering the range 72 < 0.9. On the other hand, the plots of the observables associated with these exponents are
displayed on the left panel as a function of the cluster size, Cy;.. = K, for a typical subject. We remark that the
exponent values of this particular subject (& = 1.44, 8 = 0.83, € = 0.51) are nicely accommodated in the scaling
relations . We also display on the left panel results from the surrogate time series, obtained by shuffling the
Fourier phases. In addition to the shift towards the trivial values, we observe that the surrogate exponents also
satisfy Eq. .

Finally, in Fig. we repeat the coarse-graining procedure but now applying various similarity metrics, other
than the Pearson correlation coefficient used in Fig. Noticeably, the specific pairing rule does not affect the
exponent values, as long as it effectively builds up correlations across cluster sizes. For the pairing via Spearman rank
correlation, this result was first verified by Munn et al. [S12], who also computed exponents using diadic and triadic
grouping methods.
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FIG. S1. Left panel [(a),(c),(e)]: datasets for a typical subject as a function of the cluster size, from which the power-law scaling
forms that define the exponents «, Z—? , and ¢ are extracted. Shades around points represent standard deviations across the time
windows analyzed. Right panel [(b),(d),(f)]: histograms for the coefficients of determination 72 for each scaling exponent across
all subjects. Lower bounds for the horizontal axes are set to the lowest r?-value in the dataset.
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FIG. S2. Different similarity metrics yield similar scaling exponents in the PRG procedure.
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