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We apply the phenomenological renormalization group to resting-state fMRI time series of brain activity
in a large population. By recursively coarse graining the data, we compute scaling exponents for the series
variance, log probability of silence, and largest covariance eigenvalue. The scaling exponents clearly
exhibit linear interdependencies in the form of scaling relations and inherent variability of values closely
related to the structure of correlations of brain activity. The scaling relations between the exponents are
derived analytically. We find a significant correlation of exponents with clinical (gray matter volume) and
behavioral (cognitive performance) traits. Akin to scaling relations near critical points in thermodynamics,
our results suggest that this interdependency is intrinsic to brain organization, and may also exist in other
complex systems.
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Scaling relations near a critical point have a rich history
in physics, puzzling researchers for decades until the
advent of the renormalization group (RG) theory by
Wilson, Kadanoff, Fisher, and co-workers [1,2]. A key
insight from RG theory is that scaling exponents—quan-
tities describing the scaling behavior of physical observ-
ables near a phase transition—are interdependent. Scaling
exponents determine the universality class, and so systems
with vastly different microscopic details can share the same
macroscopic critical behavior.
Numerous complex systems exhibit scale invariance

across relevant quantities [3,4]. However, identifying
how scaling exponents relate to one another remains
challenging in this context. While scaling relations are
well established near critical points in equilibrium thermo-
dynamics, complex systems often require a different
approach. It is usually not feasible to determine whether
a complex system is at a critical point; also, in some
conditions systems may display scale invariance without
being critical [5–7]. Nevertheless, it is still possible to
investigate how scaling in distinct quantities may be
connected, regardless of whether the system is in a critical
regime.

Renormalization group concepts have been successfully
extended to complex systems, with RG-inspired methods
applied to neural time series data to uncover underlying
scaling behavior [8–15]. In network science, foundational
works have introduced the concept of self-similarity and
scaling in networks, providing systematic methods for
coarse graining complex systems and computing scaling
exponents analogous to those in standard RG theory [16].
Building on these principles, renormalization flows were
explored to gain insights into the hierarchical organization
of complex networks [17,18]. Geometric renormalization
has also emerged as a powerful approach to unveil multi-
scale properties [19,20], in which the multiscale backbone
of weighted networks was extracted and geometric tech-
niques were applied to real networks. Similar ideas have
been recently applied as well to neural networks [21,22].
Very recently, Laplacian renormalization has provided new
perspectives on coarse-graining heterogeneous networks,
offering methods to study network dynamics and structure
at different scales [23–25]. Despite these advances, the
quest for a deeper understanding of scaling relations,
interdependencies, and universality classes—whether they
exist or not in complex systems—remain an open avenue
for further research, regardless of the methodology
employed.
In this Letter, we report an instance of such interde-

pendencies. We build upon the phenomenological renorm-
alization group (PRG) approach introduced in [8] and first
extended to the study of rs-fMRI data in [11]. Here we
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analyze rs-fMRI data from a large cohort of 714 healthy
subjects in the Human Connectome Project [26]. Activity
events of brain regions are measured in the form of
continuous signals, which can be discretized in binary
(“silent”-“active,” Ising-type) raw variables, σi ∈ f0; 1g,
i ¼ 1;…; N. The idea is to recursively coarse grain data
and observe whether some quantities scale nontrivially
thereupon. At each step, the two most correlated variables
are merged, pair by pair, until none is left unpaired; see

Fig. 1. If σð1Þi ðtÞ≡ σiðtÞ denotes the time series of raw
variables, then after the first PRG iteration one is left with

N=2 coarse-grained variables σð2Þi ðtÞ, defined as

σð2Þi ðtÞ ¼ σð1Þi ðtÞ þ σð1Þj�ðiÞðtÞ; ð1Þ

where σð1Þj�ðiÞðtÞ indicates the variable with the highest

correlation with respect to σð1Þi ðtÞ. At the kth iteration,
one has N=2k units or “clusters,” each comprising K ¼ 2k

raw variables, as illustrated in Fig. 1. We can identify
nontrivial scale invariance under coarse graining through
the change of various statistical quantities as the clusters
grow [8–13]. Here we focus on the mean variance M2 of
coarse-grained variables, log probability of silence P0 (or
effective free energy F ¼ logP0), and the largest

eigenvalue λ1 of the covariance matrix (see below), which
scale with K with exponents α̃, β̃, and ϵ̃ [8], respectively:

M2ðKÞ ∼ Kα̃; ð2Þ

−FðKÞ ¼ − logP0ðKÞ ∼ Kβ̃; ð3Þ

λ1ðKÞ ∼ Kϵ̃: ð4Þ

In the PRG framework, nontrivial scaling is reflected not
only in the exponent values, but also in the non-Gaussian
form of the coarse-grained neuronal activity distribution. In
the model-free approach of PRG, non-Gaussian distribu-
tions were found for coarse-grained activity in different
setups [8,10,12,13,15]. In contrast, for independent coarse-
grained variables, the activity distribution tends to a
Gaussian and scaling is trivial: α̃ ¼ 1 and β̃ ¼ 1.
Following the Schaefer atlas [27], we parcel each

subject’s data into 1016 regions of interest (ROIs) shown
in Fig. 1(a). Since the rs-fMRI activity distribution is
predominantly Gaussian [28], we binarize each point in
the blood-oxygen level dependent (BOLD) time series of
each ROI by using an upper threshold of two standard
deviations above the mean [11,29] [Figs. 1(b) and 1(c)].
Surrogate time series are obtained by shuffling the Fourier

(a)

(e) (f) (g) (h) (i)

(c)(b) (d)

FIG. 1. (a)–(d) Illustrative scheme of the coarse-graining method. (a),(b) We first obtain N ¼ 1016 variables from BOLD signal time
series of “1000 parcels” Schaefer atlas [27]. Next, for each point in the series we employ a z-score upper threshold to determine the
values of every ROI’s binary time series. (c) Then we sum maximally correlated pairs of variables until no single variable is left. (d) We
repeat this procedure recursively. After k successive iterations, the coarse-grained variables correspond to N=2k clusters of Csize ¼
2k ¼ K raw signals. In the presence of scale invariance, various statistical features of coarse-grained variables display power-law scaling
behavior with the cluster size K, setting the scaling exponents: (e) mean variance (exponent α̃); (f) log probability of silence in a cluster
(β̃); and (g) largest covariance eigenvalue (ϵ̃). Exponent values are also indicated in (e)–(g) for surrogate data and independent variables.
(h) The normalized activity distribution approaches a non-Gaussian fixed form under the coarse-graining procedure, as shown for the
last iterative step, Csize ¼ 64. Solid lines represent averages across all HCPYA subjects, while shades depict standard deviations.
(i) Density plot of α̃ in two different sessions for each subject (the darker the more probable), with the smaller cloud around α̃ ¼ 1.2
corresponding to surrogate data.
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phases [30]. We find that the recursive coarse-graining of
the PRG procedure indeed yields a non-Gaussian distribu-
tion of activity, whereas its surrogate counterpart follows
the central limit theorem toward a Gaussian; see Fig. 1(h).
Consistently, we obtain nontrivial values for the scaling
exponents α̃, β̃, and ϵ̃ [Figs. 1(e)–1(g)], while exponents for
the surrogate data approach the trivial values (see Figs. S1
and S2 in Supplemental Material [31]). These exponents
are relatively stable for different sessions of each subject
[Fig. 1(i)].
The relatively large spread in the values of the expo-

nents have not received significant attention in the
literature, with prior studies reporting primarily only their
averages and standard deviations [10–12]. However,
beyond this analysis and using a much larger dataset,
here we uncover a key feature in those variations: they
are strongly interdependent. In fact, the exponents α̃, β̃
and ϵ̃ are linearly related, falling remarkably on a single
line in Fig. 2(a). Specifically, we observe the scaling
relations:

β̃ ¼ −0.52α̃þ 1.56; r2 ¼ 0.90;

ϵ̃ ¼ 1.02α̃ − 0.98; r2 ¼ 0.98;

β̃ ¼ −0.50ϵ̃þ 1.06; r2 ¼ 0.88; ð5Þ

which are shown in Fig. 2(a) as projections onto the two-
exponent planes. The high coefficients of determination
(r2) indicate strong linear correlations between the expo-
nents. We stress that the exponents were estimated
independently of one another for each subject, rather
than collectively fit to data.
To understand the observed relations among the scaling

exponents α̃, β̃, and ϵ̃, we start by considering the joint
probability density of continuous raw variables fσig within
a cluster of size K in a model with pairwise interactions,

PKðfσigÞ ¼
1

ZK
exp

�XK
i¼1

hiσi þ
1

2

XK
i¼1

XK
j¼1

Jijσiσj

�
; ð6Þ

where ZK is the normalization constant, hi are local fields,
and Jij are long-range interaction strengths between var-
iables. To be consistent with the empirical continuous raw
data, parameters fJijg and fhig are such that PKðfσigÞ is
essentially null for absolute values of σi much larger than
one. We comment that Eq. (6) but with binarized variables
has the same functional form used into the construction of
pairwise maximum entropy models, which have been
successfully applied to describe the collective behavior
of neural networks [39,40]. Interestingly, under PRG
iterations it has been shown [8,41] that the structure of

FIG. 2. (a) Linear relations between scaling exponents (α̃; β̃; ϵ̃). Color circles depict empirical data, color gradient indicates height
along the ϵ̃ axis, and legends display the best linear fit for each projection onto the two-exponent planes, with projected empirical data
shown in shaded circles. Points for surrogate data are shown in gray scale in the lowest region of data points. (b) Correlation between the
exponent α̃ and total gray matter volume (in hundreds of cm3). (c) Correlation between α̃ and the number of correct responses in the
Penn Progressive Matrices cognitive test (PMAT24).
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the correlations and coarse-grained activity distribution is
preserved by using either binarized or continuous variables.
To build a link between the observables with scaling

behavior in Eqs. (2)–(4) and derive analytically scaling
relations between the exponents α̃, β̃, and ϵ̃, we highlight
that the activity distribution connects α̃ and β̃, while the
covariance matrix relates α̃ and ϵ̃, as follows.
The PRG procedure recursively assigns each coarse-

grained variable to a sum over K raw variables. Denoting
the coarse-grained activity as yK ¼ P

K
i¼1 σi, with large but

finite K, the activity distribution can be written as

PðyKÞ ¼
Z

∞

−∞
…

Z
∞

−∞
PKðfσigÞδ

�
yK −

XK
i¼1

σi

�
dσ1…dσK;

ð7Þ

with the variance of coarse-grained variables M2ðKÞ ¼
VarðyKÞ. We substitute Eq. (6) into (7) and consider the
Fourier representation of the Dirac δ,

δ

�
yK −

XK
i¼1

σi

�
¼ 1

2π

Z
∞

−∞
dke−ikðyK−

P
K
i¼1

σiÞ: ð8Þ

The integrals can be performed with the help of the
Hubbard-Stratonovich transformation [42] (see
Supplemental Material [31]), and the result can be cast
into a convenient parametrization,

PðyKÞ ¼ C exp

�
−

1

2a2

�
yK þ

a2

b

�
2
�
; ð9Þ

where a2 ¼ −uTJ−1u, a2=b ¼ hTJ−1u, and C is the
normalization constant. We also define h ¼ ðh1;…; hKÞ,
J−1 is the inverse of the matrix with elements Jij, u is
the K-dimensional vector of ones, and T means transpose.
The effective free energy F is obtained from the log of the
probability of silence P0, Eq. (3), given by

P0 ¼
Z

ys

0

PðyKÞdyK; ð10Þ

in which clusters of size K have a small silence threshold
ys ≪ 1. The connection between the exponents α̃ and β̃ is
finally set by combining the results for F and M2.
To make this calculation explicit, we note at this point

that the linear-log plot of Fig. 1(h) displays two empirical
forms for the activity probability density: while the actual
data are approximately well described by an exponential
PðyKÞ, a Gaussian distribution is approached for the
surrogate time series with nearly broken equal-time corre-
lations, as expected from the central limit theorem.
Considering the parametrization of Eq. (9), a Gaussian
distribution, PðyKÞ ∝ e−y

2
K=2a

2

, with maximum around

yK ¼ 0 (signaling that the silent state is more likely than
the active states), corresponds to taking in Eq. (9) the limit
a2=b ¼ hTJ−1u → 0, with a non null.
On the other hand, an exponential distribution,

PðyKÞ ∝ e−yK=b, arises in the limit a → ∞, with
b ¼ −ðuTJ−1uÞ=ðhTJ−1uÞ > 0, i.e., in general for nega-
tive local fields h. Consistently, we note from Eq. (6) that
h < 0 favors silence, to the detriment of activity. We also
remark that a non-Gaussian form of the coarse-grained
activity distribution is intrinsically linked to the emergence
of nontrivial scaling exponents, as shown below.
Starting with the Gaussian regime of independent

variables, we take the limit a2=b → 0 in the general
expression for the variance and obtain M2 ¼ ðπ − 2Þa2=π
(Supplemental Material [31]). In this regime governed by
the central limit theorem, the trivial exponent α̃ ¼ 1 implies
the scaling form from Eq. (2), M2 ¼ AK, where A is a
positive constant. As the sum of statistically independent
variables scales linearly with K, we write the silence
threshold in Eq. (10) as ys ¼ σsK, with σs a positive
constant. Finally, considering Eq. (10) and F ¼ logP0,
Eq. (3), we obtain up to an additive constant,

FðKÞ ≈ 1

2
ln ðBKÞ − BK; ð11Þ

with B a positive constant. For large K the log term is
subdominant and so FðKÞ ∼ −Kβ̃, with the trivial exponent
β̃ ¼ 1, as expected for independent variables.
Next we repeat the procedure above but now considering

nontrivially correlated variables. For the actual data
described in Fig. 1(h) by the exponential distribution of
activity, the limit a → ∞ leads to M2 ¼ b2, which we
combine with the general scaling form for correlated
variables, M2 ¼ AKα̃, Eq. (2). In this case, the correlation
of variables makes the definition of the silence threshold ys
less trivial. Nevertheless, by demanding that Eq. (11) is
retrieved in the α̃ → 1 limit, we set ys ¼ 2

ffiffiffiffi
A

p
BK3=2 so that

FðKÞ ≈ 1

2
ln ðBKÞ − ð3 − α̃Þ

2
BKð3−α̃Þ=2; ð12Þ

from which the scaling form FðKÞ ∼ −Kβ̃ allows to
identify the scaling relation between the exponents α̃
and β̃,

β̃ ¼ 3 − α̃

2
: ð13Þ

We now address the variability of the scaling exponents.
We can write M2 in terms of the covariance matrix as
M2ðKÞ ¼ P

K
i¼1 Cii þ

P
K
i≠j Cij. For independent variables,

the second term is null and soM2ðKÞ ∼ Kα̃ with α̃ ¼ 1. On
the other hand, homogeneous correlations in the second
term yield α̃ ¼ 2. These are the boundary values for α̃. For a
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system with translational invariance, one has
Cij ¼ Cðji − jjÞ≡ CðnÞ. Assuming a power-law decay
recently reported in [11], CðnÞ ¼ c1=nγ, we find

M2ðKÞ ∼
�
K2−γ; 0 ≤ γ < 1;

K; γ ≥ 1;
ð14Þ

from which we identify the exponent α̃ ¼ 2 − γ, varying in
the range α̃∈ ð1; 2� for a not so fast decay, 0 ≤ γ < 1. On
the other hand, a faster power-law decay, γ ≥ 1, or even an
exponentially decreasing CðnÞ, yields the value α̃ ¼ 1 of
the statistically independent regime. (We note that γ → γ=d
and α̃ ¼ 2 − γ=d in d spatial dimensions; Supplemental
Material [31].) So the inherent variability of exponents
should be related to the structure of correlations of brain
activity. Interestingly, a thermodynamic analogue for the
variability of critical exponents under the RG approach can
be found in Ising and other spin models, with spin
interactions decaying similarly as a power law [43].
Finally, we derive the relation between the exponents α̃

and ϵ̃ of the largest eigenvalue λ1 of the covariance matrix.
Following [41], the eigenvalues fλrg of C correspond to the
propagator GðkÞ in k space, given by the inverse Fourier
transform of Cij: λr ¼ F−1fCijg ∝ ðK=rÞμ, where μ ¼ ϵ̃
for rank r ¼ 1. For the power-law CðnÞ, we find
F−1fCðnÞg ∝ ðK=jkjdÞ1−γ=d. From Eq. (4) we identify
ϵ̃ ¼ 1 − γ=d, which combined with α̃ ¼ 2 − γ=d yields

ϵ̃ ¼ α̃ − 1: ð15Þ

Scaling relations (13) and (15) agree quite well with the
empirical data, as seen in Fig. 2(a) and by comparison
with the empirical fits in Eq. (5). Notably, Eqs. (13) and
(15) also accommodate well both the limit case of inde-
pendent variables ðα̃ ¼ 1; β̃ ¼ 1; ϵ̃ ¼ 0Þ and the exponents
from surrogate data ðα̃ ≈ 1.17; β̃ ≈ 0.95; ϵ̃ ≈ 0.20Þ; see
Figs. 1(e)–1(g) and the lowest region of points in Fig. 2.
We note as well that Eqs. (13) and (15) are consistent

with a mean-field Curie-Weiss-type approach, in
which Jij ¼ −ðC−1Þij and hi ¼

P
K
j¼1ðC−1Þijhσji, with

homogeneous Cii ¼ v and Cij ¼ c (Supplementary
Material [31]).
Importantly, we also found that variations in the expo-

nents are intrinsically connected with differences in ana-
tomical and behavioral traits across subjects. For instance,
the exponent α̃ (and therefore any of the three exponents
due to their interrelations) is significantly correlated with
the total gray matter volume [see Fig. 2(b), with Pearson
coefficient ρ ¼ 0.28 and p value p ¼ 3.8 × 10−14], and
also with the number of correct responses in the Penn
Progressive Matrices cognitive test (PMAT24) [Fig. 2(c),
ρ ¼ 0.16, p ¼ 2.1 × 10−5]. This association aligns with the
striking notion that the variability in brain scaling

exponents reflects the variability in anatomical and behav-
ioral scores [44,45].
In conclusion, the uncovering of interdependent scaling

relations between exponents driving the scaling behavior of
relevant quantities in rs-fMRI datasets points to an in-
triguing level of brain organization. While it might be
premature to claim that the brain’s scaling behavior
belongs to some universality class, the emergence of such
interdependencies and the variability of exponents
closely related to the structure of correlations of brain
activity hint at universal organizing principles in neural
systems.
The relationship between interaction range and scaling

may also shed light on why some clinical traits
correlate with PRG exponents. One possible hypothesis
is that functions that require coordination across
multiple scales in the brain—such as cognition—may be
tracked by quantifiers that capture multiscale dynamics. In
this sense, PRG scaling exponents are natural candidates,
and correlations in Fig. 2(c) seem to support this
hypothesis.
One limitation of our approach regards the fact that while

the rs-fMRI activity distribution is mostly Gaussian,
deviations from Gaussianity may be relevant, especially
at faster time scales, as in spiking, EEG, or MEG data. So
extending this framework to other models, data types, and
renormalization approaches can unveil further features of
the collective behavior in neural networks.
Finally, given that our approach relies solely on time

series data analysis, it also opens the possibility of finding
scaling interdependencies in other complex systems exhib-
iting multiscale dynamics. Exploring these systems can
advance the general understanding of universality and pave
the way toward identifying key underlying mechanisms
governing complex systems behavior.
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