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1

Introduction and summary

Differentially rotating gaseous discs are found in a wide variety of astrophysical systems
and in very different sizes, e.g. flat galaxies, accretion discs in binary stars, discs around
protostars, discs around Be stars, discs in active galactic nuclei (AGN’s), etc.

Unfortunately, our knowledge of the stability and evolution of the rotational state of
the discs in these systems is limited. The rotational evolution of gaseous discs is governed
by angular momentum transport through the disc. The normal atomic viscosity is gener-
ally too small to account for the observed angular momentum transport. Turbulence and
magnetic effects may play an important role, but are difficult to analyse, because these
effects are still not very well understood theoretically.

This thesis deals with several aspects of gaseous discs around stars. The first part
comprises stability analyses of differentially rotating gaseous discs with and without self-
gravity. The second part of this thesis concerns the modeling of gaseous discs around
central stars in a variety of stellar systems, both single and in binaries.

1.1 Wave transport of energy and angular momentum by global

global non-axisymmetric modes

During the last few years there has been much interest in the possibility of wave trans-
port of energy and angular momentum by global non-axisymmetric instabilities. Rayleigh
(1916) derived that a rotating fluid is dynamically unstable against axisymmetrical (ra-
dial) modes when the specific angular momentum decreases outwards. In a Keplerian disc
the specific angular momentum increases outwards and such a disc is therefore dynami-
cally stable against radial modes; for non-axisymmetric modes the situation is much more
complex. Papaloizou and Pringle (1984, 1985) showed that non-axisymmetric instabili-
ties can grow on a dynamical time scale in a differentially rotating torus, which is stable
according to Rayleigh’s centrifugal stability criterion.

In Chapter 2 we analyse the linear stability of a thin differentially rotating gaseous disc
(without self-gravity) with reflecting boundaries against non-axisymmetric perturbations.
We discuss the relevant conservation laws for the energy and angular momentum of these
linear non-axisymmetric modes. A necessary condition for the occurrence of a global
non-axisymmetric instability is that the unstable mode has a corotation point within the
fluid. The corotation point is defined as that radius in the disc where the velocity of the
modal pattern is equal to the local angular velocity of the fluid. In a Keplerian disc the
angular velocity of the fluid decreases outwards, so that the fluid rotates faster than the

1



2 1 Introduction and summary

modal pattern in the region interior to corotation, while it rotates slower than the modal
pattern in the region exterior to corotation.

One type of instability is due to the unstable interaction of waves on either side of
corotation. The interaction is one between negative and positive energy waves. Energy
(and angular momentum) can be assigned to a wave as the difference between the energy
(angular momentum) of the perturbed and unperturbed disc. The wave has positive en-
ergy in those regions where the modal pattern speed is greater than the fluid velocity and
negative energy in those regions, where the fluid rotates faster. Around the corotation
radius there is a forbidden zone, where wave-like disturbances cannot propagate. The
barriers of this region coincide with the Lindblad resonances. A wave can however pene-
trate these barriers by tunnelling through the forbidden zone. An unstable mode can be
generated when the phases of the waves correctly fit across corotation. While the mode
grows, the energy and the angular momentum of the mode inside corotation become more
negative, while outside corotation they become more positive by an equal amount. For
these so-called balanced modes the total energy and angular momentum of the modes
remain constant.

Another type of instability is the so-called ‘corotation resonance’. This instability
concerns the amplification of a mode by direct exchange of energy and angular momentum
between the mode and the underlying fluid. This resonance can occur when the ratio of
the vorticity to the surface density (‘vortensity’) is not constant around corotation. The
mode can be amplified when the underlying fluid absorbs or emits energy and angular
momentum, depending on the sign of the vortensity gradient, at corotation. When this
gradient is positive a mode with negative energy and angular momentum will grow, while a
mode with positive energy and angular momentum will grow when the vortensity gradient
is negative.

1.2 m = 1 instabilities in a self-gravitating gaseous disc

In Chapter 3 we consider the stability of a differentially rotating self-gravitating gaseous
disc around a central star, with special emphasis on modes with azimuthal symmetry
m = 1. Adams et al. (1989) noted the special character of m = 1 disturbances in a self-
gravitating disc. The m = 1 modes may be responsible for global gravitational instabilities
in gaseous discs around young stellar objects, which may lead to the fragmentation of the
disc, and may even be responsible for binary star formation.

Perturbations with an m = 1 symmetry force the central star to move away from the
system’s center of mass. The motion of the central star in the potential field of the disc
induces a m = 1 mode in the disc with a definite pattern speed. For the models we
consider, the mode pattern speeds are such that the entire disc is evanescent for wave-like
disturbances. The corotation radii of the m = 1 modes are near the outer disc boundary.
Although the mode is evanescent, it carries negative angular momentum, while the star
carries an equal and opposite amount of positive angular momentum. The m = 1 mode
can grow when the central star picks up positive angular momentum from the mode and
thereby gains more negative angular momentum.

It is found that for a stellar mass much less than that of the disc the star rapidly spirals
out from the centre of mass towards the inner edge of the disc. The star induces a negligible
density perturbation in the disc and falls immediately from the centre of the disc, where
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the gravitational potential of the self-gravitating gaseous disc has a maximum, towards
the inner boundary of the disc. For moderate masses of the central star, the induced
response in the disc is so large that the star cannot fall away from the centre of mass.
The angular momentum transfer between the star and the mode becomes important. As
the transfer increases, the amplitude of the m = 1 mode grows and the central star begins
to move in a spiral-like orbit with a slowly increasing radius around the centre of mass
of the system. For stellar masses much larger than that of the gaseous disc, the system
is stable. The disturbance in this massless disc is unable to influence the position of the
central star. Summarizing, it appears that there are instabilities that can result from the
gravitational attraction between the disc and the central star alone and do not depend
on a tendency for the disc material to clump as a consequence of its own self-gravity.

1.3 Line profile variations in gaseous discs around Be stars

Among the early-type stars there is a group of B stars with emission lines in their spec-
trum, predominantly Hα and other Balmer lines of hydrogen. These so-called B-emission
(Be) stars generally have large rotational velocities. These velocities are a considerable
fraction of the break-up velocity of the star. It is now commonly believed that the emission
lines are formed in a dense gaseous disc around the equator of the Be star. Bjorkman and
Cassinelli (1993) suggested that the equatorial disc is formed by a supersonic wind that
leaves the stellar surface and travels along trajectories which intersect at the equatorial
plane. In many cases the Balmer emission line profiles have a double-peaked structure,
also suggesting the presence of a circumstellar disc around the Be star. An interesting
phenomenon often seen in these line profiles is a long-term periodic variation (in the order
of several years) in the ratio of the intensity of the V(iolet) and the R(ed) peak. These
spectroscopic variations occur in a region with a size of a few stellar radii surrounding the
central star. To explain the variations of the V/R ratio, Okazaki (1991) has suggested
that a slowly rotating one-armed mode might be present in the disc. He found that due
to the gas pressure a one-armed density perturbation in the disc could revolve around
the star on the same time scale as the observed V/R variations. The direction of the
revolution of this mode is always retrograde, i.e. opposite to the direction of the flow of
the gas in the nearly Keplerian disc around the central star. In his models for the cen-
tral Be star, Okazaki used a point mass potential. However, due to the large rotational
velocity of the Be star, the star will be flattened. Papaloizou et al. (1992) suggested that
instead of a point mass potential, the potential of an oblate spheroid should be used.
In Chapter 4 we show that by including the first order deviation of the external stellar
gravitational potential from that of a point mass, we also find a one-armed mode with
a rotation period equivalent to the period of the observed V/R variations. However, in
contrast to the model of Okazaki, this mode rotates prograde, i.e. in the same direction
as the gas in the disc of the Be star. In Chapter 5 we show that the variations in the
observed line profiles of the Be star β1 Monocerotis during the V/R cycle can be explained
by a prograde rotating one-armed density structure in the equatorial disc.



4 1 Introduction and summary

1.4 Precessing accretion discs in close binary stars

Many stars are members of close binary systems, in which two stars orbit each other at
a short distance. Some of these close binaries comprise a “normal” star and a compact
object: a white dwarf, a neutron star or a black hole. This compact object can be
surrounded by a gaseous accretion disc formed by material which was transferred from
the “normal” star to the compact object via Roche lobe overflow or a stellar wind. In the
last two chapters we consider the possibility of precessing accretion discs in two different
types of such close binary systems: massive X-ray binaries, consisting of an early-type
star and a neutron star, and cataclysmic variables, comprising a late-type star and a white
dwarf.

In Chapter 6 we analyse the optical light curve of the massive X-ray binary LMCX-4.
The optical light curve of a massive X-ray binary is dominated by the massive, early-type
star. Besides optical brightness variations with the orbital period, caused by ellipsoidal
variations due to the tidal and rotational distortion of the early-type star, the optical
light curve of LMCX-4 shows a long-term modulation of more than 20 times the orbital
period. This modulation has the form of a backward moving feature in the orbital light
curve (Ilovaisky 1984). The X-ray intensity of LMCX-4 shows an on-off behaviour with
the same period (Lang et al. 1981). This long period is suggested to be the precession
period of the accretion disc: the disc is tilted with respect to the orbital plane and precesses
in the opposite direction as the orbital motion of the binary. A similar phenomenological
model has been suggested for the long-term variations in HerX-1 (Gerend and Boynton
1976) and SS 433 (Kemp et al. 1986). We present a geometrical model of LMCX-4, which
incorporates ellipsoidal variations of the early-type star, X-ray heating of this star and a
tilted counter-precessing accretion disc. This model gives a reasonable description of the
long-term variations in the optical light curve of LMCX-4.

Contrary to massive X-ray binaries, in cataclysmic variables the accretion disc is the
dominant light source. In most cases the white dwarf is the more massive star of the
system. Among the cataclysmic variables, the SU Ursae Majoris-type stars form a class
of non-magnetic dwarf novae. They exhibit two kinds of outbursts, the normal outbursts
and the superoutbursts, during which the optical brightness of the system increases by
several magnitudes. A superoutburst lasts longer than a normal outburst and is also
about one magnitude brighter. During a superoutburst a modulation of the optical light
is often seen with a period a few percent longer than the orbital period. This is called the
superhump phenomenon. The superhump period is believed to be the beat period between
the orbital period and the period of a precessing accretion disc, which lies in the orbital
plane of the binary. By modelling the accretion flow in the cataclysmic variable ZCha,
Whitehurst (1988) found the accretion disc to become eccentric and to precess slowly in
the same direction as the orbital motion of the binary system. Lubow (1991a, 1991b)
proposed a mode-coupling mechanism to make an initially circular gaseous accretion disc
eccentric. The m = 3 component of the tidal potential couples with an initial eccentricity
of the disc and excites a two-armed density mode. This mode couples with the m = 3 tidal
perturbation to make the accretion disc more eccentric. In Chapter 7 we study his model
of eccentricity growth by non-linear wave interaction by calculating the hydrodynamic
evolution of an accretion disc in response to a perturbing companion mass. We find
similar results if only the m = 3 component of the tidal potential is used during the
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simulations. In case the full tidal potential is used, the accretion discs are found to be
too small to become eccentric.
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Non-axisymmetric unstable modes in a thin

differentially rotating gaseous disc

G.J. Savonije and M.H.M. Heemskerk
Astronomy & Astrophysics 240, 191 (1990)

Abstract

We consider the linear stability of a thin differentially rotating gaseous disc with reflecting
boundaries against non-axisymmetric perturbations. We assume the unperturbed disc to
be in centrifugal equilibrium with the gravitational attraction of a central mass M , and
consider discs whose mass can be neglected relative to M . We discuss the relevant con-
servation laws for the energy and angular momentum of linear non-axisymmetric modes
in a thin rotating disc without self-gravity and illustrate the basic mode amplification
mechanisms with help of some of our numerical solutions. Furthermore, we investigate
how the frequency and growth rate of unstable modes depend on the distribution of the
ratio of vorticity to surface density (‘vortensity’) in the disc by comparing the numerical
results for a constant vortensity disc with those of a disc with a hump in the vortensity
distribution and one in which the vortensity increases outwards exponentially.

2.1 Introduction

Differential rotation is a common phenomenon in the universe; gaseous bodies like stars,
proto-stellar discs, accretion discs, or galaxies are all in a state of differential rotation.
Unfortunately, we know very little about the stability and evolution of the rotational
state of these objects. The nature of the angular momentum transport which governs
the rotational evolution of cosmic objects (for which normal atomic viscosity is gener-
ally negligible) is poorly known. Viscous (turbulence) and magnetic effects may play an
important role, but are very difficult to analyse. Recently there has been much interest
in the possibility of wave transport of angular momentum by global non-axisymmetric
instabilities. Papaloizou and Pringle (1984, 1985) showed that such instabilities can grow
on a dynamical time scale in a differentially rotating torus which is stable according to
Rayleigh’s centrifugal stability criterion (1916). Several other authors have investigated,
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8 2 Non-axisymmetric unstable modes in a thin differentially rotating gaseous disc

under different assumptions, the properties of non-axisymmetric modes in discs: e.g. Blaes
(1985), Goldreich et al. (1986), Blaes and Glatzel (1986), Zurek and Benz (1986), Hawley
(1987), Kato (1987), Narayan et al. (1987), Glatzel (1987), Spruit et al. (1987), Kojima
(1989).

From the above mentioned investigations it has become clear that a necessary condition
for the occurrence of a non-axisymmetric instability is that the corresponding unstable
normal mode has a corotation point in the fluid (in a self-gravitating disc corotation may
be just outside the disc, see e.g. Papaloizou and Savonije 1989). Corotation is defined as
the position in the disc where the (constant) angular velocity of the modal pattern equals
the (local) angular velocity of the fluid. When the angular velocity of the fluid decreases
outwards, as is generally the case for quasi-Keplerian discs, the modal pattern rotates
slower than the fluid in the region interior to corotation, while it rotates faster than the
fluid in the exterior region.

It is remarkable that in this situation the mode carries angular momentum from the
interior region, where (due to the mode’s presence) there is a deficit of angular momentum,
to the region exterior to corotation where the angular momentum associated with the
mode is positive. This obviously leads to self-amplification of the mode, i.e. to instability.
A second cause of instability is related to the resonant exchange of angular momentum
between the fluid and the mode at the corotation ‘singularity’. This ‘corotation resonance’
occurs when the ratio of vorticity to surface density (‘vortensity’) is not constant around
corotation. The corotation resonance (i.e. the underlying fluid) absorbs or emits angular
momentum, depending on the sign of the vortensity gradient, whereby either the interior
(negative) or the exterior (positive) mode is amplified (Papaloizou and Pringle 1987).

In this chapter we study the effect of both types of mode amplification mechanisms
in relation to the vortensity distribution in the disc. In § 2.2 and 2.3 we state the basic
equations and the eigenvalue problem to be solved for the linear stability analysis. In
§ 2.4 we discuss the wave transport and conservation laws for the angular momentum and
energy associated with a non-axisymmetric mode in a rotating disc and use this to briefly
review the mode amplification mechanisms mentioned above. The numerical method
used to solve the eigenvalue problem is described in § 2.5. In § 2.6 we investigate (in
linear approximation) how the frequency and growth rate of unstable modes depend on
the vortensity gradient in a non self-gravitating disc. To this end we first study (§ 2.6.1)
unstable (m = 1, 2, 3, 4, 6 and m = 10) modes in a constant vortensity disc and compare
our numerical results with those of Hanawa (1987, 1988). After that (§ 2.6.2) we modify
the distribution of surface density in the disc by superposing a density hump, so that the
vortensity is no longer constant throughout the disc, and study the resulting unstable
modes. Finally (§ 2.6.3) we calculate the most unstable (m = 1, 2, 3, 4 and m = 10)
modes in a disc in which the surface density decreases outwards in an exponential way.
§ 2.7 contains a discussion of the obtained results.
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2.2 Model assumptions

2.2.1 Basic equations

We consider a thin differentially rotating disc of compressible, inviscid gas in cylindrical
coordinates (r, ϕ, z) for which r = 0 corresponds to the disc’s centre and z = 0 corresponds
to the disc’s midplane. We assume hydrostatic equilibrium in the z direction and ignore
the disc’s vertical structure by integrating all quantities over z. At the disc’s centre we
put a point mass M which keeps the disc together by its gravitational attraction. The
gas in the disc obeys a polytropic relation:

P = KΣγ

where P is the z-integrated pressure, γ is the polytropic index, K is a constant and Σ is
the surface density (g/cm2). We can define a local sound speed in the plane of the disc:
c2 = dP/dΣ = γKΣγ−1. By choosing K sufficiently small we can take care that the disc
is geometrically thin. The two equations of motion and the equation of continuity can
then be written as:

∂vr

∂t
+ vr

∂vr

∂r
+

vϕ

r

∂vr

∂ϕ
− v2

ϕ

r
= − 1

Σ

∂P

∂r
− GM

r2
(2.1)

∂vϕ

∂t
+ vr

∂vϕ

∂r
+

vϕ

r

∂vϕ

∂ϕ
+

vrvϕ

r
= − 1

Σr

∂P

∂ϕ
(2.2)

∂Σ

∂t
+

1

r

∂(Σrvr)

∂r
+

1

r

∂(Σvϕ)

∂ϕ
= 0 (2.3)

where G is the gravitational constant and v = (vr, vϕ) the velocity in the plane of the
disc.

2.2.2 Equilibrium model

We construct axisymmetric stationary equilibrium configurations by adopting a profile
for the surface density Σ(r). For the equilibrium disc with v = (0, rΩ(r)) the angular
velocity Ω(r) is defined by the condition that the gravitational force of the central mass
M is balanced by the centrifugal force and the pressure gradient:

Ω2(r) =
c2

Σr

dΣ

dr
+

GM

r3
(2.4)

2.2.3 Perturbation equations

We perturb the equilibrium disc slightly and write:

vr = v′
r(r, ϕ, t)

vϕ = rΩ(r) + v′
ϕ(r, ϕ, t)

Σ = Σ(r) + Σ′(r, ϕ, t)
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P = P (r) + c2Σ′(r, ϕ, t)

Substituting these perturbed variables into Eqs. 2.1–2.3, we obtain by neglecting all terms
of order higher than one:

∂v′
r

∂t
+ Ω

∂v′
r

∂ϕ
− 2Ωv′

ϕ = −∂(P ′/Σ)

∂r
(2.5)

∂v′
ϕ

∂t
+

∂(rΩ)

∂r
v′

r + Ω
∂v′

ϕ

∂ϕ
+ Ωv′

r = −1

r

∂(P ′/Σ)

∂ϕ
(2.6)

∂Σ′

∂t
+

1

r

∂(rΣv′
r)

∂r
+

Σ

r

∂v′
ϕ

∂ϕ
+ Ω

∂Σ′

∂ϕ
= 0 (2.7)

We supplement the perturbation equations with boundary conditions at the inner (r = rin)
and outer (r = rout) edge of the disc. We assume these boundaries to be rigid, so that
v′

r = 0 at r = rin and r = rout.
Broadbent and Moore (1979) noted that Eqs. 2.5–2.7 satisfy an energy-like constraint.

This can be derived by multiplying Eq. 2.5 by Σv′
r and Eq. 2.6 by Σv′

ϕ and adding the two
resulting equations. By subsequently applying Eq. 2.7 and averaging over the azimuthal
direction we obtain:

∂<E ′
a>

∂t
= −r

dΩ

dr
Σ<v′

rv
′
ϕ> − 1

r

∂(r<v′
rP

′>)

∂r
(2.8)

where the azimuthal average of a quantity X is defined by:

<X> =
1

2π

∫ 2π

0
X(ϕ) dϕ

and E ′
a is defined by:

E ′
a =

1

2
Σ(v′ 2

r + v′ 2
ϕ ) +

1

2

P ′ 2

Σc2

E ′
a is a positive definite quantity equal to the energy density (per unit area) of an acoustic

perturbation in a non-rotating medium. The energy density corresponding to the angular
momentum associated with the disturbance is ignored in E ′

a. We will discuss the conser-
vation of energy in a rotating disc in § 2.4. Note that the second term on the right of
Eq. 2.8, equal to minus the divergence of the acoustic flux, yields the rate of work done
by the perturbed pressure per unit area in the disc.

2.3 The eigenvalue problem

Since the equilibrium disc is stationary and axisymmetric we can write the ϕ and t de-
pendence of the perturbed quantities as ei(mϕ−σt), where m is the azimuthal index and σ
the complex frequency of a mode. From now on the complex quantities v ′

r, v′
ϕ and Σ′ will

describe only the (unknown) radial part of the perturbation, unless stated otherwise.
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For an unstable mode, the imaginary part of σ is positive. Eqs. 2.5–2.7 can then be
written as:

i(σ − mΩ)v′
r + 2Ωv′

ϕ =
d

dr
(
c2Σ′

Σ
) (2.9)

i(σ − mΩ)v′
ϕ − 1

r

d

dr
(r2Ω)v′

r = i
mc2Σ′

rΣ
(2.10)

i(σ − mΩ)Σ′ − 1

r

d

dr
(rΣv′

r) = i
mΣv′

ϕ

r
(2.11)

Let us define h = r2Ω, W = c2Σ′/Σ and σ(r) = σ − mΩ, the mode frequency as seen by
an observer comoving with the local fluid. We can eliminate v ′

r and v′
ϕ from Eqs. 2.9–2.11

and obtain the following second order linear differential equation in W (e.g. Papaloizou
and Savonije 1989):

L(W ) = 0 (2.12)

with

L(W ) =
1

r

d

dr

(

rΣ

D

[

dW

dr
− 2mΩσW

κ2r

])

+

[

dW

dr
− 2mΩσW

κ2r

]

2mΩσΣ

κ2rD

+

[

d

dr

(

Σr

h′

)

m

σr
+

Σ

c2

]

W +
4m2Ω2Σ

r2κ2

and where κ =
√

(2Ωh′)/r is the epicyclic frequency, h′ = dh/dr and D = σ2 − κ2. When
σ is considered real, Eq. 2.12 has singularities when either D = 0 or σ = 0. It can be
shown that the singularity for D = 0 is removable (for instance by writing Eq. 2.12 in
a variable other than W, or by applying Frobenius series). D = 0 corresponds to the
Lindblad resonances for which σ = ±κ. In between the Lindblad resonances σ changes
sign at corotation where σ = 0. At corotation (r = rc) the pattern speed σ/m of the mode
coincides with the local angular velocity Ω(rc) of the fluid. For real σ there is a genuine
singularity at corotation, unless the gradient of the (inverse of the) vortensity vanishes at
corotation:

d

dr

(

rΣ

h′

)

= 0 (2.13)

The special points where D = 0 and σ = 0 play an important role in the analysis of
non-axisymmetric unstable modes.

2.3.1 Dispersion relation

From Eqs. 2.9–2.11 one can derive the well known local dispersion relation for radially
propagating acoustic disturbances (radial wavenumber k � m/r):

σ2 = κ2 + c2k2 (2.14)

It is apparent from the dispersion relation that such disturbances can only propagate
radially if σ2 ≥ κ2, that is, either interior to the inner (σ = −κ) Lindblad resonance
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(ILR), or exterior to the outer (σ = κ) Lindblad resonance (OLR). At the Lindblad
resonances the acoustic waves are reflected (k → 0). In the evanescent region between the
ILR and the OLR, which contains the corotation point (σ = 0), the acoustic disturbance
cannot propagate.

It is easy to see that the wavelength of the acoustic disturbances becomes comparable
or smaller than the disc’s vertical scale height H if we move away from the Lindblad
resonances. In a quasi-Keplerian disc κ2 ' Ω2, so that Eq. 2.14 yields:

k2 =
(σ − mΩ)2 − Ω2

c2

Hence, exterior to the OLR k must increase with r since Ω2 and c2 drop in value, while
σ2 increases with r. Interior to the ILR, where mΩ becomes large compared to σ with
decreasing r, we find k ' mΩ/c ' m/H, so that the wavelength becomes comparable to
H.

When the disc has reflecting inner and outer boundaries, modes can be set up in the
oscillation ‘cavities’ on either side of the evanescent region around corotation. Since the
reflection at the Lindblad resonances is in reality not perfect, wave action can ‘tunnel’
through the intermediate evanescent zone. If two modes (one in the interior cavity and
one in the exterior cavity) which happen to have the same frequency and m-value are
resonant, they can amplify each other by leaking through the forbidden zone. In the next
paragraph we discuss the energy and angular momentum balance of linear modes and
apply the findings to the amplification mechanisms of unstable modes.

2.4 Energy and angular momentum of linear modes

In this paragraph we relate to the real parts of the various complex quantities. In a rotat-
ing disc the angular momentum density <H′> = r<Σ′v′

ϕ> of a linear non-axisymmetric
mode can be positive or negative, depending on the phase difference between Σ′ and v′

ϕ.
We expect <H′> to be negative interior to corotation where σ < 0, i.e. where the pattern
speed σ/m of the mode is smaller than Ω, and positive exterior to corotation where σ > 0.
In other words we expect a phase lag of about π between Σ′ and v′

ϕ, so that <Σ′v′
ϕ> is

negative. This means that Σ′ passes its maximum when v′
ϕ is near its minimum, which

corresponds to a negative angular momentum density. Exterior of corotation, on the
other hand, Σ′ and v′

ϕ tend to reach their maximum value almost simultaneously, so that
<Σ′v′

ϕ> tends to be positive. <H′> obeys the conservation law:

∂<H′>

∂t
+

1

r

∂(rFH)

∂r
= SH (2.15)

where the radial angular momentum flux density FH = rΣ<v′
rv

′
ϕ>. The (positive or

negative) source term SH vanishes in the absence of dissipation and external torques.
In a rotating disc E ′

a, as given by Eq. 2.8, is not the (total) energy density of the
perturbation. According to a linear analysis the azimuthally averaged energy density
<E ′> of a perturbation in a rotating disc is given by:

<E ′> = <E ′
a> + rΩ<Σ′v′

ϕ> (2.16)
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The second term on the right of Eq. 2.16 gives the energy density which corresponds
to the angular momentum density <H′> of the mode. The energy density of the mode
satisfies the conservation law:

∂<E ′>

∂t
+

1

r

∂(rFE)

∂r
= SE (2.17)

where the radial energy flux density of the mode FE = ΩFH + <P ′v′
r> and the source

term SE = ΩSH vanishes in the absence of dissipation and external torques. The radial
flux of energy in the disc can thus be separated into a term which corresponds to the
angular momentum flux (the ‘Reynolds’ term) and a term corresponding to the acoustic
energy flux.

If <v′
rv

′
ϕ> and <P ′v′

r> are non-zero, angular momentum and energy can be trans-
ported radially by the mode, but note that in the absence of dissipation there can be
no exchange of energy and angular momentum between the mode and the underlying
rotating fluid. This means that the total energy and angular momentum of the mode
(integrated over the disc) should remain constant.

Note that the source terms SH and SE in Eqs. 2.15 and 2.17 cease to vanish, if the
vortensity gradient at corotation is non-zero. In that case there is a direct exchange of
energy and angular momentum between the fluid and the mode by resonant absorption
or emission at corotation (see § 2.4.2).

2.4.1 Amplification of balanced modes

Let us now first consider unstable modes which have no corotation resonance, i.e. modes
with corotation in a region where the vortensity is constant (condition 2.13). For such
modes the source terms SH and SE in Eqs. 2.15 and 2.17 are zero throughout the disc
if there is no dissipation, so that the total angular momentum of the mode must remain
zero as well (we have reflecting boundaries):

H ′ = 2π
∫ rout

rin

<H′>r dr = 0 (2.18)

Because Ω(r) decreases monotonically with increasing r, Eq. 2.18 implies that the positive
(r > rc) and negative (r < rc) contributions to the energy which corresponds to the
(vanishing) angular momentum H′ cannot cancel:

E ′
H = 2π

∫ rout

rin

Ω<H′>r dr < 0 (2.19)

Of course, the total energy of the mode must be conserved:

E ′ = E ′
H + E ′

a = 0 (2.20)

where E ′
a is a positive definite quantity corresponding to the ‘acoustic’ energy:

E ′
a = 2π

∫ rout

rin

<E ′
a>r dr

In Keplerian-type discs, where Ω decreases outwards and σ is negative interior to
corotation (the mode pattern rotates slower than the fluid) and the other way round
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Figure 2.1: Characteristics of the m = 10 balanced mode with frequency Re (σ) = 23.43 and
corotation radius rc = 0.564 in the constant vortensity disc. The growth rate of the mode is 0.022.
In this and the following figures the position of the inner and outer Lindblad resonances, and the
corotation point in between, is indicated by the three dashed vertical lines. The amplitudes of
the eigenfunctions |v′r|, |v′ϕ| and |W | are denoted by 1, 2 and 3, respectively. Fh = rΩΣ<v′rv

′
ϕ>

is the ‘Reynolds flux density’, i.e. the energy flux density corresponding to the radial angular
momentum flux density, while Fa = <P ′v′r> is the radial acoustic energy flux density. E ′ is the
total energy density associated with the mode. For the balanced mode under consideration, the
total energy of the mode is zero. The vertical axes are arbitrarily scaled.
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exterior to corotation, the phase lag between the perturbed velocities and between P ′ and
v′

r is such that the two flux densities FE and FH are generally positive in the disc. This
means that ‘balanced’ modes with E ′ = H ′ = 0 are self-amplifying because the positive
energy and angular momentum flux densities FE and FH carry wave action outwards.
Due to this transport the interior mode becomes more negative (that is its amplitude
increases), while the exterior mode gets more positive. Obviously the evanescent region
centered at corotation hinders the flow of wave action between the two oscillation cavities.
But in case of resonance between the interior and exterior mode, when the interior mode
has (at corotation) the correct phase relative to the exterior mode, tunneling is important
and can cause substantial amplification, whereby the mode’s total energy and angular
momentum remains zero.

2.4.2 Amplification by the corotation resonance

However, if the vortensity is not constant near corotation, the mode and the fluid can
exchange angular momentum and energy at corotation whereby the mode attains net
(positive or negative) angular momentum and energy. This resonant exchange (‘corotation
resonance’) is related to the corotation singularity in Eq. 2.12 and has been interpreted
in terms of a fluid analogue to Landau damping (Narayan et al. 1987). The resonant
exchange with the rotating fluid causes the mode’s energy E ′ and angular momentum H ′

to become non-zero (equal to the contribution of the corotation term), i.e. the mode is
not ‘balanced’ by equal positive and negative contributions of the regions on both sides
of corotation, but can be concentrated to only one side of corotation. Papaloizou and
Pringle (1987) derived the following expression for the emission/absorption of angular
momentum by the corotation resonance:

SH = − Im (σ)|v′
r|2Σ2r

|σ|2
d

dr

(

1

Σr

dh

dr

)

This shows that a positive gradient of vortensity at corotation gives rise to resonant
absorption of angular momentum, while a negative gradient causes the resonance to emit
angular momentum. Our numerical results appear fully consistent with this expression.

2.5 Numerical solution method

For a numerical solution of the eigenfunctions v′
r(r), v′

ϕ(r), W (r) and eigenvalue σ the
second order differential Eq. 2.12 is not convenient. Instead, we solve the problem by
eliminating from Eqs. 2.9–2.11 v′

ϕ only, whereby we consider σ as a complex quantity:

v′
ϕ =

m

rσ
W − i

1

rσ

dh

dr
v′

r (2.21)

and write Eqs. 2.9–2.11 in terms of W and v′
r:

dW

dr
=

2mΩ

rσ
W + i

(

σ − 2Ω

rσ

dh

dr

)

v′
r (2.22)

dv′
r

dr
= i

(

σ

c2
− m2

r2σ

)

W −
(

m

r2σ

dh

dr
+

d ln Σ

dr
+

1

r

)

v′
r (2.23)
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Figure 2.2: Contours of equal v′
r, v

′
ϕ and W for the mode described in Fig. 2.1. The contour

levels correspond to 0.10, 0.25 and 0.70 times the maximum value.

Because the complex frequency of the mode σ is the unknown eigenvalue of the two point
boundary value problem, we supplement the above two equations with the extra equation:

dσ

dr
= 0 (2.24)

and solve the set of first order complex differential Eqs. 2.22–2.24 in the complex unknowns
W (r), v′

r(r) and σ with help of a fourth order Runge-Kutta shooting method. We integrate
Eqs. 2.22–2.24 from both boundaries up to some conveniently chosen fitting point in the
disc and iterate the free variables at both boundaries (σ at rin, and σ and W at rout) until
the two solutions match. Because the radial dependence of the eigenfunctions can be
arbitrarily scaled in a linear problem, we adopted Re (W ) = Im (W ) = 0.01 c2 at r = rin.

For almost neutral modes Im (σ) is very small and special care is needed to integrate
the equations near the corotation point (Landau’s prescription). However, it appeared
that for moderately strong modes the numerical integration procedure worked well near
the corotation point. In the following we use units in which G = 1, M = 1 and rout = 1.0,
so that Ω(rout) = 1.

2.6 Results

2.6.1 A thin quasi-Keplerian disc with constant vortensity

We first compare our numerical results with those of Hanawa (1987, 1988). To this end we
consider the rather artificial case of a thin quasi-Keplerian disc with rotation law Ω ∝ r−3/2

for which the vortensity ζ = κ2/(2ΩΣ) (§ 2.3) is adopted to be constant throughout the
disc. This requires that the polytropic index γ = 5/3 and that the surface density Σ
has the same radial dependence as Ω. In such discs neutral modes have no corotation
singularity and the Mach number M = Ωr/c of the flow is constant. Since the z-scale
height H of the disc is roughly equal to c/Ω, we must have H(r) ' M−1r.

For M = 4 and 6 we obtain results very similar to Hanawa (1987), with deviations
from calculated corotation radii and growth rates smaller than a few percent, except for a
few cases which either correspond to different modes or are perhaps due to a typing error.
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Figure 2.3: The vortensity distribution as a function of radius in a disc with a surface density
profile according to Eq. 2.25 with A = −0.1, B = 0.1 and rd = 0.5. The position of the corotation
regions of the three unstable m = 3 modes are indicated in the figure by black dots.

Let us now adopt M = 10 (K = 0.024) and rin = 0.25 (while rout = 1). For m = 1, 2
or 3 we found no unstable ‘strong’ (with Im (σ) > 10−4) modes, while for m = 4 one such
mode with rc = 0.284 and Im (σ) = 0.0389 was traced down. Because the ILR of this
m = 4 mode falls outside the disc, the whole region interior to corotation is evanescent, so
that the eigenfunctions cannot be oscillatory there. Therefore, v ′

ϕ and W can only increase
for r ↓ rin, while v′

r is forced to vanish at the boundary. It appears that v ′
ϕ is larger than

v′
r for r < rc, and reaches its largest value in the disc at the inner boundary (‘edge mode’,

compare with Fig. 2.4a). There is also an m = 10 edge mode with rc = 0.284, but this
mode appears to be very weak, with a growth rate Im (σ) = 4 × 10−5. A strong m = 10
mode was found with rc = 0.329, for which the eigenfunctions have just one maximum in
the interior cavity and 55 in the exterior cavity outside corotation. Table 7.1 summarizes
our numerical results for the strongest m = 4 and m = 10 modes. As a typical example of
a ‘balanced’ mode, we show in Fig. 2.1a the amplitudes of the three eigenfunctions v ′

r(r),
v′

ϕ(r) and W (r) for the m = 10 mode with rc = 0.564. In all figures the position of the
Lindblad resonances (ILR and OLR), as well as the corotation point in between these two
points, is indicated by dashed vertical lines. It can be seen that, away from the Lindblad
resonances, the wavelength of the mode becomes comparable or smaller than the disc’s
vertical scale height H ' M−1r, as discussed in § 2.3.1.

The ‘Reynolds’ flux density ΩFH appears to be positive throughout the disc (except
at the boundaries where v′

r = 0), while the acoustic energy flux density is negative in
the region interior to corotation and positive in the exterior region. In Fig. 2.1b, which
shows how the divergence of the Reynolds flux density is distributed through the disc, it
can be seen that the mode transports energy and angular momentum from the interior
region, to the exterior region where it is absorbed again. Hereby the mode becomes more
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Figure 2.4: Characteristics of the m = 3 mode with frequency Re (σ) = 19.60 and corotation
radius rc = 0.285, as indicated in Fig. 2.3. The growth rate of this mode is 0.027. This is an
edge mode, whereby the evanescent region extends from the inner disc boundary at r = 0.25 to
the OLR. The eigenfunctions have a non-oscillatory structure in that region.
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negative in the interior and more positive in the exterior region, while its total energy and
angular momentum remains zero. The acoustic energy flux is generally smaller than the
Reynolds flux. Fig. 2.1c shows that acoustic energy is transported from the region around
corotation to the inner and outer regions of the disc, where it is absorbed. Note that, in
the evanescent region between the two Lindblad resonances, the Reynolds flux is absorbed
by the mode while it emits acoustic energy. At corotation the acoustic flux changes sign
and the total energy density vanishes. Fig. 2.1d shows the distribution of the mode’s
total energy density E ′, which appears to be mostly negative for r < rc and positive for
r > rc, such that the total integrated energy is zero. We check this by evaluating from
the numerical solution the mode’s angular momentum H ′ through Eq. 2.18 and energy E ′

through Eq. 2.20. It is found that the positive and negative contributions do indeed cancel
to within 0.005 %. Eq. 2.8 enables another accuracy check of the numerical calculations
since:

∂<E ′
a>

∂t
= 2 Im (σ) <E ′

a>

The numerical solution appears to satisfy this local energy constraint to very high accuracy
(deviation < 10−10 %). The azimuthal structure of the mode can be seen in Fig. 2.2, in
which we have plotted contours of equal v′

r, v′
ϕ and W , respectively.

2.6.2 Discs with a non-zero vortensity gradient

Let us now study the effect of a non-vanishing gradient of the vortensity at corotation.
To this end we change the density distribution ΣKep(r) of the equilibrium quasi-Keplerian
disc, by superposing a density peak (positive or negative) at r = rd according to:

Σ(r) = ΣKep(r)
[

1 + Ae−(r−rd)2/B2
]

(2.25)

where A, B and rd are adjustable parameters. From Eq. 4.14 we calculate the new
equilibrium angular velocity Ω(r) corresponding to the new distribution with A = −0.1,
B = 0.1 and rd = 0.5.

Fig. 2.3 shows the corresponding vortensity distribution. We retain the same value
for the polytropic constant K = 0.024, but the Mach number (M ' 10) is now no longer
constant through the disc. Again, no ‘strong’ (Im (σ) > 10−4) modes were found for
m = 1 and m = 2.

However, for m = 3 three modes were found with corotation points as indicated in
Fig. 2.3 and Table 2.2. We will look more closely at these three m = 3 modes and
study the effect of the corotation resonance. The m = 3 mode with rc = 0.285 has its
corotation point in the flat part of the vortensity distribution near the inner boundary of
the disc and is an (almost) balanced mode of the type discussed in the previous paragraph.
However, because its ILR falls outside the disc, the eigenfunctions cannot be oscillatory
in the region rin < r < rc (Fig. 2.4a), whereby v′

ϕ is larger than v′
r for r < rc. This an

edge-mode, similar to the one encountered in the previous paragraph, whereby v ′
ϕ attains

a large value at the (inner) boundary. The counterpart of this m = 3 edge mode in the
constant vortensity disc happens to be very weak, with Im (σ) = 6 × 10−5. Figs. 2.4b
and 2.4c show how the mode transports energy and angular momentum through the disc,
while in Fig. 2.4d we have plotted its total energy density. The integrated total energy
appears to be nearly zero for this (almost) balanced mode.
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Figure 2.5: Characteristics of the m = 3 mode with frequency Re (σ) = 9.89 and corotation
radius rc = 0.449, as indicated in Fig. 2.3. The growth rate of this mode is only 0.0005. This is a
negative, interior mode, with negligible energy in the region exterior to corotation. Because the
vortensity gradient is positive at corotation, the corotation resonance absorbs (all) the outflowing
energy (see b) and angular momentum of the mode, whereby it becomes more negative and thus
stronger.



2.6 Results 21

Figure 2.6: Characteristics of the m = 3 mode with frequency Re (σ) = 7.35 and corotation
radius rc = 0.548, as indicated in Fig. 2.3. The growth rate of this mode is only 0.0008. This is a
positive, exterior mode, with some negative energy in the region interior of corotation. Because
the vortensity gradient is negative at corotation, the corotation resonance emits energy (see b)
and angular momentum which is transported outwards and absorbed by the mode. Hereby the
mode becomes more positive, i.e. it is amplified.
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Let us now turn to the m = 3 mode with rc = 0.449, which has its corotation point on
the positive slope of the vortensity distribution (Fig. 2.3) and is therefore not a balanced
mode. We observe in Fig. 2.5a, which shows the three eigenfunctions, that this mode is
indeed concentrated in the region interior to corotation, consistent with the discussion in
§ 2.4. The mode has negative angular momentum H ′ and energy E ′. The Reynolds energy
flux density ΩFH undergoes one small sinusoidal variation near the inner disc boundary
before it increases to a maximum positive value near the ILR. The acoustic energy flux
density, on the other hand, reaches a maximum negative value (about half the value of
the maximum Reynolds flux density) near the ILR and vanishes at the corotation point.
Outside corotation both energy fluxes are very small. Fig. 2.5b shows the emission and
absorption of the Reynolds flux density. In the evanescent region inside corotation the
absorption by the corotation resonance becomes noticeable. The remaining outgoing flux
disappears by the almost singular resonant absorption at corotation (only a small part
of the deep narrow absorption peak is actually shown in the figure). Fig. 2.5c shows the
absorption and emission of the acoustic energy flux and Fig. 2.5d the distribution of the
mode’s total energy density.

The last ‘strong’ m = 3 mode found has rc = 0.548, i.e. its corotation point lies in the
region where the vortensity distribution shows a negative slope. As expected the mode
is concentrated in the region exterior to corotation, but there is some (negative) energy
in the region interior to corotation as well (Fig. 2.6a). In Figs. 2.6b and 2.6c we have
again plotted how for this mode the divergence of the two energy flux densities varies
through the disc. The Reynolds energy flux appears to be positive all over the disc for
this mode. The negative vortensity gradient at corotation causes the corotation resonance
to emit energy and angular momentum, which is carried outwards and absorbed by the
exterior mode. There is also a weak interior (part of the) mode which, by tunneling
through the evanescent zone, contributes some energy and angular momentum to the
exterior mode. Fig. 2.6d shows the distribution of the total energy density, which is
predominantly positive for this exterior mode. The azimuthal structure of this mode can
be seen in Fig. 2.7.

Tables 2.3 and 2.4 summarize the numerical results for the strongest modes (Im (σ) >
10−4) with m = 4 and m = 10, respectively. The number of ‘strong’ modes increases with
m. This is because modes with higher m-values have shorter radial wavelengths, so that
it is in general easier for high m-modes to fulfill the correct phase relations between the
inner and outer ‘cavity’.

We note that in our units Ω(rout) = 1, so that the growth time of an unstable mode,
measured in units equal to the revolution period at the disc’s outer boundary, equals
τ = 1/Im (σ). The growth time of the modes listed in Tables 2.3 and 2.4 corresponds to
some 10–20 revolution periods for the stronger modes, and to some 104 revolutions for the
weakest modes. In self-gravitating discs with a dominating central mass the growth times
of unstable non-axisymmetric modes can be much shorter (of order 1, c.f. Papaloizou
and Savonije 1991). This is related to the fact that the evanescent region shrinks with
increasing self-gravity, so that tunneling is much more efficient.

Note further that the edge modes with rc ' 0.28, which have a corotation point in
the flat region of the vortensity distribution (Fig. 2.3), appear substantially stronger than
their counterparts in the constant vortensity disc, while the other modes (e.g. the m = 10
mode with rc = 0.565) are on the contrary substantially weaker than their counterparts
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Figure 2.7: Same as Fig. 2.2, but for the mode described in Fig. 2.6.

in the constant vortensity disc. However, in the disc with the vortensity peak we find
more moderately strong modes with a growth rate larger than 10−4.

By varying the value of A in Eq. 2.25 one can study how the growth rate of the unstable
modes varies with the vortensity gradient. We varied A by steps of 0.005 from –0.5 to
+0.5 and in each case calculated the unstable m = 10 mode which has its corotation
point near r = 0.564. Above we discussed two examples of this mode, corresponding
to A = 0 and A = −0.1. For A = 0 the mode is fairly symmetric around corotation:
the eigenfunctions display 10 maxima in the region interior to corotation, as well as 10
maxima in the region exterior to corotation. The corotation point shifts from rc = 0.570
through 0.564 (A = 0) to rc = 0.567 as A varies from −0.5 to +0.5 (this corresponds
to a density variation of ±50 % at rd = 0.5). For A = −0.5 the mode appears to be
almost completely concentrated in the region exterior to corotation, while for A = +0.5
the mode is concentrated in the interior cavity. In these two extreme cases the notch in
the amplitude of v′

ϕ at corotation (due to the corotation singularity) is very noticeable
(e.g. compare with Fig. 2.6a).

Fig. 2.8 shows the calculated growth rate as a function of the vortensity gradient.
Clearly, the largest growth rate is obtained for the balanced mode in the constant vorten-
sity disc. When A changes from zero to ±0.05 the growth rate of the mode drops dramat-
ically. This is obviously due to the fact that the slight variation of the equilibrium disc
ruins the resonance condition between the inner and the outer part of the mode, while the
corotation resonance is still far too weak to compensate for that. Only for large vorten-
sity gradients can the corotation resonance compensate for the loss of resonance between
the inner and outer part and yield comparable growth rates. According to Fig. 2.8 the
growth rates of the negative interior modes increase faster when the (absolute value) of
the vortensity gradient is increased.

2.6.3 Discs with exponentially decreasing surface density

Finally we consider an equilibrium disc with a surface density profile:

Σ(r) = Σ0e
(1−5r) (2.26)

We adopt again rin = 0.25, M = 10 at r = rin (K = 0.025) and take Σ0 = 1 and γ = 2.
The vortensity distribution corresponding to this density profile shows a flat minimum
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Figure 2.8: The growth rate of the m = 10 mode with a corotation radius near r = 0.56 as a
function of the gradient of vortensity at corotation. The balanced mode, for which this gradient
is zero, has the largest growth rate.

(value ' 5) near r = 0.3 and increases exponentially outwards to a maximum value of
about 27 at rout = 1. We searched this disc for unstable modes.

For m = 2 only one weak mode was found with rc = 0.287 and Im (σ) = 2×10−4, while
for m = 3 two equally weak modes were found at rc = 0.445 and rc = 0.536. However,
there is also a strong m = 3 edge mode with rc = 0.285 and Im (σ) = 0.0149, similar
to the edge modes found in § 2.6.1 and 2.6.2. Since for this mode corotation lies in the
region where the vortensity is almost constant this is again a balanced mode, with zero
net angular momentum and energy.

Tables 2.5 and 2.6 list the strongest modes found for m = 4 and m = 10, respectively.
Both the first (rc = 0.280) and the last (rc = 0.961) m = 10 mode in Table 2.6 is an
edge mode, for which the ILR, respectively the OLR, falls outside the disc (or very close
to its boundary). Also the m = 4 mode with rc = 0.28 is an edge mode with corotation
in the flat part of the vortensity distribution. Such modes are almost balanced. All the
other unstable modes are negative, consistent with the positive vortensity gradient in the
exponential disc.

We have also calculated unstable modes for an exponential density disc with a much
smaller inner radius rin = 0.025. As a result of the much larger dynamical range of
this disc the wavelengths of the modes are much shorter (§ 2.3.1), which requires very
short integration steps. The short wavelength results in many more possible modes, with
corotation points lying very close together. We did not find edge modes in this disc. As
an example, we show in Table 2.7 the four strongest modes found for m = 4. We remark
that the most unstable m = 4 modes in Table 2.7 have larger growth rates than the
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modes in the truncated disc (with rin = 0.25), for which only the m = 10 edge mode has
a comparable growth rate.

2.7 Discussion

In this chapter we have discussed the energy and angular momentum balance of unstable
linear non-axisymmetric modes and reviewed the mode amplification mechanisms in terms
of the mode’s angular momentum and energy fluxes through the disc. In the literature
some confusion exists about the energy balance of unstable modes. We note that the
‘acoustic’ energy density E ′

a is in general smaller than rΩ<Σ′v′
ϕ> and that the latter term

is sometimes partly ignored in the discussion of the energy redistribution. Furthermore,
we stress that, in the absence of dissipation, there can be no exchange of energy and
angular momentum between the mode and the supersonic shear motion of the underlying
fluid, except at corotation (if the vortensity gradient is non-zero).

We have verified the importance of the vortensity gradient regarding the distribution
and growth rates of unstable non-axisymmetric modes. For example, it was found that
by sufficiently increasing the (absolute) value of the vortensity gradient at corotation, the
character of a mode can be changed from a ‘balanced’ mode (for which the positive and
negative contributions to the energy and angular momentum of the regions exterior and
interior to corotation cancel exactly) to a mode that is either concentrated in the region
interior (negative mode) or exterior (positive mode) of corotation.

In a disc with an outward exponentially decreasing surface density Σ the vortensity
gradient is everywhere positive, except close to the inner boundary, where it is almost
zero. Consistent with this, we find all unstable modes to be negative interior modes,
except the edge mode which has corotation near the inner boundary in the flat part of
the vortensity distribution and which is therefore almost a balanced mode.

We have not yet addressed the important question of the relevance of the global non-
axisymmetric instabilities for the mass and angular momentum transport in realistic non-
self-gravitating discs like the ones found in cataclysmic variables or X-ray binaries. Mass
accretion depends on non-linear effects which are ignored in this chapter. In the non-linear
regime dissipation will become significant when very short wavelength perturbations are
generated. The dissipation will cause the negative, interior part of the mode to absorb
angular momentum from the fluid, while it induces the opposite effect in the exterior
part of the mode. For unstable modes with a corotation resonance the fluid absorbs or
emits energy and angular momentum at corotation, such the modes are amplified. Here
there is again a net outward flow of angular momentum, which is delivered to the fluid by
non-linear dissipation effects. This redistribution of the disc’s angular momentum will be
accompanied by mass flow to the interior regions of the disc (accretion onto the central
object).

Hanawa (1988) assumed that the non-axisymmetric instabilities evolve into turbulence
and discussed the angular momentum and mass transfer in terms of turbulent viscosity.
This discussion seems, however, rather premature. First of all, the calculated growth rates
of unstable modes in more realistic non-self-gravitating discs (with a non-zero vortensity
gradient, e.g. Table 2.7) seem rather too low to explain for example accretion phenomena
in dwarf novae, where the disc seems to discharge a major fraction of its mass onto the
central white dwarf on a time scale of roughly one revolution period at the disc’s outer
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boundary. A second point of concern is that the amplification mechanisms discussed above
require a feed-back loop which is provided by the reflection at (at least one of) the disc
boundaries, or by steep density gradients in the disc. However, a serious problem arises
if one takes into account the vertical structure of the disc. Lin, Papaloizou and Savonije
(1990) showed that the vertical temperature stratification causes radially propagating
acoustic waves with a radial wavelength comparable to the disc’s vertical scale height H
to refract into the vertical direction and to dissipate their energy in shocks in the tenuous
upper layers of the disc. As a result of refraction the acoustic waves (especially of high
m) cannot propagate radially by much more than a vertical scale height H beyond the
Lindblad resonances. Only if the vertical structure is almost isothermal may refraction
be unimportant and may radial transport of energy and angular momentum be possible
over distances large compared to H. However, this cannot be excluded beforehand for all
cases. The problem of large scale angular momentum transport and mass accretion by
non-axisymmetric instabilities in thin non-self-gravitating discs therefore requires further
investigations regarding the disc’s vertical structure.
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Table 2.1: The strongest m = 4 and m = 10
modes of the constant vortensity disc with
M = 10 and rin = 0.25.

m rc Re (σ) Im (σ)
4 0.284 26.250 0.0389
10 0.329 52.515 0.0405
10 0.564 23.430 0.0220

Table 2.2: Unstable m = 3 modes in a
disc with a vortensity distribution as given
by Fig. 2.3.

rc Re (σ) Im (σ)
0.285 19.596 0.0268
0.449 9.893 0.0005
0.548 7.354 0.0008

Table 2.3: Unstable m = 4 modes in a
disc with a vortensity distribution as given
by Fig. 2.3.

rc Re (σ) Im (σ)
0.284 26.196 0.0621
0.400 15.658 0.0009
0.470 12.327 0.0008
0.527 10.412 0.0005
0.675 7.162 0.0001

Table 2.4: Unstable m = 10 modes in a
disc with a vortensity distribution as given
by Fig. 2.3.

rc Re (σ) Im (σ)
0.280 66.869 0.1002
0.360 45.923 0.0328
0.387 41.128 0.0322
0.413 37.341 0.0010
0.438 34.177 0.0245
0.488 29.114 0.0007
0.520 26.547 0.0004
0.553 24.235 0.0011
0.565 23.435 0.0020
0.667 18.244 0.0001
0.694 17.173 0.0002

Table 2.5: Unstable m = 4 modes in the
exponential disc with rin = 0.25.

rc Re (σ) Im (σ)
0.284 26.231 0.0010
0.398 15.828 0.0009
0.464 12.576 0.0005
0.525 10.448 0.0004
0.584 8.898 0.0003
0.643 7.709 0.0002

Table 2.7: The strongest m = 4 mo-
des found in the exponential disc with
rin = 0.025.

rc Re (σ) Im (σ)
0.085 160.89 0.0284
0.145 71.49 0.0132
0.166 58.12 0.0301
0.296 24.33 0.0148
0.342 19.52 0.0183
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Table 2.6: Unstable m = 10 modes in the exponential disc with rin = 0.25.

rc Re (σ) Im (σ) rc Re (σ) Im (σ) rc Re (σ) Im (σ)
0.280 67.00 0.0494 0.565 23.41 0.0014 0.777 14.54 0.0006
0.328 52.77 0.0012 0.586 22.14 0.0010 0.798 13.97 0.0005
0.385 41.62 0.0017 0.608 20.98 0.0010 0.819 13.45 0.0005
0.409 37.94 0.0016 0.629 19.92 0.0032 0.839 12.96 0.0004
0.433 34.90 0.0014 0.650 18.96 0.0009 0.860 12.50 0.0004
0.455 32.31 0.0015 0.672 18.07 0.0009 0.880 12.07 0.0003
0.478 30.08 0.0013 0.693 17.25 0.0008 0.901 11.66 0.0003
0.500 28.11 0.0011 0.714 16.49 0.0049 0.921 11.28 0.0003
0.522 26.37 0.0013 0.735 15.79 0.0007 0.941 10.92 0.0003
0.543 24.81 0.0016 0.756 15.14 0.0007 0.961 10.59 0.0041
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Non-linear development of m = 1 instabilities in a

self-gravitating gaseous disc

M.H.M. Heemskerk, J.C. Papaloizou and G.J. Savonije
Astronomy & Astrophysics 260, 161 (1992)

Abstract

We consider the stability to modes with m = 1 symmetry in a differentially rotating self-
gravitating gaseous disc around a central object (star). For numerical convenience we have
assumed there is a gap between the star and the inner edge of the disc. Modes with m = 1
symmetry cause the central star to shift away from the system’s centre of mass (COM).
A linear stability analysis of m = 1 disturbances, which takes into account the shifted
star, indicate that the star/disc system is dynamically unstable up to a certain value of
the central mass. Non-linear numerical calculations confirm this result and show that the
instability disappears when the stellar (MS) and disc mass (MD) become comparable. For
the models we consider, the pattern speeds of the induced m = 1 modes are such that the
entire disc is evanescent, precluding the importance of wave modes. For a vanishing stellar
mass the numerical solution approaches that expected from the well-known instability
of a test mass perturbed slightly from its central equilibrium position at the potential
maximum, whereby it immediately plummets to the inner edge of the disc. Non-negligible
central masses are influenced by the disc’s response and, for MS < MD, follow a spiral-like
trajectory away from the COM. Obviously, the occurrence of this dynamical instability is
relevant to the process of star formation.

3.1 Introduction

Hydrodynamic calculations of collapsing protostars which take into account the rotation of
the initial molecular cloud indicate that a substantial fraction of the protostellar material
must be processed through a self-gravitating accretion disc (e.g. Terebey, Shu and Cassen
1984, Bodenheimer et al. 1988). Non-axisymmetric instabilities may be important in
driving mass accretion and angular momentum transport in such self-gravitating discs,
see e.g. Paczyński (1977), Lin and Pringle (1987), Papaloizou and Savonije (1991). In

29
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the latter paper it was shown that global non-axisymmetric modes, which rotate with
a certain pattern speed Ωp through a differentially rotating self-gravitating disc orbiting
a more massive central star (which was held fixed at its equilibrium location) can alter
the mass and angular momentum distribution of the disc on a dynamical time scale
appropriate to its outer parts.

The effective unstable modes in such a self-gravitating disc were found to have a
corotation point (where the local angular velocity of the gas equals the pattern speed of
the mode) either inside or slightly outside the disc. In the WKB-approximation a non-
axisymmetric mode has negative energy and angular momentum in the region interior
to corotation, where the pattern speed of the mode is less than the angular velocity of
the gas, and positive energy and angular momentum in the region exterior to corotation.
Because the mode carries energy and angular momentum from the region interior to
corotation to the region exterior to corotation, it can be self-amplifying, whereby the
negative energy part becomes more negative and the outer positive energy part more
positive, while still conserving total energy. The self-amplification is limited by the fact
that corotation lies in an evanescent region, the so-called Q-barrier, through which wave
action must ‘tunnel’ before amplification can occur. If the gradient of the vorticity per
unit surface density (‘vortensity’) is non-zero at corotation mode amplification can also
occur by inverse Landau damping at the corotation resonance (e.g. Papaloizou and Pringle
1987, Narayan, Goldreich and Goodman 1987, Savonije and Heemskerk 1990).

3.1.1 Dispersion relation in the WKB-approximation

In the WKB-approximation one can derive (e.g. Binney and Tremaine 1987) the well-
known dispersion relation for non-axisymmetric normal modes with amplitude ∝ ei(σt+mϕ)

in a flat, self-gravitating, differentially rotating, gaseous disc and obtain their radial prop-
agation and reflection characteristics:

(σ + mΩ)2 = κ2 + k2c2 − 2πGΣ |k| (3.1)

where σ is the frequency of the normal mode, m its azimuthal index, Ω the local angular
velocity of the gas, κ2 = (2Ω/r) d(Ωr2)/dr the square of the epicyclic frequency, k the
radial wavenumber, c the sound speed, G the constant of gravity and Σ the local surface
density in the disc. The corotation point (where σ + mΩ = 0) lies in between the inner
Lindblad resonance (ILR, where σ + mΩ = κ) and the outer Lindblad resonance (OLR,
where σ + mΩ = −κ). For a fixed frequency σ the condition for evanescence or no wave
propagation at a particular location is in general given by

(σ + mΩ)2 < κ2
(

1 − 1/Q2
)

(3.2)

where Toomre’s stability parameter Q = κc/(πGΣ) has to be greater than unity for
stability to axisymmetric modes. When there is no disc self-gravity (Q → ∞) the whole
region between the two Lindblad resonances is evanescent, while with self-gravity this
region shrinks to that between the points where (σ+mΩ)2 = κ2 (1 − 1/Q2) . When Q → 1
the evanescent zone around corotation collapses to zero width. When the mode frequency
is such that Lindblad resonances exist in the disc waves can propagate in the region
outside the two Lindblad resonances, but they take on the character of short wavelength
acoustic waves. It is important to note that when the wavelength becomes comparable
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to the vertical scale height of the disc, such acoustic disturbances tend to be refracted
so that they propagate in the vertical direction, where they steepen in the rarified upper
regions of the disc and are likely to be dissipated (Lin, Papaloizou and Savonije 1990).
The refraction and dissipation of (acoustic) waves in the region interior to any ILR (or
outside any OLR) can be an impediment to the growth of non-axisymmetric modes in
discs with a large dynamic range in radius but such effects are not considered in the two
dimensional calculations presented here.

3.1.2 The special character of m = 1 modes

The possible importance of unstable non-axisymmetric modes with azimuthal index m = 1
has been stressed by Adams, Ruden and Shu (1989). They have suggested that such
modes may be responsible for global gravitational instabilities in discs around young
stellar objects which may ultimately lead to fragmentation of the disc and binary star
formation. Modes with m = 1 have in general no ILR in the disc and the above mentioned
refraction and dissipation of acoustic waves is therefore less of a problem. On the other
hand, the evanescent region (Q-barrier around corotation) may be substantial for m = 1
modes, even occupying the whole disc, which is not a favourable situation for efficient
wave amplification. However, in this respect another special feature of m = 1 modes is
relevant. Perturbations with m = 1 symmetry force the central star to move away from
the system’s centre of mass (COM). It appears that the degrees of freedom possessed
by the system through the possibility of motion of the central star are enough to induce
instabilities associated with a definite pattern speed. In the linear numerical study by
Adams et al. (1989) unstable m = 1 modes are reported which have an OLR in the disc
and exhibit growth rates comparable to the inverse dynamical time scale at the outer edge
of the disc. By means of a later WKB-analysis, Shu et al. (1990) interpreted the rapid
growth of the m = 1 modes reported by Adams et al. (1989) in terms of a wave which
undergoes reflections at the OLR, the Q-barrier and the outer edge of the disc, while
being forced unstable by the potential disturbance due to the motion of the displaced
central star.

Note that for numerical convenience we assume there is a gap between the central star
and the inner radius of the disc. This saves computer time (CFL-restriction on time step)
and seems appropriate for a first investigation in the non-linear regime. Besides, without
a gap a treatment of direct star/disc interactions would be required when the star shifts
off-centre and this is far from trivial and would require considerable more computing
efforts. Our calculations show, in contrast to the results of Adams et al. (1989), that
the disc response for m = 1 is always evanescent according to condition 3.2, with a
corotation point near the outer disc boundary. Under such conditions there can be no
OLR in the disc and the disc response to the imposed stellar potential is expected to
vary smoothly with radius on the same length scale as the imposed potential, without
any resonant excitation of m = 1 wave modes. The discrepancy with the results by
Adams et al. (1989) can presumably be explained by the fact that the latter, working
in the non-inertial frame comoving with the star, did not include all the contributions
to the ‘indirect’ potential, as they state in a note added in proof. They neglected the
contribution from the distorted outer disc edge, which is non-negligible in discs where the
density does not taper off to zero. Thus the boundary condition used in their calculation
does not correspond to that used here. An m = 1 disturbance in the star/disc system is
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self-amplifying because in the equilibrium situation the star is located at a maximum of
the potential, so that a slight disturbance will initially drive it away from the centre. When
the stellar mass MS → 0 it induces a negligible perturbation to the density distribution
in the disc, and the stability problem can be treated simply. This case corresponds to a
test mass (MS � MD) which is slightly perturbed from its position in the centre of a rigid
ring. It will fall immediately from its position at the maximum of the (fixed) gravitational
potential Φ at r = 0 towards that part of the ring to which the perturbation directs it.
The growth rate µ of this dynamical instability is given by µ2 = − d2Φ/dr2 (§ 3.3.2)
whereby the expression is evaluated at the centre of the unperturbed ring or disc. In the
opposite limit MD → 0 the system becomes stable because the massless disc, even though
strongly perturbed, cannot influence the position of the massive object at the centre.

When neither the stellar nor the disc’s mass can be neglected the star/disc interaction
becomes more subtle. Since the disc’s response shows a density maximum on the opposite
side to the star, it exerts a radial gravitational force that tends to pull the star back to its
equilibrium position. However, it is important to note that because the central star has
an angular motion much slower than most of the disc material, the disturbance it induces
in the disc has negative angular momentum. By the conservation of angular momentum,
this means that the central star obtains positive angular momentum as a consequence of
its interaction with the disc. When the angular momentum exchange between the star and
the induced disturbance in the disc is sufficiently strong, centrifugal forces will oppose the
effect of the radial gravitational force and may even drive the star away from the COM.
When the disturbance induced by the star has a corotation point in the disc, angular
momentum exchange through the corotation resonance would be expected to enhance the
negative angular momentum disturbance, provided corotation occurs on the decreasing
section of the surface density profile that occurs near the outer boundary (Papaloizou and
Pringle 1987). Under these conditions the angular momentum exchange between star and
disc appears efficient enough to drive a significant dynamical instability. But for stars
more massive than the disc, the corotation point falls outside the disc, causing the angular
momentum exchange to become inefficient, so that the instability weakens and eventually
disappears.

We discuss our model assumptions in § 3.2, and derive in § 3.3 from linear theory a
dispersion relation for m = 1 modes which takes into account the interaction between the
motion of the central star and the disc’s response. We show from this that instability
occurs regardless of whether self-gravity or pressure are included in calculating the disc’s
response. It appears that when self-gravity and pressure are omitted the instability is
in fact stronger, a result that is confirmed numerically. Furthermore we show stability
to long wavelength perturbations in the limit of small disc mass. Finally, in § 3.4, we
report the results of our non-linear numerical calculations for different mass ratios of the
star/disc system.
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3.2 Basic equations

In order to study the non-linear evolution of m = 1 instabilities in a gaseous disc around
a point mass MS, we consider a thin differentially rotating disc of compressible, inviscid
self-gravitating gas. We use cylindrical coordinates (r, ϕ, z) for which r = 0 corresponds
to the disc’s centre and z = 0 corresponds to the disc’s midplane. We assume hydrostatic
equilibrium in the z direction and ignore the disc’s vertical structure by integrating all
quantities over z. For the gas in the disc we adopt a simple polytropic equation of state:

P = KΣγ

where P is the z-integrated pressure, γ is the polytropic index, K is a constant and
Σ is the surface density. We can define a local sound speed in the plane of the disc:
c2 = dP/dΣ = γKΣγ−1. By choosing K sufficiently small we can take care that the disc
is geometrically thin. In all our calculations we adopt γ = 2. For a two-dimensional
self-gravitating disc the set of hydrodynamic equations can be written in the form:

∂

∂t
U +

1

r

∂

∂r
rF (U) +

1

r

∂

∂ϕ
G(U) = S(U) (3.3)

where the state vector U , the flux vectors F , G and the source vector S are defined
according to
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(3.4)

ΨS is the gravitational potential due to the central star. The velocity v = (vr, vϕ) is the
velocity in the plane of the disc. The gravitational potential Φ, arising from the mass
distribution in the disc is given by the Poisson integral:

Φ(r, ϕ) = −G
∫ 2π

0

∫ r1

r0

Σ(r′, ϕ′)r′ dr′ dϕ′

√

r2 + r′2 − 2rr′ cos(ϕ − ϕ′)
(3.5)

where r0 and r1 are the inner and the outer radius of the disc, respectively. Because we
are studying m = 1 modes the central mass MS is displaced from the system’s centre of
gravity during the disc’s evolution with the result that ΨS has a radial and azimuthal
dependence. For a finite surface density at the boundaries, Eq. 3.3 needs to be sup-
plemented by boundary conditions. For numerical reasons we adopt simple boundary
conditions, whereby vr is taken to be zero at both boundaries of the disc.
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3.3 Linear analysis of global normal modes with m = 1 in a

self-gravitating gaseous disc

We consider an initially axisymmetric differentially rotating disc for which

v = (0, rΩ)

where Ω is the angular velocity. In the unperturbed disc Ω, P , Σ , and Φ are functions of
r alone. We now add a non-axisymmetric disturbance and linearize the basic equations
by writing:

vr = v′
r(r) ei(mϕ+σt)

vϕ = rΩ + v′
ϕ(r) ei(mϕ+σt)

Σ = Σ(r) + Σ′(r) ei(mϕ+σt)

P = P (r) + c2Σ′(r) ei(mϕ+σt)

ΨS = ΨS(r) + Ψ′
S(r) ei(mϕ+σt)

and

Φ = Φ(r) + Φ′(r) ei(mϕ+σt)

Here m is the azimuthal mode number which is equal to 1 for the modes discussed in
this chapter, and σ the complex eigenfrequency. In linear theory, perturbations to the
axisymmetric state are assumed small so that the basic equations may be linearized in
them. For an unstable mode, the imaginary part of σ is negative. The linearized basic
Eqs. 3.3 then give:

iσΣ′ = −1

r

d(rΣv′
r)

dr
− imΣv′

ϕ

r
(3.6)

iσv′
r − 2Ωv′

ϕ = −dW

dr
(3.7)

iσv′
ϕ + v′

r

1

r

dh

dr
= −i

m

r
W (3.8)

where h = r2Ω, W = c2Σ′/Σ + Φ′ + Ψ′
S and σ = σ + mΩ. We adopt here the convention

that m and Ω are positive, so that σ must be real and negative for a corotation resonance
to be possible. The perturbed velocities may be eliminated from Eqs. 7.1–7.3 in order
to obtain a relation for Σ′ in terms of W alone, which may be expressed in the operator
form (see Papaloizou and Savonije 1991):

Σ′ = L(W ) (3.9)
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where

L(W ) ≡ −1

r

d

dr

(

rΣ

D

[

dW

dr
+

2mΩσW

κ2r

])

+

[

dW

dr
+

2mΩσW

κ2r

]

2mΩσΣ

κ2rD

+
mW

σr

d

dr

(

1

ζ

)

− 4m2Ω2ΣW

r2κ4
(3.10)

Here ζ = 1/(rΣ) dh/dr is the ‘vortensity’ in the unperturbed axisymmetric disc, and
D = σ2 − κ2. The perturbed gravitational potential arising from the disc may be found
by linearizing the Poisson integral (Eq. 3.5) in the form:

Φ′(r) = −G
∫ r1

r0

Km(r, ξ) Σ′(ξ) ξ dξ (3.11)

where

Km(r, ξ) =
∫ 2π

0

cos(mϕ) dϕ
√

r2 + ξ2 − 2rξ cos(ϕ)

For m = 1 modes, we must also take account of the fact that the central mass can move
as a result of the perturbed disc potential. If R = (X, Y ) denotes the location of the
displaced central star, the potential perturbation of the disc can be expanded to first
order in the small quantity R/ξ (where ξ is the radial integration variable over the disc)
as:

Φ′(R) = −G eiσt
∫ 2π

0

∫ r1

r0

Σ′(ξ)

ξ

[

1 +
(X cos ϕ + Y sin ϕ)

ξ

]

eiϕ ξ dξ dϕ

After taking the gradient with respect to X and Y of this quantity at the position of the
displaced star and realizing that the gradient of the unperturbed disc potential at the
position of the star is given to first order by:

(

d2Φ

dr2

)

r=0

R ≡ −µ2R

we obtain the equation of motion of the displaced star:

d2R

dt2
= µ2R + eiσtV Gπ

∫ r1

r0

Σ′(ξ)

ξ
dξ

where we have introduced the vector V = (1, i). Because ∂2R/∂t2 = −σ2R, we deduce
that

R = −eiσt V Gπ

(µ2 + σ2)

∫ r1

r0

Σ′(ξ)

ξ
dξ

The perturbation to the potential due to the central mass is then given by

Ψ′
S ei(mϕ+σt) = −GMS

(r · R)

r3
= eiσt (r · V )πG2MS

r3(µ2 + σ2)

∫ r1

r0

Σ′(ξ)

ξ
dξ (3.12)
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From the definition of W we find after substituting expressions 3.11 and 3.12 for Φ′ and
Ψ′

S:

W (r) = c2 Σ′(r)

Σ(r)
− G

∫ r1

r0

Km(r, ξ)Σ′(ξ) ξ dξ +
πG2MSδm1

r2(µ2 + σ2)

∫ r1

r0

Σ′(ξ)

ξ
dξ (3.13)

Eqs. 3.9 and 3.13 form a pair of simultaneous equations for Σ′ and W . Assuming we can
invert the operator L, we find W = L−1(Σ′), and define the operator O:

O(Σ′) ≡ L−1(Σ′) − c2 Σ′

Σ
+ G

∫ r1

r0

Km(r, ξ) Σ′(ξ) ξ dξ (3.14)

After applying Eq. 3.13 we thus obtain an equation in Σ′ (and σ) only:

O(Σ′) =
πG2MSδm1

r2(µ2 + σ2)

∫ r1

r0

Σ′(ξ)

ξ
dξ (3.15)

We first note that if σ is real, the only possible genuine singularity is at the corotation
resonance for which σ = σ + mΩ = 0. For general complex σ, apart from very special
circumstances for which L is non invertible, (which it can be shown may in fact be ignored
by reformulation of the eigenvalue problem), L may be inverted by the standard Green’s
function technique (Papaloizou and Savonije 1991), such that:

W (r) = L−1(Σ′) =
∫ r1

r0

ξ Σ′(ξ) H(r, ξ) dξ

where the kernel H(r, ξ) is symmetric in r and ξ. Then the operator O may be written
in the form:

O(Σ′) ≡
∫ r1

r0

ξ Σ′(ξ) S(r, ξ) dξ − c2 Σ′(r)

Σ(r)
(3.16)

where the kernel

S(r, ξ) = GKm(r, ξ) + H(r, ξ)

We remark that when σ is real and such that there is no effective corotation singularity,
the operator O is self-adjoint with weight r. If the central mass were to be artificially held
fixed, the equation determining the normal modes would be

O(Σ′) = 0

The operator O is of course a function of σ and the inverse operator O−1 is singular when
σ belongs to the spectrum of O, or in other words, it corresponds to a normal mode of
the system with the centre artificially held fixed.
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3.3.1 A dispersion relation for m = 1 modes

For m = 1 Eq. 3.15 for Σ′ may be written in the equivalent form

Σ′(r) =
πG2MS

(µ2 + σ2)
O−1

(

1

r2

) ∫ r1

r0

Σ′(ξ)

ξ
dξ

Multiplying by r−1 and integrating over the disc, we obtain an equation which does not
contain Σ′ and which can be regarded as a dispersion relation in the form

σ2 + µ2 = πG2MSF (σ) (3.17)

where the integral F (σ) is given by:

F (σ) =
∫ r1

r0

r
(

1

r2

)

O−1
(

1

r2

)

dr

From Eq. 3.16 we see that the problem of determining O−1 is equivalent, after a simple
transformation (see Papaloizou and Savonije 1991), to solving a standard Fredholm inte-
gral equation. From the standard theory, Courant and Hilbert (1953), the integral F (σ)
is an analytic function of σ everywhere in the complex σ-plane, excluding a line on the
real axis which contains the values of σ for which there is a corotation singularity, and for
which the eigenvalue problem as described above has not been formulated. Outside this
branch line which defines a continuum, the spectrum of O must be discrete and the only
singularities in F (σ) will be poles.

3.3.2 The limiting case MS/MD → 0

In the limit MS → 0, the dispersion relation 3.17 gives σ2 = −µ2, where µ2 =−d2Φ/dr2

is given by:

µ2 = πG
∫ r1

r0

r−2Σ(r) dr (3.18)

µ2 is positive because the potential has a maximum at the disc centre. Thus σ = −iµ
gives a purely growing instability. This of course is just the instability that would be
experienced by an infinitesimal mass at the centre of a rigid ring.

3.3.3 The case with small but non-negligible central mass and ignored disc

self-gravity and pressure perturbation

When MS is small, the fact that F (σ) is analytic in the neighbourhood of σ = −iµ,
apart from possible poles, guarantees there will be a solution of the dispersion relation
3.17 giving a normal mode with σ close to −iµ when MS is finite but small. This is
because the instability starts as the instability of a negligibly small central mass in the
fixed potential of the disc, see Table 3.1. When the central mass is small compared to the
disc mass the induced response in the disc and its gravitational feedback on the central
mass must be small and so the growth rate is but slightly altered. But note that although
the mode starts as purely growing, it is clear from the functional form of F (σ) that this
quantity will not be purely real for purely imaginary σ. Thus Re(σ) 6= 0 for finite MS, so
that the mode must develop a pattern rotation. This of course must be in the direction of
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rotation of the system. Unfortunately, F (σ) is difficult to analyse. But note that, when
MS is small, the induced response in the disc has a small effect, so that the instability
occurs largely independent of the details of how this response is calculated. If we ignore
pressure and self-gravity in the disc when evaluating the linear response, the operator O−1

becomes identical to L in the dispersion equation 3.17. In this artificial, but illustrative
case, F (σ) can be evaluated explicitly as:

F (σ) =
∫ r1

r0

r
(

1

r2

)

L
(

1

r2

)

dr (3.19)

Using Eq. 3.10 we obtain, after an integration by parts, for m = 1:

∫ r1

r0

rWL(W ) dr =
∫ r1

r0

rΣ

D

[

dW

dr
+

2ΩσW

κ2r

]2

dr +

∫ r1

r0

W 2

(

1

σ

d

dr

(

1

ζ

)

− 4Ω2Σ

rκ4

)

dr (3.20)

For W = 1/r2 we find after some algebra that

rΣ

D

[

dW

dr
+

2ΩσW

κ2r

]2

=
4Σ(Ω2 − κ2)

r5κ4
− σ2 2Σ

r5κ3(κ − Ω − σ)
− σ2 2Σ

r5κ3(κ + Ω + σ)

and

W 2

(Ω + σ)

d

dr

(

1

ζ

)

=
1

r4Ω

d

dr

(

1

ζ

)[

1 − σ

Ω
+

σ2

Ω(Ω + σ)

]

Inserting these expressions into Eq. 3.20 and removing all gradients of the inverse vorten-
sity ζ−1 by integration by parts, except where this occurs with a factor that is singular
at corotation, we obtain

F (σ) =
∫ r1

r0

Σ

r5Ω2
dr − 2σ

∫ r1

r0

Σ

r5Ω3
dr − σ2

∫ r1

r0

2Σ

r5κ3(κ − Ω − σ)
dr

− σ2
∫ r1

r0

2Σ

r5κ3(κ + Ω + σ)
dr + σ2

∫ r1

r0

1

r4Ω2(Ω + σ)

d

dr

(

1

ζ

)

dr (3.21)

It is important to note that for the pattern rotation frequencies observed in the calcu-
lations presented here, the disc response is entirely evanescent. This means that it is
a smooth function of radius with no excitation of waves and the radial scale length is
accordingly comparable to that of the potential perturbation imposed by the central star.
Mathematically the eigenfrequency is far away from any singularities of F (σ). On phys-
ical grounds the gravitational potential perturbation arising from the disc as a result of
perturbations due to MS must become as significant as the unperturbed axisymmetric
potential of the disc before the motion of MS is significantly altered from that pertaining
to the small MS limit. Because the interaction diminishes as MS/r

2 and the response is
evanescent, the most strongly affected parts of the disc are expected to lie within a few
inner boundary radii. Thus we would expect significant departures from the situation
appropriate to the small MS case once the mass in these regions is less than MS.
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3.3.4 Stabilization of long wavelength modes for large MS/MD

From the above discussion it is clear that for small MS there is an unstable mode with
slow pattern speed. Further, the disturbance in the disc is non-wavelike, having a radial
scale comparable to the inner boundary radius. The question arises as to whether this
mode becomes stabilized when MS increases. We here argue that provided the disc surface
density is smooth, it must ultimately become stable to this sort of mode. Although an
instability may remain, it must become weak. Let us therefore consider Eqs. 3.17 and
3.21 and look for slowly growing low frequency modes. We suppose that (Ω − ΩK)/Ω =
O(MD/MS) where the disc mass MS is small and Ω2

K = GMS/r
3. Then we also expect

(κ−Ω)/Ω = O(MD/MS) > 0 in the initial equilibrium. Bearing these conditions in mind
we look for eigenfrequencies such that σ = O(ΩMD/MS). Let us first write Eq. 3.21 for
F (σ) correct to order (MD/MS)

2. Because of the smallness of σ the last two terms may
be dropped. In addition, to the order we are working, κ3 may be replaced by Ω3 in the
third term which may then be combined with the second term. Eq. 3.21 then gives

F (σ) =
∫ r1

r0

Σ

r5Ω2
dr − 2σ

∫ r1

r0

Σ(κ − Ω)

r5Ω3(κ − Ω − σ)
dr (3.22)

After substituting this expression for F (σ) and Eq. 3.18 for µ2, together with Kepler’s law
where it may be used consistently, in the dispersion relation 3.17, we obtain an equation
for σ, in the form Z(σ, 1) = 0, where

Z(σ, ε) = σ2 +
∫ r1

r0

πGΣ

r2

(

1 − Ω2
K

Ω2

)

dr + 2εσ
∫ r1

r0

πGΣ

r2Ω

(κ − Ω)

(κ − Ω − σ)
dr

and ε is a real parameter, introduced for convenience, such that 0 < ε < 1.
We shall assume in what follows that the rotation in the disc is on average super-Keplerian,
so that the integral

∫ r1

r0

πGΣ

r2

(

1 − Ω2
K

Ω2

)

dr > 0 (3.23)

This is satisfied for the numerical models considered in this chapter. By considering the
behaviour of Z(σ, ε) in the complex σ-plane, one can establish that there are two discrete
roots of Z(σ, ε) = 0 which must either be complex conjugates or on the negative real
axis. This follows because when ε = 0 and condition 3.23 is satisfied, there is a pair of
purely imaginary roots. In addition, all unstable disturbances must rotate in a prograde
sense, so that as ε is increased the only way the roots can become real is by moving onto
the negative real axis. By inspection of the form of Z, the roots cannot move from there
through the origin and onto the positive real axis although they might become complex
conjugates again. Hence we conclude that there are either two negative real roots or a
complex pair. To establish that there is a complex pair it is sufficient to show that on the
negative real axis

σ2 > −
∫ r1

r0

πGΣ

r2

(

1 − Ω2
K

Ω2

)

dr − 2σ
∫ r1

r0

πGΣ

r2Ω

(κ − Ω)

(κ − Ω − σ)
dr

Because the second term on the right hand side of the above inequality is increased in
magnitude if σ is replaced by zero in the denominator, it is sufficient to demonstrate
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that the inequality holds if that replacement is made. This stronger inequality will be
guaranteed if the roots of the quadratic

σ2 +
∫ r1

r0

πGΣ

r2

(

1 − Ω2
K

Ω2

)

dr + 2σ
∫ r1

r0

πGΣ

r2Ω
dr = 0

are complex, or equivalently if

[∫ r1

r0

πGΣ

r2Ω
dr
]2

<
∫ r1

r0

πGΣ

r2

(

1 − Ω2
K

Ω2

)

dr

In terms of the disc mass this may be written more compactly as:

MS >
1

2

[

∫ MD

0

1

r3/2
dM

]2 [
∫ MD

0

1

r3

(

1 − Ω2
K

Ω2

)

dM

]−1

If this condition is satisfied only a weak instability remains, the eigenfrequency approxi-
mately being given by one of the roots of the above quadratic. These roots tend to zero
in modulus as the disc mass approaches zero and we attain the strict Keplerian limit. In
fact for small MD these roots owe their existence to the fact that, because we neglected
self-gravity and pressure when treating the perturbations, we must suppose there is a
fixed background potential maintaining the equilibrium. Then the system is not invari-
ant to a uniform translation and does not have zero frequency modes corresponding to
this. Instead there are the above two low frequency roots. These can make the disc more
unstable when self-gravity is removed as observed in our calculations. However, when we
approach the strict Keplerian limit self-consistency is regained and the two low frequency
roots coalesce at zero.

3.3.5 The strict Keplerian limit MS/MD → ∞

Here we consider the limit MD → 0 in which the disc is in strict Keplerian rotation. In
this limit the exact dispersion relation is found from Eq. 3.17 after substituting Eqs. 3.21
and 3.18 and setting Ω = κ = ΩK. After some simple reduction, we obtain

∫ r1

r0

πG

r(Ω + σ)

d

dr

(

1

ζ

)

dr −
∫ r1

r0

2πGΣ

r2Ω(2Ω + σ)
dr = 1 (3.24)

This dispersion relation applies in the strict Keplerian limit where there is gravitational
attraction between the disc material and the central star but none amongst the constituent
disc matter and no pressure. It is very similar to that obtained for longitudinal plasma
oscillations (Clemmow and Dougherty 1969). In this case the first term has a resonant
denominator associated with corotation, while the second term has one associated with an
outer Lindblad resonance. These must be handled with the standard Landau prescription
which assumes σ has an infinitesimal negative imaginary part so that

1

(σ + z)
≡ P

(

1

σ + z

)

+ πiδ(σ + z)

where P denotes that the principal value is to be taken when integrals are done. It is
easily seen on order of magnitude grounds that when Σ → 0, but Σ and its derivative are
smooth functions of r, the above dispersion relation cannot be satisfied for any value of
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σ corresponding to an unstable mode. However, surprisingly enough, if Σ varies rapidly
there can be unstable modes. To see this we shall consider the simple case of a ring which
is such that when corotation is inside it there is no outer Lindblad resonance, so that this
may be treated as if it was non resonant.
In this case there can be a point of marginal stability if corotation is situated at an
extremum of the inverse vortensity ζ−1, where Ω = Ω0 and dζ−1/dr = 0 Then setting
σ = −Ω0, the dispersion equation 3.24 requires that

D0 =
∫ r1

r0

πG

r(Ω − Ω0)

d

dr

(

1

ζ

)

dr −
∫ r1

r0

2πGΣ

r2Ω(2Ω − Ω0)
dr − 1 = 0

This can be satisfied if there is a maximum of inverse vortensity when Ω = Ω0 such that
d2ζ−1/dr2 is negative and large in magnitude. Because the disc mass is very small the
surface density is required to vary on a short length scale. The existence of instabilities
follows by application of perturbation theory to the case when D0 is not zero but small.
Setting σ = −Ω0 + δσ, we find after applying the Landau prescription and perturbation
theory in the same way that was done in Papaloizou and Lin (1989), Papaloizou and
Savonije (1991), that

δσ = D0

[

iπ2G

rΩ′|Ω′|
d2

dr2

(

1

ζ

)

+ P
∫ r1

r0

πG

r(Ω − Ω0)2

d

dr

(

1

ζ

)

dr

−
∫ r1

r0

2πGΣ

r2Ω(2Ω − Ω0)2
dr

]−1

the imaginary term being evaluated at the location where Ω = Ω0. Thus instability is
guaranteed for one sign of D0. These instabilities are of the type alluded to in Papaloizou
and Savonije (1991) as being associated with extrema in the vortensity. From the above
analysis we see that neither internal disc self-gravity nor pressure is required for these
instabilities, the interaction with the central object being sufficient. However, once the
disc self-gravity and pressure are included they cannot be ignored for very small scale
wavelike disturbances or features in the equilibrium, even though the disc mass be small.
But there is stability to long wavelength modes such as those found when the disc mass
is significant.

When self-gravity and pressure are included self consistently in calculating the disc
response, the numerical calculations show that stability to long wavelength modes occurs
for MS/MD greater than some value of about one. The above discussion indicates stability
for MS/MD → ∞ in this case. However, for smooth displacements one can extend the
dispersion relation 3.24 for finite MD using an asymptotic expansion with small expansion
parameters GΣ/(Ω2r0), and c2/(r2

0Ω
2). One would then not expect any instability to arise

until one of these expansion parameters becomes significant, corresponding to a critical
value of MS/MD. This is in contrast to the situation when self-gravity and pressure
are neglected in the disc response. In this case the conversion of the zero frequency
translational modes into finite frequency modes may allow instability to persist at some
level for any MS/MD.
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Figure 3.1: The rotation curve Ω(r) of the equilibrium disc for a mass MS = 0.10, 0.20, 0.30,
0.40 and 0.50 of the central star

3.4 Non-linear numerical solutions

3.4.1 Numerical method

The numerical method we use can be characterized as a two-dimensional, explicit finite-
difference scheme on an Eulerian non-equidistant grid, using the flux-vector splitting
method of Van Leer (1982) to calculate the fluxes in the advection terms, and the ADI-
method of Beam and Warming (1978) to advance the equations in time. It is based on
a multi-dimensional, Second-order Alternating Direction Implicit/Explicit hydro-code, or
SADIE for short. For details see Arnold (1985), Mair et al. (1988) and Müller et al. (1989).
The program has been tested successfully by performing the test calculations suggested
by Woodward and Colella (1984). Of the various hydro-codes tested in Woodward and
Colella (1984) only their PPM-code gave results superior to SADIE. For the results of the
test calculations see Arnold (1985).
The original code was modified to deal with problems in cylindrical coordinates and han-
dle self-gravity of the disc. We use a cylindrical grid with 100 zones in the radial and
64 zones in the azimuthal direction, to integrate the set of Eqs. 3.3. The computational
grid is equally spaced in ϕ, while the zone centers of the radial grid are distributed to
be equally spaced in r1/2, such that the zones are more closely packed near the centre.
Due to the explicit nature of the difference scheme, the maximum timestep ∆t we can
take to integrate the numerical equations is limited by the well-known Courant-Friedrich-
Lewy condition. In our simulations we took ∆t = 0.80∆tCFL. Furthermore, the disc’s



3.4 Non-linear numerical solutions 43

gravitational potential Φ given by Eq. 3.5 was solved by evaluating the sum of the contri-
butions from each computational cell, using a fast Fourier transform in azimuth (applying
the convolution theorem to separate the fixed geometrical terms in the Poisson integral),
coupled with a direct summation over all radial annuli.

We introduce units in which the gravitational constant G, the outer radius of the disc
r1, and the total mass of the system (disc plus central star) M = MD + MS are all equal
to unity. In these units the dynamical time scale at the disc’s outer boundary is slightly
less than 2π in all our models.

3.4.2 Initial conditions

We start our numerical calculations with an axisymmetric stationary disc, centered at the
star (r = 0), with a surface density profile which tails off to small values at both its inner
and outer edge:

Σ(r) = Σ0 (r − r0 + 0.05)2 (r1 − r + 0.05)5/2 (3.25)

where Σ0 is a normalization constant and r0 and r1 are the inner and outer disc boundary
radii. For a given value of MS we determine Σ0 in Eq. 3.25 by requiring the total system
mass to equal unity. In all our models we truncate the disc at a non-negligible inner radius
r0 = 0.10 to keep the computing time within reasonable limits. The angular velocity Ω(r)
of the gas in the axisymmetric disc is determined by the equilibrium condition:

Ω2r =
c2

Σ

dΣ

dr
+

GMS

r2
+

dΦ

dr

where the centrifugal acceleration is balanced by the combined acceleration due to the
pressure gradient, the gravitational attraction of the central star, and that of the disc.
Fig. 3.1 shows the rotation curve Ω(r) of the equilibrium disc for five different values of
the stellar mass considered below. Dynamically stable equilibrium models could only be
obtained for a narrow range of the polytropic constant K. We have adopted K = 0.3 for
all our models whereby the Toomre stability parameter Q (Toomre 1977) is everywhere
larger than unity with large values at the inner disc boundary and values ranging from
4 to 4.5 at the outer boundary. The minimum Q-value is attained near the density
maximum at r = 0.5 with values ranging from slightly above unity for MS = 0.1 to 1.35
for MS = 0.5. Hence, in terms of the WKB-approximation, the initial discs are stable
against small axisymmetric perturbations.

Before actually starting our numerical calculations we introduced a small m = 1
perturbation by changing the disc’s surface density according to:

Σ(r, ϕ) = Σ(r)

(

1 + 10−3 sin

(

π(r − r0)

r1 − r0

)

cos ϕ

)

where Σ(r) is given by Eq. 3.25. The m = 1 perturbation shifts the disc’s centre of mass
away from its geometrical centre and, because no external forces are supposed to act on
the system, the central star must be shifted correspondingly so as to keep the system’s
centre of mass invariant. Conservation of momentum of the star/disc system therefore
determines the position vector of the central star, relative to the COM as:

R = − 1

MS

∫ r1

r0

∫ 2π

0
Σ(r, ϕ) r dr dϕ (3.26)
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which vanishes for an axisymmetric density distribution in the disc.
We followed the non-linear evolution of the slightly perturbed disc by solving Eq. 3.3

as an initial value problem with help of the method described in § 3.4.1 The position of
the star can be determined either by Eq. 3.26, or by explicitly calculating the forces acting
on the star and integrating its equation of motion. If one adopts a density profile, like
the one given by Eq. 3.25, which tails off to zero at both boundaries of the disc, the two
methods yield similar results for the motion of the star. This shows that no (significant)
spurious forces are introduced at the (rigid) boundaries when the disc gets distorted. We
also carried out test calculations in the stellar frame of reference. In this non-inertial
frame, the equation of motion of the gas has to be corrected for the acceleration of the
star. Again we obtained very similar results.

We define the amplitude of the disc’s response for different azimuthal wave numbers
m, as |am|, where

am(r) =
1

2π

∫ 2π

0
Σ(r, ϕ) e−imϕ dϕ (3.27)

The relative amplitude Am = |am|/|a0| as a function of time then provides a measure of
the growth rate γ (= d lnAm/dt) of the disturbance. The phase angle

φm = arctan

(

Im(−am)

Re(am)

)

(3.28)

of Fourier component m as a function of time is used to calculate the pattern speed
Ωp = φ̇m/m of the disturbance.

3.4.3 The motion of the star in the potential field of the disc

In conjunction with Eq. 3.3 we integrated numerically the standard equation of motion
for the star in its trajectory about the COM:

R̈ = −∇Φ

with the potential gradient due to the surrounding disc being evaluated at the star’s
location. Figs. 3.2a–e show the resulting stellar trajectories for MS = 0.1, 0.2, ... 0.5. In
all cases, except for MS = 0.5, the system appears very unstable whereby the star moves
exponentially away from the COM along a spiral-like trajectory until it approaches the
inner disc boundary and the calculations had to be stopped for numerical reasons. The
motion of the star away from the COM slows down when the stellar mass is increased.
This can be explained as follows. As noted above, a slightly displaced central object with
negligible mass immediately falls down from the maximum of the (fixed) potential of the
disc. However, for non-negligible stellar mass the potential of the disc is no longer fixed,
because the disc’s density distribution responds to the displaced stellar mass. Because
the response in the disc develops a density maximum on the side opposite to the star,
its gravitational force tends to pull the displaced star back to the COM. However, the
azimuthal component of the disc’s gravitational force on the star causes the star to absorb
angular momentum from the disturbance. The associated centrifugal force tends to drive
the star away from the COM. It then depends on the efficiency of angular momentum
exchange between the star and the disc whether the star actually manages to spiral away
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from the COM. For MS < 0.5 the corotation point (Ωgas = ΩS) in the disc settles in
the region just inside the disc’s outer boundary. This situation appears to give rise to
the required efficient angular momentum exchange, whereby the star spirals out from the
COM.

For the cases in which MS ≥ 0.3 the picture is complicated by the fact that the star
first falls back to the COM as the initial density perturbation in the disc is smeared out
by the differential rotation. This causes ΩS to change sign as the star approaches the
COM very closely before it swings back to larger radii as the m = 1 disc response gains
strength.

The unstable nature of the star/disc interaction cuts off for stars with MS ≥ 0.5.
For increasing stellar mass MS the stellar angular velocity about the COM decreases,
whereby the corotation point shifts towards the disc’s outer boundary. For MS = 0.5
the corotation point hovers around the disc’s outer boundary and amplification of the
mode is weak and occurs only intermittently. For still larger stellar masses the instability
vanishes completely. It appears that these more heavy stars cannot tap the disc’s angular
momentum at a rate sufficient to maintain an angular speed which keeps the corotation
point inside the outer disc boundary. Once the corotation point falls outside the disc the
efficiency of the angular momentum exchange between the star and the disc drops, so that
the instability cannot be maintained.

3.4.4 Growth rates and pattern speeds of unstable modes for a central star

shifted away from the COM

The pattern speeds Ωp of the emerging m = 1 modes appear indeed to be similar or equal
(except for MS = 0.5) to the angular velocity ΩS of the star along its trajectory about
the COM. This can be seen by comparing the panels on the right in Fig. 3.2, which show
log(rS) and ΩS = ϕ̇S as a function of time, and Table 3.1, which shows the growth rates γ
and pattern speeds Ωp of the unstable m = 1 modes. Note that the large growth rate of
the instability precludes an accurate determination of the m = 1 pattern speeds, so that
the values listed in Table 3.1 are only approximate. For stellar masses MS = 0.1–0.3 the
angular velocity of the star with respect to the COM stabilizes at a value of about 1.3
which coincides with that of disc gas near the outer boundary.
In Fig. 3.3 we have plotted ℘m(r, ϕ) = |am(r)| cos (mϕ − φm(r)) (where am and φm are
defined by Eqs. 3.27 and 3.28) as a function of time for different values of m to see the
evolution of the disc’s response. Fig. 3.3a shows the development of the m = 1 disturbance
in the disc for a stellar mass MS = 0.1. Near r = 0.5, where Σ reaches its maximum, a
density disturbance appears which allows the star to spiral out in an exponential way in a
fraction of the cycle time of the rapidly growing m = 1 response (γ/Ωp ' 2.5 ). Fig. 3.3b
shows the development of the m = 1 disturbance in the disc for a stellar mass MS = 0.3.
It can be seen that the initial density perturbation is smeared out and gives way to a more
or less rigidly rotating modal pattern with Ωp ' 1.3. Although we started the calculations
with a pure m = 1 perturbation, non-linear effects generate disturbances with azimuthal
index m = 2, 3 etc. The non-linearly generated m = 2 disturbances or modes have the
same pattern speeds but grow even faster than the original m = 1 modes (see Table 3.1).
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b
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d

e

Figure 3.2: The trajectory of the star about the COM (with time indicated in the figure), the
distance (ln rS) to the COM and the star’s angular velocity ΩS about the COM, as a function of
time. The mass of the star MS is 0.10 (a), 0.20 (b), 0.30 (c), 0.40 (d) and 0.50 (e), respectively.

Note that, once the central star is displaced from the COM, m = 2 disturbances with
pattern speeds identical to the original m = 1 mode are produced naturally by non-linear
forcing. However, because the m = 2 modes start with much smaller amplitudes they
have no time to outgrow the m = 1 modes and remain much weaker.

For MS = 0.3 we carried out a calculation in which the equilibrium disc was perturbed
with an equal mixture of m = 1 and m = 2 disturbances, each with half the amplitude
of the m = 1 disturbance as applied in our earlier calculations. The time evolution of
the star and of the corresponding m = 1 mode appeared almost identical to the case
described above. The m = 2 mode evolved independently with a smaller but similar
growth rate as the m = 1 mode, but with a pattern speed Ωp ' 3.5. However, note that
there is an ILR and an OLR and hence short wavelength wave modes are involved in this
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a

b

Figure 3.3: The response of the disc ℘m(r, ϕ) = |am| cos(mϕ−φm(r)). am and φm are defined
by Eqs. 3.27 and 3.28 as function of dimensionless time (given at upper left of each subfigure).
The equidistant contours of constant ℘m(r, ϕ) are between 0.0 and the maximum value, indicated
at the upper right of each subfigure. In these figures the zero contour is the one that intersects
the outer disc boundary. The dot on the outer disc boundary defines the azimuthal position of
the displaced star (which is of course situated inside the inner radius of the disc).
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c

d

Figure 3.3: (continued)
a) m = 1 response for MS = 0.1 (initial m = 1 perturbation)
b) the same as (a) for MS = 0.3
c) m = 2 mode for MS = 0.3 (initial m = 1 + m = 2 perturbation)
d) m = 1 mode for MS = 0.1 (initial m = 1 perturbation with the star fixed at the centre of

the disc, see § 3.4.8)
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Table 3.1: Characteristics of the unstable modes. The upper panel refers to the m = 1 modes,
the lower panel to the non-linearly induced m = 2 modes. Shown are the growth rates γ, pattern
speeds Ωp, the position of: corotation circle rc, ILR, OLR, and the evanescent region EV around
corotation (all in the WKB-approximation).

MS m γ Ωp rc rILR rOLR EV
0.1 1 1.9 1.3 0.9 - - all disc
0.2 1 1.3 1.4 0.9 - - all disc
0.3 1 0.8 1.3 0.9 - - all disc
0.4 1 0.4 1.1 1.0 - - all disc
0.5 1 0.1 1.0 ≥ 1.0 - - all disc
0.1 2 3.2 1.3 0.9 0.23 - r > 0.46
0.2 2 2.2 1.4 0.9 0.29 - r > 0.41
0.3 2 1.2 1.3 0.9 0.35 - r > 0.44
0.4 2 0.9 1.1 1.0 0.38 - r > 0.52
0.5 2 0.5 1.0 ≥ 1.0 0.44 - r > 0.60

case. We remark that in these 2 dimensional calculations, we did not take into account
refraction effects (§ 3.1.1) which may significantly obstruct the growth of such m = 2
modes. Fig. 3.3c shows the development of the m = 2 mode, with its well-defined pattern
speed and characteristic arc-like structure near the inner boundary (e.g. Papaloizou and
Savonije 1991). Its corotation point lies near r = 0.3 and the ILR and OLR near r = 0.2
and r = 0.5, respectively. The Q-barrier extends from about 0.2 to 0.4. Presumably,
the mode is self-amplifying by tunneling of wave action through the Q-barrier around
corotation. The minimum in the vortensity distribution lies near r = 0.5.

For the unstable cases (MS < 0.5) the calculations had to be terminated once the
orbital radius of the star approached r0 because in some places near the inner boundary
the surface density became zero. Just before that, typical maximum values of f(r) = 3
to 4 were reached near the inner boundary, with f(r) = (Σmax − Σmin)/<Σ> and where,
for a given r the extrema and averaging were obtained over azimuth. For a stellar mass
MS = 0.5 we found a maximum value of f(0.6) ' 6 in the disc just before the calculations
broke down.

We summarize in Fig. 3.4 the obtained growth rate of the m = 1 modes as a function
of stellar mass MS, normalized to the limiting value µ (Eq. 3.18). It can be seen that
for MS → 0 the growth rate tends indeed to unity (§ 3.3.2), while it becomes small when
MS → MD. Our numerical calculations indicate that for all stellar masses MS < 0.5
the disc’s response exhibits large growth rates in spite of the fact that it is evanescent
throughout the disc. Apparently, the amplification of the disc’s response is not caused by
the tunneling of wave action through the corotation region, but by the interaction with
the motion of the central star.
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Figure 3.4: The growth rate of the disc’s m = 1 response, normalized to µ (Eq. 3.18), as
function of the stellar mass MS. For MS → 0 the instability approaches that of an infinitesimal
test mass at the centre of a rigid ring.

3.4.5 Growth rates and pattern speeds of m = 1 modes when self-gravity of

the disturbances is ignored

We carried out test calculations in which, for the purpose of calculating the motion of
the disc matter, the gravitational potential of the disc was calculated for the initial equi-
librium model and then held fixed. However, the equation of motion of the star was
integrated using the current gravitational potential of the non equilibrium disc. The lack
of importance of a wavelike response in the disc is confirmed by the fact that the instabil-
ity remains and even extends to higher stellar masses. The more unstable nature of these
models can be understood in terms of conversion of the simple zero frequency translational
modes of the system to finite frequency modes associated with sloshing to and fro in the
fixed background potential (§ 3.3.3 and 3.3.4) required to provide the initial equilibrium.
Table 3.2 shows the growth rates and pattern speeds of the m = 1 modes found for this
case. The instability appears indeed stronger in comparison to the case where self-gravity
was taken into account consistently (except for MS = 0.1) and extends to large values of
MS/MD. For MS ≥ 0.7 the growth rates listed in Table 3.2 apply to the initial stage of
evolution. After a certain time (t ' 20 for MS = 0.7 to t ' 40 for MS = 0.9) the growth
disappeared (or became very small). Thereby the star (for MS ≥ 0.7) manages to spiral
out from the COM to a certain limiting radius only. This limiting radius decreases with
MS, for MS = 0.9 it is reduced to 0.005.
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Table 3.2: Growth rates γ, pattern speeds Ωp and corotation radii rc of unstable m = 1
disturbances in case the self-gravity of the disturbances is ignored. For MS ≥ 0.7 the listed
growth rates apply to the initial evolution phase only, see text.

MS γ Ωp rc MS γ Ωp rc

0.1 1.3 1.2 1.0 0.6 0.4 2.0 0.6
0.2 1.3 1.5 0.6 0.7 0.3 1.8 0.7
0.3 1.1 1.7 0.6 0.8 0.2 1.7 0.7
0.4 0.9 1.8 0.6 0.9 0.2 1.6 0.7
0.5 0.7 2.0 0.6

Table 3.3: Growth rates γ and pattern speeds Ωp of unstable modes in case the central star is
fixed at the COM. On the left we show the values for m = 1 and on the right for the non-linearly
induced m = 2 modes.

MS γ(m = 1) Ωp(m = 1) γ(m = 2) Ωp(m = 2)
0.1 0.5 3.5 1.1 3.5
0.2 0.4 3.6 0.7 3.6

3.4.6 Growth rates and pattern speeds of unstable modes for a central star

fixed at COM

We also performed test calculations for which we kept the star fixed at the COM, disabling
the previously discussed instability mechanism. As expected, the growth rates of the
m = 1 modes are found to be much smaller than for the case with a moving star, except
for the more massive stars with MS = 0.4 and 0.5 for which the instabilities connected
with the moving central star are weak. Table 3.3 shows the growth rates and pattern
speeds for m = 1 and m = 2 modes (generated by non-linear interactions) for this case.
For MS = 0.1 and 0.2 the most unstable m = 1 mode appears to have a pattern speed
Ωp = 3.5, much larger than in the case with a moving star, but similar to the pattern speed
of the m = 2 mode described in the previous paragraph. For this higher frequency the
m = 1 response is partly wavelike, whereby the mode has an OLR in the disc. However,
it cannot be unstable due to the mechanism proposed by Shu et al. (1990) because the
central star is now fixed at the COM. Presumably these modes are amplified by tunneling
of wave action through the evanescent region around corotation and/or inverse Landau
damping. For stars more massive than 0.2 no persistent global pattern speed is observed.
Initially a pattern with Ωp ' 3.5 appears but the pattern speed becomes irregular and
tends to evolve to a state with Ωp ' 0.5. Fig. 3.3d shows the development of the m = 1
mode in the disc around a fixed star with MS = 0.1.
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3.5 Discussion

In this chapter we have presented time evolution calculations of a disc orbiting a central
star which is unstable to m = 1 modes. The instability occurs because the motion of
the central star in the potential field of the disc is unstable. The motion of the star
induces a response in the disc which, although it is evanescent, carries negative angular
momentum. This in turn forces the star to pick up prograde angular momentum. When
the central mass is small, this effect is insignificant and the star plummets almost radially
towards the inner edge of the disc. As the mass of the central star increases, to become
comparable to the disc mass, the angular momentum transfer increases in importance and
the star moves in a spiral orbit. For large central masses (MS ≥ MD) the system becomes
stable. However, when modes with m = 1 are unstable, modes with other values of m
are also unstable with similar growth rates. The behaviour exhibited in the non-linear
calculations then depends on the initial conditions.

We have found no evidence in any of our calculations for m = 1 modes of the type
reported by Adams et al. (1989). None of our m = 1 modes, calculated when the central
star is allowed to move, have outer Lindblad resonances in the disc as exhibited by the
modes of Adams et al. (1989) Curiously, we were able to obtain m = 1 modes with outer
Lindblad resonances when the central star was fixed at the COM. However, these modes
cannot be unstable through the mechanism proposed by Shu et al. (1990) precisely because
the central star has been fixed. Instead they can be destabilized either by tunneling of
wave action through the evanescent region around corotation (and) or by the effect of
the corotation resonance. The discrepancy between our results and those of Adams et
al. (1989) can be explained by the fact that the latter, working in the non-inertial frame
comoving with the star, did not fully incorporate the ‘indirect’ potential, as they state
in a note added in proof. They neglected the contribution from the distorted outer
disc boundary (the ’edge-effect’) which is important when the surface density does not
tail off to zero there. In the later WKB-analysis by Shu et al. (1990) it is stated, in
accordance with one’s expectations from the analysis, that for the correct value (unity)
of their parameter C (which is introduced as a multiplicative factor of above mentioned
contribution) their reported m = 1 instabilities become at best weak.

For numerical convenience we have assumed a gap to exist between the central object
and the surrounding disc. It is of interest to know what will happen when the disc extends
all the way to the surface of the central object. Unfortunately, this situation is much
more complex and the solution cannot be generalized from our calculations. Obviously,
the limiting case MS → 0 would be stable under these circumstances, because a negligible
mass cannot move outwards into the disc. A sufficiently massive central condensation,
which is able to withstand (by its self-gravity) collisions with disc matter may be able to
move out from the COM. It may accrete part of the surrounding disc material. But the
colliding gas in the disc would heat up considerably (heating the central condensation)
and this may also give rise to evaporation and probably mass ejection from the system
(bipolar outflow?). The lower limit on MS for instability required by these effects is
presumably less than the critical mass Mc ' 0.5 found in our numerical calculations, so
that also in the case without a gap dynamical instabilities may occur if the conditions are
suitable. An important issue is whether global m = 1 or possibly m = 2 modes could lead
to fragmentation of the disc and subsequent binary star formations. From our particular
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model calculations it is apparent that this can only occur through an m = 1 mode under
carefully controlled conditions. A better understanding of these processes would require
calculations in which the star/disc collision and dissipation are taken into account.
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On the radial velocity variations in Be stars

G.J. Savonije and M.H.M. Heemskerk
Astronomy & Astrophysics 276, 409 (1993)

Abstract

We present the results of numerical calculations of low frequency one-armed density waves
in a nearly Keplerian disc about a rotationally deformed Be star. For plausible values for
the Be star’s rotational flattening and for the disc’s characteristic temperature we find
slowly precessing (prograde) one-armed modes with periods in the range of the observed
V/R variations. Furthermore, these modes are naturally confined to a few stellar radii
about the central star, like the observed cyclic V/R variations, and may well be the cause
of these variations.

4.1 Introduction

Many of the well observed Be stars are known to exhibit cyclic variations in the relative
intensity of the double peaked Balmer emission line profiles, the so called V(iolet)/R(ed)
ratio. These spectroscopic variations occur in a region of a few stellar radii about the
central star. Recent summaries of the relevant observations can be found in e.g. Dachs
(1987) or Kogure and Suzuki (1987) and the many references therein. The cycle times
involved are typically of order 10 years, being about a factor of 104 times the stellar
rotation period. The whole line profile shifts redward when the blue component is stronger
and blueward when the red component is stronger (McLaughlin 1962). Huang (1984)
suggested that the periodicity arises from the apsidal motion of material in an elliptical
orbit, but one cannot easily explain the phase differences in the V/R ratio amongst
different Balmer lines observed in some Be stars in terms of such a configuration (Kogure
and Suzuki 1984, 1987).

In order to circumvent this difficulty, Okazaki (1991) has constructed a model first
suggested by Kato (1983) in which a one-armed (m = 1) mode is excited in the disc.
Along the slowly rotating disturbance pattern there might then be different formation
sites for the lines, so allowing phase differences during the V/R cycle. However, Okazaki
considered the disc material to move in a point mass potential in which an elliptical particle
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orbit does not precess. Modal precession has to result from pressure forces in the disc
which may produce periods of the required order of magnitude, but that depends on the
precise location of the outer disc boundary and details of the disc structure. Furthermore,
the modes precess retrograde and can propagate throughout the disc, so that they are
generally less confined to the disc’s inner regions.

Papaloizou, Savonije and Henrichs (PSH 1992) took into account the deviations from a
point mass potential for the rotationally flattened Be star. Deviation from a 1/r potential
causes elliptical particle orbits about the centre to precess. When the deformed star is
surrounded by a thin, nearly Keplerian gaseous disc the precession can manifest itself as a
m = 1 mode with low pattern speed. PSH showed that if the disc is sufficiently cool that
pressure effects on the m = 1 mode are weak, the mode is prograde and its precession
frequency must equal the free particle precession frequency at the turning point beyond
which the mode becomes evanescent. In this way the one-armed mode, and with it the
V/R variation, is naturally confined to the inner region of the disc. This confinement
makes these prograde one-armed modes rather insensitive to the detailed structure and
size of the disc, so that the precession period is virtually independent of the actual disc
size. For plausible parameters of the Be star system the typical precession periods turned
out to be of the right order of magnitude to explain the observed periodicities.

In this chapter we will study the character of low frequency m = 1 modes in a nearly
Keplerian disc about a rotationally deformed central star in more detail, by actually
solving the hydrodynamic equations governing linear density waves. First, in § 4.2, we will
briefly review the results obtained by PSH. In § 4.3 we will discuss the basic hydrodynamic
equations, while in § 4.4 we describe the numerical solution method. Finally, in § 4.5, we
present our numerical results.

4.2 Dispersion relation: prograde and retrograde character of

low frequency m = 1 modes

As derived in PSH, we can approximate the external gravitational potential Ψ in the
equatorial plane of the rotationally deformed Be star assuming uniform rotation and
retaining only the monopole and quadrupole terms:

Ψ = −GM

r
− k2Ω

2
SR

5

3r3
(4.1)

where r is the radial coordinate centered at the centre of the Be star, ΩS is the rotational
angular velocity of the Be star, M its mass, R its radius and k2 its apsidal motion constant
(Schwarzschild 1958). In a nearly Keplerian gaseous disc about a rotationally distorted
central star the precession can manifest itself as a low frequency m = 1 mode. In the
limit of low frequency, ω � Ω, the local dispersion relation for one-armed (m = 1) modes
can be written as (PSH):

ω = Ωp −
c2k2

r

2Ω
(4.2)

where ω is the frequency of the mode, Ωp the free particle precession frequency given
approximately by:

Ωp ' k2Ω
2
SR

5

Ωr5
(4.3)
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Ω is the angular speed of gas in the disc, kr the mode’s radial wavenumber and c the
local speed of sound. It follows that such modes can only propagate if ω − Ωp ≤ 0. For
small values of Ωp and or for large values of (ckr)

2 the frequency of m = 1 modes becomes
negative which corresponds to a retrograde mode. Without the quadrupole contribution
to the external potential all low frequency m = 1 modes thus have a retrograde character
(as found by Okazaki 1991), and they can propagate throughout the disc.

However, because Ωp is in fact positive and decreases with r, the propagation region
for prograde m = 1 modes (with positive ω) lies between the stellar surface and a turn-
ing point where ω = Ωp, i.e. where the pattern frequency equals the local free particle
precession frequency. Beyond the turning point the slowly precessing prograde modes
are evanescent and their amplitudes decay exponentially outwards. If the density per-
turbation corresponding to such a slowly precessing prograde m = 1 mode is responsible
for the V/R variations of the double peaked Balmer lines, this would provide a natural
explanation for the fact that these variations only occur in a limited region about the Be
star. According to Eq. 4.2 prograde low frequency m = 1 modes may be found for small
values of kr, i.e. among the fundamental mode and perhaps its first harmonics in cool
discs.

4.3 Basic equations for linear density waves

We consider a thin differentially rotating disc of compressible, inviscid gas in cylindrical
coordinates (r, ϕ, z) centered at the Be star, whereby z = 0 corresponds to the disc’s
midplane. We assume hydrostatic equilibrium in the z direction and ignore the disc’s
vertical structure by integrating all quantities over z. The gas in the disc is assumed to
obey a polytropic relation:

P = KΣγ

where P is the z-integrated pressure, γ is the polytropic index which is adopted to be
unity in this chapter, K is a constant and Σ is the surface density (g/cm2). We can define
a local sound speed c in the plane of the disc: c2 = dP/dΣ = γKΣγ−1, which equals K
for γ = 1. By choosing K sufficiently small we can take care that the disc is geometrically
thin. The two equations of motion and the equation of continuity can then be written as:

∂vr

∂t
+ vr

∂vr

∂r
+

vϕ

r

∂vr

∂ϕ
− v2

ϕ

r
= − 1

Σ

∂P

∂r
− ∂Ψ

∂r
(4.4)

∂vϕ

∂t
+ vr

∂vϕ

∂r
+

vϕ

r

∂vϕ

∂ϕ
+

vrvϕ

r
= − 1

Σr

∂P

∂ϕ
(4.5)

∂Σ

∂t
+

1

r

∂(Σrvr)

∂r
+

1

r

∂(Σvϕ)

∂ϕ
= 0 (4.6)

where Ψ is given by Eq. 4.1 and v = (vr, vϕ) the velocity in the plane of the disc.
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4.3.1 Perturbation equations

We perturb the equilibrium disc slightly and write:

vr = v′
r(r, ϕ, t)

vϕ = rΩ(r) + v′
ϕ(r, ϕ, t)

Σ = Σ(r) + Σ′(r, ϕ, t)

P = P (r) + c2Σ′(r, ϕ, t)

where the perturbed quantities describe the presence of the m = 1 mode. Substituting
these perturbed variables into Eqs. 4.4–4.6, we obtain by neglecting all terms of order
higher than one and separating the ϕ and t dependence of the perturbed quantities as
ei(ϕ−σt), where σ is the frequency of an m = 1 mode (Savonije and Heemskerk 1990):

i(σ − Ω)v′
r + 2Ωv′

ϕ =
d

dr
(
c2Σ′

Σ
) (4.7)

i(σ − Ω)v′
ϕ − 1

r

d

dr
(r2Ω)v′

r = i
mc2Σ′

rΣ
(4.8)

i(σ − Ω)Σ′ − 1

r

d

dr
(rΣv′

r) = i
Σv′

ϕ

r
(4.9)

Since we can divide out the ei(ϕ−σt) factor, the three unknowns v′
r, v′

ϕ and Σ′ can be
considered functions of r alone. The three linear first order ordinary differential Eqs. 4.7–
4.9 can now be solved by numerical integration over r, after prescribing suitable boundary
conditions.

4.4 Numerical solution method

For a numerical solution of the eigenfunctions v′
r(r), v′

ϕ(r), Σ′(r) and eigenvalues σ, we
can eliminate v′

ϕ from Eqs. 4.7–4.9:

v′
ϕ =

1

rσ
W − i

1

rσ

dh

dr
v′

r (4.10)

where W = c2Σ′/Σ, σ = σ − Ω and h = r2Ω.
Now write Eqs. 4.7 and 4.9 in terms of W and v′

r as:

dW

dr
=

2Ω

rσ
W + i

(

σ − 2Ω

rσ

dh

dr

)

v′
r (4.11)

dv′
r

dr
= i

(

σ

c2
− 1

r2σ

)

W −
(

1

r2σ

dh

dr
+

d ln Σ

dr
+

1

r

)

v′
r (4.12)

and solve Eqs. 4.11–4.12 in the complex unknowns W (r), v ′
r(r) and σ with help of a fourth

order Runge-Kutta shooting method, e.g. Press et al. (1986).
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4.4.1 Boundary conditions

We have adopted v′
r = 0 at the inner boundary of the disc which, except for a thin

boundary layer where the pressure becomes dominant, coincides with the surface of the
central star. At the outer disc boundary, we take the Lagrangian pressure perturbation
δP = 0. The latter condition gives a relation between v ′

r and W at the outer disc
boundary:

v′
r = i(σ − Ω)W / (c2 d lnΣ

dr
)

We then integrate Eqs. 4.11–4.12 from both boundaries (arbitrarily setting W = 1 at
both inner and outer boundary) up to some conveniently chosen fitting point in the disc
and correct σ until the ratio W/v′

r at both sides of the fitting point match. By scaling
the solution outside the fitting point such that at this point W and v ′

r match separately,
we will have obtained the eigenfunction and eigenvalue σ under the required boundary
conditions.

For neutral modes Im (σ) is zero, but this gives not rise to a singularity because the
corotation point, where σ−Ω = 0, lies far outside the disc and is therefore not encountered
during the integrations.

4.4.2 Equilibrium disc model

The coefficients appearing in Eqs. 4.11–4.12 are obtained from the adopted equilibrium
disc model. We construct axisymmetric stationary equilibrium configurations for the disc
by adopting a profile for the surface density:

Σ(r) = Σ0r
−α (4.13)

where α is a free parameter, Σ0 is an arbitrary constant determined by a normalization
procedure, and r varies between r0 and r1. Because the disc surrounds the central Be star
we have r0 = R. For equilibrium discs with v = (0, rΩ(r)), the angular velocity Ω(r) is
defined by the condition that the gravitational acceleration −dΨ/dr due to the central
mass M is balanced by the centrifugal acceleration and the pressure gradient:

rΩ2(r) =
GM

r2

(

1 + 3k2f
2
(

R

r

)2
)

− αc2

r
(4.14)

where f is a measure of the Be star’s rotation rate defined by Ω2
S = f 2GM/R3. The

temperature or sound speed c =
√

K in the disc is determined by the adopted Mach
number M of the flow: c = rΩ(r)M−1. To first approximation the semi-thickness H of
a nearly Keplerian disc is given by H = M−1r.

4.5 Numerical results

In order to study the character of low frequency m = 1 modes we have numerically
solved Eqs. 4.11–4.12 for various values of (1) the disc’s temperature, characterized by the
Mach number M of the semi-Keplerian flow at the disc’s inner radius, (2) the rotational
deformation of the Be star, characterized by the quantity ε = k2f

2, (3) the size of the
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Figure 4.1: The scaled frequency ω0 distribution of the fundamental m = 1 modes as a function
of the rotational deformation parameter ε = k2f

2 and Mach number of the nearly Keplerian
flow at the inner disc radius. The disc’s density distribution is characterized by α = −0.5, while
the outer disc radius is 40 times the stellar radius.

disc, characterized by the ratio of outer to inner disc radius η = r1/r0 and (4) the disc’s
density distribution, characterized by the parameter α. See § 4.4.2 for the definition of
these quantities. For each set of parameter values we searched for the fundamental m = 1
mode and its first overtones requiring |σ| � 1.

It is convenient to introduce the scaled frequency ω0 = 1.976× 104 η−3/2 Re (σ). With
this frequency the (precession) period P of the m = 1 mode (in years) follows as:

P (yr) =
2π

ω0

(

R

R�

)3/2 (
M

M�

)−1/2

(4.15)

where M and R are the mass and radius of the Be star. Note that we have R = r0. We
present the basic results of our numerical calculations in Figs. 4.1–4.6 which show the
scaled frequency ω0 as a function of the disc’s Mach number M in the range 40 − 100,
and the strength of the quadrupole term of the gravitational potential ε = k2f

2 in the
range 0.002 − 0.010.

4.5.1 The fundamental m = 1 modes

Figs. 4.1 and 4.2 show the distribution of ω0 for the fundamental low-frequency m = 1
modes in discs with η = 40, i.e. with outer radius r1 = 40R and with a density distribution
characterized by α = −0.5 and α = 0.5, respectively. In agreement with the discussion
in § 4.2.2 the frequencies of the fundamental modes appear to be generally positive. The
fundamental modes thus have generally a prograde character (they precess in the same
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Figure 4.2: Same as Fig. 4.1, but now for α = 0.5.

direction as the disc’s rotation) and are expected to be confined to the inner part of the
disc.

This is corroborated by our numerical calculations: Fig. 4.3 shows the corresponding
distribution of ζ = rt/R, where rt is the radius of the turning point beyond which the
prograde m = 1 fundamental modes become evanescent in a disc with α = −0.5 and η =
40. Almost identical ζ distributions are obtained for other disc sizes and for discs with α =
0.5, except that some of the fundamental modes in the latter case have slightly negative
frequencies (only for small Mach numbers, see Fig. 4.2), so that ζ loses its meaning. It
can be seen that the (prograde) fundamental m = 1 modes are indeed very much confined
to the inner region of the disc, within a few stellar radii from the stellar surface. The
amplitudes of the calculated eigenfunctions W (r), vr(r) and vϕ(r) decay exponentially
outside the turning point. This natural confinement of the fundamental modes make
them rather insensitive to the actual disc size. Indeed, the frequency distribution of the
fundamental modes in discs with η = 20 or η = 40 are virtually identical, except again
for the lowest Mach number M = 40 for which pressure effects become important. By
comparing Figs. 4.1 and 4.2 we observe that the fundamental modes are insensitive to the
adopted density distribution in the disc. With the exception again for M ' 40 and low
values of ε, the frequencies are almost the same for both α = 0.5 and −0.5. For the lowest
Mach number and ε values the fundamental mode frequencies drop just below zero in
discs with α = 0.5, giving very long (retrograde) precession periods, outside the observed
range of V/R periodicities.
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Figure 4.3: The fractional radius ζ of the fundamental mode’s turning point in terms of the
stellar radius R as a function of the rotational deformation parameter ε = k2f

2 and Mach number
of the nearly Keplerian flow at the inner disc radius. ζ measures the size of the resonance cavity
in the disc. Note that the horizontal axes are reversed compared to the other figures.

4.5.2 The first harmonics

The dispersion relation 4.2 predicts that the higher harmonics must have smaller, and
eventually negative, frequencies. This is again corroborated by our numerical results.
Figs. 4.4 and 4.5 show the frequency distributions of the first harmonics for η = 20 and
40, both for α = −0.5. For the higher Mach numbers and large rotational deformations ε
of the Be star the modes are still prograde, whereby the mode frequencies in the smaller
and larger discs are of the same order. However, in the opposite corner of the M–ε plane
the first harmonics attain a retrograde character and depend sensitively on the disc size
and disc structure, as expected. The second and higher harmonics generally turn out
to be retrograde. All retrograde modes appear to have frequencies more negative in the
smaller discs, consistent with the dispersion relation.
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Table 4.1: The precession period (in years) of the prograde fundamental mode and its first
overtone (between parentheses) for a disc with α = −0.5 and with outer radius r1 = 40R as a
function of Mach number M = 50 − 100 and k2f

2 = 0.002 − 0.010. We have adopted a mass
M = 8M� and radius R = 5R� for the Be star.

M 50 60 70 80 90 100
k2f

2

0.010 1.7 1.0 0.7 0.6 0.5 0.4
(49.4) (70.4) (91.0) (9.6) (3.7) (2.2)

0.008 3.9 1.7 1.1 0.8 0.7 0.6
(49.9) (71.1) (95.6) (111.1) (11.1) (4.8)

0.006 37.6 4.0 2.1 1.5 1.2 1.0
(67.3) (71.9) (97.1) (125.3) (151.6) (23.6)

0.004 49.5 66.6 8.1 4.1 2.8 2.1
(98.7) (127.7) (160.4) (195.8)

0.002 50.0 72.0 98.7 125.8 44.2 15.1
(168.2) (201.9)

4.5.3 Excitation of the low frequency m = 1 modes

Because the corotation point, where the modal pattern speed equals the local angular
velocity of the gas, falls outside the disc for the low frequency modes considered here,
we do not expect the m = 1 modes to be self-amplifying. Indeed our numerical results
show that Im (σ) = 0 for the calculated modes. Self-amplification of m = 1 modes can
occur if the mass of the disc is larger than that of the central star (Heemskerk, Papaloizou
and Savonije 1992), but this does not apply to the case considered here. The proposed
m = 1 modes in discs around Be stars must therefore be externally excited, presumably
by instabilities in the central star.

4.5.4 Comparison with observations

Let us adopt typical values of M = 8M� and R = 5R� for the mass and radius of the Be
star (which would correspond to a spectral type of about B3Ve) in order to compare our
results with the typical observed values for the V/R variations in Be stars. Substituting
the adopted values for M and R, and the obtained values for ω0 of prograde m = 1 modes,
into expression 4.15 for the precession period, we obtain the results given in Table 4.1.
We have adopted α = −0.5, but the results for α = 0.5 are very similar.

For the lowest values of k2f
2 the precession frequency first decreases slightly with

increasing Mach number and then increases sharply in the range of Mach numbers con-
sidered (Table 4.1). This is related to the balance between increasing kr and decreasing
c for growing Mach number, see the dispersion relation 4.2. We deduce from Table 4.1
that the observed periods of the V/R variations in Be stars, which fall in the range 2–30
years, are reproduced by our calculations and require Mach numbers of the order 50–80
and rotational deformation effects of the Be star in the range k2f

2 ' 0.004−0.006. These
values seem very plausible for Be star systems.
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Figure 4.4: The scaled frequency ω0 distribution of the first harmonics as a function of the
rotational deformation parameter ε = k2f

2 and Mach number of the nearly Keplerian flow at
the inner disc radius. The disc’s density distribution is characterized by α = −0.5, while the
outer disc radius is 20 times the stellar radius.
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Figure 4.5: Same as Fig. 4.4, but now for a disc outer radius equal to 40 times the stellar
radius.
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4.6 Discussion

Our numerical calculations of linear one-armed density waves in nearly Keplerian discs
affirm the conclusion of PSH that inclusion of the quadrupole contribution to the external
potential of the rotationally distorted Be star provides a natural explanation for the
observed long cycle times of the spectroscopic (V/R) variations in these systems. Hereby
it is assumed that the cyclic spectroscopic variations are caused by a slowly precessing
m = 1 mode in a semi-Keplerian equatorial disc about the Be star. The low frequency
fundamental m = 1 modes appear to be prograde and confined to a region of a few
stellar radii about the central star for a wide range of disc temperatures (Mach numbers)
and deformation factors k2f

2 of the Be star. Furthermore, the calculated precession
frequencies of the prograde m = 1 modes turn out to be fairly insensitive to the size of
the disc or to the adopted density distribution.

We conclude that the observed periodicities of the V/R variations can be reproduced
by plausible values for the Mach number in the disc and the rotational deformation of the
Be star.
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Observational evidence for a prograde one-armed

density structure in the equatorial disc of a Be star

J.H. Telting, M.H.M. Heemskerk, H.F. Henrichs and G.J. Savonije
submitted to Astronomy & Astrophysics (1994)

Abstract

We discuss the implications of the observations of the Be star β1 Mon, as presented by
Cowley and Gugula (1973), for the theory of one-armed density perturbations in the
equatorial discs of Be stars. This theory aims to describe the nature of the long-term
(cycles of a few to several years) V/R variations of the Balmer and other emission lines of
these stars (Okazaki 1991, Papaloizou et al. 1992). From the observations of β1 Mon we
infer that a one-armed density structure revolved around the star in the same direction
as the nearly Keplerian orbits of the disc material. We conclude that these observations
are consistent with a model which predicts prograde precession of a one-armed density
perturbation.

5.1 Introduction

Long-term variability (time scales of 2–15 years) in the ratio of the intensity of the violet
and red peaks of the Balmer emission lines (V/R variation) is commonly observed in the
spectra of Be stars (Dachs 1987, Mennickent and Vogt 1991). Based on more than 60
years of observations of β1 Mon Cowley and Gugula (1973) concluded that the cyclic V/R
variations of this star can be explained by the presence of a non-axisymmetric envelope
which slowly rotates around the star with the period of the V/R variations (approximately
12 years). Other stars of which the long-term V/R variations have been modelled by
a non-axisymmetric flattened envelope are e.g. EWLac (Suzuki and Kogure 1985) and
HD184279 (Ballereau and Chauville 1989). Furthermore, Telting et al. (1993), Telting
and Kaper (1994) concluded that the model which best describes the V/R behaviour of
the Be star γ Cas and also its IR continuum and UV spectral variations consists of a star
surrounded by a rotating non-axisymmetric, disc-like wind, which is seen at a moderate
inclination angle.

67
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Figure 5.1: Schematic model for V/R variations in the spectra of β1 Mon. We show a pole-on
view of the equatorial disc. The curved arrow indicates the direction of the nearly Keplerian
motion of the gas in the disc. The grey areas in the disc represent the high-density part of a
one-armed oscillation of the disc. This high-density part revolves around the star in the prograde

sense on the time scale of the V/R variations of the emission lines. For four positions of the
high-density part of the one-armed perturbation we indicate the expected Hβ profile for an
observer which sees the disc (nearly) edge-on. Note that the displayed sequence of Hβ profiles
(I → II → III → IV → I) is the same as for the observed spectra of β1 Mon.

I) The gas in the high-density part of the equatorial disc moves towards the observer;
the emission lines have V>R.

II) The high-density part of the equatorial disc is in front of the star;
the emission lines have maximum shell absorption and V=R.

III) The gas in high-density part of the equatorial disc moves away from the observer;
the emission lines have V<R.

IV) The high-density part of the equatorial disc is behind the star. Since the star is partly
obscuring the extra emission the emission lines are not much different from the situation
without a one-armed perturbation;
the emission lines have V=R.

After the suggestion by Kato (1983) that low-frequency one-armed modes may occur
in semi-Keplerian non-self-gravitating discs, Okazaki (1991) considered these modes in
relation to the V/R phenomenon. He constructed semi-Keplerian disc models in which
pressure forces cause one-armed (m = 1) density waves to precess in the direction oppo-
site to the Keplerian rotation with periods in the range of the observed V/R cycle times.
By producing locally enhanced emission these slowly precessing modes may give rise to
the V/R variations. Papaloizou et al. (1992) extended the semi-Keplerian disc models
of Okazaki (1991) by including the effect of the quadrupole contribution to the external
potential of the rotationally distorted (i.e. oblate) Be-star on the modal precession. They
concluded that this effect can naturally explain the observed cycle times, rather indepen-
dent of the adopted size and structure of the disc. For not too hot discs, in which pressure
effects become dominant, the fundamental m = 1 modes (and their first overtones) pre-
cess in the same direction as the Keplerian rotation and are naturally confined to within
a few stellar radii from the Be-star (see also Savonije and Heemskerk 1993).

Studies of the observational appearance of global disc oscillations and studies of obser-
vational evidence for the occurrence of such oscillations have been presented by Hanuschik
et al. (1994), Hummel and Hanuschik (1994), Okazaki (1994). In this chapter we concen-
trate on the directional sense of the precession of the disc perturbations with respect to
the Keplerian rotation.

In the following paragraph we argue that the observations of β1 Mon favour a model
which predicts prograde revolution of a one-armed density perturbation in the disc.
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5.2 Observational discrimination between prograde and yo

retrograde precession of global disc perturbations

β Monocerotis is a visual triple system which consists of three Be stars of which β1 Mon
(HR2356, HD45725, V ≈ 4.6 mag, spectral type B3Ve, v sin i ≈ 346 km/s) is the brightest
(Hoffleit and Jaschek 1982, Cowley and Gugula 1973). The high v sin i of β1 Mon makes
it likely that the star is viewed at a large inclination angle, i.e. nearly edge-on.

Cowley and Gugula (1973) report results of more than 60 years of optical spectroscopy.
They found that from ∼ 1930 to ∼ 1966 the V/R ratio of the Hβ line showed a quasi-
periodic behaviour over three cycles with a period of approximately 12 years. The long-
term variations of the Hγ and Hδ line were practically indistinguishable from those of
the Hβ line. During the transition from V>R to V<R they observed relatively strong
central absorption (shell line) in the profile, whereas they observed relatively weak central
absorption as the peak ratio changed from V<R to V>R.

In Fig. 5.1 we present a schematic representation of our picture of the β1 Mon system.
The Hβ line profiles are drawn to match the photographic spectra as presented by Cowley
and Gugula (1973). The presence of a one-armed density enhancement gives rise to
extra emission/absorption depending on its position with respect to the star. Following
the observed sequence: V>R (I) → strong central absorption (II) → V<R (III) →
weak central absorption (IV) → V>R (I), we conclude that the one-armed density
enhancement of the disc must revolve around the star in the prograde direction:

• When the density enhancement is on the side of the star where the nearly Keplerian
motion of the gas is directed towards the observer we expect to see enhanced emission
at the blue side of the profile: V>R (I).

• When the density enhancement is in front of the star, and the inclination is large
enough, we expect to see shell absorption: strong central absorption due to the
eclipse of the star by the density enhancement (II).

• When the density enhancement is on the side of the star where the motion of the
gas in the disc is directed away from the observer we expect to see extra emission
at the red side of the profile: V<R (III).

• When the density enhancement is located behind the star, the star obscures signif-
icant amounts of the extra emission if the inclination is large. The emission lines
appear as they would without the presence of a one-armed mode: weak central
absorption, hardly extra emission (IV).

Here we stress that retrograde revolution of a mode would give rise to the reverse of
the above mentioned sequence: (IV) → (III) → (II) → (I) → (IV), which in the
case of β1 Mon is not observed. Hence we conclude that the Balmer-line observations of
β1 Mon are consistent with a model of a prograde one-armed density perturbation in the
equatorial disc. This directional sense is in agreement with the prediction of the model
by Papaloizou et al. (1992), and could therefore mean that the effect of the oblateness of
the star is important.

Since the v sin i value of β1 Mon is not exceptional for Be stars, the long-term V/R
variations of other Be stars may also be due to prograde one-armed density waves. How-
ever, only for Be stars seen at large inclination angles (edge-on) we can observationally
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distinguish between prograde and retrograde disc modes due to the expected effects of
disc-star eclipses (see Fig. 5.1). Further constraints on the density profile and velocity
fields in the disc and on the one-armed modes can be obtained by careful comparison
of the observations with line profiles generated by a three dimensional radiative transfer
model with as input a non-axisymmetrical disc-like geometry. Promising results of this
method have been presented by Hummel and Hanuschik (1994).
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Analysis of the optical light curve of the massive X-ray

binary LMC X-4

M.H.M. Heemskerk and J. van Paradijs
Astronomy & Astrophysics 223, 154 (1989)

Abstract

The long-term X-ray and optical brightness variations of LMCX-4 (period 30 days) have
been explained qualitatively as a result of a tilted counter-precessing accretion disc, as
in the case of HerX-1 and SS 433. In this chapter we analyse the optical light curve of
LMCX-4 using a geometric model which incorporates ellipsoidal variations, X-ray heating
of the companion star, and the effects of a precessing accretion disc (as a source of optical
emission, partial X-ray shielding of the companion, and mutual eclipses). Although some
discrepancies remain, the model provides a reasonable description of the 30-d variations
of the orbital light curve of LMCX-4.

6.1 Introduction

The massive X-ray binary LMCX-4 (Leong et al. 1971) has an orbital period of 1.4 days,
as appears from the occurrence of periodic X-ray eclipses (Li et al. 1978, White 1978),
optical brightness variations (Chevalier and Ilovaisky 1977, Ilovaisky et al. 1984), Doppler
shifts of the 13.5 s X-ray pulsations (Kelley et al. 1983, Pietsch et al. 1985), and radial-
velocity variations of the O-type companion star (Hutchings et al. 1978, Kelley et al.
1983). In addition, the X-ray intensity of LMCX-4, averaged over an orbital cycle, shows
a 30.4 day periodic on-off behaviour (Lang et al. 1981).

This long period has also been found in the optical brightness variations in the form
of a backward moving feature in the orbital light curve, corresponding to a variation at
the sum of the frequencies of the orbital and long-term modulation (Ilovaisky et al. 1984);
this has been described qualitatively in terms of the precession of a tilted accretion disc
(analogous to HerX-1 and SS 433, see Gerend and Boynton 1976, Kemp et al. 1986). The
arguments for this particular model can be summarized as follows.

73
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Figure 6.1: The photometric data of LMCX-4 (B-band) folded with the orbital period Porb =
1.408413 d. Representative ± 0.01 error bars are shown. Also drawn is the mean orbital light
curve.

The 30.4 day period variation superposed on the orbital light curve is particularly
prominent at the quadratures of the system and is substantially less visible near the X-
ray eclipses. This indicates that the long-term optical variations are due to emission from
inside the Roche lobe of the accreting neutron star.

The amplitude of the long-term variation is ∼ 0.1 magnitude (Ilovaisky et al. 1984),
which corresponds to an apparent blue magnitude B0 = 16.2 (we have here assumed an
interstellar extinction in the B band toward the LMC of 0.3 magnitude). The ratio of
the corresponding optical flux to the X-ray flux (Fx ≈ 50 µJy), expressed in terms of the
X-ray/optical ”colour index” B0 + 2.5 logFx(µJy) = 20.5. This is close to the average
value for low-mass X-ray binaries (21.5 ± 1.1 mag; Van Paradijs 1983). Since in the latter
systems the optical emission is dominated by reprocessing of X-rays in the accretion disc
(the contribution from the companion star is negligible), this suggests that the additional
optical light in LMCX-4 originates from an accretion disc in which X-rays are reprocessed
into lower-energy photons. The following models could then be invoked to explain the
long-term periodic optical variations.

(i) Periodic variations in the intrinsic X-ray luminosity could produce variations in the
amount of X-rays that can be reprocessed in the disc. This model is untenable in
view of the fact that during the X-ray off-state X-ray heating of the companion star
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is clearly present (llovaisky et al. 1984).
(ii) Periodic variations in the thickness of the disc may give rise to optical variations

through variations in the fraction of X-rays intercepted by the disc, and to variations
in the observed X-ray flux through occultation. However, the optical variations
would then not be expected to occur at a frequency corresponding to the sum of
the orbital frequency and the frequency of the X-ray on-off cycle.

(iii) This suggests as a third model precession of the accretion disc, which is tilted with
respect to the orbital plane, similar to the phenomenological model for the long-term
variations in HerX-1 (Gerend and Boynton 1976) and SS 433 (Kemp et al. 1986).

In the present chapter we attempt to give a quantitative description of the light curve of
LMCX-4, based on the above qualitative considerations, by analysing the optical bright-
ness variations of LMCX-4 in terms of a geometric model, which incorporates ellipsoidal
variations due to the tidal and rotational distortion of the companion star, X-ray heating
of this star, and a tilted counter-precessing accretion disc.

The observational data we have used are described in § 6.2. In § 6.3 we give a brief
description of the geometric model and derive system parameters. The results of our
numerical simulations of the optical brightness variations are discussed and compared to
the observations in § 6.4. We summarize our conclusions in § 6.5.

6.2 Observations and data analysis

6.2.1 Photometric data

The observational data we use in this chapter consist of the set of 731 B magnitudes
(obtained between 1977 and 1983) which were presented earlier by Ilovaisky et al. (1984),
to which we have added the results of photometric observations made between 1983 and
1988 with the Walraven photometer (Lub and Pel 1977) attached to the 90 cm light
collector at the European Southern Observatory. These observations consisted of 6 to 8
integrations of 16 s each on the star, interspersed with typically 4 such integrations of the
sky background. The observations were made through an 11′′ diaphragm and have been
reduced differentially with respect to the nearby star HD39844, which is a photometric
standard star of the Walraven system.

In order to keep the data set homogeneous we have only used the Walraven B band
data. Before merging all data we matched the mean orbital magnitude of our data with
that of the data presented by Ilovaisky et al. (1984). The data set comprises a total of
1275 B magnitudes with typical errors of 0.01 mag.

6.2.2 Period analysis

We have made a period analysis of the data using least-squares fitting of trigonometric
functions (Lomb 1976) and phase-dispersion minimization (Stellingwerf 1978). From this
analysis we find an orbital period Porb = 1.408413± 0.000005 d (orbital frequency forb =
0.710019± 0.000003 d−1; we actually found twice the orbital frequency from this analysis
because LMCX-4 has a double-waved orbital light curve, see Fig. 6.1). The epoch of
minimum light, corresponding to superior conjunction of the X-ray source (which defines
the zero point of the orbital phase) occurs at T0 = JD 2444956.65 ± 0.01, identical to the
result obtained by Ilovaisky et al. (1984) from a subset of the data.
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φprec = 0.00 φprec = 0.25 φprec = 0.50

Figure 6.2: Model pictures of the binary system: a Roche lobe filling optical companion with
a flat axisymmetric accretion disc, which makes a tilt angle Θ = 20◦ (γ = 15.◦5) with the orbital
plane and has a radius equal to the average radius of the Roche lobe of the X-ray source. The
inclination angle i = 63.◦3. The shaded area of the companion star indicates which surface
elements are X-ray heated. For φprec = 0.00, 0.25 and 0.50 disc-star configurations are shown
for different orbital phases φorb = 0.0 ... 7/8.
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Figure 6.3: The photometric data of LMCX-4 as function of the orbital phase φorb and split
into 10 consecutive phase-bins of the 30.36 d period. Curves 1 – 10 correspond to the φ long phase
intervals (0.0 – 0.1,...,0.9 – 1.0). For clarity each curve is shifted by 0.25 mag. In each curve the
mean orbital light curve has been drawn.

The average orbital light modulation as obtained by folding the data in 20 phase bins
at the above orbital ephemeris was subtracted from each individual data point. A similar
period search in these residuals confirms the presence of periodic modulations at periods
of 1.34597 ± 0.00004 d (frequency f1 = 0.74296 d−1) and 0.68823 ± 0.00002 d (frequency
f2 = 1.45300 d−1) found earlier by Ilovaisky et al. (1984). These periods correspond to
the frequencies forb + flong and 2forb + flong respectively. The value for the period Plong

of the on-off cycle we infer from our analysis equals 30.36 ± 0.02 d, which is consistent
with the value Plong = 30.42 ± 0.03 d inferred from the X-ray data (Pakull et al. 1985).
Following Ilovaisky et al. (1984), phase 0.0 for the 30-day cycle is defined as the epoch
when the optical light curve amplitude is minimal (corresponding to the middle of the
X-ray off-state). This epoch, which was determined as the time when the modulations
with the frequencies 2forb and 2forb + flong are out of phase, yields JD2443392.52 ± 0.02.
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φconst = 0.50 φconst = 0.75 φconst = 1.00

Figure 6.5: Model pictures of the binary system (see Fig. 6.2) for φconst = 0.50, 0.75 and 1.00.
For eight different orbital phases φorb = 0.0 ... 7/8, the disc and the companion star have a
fixed relative position.
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Figure 6.4: The photometric data of LMCX-4 as function of the orbital phase φorb and split
into 10 intervals of φconst, where φconst = φorb + φlong. Curves 1 – 10 correspond to the φconst

phase intervals (0.5 – 0.6,...,0.4 – 0.5). In each curve the optical star and the accretion disc have
the same relative position. The curve superposed onto all light curves is the mean orbital light
curve.

6.2.3 Optical light curve of LMC X-4

In Fig. 6.1 we have plotted all data folded with the binary period. Also drawn is the
mean orbital light curve. The data show a large scatter around this ellipsoidal-type light
curve. In order to see changes which take place in the light curve due to the 30.4 d period
brightness variations we have treated the data in three different ways. In discussing the
data in the framework of the precessing-disc model we use picture frames which were made
with the same computer program that calculates theoretical light curves (see § 6.3.1).

In Fig. 6.2 we show some disc-star configurations for three fixed phases of φlong (0.00,
0.25 and 0.50, respectively) and eight orbital phases. At φlong = 0.0 we look almost against
the edge of the disc, and the normal of the disc is pointing away from us. We cannot
see any X-ray radiation because the X-rays from the neutron star are intercepted by the
accretion disc (X-ray off-state). We see that for a fixed φlong the visible part of the disc is
the same in one orbital period, while the area of the optical star which is illuminated by
X-ray radiation varies with orbital phase. With increasing φlong we see more and more of
the disc. At φlong = 0.5 the accretion disc is best visible (corresponding with the X-ray
on-state).
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φorb = 0.125 φorb = 0.250

Figure 6.7: Model pictures of the binary system (see Fig. 6.2) for φorb = 1/8 and 3/8. The
disc-star configurations for eight different precessional phases φprec = 0.0 ... 7/8 are shown.
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Figure 6.6: The photometric data of LMCX-4 corrected for the mean orbital brightness vari-
ations. As functions of the 30.36 d phase the data is plotted in ten intervals of φorb. The curves
1 – 10 correspond to the φorb phase intervals (0.0 – 0.1,...,0.9 – 1.0).

In the first place, we have, following Ilovaisky et al. (1984) divided the data into 10
consecutive phase bins of the 30.4 d cycle (indicated by φlong, see Fig. 6.3). We see that the
shape of the orbital light curve varies systematically through the 30.4 d cycle. Particularly
clear are the differences between the curves near the middle of the X-ray off-state (curves
1 and 10) and those (curves 5 and 6) half a long cycle later. At quadratures the brightness
increases as φlong increases from 0.0 to 0.5 and at the same time the mid-orbital phase
minimum deepens. At φorb = 0.5 in the curves 1 and 10 we see the disc almost edge-on,
but the visible part of the companion star is maximally exposed to X-ray (see Fig. 6.2).
At φorb = 0.5 in the curves 5 and 6 the disc shows up under its most favorable conditions
while the “upper” half of the stellar companion’s face lies in the X-ray shadow of the disc
(see Fig. 6.2). Because the latter minimum is deeper we can conclude that the surface
brightness of the disc is lower than that of the optical star.

In the first half of the long cycle the orbital maxima near φorb = 0.25 are higher than
that at φorb = 0.75, in the second half it is the other way around. The difference is due
to the fact that X-ray heating affects different fractions of the observable stellar surface
(see Fig. 6.2 at φlong = 0.25).
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A second way of looking at the data is to make light curves for fixed disc-star config-
urations, i.e. the sum of the phases φorb + φlong = φconst is a constant. In Fig. 6.4 we have
plotted the data in ten such configurations, together with the mean orbital light curve. In
each curve the observer moves via φorb around the binary system, while the star and the
disc keep the same relative position. Within the framework of the precessing-disc model,
the normal of the disc is oriented towards the companion star in the curves 1 and 10,
which straddle X-ray eclipses (see Fig. 6.5). Therefore the “upper” part of the optical
star is heated by X-rays and the brightness of the system is higher than that of the mean
orbital light curve. In the curves 5 and 6 the normal of the disc is pointing away from
the companion. Then the “lower” part of the star is illuminated by the X-rays from the
neutron star but this part of the star is not well visible to the observer. The “upper” part
is shadowed by the disc. As a result the light curve lies somewhat below the mean orbital
curve. The difference between the curves (1, 10) and (5, 6) at quadratures is due to an
extra contribution from the X-ray heated “upper” part of the star (the aspect of the disc
is the same, see Fig. 6.5).

In the curves 3 and 8 these is a clear difference between the two maxima. The disc-star
configuration in curve 3 at φorb = 0.25 (or 0.75) is the same as in curve 8 at φorb = 0.75
(or 0.25). At φorb = 0.25 (curve 3) or φorb = 0.75 (curve 8) we look on top of the disc and
the facing star cap is X-ray heated. Therefore the light contribution of the disc and the
brightness of the cap are both maximal. Similarly, at φorb = 0.75 (curve 3) or φorb = 0.25
(curve 8) we see the disc edge-on and the facing star cap is now not illuminated by X-ray
radiation. In this situation the contribution of both sources is minimal. As a result the
two maxima are unequal.

Finally, we have attempted to see the precession period of the accretion disc directly
in the optical brightness variations. We have subtracted the mean orbital light curve
from the data, and plotted the residuals for fixed φorb as a function of φlong (Fig. 6.6). At
φlong = 0.0 we see the disc edge-on. With increasing φlong we see an increasing apparent
area of the disc, until φlong = 0.50 the disc is best visible; its flux contribution decreases
again for larger values of φlong. In the first curve (φorb = 0.05) the disc is almost completely
eclipsed by the companion star, and there is therefore very little variation visible. For
φorb = 0.15 the effect of the precessing disc shows up as a sinusoidal brightness variation.
The contribution of the stellar surface is the same, because we look at that part of the
star for which X-ray heating is negligible (see Fig. 6.7). The brightness variations in
curve 5 (φorb = 0.45) are not large. This can be explained as follows (see Fig. 6.7). When
we look at the disc edge-on (φlong = 0.0), the visible part of the stellar surface is X-ray
heated (flux disc minimal, flux star cap maximal). When the stellar surface is in the X-
ray shadow of the disc and therefore the X-ray heating contribution is small (this occurs
near φlong = 0.50) the disc flux is maximal. In curve 5 the total brightness variation is
therefore composed of two anti-phased contributions.
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6.3 Theoretical light curves

6.3.1 Model

In order to construct theoretical light curves we have calculated the total flux (in the
B band) of the companion star and the accretion disc emitted into the direction of the
observer as a function of orbital phase. The companion and the disc are described by grids
of discrete surface elements. The contribution of each surface element to the observed
flux is given by:

Iλ(θ, Teff , g)A cos θ/d2

where Iλ is the emergent specific intensity, Teff is the effective temperature, g is the local
gravity acceleration, A is the area of the element, θ is the angle between the normal
of the surface element and the line of sight and d is the distance. To calculate these
contributions we used the numerical model that has been described in detail by Tjemkes et
al. (1986). This model is based on a description of the tidal and rotational distortion of the
optical star in terms of an equipotential surface, and gravity darkening using Von Zeipel’s
theorem. X-ray heating is taken into account by using the “deep heating” approximation.
A fraction η (the albedo) of the infalling X-rays are reflected and a fraction (1 – η) are
absorbed by the atmosphere of the companion star. In a stationary situation the locally
absorbed X-ray flux is reradiated as lower energy photons, and consequently the local
effective temperature will increase. The emergent flux from each surface element of the
optical star is calculated on the basis of 156 LTE model atmospheres (Kurucz 1979). The
accretion disc is described as a flat cylinder which radiates uniformly as a black-body
emitter with a given temperature. The vertical outer edge of this disc is assumed to be
black, i.e. it does not emit.

To apply this basic model to LMCX-4 the accretion disc was tilted with respect to the
orbital plane; it executes a precession around the axis through the X-ray source, normal
to the orbital plane. The light curve is now determined by the orbital- as well as the
precession-phase. We extended the model to deal with the following changes:

(i) The eclipsing of surface elements of the optical star by the disc (and vice versa) had
to be adapted to the new geometry.

(ii) The optical brightness of the disc varies due to a changing aspect.
(iii) The X-ray shadow cast by the disc on the companion star changes.

To check these adaptations of the computer program we made an animation movie, some
frames of which have been used in the previous paragraph.

The model of a precessing accretion disc has the following mirror symmetry: the
observer sees the same projected area of the binary in the model points (φorb, φprec) and
(1 – φorb, 1 – φprec). According to this symmetry rule we replotted the observational data
in Fig. 6.8.
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Table 6.1: Observed parameters of LMCX-4

References
ax sin i 26.0 ± 0.6 lt sec Pietsch et al., 1985
∆teclipse 4.55 ± 0.20 h Pietsch et al., 1985
Kopt 37.9 ± 5.0 km s−1 Kelley et al., 1983
Lx 7 1038 erg s−1 Kelley et al., 1983
Lopt 5 1038 erg s−1 Chevalier et al., 1977

Table 6.2: Relation between Θ and γ

Θ◦ 5.0 10.0 15.0 20.0 25.0 30.0 33.7 = Θmax

γ◦ 24.1 21.3 18.4 15.5 12.4 9.3 7.0 = γmin

6.3.2 Input parameters

In order to calculate a theoretical light curve we must provide the computer program with
the following parameters: the orbital period Porb, the mass of the optical star Mopt and
its bolometric luminosity Lopt, the mass ratio qx, the X-ray luminosity Lx, the albedo η
and the inclination angle i. For the accretion disc we must specify the temperature Tacc,
the tilt angle Θ it makes with the orbital plane, its half angular thickness γ (as seen from
the neutron star) and the ratio α of the radius of the accretion disc to the average radius
of the Roche lobe of the X-ray source.

From the observed properties listed in Table 6.1 we find a mass ratio qx = Mx/Mopt =
0.094 ± 0.024, an inclination angle i = 63.◦3 ± 2.◦5, and a mass of the optical companion
Mopt = 16.0 ± 2.4M� (95% confidence errors).

Because the X-ray off-state lasts 33% of the on-off cycle (Lang et al. 1981, their Fig. 3),
we can derive a unique relation between the half angular thickness γ of the disc and the
tilt angle Θ between its normal and that of the orbital plane:

sin γ = cos Θ cos i − sin Θ sin i cos ∆off ,

where ∆off = 0.33 × 180◦ = 59.◦4. It follows that when the tilt of the accretion disc
increases, its thickness decreases (see Table 6.2). There is a maximum tilt angle Θmax

because there is no short X-ray on-state during the X-ray off-state (Lang et al. 1981).
The independent model parameters that remain are the tilt angle Θ, the disc temper-

ature Tacc, the X-ray albedo η (0.3 < η < 0.5; London et al. 1981, Milgrom et al. 1975)
and the Roche lobe filling factor α. We used values of α between 0.8 and 1.0 (Paczyński
1977).
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6.4 Results

We have made theoretical light curves using the parameters listed above. We present the
results in the same way as the already discussed light curves of the photometric data.
In Fig. 6.9 we show the light curves for fixed values of the tilt angle, albedo and Roche
lobe filling factor, and different temperatures of the accretion disc (Tacc = 25000K →
40000K). We only show the first five curves because of the geometric symmetry in the
model.

Clearly recognizable are the situations in which the observer looks against the rim of
the disc: the curves for different disc temperatures then coincide. When the observer looks
on top of the disc the differences between these light curves are maximal, as expected.

From Fig. 6.9 it appears that when the disc makes a small tilt with the orbital plane,
the orbital light curves for different precessional phases are very similar. We see a broad
minimum near φorb = 0.00 and a sharper minimum near φorb = 0.50. This latter minimum
is also much deeper because a large part of the optical star is eclipsed by the accretion
disc. For large tilt angles, the variation in the shape of the orbital light curves as a
function of φprec are very clear (compare e.g. φprec = 0.05 and φprec = 0.45) The primary
minimum (φorb = 0.0) at φprec = 0.05 is also broad, but becomes sharper for increasing
φprec, until φprec = 0.50. This is caused by the light variations due to the precession of
that part of the accretion disc which is not eclipsed by the optical star (see Fig. 6.2). The
mid-orbital phase minimum becomes deeper when the disc eclipses more and more of the
optical star (increasing φprec), but at the same time this minimum tends to fill in due to
the contribution of the disc, which is larger for discs with a higher temperature.

When we make the disc smaller we influence the mutual eclipsing. The light contri-
bution of the accretion disc becomes less, but a larger fraction of the optical star remains
uneclipsed. We see therefore that for α = 0.8 the minimum at φorb = 0.50 for φprec = 0.05
is slightly less deep than for α = 1.0. Also the minima are somewhat broader and the
brightness at quadratures is less.

The theoretical light curves in which the accretion disc and the optical star have a
fixed relative position (φconst = const.) are quite different from the light curves for a fixed
precessional phase (φprec = const.). The minimum near φorb = 0.0 is asymmetric: the
flank on its right side is somewhat steeper than the one on the left. In the curves 1 and
5 (φconst = 0.55 and φconst = 0.95) this difference is minimal because the normal of the
disc is pointing towards and away from the optical companion, respectively; so around
φorb = 0.0 we see the same aspect of the disc. For a large tilt of the disc this “left-right”
asymmetry becomes larger. Also the difference in magnitude at quadratures is larger for
such a disc. In curve 3, for instance at φorb = 0.25 we look nearly on top of the disc and
also the facing star cap is X-ray heated; at φorb = 0.75 we see the rim of the disc while
the facing star cap is not illuminated by X-ray radiation. We saw a similar difference in
the photometric data (see Fig. 6.8, middle panel).

When we decrease the radius of the accretion disc to α = 0.8, the brightness at
φorb = 0.25 becomes smaller. The mid-orbital phase minimum is brighter than that for a
disc with α = 1.0; the contribution of the disc is smaller, but we see more of the stellar
surface and for the adopted system parameters this contribution is apparently larger.
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Figure 6.9: The theoretical light curves for three models plotted in the same way as in Fig. 6.8.
We have used in the first model (top): α = 1.0, Θ = 10◦; in the second model (middle): α =
1.0, Θ = 25◦; and in the third model (bottom): α = 0.8, Θ = 25◦. In each model η = 0.5 and
the disc could have four temperatures Tacc = 25000 K, 30000 K, 35000 K and 40000 K, numbered
1 through 4, respectively.
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Figure 6.8: The photometric data of LMCX-4 plotted in the same way as in Figs. 6.3,
6.4 and 6.6 according to the symmetry rule of the precessing disc model: B(φorb, φlong) =
B(1 − φorb, 1 − φlong). Only the first five light curves are shown. As a reference we superposed
the mean orbital light curve onto all the light curves.1

In the light curves of the residuals, the brightness variations for a disc with a small
tilt are negligible. They increase with the tilt of the accretion disc. The brightness is
minimal when we look against the rim of the disc (φprec = 0.0) and is maximal when
we look on top of the disc (φprec = 0.5). At φorb = 0.45 there is hardly any variation
visible. As φprec increases from 0.0 to 0.5 we see more and more of the disc, but at the
same time the disc eclipses more and more of the optical star, while the X-ray shadow
of the disc moves onto the observable part of the star. The opposite happens when φprec

increases from 0.5 to 1.0: the disc is turning its edge into the line of sight and the visible
surface area, which now becomes X-ray heated, increases. These two phenomena work in
opposite directions with respect to the brightness variations. When we decrease the disc
radius, the visible part of the disc becomes less and therefore also the optical variations
due to precession. We can see this clearly at φorb = 0.05; the accretion disc with α = 1.0
is not totally eclipsed by the optical star, and we can still see a small part that rotates.
This uneclipsed part at (φorb = 0.05 is smaller for a disc with α = 0.8 and the brightness
variations are consequently smaller.

1Fig. 6.8 (right) is different from that in the published article. This figure is the correct one.
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Table 6.3: Results of fitting theoretical light curves

η α Θ◦ Tacc(K) Reduced χ2

0.3 0.8 15.0 36000 3.1
0.5 0.8 17.5 32000 3.2
0.3 1.0 20.0 26000 3.6
0.5 1.0 22.5 24000 3.6

Figure 6.10: Comparison of the observed light curve of LMCX-4 [as in Fig. 6.8 (left)] and the
best fitting theoretical curve with the model parameters: η = 0.3, α = 0.8, Tacc = 36000 K and
Θ = 15◦.
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To estimate how well our calculations can reproduce the observed photometric data,
we compared the average magnitude of the data in 100 phase intervals on the (φorb,
φlong)–plane of Fig. 6.8 (left panel) with the corresponding points of a theoretical model.
The values of φorb and φlong are given by φorb = 0.05 m (m = 1, 20) and φlong = 0.05 +
0.10 m (m = 0, 4). The mean magnitude of the data and model points was set to zero.
Of the hundred points we obtained in this manner we calculated the sum of squares of
deviations χ2 weighted with the error in the means of the 100 phase intervals. For a fixed
albedo η and Roche lobe filling factor α we made a χ2-surface with the temperature of
the accretion disc Tacc and its tilt angle Θ as parameters. The minimal χ2 of this surface
determines the best fitting parameters Tacc and Θ; these are listed in Table 6.3. We see
from this table that the reduced χ2 is too large to explain the deviations of the points to
the fit on purely statistical grounds. We note that Tacc < T ∗ = 38500K as was suggested
earlier (see § 6.2.3).

In Fig. 6.10 we show the observed data (using the symmetry rule) together with the
best fitting model in which the albedo η = 0.3, the Roche lobe filling factor α = 0.8,
the temperature of the accretion disc Tacc = 36000K and its tilt angle Θ = 15◦. To first
approximation the model of a precessing accretion disc describes the variations in the
light curve reasonably well. Clearly, the fit is not perfect and some differences (e.g. at
φorb = 0.25 in curve 3) occur: this is not amazing, keeping in mind the simplicity of the
geometric model, particularly for the accretion disc.

It is of interest to compare the parameters of the disc listed in Table 6.3 with the
expected values for a disc whose optical emission is dominated by reprocessing of the
infalling X-rays. The total luminosity radiated by such a disc (one side) is approximately
given by Lacc = 1

2
Lx(1− ηacc) sin γ, where ηacc is the average X-ray albedo of the disc. For

a flat disc with an average blackbody temperature Tacc we have Lacc = πα2R2
LσT 4

acc, where
RL is the average radius of the Roche lobe of the neutron star (RL = 2.8R�). Thus, we
have here assumed that the X-ray source radiates isotropically and the surface brightness
distribution of the disc is uniform, which is likely not to be true. Using the best fitting
parameters in Table 6.3, we find ηacc = 0.93. This is quite close to unity, a result also
found for accretion discs in low-mass X-ray binaries (Van Paradijs 1983).

6.5 Conclusions

In order to describe the observed brightness variations of LMCX-4 we have used a simple
geometric model of the binary system, incorporating tidal and rotational distortion of the
optical companion, X-ray heating and the effects of a precessing accretion disc.

Although the model is not very sophisticated, the theoretical light curve (Fig. 6.10)
provides a satisfactory first order description of the 30-day variation of the shape of the
orbital light curve. LMCX-4 is the third X-ray binary (besides HerX-1 and SS 433, see
Gerend and Boynton 1976, Kemp et al. 1986) in which a long-term X-ray and optical
variation can be described as due to a precessing accretion disc.

Although a possible cause for the precession could be the non-alignment of the orbital
angular momentum vector and the spin vector of the companion (e.g. due to an asymmetry
in the supernova explosion that gave birth to the pulsar in LMCX-4; Cherepashchuk and
Khruzina 1981), it is not very clear what the meaning is of the application of a concept
from rigid-body mechanics to a gaseous flow in a binary star. It has been suggested that
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the precession of the disc is “slaved” to that of the companion star: the disc precesses
because the optical companion precesses, so mass transfer is not confined to the orbital
plane. It should be noticed that this gives rise to a problem for our geometric model,
since in this case the star cannot have the shape of a Roche lobe.

Alternatively, Boynton et al. (1980) suggested that the long-term variability (in the
case of HerX-1) could be the result of variable mass flow from the optical companion
onto the accretion disc. To provide this model with a clock mechanism, mass flow in the
binary system may be regulated by the periodic heating, resulting from the beating of
non-linear modes of oscillations in the companion star (Wolff and Kondo 1978, Kondo et
al. 1983). The true nature of the long-term modulation is however still not known.
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Hydrodynamic calculations of accretion discs in close

binaries: the superhump phenomenon

M.H.M. Heemskerk
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Abstract

We have calculated the hydrodynamic evolution of an accretion disc in a close binary
system with a low mass ratio in order to study the superhump phenomenon. We have
tested the mode-coupling model of Lubow (1991a, 1991b) and find simular results if only
the m = 3 component of the tidal potential is used during the simulations. In case the
full potential of the companion star is used, no eccentric prograde accretion disc evolves.
The effective disc radii we infer from our simulations are approximately 70% of the Roche
radius. These accretion discs are too small to become eccentric via the model of Lubow.

7.1 Introduction

The SU Ursae Majoris type stars form a class of non-magnetic dwarf novae among the
cataclysmic variables. They exhibit two different kinds of outbursts: the normal outbursts,
lasting 2 to 4 days, in which the brightness of the system increases by several magnitudes,
and superoutbursts which last for typically 10 to 14 days and are about 1 magnitude
brighter than normal outbursts. A detailed review of the observational properties of
SU UMa systems can be found in Warner (1985). A modulation of the optical light is
often seen during a superoutburst. This is called the superhump phenomenon. The period
of the superhump modulation is a few percent longer than the orbital period.

While the normal hump in the light curve of a cataclysmic variable is identified with
the presence of a hot spot (the place where the gas stream from the companion star
hits the accretion disc), the nature of the superhump is still not exactly known. Various
models have been proposed during the last few years. Vogt (1974) proposed that the
superhump originates from a non-synchronously rotating companion star covered with
starspots. Papaloizou and Pringle (1979) suggested modulations of the gasstream caused
by an eccentric orbit of the binary system to explain the superhump phenomenon. Other

93
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models involve elliptic rings of gaseous material around the accretion disc (Vogt 1982),
radiation from the magnetic poles of a sufficiently strongly magnetized white dwarf il-
luminating material in the accreting disc (Warner 1985), or an eccentric disc causing a
variable mass transfer rate from the companion star (Osaki 1985). These models, how-
ever, are unable to explain all the questions associated with the superhump phenomenon.
For instance, what determines the superhump period or why is the superhump only seen
in SU UMa type stars, and only during a superoutburst?

Whitehurst (1988) performed hydrodynamic calculations, modelling the accretion flow
in the SU UMa star Z Cha during outburst, by using a smooth particle hydrodynamics
(SPH) code. The resulting accretion disc in his simulations became asymmetric due to
the tidal stresses in the disc caused by the companion star, deforming it into a slowly
precessing eccentric disc. The superhump phenomenon is then interpreted as a periodic
modulation of radiation from the disc due to these tidal stresses. Hirose and Osaki (1990)
also using an SPH code found simular results. They suggested that the tidal instability
is due to a 3:1 parametric resonance between particle orbits at the rim of the disc and an
orbiting companion star. At this resonance the particles in the disc orbit the white dwarf
at three times the angular speed of the binary. Whitehurst and King (1991) noticed that
the 3:1 resonance occurs at the same radius in the accretion disc where the orbit of a test
particle bifurcates from a single periodic orbit into a double periodic one.

An accretion disc is in essence a fluid disc, in which phenomena cannot be fully ex-
plained by treating the disc as a collection of trajectories of ballistic particles. Lubow
(1991a) showed analytically that the tidal instability can occur in a fluid disc as well and
simulated (Lubow 1991b) the instability with an SPH code. The eccentricity of the ac-
cretion disc in his model grows by non-linear wave interaction. The m = 3 component of
the tidal potential couples with an initial eccentricity of the disc and excites a two-armed
density wave at the 3:1 resonance region. This wave then couples with the m = 3 tidal
perturbation to make the accretion disc more eccentric. The eccentric accretion disc pre-
cesses slowly. The superhump period is then the beat period between the orbital period
and the period of precession of the accretion disc. Hessman et al. (1992) measured the
position of the hot-spot radius in the decline of a superoutburst in OYCar, and found
that the accretion disc had an elliptical shape. In order for the 3:1 resonance to occur the
disc radius (limited by the tidal interaction with the companion star) should be rather
large. This limits the mass ratio of these binary systems to be less than approximately
0.25 (Whitehurst and King 1991).

In this chapter we study the hydrodynamic evolution of an accretion disc in response
to a perturbing companion mass with a 2-D hydrocode. The full two-dimensional hydro-
dynamic equations are solved for a gaseous disc around a compact star within a frame
rotating with the orbital period. We use a grid based finite-difference Eulerian hydrocode,
which is intrinsically different from a Lagrangian-based SPH-code. The basic equations
and the numerical method we have used are described in § 7.2. The results of our numer-
ical simulations are discussed in § 7.3. We summarize our conclusions in § 7.4.
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7.2 The model

7.2.1 Basic equations

In order to study the non-linear evolution of an accretion disc in a binary system, we
consider a thin differentially rotating disc of compressible, inviscid non-self-gravitating
gas centered around a compact object with mass M1. We use cylindrical coordinates
(r, ϕ, z), where r = 0 corresponds to the disc’s centre and z = 0 corresponds to the disc’s
midplane. We assume hydrostatic equilibrium in the z direction and ignore the disc’s
vertical structure by integrating all quantities over z. If we formulate our problem in a
frame of reference rotating at the binary orbital frequency Ωorb, the set of hydrodynamic
equations for a two-dimensional non-self-gravitating disc can be written in the following
form:

∂

∂t
U +
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∂

∂r
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∂ϕ
G(U) = S(U) (7.1)

where the state vector U , the radial and tangential flux vectors F , G and the source
vector S are defined according to
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(7.2)

Σ is the surface density, v = (vr, vϕ) is the velocity in the plane of the disc, P is the
pressure, e is the energy density (kinetic and internal), Q represents the radiative losses
and Φ is the Roche potential, which includes the centrifugal and the gravitational force
of the compact object and the orbiting companion star. The Roche potential is given by:

Φ(r, ϕ) = −GM1
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where G is the gravitational constant, a is the orbital separation, and M2 is the mass of
the companion. bm

1/2 are the Laplace coefficients given by:

bm
1/2(r) =

2

π

∫ π

0

cos mϕ√
r2 − 2ar cos ϕ + a2

dϕ

We have given two expressions for the Roche potential. By using the latter we can select
those terms with a certain m-symmetry. In that way, we can for theoretical purpose
investigate the role of the different terms of the tidal potential of the companion star.

7.2.2 Numerical method

The numerical method we use can be characterized as a two-dimensional, explicit finite-
difference scheme on an Eulerian grid, using the flux-vector splitting method of Van Leer
(1982) to calculate the fluxes in the advection terms, and the ADI-method of Beam and
Warming (1978) to advance the equations in time. It is based on a multi-dimensional,
Second-order Alternating Direction Implicit/Explicit hydro-code, or SADIE for short,
developed by Arnold (1985). This method was applied by Heemskerk et al. (1992) to self-
gravitating discs and by Savonije et al. (1994) to accretion discs in close binary systems.

We use a cylindrical grid with 200 zones in the radial and 128 zones in the azimuthal
direction, to integrate the set of equations (7.1). The computational grid is equally spaced
in both r and ϕ. Due to the explicit nature of the difference scheme, the maximum time
step ∆t we can take to integrate the numerical equations is limited by the well-known
Courant-Friedrich-Lewy condition. In our simulations we took ∆t = 0.70∆tCFL. We
introduce units in which the gravitational constant G, the orbital separation a, the total
mass of the two stars M = M1 +M2, and the orbital frequency Ωorb are all equal to unity.
The binary period Porb is therefore 2π in all our models.

For the gas in the disc we assume an ideal gas with a specific heat ratio γ = 5
3
. The

radiative losses are chosen in such a way that the gas produces a barotropic equation of
state as it cools down:

P = KΣγ

where P is the z-integrated pressure and K is a constant. We define a local sound speed
in the plane of the disc as: c2 = dP/dΣ = γKΣγ−1. By choosing K sufficiently small we
can take care that the disc is geometrically thin.

Given a binary system with a mass ratio q, which is defined as the ratio between the
mass of the companion star and the compact object q = M2/M1, we start our numerical
calculations with an axisymmetric stationary disc, centered at the compact star (r = 0),
with a constant surface density profile between the inner boundary r0 and the outer
boundary r1. For the outer boundary we used Eggleton’s (1983) approximation to the
Roche radius:

r1(q) ≡
Rl

a
=

0.49

0.6 + q2/3 ln(1 + q−1/3)
(7.4)
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which gives the Roche radius r1 of the component with mass M1 relative to the orbital
separation a as a function of the mass ratio q.

The inner boundary of the disc is arbitrarily defined as r0 = 0.225r1. The angular
velocity Ω(r) of the gas in the axisymmetric disc, by neglecting vr, is determined by the
equilibrium condition:

Ω2r =
1

Σ

dP

dr
+

dΦ

dr

where the centrifugal acceleration is balanced by the combined acceleration due to the
pressure gradient, and the gravitational attraction of the central star, and that of the
companion star. Furthermore we assume the boundaries to be transmitting, i.e. the gas
is free to leave the computational grid.

7.3 Results

7.3.1 Non-linear wave interaction

In the simulations below we will show that an initially circular accretion disc is able to
become eccentric. The way in which a disc gains eccentricity may enable us to explain
the cause of the superhump phenomenon. Whitehurst (1988) and Hirose & Osaki (1990)
suggested that the eccentricity growth is the result of tidal forcing at that position in the
disc, where the gaseous matter orbits the compact object at three times the angular speed
of the binary. The origin and properties of this so called 3:1 resonance can be examined
by taking only the m = 3 component of the tidal potential into account. Because the
accretion disc consists of gaseous matter, one cannot describe the resonance effects at
the 3:1 resonance radius by studying the orbits of ballistic particles in a tidal field. In
a gaseous disc fluid stresses, resulting in the generation of waves, are important. Lubow
(1991a, 1991b) proposed a mode-coupling model to explain the eccentricity growth by
this tidal instability. In his model the m = 3 component of the tidal potential generates
a three armed mode in the disc, which rotates with the angular frequency of the binary.
This mode couples with an initial small eccentricity of the disc and excites a two-armed
density wave at the 3:1 resonance region. The pattern speed of this two-armed mode is
1.5 times the angular velocity of the binary. This wave then couples with the three-armed
mode to make the accretion disc even more eccentric. In this way, there is a closed loop,
which makes the disc eccentric via a feedback mechanism. This instability cycle predicts
that the initial changes in the eccentricity as function of time are proportional to the
strength of the two-armed mode. We investigate whether this relation is satisfied in our
full hydrodynamic simulations.

7.3.2 Fourier analysis method

In order to calculate the mode strength for the different modes initiated by the tidal
perturbation of the companion star, we performed a Fourier analyses in both azimuth
and time. We define, similar to Lubow (1991b), the mode strength Sk,l at time t and
radius r of a mode (k, l) with a k-folded azimuthal symmetry and a frequency of lΩorb as
follows:

Sk,l(r, t) =

∣
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Figure 7.1: The surface density as a function of time in a disc with Mach number MMach = 50
and mass ratio q = 0.20. Only the m = 3 component of the tidal potential is used as a tidal
force. In these frames the companion star orbits the compact object (counter clockwise).
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Figure 7.1: (continued)
Also drawn is a part of the Roche Lobe to indicate the position of the companion star.
The constant surface density Σ in the beginning of the simulation is 1.24 everywhere.
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Figure 7.2: The mode strength S of the (3,3), (3,2) and the (1,0)-mode as a function of time
and radius in the disc for the simulation shown in Fig. 7.1.

The time interval we take to calculate the mode strength Sk,l is equal to the orbital period
Porb = 2π. The hydrodynamic calculations were done in the corotating frame. Before
we used Eq. 7.5 we transformed the surface density Σ to a cylindrical coordinate frame,
which accounts for the system rotation and is centered on the compact star.

The tidal potential can be expanded in several m-components which are proportional
to eim(φ−Ωorbt). Every m-component of the tidal potential generates (k, l)-modes in the
accretion disc, with k = l = m. The m = 2 component of the tidal potential is the
strongest, leading to a two-armed spiral density pattern in the disc, which rotates with
the binary period.

7.3.3 m = 3 potential

In order to see under what conditions Lubow’s mechanism (1991a, 1991b) is effective we
first performed a series of simulations in which we only included the m = 3 component
of the tidal potential. We have calculated models for mass ratios q = 0.10, 0.15, 0.20 and
Mach numbers MMach = 12.5, 25, 50. The Mach number specifies the constant K at the
inner boundary of the grid. Increasing the Mach number is equivalent to making the disc
cooler.

We first show the results obtained for a disc with MMach = 50 and q = 0.20. We start
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Figure 7.3: The mode strength S1,0 and the phase of the (1,0)-mode as function of time and
radius in the disc for the simulation shown in Fig. 7.1. The phase of the (1,0)-mode is defined
between −π (white) and π (black).

with a disc which has a constant surface density Σ everywhere. We have not introduced
an initial eccentricity in the disc, but numerical noise will generate slight asymmetries.
In Fig. 7.1 we show some snapshots of the evolution of the surface density during this
simulation. After some time (of the order of one orbital period), a spiral pattern appears.
This pattern has three arms, corresponding to the three-folded symmetry of the tidal po-
tential. Also the outline (outer edge) of the disc has the form of a triangle, corresponding
to the streamlines of the non-interacting particles (see Fig. 1 in Lubow 1991b). Because
the Mach number in this disc is large, the disc is relatively cool and hence the radial
wavelength of the spiral mode is small. The spiral pattern is tightly wound, and even
more towards the center of the disc, where we can hardly distinguish the different arms.
In the corotating frame this pattern is stationary. By applying Eq. 7.5 it is found that,
as expected, the maximum power in all possible (k, l)-modes occurs for k = l = 3. The
power of this (3, 3)-mode S3,3 is maximal in the outer parts of the disc, where the tidal
perturbation is strongest (see Fig. 7.2). Like all the modes with k = l, which are directly
due to the tidal potential, this mode also has a frequency equal to the orbital frequency
Ωorb. For more than ten orbital periods, this mode is the most dominant one.
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Between time 50 and 70 there is a gradual change in the appearance of the spiral
density pattern. The three-armed spiral pattern slowly disappears and a two-armed spiral
pattern becomes visible. The disc is now slightly eccentric. The density contrast between
the two-armed spiral and the rest of the accretion disc is larger than it was for the
three-folded spiral pattern. In the corotating frame, this two-armed spiral has a pattern
speed equal to 0.50 Ωorb. Correcting for the orbital motion of the binary system and
using Eq. 7.5, the strength of this mode is given by S2,3. The pattern speed equals
l
k
Ωorb = 1.50Ωorb, which is the expected value (Lubow 1991a). During a short time

interval of three orbital periods this mode is very strong at radii between 0.35 and 0.40
(see Fig. 7.2).

Although the pattern speed of the spiral arms is globally 1.50 Ωorb, this value is not
the same for every grid element at a certain radius in the disc. If we take a certain ring
in the accretion disc, we see that the spiral arms move faster in the larger part of the
eccentric off-centered disc and slower in the narrow region. Because of the fixed inner
boundary, the two-armed spiral pattern has a deformed shape. The arms are more tightly
wound in that part of the disc where the effective radius is the smallest and the density
and temperature are higher. At the opposite side of the disc, where its radius is the
longest, the radial wavelength of the spiral mode is longer. Also the average density is
different on both sides. Matter is squeezed in the narrow region of the disc, making the
density contrast large between the arms on opposite sides of the disc.

After the appearance of the (2, 3)-mode, the accretion disc becomes more and more
eccentric as time evolves, which is in accordance with the the non-linear wave interaction
model by Lubow (1991a). The surface density in the two spiral arms is most prominently
seen in the outer parts of the disc. This is still the case until time 200 when the eccentricity
of the disc is at its maximum. This non-axisymmetric disc is very stable. Until time 300
(nearly 50 orbital periods), the global shape of the disc does not change. Only the surface
density in the center increases (after time 200), due to the accretion of matter by the
spiral waves (Savonije et al. 1994).

The strength of the (1, 0)-mode, which is a measure of the eccentricity in a stationary
disc, is shown in Fig. 7.2 and 7.3 as a function of radius and time. The mode strength
S1,0 is strongest in the outer parts of the disc (radii larger than 0.35), where only a small
part of a ring is filled with disc material. Between the inner parts and the outer parts of
the disc, there is a small strip where there is almost no power in the (1, 0)-mode. This
strip corresponds to the white line in Fig. 7.2, which starts at radius 0.45 at time 50 and
ends at radius 0.33 at time 300, the end of the simulation. Matter is equally distributed
in azimuth at these radii. The strength S1,0 in the inner parts of the disc is caused by
the relative high density of disc matter in the narrow part of the disc with respect to the
matter in the extended part.

In Fig. 7.3 we show the phase of the (1,0)-mode as a function of time and radius in
the disc. The phase of a mode is defined between −π (white) and π (black). A sudden
change from black to white in the grayscale plot of Fig. 7.3 does not correspond with
a real phase jump, but is merely due to the possible range of the phase of a mode. In
the beginning of the simulation when the disc is almost circular, the phase of the k = 1
eccentric mode is random. When the disc becomes eccentric, around time 50, the phase of
the (1,0)-mode becomes well defined. The phase of the mode is coherent for the different
radii on both sides of the strip, where the mode strength S1,0 is low, as was mentioned
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Table 7.1: the growth rate λ as a function of the mass ratio q

q λ
0.10 0.037
0.15 0.086
0.20 0.132

in the previous paragraph. Between both sides, there is a phase difference of π, so that
they are in anti-phase. If the accretion disc is stationary, the phase of the (1,0)-mode
should be constant in time. However, in Fig. 7.3 we can see that there is a small drift
in phase. The phase decreases in time, because the accretion disc slowly precesses in the
direction opposite to the orbital motion. We can characterize the eccentricity mode as an
off-centered dumb-bell, which rotates retrograde around the compact object with respect
to the orbital motion of the binary system.

From Fig. 7.3 we can infer that the precession period of the disc Pprec ≈ 30Porb. The
superhump period is assumed to be the beat period between the precession period of the
disc and the orbital period. In our simulation we find that the superhump period is 3%
shorter than the orbital period. Observations show that the superhump period is a few
percent longer than the orbital period (see e.g. Molnar and Kobulnicky 1992), implying
that the accretion disc precesses in the same direction as the motion of the companion
star. The retrograde precession is due to pressure forces in the disc (see § 7.3.6).

7.3.4 Effects of different mass ratio and Mach number

If we lower the mass ratio q from 0.20 via 0.15 to 0.10, we see the same qualitative evolution
but on a different time scale. Starting with the same initial conditions, all models first
develop a three-armed spiral pattern. The time interval in which this (3,3)-mode is the
most dominant one, turns out to be longer for smaller values of q. For q = 0.20, 0.15
and 0.10 these intervals are respectively 60, 80 and 150. Then the two-armed spiral mode
(2,3) becomes clearly visible. So for q = 0.10 this takes nearly 25 orbital periods from the
beginning of the simulation, two and a half times longer than for q = 0.20.

In Fig. 7.4 we show the mode strength S1,0 averaged over the whole disc as a function
of time for the different mass ratios and MMach = 50. The initial growth of the (1,0)-mode
is proportional with eλt. In Table 7.1, the growth rate λ is given as a function of mass
ratio q. Lubow (1991a) predicts that the eccentricity growth rates of a small ring should
be proportional to the square of the mass ratio. For the few points we have obtained from
our simulations, the growth rate seems to depend linearly on the mass ratio. In the initial
stage, the value S1,0 increases sharper for high q than for low q (see Table 7.1), while in
the later stages it increases more rapidly for low q. The time interval from the onset of the
(1,0)-mode to its maximum strength is more or less the same for the different mass ratios
(see Fig. 7.4). The precession periods of the accretion discs in the above simulations,
which we inferred from the phase of the (1,0)-mode were all the same, suggesting that
this period does not depend on the mass ratio q. The instability cycle of Lubow (1991a)
predicts that the changes in the eccentricity as a function of time are proportional to the
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Figure 7.4: For different mass ratios q = 0.20 (top), q = 0.15 (middle) and q = 0.10 (bottom)
the averaged mode strength S over the whole disc is plotted as a function of time for the
(1,0)-mode (1) and the (2,3)-mode (2). The Mach number MMach = 50 and only the m = 3
component of the tidal potential is used in these simulations. The curve indicated by 3 is the
time derivative of the curve indicated by 1. Its maximum has been scaled to the maximum of the
curve indicated by 2. Lubow’s mode-coupling model (1991a) predicts that the time derivative
of the mode strength S1,0 (3) should be proportional to the mode strength S2,3 (2).
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Figure 7.5: The surface density in the beginning and at the end of the simulation in a disc
with Mach number 50 (left), 25 (middle) and 12.5 (right) and a mass ratio q = 0.15. Only the
m = 3 component of the tidal potential is used in these simulations. The corresponding Roche
lobe is also drawn.

strength of the (2,3)-wave.

dS1,0

dt
∝ S2,3

In Fig. 7.4, we show the mode strength S2,3 averaged over the whole disc and also the time
derivative of the averaged mode strength S1,0. We see that this equation is well satisfied
during the simulation.

If we lower the Mach number the disc becomes hotter. In Fig. 7.5 we show the
surface density distribution in the beginning of the simulation (t ∼ 15) for different Mach
numbers and mass ratio q = 0.15. For decreasing Mach numbers we see that the spiral
arms become less tightly wound: the radial wavelength of the spiral mode becomes larger.
This is what we expect, because in a hotter gaseous disc (lower Mach number), the sound
speed is higher and hence we get a less tightly wound spiral pattern. For a low Mach
number, it takes a very long time for the disc to become eccentric. For MMach = 25,
the eccentricity starts to grow at time 150 for q = 0.20 and at time 200 for q = 0.15.
In the latter simulation, the (1,3)-mode is the most dominant mode from time 50 until
time 250. This mode then disappears and the (2,3)-mode becomes stronger. At the same
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Figure 7.6: The same as Fig. 7.5, but now the full tidal potential was used during the simula-
tions, instead of only the m = 3 component.

time the (1,0)-mode increases in strength, as the disc becomes more and more eccentric.
For MMach = 12.5 (and q = 0.15), the disc does not become eccentric at all within the
simulated 50 orbital periods. During this time the (1,3)-mode and the (1,4)-mode are the
strongest modes in the disc.

7.3.5 Full tidal potential

While in the previous section we artificially took only the m = 3 component of the
tidal potential into account, we will now discuss the results obtained when the full tidal
potential is applied during the simulations. The main difference is that the (3,3)-mode is
now no longer the most dominant mode in the beginning of the simulation. The (1,1)-
mode is stronger, but the (2,2)-mode is the strongest one. This means that the initial
density perturbation in the accretion disc is a two-armed spiral mode rotating with a
pattern speed equal to the orbital frequency of the binary system. In Fig. 7.6 we show
a grayscale plot of the density, in the beginning and at the end of the simulation for
q = 0.15 and different Mach numbers. Although the accretion discs are not circular, they
certainly do not resemble the discs in the simulations where only the m = 3 component
of the tidal potential was taken into account. The accretion discs do not become very
eccentric and there are no clear indications for precession of the discs. The spiral pattern
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for MMach = 12.5 at time 150 seems very weak, but this is due to the strong central
condensation of gaseous matter. One striking difference with the previous simulations
is that the size of the accretion disc at the end of the calculations is much smaller. In
Fig. 7.7 we show the radial extent of the accretion disc in a binary system with mass ratio
q = 0.15 and different Mach numbers as a function of time. We have defined the radius
of the disc, as the radius of a cylinder around the compact object, which contains 99% of
the gaseous matter. Although the radius of the accretion disc seems to be independent of
the Mach number, the density distribution within the disc is different (see Fig. 7.6). The
3:1 resonance region is centered around a radius of 0.46 for q = 0.15. In the simulations
where the full potential is applied, all the accretion discs become much smaller than this
value, whereas the accretion discs in the simulations in which only the m = 3 component
of the tidal potential was used, extend all the way into this resonance region. We infer
from Fig. 7.7 that the disc radii (in the full potential case) are approximately 70% of the
Roche radius.

7.3.6 m = 0 and m = 3 potential

In the above described simulations, which only included the m = 3 component of the tidal
potential, the accretion disc precesses retrogradely, in the opposite direction as the orbital
motion of the binary. The observations suggest however that the accretion disc precesses
prograde. Several processes are responsible for the precession of the disc (Lubow 1992).
During the time of eccentricity growth, wave stresses that result from a phase shift in
the (2,3)-wave and the (1,0)-mode lead to a contribution to the precession rate, which
can have a prograde as well as a retrograde character. There is also a contribution from
the pressure forces in the disc. This contribution depends on the radial wavenumber
kr of the eccentric mode and the sound speed c of the gas in the disc. Following the
WKB-approximation, one can show from the dispersion relation for pressure waves that
the pressure forces always lead to a retrograde precession rate

.
ω of the accretion disc

(Goldreich and Tremaine 1979; Lubow 1992; Papaloizou, Savonije and Henrichs 1992):

.
ω= −k2

rc
2

2Ω

In a pure Keplerian disc, the epicyclic frequency κ of the gaseous material is equal
to the angular rotation frequency Ω. The m = 0, the axisymmetric component of the
tidal potential, modifies the epicyclic frequency in such a way that it is no longer equal
to the angular rotation speed of the gas around the compact object. This effect leads to
a prograde precession rate, which is proportional to the mass ratio q (Hirose and Osaki
1990).

We have also performed a similar simulation as above, but with a tidal field consisting
of two components (m = 0 and m = 3), mass ratio q = 0.20, and MMach = 50. The
same phenomena occur, as in the previous simulations with only the m = 3 component of
the tidal potential. The only difference we found is that, while the accretion disc is very
eccentric, it does not precess at all. In this case, the tidal field (m = 0) induces a prograde
precession rate, which balances the retrograde precession rate due to the pressure forces.
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Figure 7.7: The outer disc radius as a function of time in a system with mass ratio q = 0.15.
The outer disc radius is defined as the radius, which includes 99% of the mass of the disc. The
curves 1, 2 and 3 indicate models where the Mach number was 12.5, 25 and 50, respectively. The
top three curves (A) denote models where only the m = 3 component of the tidal potential was
used, while the lower three curves (B) are the result of simulations where the full tidal potential
was applied during the simulations.

7.4 Discussion

In the above simulations we have tested the mode-coupling model of Lubow (1991a,
1991b), which explains how an accretion disc is able to become eccentric. His model can
be summarized as follows. The tidal potential generates a (3,3)-mode in the accretion
disc. This mode is the strongest, if only the m = 3 component of the tidal field is
used. When the full tidal potential is applied, the generated (2,2)-mode and (1,1)-mode
are stronger. The (3,3)-mode couples with the initially small eccentricity (1,0)-mode.
This mode coupling results in the launch of a (2,3)-wave at the 3:1 resonance. The 3:1
resonance corresponds with the inner Lindblad resonance of the (2,3)-mode. In the second
step this (2,3)-mode couples with the existing (3,3)-mode to increase the strength of the
(1,0)-mode, making the disc more eccentric.

In the simulations above, in which we only included the m = 3 component of the tidal
field, we found an initially circular disc to become eccentric and to precess retrogradely,
i.e. in the opposite direction as the orbital motion of the binary, due to the pressure forces.
By including the m = 0 component of the tidal potential, the accretion disc became also
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eccentric, but did not precess at all. The m = 0 component induces a prograde precession,
which balances the retrograde precession induced by pressure forces.

In the more realistic simulations with the full tidal potential (in which the m = 2
component is dominant), the accretion disc did not become eccentric. The growth of
eccentricity is very sensitive to the disc size, i.e. it depends very much on whether the
accretion disc can extend all the way to the resonance region. In the full potential case,
the disc radii were much smaller than the radius of the 3:1 resonance region. The m = 2
component of the tidal potential removes matter from the resonance region through shock
dissipation, making it difficult for the above mentioned mechanism to render the accretion
disc eccentric. We find in our simulations with q = 0.15, disc radii Rd of approximately
0.38 – 0.39 a (see Fig. 7.7). Disc radii determined from measurements of the position of
the hot spot during quiescence are also smaller than the 3:1 resonance radius; for OYCar
(q = 0.10) Wood et al. (1989) find Rd/a ≈ 0.29 – 0.32, and for ZCha (q = 0.15) Wood et
al. (1986) find Rd/a ≈ 0.31 – 0.34.

The fact that we did not find a precessing accretion disc in the full potential simula-
tions, does not mean that the mode-coupling model is unable to explain the superhump
phenomenon. In order for Lubow’s model of eccentricity growth to work, gaseous material
should be able to enter the 3:1 resonance region. The superhump phenomenon is only
seen during a superoutburst. Perhaps, an enhanced mass loss rate from the companion
star or an increase of the viscosity in the outer parts of the disc, which makes the disc
larger, allows matter to reach the resonance region. Further calculations, simulating these
effects, must be made.
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Samenvatting

Differentieel roterende gasschijven komen voor in verschillende afmetingen en in een grote
verscheidenheid aan astrofysische systemen, bijv. afgeplatte sterrenstelsels, accretieschi-
jven in dubbelsterren, schijven rond sterren die net geboren worden (protosterren), schi-
jven rond Be sterren, schijven rond actieve kernen van melkwegstelsels, etc.

Dat dergelijke schijven zo algemeen zijn heeft te maken met een fundamentele natu-
urwet: de wet van behoud van impulsmoment. Dit is dezelfde wet die ervoor zorgt dat
de planeten in een baan om de zon blijven bewegen en niet onder de invloed van de
zwaartekracht naar de zon toe vallen.

Een gasschijf kan ontstaan uit een gaswolk die samentrekt onder zijn eigen zwaartekracht
(in het geval van een sterrenstelsel of een protoster) of uit gas dat door een centraal object,
een ster of een zwart gat, wordt aangetrokken (in het geval van een accretieschijf in een
dubbelster of een schijf rond een aktieve melkwegkern). Als dit gas oorspronkelijk een
zekere hoeveelheid impulsmoment bezit, blijft dit in eerste instantie behouden en zal het
gas in banen om het centrale object of rond zijn eigen massamiddelpunt gaan bewegen.
Het gas trekt slechts samen in de richting parallel aan de as waaromheen het gas roteert,
zodat een afgeplatte schijf ontstaat.

Onze kennis over de stabiliteit en evolutie van dergelijke gasschijven is echter beperkt.
De evolutie van de rotatietoestand van gasschijven wordt bepaald door het transport van
impulsmoment door de schijf. Doordat de gasdeeltjes in de schijf onderling wisselwerken
kan impulsmoment door de schijf getransporteerd worden. De interactie tussen de gas-
deeltjes kan vele vormen aannemen. De atomaire viscositeit is in het algemeen te klein om
het waargenomen transport van impulsmoment te verklaren. Turbulentie en magnetische
effecten kunnen een belangrijke rol spelen, maar zijn moeilijk te analyseren, omdat deze
effecten nog niet goed begrepen worden. Een andere mogelijkheid, waarop in dit proef-
schrift nader wordt ingegaan, is dat impulsmoment getransporteerd wordt door globale
dichtheidsgolven in de gasschijf.

Dit proefschrift behandelt verschillende aspecten van gasschijven om sterren. Het
eerste gedeelte omvat stabiliteitsanalyses van differentieel roterende gasschijven, met en
zonder zelf-gravitatie. In het tweede gedeelte van dit proefschrift modelleren we gasschi-
jven
rond een centrale ster, zowel in enkelvoudige als in dubbelstersystemen.
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5 Golftransport van energie en impulsmoment door globale niet-

axisymmetrische modes

De laatste jaren is er veel belangstelling voor de mogelijkheid van golftransport van energie
en impulsmoment door globale niet-axisymmetrische instabiliteiten. Rayleigh (1916) lei-
dde af dat een roterende gasschijf instabiel is voor axisymmetrische (radiële) verstoringen
wanneer het specifiek impulsmoment (het impulsmoment per massaeenheid) van het gas
naar buiten afneemt. In een schijf waarin het gas in Keplerse banen beweegt (een Kepler-
se schijf) neemt het specifiek impulsmoment naar buiten toe toe en zo’n schijf is daarom
stabiel voor radiële verstoringen; voor niet-axisymmetrische instabiliteiten is de situatie
echter veel gecompliceerder. Papaloizou en Pringle (1984, 1985) toonden aan dat in een
differentieel roterende schijf, die stabiel is volgens het stabiliteitscriterium van Rayleigh,
niet-axisymmetrische instabiliteiten kunnen groeien op een dynamische tijdschaal.

In hoofdstuk 2 analyseren we de lineaire stabiliteit van een dunne differentieel roterende
gasschijf (zonder zelf-gravitatie, m.a.w. de massa van de schijf is verwaarloosbaar t.o.v.
de massa van de centrale ster) voor niet-axisymmetrische verstoringen. Een voorwaarde
voor het optreden van een globale niet-axisymmetrische instabiliteit is dat de bijbehorende
instabiele mode een corotatiestraal in de gasschijf heeft. De corotatiestraal is gedefinieerd
als die straal in de schijf waar de patroonsnelheid van de mode gelijk is aan de lokale
hoeksnelheid van het gas. In een Keplerse schijf neemt de hoeksnelheid van het gas naar
buiten toe af, zodat in de gebieden binnen corotatie het gas een hogere hoeksnelheid heeft
dan de mode, terwijl het een lagere hoeksnelheid heeft dan de mode in de gebieden buiten
corotatie.

Eén type instabiliteit wordt veroorzaakt door de wisselwerking tussen golven die zich
aan beide zijden van corotatie bevinden, de één met negatieve energie en de ander met
positieve energie. Aan een golf kan energie (en impulsmoment) toegekend worden als
het verschil tussen de energie (het impulsmoment) van de schijf in de verstoorde en niet
verstoorde situatie. De golf heeft positieve energie in die gebieden waar de patroonsnelheid
van de mode groter is dan de snelheid van het gas en negatieve energie in die gebieden
waar het gas sneller beweegt dan het golfpatroon. Aan weerszijden van de corotatiestraal
is er een gebied waar golfachtige verstoringen zich niet kunnen voortplanten. Een golf kan
echter door dat ‘verboden gebied’ heen tunnelen. Er kan een instabiele mode ontstaan
wanneer de fase van een golf binnen corotatie op een juiste manier past op de fase van een
golf buiten corotatie. Terwijl de mode groeit, worden de energie en het impulsmoment van
de mode binnen de corotatiestraal meer negatief en buiten corotatie juist meer positief,
met een gelijke hoeveelheid. Voor deze zogenoemde ‘uitgebalanceerde modes’ blijft de
totale energie en impulsmoment van de mode constant.

Een ander type instabiliteit is de zogenoemde ‘corotatie-resonantie’. Deze instabiliteit
behelst de versterking van een mode door een direkte uitwisseling van energie en impuls-
moment tussen de mode en het gas. Deze resonantie kan optreden wanneer de vortensiteit,
dit is de verhouding tussen de vorticiteit (de rotatie van het snelheidsveld) en de opper-
vlaktedichtheid, niet constant is rond de corotatiestraal. Afhankelijk van de vortensiteits-
gradiënt rond corotatie kan de mode versterkt worden wanneer het gas in de schijf energie
en impulsmoment absorbeert dan wel afgeeft. Wanneer deze gradiënt positief is, zal een
mode met negatieve energie en impulsmoment groeien, terwijl een mode met positieve
energie en impulsmoment zal groeien wanneer de vortensiteitsgradiënt negatief is.
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6 m = 1 instabiliteiten in een zelf-graviterende gasschijf

In hoofdstuk 3 beschouwen we de stabiliteit van een differentieel roterende gasschijf (mét
zelf-gravitatie, dus met een niet verwaarloosbare massa) rond een centrale ster, met spe-
ciale nadruk op modes met een azimuthaal golfgetal m = 1. De m = 1 modes kunnen
verantwoordelijk zijn voor globale zwaartekrachts-instabiliteiten in zware gasschijven rond
protosterren. Dit kan leiden tot het uiteenvallen van de schijf en misschien zelfs verant-
woordelijk zijn voor het ontstaan van dubbelsterren.

Verstoringen met een m = 1 symmetrie dwingen de centrale ster zich te verplaatsen,
weg van het massamiddelpunt van het systeem. De beweging van de centrale ster in
het potentiaalveld van de schijf veroorzaakt op zijn beurt een m = 1 mode in de schijf
met een bepaalde patroonsnelheid. Voor de modellen die wij uitgerekend hebben zijn de
patroonsnelheden zodanig dat de hele schijf ‘verboden’ is voor golfachtige verstoringen.
De corotatiestraal voor de m = 1 modes ligt in deze modellen bij de buitenrand van de
schijf, zodat de mode ligt in een gebied waarin zij negatief impulsmoment heeft, terwijl
de centrale ster positief impulsmoment bezit. De m = 1 mode kan groeien wanneer de
centrale ster positief impulsmoment van de mode oppikt, waardoor de mode meer negatief
impulsmoment krijgt.

Wanneer de centrale ster veel lichter is dan de schijf, veroorzaakt de ster slechts een
verwaarloosbare dichtheidsverstoring in de schijf en valt direkt van het massamiddelpunt,
waar de zwaartekrachtspotentiaal van de zelf-graviterende schijf een maximum heeft, naar
de binnenrand van de schijf. Voor een grotere massa van de centrale ster is de interactie
met de schijf zodanig dat de overdracht van impulsmoment tussen de ster en de mode
belangrijk wordt. Wanneer de impulsmomentoverdracht toeneemt, groeit de amplitude
van de m = 1 mode en begint de ster in een spiraalvormige baan met een langzaam
toenemende straal om het massamiddelpunt van het systeem te bewegen. Wanneer de
centrale ster veel zwaarder is dan de schijf, is het systeem stabiel. De verstoring in een
dergelijke schijf met bijna geen massa is niet in staat de positie van de centrale ster te
bëınvloeden. Samenvattend kunnen we zeggen dat er instabiliteiten voorkomen die alleen
het resultaat zijn van de aantrekkingskracht tussen de schijf en de centrale ster en niet
afhangen van de neiging van het gas in de schijf om samen te klonteren onder invloed van
zijn eigen zwaartekracht.

7 Variaties in lijnprofielen in gasschijven rond Be sterren

Onder de vroeg-type sterren komt een groep van B sterren voor met emissielijnen in
hun spectrum, voornamelijk van waterstof. Deze B-emissie of Be sterren hebben in het
algemeen een hoge rotatiesnelheid. Deze snelheid kan een aanzienlijke fractie zijn van de
kritische snelheid waarbij de ster uit elkaar slingert. Het wordt tegenwoordig algemeen
aangenomen dat de emissielijnen gevormd worden in een gasschijf met hoge dichtheid rond
de Be ster. De gasschijf zou ontstaan kunnen zijn door een supersone sterrenwind, die het
steroppervlak verlaat en beweegt langs banen die elkaar snijden in het equatorvlak van de
Be ster (Bjorkman en Cassinelli 1993). Vaak hebben de emissielijnen een dubbelgepiekt
profiel, hetgeen een extra aanwijzing is voor de aanwezigheid van een schijf rond de Be
ster.
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In deze lijnprofielen wordt vaak een periodieke variatie (in de orde van enkele jaren) in
de verhouding tussen de intensiteit van de V(iolette) en de R(ode) piek gezien. Om deze
variaties in de V/R-verhouding te verklaren heeft Okazaki (1991) een model voorgesteld
van een een-armige (m = 1) dichtheidsgolf in de schijf. Hij vond dat door de gasdruk
een dichtheidsgolf kan ontstaan die op dezelfde tijdschaal rond de Be ster beweegt als
de waargenomen V/R variaties. De draaiingsrichting van deze mode is altijd retrograad,
d.w.z. tegengesteld aan de draaiingsrichting van het gas in de schijf rond de Be ster.
Okazaki beschouwde in zijn modellen de Be ster als een puntmassa. Door de hoge rotaties-
nelheid zal de Be ster echter afgeplat zijn, zodat in plaats van het zwaartekrachtsveld van
een puntmassa de potentiaal van een ellipsöıde gebruikt zou moeten worden (Papaloizou
et al. 1992). In hoofdstuk 4 laten we zien dat, door de afwijking van de zwaartekrachtspo-
tentiaal ten opzichte van die van een puntmassa, wij ook een een-armige mode vinden met
een rotatieperiode van de orde van de waargenomen V/R variaties. Tegengesteld aan het
model van Okazaki roteert deze mode echter prograad, in dezelfde richting als het gas in
de schijf rond de Be ster. In hoofdstuk 5 laten we zien dat de waargenomen variaties in de
lijnprofielen van de Be ster β1 Monocerotis gedurende de V/R periode verklaard kunnen
worden door een prograad roterende, een-armige dichtheidsstructuur in de schijf rond de
Be ster.

8 Precederende accretieschijven in nauwe dubbelsterren

Veel sterren maken deel uit van een nauw dubbelstersysteem waarin twee sterren op een
korte afstand om elkaar heen bewegen. Sommige van deze nauwe dubbelsterren bevatten
een “normale” ster en een compact object: een witte dwerg, een neutronenster of een zwart
gat. Dit compacte object kan omringd zijn door een gasschijf die gevormd is uit materiaal
dat wordt overgedragen van de “normale” ster naar het compacte object, via getijdenin-
teractie of via een sterrenwind. Een dergelijke schijf wordt een accretieschijf genoemd. In
de laatste twee hoofdstukken beschouwen we de mogelijkheid van precederende accreti-
eschijven in twee verschillende typen systemen: zware röntgendubbelsterren, bestaande
uit een vroeg-type ster en een neutronenster, en cataclysmische variabelen, bestaande uit
een laat-type ster en een witte dwerg.

In hoofdstuk 6 analyseren we de optische lichtkromme van de zware röntgendubbelster
LMCX-4. De neutronenster in dit systeem vangt gas op van de accretieschijf en zendt
daarbij röntgenstraling uit met een zeer hoge intensiteit. De optische lichtkromme van
een zware röntgendubbelster wordt overheerst door het licht van de zware, vroeg-type
ster. Deze ster is door getijdekrachten en rotatie vervormd, wat aanleiding geeft tot
helderheidsvariaties met de baanperiode. Naast deze zogenaamde ellipsöıdale variaties,
is in de optische lichtkromme van LMCX-4 een variatie zichtbaar met een periode van
meer dan 20 maal de baanperiode (Ilovaisky 1984). De röntgenintensiteit van LMCX-4
vertoont een aan-uit gedrag met dezelfde periode (Lang et al. 1981). Deze periode wordt
verondersteld de precessieperiode van de accretieschijf te zijn. In hoofdstuk 6 presenteren
wij een geometrisch model van LMCX-4 waarin de accretieschijf een hoek maakt met
het baanvlak en precedeert in de tegenovergestelde richting als de baanbeweging van de
dubbelster. Ook de ellipsöıdale variaties van de vroeg-type ster en de verhitting van deze
ster door invallende röntgenstralen van de neutronenster worden in dit model in rekening
gebracht. Ons model geeft een redelijke beschrijving van de periodieke variaties in de
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optische lichtkromme van LMCX-4.
In tegenstelling tot in zware röntgendubbelsterren is in cataclysmische variabelen de

accretieschijf de overheersende lichtbron. In de meeste gevallen is in deze systemen de
witte dwerg de zwaarste van de twee sterren. Cataclysmische variabelen danken hun naam
aan het feit dat ze zeer onregelmatige helderheidsvariaties vertonen, waarbij de helderheid
van het systeem gedurende korte tijd enkele magnituden kan toenemen. Onder de cat-
aclysmische variabelen bevindt zich een subklasse van niet-magnetische dwerg-novae, de
zogenaamde SU Ursae Majoris sterren, die twee soorten uitbarstingen vertoont: normale
uitbarstingen en superuitbarstingen. Een superuitbarsting duurt langer dan een normale
uitbarsting en is ongeveer één magnitude helderder. Gedurende een superuitbarsting
wordt vaak een periodieke variatie in de optische lichtkromme gezien met een periode die
een paar procent langer is dan de baanperiode (het zgn. “superhump” fenomeen). Door
de accretiestroom in de cataclysmische variabele ZCha te modelleren, vond Whitehurst
(1988) dat de accretieschijf excentrisch werd en langzaam precedeerde in dezelfde richt-
ing als de baanbeweging van de dubbelster. De superhumpperiode wordt verondersteld
de zwevingsperiode te zijn tussen de baanperiode en de periode van de precederende ac-
cretieschijf. Om te verklaren dat een cirkelvormige accretieschijf excentrisch kan worden
stelde Lubow (1991a, 1991b) een mode-koppelingsmechanisme voor. Hierin koppelt de
m = 3 component van de getijdepotentiaal met een kleine aanwezige excentriciteit van
de schijf en wekt een twee-armige dichtsheidsmode op. Deze mode koppelt terug met de
m = 3 getijdeverstoring en maakt de schijf meer excentrisch. In hoofdstuk 7 bestuderen
we dit model door de hydrodynamische evolutie van een accretieschijf te berekenen in de
getijdepotentiaal van de begeleider. We vinden dat de excentriciteit van de schijf inder-
daad kan toenemen wanneer alleen rekening gehouden wordt met de m = 3 component
van de getijdepotentiaal. Wanneer echter de volledige getijdepotentiaal wordt gebruikt
tijdens de berekeningen, wordt de accretieschijf te klein om excentrisch te worden volgens
bovenstaand mechanisme.
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Nawoord

Mijn eerste kennismaking met de sterrenkunde waren de Teleac cursussen op televisie.
De eerste hiervan gingen voornamelijk over de Amerikaanse en Russische ruimtevaart.
Naast de geschiedenis van de ruimtevaart werden ook steeds de nieuwe resultaten van
de satellietwaarnemingen aan de planeten behandeld. Later kwam de cursus Moderne
Sterrenkunde waarin allerlei astrofysische verschijnselen en objecten aan de orde kwamen.
In een van de afleveringen vertelde Ed van den Heuvel enthousiast over zijn werk; toen
wist ik dat ik later iets met dubbelsterren wilde gaan doen. In 1982 besloot ik daarom
sterrenkunde te gaan studeren aan het ‘Anton Pannekoek’ instituut in Amsterdam.
Tijdens mijn doctoraalstudie heb ik me bezig gehouden met het reduceren van waarnemin-
gen en heb een programma gemaakt waarmee de optische lichtkromme van de dubbelster
LMCX-4 kon worden geanalyseerd. Tweemaal ben ik naar La Silla (Chili) afgereisd om
waarnemingen te verrichten met de ‘Dutch Telescope’ (92 cm). Tijdens mijn waarnemin-
gen trof ik de cataclysmische variabele TVCol tweemaal binnen een week in uitbarsting
aan. Voor een aantal jaren had dit systeem geen uitbarstingen meer vertoond.
Voor mijn promotieonderzoek ben ik meer de theoretische kant opgegaan. Samen met mijn
begeleider Gertjan Savonije heb ik onderzoek verricht aan de stabiliteit van gasschijven
rond sterren. Aan de totstandkoming van dit proefschrift heeft Gertjan een grote bijdrage
geleverd.
Ik ben altijd met veel plezier naar ‘Het Instituut’ gegaan. ’s Ochtends, ’s middags,
’s avonds, ’s nachts: er waren altijd mensen. Naast het wetenschappelijke gedeelte, heb ik
met genoegen deelgenomen aan het sociale gebeuren: de koffietafelgesprekken (met taart),
het pingpongen, het snookeren, het eten, het bonken, de folia-puzzels, het volleyen. De
micro-vax kamer, met zijn eigen atmosfeer, waarin iedereen de problemen waar hij tegen
opliep luidkeels liet blijken, was mijn favoriete werkplek. Hierbij wil ik van de gelegenheid
gebruik maken om een aantal mensen te herinneren aan de f 17.50, die ik nog steeds van
ze te goed heb voor het oplossen van software problemen.


