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Introductio n n 

Generall  introduction 
Johnn Telting 

Astronomicall  Institute Anton Pannekoek, University of Amsterdam, and Center for High Energy Astrophysics, 
Kruislaann 403, 1098 SJ Amsterdam, Netherlands 

Thee first part of this thesis consists of four chapters about long-
termm variability in Be stars, analysing the changes in structure 
andd size of Be-star discs. The second part consists of four chap-
terss about absorption line-profile variations due to pulsations 
inn early-type stars, investigating whether it is possible to spec-
troscopicallyy identify pulsation modes. The separate chapters 
havee been or wil l be published in the astronomical literature. 

1.. Equatorial discs around Be stars 

Moree than a century ago, Secchi (1867) discovered a star with 
spectrall  lines that are brighter than the spectral continuum; be-
foree then only spectral absorption lines had been observed in 
celestiall  objects. This star, 7 Cas, became a prototype of the 
Bee stars, a group of hot non-supergiant stars, labelled after 
theirr spectral type and the fact that they show, or have shown, 
emissionn lines in their spectrum. About 20% of all B stars are 
Bee stars. General features of Be stars are: rapid rotation, com-
plexx emission-line profiles that are often double peaked, and 
opticall  and infrared continuum excesses. Be stars are particu-
larlyy interesting because they show variability of absorption and 
emission-linee profiles and of the optical and infrared brightness, 
onn time scales ranging from hours to years. In spite of many at-
tempts,, no explanation for the Be phenomenon has been found 
soo far. Major reviews on Be stars have been given by Doazan 
(1982)) and Slettebak (1988). 

Inn 1931 Struve put forward a model to explain the ob-
servedd emission-line profiles of Be stars. According to this 
modell  Be stars have an equatorial disc where ionized Hydro-
genn can recombine to form the emission lines, and the double 
peakedd structure of these lines is due to the velocity structure 
off  gas in the disc and to self-absorption in the disc. In 1974 
Gehrzz et al. showed that the (near-)infrared flux excesses are 
duee to optically thin free-free emission in the envelope. Even 
thoughh polarisation measurements were consistent with flat-
tenedd circumstellar envelopes (see reviews by Coyne & McLean 
1982,, Cassinelli 1987), the picture of an equatorial disc has 

longg been questioned (see e.g. Doazan & Thomas 1982). Van 
denn Heuvel & Rappaport (1987) support Struve's model as they 
pointt out that the observed X-ray flux of Be/X-ray binaries in-
dicatee that the compact objects in these binaries accrete from a 
relativelyy dense, low-velocityy wind, confirming the existence of 
disc-likee winds. Now that recent radio and Ha interferometry 
measurementss have resolved non-spherical envelopes around 
Bee stars (e.g. Dougherty & Taylor 1992, Vakili et al. 1994), the 
ideaa of equatorial discs has generally been accepted. 

A A 

t t 

Fig.. 1. Struve's (1931) rotational model as sketched by Slettebak 
(1979) ) 

Onee of the fundamental problems in Be-star physics is 
thee formation mechanism of equatorial discs. The role of 
radiationn pressure, magnetic fields, rapid rotation and non-
radiall  pulsations has been considered (see review articles in 
Proc.. IAU Symp. 162, eds. Balonaet al. 1994). Recently pro-
posedd mechanisms are the bi-stability of radiation-driven winds 
(Lamerss & Pauldrach 1991), the expulsion of material from the 
starr due to angular-momentum transport caused by stellar oscil-
lationss (Lee et al. 1991), and the rotational compression of the 
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polarr wind towards the equatorial plane (Bjorkman & Cassinelli 
1993;; for radiatively driven winds this latter model may not pro-
videe the necessary compression towards the equatorial plane, 
seee Owocki 1996). However, the proposed disc-formation mod-
elss have not been successful in explaining the disc densities 
ass derived from the observed infrared excesses (Waters et al. 
1987)) and from the observed emission-line strengths (Poeck-
ert&&  Marlborough 1978, Dachs et al. 1992). 

Thee disc-formation models have so far mainly been con-
cernedd with steady-state discs. However, it is obvious from ob-
servationss obtained during the past century that the envelopes 
off  Be stars are far from steady. Be stars can turn into regular B 
starss (which have no discs) and vice versa, or can display Be 
shelll  spectra. The brightness of some Be stars increases grad-
uallyy over decades, which has generally been interpreted as 
circumstellarr discs that grow in size and/or density. Emission-
linee profiles change their shape on time scales of several years 
(V/RR variability, see below), which reflects long-term variations 
inn the disc-like envelope. In the first part of this thesis a number 
off  unsolved issues regarding the long-term variability of Be-star 
discss is addressed. 

1.1.1.1. Optical and infrared continuum 

Thee spectral energy distributions of Be stars are composed of 
photosphericc emission and a contribution from the equatorial 
disc.. Since the optical depth of the free-bound and free-free 
emissionn in the disc depends on wavelength, the slope of the 
spectrall  energy distribution contains essential information on 
thee radial density distribution in the disc. From optical and 
infraredd photometry the radial density gradient and the base 
densityy of the disc can be derived (see e.g. Waters 1986). In 
general,, the derived radial density distributions correspond to 
discss with outflowing gas. 

Inn Chapters 2 and 5 of this thesis, we investigate the long-
termm variability of the optical and infrared continua of the Be 
starss 7 Cas (B0.5IVe) and X Per (BOVe), respectively. The 
discc of X Per is highly variable, and at some epochs absent. 
Therefore,, X Per is a perfect object to study the formation of a 
Be-starr disc. Using the model of Waters (1986) we derive disc 
growthh rates and disc decline rates for X Per, which can be used 
too constrain the current disc-formation models. 

1.2.1.2. V/R variability 

Thee double-peaked emission lines of many Be stars show long-
termm variability of the ratio of the intensity of the violet (V) 
andd the red (R) peak in the profile, on time scales of years to 
decades.. Models that have been proposed to explain the V/R 
variabilityy either imply subsequent infall and outflow phases of 
thee envelope (see Doazan 1982), or the revolution of azimuthal 
structuree in the disc. The latter has been proposed in the form of 
revolvingg elliptical rings (Huang 1972), as azimuthal structure 
invokedd by the presence of a companion (Cowley & Gugula 
1973),, or as disc oscillations (see Section 1.4). 

Subsequentt phases of infall and outflow in the disc could 
certainlyy produce V/R variations, but will certainly also lead 
too a variable radial density distribution and hence to different 
slopess of the spectral energy distribution as a function of V/R. 
Inn Chapter 2 we relate the long-term changes in the slope of 
thee optical and infrared energy distribution of 7 Cas with the 
observedd V/R variations, and conclude that the proposed model 
off  subsequent phases of infall and outflow in the envelope is 
inconsistentt with the observations. 

1.3.1.3. Discrete absorption components 

High-resolutionn ultraviolet spectroscopy has shown that early-
typee stars possess low-density high-velocity radiatively-driven 
winds.. In Be stars the high-density low-velocity equatorial disc 
coexistss with the radiatively-driven wind blowing at higher lat-
itudes. . 

Thee wavelength domain covered by the IUE satellite con-
tainss lines of several ions that are responsible for the line-driving 
off  the wind. Hammerschlag-Hensberge (1979) discovered blue-
shiftedd absorption enhancements in the P-Cygni type profiles 
off  the resonance lines of N v, Si iv, and C iv of 7 Cas (see also 
Henrichss et al. 1983). Similar discrete absorption components 
(DACs)) have been observed in practically all O stars and in 
manyy Be stars (see, e.g., Henrichs 1984, Grady et al. 1987, 
Howarthh & Prinja 1989). DACs reflect density enhancements in 
thee wind, that migrate outwards on time scales that are longer 
thann that of the flow speed in the wind. 

Doazann et al. (1987, 1989) found observational evidence 
forr a correlation between the long-term cyclic V/R variability 
off  Balmer emission lines and the presence of DACs and changes 
inn the equivalent width of UV resonance lines of the Be stars 
77 Cas and 59 Cyg. In Chapter 3 we analyse the high-resolution 
IUEE spectra of 7 Cas, to quantify the relation between the pres-
encee of DACs and the V/R variation of this star. Using the 
DAC-anlysiss method proposed by Henrichs et al. (1983) we de-
rivee that the column density of the density enhancements in the 
polarr wind of 7 Cas is linked to the V/R variation that originates 
inn the equatorial disc-like wind. We suggest that in 7 Cas this 
linkk might be due to one-armed global disc oscillations. 

1.4.1.4. One-armed global disc oscillations 

Ann elegant explanation of the V/R variations is provided by 
modelss concerning one-armed global disc oscillations (Kato 
1983,, Okazaki 1991, Papaloizou et al. 1992, Okazaki 1996). 
Thee gas motions in the disc are assumed to be quasi-Keplerian; 
thee elliptical orbits of individual particles line up to form a 
densityy enhancement and rarefication as a function of azimuth. 
Thiss density enhancement revolves very slowly around the star; 
whenn the density enhancement is on the approaching side of the 
discc we see more blue-shifted line emission, when it is located at 
thee receding side of the disc we see more red-shifted emission. 
Thee influence of various forces on the non-Keplerian potential in 
thee disc governs whether the oscillations are retrograde (with the 
oppositee rotational sense as the stellar rotation and the rotation 
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ll  = 2 , \m\ = 2 
sectorall  mode 

II  = 5 , |m| - 6 
sectorall  mode 

II  = 5 , \m\ = 4 
tesserall  mode 

II  = 6 , \m\ = 2 
tesserall  mode 

II  » 5 , (m| = 0 
zonall  mode 

Fig.. 2. Non-radial oscillations; here we sketch the radial part of the velocity field for three values of the inclination i=\5° (bottom), i=45°, 
andd i=75° (top), with the pole indicated by a dark dot. The nodal circles are white; the adjacent patches move in opposite directions. The 
indicess of the spherical harmonics I and m give the total number of nodal circles and the number of nodal circles along meridians, respectively. 
Sectorall  modes have £=\m\ (all nodal circles along meridians); zonal modes have |m|=0 (none of the nodal circles along meridians). Sectoral 
andd tesseral oscillations are travelling waves, zonal oscillation modes are standing waves. The sign of m depicts whether the travelling waves 
movee progradely or retrogradely with respect to the rotation of the star 

off  the disc particles) or prograde (travelling in the same direction 
ass the stellar rotation). 

Inn Chapter 4 we show that the long-term V/R behaviour of 
thee emission-line profiles of the Be star /3' Mon (B3 Ve; Cow-
leyy & Gugula 1973) implies that for this star the disc oscillation 
iss prograde. The fact that the duration of the V/R cycles in 
77 Cas increases with time (Chapter 3, Doazan 1987) is not yet 
accountedd for in any of the models proposed to explain the V/R 
variation. . 

7.5.. Summary 

Wee have quantitatively analysed the long-term behaviour of the 
discss of two Be stars, and by doing so we could reduce the num-
berr of possible explanations for the observed V/R variability. 
Wee have argued that the model involving disc pulsations can 
explainn some of the major features of V/R variability. Addi-
tionally,, we have derived, for the first time, the growth rate of 
aa Be-star disc, which gives essential information for studies of 
thee formation mechanism of Be-star discs. 

2.. Non-radial pulsations in early-type rotatin g stars 

Thee theory of non-radial pulsation was developed by Lord 
Kelvinn (Thomson 1863) before that of radial pulsation. Through 
thee interest in Cepheids the theory of radial pulsation showed 
muchh progress in the first half of this century; the lack of appli-
cabilityy kept the development of non-radial oscillation theory 

att a slow pace. It was only in the 1950's that Ledoux (1951) 
suggestedd that the observed variability in the broadening of the 
spectrall  lines of /3 CMa (a prototype of the (3 Cephei vari-
ables)) is due to non-radial pulsations. Osaki (1971) calculated 
linee profiles of non-radially pulsating stars and compared them 
withh observations available at that time; with the work of Smith 
(1977),, who used a similar model to fit  line-profile variations, 
thee field of pulsation-mode identification came off the ground. 
AA splendid review on non-radially oscillating stars is given by 
Unnoetal.. (1989). 

Thee Sun is the best studied non-radial pulsator; it pulsates in 
virtuallyy all detectable oscillation modes with harmonic degree 
II  ranging from zero (i.e. a radial oscillation) to ~1000 (see 
Figuree 2 for an explanation of the spherical harmonic indices 
II  and \m\). Helioseismology poses severe constraints on the 
internall  solar structure and the expected solar neutrino output. 

Al ll  over the Hertzsprung-Russell diagram there are groups 
off  stars that pulsate in non-radial modes. The research presented 
inn the second part of this thesis applies to (slightly evolved) 
early-typee stars, such as 5 Scuti variables (AF type), /3 Cephei 
variabless (early B type) and ( Ophiuchi variables (OB type, 
rapidd rotators). These stars have apparent pulsation periods of 
aa few hours, and with the present observing facilities pulsation 
harmonicc degrees up to ~ 15 can be derived spectroscopically 
(seee Chapter 7). 

Thee study of pulsations in stars provides direct tests for 
thee validity of stellar evolution models. With the current obser-
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Fig.. 3. The pulsation introduces local velocity shifts in the line profile. 
Ass the star rotates the pattern of bumps and troughs moves from blue 
too red through the profile. Taken from Vogt & Penrod (1983) 

vationall  capabilities, the prospect of asteroseismology seems 
promising:: one can compare the observed pulsation character-
isticss with those of stellar models, and thereby constrain the 
internall  structure of the modelled stars. Such a comparison is 
onlyy possible if the observations can lead to convincing identifi-
cationss of the stellar pulsation modes. For non-radial pulsations 
thee relevant parameters are the degree I and azimuthal order m, 
whichh specify the shape of the pulsation mode (see Figure 2). 
Thee intrinsic pulsation frequency is physically linked with the 
degreee I of the pulsation (see e.g. Dziembowski & Pamyatnykh 
19933 and Gautschy & Saio 1993 for /3 Cephei stars). For ro-
tatingg stars the azimuthal order affects the apparent frequency, 
sincee the modal pattern is rotating with the star. Hence, for 
asteroseismologicall  purposes one needs accurately determined 
valuess of I, m and the observed frequency. 

2.1.2.1. Pulsation-mode identification 

Thee non-radial pulsations divide the stellar surface into re-
gionss with different velocity fields and temperatures. If the 
amplitudee of the pulsation is large enough, the pulsational mo-
tionss and temperature variations across the surface of the star 
cann be detected. The temperature variations lead to brightness 
changess which can be observed photometrically. Heynderickx 
ett al. (1994) and Cugier et al. (1994) have shown how to iden-

tifyy low-degree (£<3) pulsation modes of /3 Cephei stars from 
multi-passbandd photometry. The pulsational temperature varia-
tionss lead to line-profile variability due to both local brightness 
andd equivalent-width variations. Similarly, the pulsational ve-
locityy field gives rise to line-profile variations due to the associ-
atedd Doppler shifts. Due to the rotation of the star the variability 
att the stellar surface is Doppler mapped on the absorption line 
profiles,, creating a pattern of peaks and troughs that move from 
bluee to red through the line profile (Vogt & Penrod 1983, see 
Figuree 3). Such profile variations have been successfully mod-
elledd as the result of non-radial pulsations (see e.g. Smith 1986, 
Vogt&Penrodd 1983, Baade 1984, Gies& Kullavanijaya 1988, 
Kambee et al. 1990, Reid et al. 1993). 

Variouss methods to spectroscopically identify the pulsation 
parameterss have been proposed. Smith (1977, 1986) has fitted 
observedd line profiles and time series of profiles with a model 
whichh includes the pulsational velocity field. This profile fitting 
processs involves a considerable number of parameters which 
aree not all independent, and hence the uniqueness of the identi-
ficationfication of the parameters t and m is in some cases questionable. 
Nevertheless,, this approach provides a flexibilit y upon which 
onee can always fall back if other methods fail. 

Balonaa (1986) and Aerts et al. (1992) developed the "mo-
mentt method", with which one investigates the variations of 
thee first few statistical moments of the line profiles (which are 
relatedd to the centroid velocity, line width, and line skewness), 
ass a function of time. With this method one is able to separate 
thee relevant from the irrelevant parameters that are involved, 
andd values of I and m can be derived. Since the variations in 
thesee moments are only detectable for pulsation modes with 
C^>4C^>4 (assuming reasonable pulsation amplitudes), this method 
hass only limited applicability. 

Giess & Kullavanijaya (1988) and Kennelly et al. (1992) 
havee developed methods that examine a time series of spec-
traa with Fourier techniques. For each narrow wavelength in-
tervall  in the line profile the variations in normalized intensity 
aree Fourier transformed. Considering that the pulsations are 
Dopplerr mapped as line-profile variations, the mode identifica-
tionn is then attempted using the observed change in phase of the 
periodicc variations as a function of position in the line profile. 
(Thee method of Kennelly et al. involves a Fourier transform 
inn both time and wavelength domains.) In Chapters 6 and 7 
wee investigate for which part of parameter space this method 
iss applicable, and find that the meaning of the results of this 
methodd is different from what was originally thought. We show 
thatt if the rotational broadening of the absorption lines is large 
enough,, one can derive values of I up to ~15 and values of \m\ 
upp to ~ 10 with this method. With an application of the method 
too previously published spectral time series of e Per (B0.7III; 
Giess & Kullavanijaya 1988) and ( Oph (09.5 V ; Reid et al. 
1993)) we show that previous identifications of the pulsation 
parameterss might need to be revised. 

Withh the work of Lee et al. (1992) and Aerts & Waelkens 
(1993)) the question was raised how the effects of rotation on the 
pulsationall  velocity field disturb the ability to derive the pulsa-
tionn parameters £ and \m\. Through the Coriolis and centrifugal 
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forcess the stellar rotation affects the pulsational velocity field 
suchh that it cannot be approximated with one single spherical 
harmonicc function. In Chapters 6 to 8 we address this issue and 
showw that especially for low-degree pulsation modes (includ-
ingg radial modes) the effects of rotation become important. In 
rotatingg stars a radial pulsation can have the same line-profile 
variabilityy characteristics as that of non-radial modes. 

Inn Chapter 9 we analyse a large data set of spectra of the 
pulsatingg star 0 Cephei (first presented by Aerts et al. 1994). 
Withh the moment method and a method equivalent to that of 
Giess & Kullavanijaya we identify the pulsation indices of the 
non-radiall  pulsation mode in this star; both methods lead to 
thee same mode identification. In agreement with the UV wind 
variabilityy of 0 Cephei (B2 III) , we find in the optical pho-
tosphericc absorption lines evidence for rotational modulation, 
whichh might be associated with the presence of a magnetic field. 

2.2.2.2. Conclusions 

Thee first steps towards actual asteroseismology have been taken. 
Wee have shown that the line-profile variability contains enough 
informationn to identify pulsation modes, for modes with har-
monicc degree ££15. We now have to apply our analysis tech-
niquee to observations. However, there are only few existing 
dataa sets that are suitable for such an analysis, three of which 
havee already been re-analysed in this thesis. New extensive time 
seriess of spectra of rotating pulsating stars are needed to take 
furtherr steps towards asteroseismology. 
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Abstract.. Long-term changes in the optical and IR continuum energy distribution of 7 Cassiopeiae are compared to the 
variabilityy in the line shape of the H/3 emission line. New near-IR observations are presented and combined with literature 
data,, covering a period of 25 years. The IR data show only small variations in brightness and colour, with a trend for the K 
magnitudee to decrease gradually. This brightening is also apparent in the V band photometry. The H/3 line profile shows the 
familiarr V/R variations with a typical time scale of 5  1 year. There is no correlation between the (strong) variations in the 
H/33 line profile and the strength or shape of the IR continuum. 
Twoo models are considered that can explain the observed V/R variations: the expanding/contracting spherical shell model, 
andd the non-axisymmetric disc model. In the spherical shell model periods of expansion give rise to a steepening of the IR 
continuumm energy distribution because the radial density gradient of the gas increases. Conversely, periods of contraction 
givee rise to a flattening of the IR continuum. In the disc model, no changes in the slope of the IR continuum are expected 
becausee the V/R variations are not the result of changes in the radial density gradient of the circumstellar gas. 
Thee energy distribution of 7 Cas and its variability is analysed using the S2/68 spectrophotometric data to establish the 
photosphericc flux in the UV, and by fitting a Kurucz (1979) model atmosphere to the UV observations. The predicted optical 
andd IR fluxes of the Kurucz model are compared to the observations in order to derive the excess emission. This excess 
radiationn is modelled under the assumption that it is due to free-bound and free-free emission from circumstellar gas. 
Fromm the comparison between the two models and the observations it is concluded that the expanding/contracting shell 
modell  cannot account for the constancy of the IR continuum, and that the non-axisymmetric disc model agrees best with 
thee observations. 

1.. Introductio n 

Bee stars distinguish themselves from normal B stars by a wide 
rangee of specific properties. Among these properties are intrin-
sicc reddening of the optical continuum, intrinsic polarization 
att optical and near-infrared wavelengths, and super-ionized, 
high-temperature,, high-velocity wind regions, observed in the 
ultraviolett spectrum. Another well known Be-star feature is 
rapidd rotation. Be stars show rotation velocities which are a 
considerablee fraction of the break-up velocity. What role the 
rapidd rotation plays in the Be phenomenon is not clear. The 
originn of the rapid rotation is also not known. Since centrifu-
gall  forces, due to the rapid rotation of Be stars, wil l ease mass 
losss at equatorial latitudes, dense equatorial envelopes (discs) 
aroundd Be stars can be expected. Detailed reviews on Be stars 
aree presented by e.g. Doazan (1982) and Slettebak (1988). 

Comparedd to normal early type stars, Be stars show an 
excesss of radiation in the IR and radio wavelength regions, 

causedd by free-free and free-bound emission in relatively dense 
circumstellarr matter (e.g. Gehrz et al. 1974). The matter con-
tributingg to this excess is thought to be part of a high-density, 
low-velocityy stellar wind. The slope of the infrared and radio 
energyy distribution of a Be star is related to the radial den-
sityy distribution of such a wind. Lamers and Waters (1984) 
developedd a method to derive the density structure of ionized 
circumstellarr material from the observed wavelength depen-
dencee of the IR excess. Waters (1986) adapted this method and 
appliedd it to disc-like geometries. This curve of growth method, 
whichh compares observed excess fluxes with theoretical excess 
fluxess found by stellar-wind modelling, wil l be used to study 
thee long-term changes in the continuum energy distribution of 
77 Cas. 

Manyy Be stars show Hydrogen emission line profiles that are 
dividedd in two peaks, called the violet and red emission peak of 
thee line (e.g. Doazan et al. 1987). These emission features are 
primarilyy formed by recombination in circumstellar matter. It 
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iss believed that the Hydrogen emission lines and the observed 
IRR excess have their origin in the same region of the winds 
off  Be stars. Dachs et al. (1986) find a clear tendency for the 
measuredd equivalent width of Ha emission lines to increase 
withh computed envelope radii. Furthermore, Dachs et al. (1988) 
findd a clear correlation between the IR excess and the strength 
off  die Ha emission line. 

Long-termm variation in the ratio of the intensity of the violet 
andd red Hydrogen emission peaks (V/R variation) is commonly 
observedd in the spectra of Be stars (see e.g. Dachs 1987). Two 
modelss that may explain this V/R variation are: 

1.. A star surrounded by a spherically symmetric shell which is 
successivelyy expanding and contracting (e.g. Doazan 1987). 
Inn phases of expansion the emission line profiles are ex-
pectedd to have V/R values smaller than unity (see also 
Sect.. 4). Phases of contraction will lead to V/R> 1. Sub-
sequentt inflow and outflow phases will be accompanied by 
drasticc changes of the radial density distribution of the wind 
andd therefore a significant change in the slopee of the IR en-
ergyy distribution is expected. This implies changes in the 
IRR colours of the star. A relation between these colours and 
thee V/R variability as well as a relation between density 
parameterss and V/R variability should be observed. 

2.. A star surrounded by a rotating non-axisymmetric, disc-like 
wind.. If such a system is not viewed face-on, the rotation 
off  the non-axisymmetric density distribution will cause dif-
ferentt values of V/R (e.g. Huang 1972). Since die radial 
densityy distribution does not necessarily change in time, no 
changee in the IR spectral index, i.e. the slope of the IR en-
ergyy distribution, is expected. Hence, no relation between 
diee V/R variability and the density structure parameters of 
thee wind is expected. The disc-like structure could possi-
blyy be kept in its non-axisymmetric shape by tidal effects 
causedd by a companion star or by global one-armed oscilla-
tionss (Okazaki 1991). Long-term V/R variability in binary 
systemssystems is indeed observed in e.g. 0 Per, HR 2142, C Tau, 
KK Dra, HD 102567. Dachs et al. (1986) state that the shapes 
off  measured Ha profiles are consistent with the expected 
shapeshape of profiles originating in a flat differentially-rotating 
disc-shapedd envelope. Hat equatorial envelope models have 
beenn proposed since 1931 (Struve 1931). 

Bothh these models have to account for UV spectral features, 
suchh as observed discrete absorption components in die Siiv, 
Civv and Nv resonance lines, which reveal the presence of a 
fast-outflowing,, low-density wind. Hence, mere must also be 
regionss around the star where such a wind can exist. In the first 
modell  this region is placed inside the contracting/expanding 
shell:: a spherical fast-outflowing region within the shell. In die 
secondd model the high-velocity, low-density wind is located at 
non-equatoriall  latitudes of the star. 

Thee aim of our study is to determine the nature of the V/R 
variabilityy of the Be star of 7 Cas, i.e. to find out which of me 
abovee mentioned models agrees best with die observations. We 
wil ll  use ultraviolet, optical and infrared photometry and optical 
spectra,, which are partly our own data and partly taken from 

diee literature. Preliminary results are presented by Telting et 
al.. (1991). 

Inn the next section die star 7 Cassiopeiae will be introduced. 
Thee data we used are listed and described in Sect. 3. In Sect. 4 
wee discuss the trends in die data. In Sect. 5 we discuss in detail 
diee two above mentioned models which can explain die V/R 
variabilityy of die star. We give a description of the way we 
derivedd die photospheric flux of 7 Cas in Sect. 6. In Sect. 7 we 
introducee die curve of growth memod which models die IR flux 
off  7 Cas and we compare the models widi our IR data. Results 
aree discussed and conclusions are drawn in Sect. 8. 

2.. 7 Cassiopeiae 

77 Cassiopeiae was die first emission line star that was dis-
coveredd (Secchi 1867) and is now one of the best studied Be 
stars.. Its visual magnitude (my « 2.25) makes 7 Cas, HR264, 
HD5394,, spectral type B0.5IVe (Lesh 1968), vsin« of about 
230km/ss (Slettebak 1982), the brightest Be star of the north-
ernn hemisphere. For about 100 years 7 Cas has been observed 
inn many spectral regions. The star is variable on various time 
scaless in die optical and IR continuum, X-rays, UV resonance 
liness and emission lines in several spectral regions. The star 
hass gone tfirough shell phases and dirough periods of weak 
andd strong Balmer, Hei and Fen emission (e.g. Goraya and Tur 
1988).. During die time span 1932-1942 7 Cas displayed spec-
tacularr variations in brightness, colour, colour temperature, line e 
spectrumm etc. After that event die brightness of the star stabi-
lizedd and subsequently started to increase. The Balmer emission 
liness showed no V/R variation between 1946 and 1970. Since 
19700 the Balmer H/? emission line has shown a variability in 
diee ratio of the intensities of the violet and red part (V/R) of 
itss line profile. This cyclic variability still lasted in 1986 and 
hass a typical time scale of 1 year. Similar behaviour is also 
seenn in other Balmer emission lines. 7 Cas has a varying large 
IRR excess which is due to free-free and free-bound emission in 
circumstellarr matter. 

Inn 1976 7 Cas was identified as die optical counterpart of 
diee low-luminosity, variable hard X-ray source MX 0053+604. 
Whitee et al. (1982) found great similarities between the X-
rayy spectrum of 7 Cas/MX 0053+604 and that of the X-ray 
pulsarr X Per/4U 0352+30 (a Be and neutron star binary), and 
diereforee concluded that the companion of 7 Cas is an accreting 
neutronn star. Results of observations of the 6.8 keV iron line 
madee Murakami et al. (1986) suggest the presence of a white 
dwarf.. Frontera et al. (1987) pointed out mat a neutron star in a 
widee orbit is more consistent with the observations. No evidence 
forr binarity of 7 Cas has been found from radial velocity studies. 

Simultaneouss UV and Ha measurements, presented by Slet-
tebakk and Snow (1978), revealed short time scale, simultaneous 
variability,, which correlated with an X-ray flare. Subfeatures 
movingg trough optical Hl, Hel and Sim lines are consistent 
withh high-order modes of non-radial pulsations (|m| = 12  4) 
off  7 Cas. Yang et al. (1988) mention a possible correlation 
betweenn these subfeatures and a detected X-ray flare. 
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Narroww absorption components of SilV, Civ and Nv ultravi-
olett resonance lines are detected by Hammerschlag-Hensberge 
(1979)) and Henrichs et al. (1983). These absorption com-
ponentss have central velocities ranging from — 650km/s to 
-1500km/s.. The appearance of discrete absorption compo-
nentss seems to be irregular. Doazan et al. (1987) reported that 
thesee high-velocity components appear more often and persist 
longerr in periods when the V/R ratio of the H/3 line is larger 
thann 1. 

Recentt polarization studies of 7 Cas by Clarke (1990) lead 
too the discovery of an "intrinsic line", indicating the projection 
off  equatorial bulges at the photosphere. This study also resulted 
inn a deductionn of the inclination angle i w 45°. 

Severall  detailed models for 7 Cas have been developed by 
Marlboroughh (1977), Poeckert and Marlborough (1977,1978), 
Marlboroughh et al. (1978) and Scargle et al. (1978). 

Mourardd et al. (1989) have compared the results of their 
opticall  interferometry measurements of 7 Cas with the disc 
modell  proposed by Poeckert and Marlborough (1978) which 
impliess an inclination angle of the disc of i « 45°. Mourard et 
al.. conclude that the data clearly show an envelope in rotation, 
whichh approximately fits the disc model. 

Waterss et al. (1991) mention observations of 7 Cas at A = 
0.88 mm and A = 1.1 mm. They conclude that the radial density 
structuree of material around the star can be represented by a 
powerr law density distribution. However, to fit  the millimeter 
observationss the power of this density law needs to be changed 
forr large distances from the star (r > 8i?*). 

3.. The data 

Inn order to investigate the nature of the variability of 7 Cas, 
wee collected ultraviolet, visual and infrared continuum obser-
vationss as well as observations of the H/3 emission line. Among 
thee IR continuum observations are observations made by one of 
uss (P. Persi), which are never presented before. In the following 
wee describe the collected data. 

UltravioletUltraviolet continuum observations. The ultraviolet contin-
uumm observations we used are taken from the Supplement to 
thee ultraviolet bright-star spectrophometric catalogue (Macau-
Hercott 1978). The S2/68 telescope aboard the ESRO satellite 
collectedd these data of 7 Cassiopeiae during two periods in 1973 
andd 1974. We present the UV data in Fig. 4. 

Afterr reduction the ultraviolet continuum data are dered-
denedd by substituting the value E(B—V)-0.Q3 (Lowe et 
al.. 1985) in the Savage and Mathis (1979) extinction curve. 

H/3H/3 observations. The H/3 data are obtained by Cowley et 
al.. (1976) from 1969 to 1976 and by Doazan et al. (1987) from 
19766 to 1986. These data are plotted in Fig. lb. 

VisualVisual observations. To construct a visual light curve we used 
observationss made by members of the British Astronomical As-
sociationn and the Junior Astronomical Society. These observa-
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Fig.. 1. a) Visual light curve of 7 Cas. b) V/R behaviour of the H/3 
emissionn line of 7 Cas. c) K magnitude light curve based on data from 
Tablee 1. d) K—L colour magnitudes derived from data as displayed 
inn Table 1. 
Legendd of Fig. la: dots - S.R. Dunlop and J. Isles (private communi-
cation),, triangle - Ferrari-Toniolo (1978), pentagons - Böhme (1985, 
1986),, squares - Johnson (1966) 

tionss are eye-estimates and were made from 1963 to 1988. The 
observationss were presented to us by J.E. Isles and S.R. Dunlop 
off  the BAA as annual means (1963-1988), as monthly means 
(1978-1988)) and also in a not averaged format (1970-1983) 
fromm which we calculated 50-day means (typical error in mean 
aa = 0.1 mag). We also used data published by Böhme (1985, 
1986),, Ferrari-Toniolo et al. (1978) and Johnson et al. (1966). 
Thee visual light curve is plotted in Fig. la. The plotted mean 
valuess of the eye-estimates display a trend of increasing bright-
ness.. The optical photometric observations are in agreement 
withh this trend. 

InfraredInfrared observations. The new infrared data, as presented in 
thiss paper, consist of 17 sets of observations made within an 
elevenn year period. Each set contains observations simultane-
ouslyy made at three or more different IR wavelengths. These 
dataa are obtained by P. Persi at Wyoming InfraRed Observa-
toryy (WIRO) and at TIRGO with both the Ge bolometer and 
thee InSb detector. Calibration constants of the WIRO system 
aree reported by Gehrz et al. (1974). For concise descriptions 
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Tablee 1. Infrared photometry of 7 Cassiopeiae. The numbers in the calibration column (C) refer to the calibration systems listed in Table 2. The 
referencee numbers in the R column address the following papers: (1) Johnson et al. (1966), (2) Allen (1973), (3) Gehrz et al. (1974), (4) Ashok 
ett al. (1984), and (5) Waters et al. (1987). Observations without an entry in the R column have not yet been published before. The IRAS fluxes 
aree given in erg/cm2/s/Hz. 

date e 

Octt 13 
Novv 04 
Decc 16 
Decc 13 
Decc 22 

1972--
Jun24 4 
Jun25 5 
Augg 24 
Sepp 21 
Octt 15 
Novv 15 
Sepp 03 
Decc 28 
Augg 21 
Sepp 27 
Octt 01 
Sepp 30 
Sepp 14 
Sepp 20 
Sepp 30 
Sepp 29 
Novv 27 
Novv 25 

date e 

1972 2 
Jun24 4 
Jun25 5 
Augg 24 
Sepp 21 
Octt 15 
Novv 15 
Sepp 03 
Decc 28 
Augg 21 
Sepp 27 
Sepp 30 
Sepp 14 
Novv 25 

63 3 

64 4 

1971 1 

J.D. . 
-2400000 0 

38316 6 
38338 8 
38380 0 
38743 38743 
38752 2 

-19733 (average) 
78 8 

79 9 

80 0 

81 1 
83 3 

84 4 
86 6 

88 8 

3684 4 
3685 5 
3745 5 
3773 3 
3797 7 
3828 8 
4120 0 
4236 6 
4473 3 
4510 0 
4514 4 
4878 8 
5592 2 
5598 8 
5974 4 
6703 3 
6762 2 
7491 1 

J.D. . 
-2440000 0 

-19733 (average) 
78 8 

79 9 

80 0 

81 1 
83 3 
88 8 

date e 

3684 4 
3685 5 
3745 5 
3773 3 
3797 7 
3828 8 
4120 0 
4236 6 
4473 3 
4510 0 
4878 8 
5592 2 
7491 1 

19833 (IRAS) 

I I 
magg  0.01 
2.357 7 
2.427 7 
2.307 7 

[8-7] ] 
magg  0.05 
0.84 4 
1.07 7 
0.99 9 
0.90 0 

0.99 9 
0.86 6 
0.89 9 
0.566  0.07 
0.98 8 
0.84 4 

J J 
magg  0.01 
2.481 1 
2.563 3 
2.404 4 
2.324 4 
2.430 0 

2.30 0 

2.27 7 
2.21 1 
2.38 8 
2.37 7 

N N 
magg  0.05 
0.85 5 
1.08 8 
1.00 0 
0.94 4 
1.04 4 
0.95 5 
0.85 5 
0.91 1 
0.49 9 
0.93 3 
0.81 1 
0.82 2 
0.59 9 
0.633  0.09 

logF(12/*) ) 
-21.833 4 

H H 
magg  0.01 

2.200  0.03 

2.24 4 

2.24 4 
2.18 8 
2.31 1 
2.26 6 

[11.4] ] 
magg  0.05 
0.67 7 
1.14 4 
0.86 6 
0.78 8 

0.81 1 
0.71 1 
0.78 8 

0.89 9 
0.69 9 

logg F(25 M) 

K K 
magg  0.03 
2.17 7 
2.27 7 
2.16 6 
1.99 9 
2.20 0 
198 8 
2.05 5 
2.00 0 
1.95 5 
1.85 5 
1.88 8 
1.90 0 
1.85 5 
1.88 8 
1.89 9 
1.99 9 
1.99 9 
2.08 8 
2.01 1 
1.81 1 
2.00 0 
1.98 8 
1.87 7 
1.88 8 
1.844 4 

[12.6] ] 
magg  0.05 
0.59 9 
0.96 6 
0.95 5 
0.62 2 

0.72 2 
0.66 6 
0.65 5 
0.144 5 
0.73 3 
0.78 8 

-22.177 4 

L L 
magg  0.03 

1.844 5 
1.900 5 
1.555 5 
1.72 2 
1.79 9 
1.72 2 
1.55 5 
1.59 9 
1.64 4 
1.54 4 
1.65 5 
1.59 9 
1.64 4 
1.70 0 

1.72 2 
1.47 7 

1.55 5 
1.53 3 
1.47 7 
1.544 4 

Q Q 
mag g 
0.311  0.20 

0.277 0 

0.099 5 
-0.155 0 
0.255  0.05 
-0.100 1 

-0.577  0.20 

logF(60/i) ) 
-22.666  0.04 

M M 
magg  0.05 

1.41 1 
1.50 0 
1.47 7 
1.36 6 
1.40 0 
1.36 6 
1.29 9 
1.29 9 
1.14 4 
1.43 3 
1.39 9 

1.31 1 
1.22 2 
1.25 5 

9 9 

c c 

3 3 
4 4 
4 4 
4 4 
4 4 
4 4 
4 4 
4 4 
4 4 
4 4 
4 4 
4 4 
1 1 
5 5 
5 5 
2 2 
2 2 
2 2 
2 2 
5 5 

C C 

4 4 
4 4 
4 4 
4 4 
4 4 
4 4 
4 4 
4 4 
4 4 
4 4 
4 4 
5 5 
5 5 
5 5 

R R 

2 2 
3 3 

4 4 

R R 

3 3 

R R 
5 5 

off  the used TIRGO instruments see Persi et al. (1990a, 1990b) 
andd references therein. WIRO observations are made from June 
19788 to September 1980, TIRGO observations from September 
19811 to November 1988. 

Wee used additional sets of data published by Allen (1973), 
Ashokk et al. (1984), Gehrz et al. (1974) and Johnson et 
al.. (1966). Far IR fluxes obtained by the IRAS satellite in 1983 
(Waterss et al. 1987), are also included. The data of Gehrz et 
al.. are published as means over a 13 month period. Table 1 lists 
alll  used data. Table 2 lists the calibration constants used to con-
vertt the measured magnitudes into fluxes. A K band light curve 
andd the K - L colour history of 7 Cas are plotted in Figs. 1c and 
Idd respectively. 

Accordingg to Ashok et al. their data has to be calibrated 
usingg the Johnson calibration system. Since the original John-

sonn photometry system does not include H band photometry we 
hadd to calculate a H band calibration value for this system. We 
derivedd this calibration value by fitting a straight line through 
calibrationn constants for the J, K, L, M and N bands, given 
byy Landolt-Börnstein (1982), in a CA versus log(A) graph. This 
wayy we found the calibration constant for H band photometry to 
bee Ci65o - 19.996. The calibration constant derived by Koorn-
neeff  (1983) is Ci650 = 19.963. We did not use the calibration 
valuee given by Koornneef, because it deviates too much from 
thee value we derived to ensure a continuous calibration value 
withh respect to the values given by Landolt-Börnstein. 

Afterr reducing the infrared data we dereddened these data 
byy substituting the value E(B-V)=0.03 (Lowe et al. 1985) in 
thee Savage and Mathis (1979) extinction curve. This extinction 
correctionn turned out to be negligible at infrared wavelengths. 
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Tablee 2. Calibration constants for IR photometry. The calibration constants C\ are used to convert data of Table 1 into fluxes in erg/cm2/s/Hz. 
Fluxess are calculated using logF„  = —0.4mA — C\. Johnson calibration constants are taken from Landolt-Börnstein (1982). The calibration 
constantt value marked with an * is an interpolated value (see text), since originally the Johnson system has no H-band photometry. 

ÏÏ  J H K L M [8/7] N [11.4] [12.6] Q 
11 Johnson 19.650 19.802 19.996* 20.200 20.562 
2TIRGOInSBB 19.786 19.963 20.177 20.597 20.770 
3CITT 20.009 20.208 20.553 
4WIROO 20.223 20.558 20.801 21.272 21.387 21.498 21.582 21.928 
5TIRGObolom.. 20.167 20.570 20.821 21.449 22.032 

4.. Description of general trends 

H0H0 observations. In Fig. 1 b the observations of the V/R ratio of 
thee Balmer H/3 line of 7 Cassiopeiae are plotted. The V/R ratio 
performss a cyclic variation with a typical time scale of 5  1 year. 
Thiss variation commenced in 1970, since when the amplitude 
andd the period of the variation are growing. Before 1970 the V/R 
valuee was approximately equal to unity. No obvious relation 
betweenn the V/R variability and the visual light curve (see 
Fig.. la) can be found. 

OpticalOptical observations. Optical observations of 7 Cas are dis-
playedd in Fig. la. This figure clearly shows that the visual 
brightnesss of 7 Cas is increasing throughout the years. Since 
19644 the star has become w 0.2 magnitudes brighter. The visual 
lightt curve given by Goraya and Tur (1988) tells us that the 
brightnesss of 7 Cas has been increasing since 1940. Howarth 
(1979)) reported measurements made in 1941 of my ~ 2.8. An 
increasee of brightness can be due to intrinsic changes of the 
starr itself, such as a gradual change of the effective temperature 
and/orr the stellar radius. No observational evidence for these 
explanationss is found. Another explanation could be that 7 Cas 
iss building up an envelope which emits the excess of radiation. 
Too find what kind of emission mechanism can cause this flux 
excess,, one has to construct light curves at other wavelengths 
too find the wavelength dependence of the flux excess. 

InfraredInfrared observations. The K band light curve of 7 Cas, which 
iss plotted in Fig. lc, shows a slight gradual brightening of the 
star.. The curve follows the trend of the visual light curve. Since 
19644 the star has become « 0 .3 magnitudes brighter in the K 
bandd wavelength region. In addition to the K band data from 
Tablee 1 we plotted three K band measurements of 7 Cas, made 
byy Jones (1979), in Fig. lc. 

Figuree Id displays the K—L colour history of 7 Cas. Al l 
dataa of this plot are listed in Table 1. There seems no reason 
too believe that there is an increasing or decreasing trend in the 
K - LL colour of 7 Cas. Since the K band light curve follows 
ann increasing trend, this must also be the case for the L band 
lightt curve. A comparison of Figures la, lc and Id tells us that 
thee visual, K band and L band data of 7 Cas follow a similar 
increasingg trend. 
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Fig.. 2. M—N versus K—L colour-colour diagram of data of 7 Cas. 
Thee solid line represents the position of black bodies with different 
temperaturee and the dashed line the positions of power-law energy 
distributionss given by Sv « i/Q. Different values of the blackbody 
temperaturee and the power a are indicated. All data sets of Table 1 
withh observations in the K, L, M and N band are plotted. Typical lcr 
errorss of the observed colours are indicated by error bars in the upper 
leftt corner of the graph 

Consideringg the similar increasing trends in the visual and 
infraredd light curves, we conclude that 7 Cas is storing matter, 
lostt from the star itself, in an envelope around the star. The emis
sionn measure of the envelope is increasing with time. i.e. the 
envelopee is getting denser and/or larger. The observed increase 
inn flux is probably due to free-free and free-bound emission in 
thee envelope. 

Thee sudden appearance of the long-term V/R variability and 
thee steady increase of the amplitude of this variability might also 
bee correlated with the growth of an envelope. If this is the case, 
thee beginning of long-term V/R variations might be triggered on 
geometricall grounds: variation starts when the envelope exceeds 
aa certain size. 

Figuree 2 displays a M—N versus K—L colour-colour dia
gramm of the data of 7 Cas. The plotted colours are derived from 
thee IR data in Table 1. The solid line in Fig. 2 represents the 
positionss of black body energy distributions for different tem
peratures.. The dashed line represents the positions of power-law 
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energyy distributions given by S„  oc va. The plot clearly shows 
thatt the observed colours of 7 Cas can not be represented by the 
colourss predicted by any single black-body. Therefore an addi-
tionall  emission mechanism must be present. This mechanism is 
mostt likely free-free and free-bound emission in circumstellar 
matter.. Free-free and free-bound emission generate a power-law 
energyy distribution 5„  oc va with power a depending on the 
radiall  density gradient (e.g. Wright and Barlow 1975, Panagia 
andd Felli 1975, Olnon 1975). Figure 2 shows us the value of a 
indicatedd by the IR colours of 7 Cas. The indicated value of a is 
inn agreement with that expected from free-free and free-bound 
emissionn caused by a circumstellar disc with an r - 3 density 
distributionn (see Sect. 7). 

Figuree 1 shows that the K-L colour of 7 Cas did not change 
drasticallyy over the period that we have observations. In partic-
ular,, the strong variation in the line shape of H/3 (V/R cycles) 
iss not seen in the optical and IR magnitudes, nor in the K-L 
colour.. We conclude from Fig. 1 that whatever effect causes the 
V/RR variation, it apparently does not produce large changes in 
thee slope of the IR continuum. Since this slope is a measure of 
thee radial density gradient, the conclusion seems justified that 
thee V/R variations are not accompanied by large changes in the 
radiall  density gradient of the ionized gas. 
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-222 -

- 2 3 3 
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T.« « 
logg g 

1000 R. 
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- 1 1 00 1 
logg A (/an) 

Fig.. 3. Model calculations of the effect of changing the density gradient 
(parameterr n) of a spherical envelope (dashed curves). The IR excess 
iss caused by bound-free and free-free emission. Note the slopes of 
thee energy distribution for different values of n. If n > 2 the matter 
inn the envelope is flowing outwards. Inflow of matter should result 
inn a much shallower slope of the IR density distribution (in this case 
nn = 1.5 is used). The solid curve is a Kurucz model with parameters 
Terr=300000 K  and log g =3.5 

5.. Two models that may explain long-term V/R variabilit y 
off  Be stars and their  consequences for  the IR energy dis-
tributio n n 

Thee shape of the Hydrogen emission lines depends on the geom-
etryy and the dynamics of the recombining circumstellar matter. 
Linee profiles arising from moving envelopes are discussed by 
e.g.. Sobolev (1960). Typical H/3 line profiles of 7 Cas are re-
portedd by Doazan et al. (1984). In this section we discuss two 
modelss that may explain the V/R variability of the Balmer emis-
sionn lines of 7 Cas. In the following sections we wil l compare 
thee IR colours that these models predict with our IR observa-
tions. . 

5.5. J. Spherical shell model. 

Thee first model we discuss is a star surrounded by a spheri-
callyy symmetric shell with successive expansion and contrac-
tionn phases. Sobolev finds that an outflowing spherical enve-
lopee can cause asymmetrical double-peaked Balmer emission 
linee profiles with a violet peak which is smaller than the red 
peak,, i.e. V/R< 1. On the same grounds one can derive that an 
inflowingg envelope can cause emission profiles with V/R>1. 
Notee that to explain the observed V/R variation of the H/? line 
off  7 Cas infall phases lasting over at least five years are needed. 
Otherr Be stars show V/R cycles with longer quasi periods than 
thatt of 7 Cas (Dachs 1987), implying even longer phases of 
infall. . 

Thee expanding/contracting envelope is also responsible for 
thee large IR excess of 7 Cas. The subsequent inflow and outflow 
off  circumstellar matter implies drastic changes of the radial den-
sityy distribution of the envelope. Waters (1986) points out that 

thesee changes should be accompanied by significant changes 
inn the slope of the observed IR energy distribution. In Fig. 3 
modell  calculations of a spherical envelope based on the radial 
densityy law p(r) = po(r/R*)~n (see Sect. 7 or Waters 1986) 
aree plotted. From this density law and the equation of continu-
ityy it follows that the values n < 2 correspond to decelerated 
outfloww or accelerated inflow. The values n > 2 correspond to 
acceleratedd outflow or decelerated inflow of matter. Phases of 
deceleratedd inflow wil l be followed up by phases of accelerated 
outfloww within a short time span compared to the time scales 
off  long-term V/R variability of Be stars. Hence, decelerated 
infloww can only be observed at the very end of an inflow cycle. 
Similarly,, we expect decelerated outflow only at the very end 
off  an outflow cycle. Therefore, we conclude that, in the case of 
successivee phases of inflow and outflow of material, in general 
thee values of n lower than n = 2 represent inflow of matter and 
thatt values of n higher than n = 2 represent outflow of mat-
ter.. Drastic changes in the slope of the IR energy distribution 
shouldd be observed. In Fig. 3 the expected energy distributions 
forr phases of inflowing and outflowing circumstellar matter are 
plotted. . 

5.2.5.2. Non-axisymmetric disc model. 

Anotherr cause of asymmetrical emission line profiles may be 
thee rotation of a non-axisymmetrical disc-like density distribu-
tionn around a central object. In this model the asymmetry in the 
Hj3Hj3 line is caused by a difference between the amount of emit-
tingg gas approaching the observer and that receding from the 
observer.. The V/R variability is caused by the gradual change of 
eachh of these amounts. We consider the simple case of a rotat-
ingg disc with a high-density part and on the opposite side of the 
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starr a low-density part. Individual particles circle through this 
slowly-rotatingg density pattern. If we do not see this disc face-
on,, we expect to find V/R values greater than unity if the high 
densityy part of the envelope, where most of the Balmer emis-
sionn is formed, is moving towards the observer. Consequently, 
iff  the high-density part is receding from the observer, we ex-
pectt emission line profiles with V/R< 1. The non-axisymmetric 
shapee of the disc might be due to tidal effects of a (low mass) 
companion.. Another explanation of this effect might be the ex-
istencee of global m-\ modes in the disc (Okazaki 1991). The 
samee V/R behaviour can be expected in the case of a slowly 
rotating,, homogeneous elliptically shaped disc with the star in 
aa focal point. 

Sincee the radial density distribution does not necessarily 
changee much in time, no change in the IR spectral index is 
expected.. As found for many Be stars a value of n « 2 — 3 can 
bee expected (Waters et al. 1987). 

6.. Photospheric flux 

6.1.6.1. The photospheric flux ofj Cas 

Inn Sect. 7 we will compare the IR excess fluxes of 7 Cassiopeiae 
withh modelled IR excesses. In order to reduce photometric IR 
observationss to excess fluxes one has to subtract the photo-
sphericc flux from the measured fluxes. To find the photospheric 
fluxx we fitted Kurucz (1979) models, with solar abundances, 
too our ultraviolet continuum data of 7 Cas. The ultraviolet flux 
findsfinds its origin in the stellar photosphere. A high-density, disc-
likee or spherical wind is believed not to contribute significantly 
too the stellar (far) UV flux and therefore the total UV flux is not 
affectedd significantly by variations in this wind. We assume the 
ultraviolett flux to be constant. 

Thee S2/68 data spectrum ranges from 136 to 274 nm. Be-
causee the influence of excess fluxes due to a circumstellar wind 
increasess from the shorter to the longer end of this wavelength 
rangee (see next section), we fitted Kurucz models to all avail-
ablee ultraviolet data and also to the shorter half of our ultraviolet 
dataa spectrum (135-200 nm). The results of this fitting proce-
duree show that different Kurucz models qualify as best fits for 
thesee spectral ranges. Therefore the entire S2/68 UV flux spec-
trumm of 7 Cas can not be ideally represented by one of the 
Kuruczz models. Hence we decided to analyse and model our IR 
dataa for two cases; the first based on a photosphere model fitted 
too the wavelength range 135-275 nm, the second based on a 
photospheree model fitted to the range 135-200 nm. In the first 
casee we chose the best-fitting Kurucz model, being the one with 
Teff=225000 K and logg=3. To test the influence on our results 
off  the use of different Kurucz models as representations of the 
photosphericc flux, we used in the second case the model with 
Teff=300000 K and log g=3.5. In both cases the IR and far IR data 
weree reduced to excess fluxes by subtracting the, to correspond-
ingg wavelengths interpolated, Kurucz fluxes. Figure 4 shows the 
adoptedd Kurucz models fitted to the S2/68 data of 7 Cas. Table 
33 lists the results of fitting Kurucz models to our ultraviolet 
dataa of 7 Cas. The fitting of Kurucz models to the UV energy 
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Fig.. 4. S2/68 data with fitted Kurucz models. We used E(B-V)=0.03 
too deredden the data. Solid curve: Fitted Kurucz model with pa-
rameterss Terf=22500 K and log £=3.0. Spectral fit  range: 135-275 nm. 
Dashedd curve: Fitted Kurucz model with parameters Ten=30000K 
andd log3=3.5. Spectral fit  range: 135-200 nm 

distributionn of 7 Cas is also performed by e.g. Goraya and Tur 
(1988)) and Waters et al. (1990). The former use models with 
Teff== 17000 K, log g=4 and Teff=270OO K, log 5=4, the latter use 
thee model with Teff=25000K, log g~3. Furthermore, the value 
Teff=25000KK is adopted by Poeckert and Marlborough (1978) 
forr their model of 7 Cas. 

Whenn the best-fitting Kurucz model, which represents the 
photosphericc flux, is found, it is possible to derive the in-
trinsicc visual magnitude of the star, i.e. the visual magni-
tudee expected if there were no envelope present. Table 3 also 
listss the visual magnitudes predicted by these Kurucz models. 
Thesee visual magnitudes have to be compared to the observed 
valuee mv«2.8 (Howarth 1979), which was the visual magni-
tudee of 7 Cas after its shell ejecting phase. Since this value of 
mymy is seen with practically no matter surrounding the star, it 
cann be considered as the best estimate for the photospheric vi-
suall  magnitude at that time (1941). The photospheric magnitude 
shouldd still be the same if the increase in visual magnitude that 
iss displayed in Fig. 1 a is caused only by circumstellar emission, 
andd not by intrinsic changes of the star. Although the Kurucz 
modell  with Teff=22500K fits the ultraviolet data better than 
thee model with Tefr=30000K, the results in the mv columns of 
Tablee 3 point out that the latter model agrees better with the 
observedd value of the intrinsic visual magnitude. 

Thee photometric data of 7 Cas are dereddened by substitut-
ingg the value E(B-V)-0.03 in the Savage and Mathis interstel-
larr extinction law. This value of E(B-V) might be inaccurate. 
Sincee circumstellar matter around 7 Cas reddens the intrinsic 
fluxflux of the star, the value of E(B-V) in the direction of 7 Cas 
iss hard to derive. Adopting a different value of E(B—V) would 
changee the shape of the resulting dereddened energy distribu-
tion.. This could lead to different best-fitting Kurucz models. 
Thiss effect, however, hardly affects the slope of the resulting 
IRR excess, and therefore we conclude that the accuracy of the 
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Tablee 3. Results of fitting Kurucz models to the UV fluxes of 7 Cas. 
Temperaturess are given in Kelvin, fluxes are given in erg/cm2/s/Hz. For 
eachh spectral fit  range the fit column ranks the fitted Kurucz models 
accordingg to the quality of the fit. Visual magnitudes are calculated 
usingg mv = -2.5 (C + logFKur(550)), with C = 19.436 (Landolt-
Börnsteinn 1982). Interpolated models are indicated with an *. 

Telf f 

22500 0 
25000 0 
27500--

30000 0 
32500" " 
35000 0 

TC|T T 

22500 0 
25000 0 
27500* * 
30000 0 

Fitt range 

'ogff f 
3.0 0 
3.0 0 
3.5 5 
3.5 5 
3.5 5 
3.5 5 

Fitt range 
•ogp p 
3.0 0 
3.0 0 
3.5 5 
3.5 5 

fit fit 
2 2 
1 1 
4 4 
3 3 
5 5 
6 6 

fit fit 
1 1 
2 2 
3 3 
4 4 

1355 < A <200nm 
logg FKur(550) 
-20.362 2 
-20.457 7 
-20.537 7 
-20.604 4 
-20.633 3 
-20.660 0 

1355 < A <275nm 
logg FKur(550) 
-20.363 3 
-20.450 0 
-20.511 1 
-20.571 1 

TlV.Ku r r 

2.32 2 
2.55 5 
2.75 5 
2.92 2 
2.99 9 
3.06 6 

TlV.Ku r r 

2.32 2 
2.54 4 
2.69 9 
2.84 4 

adoptedd value of the interstellar extinction serves the purpose 
off this study well. 

6.2.6.2. Comparison with BO.5 type stars 

Wee compare the ultraviolet energy distribution of 7 Cas with 
thee energy distribution of two B type stars, to check the validity 
off the best-fitting Kurucz model for 7 Cas. The two comparison 
starss are 6 Sco, HR5953, B0.3IV, vsini « 181km/s and A 
Lep,, HR1756, BO.5 IV, v sin i « 67 km/s (Hoffleit and Jaschek 
1982).. We used S2/68 UV observations of S Sco and A Lep 
andd applied interstellar extinction values E(B—V)=QA5 and 
E(B—E(B—V)=0.03V)=0.03 respectively. The ultraviolet energy distribu
tionss of the three stars are plotted in Fig. 5. A Kurucz model 
withh parameters Teff=22500 K and log g=3 is fitted to the obser
vationss with 135 < A < 200nm. Figure 5 clearly shows that, 
althoughh the three stars have the same spectral type, the UV en
ergyy distributions of 6 Sco and A Lep are much steeper than the 
energyy distribution of 7 Cas. These steeper energy distributions 
aree consistent with photospheric temperatures that are higher 
thann the effective temperature of the best-fitting Kurucz model 
off 7 Cas. Therefore the above derived photospheric effective 
temperaturee Teff=22500K of 7 Cas might be too low and the 
usee of an effective temperature of TeS=30000 K seems justified. 
Furthermore,, the energy distribution of 7 Cas seems similar to 
thee ones of the comparison stars for A < 175 nm. At longer 
wavelengthss 7 Cas displays an excess of flux in comparison 
withh S Sco and A Lep. These properties of 7 Cas can be due to 
circumstellarr flux contribution or to a different effective tem
peraturee at lower latitudes caused by rapid rotation. The first of 
thesee possibilities is probably correct. 

Wee conclude that the effective temperature of 7 Cas must 
bee higher than Teff=22500 K. As mentioned before, we will use 
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Fig.. 5. Comparison of the UV energy distribution of 7 Cas with the 
energyy distributions of 5 Sco and A Lep. The energy distributions of 
55 Sco and A Lep are shifted in log(Flux) direction for convenience. A 
Kuruczz model (Tco =22500 K , log g=3) is fitted to the S2/68 data of the 
stars.. The spectral range to which the model is fitted is 135-200 nm. 
Notee that the slope of the energy distributions of 5 Sco and A Lep is 
muchh steeper than the slope of the energy distribution of 7 Cas 

thee Kurucz model with Teff=22500 K and log g=3 to model the 
photosphericc flux of 7 Cas. In addition, we will process our data 
withh the Kurucz model with Teff=30000K and log#=3.5 as a 
modell for the photospheric flux. Results of both analyses will 
bee given in the next section. 

7.. Modelling and fittin g the IR excess 

7.1.7.1. The curve of growth model 

Thee IR excess caused by free-free and free-bound emission in 
aa disc around a star can be modelled with the curve of growth 
(COG)) method (Waters 1986). In the following we will discuss 
thiss COG method, closely following the presentation given by 
Waters.. For simplicity the following assumptions are made: 

-- The disc is viewed pole-on. 
-- The disc is isothermal (Tdisc = 0.8Teff). 
-- The IR flux finds its origin in both star and disc. 
-- Matter in the polar stellar wind does not contribute to the 

totall IR flux. 
-- The density distribution is given by 

p(r)=pp(r)=p00(r/R,)~(r/R,)~nn A r>R*  (1) 

wheree po is the density of the disc at the photosphere and 
R,R, is the stellar radius. 
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-- The disc has a finite radius iïdisc- Therefore the density 
distributionn is a function of n, iïdisc and the opening angle 
off  the disc. 

Thee optical depth along a line of sight through the disc can 
bee written as 

T{q)T{q) = Ev-f(n,q,9) (2) ) 

wheree ƒ (n, q, 6) is a function of the disc geometry, n the expo-
nentt of the. density law, q the impact parameter of the line of 
sight,, given in units of R*, and where 6 is the opening angle 
off  the disc. COG models give the excess flux as a function of 
thee optical depth parameter Ev. This optical depth parameter is 
definedd as 

E„=XE„=X mm-- Xx 

with h 

X ,, = 4.923 • 1033 z2 T~l'2 p " 2 7 P0 R. 

containingg only stellar and disc parameters and with 

XXxx = \2(kTdisc/hv)(\-c-hl'/kT^) 

 {g(v,Tdisc) + 6(^,Tdisc)} 

(3) ) 

(4) ) 

(5) ) 

dependingg on the considered wavelength A and the disc tem
peraturee Tdisc- In Eqs. (4) and (5) A stands for the wavelength 
inn cm, v for the frequency in Hz, g(v, TdiSC) and b{u, Tnsc) for 
thee gaunt factors for free-free and free-bound emission respec
tively,, z2 for the mean value of the squared atomic charge, 7 
forr the ratio of the number electrons to the number of ions, p 
forr the mean atomic weight in units of proton mass, R* for the 
stellarr radius in RQ, TdjSC for the disc temperature in K and po 
standss for the_ density in g/cm3 at the base of the disc (r=R*). 
Parameterss z2, p and 7 apply to the matter in the disc. 

Thee excess flux is written as Zv — 1 , where Zv stands for 
thee monochromatic flux ratio 

6v6v — \Tvy*  + * 1/,disc/ /-*V,* (6) ) 

AA typical curve of growth model can be divided into an 
opticallyy thin, a partially optically thick and an opaque region. 
If,, for a given wavelength, the whole disc is optically thin, the 
resultingg excess flux is proportional to the emission measure, 
i.e.. proportional to ne*np integrated over the volume of the 
discc (with ne as the electron density and np the density of 
thee ions participating in the free-free and free-bound emission 
processes).. If the whole disc is optically thick, the star + disc 
radiatee like a black body with a radiating surface of 7riïjisc. The 
slopee of the curve is zero and the excess flux ratio is independent 
off wavelength. In the partially optically thick case, for a given 
wavelength,, the inner parts of the disc are optically thick while 
thee outer parts of the disc are optically thin. 

Thee shape of the curve gives information about the density 
structuree parameters (Eq. 1). The slope of the curve in between 
thee optically thin and thick turnover points is determined by 
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Fig.. 6. M—N versus K—L colour-colour diagram of data of 7 Cas. 
Thee dashed and solid lines represent model calculations based on a 
power-laww density distribution for stellar parameters Tcn=22500 K, 
log<?=3.00 and 7'cn =30000 K, logg=3.5 respectively. Different values 
off the density parameter n are indicated. All data sets of Table 1 with 
observationss in the K, L, M and N band are plotted. Typical 1 a errors 
off the IR colours are indicated by the error bars in the lower right 
cornerr of the graph. Note the position of the data points with respect 
too the indicated values of n. No points that correspond to values of 
nn < 2 are found, i.e. no infall of matter is expected 

thee exponents in the density law. The position of the optically 
thickk turnover point depends on the adopted disc radius iïdisc-
Thee models are shifted horizontally in a log(Zj, — 1) versus 
logg Ev diagram (see Fig. 7) to fit the IR excess fluxes. This 
shiftt yields the parameter X, from which the density of the disc 
att the stellar photosphere po can be derived, provided the stellar 
andd disc parameters (Eq. 4) are known. 

Thee opening angle 6 of the disc does not greatly affect the 
shapee of the curve of growth. Increasing the opening angle of a 
COGG model, would simply shift the curve to the left end of the 
log(Z„„ - 1) versus log E„  diagram. Hence, fitting COG models 
withh different opening angles will result in different horizontal 
shifts,, i.e. different values of po-

Thee slope of the partially optically thick part of the curve of 
growthh is, besides of the value of n, also affected by a possible 
temperaturee gradient and by the disc geometry. These quantities, 
however,, lay in the field of the, above mentioned, assumptions 
whichh put constraints on the number of free parameters of the 
curvee of growth models. 

7.2.7.2. IR colours of'7 Cas 

Too get an indication of what results we may expect when using 
thee IR data of 7 Cassiopeiae to derive the density structure 
parameterss of the envelope, we constructed a colour-colour 
diagramm in which observed and theoretical colours are plotted. 
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Accordingg to Waters (1986) the partially optically thick region 
off  the curve of growth models can be approximated by 

log(Z„„  - 1) = ^ — J" lQg {2Cn,eEv) + An (7) 

wheree n is the exponent of the density law (Eq. 1) and 9 the 
openingg angle of the disc-like envelope. Therefore the ratio of 
twoo excess fluxes at different wavelengths can be written as 

Iff  Zv » 1 then Eq. (8) can be written as 

7.3.7.3. Fitting COG models to the IR data ofn/ Cas 

Thee IR data of 7 Cas are reduced to excess fluxes, as described 
inn Sect. 6. After calculating the value of Xx for the IR data, 
usingg Eq. (5), the COG models can be fitted to these values. We 

Tablee 4. x2 values as a function of degrees of freedom u and proba-
bilityy p(x2, f) of exceeding x2- These x2 values are used to test the 
significancee of the best-fitting models (third p column) and to derive 
errorr bars for the free parameters of these best-fitting models (v = 3). 

V V 

1 1 
2 2 
3 3 
4 4 
5 5 

1<7 7 

0.683 3 

3.53 3 

2<r r 
0.954 4 

8.02 2 

P P 

0.99 9 
6.64 4 
9.21 1 
11.3 3 
13.3 3 
15.1 1 

3(7 7 

0.9973 3 

14.2 2 

mvv = 2.5 (C + log FKur(550)) , (12) 

wheree C= 19.436 (Landolt-Börnstein 1982). 
Forr all data sets with more than 3 data points, we tested if the 

best-fittingg model is able to fit  the data within a 99% significance 

-(ë)-5b-(ê ) ) 
withh Xx defined as in Eq. (5). The difference in brightness of a 
starr at two wavelengths is given by 

mA,, - m i , = 2 . 5 1 o g ( | j i) + 2.5 (C», - C\2) 

== 2 . 5 1 o g ( § ^) + 2.5 (Ci, - CAl ) (10) 

wheree Fv,+ represents the photospheric flux and with C\ as 
listedd in Table 2. Hence, IR colours predicted by COG models 
aree given by 

— .. = 2^0 + 2' 5 , o g( fc) ( U ) 

++ 2.5 (CXl -CX2) , 

(combiningg Eqs. 9 and 10). Hence, if the excesses (Z„, - 1) and 
(Z(ZV2V2 - 1) lie within the partially optically thick region of the 
curvee of growth model, the theoretical colours do not depend 
onn the opening angle or the radius of the disc. 

Figuree 6 displays a M—N versus K- L colour-colour dia-
gramm of the data of 7 Cas. The plotted colours are derived from 
thee IR data in Table 1. The straight lines in Fig. 6 represent, 
thee above mentioned, theoretical colour calculations (Eq. 11) 
forr different values of n. The solid line is found when adopt-
ingg a Kurucz (1979) model with parameters Teff=30000 K and 
logg 5=3.5 to define the photospheric flux of 7 Cas. The dashed 
linee is found when using the Kurucz model with Teff=22500 K 
andd log 5=3.0. For the calibration constants C\ we used the 
valuess of the WIRO calibration as listed in Table 2. Figure 6 
clearlyy shows that values of n < 2, corresponding to infall of 
envelopee matter, are not likely to be found when fitting spherical 
orr disc-like curve of growth models to the IR data. Furthermore, 
mostt of the data indicate a rather constant value of n«3.0. 

appliedd an opening angle of 15 degrees to the models and fitted 
aa grid of models with 1.5 < n < 4.0 and 2.86 < R&sc/R* < 
10000 to the IR data of 7 Cas (Table 1). For each data set we 
minimizedd the fit quality of the models on each grid point by 
usingg the x2 technique, i.e. we shifted the models horizontally 
inn the log(Z„  - 1) versus logi?„  diagram until the lowest value 
off  x2 w as found. The model on the grid point with lowest \2 

valuee was adopted as best-fitting COG model. 
Wee show two examples of the results of the fitting proce-

duree in Fig. 7. In this figure the best-fitting COG model for 
twoo IR data sets is plotted. Uncertainties of the IR observa-
tionss are indicated with la error bars. Figure 7 also displays 
thee resulting energy distributions of these models together with 
thee UV and IR photometry. The Kurucz models are represented 
byy a solid line, and the computed energy distribution of Ku-
rucz+COGG model is represented by a dashed line. In addition 
Fig.. 7 maps, for the considered data sets,, the minimized x2 va^-
uess in a RJRdiSC versus n grid. The lowest x2 value over all grid 
pointss is indicated by an asterisk. To determine error bars for 
thee best-fit value of n we plotted \o, 2a and 3a Ax2 contours 
aroundd the best fit. Table 4 lists these A%2 values. After drawing 
thesee contours, the error bars can be measured from the contour 
plotss (for detailed description see e.g. Lampton et al, 1976 or 
Presss et al. 1986). This way of estimating errors implies that 
noo error bars can be assigned to data sets with only three data 
points.. This is due to the fact that the, above described, fitting 
techniquee is applied to models with three adjustable parameters 

(n,(n, .Rdisc and -£*)• 
Tablee 5 lists the results of fitting COG models to the IR data. 

Itt includes derived visual excess ratios, fluxes and magnitudes. 
Thesee properties are derived by extrapolating the best fitting 
COGG models to the visual wavelength A=550 nm. The model 
predictss the excess ratio Zv, which is converted to the flux 
off star+disc by multiplying by the photospheric Kurucz flux. 
Visuall magnitudes are calculated using 
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Fig.. 7. Left) Sample plot of the results of fitting curve of growth models to IR data. Adopted stellar parameters: log #=3.0, Tclr=22500 K. 
Forr each IR data set three panels are plotted. Top Best fitting COG model with IR data. Uncertainties of the IR data are indicated with 
lcrr error bars. Middl e Energy distribution of Kurucz model and best fitting COG model. The Kurucz model is plotted as a solid line. The 
energyy distribution of Kurucz+COG model is represented by a dashed line. S2/68 UV continuum fluxes and the IR fluxes are also displayed. 
Bottomm Quality of fits. The 1 a, 2a and 3<r A\2 contours of fitting a grid of COG models to observed IR excesses are shown. The 1 a contour 
iss represented by a solid line, the 2a contour by a dotted line and the 3cr by a dashed line. We used a grid of COG models with n between 1.5 
andd 4.0 and with iïdisc ranging from 2.86 R, to 1000 R,. The best fitting models are indicated by an asterisk. Right) As Left) for a different 
IRR data set. Adopted stellar parameters: logg=3.5, Teff=30000K 
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level.. Table 4 lists the \2 levels we used for this test. The number 
off  degrees of freedom v is defined as v - N0bS - Npar (Lampton 
ett al. 1976), where N0\,s is the number of observations in a data 
sett and 7Vpar is the number of free parameters of the model (in 
thiss case JVpar = 3). Results of this test can be found in Table 5. 

Fromm Fig. 7 it becomes clear that the values of the disc 
radiuss we find are very sensitive to far IR measurements. Since 
aa considerable fraction of the far IR excess is emitted at the outer 
regionss of the disc, one needs observations in this wavelength 
regionn to put constraints on the size of the envelope. Luckily, 7 
Cass is observed with the IRAS satellite. These measurements 
givee a lower limit for the disc radius of i?diSC ~ 6.7 R» (see Table 
5)) at the time of the IRAS observations (1983). For most of the 
otherr IR data sets listed in Table 1, the derived values of i?disc 
have,, due to the lack of far IR data, very large \a errors. Waters 
ett al. (1991) find, based on mm and cm observations, that the 
envelopee of the star extends to at least 33 stellar radii. If the 
envelopee of 7 Cas was as large as this during the period studied 
inn this paper, the disc radii derived here should be considered 
ass lower limits. 

Figuree 8 shows in different panels the history of the V/R 
ratioratio of the H/3 emission line of 7 Cas and the derived exponent 
off  the density law of the equatorial disc (i.e. parameter n) for all 
dataa sets with \2 fit  qualities within 99% significance. Derived 
ICTT error bars are indicated. Figure 8 clearly shows that the 
valuee of n is variable. Although we find for one IR dataset a 
valuee of n < 2 (in the case of Teff=22500 K), which might 
suggestt infall of matter, we do not see a correlation between 
thee measured V/R variability and the deduced values of n. The 
IRR dataset which suggests infall is indeed collected at times of 
aa high V/R ratio. However, at other epochs of high V/R values 
wee find values of n«3. Therefore a correlation between V/R 
variabilityy and the radial density structure of the envelope of 7 
Cass seems unlikely. Since we believe that the IR excess and the 
Balmerr H/3 emission line are formed in the same wind region 
off  the star, we have to conclude that the expanding/contracting 
envelopee model, which is used to explain the V/R variations of 
Bee stars, is inconsistent with our IR data. 

8.. Discussion and conclusions 

Wee have investigated the long-term variation in the density 
structuree of the envelope of 7 Cassiopeiae to see if there is any 
correlationn between the radial density structure and the V/R 
variability.. We used the curve of growth model to interpret our 
infraredd data of 7 Cas. In the following we discuss our results 
andd we summarize the conclusions we make according to the 
resultss we presented in the preceding sections. 

Wee used the value E(B-V)=0.03 to correct the ultraviolet 
andd infrared observations of 7 Cas for interstellar extinction. 
Thee ultraviolet flux of 7 Cas as measured by the S2/68 telescope 
cann not be ideally described by a Kurucz model. This is probably 
duee to the shape of the intrinsic energy distribution of 7 Cas. 
Adoptingg a different value for E(B-V) might result in finding 
aa better fitting Kurucz model to represent the photospheric flux 
off  the star. 
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Fig.. 8. a) V/R behaviour of 7 Cas. b) Derived exponent of den-
sityy law for all data sets with fit  qualities within acceptable signifi-
cance.. We have indicated \a error bars. Stellar parameters: log <7=3.0, 
TOff=225000 K. c) As b) with stellar parameters log <?=3.5 
andd Xcff=30000 K 

AA comparison of the UV energy distribution of 7 Cas with 
thee UV energy distributions of two other B0.5 type stars shows 
thatt the slope of the energy distribution of 7 Cas is much flatter 
thann the slopes of the distributions of the comparison stars (see 
Fig.. 8). If we assume that the three stars have the same photo-
sphericc effective temperature, the difference in slope could be 
duee to a flux contribution of material surrounding the star. The 
colour-colourr diagram plotted in Fig. 3 indicates that the far IR 
spectrumm of 7 Cas cannot be represented by a blackbody energy 
distributionn alone, and that a power law energy distribution fits 
thesee data much better. The power of this energy distribution 
cann be understood in terms of free-free and bound free emission 
fromm circumstellar material that contributes to the total flux. 

Thee accuracy of the adopted value of E(B—V) affects the 
accuracyy of our results. Errors in the determination of the excess 
fluxesfluxes are given by 

d( log(ZA - l ) )) = 
Zx Zx 

Zx-\ Zx-\ 
{d( logFA )-d( logF,)} } 

wheree d(log F\) is the error of the observed flux at wavelength 
AA and where d(logF*) is the error in the derived photospheric 
flux.flux. The latter value should be the same for all wavelengths 
iff  the Kurucz models are perfect. Possible wrong calibration 
off  the S2/68 fluxes and, more important, an error in the value 
off  E(B-V), make the error d(logF.) much larger than the 
errorr of any of the individual observations. From calculations 
wee find that an error of, for instance, d(E(B - V))=0.03 means 
thatt d(logF„)«0.1, which is over 10 times the inaccuracy in 
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Tablee 5. Results of fitting COG models to the IR data. The JVobs column gives the number of different IR wavelengths in the data sets. Columns 
3,4,, and 5 specify the derived COG model parameters n, Jldisc, and log X, respectively. Column 6 gives the \2 value of the best fits. Models that 
cann not fit  the data within a 99% significance level, are marked with an *. Columns 7-9 list the derived visual excess ratio, flux and magnitude. 
Topp section) Results based on the representation of the photospheric flux by a Kurucz model with parameters TCfr=22500K and log g=3.0. 
Bottomm section) As top but based on a Kurucz model with parameters Terr=30000 K and log g=3.5. 

date e A U U nn R»/Rduc logX 
Octt  13 
Novv 04 
Decc 16 
Decc 13 
Decc 22 

1971 1 

63 3 

64 4 

1972-1973 3 
Jun24 4 
Jun25 5 

Augg 24 
Sepp 21 
Octt  15 
Novv 15 
Sepp 03 
Decc 28 
Augg 21 
Sepp 27 
Octt  01 
Sepp 30 

1983 3 
Sepp 14 
Sepp 20 
Sepp 30 
Sepp 29 
Novv 27 
Novv 25 
Octt  13 
Novv 04 
Decc 16 
Decc 13 
Decc 22 

1971 1 

78 8 

79 9 

80 0 

81 1 

83 3 

84 4 
86 6 

88 8 
63 3 

64 4 

1972-1973 3 
Jun24 4 
Jun25 5 

Augg 24 
Sepp 21 
Octt  15 
Novv 15 
Sepp 03 
Decc 28 
Augg 21 
Sepp 27 
Octt  01 
Sepp 30 

1983 3 
Sepp 14 
Sepp 20 
Sepp 30 
Sepp 29 
Novv 27 
Novv 25 

78 8 

79 9 

80 0 

81 1 

83 3 

84 4 
86 6 

88 8 

3 3 
3 3 
3 3 
3 3 
3 3 
3 3 
8 8 
7 7 
7 7 
7 7 
4 4 
7 7 
8 8 
7 7 
7 7 
8 8 
8 8 
3 3 
5 5 
3 3 
4 4 
4 4 
4 4 
4 4 
4 4 
5 5 
3 3 
3 3 
3 3 
3 3 
3 3 
3 3 
8 8 
7 7 
7 7 
7 7 
4 4 
7 7 
8 8 
7 7 
7 7 
8 8 
8 8 
3 3 
5 5 
3 3 
4 4 
4 4 
4 4 
4 4 
4 4 
5 5 

4.0 0 
4.0 0 
4.0 0 
3.8 8 
3.5 5 
2.4 4 
2.7 7 
3.2 2 
3.1 1 
3.3 3 
2.8 8 
3.3 3 
2.9 9 
3.1 1 
2.5 5 
3.1 1 
2.9 9 
3.7 7 
3.0 0 
3.0 0 
3.0 0 
2.6 6 
3.0 0 
1.7 7 
1.5 5 
2.9 9 
4.0 0 
4.0 0 
4.0 0 
3.6 6 
3.6 6 
2.5 5 
2.7 7 
2.9 9 
3.0 0 
3.2 2 
2.8 8 
3.2 2 
2.9 9 
3.0 0 
2.5 5 
3.1 1 
2.9 9 
3.6 6 
3.0 0 
2.9 9 
3.1 1 
2.7 7 
3.0 0 
1.7 7 
1.8 8 
2.9 9 

0.350 0 
0.350 0 
0.350 0 
0.025 5 
0.001 1 
0.001 1 
0.175 5 
0.300 0 
0.275 5 
0.150 0 
0.325 5 
0.175 5 
0.250 0 
0.175 5 
0.125 5 
0.001 1 
0.125 5 
0.050 0 
0.001 1 
0.150 0 
0.125 5 
0.001 1 
0.001 1 
0.350 0 
0.350 0 
0.001 1 
0.350 0 
0.350 0 
0.350 0 
0.175 5 
0.001 1 
0.001 1 
0.125 5 
0.225 5 
0.200 0 
0.150 0 
0.225 5 
0.150 0 
0.175 5 
0.150 0 
0.100 0 
0.001 1 
0.100 0 
0.001 1 
0.001 1 
0.100 0 
0.001 1 
0.001 1 
0.001 1 
0.275 5 
0.250 0 
0.001 1 

8.31 1 
8.17 7 
8.38 8 
8.41 1 
8.09 9 
7.67 7 
7.84 4 
8.16 6 
8.15 5 
8.38 8 
8.10 0 
8.32 2 
8.17 7 
8.19 9 
7.84 4 
8.13 3 
7.99 9 
8.25 5 
8.03 3 
8.05 5 
8.24 4 
7.87 7 
8.13 3 
7.52 2 
7.45 5 
8.13 3 
9.38 8 
9.26 6 
9.44 4 
9.26 6 
9.08 8 
8.35 5 
8.50 0 
8.73 3 
8.85 5 
9.15 5 
8.79 9 
9.08 8 
8.89 9 
8.89 9 
8.44 4 
8.91 1 
8.71 1 
9.14 4 
8.79 9 
8.65 5 
9.10 0 
8.61 1 
8.89 9 
8.00 0 
8.05 5 
8.86 6 

6.02 2 
6.90 0 

12.11 1 
0.16 6 

10.77 7 
0.51 1 
6.15 5 

"13.86 6 
13.00 0 
5.85 5 
0.55 5 
2.16 6 
3.03 3 

10.85 5 
'13.59 9 
'36.55 5 

0 0 
0.25 5 

*I2.91 1 
0.01 1 
0.94 4 

*8.22 2 
4.33 3 

22.28 8 
8.09 9 
6.32 2 
1.52 2 
4.36 6 
2.88 8 
0.09 9 

10.72 2 
0.89 9 
5.30 0 

12.39 9 
10.93 3 
6.33 3 
1.06 6 
2.60 0 
3.69 9 

10.67 7 
12.02 2 

'39.73 3 
**  16.28 

0.52 2 
**  13.86 

0.02 2 
0.46 6 

8 8 
5.01 1 

'13.15 5 
5.17 7 
6.57 7 

0.22 2 
0.17 7 
0.25 5 
0.30 0 
0.18 8 
0.16 6 
0.17 7 
0.24 4 
0.25 5 
0.37 7 
0.27 7 
0.32 2 
0.30 0 
0.28 8 
0.21 1 
0.24 4 
0.21 1 
0.22 2 
0.21 1 
0.22 2 
0.33 3 
0.21 1 
0.26 6 
0.18 8 
0.19 9 
0.28 8 
1.16 6 
0.99 9 
1.25 5 
1.23 3 
0.95 5 
0.57 7 
0.62 2 
0.82 2 
0.95 5 
1.33 3 
0.99 9 
1.21 1 
1.10 0 
1.03 3 
0.67 7 
0.99 9 
0.80 0 
1.04 4 
0.85 5 
0.71 1 
1.34 4 
0.78 8 
1.02 2 
0.54 4 
0.56 6 
1.05 5 

-20.28 8 
-20.30 0 
-20.27 7 
-20.25 5 
-20.29 9 
-20.30 0 
-20.29 9 
-20.27 7 
-20.27 7 
-20.23 3 
-20.26 6 
-20.24 4 
-20.25 5 
-20.26 6 
-20.28 8 
-20.27 7 
-20.28 8 
-20.28 8 
-20.28 8 
-20.28 8 
-20.24 4 
-20.28 8 
-20.26 6 
-20.29 9 
-20.29 9 
-20.26 6 
-20.27 7 
-20.31 1 
-20.25 5 
-20.26 6 
-20.32 2 
-20.41 1 
-20.39 9 
-20.34 4 
-20.31 1 
-20.24 4 
-20.31 1 
-20.26 6 
-20.28 8 
-20.30 0 
-20.38 8 
-20.31 1 
-20.35 5 
-20.30 0 
-20.34 4 
-20.37 7 
-20.24 4 
-20.35 5 
-20.30 0 
-20.42 2 
-20.41 1 
-20.29 9 

2.10 0 
2.15 5 
2.07 7 
2.04 4 
2.14 4 
2.16 2.16 
2.15 5 
2.08 8 
2.07 7 
1.98 8 
2.06 6 
2.01 1 
2.03 3 
2.05 5 
2.11 1 
2.08 8 
2.12 2 
2.10 0 
2.11 1 
2.10 0 
2.01 1 
2.11 1 
2.07 7 
2.14 4 
2.13 3 
2.05 5 
2.09 9 
2.17 7 
2.04 4 
2.05 5 
2.20 0 
2.43 3 
2.39 9 
2.27 7 
2.19 9 
2.00 0 
2.18 8 
2.06 2.06 
2.12 2 
2.15 5 
2.36 6 
2.17 7 
2.28 8 
2.15 5 
2.25 5 
2.34 4 
2.00 0 
2.30 0 
2.16 6 
2.45 5 
2.44 4 
2.14 4 

Stellarr  parameters: : 
Teff=225000 K 
logg s=3.0 
^ ( 5 5 0 ) == -20.363 

Stellarr  parameters: 
Tefr=30000K K 
logg 9=3.5 
*Kur(550>== -20.604 

Z\Z\ — 1 log Fv mv 

thee individual ultraviolet and infrared observations. The errors 
wee used for the x2 tests to fit  the curve of growth models 
too the infrared data of 7 Cas are the errors of the individual 
infraredd observations only. Applying an additional unknown 
errorr d(log F„) to the data, would give better \2 values for the 
best-fittingg curve of growth models (Table 5). Hence, to test the 
significancee of the best-fitting curve of growth models, it is very 
importantt that the correct values of E(B-V) and d(E(B-V)) 
inn the direction of 7 Cas are known. 

Wee stress however that the derived values of the density 
structuree parameter  n, do not depend on the adopted value of 

E(B—V).E(B—V). This density parameter only depends on the slope 
off  the IR energy distribution and the slope of the photospheric 
energyy distribution, which are not sensitive to the use of different 
valuess for the interstellar extinction correction. When applying 
higherr values of E(B-V) the actual excesses will increase and 
thuss one will find larger disc radii and higher values of log Xm, 
i.e.. higher densities at the base of the disc. 

Thee density gradient, parameter n, of the envelope of 7 
Cass turns out to be variable, but not in a way that can explain 
thee V/R variability: it is concentrated around the value n = 
33 and only one value of n < 2 (which could mean inflow, 
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V/R>> 1) within a 99% significance level is found. Figures 8a-
8cc indicate that any relation between density structure and H/3 
V/RR variation seems very unlikely. Figures l b - I d also show 
noo obvious relation between the H/? V/R behaviour and the 
KK fluxes or K—L colour of 7 Cas. Hence the V/R variation 
inn emission lines does not seem to originate from a long time 
scalee variation in the density structure of the low-velocity, high-
density,, disc-like wind. It is believed, however, that the H0 
emissionn line and the IR excess are formed in the same region of 
thee envelope. We conclude that it is difficul t to understand the IR 
dataa when adopting the expansion/contraction model. Because 
thee IR data of 7 Cas are more consistent with the disc model, we 
findd the model proposing a rotating non-axisymmetric disc the 
mostt favourable of the two considered models. The continuum 
energyy distribution is not very sensitive to deviations in the 
axisymmetry,, while the line shapes clearly are. Therefore we 
believee that 7 Cas is surrounded by a high-velocity, low-density 
non-equatoriall  wind, which accounts for several UV spectral 
features,, together with a low-velocity, high-density, disc-like 
structuree in which the IR and far IR excess are caused by free-
freee and free-bound emission. 

Adoptingg different Kurucz models, which represent the pho-
tosphericc flux, did not change the results of our analysis. This 
iss due to the fact that the slopes of the energy distribution of 
bothh used Kurucz models are practically the same at IR wave-
lengths.. Therefore the deduced values of n do not differ much 
whenn adopting different Kurucz models. 

Inn our analysis we assumed the UV flux of 7 Cas to be 
constant.. Although the derived values of the density structure 
parameterr n would not change significantly if the UV flux would 
bee slightly variable, we expect the accuracy of the derived pa-
rameterss X*  and Ruw to depend strongly on the absolute ultra-
violett continuum fluxes measured by the S2/68 telescope. Since 
UVV continuum observations of 7 Cas are made only before and 
att the time the ESRO satellite, carrying the S2/68 telescope, was 
operating,, a check on the constancy of these fluxes would be 
wishfull  (this of course implying new observations). We might 
bee able to check the UV variability of 7 Cas in a forthcoming 
investigationn on UV spectral line characteristics of 7 Cas. For 
thiss research programme we wil l use high-resolution UV spectra 
collectedd with the International Ultraviolet Explorer satellite. 
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Chapterr  3 

Long-termm periodic variabilit y in UV absorption lines of the Be 
starr  7 Cas: on the relation with V/R variations in the H/3 line * 
Johnn H. Telting and Lex Kaper 

Astronomicall  Institute Anton Pannekoek, University of Amsterdam, and Center for High Energy Astrophysics, Kruislaan 403, 1098 SJ 
Amsterdam,, Netherlands 

Printedd in Astronomy & Astrophysics 284, 515-529 (1994) 

Abstract.. We present a quantitative study of the variability in ultraviolet resonance lines of N v, Si IV and C iv of the Be 
starr 7 Cas. For this purpose we used IUE spectra obtained over a period of eleven years. Variability occurs in the form of 
discretee absorption components (DACs), which are formed in the fast-outflowing radiatively driven part of the stellar wind. 
Wee constructed a template spectrum from spectra containing no or minor extra absorption due to DACs and modelled the 
isolatedd DACs in the obtained quotient spectra. Besides the frequently observed narrow components (vi typically < 250 
km/s)) at high velocity, we found several broad components occurring at low and intermediate wind velocities. 
Wee confirm the finding of Doazan et al. (1987) who reported that the number of observed DACs is associated with the cyclic 
V/RR variability of the Balmer-emission lines. We show that when V/R<1 the central optical depth of DACs is significantly 
lowerr than when V/R>1. In our interpretation this is due to a correlation between the column density associated with the 
DACss and the phase of the V/R cycle. 
Wee find that the H/3 observations of Doazan et al. are consistent with a model in which the cyclic V/R variability is due 
too a global, one-armed oscillation moving through an equatorial disc. We suggest that the higher column density of DACs 
inn phases of V/R> 1 is the result of the higher density in the region of their origin, namely close to or in the part of the 
equatoriall  disc which is rotating towards the observer. 

1.. Introductio n 

Byy definition a B star is classified as Be if the Ha line has once 
beenn observed in emission and the star is not a supergiant. Be 
starss display a wide range of specific properties. Among those 
aree rapid rotation and extreme spectral variability on time scales 
rangingg from hours to decades. Extended reviews describing the 
propertiess of Be stars are presented by e.g. Doazan (1982) and 
Slettebak(1988). . 

Variouss observations of Be stars over a broad range of the 
spectrumm indicate that Be stars have a non-spherical envelope. 
Thee energy distribution shows an excess due to free-free ra-
diationn from the near IR (Gehrz et al. 1974), through the far 
IRR (Coté and Waters 1987), to the radio domain (Taylor et 
al.. 1987). Coté and Waters found that Be stars with a large IR 
excesss at 12/u show polarization in the visual, and suggested 
thatt the IR excess is caused by a non-spherical density distribu-
tion.. The Balmer emission lines have widths of a few hundred 
km/ss and are often double-peaked, which can be understood 
iff  the line-forming region is rotating (see e.g. Sobolev 1960, 
Huangg 1972, Marlborough 1969). These emission lines are pri-

**  Based on observations by the International Ultraviolet Explorer 
collectedd at the Villafranca Satellite Tracking Station of the European 
Spacee Agency. 

marilyy formed by recombination in circumstellar matter. Dachs 
ett al. (1986) conclude that the shape of measured H Q profiles 
iss consistent with the expected shape of profiles originating in a 
flatt differentially rotating disc-shaped envelope. Further obser-
vationall  support for the presence of an equatorial disc in Be-star 
envelopess results from X-ray observations of Be/X-ray binaries 
(e.g.. Van den Heuvel and Rappaport 1987). To explain the X-ray 
luminosityy by accretion of wind material on a compact object, 
aa dense low-velocity outflow in the equatorial plane is needed 
(Waterss et al. 1988, Waters 1989). Furthermore, Dougherty and 
Taylorr (1992) have resolved the circumstellar envelope of the Be 
starr ip Per at 15 GHz, and find that this envelope is highly non-
spherical.. Al l the above mentioned observations are consistent 
withh the presence of a slowly expanding, relatively high-density, 
disc-likee wind around Be stars. 

UVV observations show that Be stars also have winds with 
terminall  velocities in the order of 1000 km/s, which are ob-
servedd in resonance lines of N V, Si IV and C iv. The derived 
mass-losss rates of 10~9 - 10~" MQ/yr and the dependence 
off  these rates on stellar luminosity (Snow 1982) suggest that 
thesee stellar winds are radiatively driven, like the winds of more 
luminouss O and OB supergiant stars, although Abbott (1982) 
arguess that radiation-driven winds of cooler B-type stars can 
nott be self-initiating. The mass-loss rates derived from the IR 
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excess,, however, are a factor of 102 to 104 times larger than 
thosee derived from the UV (Waters et al. 1987). 

Too combine these two types of stellar winds a two-
componentt model describing the Be-star envelope was proposed 
(seee e.g. Telting et al. 1993 for the case of 7 Cas): a dense 
equatoriall  (differentially rotating) disc in which the Balmer 
emissionn lines and the IR excess are formed, and a rapidly ex-
pandingg radiation-driven wind streaming from higher latitudes 
off  the star, which forms the UV resonance lines. Recent work 
off  Bjorkman and Cassinelli (1993) gives a physical basis for the 
presencee of an equatorial disc in rapidly rotating B-type stars. 
Iff  the rotation speed exceeds a critical value, the supersonic 
windd that leaves the stellar surface at high latitude travels along 
trajectoriess that cross the equatorial plane. A dense equatorial 
discc is formed due to ram pressure confinement of the stellar 
wind. . 

Variabilityy occurs in both types of the Be stellar wind. Long-
termm variability (time scales of 2-15 years) in the ratio of the 
intensityy of the violet and red peak of the Balmer emission lines 
(V/RR variation) is commonly observed in thee spectra of Be stars 
(seee e.g. Dachs 1987). Telting et al. (1993) discussed, based 
onn observations of 7 Cas, models that may explain this V/R 
behaviour.. They concluded that the model which is most con-
sistentt with both V/R and IR continuum observations consists 
off  a star surrounded by a rotating non-axisymmetric, disc-like 
wind,, which is not face-on. Physical models for the cause of 
asymmetryy in disc-like structures are given by Okazaki (1991) 
andd Papaloizou et al. (1992), who discuss global one-armed os-
cillations.. Papaloizou et al. found that due to the gravitational 
potentiall  of an oblate (i.e. rapidly rotating) star, oscillations in 
thee disc on time scales of V/R variations can exist. 

Manyy Be stars show variable discrete absorption compo-
nentss (DACs) in UV resonance lines (Henrichs 1984, Grady et 
al.. 1987, Prinja 1989). A remarkable fact is that all B-type stars 
withh My > —1 mag that show DACs are Be stars. DACs appear 
inn UV spectra of more than 80% of all O-type stars (Howarth 
andd Prinja 1989). The origin of DACs is not known. 

Doazann et al. (1989) found observational evidence for a 
correlationn between the long-term cyclic V/R variability and 
changess of the equivalent width of UV resonance lines of 
thee Be star 59 Cyg. Doazan et al. (1987) report evidence for 
aa correlation between the H/? V/R variability and the occur-
rence/presencee of DACs in UV lines of 7 Cas. These obser-
vationss indicate that the equatorial and polar wind regions are 
somehoww linked. 

77 Cassiopeiae (HR264, HD5394) was the first emission line 
starr that was discovered (Secchi 1867) and is one of the best 
studiedd Be stars. Its visual magnitude (my w 2.25) makes 7 Cas 
thee brightest Be star of the northern hemisphere. Its spectral type 
iss B0.5 IVe (Lesh 1968) and v sin i=230km/s (Slettebak 1982). 

Doazann et al. (1983) and Goraya and Tur (1988) give de-
tailedd descriptions of long-term variations in the optical spec-
trumm of 7 Cas. This century 7 Cas underwent two phases of 
Balmerr emission. The first one ended in a B phase after spec-

tacularr light and spectral variations, including V/R variations, 
andd two B-shell episodes. Presently 7 Cas is in the second Be 
phasee of this century, which started around 1946. Since then the 
visuall  brightness is gradually increasing. V/R variation of the 
Balmerr lines began around 1970 and has a cyclic behaviour with 
ann increasing period of about 2 years. The Balmer emission 
liness showed no V/R variations between 1946 and 1970. 

Thee presence of DACs in spectra of 7 Cas was first dis-
coveredd by Hammerschlag-Hensberge (1979), who found blue-
shiftedd absorption enhancements in the resonance lines of N v, 
Siiv,, and Civ. Henrichs et al. (1983) studied the properties 
off  DACs in ultraviolet spectra of 7 Cas obtained from 1978 
too 1980. They found that DACs were present in 18 out of the 
288 spectra. Doazan et al. (1987) reported that "the occurrence 
off  high-velocity DACs in UV resonance lines exhibits a long-
termm variability pattern, which is associated with the cyclic V/R 
variationss of the Balmer emission lines. DACs are frequently 
observedd when V/R> 1, while they are absent or rarely present 
whenV/R<l". . 

Thee objective of this study is to quantify the correlation be-
tweenn DAC variability in UV resonance lines and the observed 
V/RR variability of the H/3 line of 7 Cas. We used 133 archival 
IUEE spectra of 7 Cas , which were obtained from 1978 to 1989. 
Wee use the method of Henrichs et al. (1983) to derive central 
velocities,, central optical depths, widths, and column densi-
tiess of DACs. In the next section we describe the reduction of 
thee high-resolution IUE images of 7 Cas. In section 3 we dis-
cusss the analysis of these spectra. We describe our DAC fitting 
methodd in section 4 and summarize the fit results in section 5. 
Inn section 6 the results are compared with the V/R variability 
off  the HP line. In section 7 we discuss the implications of the 
correlativee behaviour of DAC and V/R variability and discuss a 
modell  which might explain the observations. In the last section 
ourr conclusions are summarized. 

2.. Observations and reduction 

Tablee 1 presents a listing of the collected high-resolution ultra-
violett spectra of 7 Cas. These IUE spectra were selected to give 
aa complete coverage with sufficient time resolution (see e.g. 
Fig.. 8) of the occurrence and persistence of discrete absorption 
componentss in resonance doublet lines of N v, Si IV and C iv 
(seee Table 2). The selected spectra were taken in the years 1978 
throughh 1989 with the Short-Wavelength Prime (SWP) camera 
(1150-19500 A), mostly in the large aperture (LAP) mode. The 
spectraa have a spectral resolution of about 0.05 A. A description 
off  the instrument is given by Boggess et al. (1978a,b). 

Raww data from the IUE satellite were processed at the 
groundd stations GSFC and VILSPA with the IUESIPS#1 and 
IUESIPS#22 data reduction packages. We reduced the resulting 
GPHOTT and PHOT images with the IUEDR software package 
(Giddingss 1983a,b). The IUEDR program provides spectrum 
extraction,, wavelength calibration, improved inter-order back-
groundd subtraction and echelle ripple calibration, which is all 
brieflyy discussed in the following. 
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Tablee 1. List of selected IUE spectra of 7 Cas. The first column gives the SWP image number of the spectra. The column marked *A' specifies 
whichh aperture was used during the observation (Small or Large). The column marked "C lists the factor which was used to scale the spectrum 
too the intensity of the average spectrum. Images marked with an asterisk were used to construct a template spectrum (see Sect. 3) 

SWPP A 
image e 

14499 S 
22944 S 
23855 S 
24700 S 
26811 S 
46400 S 
59288 S 
59299 S 
62688 L 
67866 S 
69022 L 
69033 L 
69044 L 
78900 S 
85544 L 
86666 L 
91299 L 
91300 L 
98977 S 

108633 S 
142744 L 
144300 L 
147600 L 
149688 L 
149888 L 
149899 L 
150155 L 

**  15034 L 
150433 L 
150633 L 

**  15064 L 
151199 L 
151399 L 
152066 L 
152277 L 
152544 L 

""  15278 L 
152999 L 
154666 L 
157022 L 
161277 S 

'161311 S 
161333 S 
161355 S 
161577 S 

date e 

'788 May 01 
Augg 14 
Augg 24 
Sepp 04 
Sepp 18 

'799 Mar  15 
Jull  24 
Jull  24 
Augg 23 
Octt  07 
Octt  18 
Octt  18 
Octt  18 

'800 Feb 08 
Marr  25 
Aprr  05 
Mayy 26 
Mayy 26 
Augg 25 
Decc 22 

'811 Jun 18 
Jull  09 
Augg 14 
Sepp 12 
Sepp 14 
Sepp 14 
Sepp 16 
Sepp 18 
Sepp 19 
Sepp 20 
Sepp 20 
Sepp 28 
Sepp 30 
Octt  08 
Octt  10 
Octt  13 
Octt  16 
Octt  20 
Novv 09 
Decc 10 

'822 Jan 27 
Jann 27 
Jann 27 
Jann 27 

'822 Jan 28 

J.D. . 
-2440000 0 

3630 0 
3735 5 
3745 5 
3756 6 
3770 0 
3948 8 
4079 9 
4079 9 
4109 9 
4154 4 
4165 5 
4165 5 
4165 5 
4278 8 
4324 4 
4335 5 
4386 6 
4386 6 
4477 7 
4596 6 
4774 4 
4795 5 
4831 1 
4860 0 
4862 2 
4862 2 
4864 4 
4866 6 
4867 7 
4868 8 
4868 8 
4876 6 
4878 8 
4886 6 
4888 8 
4891 1 
4894 4 
4898 8 
4918 8 
4949 9 
4997 7 
4997 7 
4997 7 
4997 7 
4998 8 

c c 
0.742 2 
0.588 8 
0.708 8 
0.540 0 
0.714 4 
0.727 7 
0.593 3 
0.659 9 
1.080 0 
0.709 9 
1.105 5 
1.113 3 
1.123 3 
0.655 5 
1.118 8 
1.105 5 
1.113 3 
1.060 0 
0.701 1 
0.697 7 
1.049 9 
1.074 4 
1.058 8 
1.069 9 
1.083 3 
1.095 5 
1.129 9 
1.080 0 
1.091 1 
1.106 6 
1.108 8 
1.067 7 
1.069 9 
1.062 2 
1.055 5 
1.069 9 
1.060 0 
1.084 4 
1.050 0 
1.075 5 
0.524 4 
0.637 7 
0.563 3 
0.617 7 
0.662 2 

SWPP A 
image e 

161599 S 
161611 S 
161633 S 
161677 S 
162844 S 
165188 L 
165288 L 
166944 S 
170933 L 
175888 S 
178599 L 

"178788 L 
178811 L 
179000 L 
179166 L 
179211 L 
179355 L 
179511 L 
179677 L 
179744 L 
179788 L 

**  17979 L 
180111 L 

'180344 L 
180511 L 
180722 L 
180977 L 
181277 L 

'181366 L 
181644 L 

'181822 L 
181888 L 

66 L 
11 L 

182499 L 
182588 L 

77 L 
'182788 L 

183199 L 
55 L 

190977 L 
196566 L 
203122 L 

22 L 
33 L 

date e 

'822 Jan 28 
Jann 28 
Jann 28 
Jann 28 
Febb 08 
Marr  12 
Marr  14 
Aprr  05 
Junn 01 
Augg 04 
Sepp 06 
Sepp 08 
Sepp 08 
Sepp 09 
Sepp 11 
Sepp 11 
Sepp 12 
Sepp 14 
Sepp 15 
Sepp 16 
Sepp 16 
Sepp 16 
Sepp 18 
Sepp 20 
Sepp 21 
Sepp 23 
Sepp 24 
Sepp 27 
Sepp 27 
Sepp 30 
Octt  02 
Octt  02 
Octt  05 
Octt  07 
Octt  11 
Octt  11 
Octt  14 
Octt  14 
Octt  18 
Octt  21 

''  83 Jan 27 
Aprr  06 
Junn 25 
Augg 08 

'833 Aug 13 

J.D. . 
-244000C C 

4998 8 
4998 8 
4998 8 
4998 8 
5009 9 
5041 1 
5043 3 
5065 5 
5122 2 
5184 4 
5219 9 
5221 1 
5221 1 
5222 2 
5224 4 
5224 4 
5225 5 
5227 7 
5228 8 
5229 9 
5229 9 
5229 9 
5231 1 
5233 3 
5234 4 
5236 6 
5237 7 
5240 0 
5240 0 
5243 3 
5245 5 
5245 5 
5248 8 
5250 0 
5254 4 
5254 4 
5257 7 
5257 7 
5261 1 
5264 4 
5362 2 
5431 1 
5511 1 
5555 5 
5560 0 

c c 
0.665 5 
0.667 7 
0.742 2 
0.733 3 
0.670 0 
1.121 1 
1.114 4 
0.542 2 
1.060 0 
0.528 8 
1.093 3 
1.083 3 
1.090 0 
1.081 1 
1.145 5 
1.157 7 
1.085 5 
1.159 9 
1.106 6 
1.143 3 
1.150 0 
1.153 3 
1.108 8 
1.153 3 
1.098 8 
1.161 1 
1.076 6 
1.168 8 
1.100 0 
1.062 2 
1.116 6 
1.073 3 
1.116 6 
1.156 6 
1.122 2 
1.094 4 
1.148 8 
1.155 5 
1.168 8 
1.096 6 
1.084 4 
1.077 7 
1.098 8 
1.070 0 
1.143 3 

SWPP A 
image e 

209888 L 
215811 L 

11 L 
227600 L 
240011 L 
252388 L 
263388 L 

'268222 L 
272688 L 
273900 L 
273911 L 
276077 L 
276699 L 
285555 L 
286011 L 
287244 L 
288411 L 
292699 L 
293433 L 
293799 L 
294166 L 
296455 L 
296666 L 
298488 L 
298533 L 
302622 L 
304455 L 
313500 L 
315133 L 
319033 L 
326766 L 
329233 L 
350799 L 
355822 L 

33 L 
355844 L 
355855 L 
355866 L 
355877 L 
355888 L 
355899 L 
355900 L 

11 L 

date e 

'833 Sep 09 
Novv 19 
Decc 14 

'844 Apr  16 
Sepp 19 

'855 Feb 14 
Jull  02 
Octt  01 
Decc 14 
Decc 26 
Decc 26 

'866 Jan 26 
Febb 06 
Junn 27 
Jull  03 
Jull  20 
Augg 05 
Sepp 21 
Octt  01 
Octt  05 
Octt  10 
Novv 10 
Novv 13 
Decc 10 
Decc 11 

'877 Feb 06 
Marr  06 
Jull  17 
Augg 08 
Sepp 22 

'888 Jan06 
Febb 04 
Decc 20 

'899 Feb 19 
Febb 19 
Febb 19 
Febb 19 
Febb 19 
Febb 19 
Febb 19 
Febb 19 
Febb 19 

'899 Feb 19 

J.D. . 
-244000C C 

5587 7 
5658 8 
5683 3 
5807 7 
5963 3 
6111 1 
6249 9 
6340 0 
6414 4 
6426 6 
6426 6 
6457 7 
6468 8 
6609 9 
6615 5 
6632 2 
6648 8 
6695 5 
6705 5 
6709 9 
6714 4 
6745 5 
6748 8 
6775 5 
6776 6 
6833 3 
6862 2 
6994 4 
7016 6 
7061 1 
7167 7 
7196 6 
7516 6 
7577 7 
7577 7 
7577 7 
7577 7 
7577 7 
7577 7 
7577 7 
7577 7 
7577 7 
7577 7 

c c 
1.102 2 
1.071 1 
1.053 3 
1.063 3 
1.086 6 
1.047 7 
1.053 3 
1.066 6 
1.049 9 
1.033 3 
1.037 7 
1.048 8 
1.043 3 
1.038 8 
1.050 0 
1.073 3 
1.075 5 
1.063 3 
1.043 3 
1.045 5 
1.017 7 
1.046 6 
1.037 7 
0.991 1 
1.006 6 
0.995 5 
1.048 8 
1.014 4 
1.073 3 
1.029 9 
1.031 1 
1.034 4 
0.998 8 
0.998 8 
1.006 6 
1.012 2 
1.017 7 
1.014 4 
1.023 3 
1.027 7 
1.025 5 
1.028 8 
1.011 1 

Wee extracted echelle orders #66 to #125, corresponding to 
thee wavelength range 1150-1950 A. Small and large aperture 
GPHOTT and PHOT images were sampled at a single spacial 
gridd (spacing of y/2 pixels), which enabled us to apply the same 
dataa reduction simulation in our fit routines (see Sect 4.1) for 
alll  types (PHOT and GPHOT) of spectra. 

Wavelengthh calibration was performed by matching the 
wavelengthss of interstellar lines of Fell (A = 1608.456 A), 
Silll  (A = 1304.372A) and Sn (A = 1253.812A and A = 
1259.5200 A) to their laboratory wavelengths. We checked the 
positioningg of the wavelength scale using the interstellar lines 
off  Cli (A = 1335.70A) and Sin (A = 1526.71 A). We find the 
errorr in the wavelength scale to be less than 5 km/s. We did not 
correctt for the radial space velocity of the star which is about 
4km/s(Ferletetal.. 1980). 

Thee background illumination was estimated by inter-order 
countt rates. In spectral regions where the echelle orders are 

veryy close, the signal from the object itself can spread into 
thee inter-order regions of the image, and, consequently, the 
backgroundd intensities in these spectral regions will be over-
estimated.. Therefore, a semi-empirical background correction 
methodd which is based on the work of Bianchi and Bohlin 
(1984)) is applied. This method corrects the background sub-
tractionn for wavelengths shorter than 1400 A. We adopted a 
halationn correction factor of HALC = 0.15 for all spectra. 

Echellee ripple correction was done by an algorithm devel-
opedd by Barker (1984). This algorithm scales the flux values of 
adjacentt orders such that the orders overlap properly. 

Thee spectra were mapped on a uniform wavelength grid with 
aa spacing of 0.1 A. For every wavelength point the intensity is 
givenn in fluxnumbers per second. We could not convert these 
intensitiess to normal flux units because no proper absolute flux 
calibrationn for high-dispersion IUE spectra is available. 
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Fig.. 1. Average of all 133 spectra of 7 Cas listed in Table 1, covering the whole wavelength range of the SWP camera (1150-1950 A). Rest 
wavelengthss of the doublets of interest are indicated 

Thee spectra were smoothed over the reseau marks by linear 
interpolationn between the average flux values of three wave-
lengthh points on either side of a reseau mark. 

Too be able to compare the DAC behaviour with the long-
termm V/R variations as observed in the Balmer emission lines, 
wee collected H/i V/R data from the literature. We use H/5 data 
off  7 Cas which were obtained in 1969-1976 by Cowley et 
al.. (1976), and in 1976-1986 by Doazan et al. (1987). These 
dataa are plotted in e.g. Fig. 1 lb. V/R measurements of other 
Balmerr lines do not have a time coverage as complete as that of 
thee Hp line. 

3.. Analysis of the UV spectra of 7 Cas 

FluxFlux scaling. In Fig. 1 we present the average of the 133 spec-
traa of 7 Cas. It appeared that the continuum levels of individual 
smalll  aperture (SAP) spectra could deviate up to 48% from the 
continuumm level of the average spectrum, which might be the 
resultt of incorrect centering of the stellar image in the aper-
ture.. To facilitate the comparison of the spectra we scaled each 
spectrumm such that the integrated flux in five well-chosen wave-
lengthh regions is the same as in the average spectrum. Scaling 
factorss were derived for wavelength domains in which we do 

nott expect to find variability: 1155-1210A (Ci), 1265-1300A 
(C2),, 1430-1500A (C3), 1580-1680A (C4) and 1760-1810A 
(C5).. We divided the integrated flux of a domain by the inte-
gratedd flux of the same domain of the average spectrum. For 
eachh spectrum we averaged the five scaling factors weighted by 
thee number of wavelength points of each region. We used the 
resultingg average to scale each complete SWP spectrum. The 
averagee scaling factors are listed in Table 1. 

TemplateTemplate spectrumfor wavelength regions with DACs. In order 
too isolate the discrete absorption components occurring in the 
resonancee doublets of N V, Si IV and CIV, we constructed a tem-
platee spectrum from spectra with presumably no DACs present: 
wee averaged the 20 scaled spectra with the highest integrated 
fluxflux in the spectral regions where DACs occur, 1230-1247 A, 
1385-1406AA and 1538-1553A. The spectra thus selected are 
markedd by a star in Table 1; 19 LA P spectra each with 8 seconds 
exposuree time and one SAP spectrum with 12 seconds exposure 
time.. Over the full SWP wavelength range the fluxes of these 
scaledd spectra overlap within the noise (S/N ~ 25). Parts of 
thee template spectrum and image SWP29343 are plotted in Fig. 
2,, which shows that these two spectra are practically identical 
exceptt in those wavelength regions where DACs occur. 
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Fig.. 2. Template spectrum (hollow curve) and image SWP29343 (solid 
curve)) on a velocity scale around the Nv, Si iv and Civ resonance 
doublets.. The velocity scale is relative to the rest wavelength of the 
short-wavelengthh doublet line. Rest wavelengths of the doublet lines 
aree indicated 

Thee shapes of the persistent P Cygni profiles in our template 
aree very similar to the shapes seen by Henrichs et al. (1983), 
whoo used spectra observed in 1980. We see maximum absorp-
tionn at approximately - 2 00 km/s, - 1 00 km/s and - 1 50 km/s 
forr the Nv, Si iv and C iv principal doublet lines respec-
tively.. The FWHM of the principal Si iv doublet line is at least 
6000 km/s, which is larger than twice the measured projected 
rotationn velocity (vsini ~ 230 km/s). The asymmetric shape 
off  the doublet profiles and the large FWHM of the doublet 
liness clearly indicate that these lines are formed in the rapidly 
outflowingg wind of the star. 

ErrorError  determination for detected flux values. The 20 scaled 
spectraa from which the template is built are relatively DAC free, 
andd can therefore be used to estimate the noise at a wavelength 
pointt as a function of flux. We defined the variance of the flux 
valuess per wavelength point as 

*k k 
(E^A 2)) - (EF,)2/NH 

(tf. . 
(1) ) 

spec c 

wheree Nspec = 20 is the number of spectra considered and F\ is 
thee scaled flux of each of the 20 spectra at wavelength A, given 
inn fluxnumbers per second (FN/s). Figure 3 displays the relative 
standardd deviation of the flux at a given wavelength as a func-
tionn of the mean flux value, <F\>,  at that wavelength. One can 
seee that towards low flux values the relative deviation increases 

A A 
>< >< 

Pn n 
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En n 

b b 

2000 0 4000 0 6000 0 

<FX> > 

Fig.. 3. Relative standard deviation of the flux values per wavelength 
point,, apx /<F\ >, of the 20 template spectra (see Table 1) as a function 
off  the mean flux at that wavelength, <F\>.  Solitary points are due to 
reseauu marks. The hollow line depicts the average in bins of 200 FN/s 

andd that for flux levels higher than F\ ~ 1500 FN/s the rel-
ativee error is approximately 0.04. We binned the determined 
relationshipp in bins of 200FN/s. We omitted wavelength points 
longwardd of 1925 A, because reseau marks in this wavelength 
regionn tend to drift and also fluctuate in size (i.e. they cover 
varyingg wavelength ranges), thus giving rise to incorrect error 
estimates.. Over 7500 wavelength points were used to derive 
thee relationship between aFx and <F\>,  which we used to fit 
modelss to the spectral data (Sect. 4.2). 

Normalization.Normalization. In order to be able to fit  our model of discrete 
absorptionn components to the ultraviolet spectra of 7 Cas we 
dividedd each scaled spectrum by the template spectrum. We 
definedd the normalized flux as 

hh = FA/Fr pia 
(2) ) 

wheree F[£mp ate is the flux of the template spectrum at wave-
lengthh A. We estimated the error of the normalized flux using 
thee previously derived relationship for aFx and the measured 
flux,flux, and the following relation for the relative standard devia-
tionn of the normalized flux values, tjj  : 

Fx Fx 

(7(7 i-itClflrtatc 

7-itemplate e / JJ * sp e c . (3) ) 

Twoo examples of normalized (i.e. quotient) UV spectra of 
77 Cas are displayed in Fig. 4. This figure shows the spectral 
regionss of the N V, Si IV and C iv doublets, for a spectrum with 
andd a spectrum without DACs. The regions with higher noise 
correspondd to lower flux values in the original spectrum. The 
averagee flux is highest in the N v region and lowest in the C IV 
regionn (see Fig. 2). This gives rise to the different overall noise 
levelss seen in the different normalized spectral regions. 

Wee have used the quotient spectra to derive model parame-
terss for DACs, if present. We emphasize that all derived quanti-
tiess we present are given with respect to the template, i.e. they 
correspondd to properties of the isolated DACs themselves. 
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Tablee 2. Laboratory wavelengths and oscillator strengths 
SWP26822 2 

Aii  in A A2 in A f i i f2 2 

Nvv 1238.808 
Sii  iv 1393.755 
Civv 1548.188 

1242.796 6 
1402.770 0 
1550.762 2 

0.1566 0.0778 
0.5366 0.266 
0.1900 0.0950 

4.. Modelling DACs in resonance lines of 7 Cas 

4.1.4.1. Modelling discrete absorption components 

Inn the previous section we described how we converted 133 
high-resolutionn IUE spectra of 7 Cas to quotient spectra with 
respectt to a template. By dividing through the template we as-
sumee that the material forming the DACs does not influence 
thee shape of the persistent P Cygni profile that is formed by the 
steadyy high-velocity wind. To relate the observed absorption 
enhancementss in the quotient spectra to column densities, we 
applyy the theory of resonance-line radiation-transfer in expand-
ingg atmospheres as described by Caroff et al. (1972) and Lucy 
(1984),, to the case of outflowing local density enhancements 
off  the stellar wind. These authors consider the formation of 
aa resonance line by pure scattering in a rapidly and differen-
tiallyy expanding atmosphere. Photons of the central source are 
scatteredd out of the line of sight, resulting in blue-shifted ab-
sorption.. Under the conditions as described in these papers the 
opticall  depth is proportional to the reciprocal velocity gradient 
off  the gas: 

TieTie c I dv 
TT = nj— — 

mmeecc VQ \dr 
(4) ) 

wheree c is the speed of light, I/Q is the laboratory frequency of 
thee resonance line, e is the elementary charge in E.S.U., me the 
electronn rest mass and ƒ the oscillator strength of the transition 
off  interest. 

Iff  we assume that DACs are formed in dense outflowing 
plane-parallell  slabs in the line of sight in which the plasma has 
aa Maxwellian velocity distribution, we can apply the formalism 
givenn by Henrichs et al. (1983) to model single-line absorp-
tionn profiles in normalized spectra. Ignoring the intrinsic flux 
contributionn of the material in the slabs they adopt 

I(v)I(v) = exp(-rc0(w)) 

withh the Gaussian profile function 

4>(v)4>(v) = exp • 

(5) ) 

(6) ) 

wheree v is the velocity with respect to the stellar rest frame, TC 

iss the optical depth at the centre of the line, vc is the Doppler 
displacementt of the centre of the line, and where vt is the 
broadeningg parameter in units of velocity. It is assumed that for a 
doublett the velocity displacement and the broadening parameter 
aree the same for both doublet lines. With velocity scaled to the 

0.6 6 

0.22 r 

0) ) 

>v»V~'v>'A 'Vv*v*-*y ' 'vw^^ ^ 

tata 1.0 

0.6 6 

0.2 2 

,NN V 

,S ii IV 

>^\/ij^/^f\^ >^\/ij^/^f\^ 

[[CWCWj j 

1.0 0 

0.6 6 

0.2 2 

1.00 yw*r 

0.66 -

-20000 - 1 0 00 0 1000 2000 

SWP32676 6 
- | — I — T — 1 — T — II  I I I 

VV ,N V 

' - / ' "vv v " V t t i ' J v 

**^w--\/V^wV V 
Sii IV 

V^Wv^Vv//'^^^^ ^ 

i£ü5 5 

1.0 0 

11 0.6 

0.2 2 

-200 00 -100 0 0  100 0 200 0 

ve loc i tyy ( k m / s) 

Fig.. 4. Residual spectra of two high-resolution SWP images of 7 Cas 
aroundd the Nv, Si iv and the Civ resonance doublets. Rest wave
lengthss of the doublet lines are indicated. Velocities are relative to 
thee rest wavelength of the principal doublet lines. Top) Normalized 
spectrumm of image SWP26822. The spectrum seems free of DACs. 
Thiss spectrum is one of the spectra selected to create the template. 
Bottom)) Normalized spectrum of image SWP32676 with fitted DAC 
models.. This spectrum clearly shows multiple DACs 

restt wavelength of the principal line of the doublet, the shifted 
centrall velocities of the doublet lines are related as 

A22 A2 — A | 
l>22 = — V] + — c 

Aii Ai 
(7) ) 

Indicess 1 and 2 refer to the principal and secondary doublet line 
respectively.. We define the doublet separation i>spijt (in km/s) as 

"split t == Vi — V] = (l)\ + c) 
A?? — A] 

(8) ) 
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Followingg Henrichs et al. (1983) the column density of an 
absorptionn component, ATco], can be expressed, using Eqs. (4) 
andd (6), as 

iVcoll  = 
nene22 fXo (l + vc/c)' 

(9) ) 

whichh gives the column density for either of the two components 
off  the doublet. In this equation Ao is the laboratory wavelength 
off  the considered line. Since the derived column densities of 
bothh doublet components are the same, the central optical depths 
off  the components are related as 

T2 2 
bill bill 
Mil Mil 

(10) ) 

wheree the indices 1 and 2 again apply to the principal and 
secondaryy doublet line. Consequently, using Eqs. (5), (6), (8) 
andd (10), discrete absorption components of a resonance doublet 
inn a spectrum normalized at unity can be modelled as 

I(v)I(v) = exp(-ri0i(v) -n<h.(v)) 

== e x p | - Tc e x p | - { ^ r } J J -

-T°Arr xpp f I — 5 — ) exp p ,, dl ) 

whichh is a model with three free parameters, rC) vc and vt, now 
referringg to the line profile parameters of the principal doublet 
line.. Models for multiple DACs are obtained by multiplying as 
manyy of the expressions in Eq. (11) as DACs are present in the 
spectrum: : 

I(v)I(v) = ƒ,(«) • h{v)  • INDAC(V) (12) ) 

wheree Â DAC is the number of DACs to be modelled. Hence, the 
numberr of free parameters in a model for multiple DACs equals 
threee times the number of DACs that are modelled. 

Beforee we compared the theoretical profile (Eq. 12) with 
thee reduced spectra of 7 Cas, we first convolved the theoret
icall profile with the instrumental profile which is assumed to 
havee a Gaussian shape with FWHM = 3 pixels (each pixel 
correspondss to a velocity range of 7.7 km/s, see Turnrose and 
Thompsonn 1984). We used this instrumental profile for im
agess obtained with both small and large aperture, since the 
resultingg point spread function of the S WP camera with either 
off these apertures is practically the same (see Turnrose and 
Thompsonn 1984). Then we rebinned the convolved theoretical 
spectrumm similarly to the spectrum extraction routine in the 
IUEDRR reduction program. This routine effectively rebins the 
spectraa on a grid with 1.414 times the pixel width. Finally the 
modell spectrum was mapped to a uniform wavelength grid with 
0.11 A sample width. We used the resulting profile as a model 
forr DACs in a quotient spectrum. 

4.2.4.2. Fitting the model 

Wee fitted the model to the quotient spectra spectra of 7 Cas at 
wavelengthh regions around the resonance doublets of N v, Si iv 
andd C iv. Fits were attempted on absorption features that exceed 
thee average noise level. Since, for a given spectrum, DACs in 
liness of different ions tend to appear at more or less the same ve
locity,, we could facilitate the identification of small absorption 
enhancementss by overplotting the three doublets on a velocity 
scale.. When no indication of extra absorption in the normalized 
spectraa was found, no fit was attempted. When multiple DACs 
weree apparent in the spectra, we applied a model containing 
multiplee exponential Gaussians. We fitted our model to spectral 
dataa within the velocity range —2500 km/s to +2500 km/s (rel
ativee to the principal doublet line). This implies that the model 
iss fitted to 207 data points in the case of the N v doublet, to 232 
dataa points in the Si iv doublet region and to 258 data points 
inn the spectral region around the C iv doublet. Since signal to 
noisee estimates of the spectra are available (see previous sec
tion),, we used the x2 criterion to find the best model parameters 
forr the observed absorption features. We used these parameters 
too calculate the column density (Eq. 9) corresponding to the ab
sorptionn features. The laboratory wavelengths and the oscillator 
strengthss of the doublets are given in Table 2. 

Wee coded the fit routine using the Marquardt method as 
describedd by Press et al. (1986). The number of degrees of 
freedomm is 207-3ATDAC, 232-3iV*DAC and 258-37VDAC for the 
NN v, Si iv and C iv doublet respectively. 

Usingg the \2 method implies that formal errors on the de
rivedrived values of the line-profile parameters vCt TC and vx, can 
bee derived. We used these formal errors to calculate the stan
dardd deviation of the column density, o ^ , of the modelled 
absorptionn components: 

NN2 2 == al ++ a: 
2A2fa,rc) ) 

VVttTTQ Q 

2&2& 22(v(vtt,v,vcc) ) 
vvtt(v(vcc + c) 

2A2(rc,uc) ) 
TTCC(V(VCC + C) 

(13) ) 

wheree oye, aVl, and aVc are the derived errors on parameters rc, 
vvtt,, and vc respectively. Symbols A2(x, y) denote the covariance 
off x and y. Only the first three terms on the right hand side 
off Eq. (13) contribute significantly to the error on the column 
density. . 

Figuree 4 shows examples of the residual spectra at two 
differentt epochs. We see that the spectra are well normalized 
andd that the models fit satisfactorily. Table 4 lists, for all spectra 
too which fits were made, the fitted line profile parameters, vz, rc, 
andd vt and the reduced x2 value. Velocities vQ and t;t are given 
inn km/s. Table 4 also lists the values of the derived column 
densities,, Nc0\, in units of 1013cm~2, All errors in this table are 
laa errors. Considering the x2 values of Table 4, we conclude 
thatt the normalization procedure we used serves the aim of 
fittingg DAC models very well. 

Forr a few spectra, however, badly normalized continuum 
regionss caused the fitting routine to find components with very 
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Fig.. 5. Top) The derived central optical depth, rC) of an absorption 
componentt in the N v wavelength region as a function of its central 
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Fig.. 6. As Fig. 5, but for the derived broadening parameter, vt 

largee broadening parameters, vt > 1000 km/s. We did not in-
cludee these results in Table 4. The spectra for which these 
problemss occurred are: SWP1449, SWP14274, SWP14430, 
SWP157022 and SWP21581. 

Whilee fitting the models we found minor absorption contri-
butionss in three of the spectra we used to create our template 
spectrum:: SWP17979, SWP18136 and SWP18206. However, 
thesee DACs are too small to affect the template spectrum sig-
nificantly,, and therefore we did not reconstruct our template. 

5.. Properties of DACs in the spectra of 7 Cas 

Beloww we summarize the results obtained from the modelling 
proceduree described in the previous section. The derived prop-
ertiess of DACs in the spectra of 7 Cas, as listed in Table 4, 
aree consistent with the results of Henrichs et al. (1983). Since 
wee used improved IUE data reduction methods (see Sect. 3) 
andd applied error estimates (Fig. 3) to the fitting routine, the 
uncertaintiess in our results are considerably smaller than those 
givenn by Henrichs et al. 

-- We find DACs in 62 out of 133 UV spectra of 7 Cas. In 40 
spectraa DACs appear in all three considered doublets. In 17 
spectraa multiple components are present in one or more of 
thee three doublets. We find a total number of DACs of 62, 
62,, and 74 in the wavelength regions around the N v, the 
Sii  IV and the C IV doublet respectively. 

-- The vast majority of the DACs have a central velocity, 
relativee to the stellar rest frame, in the range —900 to 
-15000 km/s. Errors in the central velocities of individual 
DACss are typically in the order of 1%. In 38 spectra we find 
411 sets of three matching components, i.e. a DAC in each 
off  the considered doublets at practically the same velocity. 
Thee mean central velocity of each of these sets of 3 DACs 
hass a 1 a error of less than 20 km/s. 

-- The central optical depth of the components varies from the 
detectionn limi t (ssO. 15) up to approximately rc=1.0, TC=1.5, 
andd rc=3.2 for the N V, Si IV, and CIV doublet respectively. 
Figuree 5 shows that these high values are only reached by 
DACss at outflow velocities larger than 1200 km/s. We find 
maximumm optical depth at approximately —1300 km/s. 

-- Whereas DACs are usually described as narrow compo-
nents,, the large range in derived values (up to 600 km/s) 
andd the distribution of the broadening parameter vx (see Fig. 
6)) indicate that a distinction can be made between narrow 
andd broad components. We adopt an arbitrary discriminative 
valuee of 250 km/s for narrow components. 
Broadd components are mostly found in the Si IV and CIV 
doublets;; we find only one such DAC in the N v doublet 
region.. Narrow components have a tendency to appear at 
outfloww velocities exceeding 900 km/s. About 50% of the 
broadd components in Si IV is found at outflow velocities less 
thann 900 km/s. A typical \a error value for the broadening 
parameterr of narrow components is 10 km/s. Errors in u, of 
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Fig.. 7. As Fig. 5, but for the derived column density, Nm\ 

broadd DACs are usually larger than 30 km/s. In the figures 
broadd components can be identified by their relatively large 
uncertaintyy in vc. 

-- The highest column densities we derive are JVC0| « 40 • 
l013cm-2,JVcoii « 10-1013cm-2,andiVcoi « 4 9 - 1 0 , 3 c n r 2 

forr the Nv,-Si iv, and C i v doublet respectively. Figure 7 
displayss the column density of the DACs as a function of 
theirr central velocity. This figure clearly shows that nar
roww components (which have small error bars) fill only a 
restrictedd area in the Nco\ versus vc diagrams. Maximum val
uess of Â coi are found at approximately - 1300 km/s. Narrow 
componentss with outflow velocities less than approximately 
12000 km/s mostly have relatively small column densities, 
i.e.. /Vcol < 8 x 1013cm~2 for the N v and C iv doublet and 
7VC0,, < 3 x 1013cm~2 for the Si iv doublet. 
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Kaperr et al. (1992) showed that for O stars single DACs 
followw tracks through a Nco\ versus vc diagram. Low-velocity 
broadd DACs gradually evolve into high-velocity narrow DACs. 
Withh increasing central velocity the column density first in
creases,, then peaks at approximately 0.75 times the terminal 
velocityy and thereafter decreases to the detection level as the 
DACss almost reach the terminal velocity of the O-star wind. 
Henrichss et al. (1983) apparently found the high-velocity part 
off such a DAC evolution in the case of 7 Cas . Although the 
timee resolution of the spectra of 7 Cas we used did not allow 
monitoringg one single DAC in time, we find that the results as 
presentedd in Fig. 7 are consistent with the findings of Kaper et 
al.. (1992) for O stars. 

6.. DACs and V/R variabilit y of 7 Cas 

Wee have investigated the possible existence of a correlation 
betweenn the DAC behaviour and the H/3 V/R variability of 7 
Cas.. In Figs. 8-11 we present the variations of DAC properties 
ass a function of time. In the top panel of these figures the 
acquisitionn dates of all 133 IUE images are marked, including 
thee spectra in which no DACs were found. The H/3 V/R variation 
iss displayed in the bottom panel of these figures. 

Thee variability of components seen in the N v doublet region 
iss given in Fig. 8. The deduced DAC model parameters, vc, rc, 
andd vt, as well as the derived column densities, are plotted as a 
functionn of time. Figures 9 and 10 give the same information, 
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Fig.. 9. As Figure 8, for DACs detected in the Si IV doublet region Fig. 10. As Figure 8, for DACs detected in the C iv doublet region 

butt based on the DACs detected in the Si IV and C IV regions 
respectively. . 

Itt appears from these figures that the DAC behaviour and 
thee V/R variations of 7 Cas are correlated. To quantify this 
correlationn we chose to compare the mean values of DAC pa-
rameterss for phases of V>R with those for phases of V<R. The 
bottomm panel of Fig. 11 gives the complete V/R history of the 
H/33 emission line from 1969 to 1989. We fitted a function with 
sixx parameters to these data. This function has the form 

log(V/R)) = A + (B + Ct) sin < 2n 
t-F t-F 

DD + Et 
(14) ) 

wheree parameter t denotes the time in JD. We assumed a con-
stantt relative error for the values of V/R, and scaled this error to 
gett the reduced x2=l- From the fit we find A = -0.006 , 
BB = 0.297  0.035, C = 0.0000345  0.0000077, D = 
17355 , E = 0.206  0.015, and F = 6165  27. According 
too the fit both the period and the amplitude of the V/R cycle 

increasee with time. We used this function to find time intervals 
withh V>R and with V<R. 

Inn Table 3 we present the mean DAC characteristics for 
phasess of V>R and phases of V<R. The bottom section of 
thiss table lists average values of the deduced model parameters, 
tv,, rc, and v{, and of JVcoi of the DACs detected in each of 
thesee V/R phases. These quantities are listed for each of the 
doublets.. We also list these quantities for a selection of all 
detectedd DACs, namely those with the largest outflow velocity 
inn any of the doublets (top-velocity DAC). In Fig. 11 a we show 
forr this selection of DACs the central velocity as a function of 
time. . 

Fromm Figs. 8-11 and Tables 3 and 4 we derive the following 
conclusions: : 

1.. We confirm the finding of Doazan et al. (1987): there are 
significantlyy more DACs in phases of V>R than in phases 
off  V<R. We find an average number of DACs of 2.6 per 
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Numberr of IUE spectra 
Totall  number of DACs 
Meann number of DACs per spectrum 
Numberr of DACs in N V region n 
Numberr of DACs in Si IV region 
Numberr of DACs in CIV 

Nv v 
doublet t 

Sii  IV 
doublet t 

Civ v 
doublet t 

Top p 
velocities s 

Averagee vc 

Averagee vt 

Averagee rc 

Averagee Nc„i 
Averagee vc 

Averagee vt 

Averagee rc 

Averagee Ncai 
Averagee vc 

Averagee ut 

Averagee rc 

Averagee Nm\ 
Averagee vc 

Averagee Vi 
Averagee rc 

Averagee /Vol 

region n 

V>R R 
21+37 7 

52+101 1 
= = 
= = 

58 8 
153 3 

2.6 6 
47 7 
49 9 
57 7 

-1268.2 2 
119.8 8 
0.424 4 
17.62 2 

-1168.1 1 
146.2 2 
0.461 1 
4.16 6 

-1207.1 1 
119.8 8 
0.812 2 
17.38 8 

-1328.5 5 
96.3 3 

0.650 0 
13.44 4 

25.7 7 
8.4 4 
0.029 9 
1.42 2 
48.3 3 
19.1 1 
0.051 1 
0.37 7 
34.5 5 
13.5 5 
0.092 2 
1.70 0 
14.6 6 
6.5 5 
0.089 9 
1.83 3 

V<R R 
1+74 4 
3+42 2 

= = 
= = 

75 5 
45 5 

0.6 6 
15 5 
13 3 
17 7 

-1156.0 0 
78.8 8 

0.268 8 
6.77 7 

-1035.9 9 
209.1 1 
0.204 4 
2.68 8 

-1212.5 5 
109.4 4 
0.325 5 
5.92 2 

-1179.9 9 
74.5 5 

0.291 1 
5.21 1 

44.0 0 
13.3 3 
0.038 8 
1.38 8 
76.3 3 
51.8 8 
0.052 2 
0.56 6 
35.8 8 
23.2 2 
0.083 3 
1.13 3 
35.5 5 
9.7 7 
0.052 2 
0.98 8 

Tablee 3. Top section: Distribution of spectra 
andd detected DACs for time intervals with V>R 
andd time intervals with V<R. The IUE data 
rangee coincides with two phases of V>R and 
twoo phases of V<R. Numbers of each of these 4 
phasess are listed separately in the first two rows 
off  the table. Note the difference in the mean 
numberr of DACs per spectrum. Bottom sec-
tion:: Average values of parameters of DACs 
ass a function of the V/R phase. These averages 
aree computed for each of the three doublets sep-
aratelyy and also for the selection of DACs as dis-
playedd in Fig. 1 la (top-velocity DACs, see text). 
Errorr values denote \a errors in mean. Note the 
differencee of the mean values of rc (significant) 
andd JVcoi (factor of 2) in each of the V/R phases. 
Thee mean central velocity of the top-velocity 
DACss differs significantly from phase to phase. 
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Fig.. 11. a) Selection of fastest DACs per SWP spectrum. Units are 
1033 km/s. b) Observed V/R variability of the H/3 line with fitted func-
tion.. Error bars denote la errors 

spectrumm for phases of V>R, and of 0.6 per spectrum for 
phasess of V<R. 
DACss occurring in the N V, C IV, and, to a lesser extent, 
thee Si IV, doublet have higher column densities in phases 
off  V>R than in phases of V<R. This is primarily due to 
significantlyy larger values of the central optical depth of 
componentss in phases of V>R than in phases of V<R. The 
meann column density of DACs found in the N V doublet is 
2.66  0.6 times higher in the former than in the latter phase. 
Thiss number is 1.6  0.4 and 2.9  0.6 for the Si IV and 

thee CIV doublet respectively. The average central optical 
depthss of the DACs detected in the N v and Si IV doublet 
regionss in phases of V<R indicate that these components 
aree just deeper than noise dips, which can have values up to 
rcc ~ 0.15 (see Fig. 4). 

3.. The average highest central velocity of the DACs is signifi-
cantlyy higher in phases of V>Rthan in phases of V<R. 

4.. We have computed the ratios of column densities of 41 sets 
off  three matching components, i.e. components appearing 
inn three doublets at practically equal velocities. We find that 
thee ratio of column density of DACs detected in different 
doublett regions is varying with time. However, there is no 
obviouss correlation between the variation in these ratios and 
thee V/R variability. 

Wee can understand the first three conclusions if we assume that 
(1)) the outflowing structures in the stellar wind of 7 Cas, which 
wee detect as DACs in UV resonance lines, have higher (column) 
densitiess when V/R> 1 than when V/R< 1 (Table 3) and that (2) 
thee optical depth of these structures decreases as they move 
awayy from the star (as a result of geometrical expansion). Then 
wee expect to find 

-- more DACs in phases of V>R, since the relatively high 
densityy of matter in the outflowing structures in these phases 
enabless us to detect them more easily than during phases of 
V<R(1), , 

-- stronger components in phases of V>R (1), 
-- lower average outflow velocities when the column densities 

aree low, i.e. in phases of V<R, since beyond a certain dis-
tancee from the star the structures are not dense enough to 
producee detectable absorption components (1 and 2), 

whichh is in accordance with what is observed. A consequence 
off  assumption (2) is that the derived outflow velocities of DACs 



34 4 Chapterr 3 

aree always a lower limit for the terminal velocity, Voo, of the 
wind.. Assumption (2) is also made by Kaper et al. (1992) to 
explainn the tracks that DACs follow in a Nco] versus vc diagram. 

7.. Discussion 

Wee have found strong evidence for a correlation between varia-
tionss in V/R ratio and DAC behaviour. During 11 years the H/5 
V/RR ratio and the DAC variability of 7 Cas exhibited a similar 
periodicity.. The V/R variation of 7 Cas is believed to have its 
originn in an equatorial disc around the star. The Balmer emission 
lineslines are primarily formed by recombination in ionized regions 
off  this high-density low-velocity wind. Since the strength of the 
emissionn lines depends on the density squared, we expect the 
regionss of the wind closest to the star to contribute most to the 
emissionn strength if the density of the equatorial wind decreases 
outwards.. IR observations of 7 Cas revealed that this is indeed 
thee case. The correlation between the V/R variability and the 
strengthh of DACs might therefore indicate that the structures in 
thee high-velocity wind of 7 Cas start their outflowing motion 
closee to the star. 

Inn our picture the V/R variability is caused by the revolu-
tionn of a non-axisymmetric equatorial disc-like wind (Telting 
ett al. 1993). If the asymmetrical structure of this disc rotates 
aroundd the star, we expect V/R variation on the time scale of 
thiss rotation. The disc can have a non-axisymmetrical shape 
duee to, for example, tidal interaction with a companion star 
(e.g.. Cowley and Gugula 1973). However, there is no direct ev-
idencee for the existence of a companion of 7 Cas. Indirect evi-
dencee comes from the X-ray luminosity of 7 Cas. In 1976 7 Cas 
wass identified as the optical counterpart of the low-luminosity, 
variablee hard X-ray source MX 0053+604 (Jernigan 1976, Ma-
sonn et al. 1976). The X-ray spectrum of 7 Cas is very similar 
too that of the X-ray pulsar X Per/4U 0352+30, which is known 
too be a Be star plus a neutron star in a (probably) wide orbit 
(Whitee et al., 1982). No X-ray pulsation period has been found 
forr 7 Cas, and no orbit can be determined, but in analogy with 
XX Per the orbital period of a possible companion may well be 
inn the order of years. However, if a binary companion would be 
directlyy responsible for the V/R variability, we would expect a 
strictt periodicity, which is not observed (Fig. 11). 

Anotherr cause for a non-axisymmetrical shape of the disc is 
ann one-armed global normal mode of the disc (Okazaki 1991, 
Papaloizouu et al. 1992, Savonije and Heemskerk 1993). The 
drasticc change in period of the V/R cycles (see Fig. 11) and the 
timee scale of the V/R variation makes this cause of asymmetry 
thee more favourable one. Okazaki found that for a disc with a 
largee radius the rotation period of the m = 1 mode is larger than 
forr a small disc. This is consistent with the observed increase 
off  the visual and IR flux of 7 Cas and the increasing period 
off  the V/R variation. Papaloizou et al. found that due to the 
gravitationall  potential of an oblate star, oscillations on time 
scaless of V/R variations can exist in the disc. In the case of a 
one-armedd oscillation of the equatorial disc, the wind particles 
inn the high-density part of the wave pattern are moving towards 

uss in phases of V>R, and are moving away from us in phases 
ofV<R(seeFig.. 12). 

Figuress 8-10 clearly show that in phases of V>R the column 
densitiess of detected DACs are much larger than in phases 
off  V<R. This is consistent with a model in which the wind 
structuress that cause DACs are formed near the stellar surface 
inn an interacting region of the high-velocity polar wind and the 
low-velocityy equatorial wind of 7 Cas, and travel around the 
starr over an azimuthal angle <f>  ~ 90° before they reach their 
finall  velocity, which is directed radially away from the star (see 
Fig.. 12). We expect that these structures will have relatively 
highh densities if they are formed near regions of the equatorial 
discc where the density is high, i.e. the region of thee disc coming 
towardss us in phases of V>R. Consequently, strong DACs will 
bee found only in phases of V>R, since only then structures 
formedd in high-density regions will end up in the line of sight. 
Structuress formed near the high-density part of the equatorial 
discc will either miss or relatively rapidly cross the line of sight 
iff  they are formed at other epochs in the V/R cycle. 

Theree might be a phase lag between the V/R variation and 
thee observed highest velocity reached by the DACs, the latter 
probablyy related to the strength of the DACs (see Fig. 11). This 
cann be explained by adopting a value of § larger or smaller than 
90°,, depending on the phase difference of these variations. 

AA theoretical background for the existence of an interact-
ingg region between the high-velocity polar wind and the low-
velocityy equatorial wind of Be stars is given by Bjorkman and 
Cassinellii  (1993). Observational evidence comes, for instance, 
fromm the deduced radial velocity laws for disc and polar winds 
off  Be stars and in the case of 7 Cas from the observed correlation 
betweenn V/R and DAC variability. 

Inn Fig. 12 we present a schematic model for the stellar wind 
off  7 Cas close to the star. From detailed modelling Poeckert and 
Marlboroughh (1978) find that 7 Cas has an inclination i ~ 45°. 
Polarizationn observations (Clarke 1990) and optical interferom-
etryy measurements (Mourard et al. 1989) are in agreement with 
thiss value of i. Although the star is inclined with respect to the 
observerr we find a correlation between V/R variability caused 
inn the disc and DAC variations of the wind in the line of sight. 
Thiss indicates that the structures that form DACs can travel 
throughh the polar wind with significant velocity components 
directedd away from the equatorial plane, which means that they 
doo not follow the trajectories of the polar wind. For comparison 
wee plotted in Fig. 12 the trajectories of free polar wind particles 
inn the equatorial plane (dashed curves), ignoring the presence 
off  the disc. We assumed conservation of angular momentum 
(i=45°,, vsim=230km/s) and a radial velocity distribution 

vvrr(r)(r)  = VQ + (Voo -vQ)(\ - R./rf , (15) 

wheree t>o=10km/s is approximately half the sound speed at the 
surfacee of 7 Cas, üoo~1600 km/s is the terminal velocity of the 
windand/3=0.8. . 

AA one-armed mode moving through the equatorial disc 
couldd have further implications. Due to the growth of the disc, 
thee revolution period of the mode and its amplitude increase 
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Fig.. 12. Schematic model for V/R variations and DACs in spectra of 7 Cas. We show a projection of the equatorial and polar winds onto the 
equatoriall  plane. The grey areas in the disc represent the high-density part of a one-armed oscillation of the disc. This high-density part revolves 
aroundd the star on the time scale of the V/R variations of the Balmer lines. The dashed lines are trajectories of individual free stellar wind 
particles,, based on a beta law for the radial velocity (i.e. the polar wind). These trajectories are calculated using Eq. (15) and parameters given 
inn the text. The solid curve represents the path of a density enhancement of the polar wind, as is suggested by comparison of V/R variations 
andd DAC variability. The structure starts off close to the star, near the equatorial plane, and gradually moves away from the star. Its trajectory 
wil ll  be ruled by the motions in the wind: outflow and rotation. Only for a particular azimuthal start-off position the structure ends up in the 
linee of sight, where it can cause a DAC if its density is high enough. Top) The high-density part of the equatorial disc moves away from the 
observer;; the emission lines have V<R. Structures of the fast polar wind that end up in the line of sight are formed near the low-density part 
off  the equatorial disc: DACs are weak (or too weak to be detected). Bottom) The high-density part of the equatorial disc moves towards the 
observer;; the emission lines have V>R. Now the structures of the polar wind travelling to the line of sight are formed near the high-density part 
off  the equatorial disc: the observer finds numerous (strong) DACs 

(Fig.. 11). If eventually the mode becomes unstable this could 
resultt in the collapse of the equatorial disc, as is suggested by 
thee drastic line and continuum variations of 7 Cas in 1935-1941 
(Gorayaa and Tur 1988). A "normal" B-type star is what is left 
overr from the original Be star, which wil l develop a new equa-
toriall  disc during the following years (Bjorkman and Cassinelli 

1993).. If this scenario applies to the history of 7 Cas, this could 
welll  be the explanation of the Be-phenomenon. 

8.. Summary and conclusions 

Wee analysed 133 high-dispersion archival IUE spectra of 7 
Cassiopeiaee taken over a period of eleven years and modelled 
thee discrete absorption components which appear in the N v , 
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Tablee 4. Results of fitting the model to residual spectra of 7 Cas. Fits were made to normalized data at the spectral regions around the N v, Si iv 
andd C iv resonance doublets. The first column gives the SWP image number of each spectrum on which a fit  was made. For each doublet the 
parameterss of the best-fitting (multiple) DAC model, vc, rc, vt, and the derived column densities, Ncoi, are listed. The column density is given 
inn units of 1013cm"2. Velocities vc and vx are given in units of km/s. For each doublet the fifth column lists the reduced \2 value off  the best fit. 
Alll  quoted errors are 1 a errors. 

SWP P 
image e 

1449 9 

4640 0 

5928 8 

5929 9 

6786 6 

6902 2 

6903 3 

Vc Vc 

-1384.2 2 
9 9 

-1240.9 9 
15.5 5 

-1371.5 5 
6.1 1 

-1372.8 8 
8.2 2 

-1359.2 2 
4.9 9 

-1366.1 1 
3.8 8 

-1359.7 7 
4.0 4.0 

Tc c 

0.464 4 
0.030 0 
0.328 8 
0.019 9 
0.317 7 
0.018 8 
0.261 1 
0.016 6 
0.415 5 
0.017 7 
0.478 8 
0.019 9 
0.467 7 
0.018 8 

Nv v 
vvt t 

89.3 3 
7.2 2 

344.9 9 
12.8 8 

130.6 6 
8.5 5 

162.7 7 
11.4 4 

140.9 9 
6.7 7 

112.5 5 
5.3 3 

119.5 5 
5.6 6 

AU U 

14.38 8 
1.48 8 

39.34 4 
1.89 9 

14.39 9 
0.81 1 

14.77 7 
0.89 9 

20.31 1 
0.84 4 

18.69 9 
0.75 5 

19.36 6 
0.77 7 

xxl l 

2.08 8 

1.57 7 

1.48 8 

1.83 3 

1.95 5 

1.37 7 

Vc Vc 
-1215.8 8 

6 6 

-1330.9 9 
4.4 4 

-1074.7 7 
28.5 5 

-1371.3 3 
6.4 4 

-1358.4 4 
4.2 2 

-1365.8 8 
3.8 8 

Tc c 

0.263 3 
0.013 3 

0.579 9 
0.031 1 
0.248 8 
0.017 7 

0.320 0 
0.016 6 
0.415 5 
0.022 2 
0.430 0 
0.024 4 

Sii  IV 

Wl l 
253.4 4 

13.4 4 

135.2 2 
8.2 2 

410.2 2 
23.4 4 

162.2 2 
9.1 1 

106.8 8 
6.0 0 

89.0 0 
5.4 4 

iVcol l 
5.98 8 
0.28 8 

7.04 4 
0.62 2 
9.11 1 
0.77 7 

4.67 7 
0.22 2 
3.99 9 
0.19 9 
3.44 4 
0.17 7 

xx2 2 

1.95 5 

2.33 3 

1.98 8 

2.11 1 

1.52 2 

Vc Vc 
-1375.8 8 

0 0 
-1236.4 4 

24.3 3 
-1355.9 9 

3.5 5 
-1130.4 4 

26.3 3 
-1348.3 3 

5.0 0 
-1358.4 4 

4.6 6 
-1373.2 2 

4.8 8 
-1372.6 6 

3.4 4 
-1382.6 6 

3.5 5 

TTc c 

0.087 7 
0.056 6 
0.246 6 
0.027 7 
1.366 6 
0.084 4 
0.358 8 
0.034 4 
0.507 7 
0.039 9 
0.559 9 
0.043 3 
0.614 4 
0.037 7 
0.874 4 
0.048 8 
0.838 8 
0.047 7 

Civ v 
Vt Vt 

44.3 3 
38.5 5 

227.9 9 
21.8 8 

100.1 1 
5.8 8 

402.0 0 
31.0 0 
92.6 6 
6.8 8 

87.5 5 
6.2 2 

112.3 3 
6.3 3 

91.5 5 
4.4 4 

97.5 5 
4.6 6 

A'col l 
0.88 8 
0.79 9 

12.77 7 
1.23 3 

31.18 8 
2.01 1 

32.81 1 
2.24 4 

10.72 2 
0.70 0 

11.15 5 
0.71 1 

15.73 3 
0.81 1 

18.23 3 
0.82 2 

18.64 4 
0.84 4 

xxl l 
0.83 3 

1.11 1 

2.07 7 

1.45 5 

1.65 5 

1.18 8 

1.35 5 

Sii  IV, and C iv doublets. We investigated possible correlations 
betweenn observed DAC properties and the observed V/R vari-
abilityy of the H/? line of 7 Cas. From the results of this study 
wee derive the following conclusions. 

Wee detect discrete absorption components in 62 of the 133 
analysedd spectra. In 17 spectra multiple DACs are present. The 
numberr of components in the N V, Si IV, and C iv doublet is 62, 
62,, and 74 respectively. 

Inn many spectra DACs appear in different doublets at the 
samee outflow velocity which indicates that these DACs are 
formedd by absorption of stellar photons in one particular out-
flowingflowing high-density wind structure. 

Inn our data set the maximum outflow velocity of a DAC 
iss approximately 1500 km/s. This value can be considered as a 
lowerr limit of the terminal velocity of the high-velocity low-
densityy "polar" wind of 7 Cas. 

Wee find upper limits of the column densities of DACs of 
NNco]co] « 40 x 1013cirT2,iVCoi « 10 x 10I3cm-2,and 7VCOi w 49 x 
10I3cm-22 for the N v, Si iv, and CIV doublet respectively. The 
componentss occupy only restricted areas in a column density 
versuss central velocity diagram. 

Wee confirm the previously found (Doazan et al. 1987) cor-
relationn between the V/R variability of the H/3 line and the 
presencee of DACs in the UV spectra. Significantly more dis-
cretee absorption components are seen in phases of V>R than 
inn phases of V<R. The average number of DACs per spec-
trum,, i.e. all three doublets considered, is 2.6 for phases of 
V>R,, and 0.6 for phases of V<R. This is due to the fact that 
thee wind structures responsible for the absorption components 
havee significant higher column densities in phases of V>R than 
inn phases of V<R. The mean column density of DACs found 
inn the N v doublet is 4 times higher in the former than 

inn the latter phase. This number is 4 and 6 for the 
Sii  IV and the CIV doublet respectively. 

Wee find no evidence for a relation between the ratios of the 
columnn density of DACs detected in different doublets and the 
V/RR variability. Hence we conclude that the ionization state of 
thee polar wind is not affected by the cause of the V/R variability. 

Wee propose that the observed correlation between the V/R 
variationn and the variation of the column densities of DACs 
iss due to the presence of a global density perturbation in the 
disc.. The precise location of the revolving perturbation as a 
functionn of time is then the cause of both quasi-periodic V/R 
andd quasi-periodic DAC variability. 
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Tablee 4. Continued 

SWP P 
image e 
6904 4 

8554 4 

8666 6 

9129 9 

9130 0 

9897 7 

10863 3 

14274 4 

14430 0 

15119 9 

15702 2 

16157 7 

16159 9 

16167 7 

16284 4 

16518 8 

16528 8 

16694 4 

17921 1 

17974 4 

17978 8 

17979 9 

18136 6 

18206 6 

19097 7 

19656 6 

20988 8 

22760 0 

24001 1 

25238 8 

26338 8 

27391 1 

VVc c 

-1375.9 9 
4.2 2 

-1329.4 4 
10.9 9 

-1300.3 3 
8.8 8 

-1199.9 9 
7.5 5 

-666.5 5 
7.6 6 

-1336.9 9 
3.9 9 

-747.8 8 
10.3 3 

-1307.9 9 
2.9 9 

-1303.9 9 
2.7 7 

-1291.7 7 
1.8 8 

-1273.4 4 
6.0 0 

-960.5 5 
5.5 5 

-1029.5 5 
8.2 2 

-1258.6 6 
6.3 3 

-1303.7 7 
5.9 9 

-1315.3 3 
6.4 4 

-1297.1 1 
3.7 7 

-904.7 7 
4.6 6 

-1007.0 0 
6.8 8 

-993.7 7 
7.1 1 

-1005.9 9 
4 4 

-928.7 7 
3.9 9 

-1072.9 9 
6.3 3 

-1090.5 5 
15.0 0 

-1082.0 0 
9.7 7 

-1340.5 5 
7.7 7 

-1338.6 6 
7.6 6 

-1400.6 6 
7.7 7 

-1102.9 9 
4.7 7 

rc c 

0.334 4 
0.043 3 
0.274 4 
0.035 5 
0.405 5 
0.019 9 
0.169 9 
0.048 8 
0.353 3 
0.013 3 
0.485 5 
0.018 8 
0.178 8 
0.018 8 
0.654 4 
0.020 0 
0.628 8 
0.022 2 
0.986 6 
0.027 7 
0.229 9 
0.030 0 
0.213 3 
0.053 3 

0.193 3 
0.023 3 

0.240 0 
0.025 5 
0.330 0 
0.018 8 
0.291 1 
0.020 0 
0.352 2 
0.035 5 
0.259 9 
0.072 2 
0.185 5 
0.050 0 
0.171 1 
0.050 0 
0.193 3 
0.053 3 

0.744 4 
2.203 3 
0.208 8 
0.033 3 
0.128 8 
0.018 8 
0.156 6 
0.025 5 

0.203 3 
0.022 2 
0.294 4 
0.015 5 
0.263 3 
0.017 7 

0.266 6 
0.074 4 

Nv v 
Vi Vi 

48.1 1 
8.7 7 

182.1 1 
15.0 0 

194.3 3 
8.9 9 

35.9 9 
14.8 8 

238.9 9 
11.3 3 

129.2 2 
5.6 6 

122.1 1 
14.9 9 

115.3 3 
4.0 0 

95.2 2 
3.8 8 

87.7 7 
2.5 5 

58.2 2 
8.8 8 

31.5 5 
9.6 6 

82.3 3 
11.7 7 

76.1 1 
9.0 0 

133.3 3 
8.2 2 

117.3 3 
9.1 1 

48.9 9 
5.6 6 

25.9 9 
8.7 7 

34.2 2 
11.2 2 
34.5 5 
11.8 8 
33.1 1 
10.8 8 

6.8 8 
17.5 5 
51.2 2 
9.6 6 

130.9 9 
20,9 9 
76.3 3 
14.3 3 

89.3 3 
11.1 1 

178.8 8 
10.7 7 

145.1 1 
10.7 7 

26.2 2 
8.7 7 

JVcoj j 
5.58 8 
1.25 5 

17.35 5 
1.48 8 

27.32 2 
1.46 6 
2.11 1 
0.80 0 

29.24 4 
1.18 8 

21.74 4 
0.80 0 
7.53 3 
0.77 7 

26.18 8 
0.78 8 

20.76 6 
0.70 0 

30.01 1 
0.72 2 
4.62 2 
0.54 4 
2.33 3 
0.42 2 

5.50 0 
0.65 5 

6.35 5 
0.62 2 

15.26 6 
0.81 1 

11.87 7 
0.78 8 
5.98 8 
0.50 0 
2.33 3 
0.39 9 
2.19 9 
0.45 5 
2.05 5 
0.44 4 
2.21 1 
0.44 4 

1.77 7 
0.79 9 
3.69 9 
0.52 2 
5.84 4 
0.80 0 
4.14 4 
0.62 2 

6.30 0 
0.65 5 

18.28 8 
0.94 4 

13.27 7 
0.85 5 

2.42 2 
0.41 1 

xx2 2 

1.43 3 

1.48 8 

1.19 9 

2.21 1 

1.51 1 

2.04 4 

1.38 8 

1.51 1 

1.36 6 

1.31 1 

1.40 0 

1.47 7 

0.92 2 

0.60 0 

1.00 0 

0.74 4 

0.74 4 

0.97 7 

0.96 6 

0.94 4 

1.28 8 

1.06 6 

1.25 5 

0.89 9 

t>C C 

-1363.0 0 
3.4 4 

-1346.2 2 
7.4 4 

-628.3 3 
41.1 1 

-1306.3 3 
5.9 9 

-439.4 4 
41.5 5 

-1284.7 7 
1.4 4 

-1283.1 1 
1.6 6 

-1296.2 2 
.. 2.6 

-1129.4 4 
20.4 4 

-1307.7 7 
4.2 2 

-1303.3 3 
1.9 9 

-1297.7 7 
4.8 8 

-898.8 8 
14.2 2 

-995.7 7 
16.0 0 

-996.9 9 
6.5 5 

-1061.8 8 
4 4 

-1101.9 9 
25.3 3 

-257,7 7 
44.8 8 

-1003.5 5 
31.8 8 

-896.0 0 
41.7 7 

-1167.7 7 
5.2 2 

Tc c 

0.486 6 
0.024 4 

0.293 3 
0.017 7 
0.087 7 
0.010 0 

0.324 4 
0.018 8 
0.086 6 
0.011 1 
1.301 1 
0.044 4 
1.152 2 
0.039 9 
0.582 2 
0.029 9 

0.107 7 
0.013 3 

0.329 9 
0.028 8 
0.765 5 
0.038 8 
0.279 9 
0.028 8 
0.132 2 
0.015 5 
0.104 4 
0.018 8 
0.191 1 
0.028 8 

0.106 6 
0.022 2 

0.078 8 
0.015 5 
0.077 7 
0.013 3 

0.128 8 
0.008 8 
0.090 0 
0.008 8 

0.231 1 
0.035 5 

Sii  IV 

Vi Vi 

91.5 5 
4.9 9 

158.0 0 
10.6 6 

413.2 2 
68.7 7 

135.0 0 
8.3 3 

375.5 5 
58.1 1 
70.8 8 
2.0 0 

79.0 0 
2.2 2 

72.2 2 
3.8 8 

208.2 2 
28.8 8 

64.3 3 
6.1 1 

55.2 2 
2.7 7 

62.9 9 
7.1 1 

151.4 4 
20.1 1 

117.3 3 
22.8 8 
56.7 7 
9.6 6 

81.0 0 
19.6 6 

163.0 0 
36.3 3 

341.0 0 
59.7 7 

616.4 4 
43.5 5 

547.5 5 
59.6 6 

44.2 2 
7.7 7 

NNcnl cnl 

3.99 9 
0.18 8 

4.15 5 
0.27 7 
3.22 2 
0.43 3 

3.93 3 
0.21 1 
2.88 8 
0.39 9 
8.27 7 
0.21 1 
8.17 7 
0.21 1 
3.77 7 
0.16 6 

2.01 1 
0.24 4 

1.90 0 
0.14 4 
3.79 9 
0.15 5 
1.57 7 
0.14 4 
1.79 9 
0.20 0 
1.10 0 
0.18 8 
0.97 7 
0.13 3 

0.77 7 
0.15 5 

1.14 4 
0.22 2 
2.36 6 
0.38 8 

7.06 6 
0.43 3 
4.43 3 
0.41 1 

0.92 2 
0.12 2 

x2 2 

1.73 3 

1.57 7 

1.19 9 

2.11 1 

2.12 2 

1.74 4 

1.39 9 

1.34 4 

2.02 2 

1.99 9 

1.02 2 

1.01 1 

1.14 4 

0.91 1 

1.09 9 

1.31 1 

1.25 5 

1.29 9 

Uc c 

-1374.1 1 
2.8 8 

-1334.2 2 
9.6 6 

-1186.7 7 
8.0 0 

-672.5 5 
10.9 9 

-1347.2 2 
5.2 2 

-742.7 7 
27.8 8 

-1287.1 1 
2.0 0 

-1296.1 1 
2.1 1 

-1300.5 5 
1.5 5 

-1281.9 9 
10.2 2 

-1255.0 0 
5.0 0 

-1227.8 8 
10.6 6 

-920.3 3 
18.0 0 

-1186.7 7 
15.3 3 

-1314.9 9 
6.2 2 

-1334.3 3 
6.2 2 

-1323.1 1 
6.8 8 

-1317.4 4 
2.3 3 

-1305.8 8 
2.2 2 

-1299.9 9 
2.7 7 

-997.1 1 
19.8 8 

-1005.6 6 
11.5 5 

-1045.2 2 
8 8 

-1115.6 6 
27.1 1 

-1299.4 4 
20.5 5 

-1145.1 1 
36.4 4 

-1389.2 2 
26.2 2 

-1114.1 1 
10.7 7 

-1146.1 1 
10.8 8 

TTc c 

1.011 1 
0.058 8 

0.807 7 
0.040 0 
0.358 8 
0.110 0 
0.661 1 
0.045 5 
0.747 7 
0.037 7 
0.150 0 
0.037 7 
2.052 2 
0.123 3 
2.081 1 
0.131 1 
2.755 5 
0.171 1 
0.231 1 
0.032 2 

0.413 3 
0.059 9 
0.232 2 
0.033 3 
0.138 8 
0.045 5 
0.155 5 
0.034 4 
0.251 1 
0.063 3 
0.263 3 
0.064 4 
0.240 0 
0.060 0 

0.970 0 
0.086 6 
1.209 9 
0.082 2 
0.883 3 
0.076 6 

0.116 6 
0.044 4 
0.216 6 
0.049 9 
0.153 3 
0.043 3 

0.119 9 
0.026 6 

0.187 7 
0.021 1 
0.150 0 
0.021 1 
0.138 8 
0.019 9 
0.197 7 
0.051 1 
0.183 3 
0.057 7 

Civ v 
Vt t 

78,0 0 
3.7 7 

157.3 3 
9.1 1 

36.7 7 
16.3 3 

201.4 4 
11.4 4 

142.1 1 
6.1 1 

142.6 6 
34.9 9 
74.9 9 
2.7 7 

76.4 4 
2.7 7 

57.9 9 
1.9 9 

93.2 2 
14.2 2 

48.9 9 
7.2 2 

98.7 7 
14.9 9 
72.9 9 
26.3 3 
90.4 4 
21.5 5 
36.0 0 
9.6 6 

34.7 7 
9.7 7 

38.1 1 
10.4 4 

43.1 1 
3,2 2 

55.3 3 
3.0 0 

48.4 4 
3.6 6 

66.8 8 
28.1 1 
69.3 3 
16.3 3 
71.5 5 
22.5 5 

154.4 4 
33.8 8 

212.7 7 
24.1 1 

373.9 9 
58.8 8 

220.O O 
31.8 8 
52.7 7 
15.6 6 
46.8 8 
15.7 7 

JVcol l 

17.98 8 
0.81 1 

28.95 5 
1.88 8 
3.00 0 
1.38 8 

30.28 8 
1.61 1 

24.21 1 
1.05 5 
4.86 6 
111 1 

35.05 5 
1.46 6 

36.24 4 
1.62 2 

36.39 9 
1.59 9 
4.91 1 
0.64 4 

4.60 0 
0.53 3 
5.23 3 
0.67 7 
2.28 8 
0.67 7 
3.20 0 
0.65 5 
2.06 6 
0.39 9 
2.08 8 
0.39 9 
2.09 9 
0.41 1 

9.54 4 
0.60 0 

15.26 6 
0.77 7 
9.75 5 
0.63 3 

1.77 7 
0.61 1 
3.41 1 
0.67 7 
2.49 9 
0.65 5 

4.19 9 
0.84 4 

9.07 7 
0.88 8 

12.81 1 
1.16 6 
6.92 2 
0.81 1 
2.36 6 
0.55 5 
1.95 5 
0.51 1 

xx1 1 

1.25 5 

1.07 7 

1.01 1 

1.37 7 

0.96 6 

2.01 1 

1.35 5 

1.00 0 

0.71 1 

0.80 0 

0.83 3 

1.08 8 

1.25 5 

1.25 5 

1.25 5 

1.32 2 

1.92 2 

0.70 0 

0.87 7 

0.81 1 

0.74 4 

I I I I 

0.93 3 

0.97 7 

00 77 

0.97 7 
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Abstract.. We discuss the implications of the observations of the Be star /31 Mon, as presented by Cowley & Gugula (1973), 
forr the theory of one-armed density perturbations in the equatorial discs of Be stars. This theory aims to describe the nature 
off  the long-term (cycles of a few to several years) V/R variations of the Balmer and other emission lines of these stars 
(Okazakii  1991 and Papaloizou et al. 1992). From the observations of /?' Mon we infer that a one-armed density structure 
revolvedd around the star in the same direction as the nearly Keplerian orbits of the disc material. We conclude that these 
observationss are consistent with a model which predicts prograde precession of a one-armed density perturbation. 

1.. Introductio n 

Long-termm variability (time scales of 2-15 years) in the ratio 
off  the intensity of the violet and red peaks of the Balmer emis-
sionn lines (V/R variation) is commonly observed in the spectra 
off  Be stars (Dachs 1987; Mennickent & Vogt 1991). Based 
onn more than 60 years of observations of Pl Mon Cowley & 
Gugulaa (1973) concluded that the cyclic V/R variations of this 
starr can be explained by the presence of a non-axisymmetric 
envelopee which slowly rotates around the star with the period 
off  the V/R variations (approximately 12 years). Other stars of 
whichh the long-term V/R variations have been modelled by a 
non-axisymmetricc flattened envelope are e.g. EW Lac (Suzuki 
&&  Kogure 1985) and HD184279 (Ballereau & Chauville 1989). 
Furthermore,, Telting et al. (1993) and Telting & Kaper (1994) 
concludedd that the model which best describes the V/R be-
haviourr of the Be star 7 Cas and also its IR continuum and UV 
spectrall  variations consists of a star surrounded by a rotating 
non-axisymmetric,, disc-like wind, which is seen at a moderate 
inclinationn angle. 

Afterr the suggestion by Kato (1983) that low-frequency one-
armedd modes may occur in semi-Keplerian non-self-gravitating 
discs,, Okazaki (1991) considered these modes in relation to the 
V/RR phenomenon. He constructed semi-Keplerian disc mod-
elss in which pressure forces cause one-armed (m - 1) density 
wavess to precess in the direction opposite to the Keplerian rota-
tionn with periods in the range of the observed V/R cycle times. 
Byy producing locally enhanced emission these slowly precess-
ingg modes may give rise to the V/R variations. Papaloizou et 
al.. (1992) extended the semi-Keplerian disc models of Okazaki 
(1991)) by including the effect of the quadrupole contribution to 

thee external potential of the rotationally distorted (i.e. oblate) 
Be-starr on the modal precession. They concluded that this effect 
cann naturally explain the observed cycle times, rather indepen-
dentt of the adopted size and structure of the disc. For not too 
hott discs, in which pressure effects become dominant, the fun-
damentall  m = 1 modes (and their first overtones) precess in 
thee same direction as the Keplerian rotation and are naturally 
confinedd to within a few stellar radii from the Be-star (see also 
Savonijee & Heemskerk 1993). 

Studiess of the observational appearance of global disc os-
cillationss and studies of observational evidence for the occur-
rencee of such oscillations have been presented by Hanuschik 
ett al. (1994) and Okazaki (1996). Furthermore, Hummel & 
Hanuschikk (1994) compared results of a 3D radiative line trans-
ferr code, including one-armed disc perturbations, with obser-
vationss of /3' Mon and concluded that these observations are 
consistentt with the presence of a retrograde one-armed density 
perturbationn in the disc. 

Inn this paper we concentrate on the directional sense of the 
precessionn of the disc perturbations with respect to the Kep-
leriann rotation. In the following section we argue that the ob-
servationss of /31 Mon favour a model which predicts prograde 
revolutionn of a one-armed density perturbation in the disc. 
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Fig.. 1. Schematic model for V/R variations in the spectra of 0' Mon. 
Wee show a pole-on view of the equatorial disc. The curved arrow 
indicatess the direction of the nearly Keplerian motion of the gas in 
thee disc. The grey areas in the disc represent the high-density part of 
aa one-armed oscillation of the disc. This high-density part revolves 
aroundd the star in the prograde sense on the time scale of the V/R 
variationss of the emission lines. For four positions of the high-density 
partt of the one-armed perturbation we indicate the expected H/3 profile 
forr an observer which sees the disc (nearly) edge-on. Note that the 
displayedd sequence of H/3 profiles (I —> II —> III —> IV —> I) is the 
samee as for the observed spectra of /31 Mon. 

I)) The gas in the high-density part of the equatorial disc moves towards 
thee observer; the emission lines have V>R. 
II )) The high-density part of the equatorial disc is in front of the star; 
thee emission lines have maximum shell absorption and V=R. 
HI)) The gas in high-density part of the equatorial disc moves away 
fromm the observer; the emission lines have V<R. 
IV)) The high-density part of the equatorial disc is behind the star. Since 
thee star is partly obscuring the extra emission the emission lines are not 
muchh different from the situation without a one-armed perturbation; 
thee emission lines have V=R. 
Thesee expected line profile changes are consistent with the calculations 
off  Hummel & Hanuschik (1994) 

> > 
a: : 
UJ J 
VI VI 
CO O 

o o 
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2.. Observational discrimination between prograde and ret-
rogradee precession of global disc perturbation s 

/?? Monocerotis is a visual triple system which consists of three 
Bee stars of which 0l Mon (HR2356, HD45725, r «4 .6mag, 
spectrall  type B3Ve, v sin i«346km/s) is the brightest (Hoffleit 
&&  Jaschek 1982; Cowley & Gugula 1973). The high vsini 
off  /?' Mon makes it likely that the star is viewed at a large 
inclinationn angle, i.e. nearly edge-on. 

Cowleyy & Gugula (1973) report results of more than 60 
yearss of optical spectroscopy. They found that from ~ 1930 to 
~~ 1966 the V/R ratio of the H/3 line showed a quasi-periodic 
behaviourr over three cycles with a period of approximately 12 
years.. The long-term variations of the H7 and H<S line were 
practicallyy indistinguishable from those of the H/3 line. Dur-
ingg the transition from V > R to V< R they observed relatively 
strongg central absorption (shell line) in the profile, whereas 
theyy observed relatively weak central absorption as the peak 
ratioo changed from V < R to V>R. 

Inn Fig. 1 we present a schematic representation of ourpicture 
off  the /?' Mon system. The H0 line profiles are drawn to match 
thee photographic spectra as presented by Cowley & Gugula 
(1973).. The presence of a one-armed density enhancement gives 
risee to extra emission/absorption depending on its position with 
respectt to the star. Following the observed sequence V > R (I) 
->> strong central absorption (II ) -> V<R (III ) -> weak central 
absorptionn (IV ) - • V > R (I) we conclude that the one-armed 
densityy enhancement of the disc must revolve around the star 
inn the prograde direction: 

-- When the density enhancement is on the side of the star 
wheree the nearly Keplerian motion of the gas is directed 
towardss the observer we expect to see enhanced emission at 
thee blue side of the profile: V > R (I). 

-- When the density enhancement is in front of the star, and 
thee inclination is large enough, we expect to see shell ab
sorption:: strong central absorption due to the eclipse of the 
starr by the density enhancement (II). 

-- When the density enhancement is on the side of the star 
wheree the motion of the gas in the disc is directed away 
fromm the observer we expect to see extra emission at the red 
sidee of the profile: V < R (III). 

-- When the density enhancement is located behind the star, 
thee star obscures significant amounts of the extra emission 
iff the inclination is large. The emission lines appear as they 
wouldd without the presence of a one-armed mode: weak 
centrall absorption, hardly extra emission (IV). 

Thesee expected line profile changes are consistent with the 
calculationss of Hummel & Hanuschik (1994). 

Heree we stress that retrograde revolution of a mode would 
givee rise to the reverse of the above mentioned sequence: (IV) 
-»» (III) -+ (II) -* (I) -> (IV), which in the case of pl Mon is 
nott observed. Hence we conclude that the Balmer-line obser
vationss of Pl Mon are consistent with a model of a prograde 
one-armedd density perturbation in the equatorial disc. This di
rectionall sense is in agreement with the prediction of the model 

byy Papaloizou et al. (1992), and could therefore mean that the 
effectt of the oblateness of the star is important. 

Sincee the v sin i value of /?' Mon is not exceptional for Be 
stars,, the long-term V/R variations of other Be stars may also be 
duee to prograde one-armed density waves. However, only for 
Bee stars seen at large inclination angles (edge-on) we can ob-
servationallyy distinguish between prograde and retrograde disc 
modess due to the expected effects of disc-star eclipses (see Fig. 
1).. Further constraints on the density profile and velocity fields 
inn the disc and on the one-armed modes can be obtained by care
full comparison of the observations with line profiles generated 
byy a three dimensional radiative transfer model with as input 
aa non-axisymmetrical disc-like geometry. Promising results of 
thiss method have been presented by Hummel & Hanuschik 
(1994).. However, these authors derived from the same obser
vationss as are discussed in the present paper, using the same 
argumentationn as we do, an opposite, and incorrect directional 
sensee of the precession of the density perturbation in the disc. 
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Abstract.. We have combined new low-resolution IUE spectra and new IR photometry of X Per, with UV spectra and optical 
andd IR photometry collected from the literature, to study the long-term behaviour of the equatorial disc of this Be/X-ray 
binary. . 
Wee find that the near-UV continuum level of X Per varies along with the optical brightness. From the UV observations we 
derivee that in optical high states the flux excess due to the intrinsic stellar variability and/or electron scattering in the disc is 
att most 15-20% of the photospheric flux. 
Fromm the data taken in discless states (optical low) we derive that the stellar photosphere can be modelled with Teff=31000 K 
andd log<?=4. With this model we derive E(B—V)=Q39 and estimate the distance to X Per as c (assuming 
R,=9RQ). R,=9RQ). 

Wee fit the (quasi-)simultaneous optical and IR photometry with a simple disc model including free-bound and free-free 
radiation.. We find that the disc base density varies along with the brightness of X Per, and that in optical high states the disc 
inn X Per is among the densest of all Be stars: x 10-1" g/cm3. The base density varies by a factor of at least 20 
fromm optical high to low states. 
Duringg disc build-up and break-down phases, and also in phases when the disc is relatively stable, we find a very steep 
radiall  density gradient of the disc of X Per. This may reflect the limitations of some of the assumptions in our model. 
Wee find that in a disc-loss event the disc loses mass at a rate of about 5x 10~9MQ/year. For a disc build-up phase we find 
aa disc-mass growth rate of about 4x 10-9Mo/year. This growth rate is consistent with a model that feeds the disc from the 
"ordinary""  mass loss of the star, but we cannot exclude that other phenomena contribute to the disc growth as well. 

1.. Introductio n 

Thee optical star (HD 24534, X Persei) in the high-mass X-ray 
binaryy 4U 0352+30 has shown large variations in optical and 
infraredd brightness (V=6.1-6.8, K=5.2-6.7) and in emission-
linee strength (see Roche et al. 1993 and references therein). 
Slettebakk (1982) determined the spectral type of the star as 
09.5IIIe,, but recent studies have shown that BOVe is more ap-
propriatee (Lyubimkov et al. 1996, Roche et al. 1996). With a 
projectedd equatorial velocity v sin i ~ 150-200 km/s (Slettebak 
1982,, Reynolds et al. 1992) the Be star is probably seen un-
derr a low or intermediate inclination angle. The X-ray source 
inn X Per (4U0352+30) is a neutron star with a spin period of 
~836s(e.g.Nagasee 1989 and Van Paradijs 1995 for references). 

Basedd on observations obtained by the International Ultraviolet 
Explorer r 

Thee orbital parameters of the binary system are unknown. There 
iss no obvious relation between the X-ray activity and the optical 
brightnesss of X Per (Mavromatakis 1993, Haberl 1994). Recent 
distancee estimates range from 700pc to 1300pc (Norton et al. 
1991,Fabregatetal.. 1992, Lyubimkov etal. 1996, Roche et al. 
1996). . 

Thee optical and IR brightness variations of X Per have 
beenn interpreted as variations in the circumstellar disc around 
thee optical star. The emission line profiles show that at some 
epochss the disc structure is complex (Tarasov & Roche 1995). 
XX Per has been observed in phases with very littl e or no cir-
cumstellarr material: the Balmer lines are then in absorption and 
theree is no continuum excess (e.g. Ferrari-Toniolo et al. 1978, 
Nortonn et al. 1991, Roche et al. 1993). In the last decades, 
XX Per exhibited two such discless phases and displayed various 
disc-risee and disc-fade events (see Figure 1). With the discless 
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Tablee 1. UBVRIJHKLMN and 13-colour photometry of X Per. The numbers in the calibration column (Cal) refer to the calibration systems 
listedd in Table 3. The JKT UBV passbands are calibrated with the Johnson system values, the RI passbands with values of the Cousins system. 
Wee assume that all the 13-colour photometry has an error of 0.02 mag. Observations labelled P in the Ref column have not yet been published 
beforee and were made by P. Persi. The reference numbers in the Ref column address the following papers: (1) Glass & Penston (1974), (2) 
Gehrzz et al. (1974), (3) Ferrari-Toniolo et al. (1977), (4) Ferrari-Toniolo et al. (1978), (5) Castor & Simon (1983), (6) Waters et al. (1988), (7) 
Larionovv & Larionova (1989), (8) Norton et al. (1991), (9) Roche et al. (1993), (10) Alvarez & Schuster (1982), (11) Schuster & Guichard 
(1984),, and (12) Roche et al. (1996). 

JD D date e Cal l Ref f 
4246 1 1 

4249 6 6 

4262 6 6 

4268 1 1 

4280 6 6 
42864 42864 

43074 43074 

47011 1 
47014 47014 

4702 1 1 

4753 6 6 

4763 5 5 
48664 48664 

4869 5 5 
48854 48854 

JD D 

4338 8 8 
4341 6 6 

43791 1 

4379 7 7 

4421 3 3 
4450 4 4 

JD D 

4101 8 8 
4176 0 0 

4310 0 0 
4371 6 6 
43774 43774 

4379 7 7 
4382 8 8 

4423 6 6 
4429 7 7 

4447 3 3 

4450 8 8 

4487 8 8 
4559 6 6 

45601 1 
4571 0 0 

4676 3 3 
4682 3 3 
47021 1 
4703 8 8 

4712 5 5 

4715 8 8 
4716 3 3 

4722 6 6 

4723 2 2 

177 Fe b 7 5 

244 Ma r  7 5 

11 Au g 7 5 

255 Se p 7 5 

288 Ja n 7 6 

266 Ma r  7 6 

Oci-No vv  7 6 

33 Au g 8 7 

5- 77 Au g 8 7 
12-1 33 Au g 8 7 

99 Ja n 8 9 

15-2 00 Ap r  8 9 
111 Fe b 9 2 

122 Ma r  9 2 
199 Au g 9 2 

dat e e 

11 Se p 7 7 

299 Se p 7 7 
99 Oc t  7 8 

155 Oc t  7 8 
4- 77 De c 7 9 

21-2 22 Se p 8 0 

dat e e 

77 Ma r  7 1 

Sepp 72-Oc t  7 3 
Oct-No vv  7 6 

266 Ju l  7 8 

222 Se p 7 8 
155 Oc t  7 8 

155 No v 7 8 

288 De c 7 9 
277 Fe b 8 0 

211 Au g 8 0 

24-2 55 Se p 8 0 

300 Se p 8 1 
188 Se p 8 3 
233 Se p 8 3 

9-1 00 Ja n 84 

288 No v 8 6 
277 Ja n 8 7 

12-1 33 Au g 8 7 
300 Au g 8 7 
255 No v 8 7 
288 De c 8 7 

22 Ja n 8 8 
3- 66 Ma r  8 8 

111 Ma r  8 8 

6.1 4 4 

6.1 6 6 
6.1 2 2 

5.9 6 6 

5.9 7 7 

5.9 5 5 

5.7 6 6 

5.8 4 4 

6.3 0 0 
6.2 2 2 

6.1 9 9 

6.1 7 7 

33 3 

5.4 6 6 

5.6 3 3 

5.5 8 8 

5.7 7 7 

5.7 3 3 

5.6 7 7 
5.8 8 8 
5.8 4 4 

5.6 4 4 
5.8 2 2 

5.7 3 3 
5.7 2 2 

5.7 1 1 

5.6 3 3 
5.5 7 7 

001 1 
0.0 1 1 
0.0 1 1 
0.0 1 1 

0.0 1 1 

0.0 1 1 

0.0 3 3 

0.0 3 3 

0.0 3 3 
0.0 4 4 

0.0 3 3 
0.0 3 3 

35 5 

5.4 9 9 
5.6 6 6 

5.5 9 9 

J J 

0.0 1 1 

0.0 6 6 

0.1 1 1 
0.0 4 4 
0.0 4 4 

010 0 
0.0 5 5 

0.0 3 3 
0.0 3 3 

0.0 3 3 
0.1 4 4 

0.0 3 3 

6.9 3 3 

6.9 6 6 
6.9 0 0 

6.9 4 4 

6.8 9 9 

6.8 9 9 

6.8 9 9 
6.6 4 4 

6.7 1 1 

7.1 0 0 
6.9 1 1 

6.9 1 1 

6.9 3 3 

37 7 

0.0 1 1 

0.0 1 1 

0.0 1 1 

0.0 1 1 

0.0 1 1 

0.0 1 1 

0.0 1 1 

0.0 3 3 

0.0 3 3 

0.0 3 3 
0.0 2 2 
0.0 1 1 

001 1 

6.7 6 6 
6.8 0 0 

6.7 2 2 

6.7 0 0 
6.6 8 8 

6.6 8 8 

6.6 9 9 

638 8 
6.4 5 5 

6.8 8 8 
6.8 0 0 

6.7 9 9 
6.7 9 9 

40 0 

0.0 1 1 

0.0 1 1 

0.0 1 1 

0.0 1 1 

001 1 
001 1 
0.0 1 1 

0.0 3 3 

0.0 3 3 

0.0 3 3 
0.0 1 1 

0.0 1 1 
0.0 1 1 

45 5 

6.0 22 6.6 9 6.7 3 
6.1 99 6.8 2 6.8 2 

6.1 44 6.7 5 6.8 1 

H H 

5.4 3 3 

5.6 6 6 

5.6 3 3 

5.5 9 9 
5.6 7 7 

5.6 8 8 
5.5 2 2 
5.2 1 1 

5.6 0 0 
5.5 9 9 

5.5 6 6 
5.5 3 3 

5.4 5 5 

0.0 6 6 

0.0 1 1 

0.0 3 3 

0.1 6 6 
0.0 2 2 
0.0 4 4 

0.1 4 4 
0.0 5 5 

0.0 2 2 
0.0 2 2 

0.0 2 2 
0.1 2 2 

0.0 2 2 

K K 

5.2 8 8 
5.3 0 0 
6.5 5 5 
5.6 2 2 

5.6 6 6 
5.7 5 5 
5.7 5 5 

5.7 3 3 
5.5 6 6 

5.6 2 2 
5.6 4 4 

5.7 6 6 
5.5 2 2 
5.5 6 6 

5.4 2 2 
5.4 9 9 

5.5 3 3 
5.3 7 7 
5.1 5 5 
5.4 4 4 

5.4 5 5 
5.4 4 4 

5.2 5 5 

5.3 1 1 

0.0 5 5 

0.0 5 5 
0.1 0 0 

0.0 3 3 
0.0 3 3 
0.0 3 3 
0.0 3 3 

0.0 5 5 
0.0 1 1 

0.0 3 3 

0.0 7 7 
0.0 4 4 

0.0 3 3 
0.0 4 4 

0.0 7 7 
0.0 3 3 
0.0 4 4 

0.0 5 5 
0.0 5 5 

0.0 2 2 
0.0 2 2 

0.0 2 2 
0.0 8 8 

0.0 2 2 

6.7 7 7 

6.8 2 2 
6.7 0 0 

6.6 7 7 

6.6 5 5 

6.6 7 7 

6.7 2 2 

6.0 3 3 

6.0 2 2 
6.0 4 4 

6.4 7 7 
6.6 4 4 

6.6 3 3 

6.5 9 9 
6.5 8 8 

52 2 

6.5 3 3 
6.6 3 3 
6.6 4 4 

5.1 4 4 

5.0 6 6 

5.5 0 0 
5.5 1 1 
5.4 4 4 

5.5 3 3 

5.7 5 5 
5.3 4 4 

5.3 6 6 
5.3 3 3 

5.6 5 5 
5.1 1 1 

5.7 6 6 
4.9 2 2 
5.2 4 4 

5.1 0 0 

5.1 4 4 

5.1 7 7 

5.1 7 7 

4.9 3 3 

0.0 1 1 

0.0 1 1 
0.0 1 1 

0.0 1 1 

0.0 1 1 

0.0 1 1 

0.0 1 1 
0.0 3 3 

0.0 6 6 

0.0 6 6 
0.0 3 3 

0.0 3 3 
0.0 2 2 

0.0 1 1 
0.0 2 2 

58 8 

6.4 0 0 

6.4 0 0 
6.5 6 6 

6.5 5 5 

6.6 3 3 
6.4 1 1 

L L 

0.0 6 6 
0.0 5 5 

0.0 3 3 
0.0 3 3 
0.0 3 3 
0.0 3 3 

0.1 3 3 

0.0 1 1 

0.0 3 3 
0.0 8 8 

0.0 8 8 
0.0 5 5 

0.3 1 1 
0.2 8 8 
0.0 2 2 

0.1 0 0 

0.0 5 5 
0.0 2 2 

0.0 2 2 

0.0 3 3 

6.6 4 4 

6.7 0 0 

6.6 2 2 

6.5 8 8 
6.5 4 4 

6.5 6 6 
6.6 4 4 

5.8 1 1 
5.7 7 7 

5.8 6 6 
6.2 0 0 

6.6 0 0 
6.5 6 6 

6.6 1 1 

6.5 3 3 

63 3 

6.2 5 5 
6.4 2 2 

6.4 0 0 

0.0 1 1 

0.0 1 1 
0.0 1 1 

0.0 1 1 

0.0 1 1 

0.0 1 1 

0.0 1 1 

0.0 3 3 
0.0 4 4 

0.0 3 3 

0.0 3 3 
0.0 3 3 

0.0 2 2 
0.0 2 2 

0.0 3 3 

72 2 

6.1 3 3 

6.1 3 3 
6.3 4 4 

6.3 2 2 

6.4 4 4 

6.1 4 4 

M M 

4.7 4 4 

5.4 6 6 
5.3 9 9 

5.1 3 3 

4.7 9 9 
5.0 4 4 

5.2 2 2 

4.5 3 3 

4.9 3 3 

5.0 0 0 
5.3 0 0 

4.6 0 0 

0.0 5 5 

0.0 5 5 
0.0 5 5 

0.0 6 6 

0.0 5 5 
0.1 4 4 

0.1 3 3 
0.2 2 2 

0.1 0 0 
0.2 0 0 
0.2 0 0 

0.2 0 0 

2d d 
2d d 
2d d 
2d d 
2d d 
2d d 
2d d 

l aa 8 k 

l aa 8 k 
l aa 8 k 
l aa 8 k 

l aa 8 k 

lc2 c c 
lc2 c c 

lc2 c c 

80 0 

5.9 8 8 

6.0 0 0 
6.2 1 1 

6.2 2 2 

6.3 6 6 

6.0 1 1 

N N 

3 3 
3 3 
3 3 
3 3 
3 3 
3 3 
4 4 
7 7 
7 7 
7 7 
7 7 
7 7 
12 2 
12 2 
12 2 

6.1 00 0.3 3 

5.0 00 0.1 5 
4.9 11 0.0 7 

4.9 55 0.0 5 

4.5 44 0.2 0 

4.6 00 0.1 6 

86 6 

6.0 0 0 
6.0 1 1 

6.2 1 1 

6.2 2 2 

6.3 5 5 

6.0 2 2 

Cal l 

l a a 
6i i 
5h h 
6i i 
6i i 
6i i 
6i i 
6i i 
I f f 
6i i 
6i i 
5h h 
4g g 
5h h 
4g g 
4g g 
4g g 

l aa 8 k 
l aa 8 k 

l a a 
l a a 
l a a 

l aa 8 k 

l a a 

99 9 

605 5 
6.0 7 7 
6.2 4 4 

6.2 8 8 
6.4 2 2 

6.0 8 8 

110 0 

5.9 8 8 

5.9 9 9 
6.1 6 6 

6.1 8 8 

6.3 4 4 

5.9 7 7 

Ref f 

1 1 
2 2 
4 4 
P P 
P P 
P P 
P P 
P P 
5 5 
P P 
P P 
P P 
6 6 
P P 
P P 
P P 
P P 
7 7 
7 7 
8 8 
8 8 
8 8 
7 7 
8 8 

12 2 
12 2 
12 2 

12 2 

Cal l 

91 1 
91 1 
91 1 
91 1 
91 1 
91 1 

Ref f 

10 0 
10 0 
10 0 
10 0 
10 0 
11 1 

dataa one can model the fundamental parameters of the opti-
call  star (e.g. Fabregat et al. 1992). The numerous data taken 
duringg the variable stages of the disc give us a unique opportu-
nityy to model the disc structure during disc-rise and disc-fade 
events.. Such modelling puts constraints on the models pro-
posedd to explain the presence and formation of discs around Be 
starss (Lamers & Pauldrach 1991, Lee et al. 1991, Bjorkman & 
Cassinellii  1993). 

Waterss et al. (1988) have modelled the equatorial disc of 
XX Per to fit  IRAS data. Recently, Kunjaya & Hirata (1995) used 
&&  similar disc model to describe measurements of the degree 

off  polarization, emission-line strength and optical brightness, 
takenn during the latest optical low state. In this paper we use 
low-resolutionn UV spectra, and optical and (near-)infrared pho-
tometry,, covering the past 25 years, to model the disc structure 
off  X Per. 

Inn Section 2 we present new data and data collected from 
thee literature. In Section 3 we briefly discuss the trends in the 
lightt curves and the changes in the UV continuum of X Per. In 
Sectionn 4 we model the apparent stellar photospheric flux of the 
opticall  star, and in Section 5 we model the variable optical and 
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Tablee 1. Continued. Infrared photometry of X Per. 

JD D date e Cal l Ref f 

47491 1 
47537 7 
47541 1 
47635 5 
47728 8 
47904 4 
47959 9 
47966 6 
48078 8 
48169 9 
48282 2 
48363 3 
48478 8 
48481 1 
48486 6 
48495 5 
48572 2 
48666 6 
48685 5 
48725 5 
48824 4 
48838 8 
48845 5 
48865 5 
48880 0 
48922 2 
48944 4 
48999 9 
49231 1 
49341 1 
49414 4 
49425 5 
49554 4 
49614 4 
49622 2 
49633 3 
49748 8 

255 Nov 88 
100 Jan 89 

13-144 Jan 89 
19-200 Apr  89 

200 Jul 89 
7-144 jan 90 
7-99 mar  90 

12-188 mar  90 
55 Jul 90 

l-7oct90 0 
23-277 Jan 91 

166 Apr  91 
99 Aug 91 

122 Aug 91 
16-177 Aug 91 
23-299 Aug 91 

111 Nov 91 
10-166 feb 92 

3Mar92 2 
122 Apr  92 
200 Jul 92 
33 Aug 92 

100 Aug 92 
300 Aug 92 
144 Sep 92 
266 Oct 92 
177 Nov 92 
111 jan 93 

311 aug 93 
133 dec 93 
22 mar  94 

133 mar  94 
19-200 jul 94 
16-200 sep 94 
24-299 sep 94 

4-99 oct 94 
311 jan 95 

6.16 6 
6.32 2 
6.31 1 
6.51 1 
6.62 2 
6.59 9 
6.65 5 
6.61 1 
6.53 3 
6.76 6 
6.59 9 
6.51 1 
6.58 8 
6.54 4 
6.57 7 
6.58 8 
6.54 4 
6.56 6 
6.61 1 
6.59 9 
6.54 4 
6.48 8 
6.46 6 
6.43 3 
6.43 3 
6.51 1 
6.46 6 
6.53 3 
5.92 2 
5.71 1 
5.68 8 
5.62 2 
5.52 2 
5.44 4 
5.70 0 
5.51 1 
5.53 3 

0.03 3 
0.05 5 
0.09 9 
0.05 5 
0.04 4 
0.03 3 
0.02 2 
0.03 3 
0.04 4 
0.02 2 
0.02 2 
0.06 6 
0.05 5 
0.03 3 
0.02 2 
0.03 3 
0.02 2 
0.01 1 
0.03 3 
0.04 4 
0.01 1 
0.02 2 
0.03 3 
0.03 3 
0.01 1 
0.06 6 
0.04 4 
0.01 1 
0.15 5 
0.02 2 
0.05 5 
0.02 2 
0.05 5 
0.04 4 
0.20 0 
0.09 9 
0.02 2 

5.99 9 
6.20 0 
6.27 7 
6.54 4 
7.02 2 
6.50 0 
6.76 6 
6.57 7 
6.60 0 
6.81 1 
6.64 4 
6.54 4 
6.58 8 
6.58 8 
6.59 9 
6.58 8 
6.52 2 
6.57 7 
6.65 5 
6.61 1 
6.51 1 
6.43 3 
6.42 2 
6.41 1 
6.38 8 
6.48 8 
6.47 7 
6.53 3 
5.76 6 
5.58 8 
5.54 5.54 
5.47 7 
5.47 7 
5.41 1 
5.29 9 
5.41 1 
5.39 9 

0.03 3 
0.05 5 
0.11 1 
0.06 6 
0.04 4 
0.10 0 
0.05 5 
0.05 5 
0.04 4 
0.02 2 
0.04 4 
0.04 4 
0.04 4 
0.03 3 
0.03 3 
0.02 2 
0.02 2 
0.01 1 
0.03 3 
0.02 2 
0.01 1 
0.03 3 
0.03 3 
0.02 2 
0.01 1 
0.02 2 
0.01 1 
0.01 1 
0.12 2 
0.04 4 
0.04 4 
0.02 2 
0.02 2 
0.03 3 
0.14 4 
0.03 3 
0.02 2 

5.82 2 
6.11 1 
6.20 0 
6.54 4 
6.48 8 
6.71 1 
6.61 1 
6.59 9 
6.64 4 
6.69 9 
6.63 3 
6.56 6 
6.62 2 
6.60 0 
6.61 1 
6.62 2 
6.56 6 
6.61 1 
6.64 4 
6.66 6 
6.49 9 
6.42 2 
6.37 7 
6.34 4 
6.30 0 
6.45 5 
6.44 4 
6.52 2 
5.57 7 
5.45 5 
5.37 7 
5.31 1 
5.26 6 
5.29 9 
5.17 7 
5.28 8 
5.30 0 

0.03 3 
0.05 5 
0.18 8 
0.05 5 
0.02 2 
0.02 2 
0.04 4 
0.02 2 
0.04 4 
0.09 9 
0.04 4 
0.02 2 
0.04 4 
0.02 2 
0.04 4 
0.03 3 
0.02 2 
0.01 1 
0.03 3 
0.02 2 
0.02 2 
0.04 4 
0.02 2 
0.02 2 
0.01 1 
0.02 2 
0.01 1 
0.03 3 
0.10 0 
0.05 5 
0.05 5 
0.02 2 
0.06 6 
0.05 5 
0.04 4 
0.03 3 
0.03 3 

5.49 9 

6.34 4 
6.28 8 
6.43 3 
5.95 5 
6.30 0 
6.40 0 
6.34 4 

4.99 9 
4.89 9 
5.17 7 
5.00 0 
4.80 0 

0.05 5 

0.02 2 
0.09 9 
0.58 8 
0.01 1 
0.26 6 
0.06 6 
0.17 7 

0.12 2 
0.17 7 
0.23 3 
0.10 0 
0.05 5 

4g g 
laa 8k 
laa 8k 
laa 8k 
laa 8k 
laa 8k 
laa 8k 
laa 8k 
laa 8k 
laa 8k 
3e e 
3e e 
3e e 
3e e 
3e e 
3e e 
3e e 
3e e 
3e e 
3e e 
3e e 
3e e 
3e e 
3e e 
3e e 
3e e 
3e e 
3e e 

laa 8k 
3e e 
3e e 
3e e 

laa 8k 
laa 8k 
laa 8k 
laa 8k 
laa 8k 

P P 
7 7 
7 7 
7 7 
12 2 
12 2 
12 2 
12 2 
12 2 
12 2 
8 8 
8 8 
9 9 
9 9 
9 9 
9 9 
9 9 
12 2 
12 2 
12 2 
12 2 
12 2 
12 2 
12 2 
12 2 
12 2 
12 2 
12 2 
12 2 
12 2 
12 2 
12 2 
12 2 
12 2 
12 2 
12 2 
12 2 

infraredd continuum. We discuss our findings in Section 6 and 
summarizee our conclusions in Section 7. 

distancee of 1000pc (see Section 4). Figure 1 shows the X-ray 
lightt curve and the neutron-star spin period history. 

2.. The data 

Inn order to investigate the nature of the variability of X Per, 
wee collected ultraviolet, visual and infrared continuum obser-
vationss as well as X-ray observations from the literature. Addi-
tionallyy we present unpublished IR observations made by one 
off  us (P. Persi). 

X-rayX-ray observations. For a comparison with the optical and near 
infraredd light curves, we used the X-ray light curve and spin 
periodd history as presented by Roche et al. (1993, their Fig-
uree 8) which comprises Ariel 5, Copernicus, EXOSAT, Tenma 
andd Ginga data. To the 2-10 keV light curve of Roche et al. 
(1993)) we added a measurement with the BBXRT instrument, 
aa ROS AT flux estimate (Haberl 1994), and ASCA flux esti-
matess (Saraswat et al. 1996). We also added data points to the 
spinn period curve: two GRANAT measurements, which are sus-
pectedd to suffer from timing difficulties (Babalyan et al. 1992), 
onee ROS AT measurement (Haberl 1994), and an ASCA mea-
surementt (Saraswat et al. 1996, no error estimate, off-scale in 
Figuree 1). Note that the X-ray luminosities are for an assumed 

UltravioletUltraviolet continuum observations. The ultraviolet contin-
uumm observations we used comprise 23 archival low-resolution 
IUEE SWP and LWR spectra, taken in the years 1978 through 
19800 (see Bernacca et al. 1983), and 7 new SWP and 6 new 
LWPP spectra obtained by us in 1994 and 1995. All spectra were 
obtainedd in large aperture (LAP) mode. Table 2 lists the IUE 
spectraa we used. A description of the IUE instrument is given 
byy Boggess et al. (1978a,b). 

Raww data from the IUE satellite were processed at the 
groundd stations GSFC and VILSPA with the IUESIPS#1 and 
IUESIPS#22 data reduction packages. The old images were re-
processedd to ensure a homogeneously reduced data set. We cor-
rectedd the exposure times for the rise time (w 0.12 s) of the cam-
eraa high voltage and the exposure time quantization (0.4096 s) 
off  the instrument (see e.g. Oliversen 1991). The fluxes are cor-
rectedd for camera degradation following the work of Garhart 
(1992,, SWP camera), Clavel et al. (1988, LWR camera), and 
Teayss & Garhart (1990, LWP camera). We binned the spectra 
too a 5 A wavelength grid. We present the UV data in Figure 3. 

VisualVisual observations. We used the visual data collected by 
Rochee et al. (1993, and references therein), i.e. BAA and 
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Fig.. 1. Top: X-ray pulse period history. The two outlying points 
takenn in 1990 (Babalyan et al. 1992, P~835.6s) probably suffer from 
timingg difficulties. The ASCA measurement (Saraswat et al. 1996, 
P=839.633 s) lies off the scale, as indicated by the arrow. Middle: 
X-rayy (2-10keV) light curve for distance d=l kpc. Bottom: Optical 
(filledd circles) and infrared K band (open circles) light curves 

AAVSOO data as well as V magnitudes reported by several au-
thors.. Part of these data is rebinned to 25-day means, with an 
adoptedd typical error of tr=0.05 mag. We supplemented the V-
bandd light curve with newly reported measurements (Roche et 
al.. 1996, and reference therein). The visual light curve is plotted 
inn Figures 1 and 2. 

Optical/near-infraredOptical/near-infrared observations. We collected from the lit -
eraturee several sets of UBVRI observations (Ferrari-Toniolo et 
al.. 1977, 1978; Larionov & Larionova 1989; Roche etal. 1996) 
andd 13-colour observations (Alvarez & Schuster 1982; Schus-
terr & Guichard 1984). The V-band data are incorporated in our 
visuall  light curve. Table 1 lists the IR data we used. The light 
curvess are displayed in Figure 2. 

InfraredInfrared observations. The new infrared data, as presented in 
thiss paper, consist of 13 sets of observations made within a 
100 year period. Each set contains simultaneous observations 
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Fig.. 2. Optical and IR light curves. Only in the top three panels errors 

aree indicated; errors in the bottom 8 panels are comparable to the size 

off  the circles 
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Fig.. 3. Mean ultraviolet spectra of X Per, compiled from IUE 
low-resolutionn SWP, LWR and LWP data. Bottom: The mean of 
spectraa taken in optical low, intermediate and high state, increase in 
fluxx accordingly. Top: Difference in log(F„)  between mean of high 
andd low state (double line). The thin line depicts the expected error 
inn the difference. The thick solid line represents a bound-free excess 
spectrum. . 

madee at two or more different IR wavelengths. These data have 
beenn obtained by P. Persi at Wyoming InfraRed Observatory 
(WIRO)) and at the Gornergrat Observatory (TIRGO) with both 
thee Ge bolometer and the InSb detector. Calibration constants 
off  the WIRO system are reported by Gehrz et al. (1974). For 
concisee descriptions of the used TIRGO instruments see Persi et 
al.. (1990a,b) and references therein. WIRO observations were 
madee from June 1978 to September 1980, TIRGO observations 
fromm September 1981 to November 1988. 

Wee used additional sets of data published by Gehrz et al. 
(1974),, Glass&Penston (1974), Castor & Simon (1983), Waters 
etal.. (1988), Larionov&Larionova(1989), Norton etal. (1991), 
Rochee et al. (1993) and Roche et al. (1996). We assumed the 
observationn date of the observations of Gehrz et al. to be March 
1973.. Table 1 lists all used IR data. The K-band light curve 
off  X Per is plotted in Figure 1. For this light curve we used 
additionall  data given by Allen (1973), Cohen (1973), and Persi 

etal.. (1977). Light curves of the other (near-)infraredpassbands 
aree given in Figure 2. 

Wee converted all measured magnitudes to fluxes in 
erg/cm2/s/Hzz using 

logF„ „ -OArri) -OArri) CCx x (1) ) 

withh the calibration constants C\ as listed in Table 3. We as-
sumedd that the calibration constants have an error of 5% in flux 
units,, and calculated the errors in iog Fv accordingly. We also 
appliedd a 5% error in flux units to the calibration of the IUE 
spectra. . 

3.. Description of the light curves 

Visual.Visual. The most extensively sampled light curve of X Per is 
thatt in the V band. In Figures 1 and 2 one can see that X Per is 
highlyy variable on a timescale of a few years. The visual bright-
nesss varies typically between V=62 and V=6.8. Two extended 
loww states have been observed around 1976 and 1991; these 
occasionss are generally interpreted as periods in which the star 
doess not have an equatorial Be-type disc. At other epochs the 
discc gives rise to variable emission, mainly due to free-free and 
free-boundd radiation (see below). 

X-ray.X-ray. During the extended optical low state around 1976, the 
X-rayy flux of X Per peaked and gradually tailed off (Figure 1). 
Thee relatively bright X-ray state lasted approximately 6 years, 
andd was accompanied by a gradual spin-up of the neutron star. 
Afterr the bright X-ray phase the spin period increased. During 
thee extended optical low state around 1990 no X-ray bright-
eningg and no spin-up has been recorded (Haberl 1994). [Two 
GRANATT measurements suggest an abrupt spin-up phase, but 
thesee measurements might be affected by timing inaccuracies 
(Babalyann et al. 1992)]. Whether the X-ray brightening and the 
spin-upp phase around 1976 are associated with the disc-loss 
eventt remains unsolved. The fact that the orbital period of the 
neutronn star is unknown complicates the understanding of the 
X-rayy behaviour of the X Per system (see also Section 6.3). 

Ultraviolet.Ultraviolet. We have grouped the IUE spectra according to the 
opticall  brightness at the time of their acquisition (see Table 
3).. We plot the mean of each of these groups (optical low 
F>6.55,, intermediate 6.4< V<6.55, and high V<6A) in Figure 
3,, and compare the mean UV spectrum of the optical high state 
withh that during optical low. The difference in log Fv of these 
twoo mean spectra is plotted in the top panel of the figure, as 
welll  as an error estimate derived from the errors in the mean 
spectra.. Note that no IUE spectra were recorded during one 
off  the discless phases (extended optical low states); whereas 
duringg the discless phases the visual magnitude of X Per is 
VVw6.75,w6.75, three SWP spectra were taken in optical "low" phases 
withh mean visual magnitude VW6.65, and four LWR spectra 
weree taken with mean visual magnitude V r«6.60 (see Table 3). 

Wee find that during optical high X Per is up to 25% brighter 
inn the LWP/LWR range than during optical low. At wave-
lengthss shorter than ~2300 A the (fractional) difference is much 



50 0 Chapterr 5 

Tablee 2. The IUE low resolution spectra. Listed are: image number, observation date (yymmdd), nominal exposure time (seconds), visual 
magnitudee (interpolated from light curve in Figure 1; conservative error estimate 0.1 mag), and optical state (high/intermediate/low). 

•mage e 
SWP02083 3 
SWP02089 9 
SWP02979 9 
SWP03552 2 
SWP03891 1 
SWP04639 9 
SWP08555 5 
SWP08557 7 
SWP08572 2 
SWP08574 4 
SWP08575 5 
SWP08576 6 
SWP08587 7 

date e 
780722 2 
780723 3 
781014 4 
781207 7 
790112 2 
790315 5 
800325 5 
800325 5 
800327 7 
800327 7 
800327 7 
800327 7 
800329 9 

exp p 
24 4 
24 4 
6 6 
6 6 
15 5 
15 5 
15 5 
15 5 
14 4 
14 4 
14 4 
14 4 
14 4 

V V 
6.47 7 
6.47 7 
6.53 3 
6.61 1 
6.63 3 
6.68 8 
6.32 2 
6.32 2 
6.32 2 
6.32 2 
66 32 
6.32 2 
6.32 2 

state e 
m m 
m m 
m m 
1 1 
1 1 
1 1 
h h 
h h 
h h 
h h 
h h 
h h 
h h 

image e 
SWP51971 1 
SWP52209 9 
SWP52569 9 
SWP53201 1 
SWP53797 7 
SWP53799 9 
SWP53982 2 

LWR03122 2 
LWR04027 7 
LWR07290 0 
LWR0729I I 
LWR07313 3 

date e 
940828 8 
940925 5 
941021 1 
941228 8 
950131 1 
950131 1 
950227 7 

781207 7 
790315 5 
800325 5 
800325 5 
800327 7 

exp p 
14 4 
12 2 
10 0 
10 0 
10 0 
10 0 
15 5 

10 0 
15 5 
9 9 
9 9 
7 7 

V V 
6.27 7 
6.24 4 
6.24 4 
6.38 8 
6.45 5 
6.45 5 
6.48 8 

6.61 1 
6.68 8 
6.32 2 
6.32 2 
6.32 2 

state e 
h h 
h h 
h h 
h h 
m m 
m m 
m m 

1 1 
1 1 
h h 
h h 
h h 

image e 
LWR073I4 4 
LWR073I5 5 
LWR07332 2 
LWR09464 4 
LWR09465 5 

LWP29034 4 
LWP29242 2 
LWP29397 7 
LWP29772 2 
LWP29871 1 
LWP30121 1 

date e 
800327 7 
800327 7 
800329 9 
801209 9 
801209 9 

940828 8 
940925 5 
941017 7 
941228 8 
950131 1 
950227 7 

exp p 
7 7 
7 7 
8 8 
8 8 
12 2 

12 2 
09 9 
07 7 
07 7 
07 7 
08 8 

V V 
6.32 2 
6.32 2 
6.32 2 
6.57 7 
6.57 7 

6.27 7 
6.24 4 
6.24 4 
6.38 8 
6.45 5 
6.48 8 

state e 
h h 
h h 
h h 
1 1 
1 1 

h h 
h h 
h h 
h h 
m m 
m m 

Tablee 3. The calibration constants (upper) and effective wavelengths (lower) we used to calibrate the photometry. The calibration constants C\ 
aree used to convert data of Table 1 into fluxes in erg/cm2/s/Hz. Fluxes are calculated using log Fv = -0.4m A — C\. The calibration constants 
aree assumed to have an error of 5% in flux units. Johnson calibration is taken from Landolt-Börnstein (1982), Cousins calibration from Bessell 
(1979),, WIRO calibration from Gehrz et al. (1974), TIRGO calibration from Persi et al. (1990), TCS calibration from Alonso et al. (1994a,b), 
andd 13-colour calibration from Johnson & Mitchell (1975). The calibration constant value marked with an * is an interpolated value (seeTelting 
ett al. 1993). Effective wavelengths are given in microns. 

1 1 
1 1 

3 3 
4 4 
5 5 
6 6 
8 8 

a a 
b b 
c c 
d d 
e e 
f f 
S S 
h h 
i i 
k k 

Johnson n 
Cousins s 
TCS S 
TIRGOO In Sb b 
TIRGOO Ge bolom. 
WIRO O 
Crimea a 

Johnson n 
Cousins s 
JKT T 
DAPhNE E 
TCS S 
KPNOO 1.3 mm InSb 
TIRGOO InSb 
TIRGOO Ge bolom. 
WIRO O 
Crimea a 

U U 
19.764 4 
19.742 2 

19.743 3 

0.36 6 
0.36 6 
0.36 6 
036 6 

0.36 6 

B B 
19.348 8 
19.371 1 

19.388 8 

0.44 4 
0.44 4 
0.44 4 
0.44 4 

0.44 4 

V V 
19.436 6 
19.439 9 

19.426 6 

0.55 5 
0.55 5 
0.54 4 
0.55 5 

0.55 5 

R R 
19.556 6 
19.511 1 

19.548 8 

0.70 0 
0.64 4 
0.65 5 
0.70 0 

0.70 0 

1 1 
19.650 0 
19.593 3 

19.648 8 

0.90 0 
0.79 9 
0.84 4 
0.82 2 

0.90 0 

J J 
19.802 2 

19.804 4 
19.786 6 

19.795 5 

1.25 5 

1.28 8 
1.23 3 
1.21 1 

1.237 7 

H H 
19.996* * 

20.007 7 
19.963 3 

19.983 3 

1.65 5 

1.65 5 
1.66 6 
1.65 5 

1.630 0 

K K 
20.200 0 

20.179 9 
20.177 7 
20.167 7 
20.223 3 
20.166 6 

2.20 0 

2.19 9 
2.22 2 
2.22 2 
2.20 0 
2.30 0 
2.198 8 

L/L' ' 
20.562 2 

20.596 6 
20.597 7 
20.570 0 
20.558 8 
20.551 1 

340 0 

3.69 9 
3.45 5 
3.87 7 
3.60 0 
3.60 0 
3.7 7 

M M 
20.807 7 

20.770 0 
20.821 1 
20.801 1 

4.63 3 
4.74 4 
4.90 0 
4.90 0 

N N 

21.387 7 

10.00 0 

1 1 

33 3 
199 893 

00 337 

35 5 
19.867 7 

0.354 4 

37 7 
19,698 8 

0.375 5 

40 0 
19.377 7 

0.403 3 

45 5 
19.371 1 

0.457 7 

52 2 
19.414 4 

0.518 8 

58 8 
19.457 7 

0.583 3 

63 3 
19.506 6 

0.636 6 

72 2 
19.559 9 

00 724 

80 0 
19.612 2 

0.800 0 

86 6 
19.638 8 

0.858 8 

99 9 
19.648 8 

0.983 3 

110 0 
19.709 9 

1.108 8 

smaller.. In the top panel of Figure 3 we plot a model of the UV 
excesss radiation consisting of a Balmer continuum bound-free 
spectrumm i v oc u~3 normalized to the excess around ~2800 A, 
forr a photospheric Kurucz (1992) model with Teff=31000 K and 
logg g=4 (see Section 4). From Figure 3 we conclude that our 
modelledd bound-free difference spectrum is too simple to fit 
thee observed difference spectrum. Note that for the bound-free 
spectrumm in Figure 3 we have assumed that the intrinsic contri
butionn to the extinction is constant. 

combinedd effects of stellar variability and electron scattering in 
thee disc. In the infrared, where the observed variations are much 
larger,, these combined effects can, to good approximation, be 
neglected.. This means that the large variable excesses in the 
visuall and infrared are most probably due to free-free and free-
boundd emission originating in the circumstellar envelope, and 
nott due to variability in the star itself. Ha line-profile variability 
leadss to a similar conclusion (see e.g. Roche et al. 1993). 

Fromm the ratio of the S WP spectra taken during optical high 
andd low we can derive an upper limit to the contribution of 
intrinsicc stellar variability and of electron scattering in the cir
cumstellarr envelope to the observed flux variations. We find an 
upperupper limit of 8% between optical high and optical low, but since 
thee low-state SWP spectra are taken with a visual magnitude 
thatt is 0.1 brighter than in the discless phase we conclude that 
att most 15-20% of the observed optical variability is due to the 

Infrared.Infrared. From the K-band light curve in Figure 1 we see that 
thee infrared brightness variations follow those of the V-band 
lightt curve, but with a larger variational amplitude, which is 
consistentt with free-free and free-bound emission arising from 
aa circumstellar envelope. The light curves of the other passbands 
aree not sampled so well as that of the K and V band, but the 
generall trends are the same in all light curves (see Figure 2). 
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Fig.. 4. IUE data taken during optical low, and discless optical and IR 
dataa with best fit  Kurucz model. Open circles are measured fluxes, 
filledfilled circles are dereddened fluxes. The vertical lines mark the fit 
ranges s 

Inn the following we wil l focus on the variability and the 
structuree of the equatorial disc around the OB type star in X Per, 
ass can be derived from near IR photometry. 

4.. The stellar  photospheric flux of X Per 

Inn order to derive excess fluxes one has to subtract the stellar 
photosphericc flux from the measured fluxes. X Per has been 
observedd in periods when no circumstellar contribution to the 
opticall  and IR light curve was present (e.g. Ferrari-Toniolo et 
al.. 1977, Roche et al. 1993). To model the stellar photospheric 
continuumm we used the discless data sets from Ferrari-Toniolo 
ett al. (1977) and Norton et al. (1991) which were taken on 25 
Marchh 1975 and 27 January 1991 respectively (see Table 1). 
Wee extended the discless data set with the mean of all IUE 
measurementss taken during low optical brightness, as listed in 
Tablee 2. The measured and dereddened data are shown in Figure 
4. . 

Too model the photospheric flux we fitted a grid of Kurucz 
(1992)) models (with solar abundances) to the UV, optical and IR 
continuumm data taken in optical low states. The models are given 
ass a function of Teff and log g. In the fitting process we redden 
thee Kurucz models according to the Savage & Mathis (1979) 
extinctionn curve. This way, the fit  yields two free parameters 
forr each Kurucz model: E(B-V) and Y"Shift. the latter being the 
verticall  shift needed to match the reddened Kurucz model to the 
observationss in a diagram such as displayed in Figure 4. This 
shiftt gives the distance d of the star expressed in stellar radii 

YY!hifl!hifl  = 2log{d/{y/^R.)) • (2) 

Thee IUE spectrum ranges from 120 to 315nm. From Fig
uree 4 it becomes clear that the Kurucz models do not give an 
accuratee description of the Lyman a region of the spectrum as 
measuredd with IUE. For this reason we excluded the data with 

Tablee 4. Results of fitting Kurucz models to the UV fluxes of X Per . 
Thee third column lists the reduced x2 values of the fit. The fit range 
wee used is 130 < A < 2300 nm. 

Tcff f 

31000 0 
32000 0 
30000 0 
33000 0 
33000 0 
34000 0 
32000 0 

1 1 
35000 0 

I I 
1 1 

28000 0 

logs s 
4.0 0 
4.0 0 
4.0 0 
4.0 0 
4.5 5 
4.0 0 
4.5 5 

1 1 
4.5 5 

1 1 
1 1 

4.0 0 

x2 2 

1.336 6 
1.337 7 
1.357 7 
1.363 3 
1.400 0 
1.403 3 
1.410 0 

1.446 6 

1.492 2 

E(B-V) E(B-V) 
0.3955  0.003 
0.3400  O.003 
0.3899  0.003 
0.4033  0.003 
0.4244  O.003 
0.4077  0.003 
0.4200  0.003 

0.4311 3 

0.3688  0.003 

Vshift t 

-18.8555 8 
-18.8833 8 
-18.8299 8 
-18.9077 8 
-18.8466 8 
-18.9277 8 
-18.8199 8 

-18.8933 8 

-18.7877 8 

wavelengthh shorter than 130nm from the fits. Similarly, the 
centree of the 2200 A extinction bump is not well accounted for 
inn our fits, which might reflect anomalous interstellar extinction 
orr intrinsic contribution to the bump. Therefore we also omitted 
thee wavelength range 190-235 nm, leaving in total 253 wave
lengthh points, including the optical and IR discless photometry, 
too fit the Kurucz model to. 

Wee fitted Kurucz models with Teff between 20000— 
400000 K; Table 4 lists the fit results. We find a best fit
tingg Kurucz model with Teff=31000K, log#=4.0 (which 
fitsfits an O9.5-B0 main sequence star, Landolt-Börnstein 
1982),, , and F s hm . This 
E(BE(B — V) is in good agreement with the value given by Fabre-
gatt et al. (1992) who derived that 2 using 
reddeningg laws for the Strömgen system. Recently, Roche et al. 
(1996)) derived E(B- 2 from fitting Kurucz mod
elss to discless UBVJHK photometry, and also find TeB=31000 K 
ass best fit. Note that since we have included UV measurements 
inn our discless data set, we find significantly different E{B—V) 
forr Kurucz models with different values of Tefr and log <? (see 
Tablee 4). 

Thee derived value of FShift is equivalent to a distance of 
4 . 7 x l 0 9 # , ,, which, with a radius of an O9.5-B0 (slightly 
evolved)) main sequence star of  corresponds to 
aa distance of 0 pc, with the error dominated by the error 
inn the stellar radius estimate. We have to stress however that we 
assumedd that the Savage & Mathis (1979) extinction curve is 
correct,, and that the effects of rotational gravity darkening on 
thee apparent stellar flux can be neglected. Our distance estimate 
iss in agreement with the estimates given by Norton et al. (1991), 
Fabregatt et al. (1992), Lyubimkov et al. (1996) and Roche et 
al.. (1996), and also with that given by Bernacca et al. (1983) 
iff they had assumed a similar size for the stellar radius, rather 
thann R„=4.\ R@. 

Inn order to derive excess fluxes we used the Kurucz (1992) 
modell with Teff=31000K and log</=4.0 as a representation of 
thee stellar photospheric flux of X Per. We dereddened all the data 



52 2 Chapterr 5 

Fig.. 5. Disc geometry of COG model 

presentedd in Table 1 by substituting the value E(B — V)=0.395 
inn the Savage and Mathis (1979) extinction curve. 

5.. Modelling and fitting  the IR excess 

5.. /. The curve of growth model 

Thee IR excess caused by free-free and free-bound emission in 
aa disc around a star can be modelled with the curve of growth 
(COG)) method (Waters 1986). For this paper we slightly modi-
fiedfied the original COG model such that it is applicable to excesses 
observedd in the visual and infrared. Below we wil l discuss the 
COGG method, closely following the presentation given by Wa-
ters.. For simplicity the following assumptions are made: 

-- The disc is viewed pole-on. 
-- The disc is isothermal (Tdisc = 0.8 Teff) . 
-- The optical and IR flux find their origin in both star and 

disc. . 
-- Matter in the polar stellar wind does not contribute to the 

totall  optical and IR flux. 
-- The radial density distribution is given by 

p(r)p(r) = p0{r/R.)-n (3) 

forr r>Rt, where po is the density of the disc at the photo-
spheree and 7?» is the stellar radius. 

-- The disc has an opening angle 0 = 5°. 
-- The disc has a finite radius .Rdisc-

Inn Figure 5 we sketch the assumed disc geometry. The op-
ticall  depth along a line of sight through the pole-on disc can be 
writtenn as 

T(q)T(q) = f(n,q,0)-X*-Xx (4) 

wheree ƒ (n, q, 9) is a function of the disc geometry, n the expo-
nentt of the density law, q the impact parameter of the line of 
sight,, given in units of Rt, and 6 is the opening angle of the 
disc,, and with 

X,X, = 4.923 • 1035 T2 T-*/2 p~2
 7 p\ R* (5) 

containingg only stellar and disc parameters and 

XXxx = A 2 ( f c T d l s c / H ( l - e " W ' : T d - ) 

•• {g(v,Tdlsc) + b(v,Tdisc)} (6) 

logg (A [/xm]) 

Fig.. 6. COG model calculations. The thick solid curve is a Kurucz 
modell with parameters Teff=31000 K and log <?=3.5. The IR excess is 
causedd by free-bound and free-free emission. For three values of Ra,Sc 
(labelledd a, b, and c) the expected energy distribution is shown. For 
eachh value of .Rdisc we increased pa by a factor of 2 and 4. For the 
densityy gradient we used n=4.5 . With increasing base density 
PHH the excesses become larger, except for the wavelengths at which 
thee whole disc is optically thick. One can see that the the models for 
.Rdisc=2.R,, diverge from models with larger values of AW at around 
100 microns. This means that with the photometry as listed in Table 1 
wee can only detect the size of the disc if it is smaller than ~3Ü, 

dependingg on the considered wavelength A and the disc temper
aturee Tdisc• In Equations (4) and (5) A stands for the wavelength 
inn cm, v for the frequency in Hz, g{v,T&%z) and b(v,T&%c) for 
thee Gaunt factors for free-free and free-bound emission respec
tively,, z2 for the mean value of the squared atomic charge, 7 
forr the ratio of the number electrons to the number of ions, p 
forr the mean atomic weight in units of proton mass, R* for the 
stellarr radius in RQ, T  ̂ for the disc temperature in K and po 
standss for the density in g/cm3 at the base of the disc (r=R*). 
Parameterss z2, p and 7 apply to the matter in the disc. 

Thee excess flux is written as Zv—\ , where Zv stands for 
thee monochromatic flux ratio 

ZZvv = (iV,* + fi/.disc) jFv,* (7) 
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andd the excesses can be modelled as 

zzvv-\-\ = )) 2q dq (8) ) 

withh Bv the disc source function and h^Y^fxEv,* (the ver-
ticallyy shifted Kurucz model, see previous section). Waters 
(1986)) and also Telting et al. (1993) assumed the factor B„  fIVz* 
too have the same value for all wavelengths, which is a good ap-
proximationn in the infrared (Rayleigh-Jeans tail). This assump-
tionn is not valid in the near infrared and the visual bands since 
thee shape of the stellar photospheric energy distribution and the 
shapee of source function of the disc, which we assume to be 
thee Planck function, are not the same for these wavelengths. 
Thereforee we chose to model the quantity (,ZV-\)IV^/BV as 
aa function of X\, with BvjIVt„  computed from the Kurucz 
modell  and the Planck function. Thus, the COG model gives the 
modifiedd excess flux as a function of three free parameters: n, 
iodise,, and X«. 

Thee density gradient affects the slope of the IR energy dis-
tribution:: the larger n, the steeper is the IR continuum (see 
Waterss 1986). In Figure 6 we show the expected energy distri-
butionss for different values of po (or X*) and i2diSC. For small 
valuess of HdiSC the whole disc becomes optically thick in the 
IR,, and consequently a change in po is not reflected in the IR 
excesses.. One can see that for wavelengths up to ~10/zm there 
iss no difference between the energy distributions of discs with 
.Rdisc^-R.. and that of larger discs. This means that with our 
collectedd optical and IR photometry we can only detect the size 
off  the disc if it is smaller than approximately 3R*. 

5.2.5.2. The fits 

Fromm the data in Table 1 we derive excess fluxes, Zu—\, with 
respectt to the Kurucz model that serves as a representation of 
thee photospheric flux. For the infrared observations that are 
nott accompanied by simultaneous optical photometry, we in-
terpolatedd the B, V, R and/or I light curves if these light curves 
containn measurements taken within 50 days from the IR obser-
vations.. We estimate the error on the interpolated photometry 
ass 0.1 mag. For each (quasi-)simultaneous data set we compute 
forr each flux measurement the value of X\ with Equation (6), 
andd compute the modified excess flux {Zv—\)Iv^jBv from the 
observedd Zv-\. Then we tune the parameters n and X* such 
thatt the COG model (Equations 8 and 4) fits the data set best. 
Inn Figure 7 we give an example of the COG model fits. 

Contraryy to Waters (1986) and Telting et al. (1993), who 
fittedfitted the parameter X*  separately from the parameters n and 
iodisee we have set up our code such that we can fit these three 
parameterss simultaneously (Levenberg-Marquardt method, see 
Presss et al. 1992). In the fits we use n and logX* as free 
parameters;; since the observations are taken only at relatively 
shortt wavelengths we keep the disc radius fixed to #disc=5R*  • 
Wee estimate a lower limit for i?disc by checking the value of 
iodisee for which the x2 of the fit is significantly worse than in 
thee case of .RdiSC =5R*. This estimate can also be obtained by 
relatingg the largest observed excess to the radiating surface of 

thee disc. These two ways of estimating a lower limit of R^^ 
provedd to be consistent. 

Inn our first attempts to fit the COG model we found that the 
modell predicts too much free-bound emission in the Balmer 
continuumm (see Figure 7). This is because our model regards all 
energyy levels as if in LTE. In principle, we can use the observed 
Balmerr continuum excesses to determine the departure coeffi
cientss and improve the model for the case of X Per, but this 
wouldd not give more insight in the disc geometry parameters 
thatt we are interested in. For this reason we have omitted all 
excesss fluxes shortward of the Balmer jump for our COG model 
fits.. The model fits well in the Paschen continuum and beyond. 

Forr some data sets the excesses are too low to fit a value of 
thee density gradient n. For low emission measures the optically 
thinn turnover point in the curve of growth shifts to longer wave
lengthss (see e.g. Waters 1986, Kastner & Mazzali 1989), and 
hencee only observations at longer wavelengths contain informa
tionn on the value of n. For data sets with a very low excess, we 
triedd to fit our model with a fixed value of n=5 (as suggested by 
thee data sets with a large excess, see next subsection). For these 
dataa sets our neglect of electron scattering in the disc might 
nott be a good approximation (see Kunjaya & Hirata 1995). In 
Figuress 8 and 9 these fits are marked by triangles. 

Withh the fitted disc parameters n and log X* we can derive 
thee base density according to Equation (5), and the emission 
measuree with 

EMEM = f n\dV = 3.074 x 1045 R\ T%£ X. ( 7 / ? ) • 

''  D<3-2n) 
^disc c 

3 - 2 n n 
// cos<2"-2> 

Jo Jo 
(y)dy(y)dy (9) 

withh EM in cm 3 and R* in RQ. Similarly, the mass content 
off the disc can be estimated with 

Afducc = 3.036 x IQ"18 rfj2 7*£ H J^= 
XXm m 

77 z* 

sin0 0 (10) ) 

withh Mjisc in M© and R« in RQ. In our computations of po, EM, 
andd Mdisc we approximate /j=1.3 and 7=z2=l. We estimate 
thee errors in the derived quantities using the standard error 
propagationn formula, including covariances of the fit parameters 
nn and \ogXm (Bevington & Robinson 1992). Thus, we can 
estimatee the radial density structure, the mass content and the 
emissionn measure of the disc, from fitting the observed excess 
fluxess with the COG model. 

Forr completeness we address the effect of the value of the 
discc opening angle 6 on the derived base density po, emission 
measuree and disc mass content. For a completely optically thick 
discc the value of the opening angle has no influence on the 
excesss fluxes, since the radiating surface as seen by the pole-on 
observerr remains the same. Then, the derived emission measure 
andd disc mass depend linearly on the adopted value of 0, since 
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Fig.. 7. COG model fit  to the optical and IR flux excesses; the 13-colour and WIRO photometry form the largest simultaneously obtained optical 
andd IR data set. Top: The COG model fits the nice data set perfectly for points longward of the Balmer jump (dots). Shortward of the Balmer 
jumpp (open circles) the COG model predicts too much free-bound emission. Bottom: Energy distribution in discless phase (dots fitted with 
Kuruczz model), and in disc phase corresponding to the upper panel (open circles fitted with COG model) 

thee disc volume increases linearly with 9 (for small 6). In the 
opticallyy thin case, the fitted density depends on the choice of 9. 
Forr small opening angles (#<20°) the optical depth of Equation 
(4)) can be written as r oc 9  X» oc 9  p\. This means that the 
fitfit  procedure wil l compensate a change in the opening angle of 
d9d9 by changing the base density po with a factor l/Wdd/9. In 
thee emission measure the change in pi is exactly compensated 
byy the disc volume that changes proportionally to 9 (for small 
9):9): the EM is not affected by the value of 9. The disc mass is 
obtainedd by integrating the density over the disc volume, and 
hencee a change d9 wil l lead to a change of a factor \Jd9f9 
inn the disc mass Mdj sc. For X Per we sample the optically thin 
andd partially optically thick part of the curve of growth, and 
hencee the optically thin case applies here: if we would assume 
aa smaller disc opening angle we would obtain a larger base 
densityy and a smaller disc mass. 

Thee influence of the assumed disc temperature is some-
whatt more complex since both the optical depth and the source 

functionn change as a function of temperature. For three data 
setss of X Per we have checked the outcome of the COG fits 
forr Tdjsc=0.5 Teff. We find that with respect to the case of 
TdjSC=0.8Teff ,, the base density, disc mass and emission mea-
suree are larger by up to factors of 2, 2, and 4 respectively. 

Withh respect to the uncertainties in our derived quantities 
duee to 9 and Tdisc, the influence of the inclination is negligible 
forr i;$50o (see Waters 1986). 

5.3.5.3. Fit results 

Inn Figures 8 and 9 we present the results of fitting the COG 
modell  to data sets with a detectable excess. Figure 8 gives the 
fittedfitted and derived quantities as a function of time; in Figure 9 
wee plot the exponent of the radial density law, n, and the COG 
parameterr that contains the base density in the disc, Xt, as a 
functionn of the brightness of X Per. 

file:///Jd9f9
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Fig.. 8. Results of COG model fits to the optical and IR flux excesses 
measuredd over the last decades. We show the IR and optical light 
curve,, the fitted parameters n (density gradient) and log X,, the lower 
limitss for the disc radius iïdisc in units of R,, and the derived base 
density,, emission measure and disc mass. We plot po-R» in units of 
10"'""  with pa in g/cm\ EM/R2, in units of 1060 with EM in cm"3, 
andd Mdisc/i?y2 in units of 10"" with M&\x in M© and R* in RQ. 
Triangless depict data sets that we fitted with fixed n=5 

Forr all fitted data sets of X Per we find a high value of the 
exponentt of the radial density law, with a mean value of n=4.9; 
thee lowest value is n=3.1. This mean value is considerably 
higherr than that found by Waters et al. (1987) from IRAS mea-
surementss of a large sample of Be stars. In Figure 8 one can see 
thatt the density gradient varies irregularly in time; during both 
discc rise and disc fade we find a steep density gradient. Figure 9 
showss that the variations in n are not correlated with the optical 
orr IR brightness of X Per. 

Wee plot the lower limits on i?disc in Figure 8. As discussed 
above,, i?d;sc can only be constrained with measurements taken 
att longer wavelengths than those that we use in this paper. 
Consequentlyy the lower limits that we give are merely a function 
off  the longest wavelength passband within each of the (quasi-)-
simultaneouss data sets. We cannot conclude that the disc radius 
iss finite, nor that it is variable if it is finite. However, the steep 
densityy gradient provides a natural disc size limitation, albeit 
aa gradual one and not an abrupt boundary. The highest lower 
limi tt of the disc radius that we find is -RdiSC=4.5iï». 

Fromm Figures 8 and 9 we derive that the fit  parameter log Xt 

closelyy follows the optical and IR brightness of X Per. We find 
thatt X* varies over more than 2 orders of magnitude, and that 
consequentlyy the disc base density po varies by a factor of 
~200 between optical high and low states (assuming a constant 
geometry).. The highest base density we find is 3 
x l0~ ' °g /cm3,, at V-d.li. Here we averaged po as obtained 
fromm three data sets taken from December 1987 to March 1988, 
andd we used i?*=9i?0. The lowest value of po that we can detect 
fromm optical and IR flux excesses is about one twentieth of the 
abovee mentioned value. 

Thee emission measure that we derive from the COG fit pa-
rameterss and Equation (9), appears not to be a well-constrained 
quantity:: the relative errors are often 50% of the derived val-
ues.. The data set comprising simultaneous 13-colour and WIRO 
photometryy (see Figure 6) gives a value of the emission mea-
suree that is nicely constrained because both the optically thin 
andd the partially optically thick part of the curve of growth are 
sampled.. We find  x l06 1cm~3 for this data set, 
wheree we used i?„=9 RQ. This data set was taken with V=6.6, 
wee derive EM values higher by a factor of 10 for optical high 
statess (see Figure 8). 

Inn contrast to the emission measure, the disc mass proves 
too be a well-constrained quantity with relatively low error es-
timates,, as can be seen in Figure 8. Especially during the rise 
fromm the latest extended optical low state to the bright state 
off  1994-95, we have relatively good coverage of the evolu-
tionn of the mass content of the disc. There is a gap of 230 
dayss of no observations during the onset of this rise; the vi-
suall  brightness jumped from V-6.15 to ^=6.45 over this gap. 
Forr the last data set before this gap we find the disc mass 
too be M d isc x 1 0 - ' ° Mo (for R*=9Re). The first data 
sett after the gap gives Md isc x 10~9M Q . These values 
correspondd to a disc growth rate of x 10_ 9M Q/year. 
Thee 380 days following the gap are covered by 6 data sets, with 
thee brightness increasing from V=6.45 to V=6.25. We derive a 
discc growth rate of x lO_9M0/year over this period. 
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Fig.. 9. Results of COG model fits to the optical and IR flux excesses. 
Wee show the fitted parameters n (density gradient) and X, (which is 
proportionall  to pi) as a function of the optical and IR brightness. For 
circless both n and log X» have been fitted, for triangles we used n=5 . 
Wee find relatively large values for the density gradient in the disc. 
Wee find variations in the disc density of a factor of 20, which nicely 
correlatee with the brightness of X Per 

Duringg the decline into the latest extended low state, there is 
aa gap of 260 days over which the visual magnitude drops from 
y=6.255 to V=6.6. For this disc-loss event we derive a disc mass-
losss rate of x lCr9M Q / year. The following 245 days, 
coveredd by 4 data sets, the brightness of X Per drops further to 
l/=6.85,, and the disc mass-loss rate is 3 x lO" 9M 0/year. 

Wee note that the derived disc-growth and disc-decline rates 
aree of the same order. This can be seen in the bottom panel of 
Figuree 8 and is also reflected by the V-band light curve. 

6.. Discussion 

6.1.6.1. The density distribution of the equatorial disc in X Per 

Usingg the results of a survey of 144 Be stars (Dougherty et al. 
1994),, we find that the maximum value of the disc-base density 
pp00 that we find for X Per is high. This means that the equatorial 
discc of X Per is amongst the densest of all Be stars. Dougherty 
ett al. find that the optical and near IR flux excesses are largest 
forr early-type Be stars, which may indicate that the disc-base 
densityy is a function of spectral type. With its large flux excesses 
inn the visual and near IR, X Per is not an exception to this rule. 

Thee slope of the spectral energy distribution of X Per, in its 
highh optical states, reflects that the density gradient of the disc is 
steep;; the exponent of the radial density law (Equation 3) varies 
aroundd a mean value of n=4.9. Waters et al. (1987) find values 

off  n=2 4̂ from IRAS measurements of 59 Be stars. Dougherty 
ett al. (1994) find values of n=2-5 from optical and near IR mea-
surementss of their sample of 144 Be stars. In a similar study 
too ours, Clark et al. (1996) also find a steep disc density gra-
dientt in the high-mass Be/X-ray binary V725Tau/A0535+26, 
inn which the optical star has a spectral type similar to that of 
XX Per. From the sample of Waters et al. (1987) the stars with the 
steepestt disc density gradient (n>3.5) are BO and B1 stars. It is 
thenn tempting to conclude that with the disc-base density also 
thee density gradient might be a function of the spectral type of 
thee underlying star. A natural cause for such an effect could be 
thatt the stellar mass-loss rate and the stellar radiation pressure 
dependd on spectral type. 

Thee derived density gradient of the disc of X Per is steep, re-
gardlesss of the growth or decline rate of the disc. At epochs that 
thee disc is relatively steady in brightness, one may assume that 
thee overall dp/dt in the disc is zero. Then, with the continuity 
equationn (assuming only radial outflow), a value of n=5 leads at 
aa distance of a few stellar radii to outflow velocities exceeding 
thee typical terminal velocities of early-type star polar winds. 
Thereforee we argue that the derived value of n might not reflect 
aa very steep density gradient, but that it may be the result of a 
combinationn of the different effects outlined below. However, 
thiss does not rule out a possible spectral-type dependence of n. 

AA possible explanation for the high value of n that we derive 
iss that there might be a negative radial temperature gradient in 
thee disc. Waters (1986) has shown that a temperature gradient 
givess rise to a flattening of the partially optically thick part 
off  the curve of growth and hence to a steeper spectral energy 
distributionn (see also Cassinelli & Hartmann 1977). Therefore, 
iff  a negative temperature gradient is present, we derive values 
off  n that are too high. 

Ourr implementation of the COG model neglects electron 
scattering,, which is a good approximation in the IR where 
free-boundd and free-free emission dominate. Kunjaya & Hirata 
(1995)) have shown that for low densities electron scattering can 
nott be neglected in the optical part of the spectrum. In Section 
33 we have shown observational evidence that the flux excesses 
duee to electron scattering can at most be 15-20% of the pho-
tosphericc flux, which is a considerable fraction of the observed 
excessess in the optical. The contribution of electron scattering 
wil ll  steepen the spectral energy distribution, and wil l hence lead 
too an overestimate of n. 

Tarasovv & Roche (1995) presented multi-component Hel 
66788 A line profiles from February 1995 that show the apparent 
co-existencee of inner and outer discs in X Per. These unusual 
linee profiles were still observable in August 1996, indicating 
thatt the structure appears to be stable over timescales of at least 
188 months. This means that the radial density in the disc is 
nott a monotonie function of the distance, which may affect the 
densityy gradient that we derive. 

Forr our determination of the radial density gradient n 
wee have assumed a disc geometry with an opening angle as 
sketchedd in Figure 5. For a pole-on slab model (Hartmann 1978, 
Waterss 1986, Kastner & Mazzali 1989) we would have derived 
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aa value of the density gradient that is about 0.5 smaller than in 
ourr case (Waters & Marlborough 1994). 

6.2.6.2. Disc rise and fade; the disc as a reservoir 

Inn Section 5 we have derived the rates at which the mass of the 
discc in X Per grows and declines as a function of time. In some 
phases,, the disc can accumulate and store matter to give rise 
too the observed UV, optical and IR excesses. At some point, 
thee storage of fresh stellar matter in the disc is balanced by the 
outfloww of matter from the disc, and the brightness of X Per 
stayss relatively constant in an optical high state. Then the mass 
losss from the disc becomes larger than the amount that is stored: 
thee disc fades. At other phases X Per is not able to accumulate 
matterr in the disc, leading to the discless optical low states. 

Bjorkmann & Cassinelli (1993) have proposed that rotation-
allyy induced wind compression provides a natural way to create 
discss in rapidly rotating hot stars with radiatively driven winds. 
Thiss mechanism implies that the growth rate of a Be star disc 
iss smaller than, but comparable to, the mass-loss rate of the 
star.. However, the computed density in these disc models is 2 
orderss of magnitude lower than IR measurements reveal, since 
thesee modelled discs are not able to store the mass supply to 
buildd large discs. Nevertheless we find that the disc growth and 
declinee rates of X Per are indeed smaller than but comparable 
too me expected radiatively driven mass-loss rate of an O9.5-B0 
star.. We find a growth rate of 3.7-5.3 x 10~9M©/year, a decline 
ratee of 3.2-6.5 xl0~9MQ/year, and the expected mass-loss 
ratee of an BO star is 3 x lO_8M 0/year (Kudritzki et al. 1989). 
Hammerschlag-Hensbergee et al. (1980) find a UV mass-loss 
ratee of 1 x lO~8M0/year for X Per. 

Althoughh we cannot exclude the possibility that sources 
off  episodic stellar mass-loss (pulsations, flares) contribute to 
thee disc growth, we conclude that with respect to the required 
mass-floww rates the observations of X Per are consistent with 
modelss that feed the disc from the "ordinary" stellar mass loss 
(e.g.. Lamers & Pauldrach 1991, the bi-stability model; Bjork-
mann & Cassinelli 1993, wind compression model). However, 
too explain the observed disc densities, such a model should be 
complementedd with physics to provide a plug for the leaking 
disc,, such that the disc can grow as in the case of X Per. The 
physicall  mechanism that provides a plug in the disc reservoir 
shouldd be applicable to all Be stars with discs, because many of 
thesee discs are brighter than can be explained with current mod-
elss that feed the disc from radiatively driven stellar mass loss. 
Also,, the material in the disc is probably rotationally supported 
againstt gravity, which implies that angular momentum must 
bee added to the expelled gas; Lee et al. (1991) proposed that 
stellarr non-radial pulsations can provide the disc with angular 
momentum. . 

Thee physical mechanism that triggers the disc-decline and 
disc-losss events is not known. The unstable nature of the disc 
inn X Per might be due to the fact that it is a high-mass Be/X-
rayy binary, although the X-ray light curve (Figure 1) gives no 
conclusivee evidence for this explanation. 

6.3.6.3. X-ray luminosity 

Itt is remarkable that the strong variability seen in the optical and 
inn the infrared (Figure 1) is not reflected in the X-ray light curve. 
Thiss lack of correlation between the X-ray and optical light 
curvee excludes the possibility that the neutron star is always 
accretingg from the disc region (White et al. 1982, Roche et al. 
1993,, Haberl 1994), which implies an inclined orbit. 

Sincee 1980 the X-ray luminosity is fairly stable at a level 
off  about 2-4 1034 erg/s. This persistent X-ray flux is very high 
iff  we assume that the neutron star is accreting from the polar 
windd which is seen in the UV resonance lines of CIV and Si IV: 
aa wind with a terminal velocity of the order of 1000 km/s and 
aa mass loss rate of 10- 8 M0/year (Hammerschlag-Hensberge 
ett al. 1980). The expected X-ray flux of course depends on the 
unknownn separation between the two stars. However, if we as-
sumee that the neutron star is embedded in the fast wind (i.e. in 
ann orbit inclined to the equatorial plane) with wind parameters 
ass given above, an orbital period of about 2.4 days is needed 
too account for the X-ray luminosity. In calculating this number 
wee assumed that the simple Bondi-Hoyle formalism for wind 
accretionn holds (see e.g. Waters et al. 1988). Such a very small 
orbitt seems incompatible with the expected formation history 
off  Be/neutron binaries (see e.g. Van den Heuvel & Rappaport 
1987),, and is not observed in known Be/neutron star binary 
systemss (e.g. White et al. 1995). Also, a very close orbit may 
resultt in noticeable effects of the neutron star on the optical 
starr (X-ray heating of the stellar wind, tidal distortion); such 
effectss have not been reported for X Per. Similarly, one would 
expectt enhanced X-ray luminosity when the neutron star passes 
throughh the equatorial disc, twice per orbit, which is not ob-
served.. For longer orbital periods the expected luminosity for 
polar-windd accretion rapidly drops to values below 1032 erg/s. 
Iff  the orbital period would be 580 days (Hutchings et al. 1974, 
butt not confirmed, see e.g. Penrod & Vogt 1985, Reynolds et al. 
1992)) the X-ray luminosity would be about 1.3 x 1031 erg/s. We 
concludee that it is unlikely that the neutron star accretes from 
thee fast polar wind. 

Thiss forces us to postulate that the neutron star accretes from 
aa region which is different from the disc region, and that it orbits 
inn a plane that is slightly inclined with respect to the equatorial 
planee of the Be star. In this region the expansion velocity of 
thee wind must be lower than seen in the UV resonance lines, 
and/orr the density in the wind must be higher. Theories of 
radiativelyy driven winds of hot rapidly rotating stars predict 
thatt the expansion velocity is a function of latitude (e.g. Friend 
&&  Abbott 1986; Lamers & Pauldrach 1991), with the outflow 
velocityy decreasing towards the equator. The fact that only one 
highh X-ray phase is observed, might reflect a wide elliptic orbit. 

Thee bright X-ray state near 1975 and the slow decline to 
aa low state, which the system reached in 1980, are not under-
stood.. Clearly the neutron star accreted from a region in the 
windd of X Per with enhanced density and/or lower expansion 
velocity.. This interpretation is consistent with the behaviour of 
thee spin period of the neutron star; spin-up is expected and often 
observedd during high X-ray states (see e.g. Nagase et al. 1989). 
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Wee note that the X-ray luminosity remained high for a relatively 
longg period of time, well into the discless phase. This suggests 
thatt while there was littl e or no high-density material near the 
Bee star, the region near the neutron star must have had enhanced 
densitiess in order to account for the X-ray brightness (the opti-
call  and infrared light curves are only sensitive to high-density 
material,, i.e. close to the star). A possible explanation for this 
behaviourr is that disc material slowly moved outwards while 
noo new high-density material was provided at the base of the 
disc;; this would result in a "phase lag" between the optical/IR 
andd X-ray light curves as is observed (see Figure 1). Unfortu-
natelyy the sampling of the optical light curve is very poor in the 
periodd preceding the X-ray maximum, but a phase lag between 
opticall  and X-ray high of about three years seems evident. It 
iss possible that the disc was exceptionally large in that period 
(seee also Roche et al. 1993); indeed one unusually high optical 
brightnesss measurement (V=6.02, derived from a spectral scan, 
Brucatoo & Kristian 1972) preceded the X-ray maximum, but 
thee K-band brightness (Figure 1) suggests that X Per was not 
unusuallyy bright. One may expect that a very bright disc has a 
largee extent in the vertical direction, enabling the neutron star in 
itss inclined orbit to probe some of the high-density disc matter, 
andd to give rise to the high X-ray luminosity phase. 

7.. Summary of conclusions 

Wee have presented new UV and IR measurements of X Per, 
whichh we combined with data from the literature. The data show 
thatt the equatorial disc in X Per is highly variable in brightness. 

Thee low-resolution IUE LWP and LWR spectra show that 
thee near UV continuum level of X Per varies along with the 
opticall  brightness. From the low-resolution IUE SWP spectra 
takenn in optical high and low states we have derived an upper 
limi tt to the intrinsic stellar variability and electron scattering in 
thee disc of 15-20% of the photospheric flux. 

Fromm the IUE spectra and optical and IR photometry taken 
inn optical low (i.e. discless) phases, we find that the stel-
larr photosphere can be modelled with a Kurucz model with 
reff=31000KK and \ogg=4, consistent with an O9.5-B0 main 
sequencee star. With this model we derive E(B-V)=0.39 and es-
timatee the distance to X Per as 0 (assuming R+=9R0). 

Wee have used the photospheric model and the (quasi-)-
simultaneouss optical and IR photometry sets to compute excess 
fluxes,fluxes, and fitted these with a simple disc model including free-
boundd and free-free radiation. These fits yield the base density 
andd the radial density distribution of the gas in the disc. We 
findfind that the base density varies along with the brightness of 
XX Per. Given the assumptions of our simple model we find that 
inn optical high states the disc in X Per is among the densest of 
alll  Be stars: x 10~'°g/cm3. The base density varies 
withh a factor of at least 20 from optical high to low states. 

Wee find a relatively high value of the density gradient n in 
thee disc of X Per, irrespective of whether the disc is building up 
orr is fading away. We argue that this high value might partly re-
flectflect shortcomings of the model. Nevertheless, the high density 

gradientt is consistent with that found in some other early-type 
Bee stars. 

Withh the results of the disc model fits we have estimated the 
disc-declinee rate into the discless state of 1989-1992. We find 
thatt the disc loses mass with about 5x lO~9M 0/year. During 
thee rise out of this discless stage we find a disc-mass growth 
ratee of about 4 x 10~9M Q/year. We argue that this growth rate 
iss consistent widi a model that feeds the disc from the "ordi-
nary""  mass loss of the star, but we cannot exclude that other 
phenomenaa might contribute to the disc growth. 

Thee equatorial disc of X Per acts like a reservoir of material 
expelledd by the optical star, but the physics that governs the 
capacity,, and the growth and decline-rate of this reservoir are 
nott understood. 
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Abstract.. We present a useful formulation of the surface-velocity field of a rotating, adiabatically pulsating star, which 
accountss for the effects of the Coriolis force. We use this model to investigate the observable spectroscopic characteristics 
off  non-radial pulsations. We calculate time series of absorption line profiles in a carefully chosen domain of parameter 
space.. Only mono-periodic spheroidal modes are investigated; atmospheric changes due to the pulsation are neglected. The 
line-profilee variations, as well as their behavior inferred from two well-defined diagnostics, are presented in two-dimensional 
parameterr grids. 
Wee show that the intensity variations in time series of theoretical spectra, at each position in the line profile, cannot be 
describedd by a single sinusoid: at least one harmonic sinusoid needs to be included. Across the line profile the relative 
amplitudess and phases of these sinusoids vary independently. The blue-to-red phase difference found at the main pulsation 
frequencyy turns out to be an indicator of the degree £, rather than the azimuthal order |m|; the phase difference of the 
variationss with the first harmonic frequency is an indicator of \m\. Hence, the evaluation of the variability at the harmonic 
frequencyy can improve the results derived from an analysis of observed line profiles. 
Wee find, that if line-profile variations at the line center dominate over the variations in the line wings, this does not give 
conclusivee information on the ratio of the horizontal to the vertical pulsational surface motions. 
Tesserall  modes, when observed at not too high inclinations, are as much capable of producing considerable line-profile 
variationss as sectoral modes. 
Wee find that, within the limits of our model, the effects of rotation on the appearance of the line-profile variations are 
importantt for low-degree sectoral modes, and for the sub-class of the tesseral modes with t—m an even number. 

Keyy words: line: profiles - stars: oscillations, rotation, early-type - stars: variable: 5 Set stars, P Cep stars 

1.. Introductio n 

Thee study of stellar pulsations can improve our understanding 
off  stellar structure. By measuring the photometric and spectral 
line-profilee variations caused by pulsations, one can determine 
thee time dependent state of the stellar surface, and eventually 
probee the interior of the star. The development of high-precision 
spectroscopyy with solid-state detectors initiated the discovery 
off  several classes of non-radially pulsating early-type stars (e.g., 
Smithh 1977; Vogt & Penrod 1983; Baade 1984; Gies & Kulla-
vanijayaa 1988), and offered much higher accuracy in measur-

Seniorr Research Assistant, Belgian National Fund for Scientific 
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ingg time variability of line profiles. The increase in computing 
powerr allowed the numerical synthesis of line-profile varia-
tions,, based on analytical descriptions of the surface velocity 
and/orr temperature perturbations due to non-radial pulsations 
(Osakii  1971; Kambe & Osaki 1988; Lee & Saio 1990; Aerts & 
Waelkenss 1993). Such numerical simulations are indispensable 
forr the correct interpretation of observed line-profile variabil-
ity.. An excellent textbook on the theory of stellar pulsations is 
writtenn by Unno et al. (1989). 

Spectroscopicc identifications of pulsation modes have been 
attemptedd by fitting theoretical line profiles to observed spectra 
(e.g.. Smith 1977). A serious problem with such an approach is 
thee large number of free parameters, and the associated ques-
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tionn of the uniqueness of the solution. Currently, two powerful 
Fourier-analysiss techniques are in use, which attempt to re-
solvee this problem. The first is based on the Doppler imaging 
principlee (Vogt et al. 1987), in which one assumes a mapping 
off  photospheric features (e.g. local velocity, brightness or EW 
variations)) onto line profiles that are Doppler broadened by the 
rotationn of the star. From a Fourier transform applied to each 
velocityy bin of a time series of observed spectra one obtains the 
powerr of variability as a function of frequency (periodogram), 
forr all velocity positions in the line profile (e.g. Gies & Kulla-
vanijayaa 1988, Kambe et al. 1990, Reid et al. 1993; see Kennelly 
ett al. 1992 for an alternative version of this technique which 
comprisess a 2D Fourier transform). Additionally, the Fourier 
analysiss provides information about the phase change of the 
periodicc variations across the line profile. Using the power and 
phasee information, some of the pulsation parameters can be 
derived. . 

Thee second technique involves the computation of velocity 
momentss of the line profile (Balona 1986; Aerts et al. 1992). 
AA comparison of the Fourier components derived from the ob-
servedd moment variations with those of the velocity moments 
generatedd by means of a non-radial pulsation model, gives in 
principlee all the desired pulsation parameters. 

Inn this paper we apply a technique, that is similar to the 
firstt mentioned method, to theoretical spectra. Our aim is to 
illustratee the dependence of the observable diagnostics (which 
wil ll  be defined in Sect. 4) on the relevant stellar and pulsational 
parameters.. To allow a comparison with the work of Aerts et al. 
(1992),, we calculated the first two velocity moments as well. We 
presentt calculations for rotating early-type stars, but in many 
casess our description applies to other types of stars as well. 

Wee use a description of the pulsational velocity field of 
aa rotating star that incorporates terms due to the Coriolis 
force,, which is equivalent to the one presented by Aerts & 
Waelkenss (1993, hereafter AW), but with a few modifications 
too allow straightforward calculation. We investigate only single 
spheroidall  pulsation modes. A generalization of the velocity 
fieldfield to multiple modes in a rotating star is straightforward if 
aa linear pulsation theory applies. In all our models, we assume 
thee symmetry axis of the pulsation to be aligned with the axis 
off  rotation. In our line profile synthesis we neglect the atmo-
sphericc variations due to the pulsation, which is justified for 
thosee absorption lines for which the pulsational velocity varia-
tionss dominate the temperature effects (Simon 1991). 

Inn subsequent papers we present the results of bulk compu-
tationss of the diagnostics (Paper II , Telting & Schrijvers 1996a), 
wee discuss the peculiar line-profile behavior of nearly equator-
onn tesseral modes with odd I-m (Paper III , Telting & Schrijvers 
1996b),, and we investigate the effect of brightness and EW 
changess caused by the pulsation on the observational diagnos-
ticss (Paper IV, Schrijvers & Telting 1996). Preliminary results 
off  the diagnostic value of phase diagrams derived from time 
seriess of spectra of non-radially oscillating stars are presented 
byy Telting & Schrijvers (1995). 

Thee outline of this paper is as follows. In Sect. 2.1 and 2.2 we 
brieflyy summarize the traditional model describing the surface 

velocityy field of non-radial adiabatic pulsations, in the limit of 
noo rotation. The effect of rotation on the velocity field of pulsa-
tionn is included in Sect. 2.3. In Sect. 2.4 we derive an expression 
forr the ratio of the horizontal to the vertical pulsational ampli-
tude,, k, which accounts for effects of the Coriolis force, and in 
Sect.. 2.5 we verify this expression in the case of a polytropic 
model.. The synthesis of line profiles is described in Sect. 3. We 
discusss the observable diagnostics in Sect. 4. The relevant do-
mainss of the pulsational and stellar parameters are discussed in 
Sect.. 5. The results of our computations are presented in Sect. 6. 
Wee summarize our findings in Sect. 7. 

2.. Surface velocity field of adiabatic pulsations 

Wee first briefly summarize the traditional expression for the 
surfacee velocity field of non-radial pulsations in the limit of no 
rotation.. We will refer to this as the zero-rotation model. Sub-
sequently,, we give a more general description which accounts 
forr the effects of the Coriolis force on the displacement field of 
thee pulsation. This description, which we refer to as the slow-
rotationn model, is equivalent to those of Saio (1981), Martens 
&&  Smeyers (1982) and Aerts & Waelkens (1993). Hereafter we 
wil ll  refer to these three papers jointly as SMA. 

2.1.2.1. Basic equations 

Thee equations that govern linear, isentropic pulsations of a ro-
tatingg star are the equations of motion, continuity, conservation 
off  entropy, and Poisson's equation. In our treatment the distor-
tionn of the spherical equilibrium surface by centrifugal forces 
iss neglected, as well as the effects of centrifugal forces on the 
pulsationn (which are proportional to fi 2, with Q the angular rota-
tionn frequency of the star): only the effects of the Coriolis force 
(occ Q) are taken into account. Therefore, our description is only 
validd for slowly rotating stars. We will quantify this restriction 
inn Sect. 5.1. Following SMA, we assume that the evolution of 
thee star is a succession of quasi-static states of hydrostatic and 
thermall  equilibrium, and that the temporal part of the pulsation 
cann be written as elwt , where UJ is the angular frequency of 
pulsationn in the corotating frame and t is time. (Hereafter, we 
speakk of frequencies when we mean angular frequencies.) We 
writee the perturbed and linearized equations as 

w2ee + 2 i w ( n xO = V $ ' - ^ V P + - V P ' , (1) 
PPll P 

PlPl + lf(r+V.( = 0, (2) 
pp par 

p'p' \dpc 1 (P' \ d P \ ... 

V 2$'' = 4nGp' , (4) 

inn which £ = (£r, & , ^ ) is the Lagrangian displacement vector, 
p,p, P and $ are the mass density, the pressure, and the gravita-
tionall  potential, p', P', and $' are their Eulerian perturbations, 



Coenn Schrijvers et al.: Line-profile variations caused by spheroidal pulsations 63 3 

i=v/—T>> and T] is the first generalized isentropic coefficient. 
Thiss set of six equations determines the state of a rotating, 
pulsatingg star. 

2.2.2.2. Description in the limit of no rotation 

Sincee our aim is to calculate line-profile variations, we need 
too describe the pulsational velocity field at the surface of the 
star.. Neglect of the term proportional to CI in Eq. (1) leads to 
thee well-known solution of the perturbation problem for which 
thee angular dependence of the displacement field of a normal 
modee is specified by one spherical harmonic Y™ (0, <j>)  and its 
derivatives.. The spherical harmonic describes the shape of the 
perturbationn as a function of co-latitude 0 measured from the 
polarr axis, and azimuth <j>.  We write thee spherical harmonics as 

(5) ) YYee
mm (0,0) = PP (cos $) eim* , 

andd the Associated Legendre polynomial Pp1 (x) as 

^(*)-^(i-*r /2-&* 2-i)' ,, (6) 22eee\ e\ dxdx£+m £+m 

wheree £ and m=-£, ...,+£ denote the degree and azimuthal 
orderr of the mode respectively. The Lagrangian displacement 
vectorr for spheroidal modes of a non-rotating star in spherical 
coordinatess is then given by 

< - ( < ^ | . ^ & ) * r > r < M > ^ .. <7) 
withh a(0) and 6(0) the vertical and horizontal displacement ampli-
tudes.. The superscripts(0) refer to quantities in the non-rotating 
case.. N™ is a normalization constant 

N?N? = (-iy 
qsLqsL 2£+\ {£-\m\)\ 

Ait Ait {l+\m\)\ {l+\m\)\ 
(8) ) 

Notee that our definition of N™ differs from those of SMA and 
Unnoo et al. (1989), but that this difference is not important for 
ourr computations of the line-profile variability since we use 
thee maximum surface velocity to parameterize the pulsation 
amplitudee (see Sect. 5.4). 

Thee useful parameter k is defined as the ratio of the hori-
zontall  to the vertical amplitude. In the Cowling approximation 
($'' = 0), fc can be evaluated at the stellar surface by 

Jt(0>> = 
GM GM > > 

a<°)) (w«»)2JP 
(9) ) 

withh G, M and R the gravitational constant, the stellar mass 
andd radius, respectively. We discuss the validity of the Cowling 
approximationn for the determination of k in Sect. 2.5. 

Thee surface velocity field in the corotating frame is then 
completelyy specified by £, m, a(0), fc(0), and w(0). We refer to 
thiss description as the zero-rotation model. Note that this does 
nott mean that the star does not rotate, but rather that we are us-
ingg the zero-rotation approximations to describe its pulsational 
behavior. . 

2.3.2.3. Velocity field ofadiabatic pulsations of a rotating star 

Wee now consider the effects of the Coriolis force on the prop-
ertiess of the pulsation of a rotating star. Following SMA we 
expandd all unknown quantities in a zero-rotation part and a 
correctionn term due to the Coriolis force. The correction terms 
aree proportional to the parameter fi/u>(0) (which is assumed to 
bee smaller than unity, see below). The vertical and horizontal 
Lagrangiann displacement amplitudes a and b become 

== „« » a a 
aa = or' + —^ro 

(i ) ) 

U) U) (0)' ' » - & ( 0 ) + ^ ( , , > > (10) ) 

andd similarly, the pulsation frequency is written as (in analogy 
withLedouxx 1951) 

uu = u™ n n 
++ ^ "  = w 

(1)) = u/0 )+mftCn,, (11) ) 

whichh describes the frequency splitting caused by the rotation 
off  the star. The constant C„i  (Ledoux 1951, Hansen et al. 1978) 
dependss on the internal structure of the star, and on the de-
greegree £ and radial order n of the mode, and hence C^u contains 
asteroseismologicall  information. 

Sincee the effects of the centrifugal force (oc (ft/a/0))2) are 
neglected,, the expansions above are, in general, only applicable 
too cases where Q/CJ{0) -C 1. Substituting expansions similar 
too those in Eqs.(10) and (11) for all quantities in the set of 
equationss (1-4), and neglecting all terms of the second and 
higherr orders in fi/a/0\ leads to a new system of equations 
whichh needs to be solved to determine the unknown first-order 
quantities. . 

Ass shown by SMA, the eigenfunctions of the star can now 
bee written as a superposition of the zero-rotation eigenfunc-
tionss (Eq. 7) and one spheroidal and two toroidal terms. The 
threee latter terms are due to the Coriolis force. We express the 
Lagrangiann displacement field at the surface of a rotating star 
by y 

+OlOT,l-] +OlOT,l-] 

inn which the zeroth and first order spheroidal terms are com-
binedd in the first term. We note that, instead of JVJ", AW in-
correctlyy use iV£, and 7V£, to normalize the toroidal terms 
inn their Eq. (19), and that their implementation of the velocity 
fieldfield contains a small error (Aerts & Waelkens, 1995). With our 
definitionn of 17"» the amplitudes a5ph,*, at0r,/+i, and a,orj*_i in 
Eq.. (12) are given by 

- « ( 0 ) ) n n 
aspMM = ol ' + 7-Töya 

(l) ) 

UA A 
(13) ) 
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Ötor^+ ll  -
ilil  £- |m| + l 2 

u; ; 
(0) ) ^+11 21 

—— ( l - ^ ( 0 ) ) a( 0 > , (14) 

0>tor,l-\0>tor,l-\ = 
a; ; ^ ^ 2 Z T ï ( 1 + ( ' + 1 ) ^ a < 0 )-- (15) ) 

Notee that for sectoral (£=\m\) and radial (f=0) modes the term 
proportionall  to K/Ü, in Eq. (12) equals zero. 

Forr a given stellar model, the amplitude of the first-order 
spheroidall  correction a(1) in Eq. (13) can be determined from 
thee zeroth-order solution of the pulsation mode. In our general 
treatmentt we avoid the introduction of an additional parameter 
a(1),, making use of an approximation that is allowed in a first-
orderr approach: instead of a(0), we substitute asph,*  into Eqs. (14) 
andd (15), which introduces an error of the second order in fï/a/0) 

inn Eq.(12). This substitution allows us to study the effect of 
thee toroidal terms, which arise as a consequence of rotation. 
Thee effect of rotation is then determined only by the rotation 
parameterr fi/cj (0), which becomes the sixth parameter of the 
surfacee velocity field in addition to the five mentioned above: 
t,t, m, asph, fc

(0), w(0), and Ü/um. In the following, we refer to 
thiss description as the slow-rotation model. 

2.4.2.4. An expression for k, correct to the first order in fi/u/0) 

Inn the slow-rotation model, k is modified by rotation and may 
differr significantly from Eq. (9). AW give an expression for k 
whichh is correct up to the first order in fi/tu(0), but their result 
containss the unknown parameters o(1) and 6(1) and therefore 
cannott be used in applications. We derive a new expression to 
approximatee k, up to the first order in Q/u{0\ from the boundary 
condition n 

6P6P = P'+S-VP = 0, (16) ) 

att the surface of the star. Our derivation of k is similar to the one 
inn the zero-rotation model. Under the assumptions of spherical 
symmetryy and hydrostatic equilibrium, the condition (16) leads 
to o 

p'(0) ) 
£j j 
pR pR 

fifi  R '(i ) ) GM GM 

u>' u>' 
(0) ) 

_Jm._Jm. - ^^-(nm + — a( , )) 
PPRR ~ H3 (G '™ '' 

n_ n_ (17) ) 

Fromm the 0-component of the equation of motion of order 
zeroo in U/uJi0) (Eq. 1), we find that 

D'(0)) I / p'(0) \ 

PRPR R\ P e 
(18) ) 

'0> > Similarly,, an expression for P  ̂ is given by 

$' ' (i) ) 
im im 

(19) ) 

^2mC n/ '-^( // + f)j  , 

(seee e.g. Eq. 13 in AW). Note that we used the Cowling approx-
imationn ($' = 0) in both Eq. (18) and (19). We use Eqs. (10-11, 
17-19),, and neglect terms of order (fi/o/0))2 to obtain 

,, GM 2m ft , 
oo = i m f l + irr* —77 — (a + o) uu22RR33 £(£+\)u> 

(20) ) 

Thiss leads to the following expression for k, correct to the first 
orderr in the parameter fï/ü/0) 

bb _ GM 2m Q 
a~u*&a~u*&  + i(£+l)ü 

// GM\ 
VV + ÜÏR?) 

(21) ) 

Relatingg k to the zero-rotation frequency u>(0) rather than to the 
pulsationn frequency w leads to the desired expression, correct 
upp to the first order in fi/o;(0) 

kk = - = km + 2m^ 
a a  ™ 

inn which we used Eqs. (9) and (11). 
Eq.. (22) shows that the structure constant Cni enters the 

descriptionn of the surface velocity field, when first-order terms 
duee to the rotation are included. In the case of p-modes with 
highh radial order, Cni tends to zero, while for g-modes with 
highh radiall  order it tends to \fl{t  + 1) (Unno et al. 1989). For 
high-orderr p-modes, the term with Cni in Eq. (22) vanishes 
(fc(0)-^^ 0). On the other hand, as we will discuss in Sect. 5.6, for 
largee fc(0)—values (i.e. high-order p-modes) a small change in k 
doess not change the characteristics of the line-profile variations. 
Hence,, for these two limiting cases of high order p- and g-
modes,, the line profiles do not depend on the actual value for 
CCnnt-t- For cases with intermediate fc(0)- values, Cnt co-determines 
thee line profiles via the first-order correction of k. In the slow-
rotationn model, we assume Cnt = \f2£(£+ 1) for simplicity, 
whichh is in between the two limiting cases for p- and <j-modes 
off  high radial order. This approximation might not be accurate 
forr fundamental modes. For numerical calculations of Cnt we 
referr to Hansen et al. (1978) and to Carroll and Hansen (1982). 

Byy means of Eq. (22), we draw the following conclusions 
aboutt the correction of fc(0) by the rotation of the star. In the 
casee of high-order 0-modes (large A:(0)), the first-order correc-
tionn term for k is smaller than the zeroth-order component if 
fï/ü/0)<0.5.. This means that for these modes horizontal mo-
tionss dominate like in the non-rotating case. For p-modes (i.e. 
loww Jt{0)), however, the first-order correction term of k may be-
comee larger than the zeroth-order term, reflecting the fact that 
thee rotation can reduce radial motion in favor of horizontal mo-
tion.. For certain prograde modes (m<0), this could theoretically 
givee rise to negative A;-values. However, as will be discussed in 
Sect.. 5.1, for the small fc(0)-values associated with p-modes, the 
relativee rotation rate Q/OJ{0) is also small. Therefore, the small 
fcfc(0)(0)-values-values associated with p-modes will never be corrected by 
thee rotation in such a way that a large negative fc-value is found. 
Wee note that the first-order correction of k is most important 
forr modes of low degree L 
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2.5.2.5. Verification of the derived expression for kfor a polytmpic 
model model 

Heree we address the question: how large is the error in k due 
too the Cowling approximation? For this purpose, we have used 
thee computer code by De Boeck (De Boeck, in preparation) to 
determinee the ratio of the amplitudes b and a by means of an 
approachh that does not make use of the Cowling approxima-
tion.. The code performs a numerical integration of a system 
off  differential equations describing the pulsations up to first 
orderr in Q/wm in the case of a polytropic model with in-
dexx 3. The numerical values for k obtained in this way were 
thenn compared with the ones obtained from Eq. (22), for both 
p-p- and 0-modes (p i , . . ., p$ and g\,..., g\o). For each mode 
wee have considered I = 0 , . . ., 5, with m = - £ , . . . ,£ and 
n/o/°>> = 0.0,0.1,0.2,0.3,0.4,0.5. In all the considered cases, 
thee two k-values differ less than 5%. 

Too derive the fc-value for a real star, we need to know its 
mass,, radius, and pulsation frequency in the corotating frame. 
Sincee in practice the uncertainty in MfB? is likely to be larger 
thann 5%, we conclude that the error in k due to the Cowling 
approximationn is much smaller than that due to the inaccuracy of 
thee stellar parameters. The expression for k is therefore accurate 
enoughh for our purposes. 

3.. Line-profil e synthesis 

Thee velocity field of pulsation, described in the corotating 
frame,, is given by the time derivative of the Lagrangian dis-
placementt field 

V = ^^ = iu;£, (23) 

whichh we calculate on a spherical grid of typically more than 
50000 equally sized visible surface elements. For each visible 
element,, the corresponding rotational velocity of a uniformly 
rotatingg sphere is added. Neglecting all atmospheric effects due 
too the pulsation, we attribute to each surface element a Gaussian 
intrinsicc line profile with width W 

wheree the free parameter djntr is a measure of the line depth 
andd VQ the central velocity position of the Doppler-shifted line 
profilee of the regarded surface element. The line profile I(V) is 
thenn obtained by a weighted integration of the Doppler-shifted 
Gaussiann profiles of all visible surface elements. Finally, the 
profilee I(V) is normalized by means of a division by its contin-
uumm value. 

Wee note that our conclusions will not depend on the ac-
tuall  shape of the intrinsic line profile. The difference between 
profiless calculated with either a Gaussian or, for example, a 
rectangularr shape is only noticeable in the wings of the rota-
tionallyy broadened line profile. If the rotational broadening is 
largee enough (i.e. Ve sini>W), only the effective width of the 
intrinsicc line profile is important. 

Thee weights in the integration are determined by the as-
pectt angle of each element, neglecting the rotational and pulsa-
tionall  deformation of the stellar surface, and by a linear limb-
darkeningg correction of the form 

^ HH = l - a + acostf, (25) 

inn which t? is the angle between the surface normal of the sphere 
andd the line of sight. We adopt a limb-darkening coefficient 
aa - 0.35, which is appropriate for early B-type stars in the 
opticall  region (Wade & Rucinski 1985). For simplicity we apply 
thee same limb-darkening correction to the continuum and to the 
wavelengthh region of the intrinsic line profile itself. This means 
thatt we keep the shape of the intrinsic profile constant over 
thee stellar disk. For very strong lines this might not be a good 
approximation. . 

Wee checked whether or not the use of other values of 
thee limb-darkening coefficient a affects the validity of any of 
thee conclusions in this paper. The phases of variability across 
thee profiles do not change, but the amplitude distribution (see 
Sect.. 4) does. In our representation of the amplitudes of line-
profilee variability (see Sect. 4.1), a high limb-darkening coef-
ficientficient results in higher variational amplitudes at the fine cen-
ter,, and lower amplitudes at the wings of the profile. A limb-
darkeningg coefficient of 1.0 can lead to changes up to 20% of 
thee variational amplitudes with respect to the case with no limb 
darkening.. Nevertheless, our conclusions do not depend on our 
choicee for the limb-darkening coefficient. 

Inn this work we aim to investigate the observational charac-
teristicss of line-profile variations in the best situation one can 
consider,, namely that of perfect data. Following this approach, 
wee can establish which pulsation parameters one may ultimately 
derivee from observations. For this reason, we generate data that 
perfectlyy sample the pulsation period, with sufficient spectral 
resolution,, and we do not include noise in the synthesis of our 
spectra. . 

Inn the case of real data, the data sampling and data quality 
(e.g.. signal to noise ratio, S/N, spectral resolution, and correct 
continuumm rectification) govern the detectability of the pulsa-
tionn characteristics. The interplay between the time sampling 
andd the S/N is complicated and may hamper the detection of 
characteristicss of certain pulsation modes in a complex fash-
ion.. Generally, we expect that from lengthy data sets the most 
conclusivee results can be derived. 

4.. Diagnostic tools for  the analysis of line-profil e variabilit y 

Inn practice one aims to derive pulsation parameters from ob-
servedd spectra. To enable a comparison of our results with that 
off  observational studies, we analyze the artificial time series 
off  spectra with two diagnostic methods, each closely related 
too techniques discussed in the literature (Gies & Kullavanijaya 
1988,Aertsetal.. 1992). 
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convenientlyy achieved by fitting a combination of sinusoids of 
thee form 

Fig.. 1. Line-profile variability for a pulsation mode with input parame-
terss £=5, m = - 5, %,ax=0.1 Vc sin i, fc(0)=0.0, W=0.1 Ve sin i, i=75°, and 
fi/o;fi/o; (0)(0)=0.0=0.0 (zero-rotation model). 
Left:: Line profiles during one pulsation cycle, with time increasing 
upwards.. The first and the last profile are identical. The dotted line 
indicatess the mean of the time series. The separation between the tick 
markss at the velocity axis is Ve sin i. The two arrows at the bottom refer 
too V=0 and V=0.7 Vc sin i 
Right:: Top: Intensity variations in line center (V=0). The variations 
aree shown during two pulsation cycles. The time tick marks correspond 
too those at the vertical axis of the left plot. The intensity variation is 
indicatedd by a thick line and is measured with respect to the mean pro-
file.file. The thin lines show the decomposition of the signal into sinusoids 
withh once and twice the apparent frequency. Bottom: Same as top 
panell  but at velocity V=0.7 \i sin i. The intensity scales are equal for 
topp and bottom panel. 

4.1.4.1. Morphology of amplitude and phase distribution across the 
lineline profile 

Wee calculated amplitude and phase diagrams as diagnostic tools 
forr studying line-profile variations. The diagrams are equiva-
lentt to the power and phase diagrams obtained by the popular 
methodd of Fourier analysis proposed by Gies & Kullavanijaya 
(1988). . 

Thee apparent frequency of observed line-profile variability 
(w0bs)) has to be determined by Fourier techniques. For synthetic 
linee profiles it is equal to the input frequency of the variations. 
Sincee the intensity variations in the line profile are not strictly 
sinusoidall  (see Fig. 8b in Gies 1991), there wil l be also some 
fractionn of the total variational power distributed over harmon-
ics.. Once the main frequency of the line-profile variation is 
known,, the variability of the normalized intensity can be de-
composedd into its harmonic contributions, which is in our case 

AI(V,t)AI(V,t) = V 0(V)s in(aW + ¥o(V)) 

++ 7 i (V)s in (2aW + # i ( y ) ) 

++ I2(V)sin(3ujobst + 2̂(V)) 

(26) ) 

too the intensity variations of a time series of generated spectra. 
Inn general, the amplitudes of the intensity variations decrease 
forr higher harmonics. Harmonics higher than the second (3w0bs) 
aree not taken into account in the fits since their amplitudes are 
tooo small to be of importance in practice. 

Inn Fig. 1 we illustrate the importance of harmonics in the 
analysiss line profile variations. It appears that in general at least 
onee harmonic is needed to properly describe the variability. The 
phasess of the sinusoids, as a function of position in the line pro-
file,file, describe the motion of the bumps that cross the profile. 
Throughh the line profile the phases and amplitudes of the si-
nusoidss show independent behavior, which is a clear indication 
thatt the inclusion of a harmonic provides additional information 
too the analysis of the line-profile variability. Taking into account 
onee or more harmonics can therefore improve the identification 
off  pulsation parameters from observed spectra. 

Forr the apparent frequency and its first two harmonics, we 
calculatee the amplitudes (7o, I\, h) and phases (* 0, * i , *2) 
forr each position in the line profile. We remove the 2tr wrap 
fromm "Ĵ o*  * i and "Ĵ  to create continuous blue-to-red phase 
diagrams.. In the figures which result from our grid calculations 
(Figs.. 3-9) we only plot the first-harmonic amplitude and phase 
diagrams,, because of the relatively low amplitude of the second 
harmonic. . 

Forr a Gaussian intrinsic profile, the amplitudes of the in-
tensityy variations (in continuum units) are proportional to the 
depthh of the intrinsic profile, djntr, and consequently also to the 
time-averagedd depth of the time series. We give the maxima of 
thee amplitudes across the line profile (7o,max, I],max, and /2,max) 
inn units of the central depth of the mean of the time series, i.e. 
wee present them in units of dmean = Pmem(V=0) (see Fig. 2), 
wheree P(V) = l - I(V) is the profile function. Therefore, our 
resultss are independent of the line depth dintt, and thus applica-
blee to a wide range of absorption lines. 

Inn Fig. 2 we see that the line-profile variations, and there-
foree the amplitude and phase distributions, extend significantly 
beyondd Ve sin i. In fact, the variability extends to % sin i + W+ 
thee maximum projected pulsation velocity, and reading off the 
phasee diagrams at Ve sin i can lead to a significant underestimate 
off  the blue-to-red phase difference. We measure the blue-to-red 
phasee difference over the full range at which variability is found. 
Thee advantage of this is that one does not need to have a priori 
knowledgee of Ve sin i; the disadvantage is that the investigated 
liness must not be affected by line blending. For blended lines, 
thee phase diagram wil l continue from one line into the other, 
andd can therefore not be used to determine A$o. A ^ i , A\I>2-

Thee blue-to-red phase differences A^o» A\I>i , and A$2 
(printedd inside the bottom panel at the right in Fig. 2) are ob-
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Fig.. 2. Example diagram for a pulsation mode with input parameters 
£=4,, m=-4, Kax=0.15^sini, fc(0)=0.15, W=Q.\ Vfsint, i=90°, and 
n/o)(0)=0.0. . 
Left:: Line profiles, and first (thick line, Ml ) and second (thin line, 
MX)MX) velocity moments during one whole pulsation cycle, with time 
increasingg upwards. The last profile and the first are identical. The tick 
markss at the velocity axis indicate % sin i. The first moment varies 
sinusoidallyy around zero with amplitude AMlxKs in i . The second 
momentt varies between M2mm x {Ve sin i)2 and M2mM x (% sin i)2. 
Right::  Top: Three pulsation cycles of residual (mean subtracted) 
spectraa are shown in a gray-scale image. Intensities less than aver-
agee are indicated black; bright regions in the profile are indicated 
byy lighter shades. Middle and bottom: Amplitude distribution and 
phasee diagram. From thick to thin: the amplitude and phase of the 
line-profilee variations at the input frequency (Iu(V) and tynCV)), the 
firstfirst harmonic frequency (Ii(V) and *i(V)) , and the second harmonic 
frequencyy (h(V) and ^i(V)). In the middle panel, the maximum val-
uess of the amplitude distributions are given in units of the average 
centrall  line depth dmcll„.  The total blue-to-red phase differences A*o , 
A^ i ,, and Avt^ are given inside the bottom panel, in radians. In all 
otherr figures we show only Io(V), I\(V), *o(V) , *i(V ) 

tainedd by taking the maximum phase difference between the 
outermostt velocity values at which the corresponding ampli-
tudee exceeds dmean/10000. For real observations, this cut-off 
velocityy wil l always be smaller because of noise which makes 
thee phase diagram indeterminate at the wings of the profile. 

Inn most cases, the phase diagrams are monotonie over the 
entiree line profile, so that the maximum phase difference A * is 
foundd between the outer ends of the region in which variability 
iss found. In some cases, however, there are slope reversals in 
* ( V),, so that the maximum difference A * is found in a smaller 
regionn in the line profile (see e.g. the middle row of Fig. 7b). 

4.2.4.2. The moment variations 

Anotherr important diagnostic for the determination of the prop-
ertiess of line-profile variations is the evaluation of the first few 
velocityy moments of the line profile (Balona 1986, Aerts et al. 
1992).. It is not our aim to present a detailed study of the mo-
mentt variations as a function of the different parameters. Such 
ann analysis is presented by De Pauw et al. (1993) in the case 
off  the zero-rotation model. In this work we compute the first 
andd second velocity moment to allow a comparison with De 
Pauww et al. and Aerts et al. (1992), and to show what global 
line-profilee variations (line shifts, line-width changes) go along 
withh the intensity variations as expressed by the amplitude and 
phasee distributions. 

Wee calculate the first and second velocity moment M\ and 
Mi,Mi, by a weighted summation of the normalized intensity across 
thee line profile 

MjMj  = J(V - VmfyP(V)dV , (27) 

wheree P(V) = 1 — I(V) is the profile function and Vfef is a 
referencee velocity. The zeroth moment Mo (equivalent width) 
iss constant since local variations of the intrinsic profile are not 
takenn into account here. The first moment is calculated with 
thee rest wavelength of the line as reference, and corresponds 
too the centroid velocity of the line profile. The second moment 
iss calculated using the first moment as reference velocity T£ef > 
andd is a measure of the squared width of the line. We normalize 
thee velocity moments with respect to the equivalent width Mo, 
andd scale the normalized first and second moments to Ve sin i 
andd (%sini)2 respectively. The first velocity moment varies 
sinusoidallyy with the pulsation frequency; the second moment 
showss variations with the pulsation frequency as well as its 
harmonics. . 

Ourr definition of the moments M\ and Mi is related to the 
definitionn of velocity moments < v  ̂ > used by Aerts et al. 
(1992)) by 

(V(Veesmi)smi)2 2 

5.. Relevant domains in parameter  space 

Inn the zero-rotation approximation, our model of the line-profile 
variationss has six parameters. In the slow-rotation model, the 
relativee rotation rate fi/w (0) is the seventh parameter. Of course, 
reall  line profiles and their variations also depend on Ve sin i and 
dintr-- These two parameters can be removed from the model by 
properr scalings, which are described in Sects. 4.1 and 5.5. A 
singlee representation of the line-profile variability is then appli-
cablee to a wide range of rotational velocities and line strengths. 
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5.1.5.1. Rotation and Ufuj(0) 

Followingg AW, we use values for £tyu/0) up to 0.5 for the slow-
rotationn model. The parameters k and H/c</0) are closely related 
becausee of their joint dependence on a;(0). Nevertheless, wee have 
chosenn to keep them as separate parameters, and consequently, 
everyy combination corresponds to a star with different mass, 
radiuss and/or rotational frequency. For a given rotational veloc-
ity,, a large value for ft/u;(0) corresponds to a large k-value. This 
impliess that certain domains in the fc(0)-($7/a/0))-plane become 
irrelevant,, depending on the ratio, -n, of the centrifugal force to 
thee gravitational force at the equator of the star 

Inn our work we only use combinations of fc(0) and fi/u/0) that 
satisfyy 77 ^ 0.25. This corresponds to an equatorial rotation 
velocityy that is at most 50% of the equatorial break-up ve-
locity.. Clement (1994) has found that the spheroidal part of 
axisymmetricc modes (zonal, m=0), does not maintain its basic 
zero-rotationn spatial distribution. Therefore, our model might 
bee inaccurate for zonal modes with high n/u/0). 

5.2.5.2. Prograde and retrograde modes 

Thee frequencies that we use for our line-profile calculations are 
thosee as observed in the corotating frame of the star. In this way 
thee retrograde modes lead to bumps that move from red to blue 
inn the line profiles, while the bumps of prograde modes move 
fromm blue to red. This makes it easier to distinguish prograde and 
retrogradee modes in our figures. In the zero-rotation approach, 
thee line-profile variations associated with prograde (m<0) and 
retrogradee (m>0) modes behave symmetrically in time (see 
Fig.. 6, right two columns). This symmetry is broken by the 
effectss of rotation on the mode, which necessitates a separate 

.. investigation of prograde and retrograde modes in the case of 
thee slow-rotation model. 

5.3.5.3. The inclination angle i 

Symmetriess in the expressions of the displacement field allow 
uss to restrict the inclination angle i to the interval [0°,90°] 
(Aertss 1993). 

5.4.5.4. The use ofVm^. instead of a&Ph 

AA comparative study of line profiles with different values of £, 
m,, k{0\ or n/uj{0\ in which the model amplitude asph is kept 
constant,, is not convenient, since this implies physical situations 
withh substantially different velocities, and correspondingly dif-
ferentt amplitudes of the line-profile variations. To facilitate a 
fairr comparison between the line-profile variations resulting 
fromm different parameter settings, we adjust the displacement 
amplitudee asph in each case such that the calculated maximum 
pulsationall  surface velocity 

Vnaxx = (JV? + V} + VA (31) 
\\ V ^ / max 

iss kept the same whereas the other parameters may vary. 

5.5.5.5. The use ofVcsmiasa scaling factor 

Twoo profiles will have identical shapes if the combination of 
\iaax/\e\iaax/\e sin i and W/Vt sin i is the same for both profiles. Such 
profiless differ only in velocity (wavelength) and intensity scale. 
Wee therefore use Vc sin i as a scaling factor for the velocity 
amplitude,, for the width of the intrinsic profile, and for the 
velocityy scale of the line profile. We adopt only one specific 
valuee of Vt sin i and vary the pulsation amplitude and intrinsic 
widthh to investigate the response in the line-profile variations. 

Thee amplitude of pulsation l ^ and the intrinsic profile 
widthh W have a broad range of physically relevant values. The 
moree rapid rotators are best accounted for by relatively small 
valuess of lmax/l£ sin i and WfV& sin i, while the slower rotators 
havee values of Imax and W of order V£ sin i. 

5.6.5.6. The ratio A;(0) of the horizontal to the vertical amplitudes 

Theoretically,, the value for k can range from approximately 
zeroo up to infinity (Eq. 22). If we keep l&ax the same for each 
calculatedd mode, the profiles do not change much for k values 
higherr than a certain value k+. Above this value, the magnitude 
off  the velocity vector is almost proportional to kt because the 
radiall  velocity component becomes negligible. For all inves-
tigatedd modes we found k+'&  1 , depending somewhat on the 
consideredd I value. In Figs. 7 and 9, where A;(0) is one of the two 
runningg parameters, we adjust the range of fc(0) according to 
thee value of k+. The line-profile characteristics for the highest 
valuess that we use for fc(0) can be considered as representative 
forr all higher values as well. 

Forr the calculation of line profiles, we have chosen to use 
fcfc<0)<0) as model parameter and to calculate the corrected k from 
Eq.(22).. Such an approach allows to separate the effect of 
thee rotation on k, and to study the line profiles by comparing 
differentt rotation rates for the same fc(0)-value (Fig. 9). 

6.. Results 

Wee computed a large number of time series of line profiles 
onn two-dimensional grids. For each grid we varied 2 out of 7 
relevantt pulsational and stellar parameters: £, m, Vm^, fc(0), it 
ü/uiü/ui(0)(0),, and W. From these calculations, we selected a few grids 
too serve as illustrations in this paper (Figs. 3-9). The domains 
off  the parameters in these grids are chosen to bring out the 
mostt illustrative examples, while covering the physically rele-
vantt cases. The results of each grid calculation are displayed in 
twoo parts. The left part displays the time series of line profiles 
alongg with the corresponding behavior of the first and the sec-
ondd velocity moment. The right part shows the corresponding 
residuall  spectra, and the distributions of variational amplitudes 
andd phases across the line profile. See Fig. 2 for an example. 

Notee that in Figs. 3-9 we present time series of line profiles 
duringg 3 pulsation cycles, without specifying the time scale 
off  the variability; the velocity axes are scaled to Vt sin i. This 
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meanss that in some of the Figures 3-9, the parameters that 
changee along the axes of the grid imply stars with different 
mass,, radius, rotation period and/or pulsation frequency. 

6.1.6.1. Line-profile variations with the pulsation frequency and its 
harmonics harmonics 

Ass shown in Sect. 4.1, line-profile variability is in general not 
onlyy found at the input frequency of the variations but also 
att its multiples (i.e. its harmonics), even for an assumed sinu-
soidall  behavior of the surface velocity field (e.g. for fc=0 and 
fj/o/0)=0)) (see also Fig. 1). This effect is due to the Doppler 
mappingg of the three-dimensional stellar surface velocity field 
ontoo one-dimensional velocity (or wavelength) space, which 
hass only a one-to-one correspondence1 in the limit of zero pul-
sationn amplitude. Sharply peaked moving bumps give rise to 
stronglyy non-sinusoidal line-profile time variability, which re-
sultss in large harmonic amplitudes. 

6.1.1.. The amplitude distribution at harmonic frequencies 

Thee shape of the amplitude distribution across the line profile 
dependss on all parameters, in many cases in a very complicated 
manner.. Only the behavior of the amplitude distribution of sec-
torall  modes with different values of k are easy to understand 
(e.g.. see Sect. 6.2 and 6.3). In general, the shape of the am-
plitudee distribution of the variations at the harmonic frequency 
resembless that at the input frequency. 

Thee relative magnitude of the variations at the different fre-
quenciess is another aspect of the variability. The ratio of the 
variationall  amplitude at the first harmonic frequency to that at 
thee input frequency, I\(V)/Io(V), is an indicator of the non-
sinusoidall  nature of the line-profile variations, and depends on 
thee position in the line profile. We write the ratio of the max-
imaa of the individual distributions (that may occur at different 
velocityy positions) as (/i/iiOmax- We find that for all investi-
gatedd cases C7o/-?2)max>l and (Ii/h)max>l- For most but not 
alll  cases we find (/o/^i)max> 1-

Wee find that (i"i/io)imx depends mostly on W and on Kiax-
Thiss is illustrated in Fig. 8. The relative harmonic amplitudes 
(/i/io)maxx and (Jij7o)max increase for increasing pulsation am-
plitudee \4ax- The width of the intrinsic line profile causes a 
blurringg of the moving bumps. Therefore, the contrast (sharp-
ness)) of the bumps will decrease with increasing intrinsic width, 
andd consequently also (7i/io)max-

Wee find weaker dependences of (7i//o)max and {h/Io)mo. 
onn k and i. A small decrease of (i"i //o)max is found towards the 
highh &-values and low inclination angles. 

Inn Fig. 5 we illustrate the peculiar line-profile behavior that 
wee found for modes with t—m an odd number and with an 
inclinationn angle very close to 90°. For these modes, we find 

11 for a non-pulsating uniformly rotating spherical star there is a one-
to-onee relation between a straight line on the stellar disk, parallel to 
thee stellar rotation axis, and a position in the line profile: the integrated 
stellarr light emitted by the surface elements on this line is Doppler 
mappedd to a single position in the line profile by the rotation of the star 

thatt the apparent number of moving bumps in the line profile is 
doubled.. This behavior leads to a variability that is found at even 
multipless of the input frequency, but not at the input frequency 
itselff  (Fig. 5, see Reid & Aerts 1993). Towards an inclination of 
90°° the variation at the input frequency disappears because of 
cancellationn effects, whereas the variability at the first harmonic 
iss unaffected. The cancellation at the input frequency is caused 
byy the symmetric behavior of the pulsation with respect to the 
stellarr equator, and will already disappear at inclinations that 
differr only a few degrees from 90° (see Paper III) . 

6.1.2.. Determination of I and \m\ from the phase differences 
acrosss the line profile 

Iff  the power at the harmonics relative to that at the input fre-
quencyy is small, the blue-to-red phase difference A* o is di-
rectlyy related to the number of traveling bumps that migrate 
throughh the line profile. In such cases of sinusoidal line-profile 
variations,, the phase difference across the line profile can be 
measuredd by counting the number of traveling bumps. We find 
thatt the phase diagrams themselves provide a more objective 
measuree of the number of cycles across the line profile, regard-
lesss of the importance of the harmonics. For multiple modes, 
thee number of traveling bumps in the line profile is determined 
byy the combined effect of all modes, in which case the blue-
to-redd phase differences can only be successfully determined if 
thee apparent frequencies of each of the modes can be resolved 
(seee Paper II) . 

Manyy authors (e.g. Smith 1986; Gies & Kullavanijaya 1988; 
Kambee & Osaki 1988; Yang et al. 1988; Kambe et al. 1990) 
havee used the number of visible bumps or, equivalently, the 
blue-to-redd phase difference A^o to identify \m\ according 
too A$o = \m\%. However, from our calculations we find that 
thee line-profile behavior for both tesseral and sectoral modes 
displayss a blue-to-red phase difference proportional to t rather 
thann to |m|. Such a relation was already suggested by Merry field 
andd Kennelly (1993), who found for one tesseral mode that their 
apparentt azimuthal order rh corresponds more closely to £ than 
too \m\. In addition, we find that the phase difference A* i at the 
firstfirst harmonic frequency 2w0bS is an indicator of jm|. Figure 4 
givess a typical example of this behavior of the phase diagrams. 

Wee tentatively conclude that it is possible to determine both 
thee degree I and the azimuthal order \m\ from the phase in-
formationn provided by a Fourier analysis of an observed time 
seriess of high-resolution spectra with sufficient signal to noise 
ratio;; in Paper II we elaborate on this subject. An independent 
checkk of the (£|m|)-value can be performed by an application 
off  the moment method (for 1&4, and if effects of rotation and 
temperaturee variation can be neglected). 

Inn several of our diagnostic diagrams (see Figs. 6 and 9) for 
modess with intermediate to high fc-values, we find a blue-to-
redd phase difference A'Jfo that differs by 27r from the empirical 
relationn with t that is shown by the majority of our calculations. 
Modess with low fc-values show line-profile variations mainly 
causedd by radial motions, causing a phase of variability that 
changess across the line profile along with the change of phase of 
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Fig.. 3. Line-profile variability for two different pulsation modes as a function of Q/um. See Fig. 2 forr a description of the figures. For clarity 
wee do not plot h(V) and *2(^) . Top row: radial pulsation (fcO). Bottom row: non-radial pulsation mode {1=2, m=-2). The values of the other 
parameterss are (for both modes): \ î%=0.15 M sin i, W=0.1 % sini, fc(0)=0.8 (not relevant if £=0), and i=90°. The effect of the rotation is large 
forr these low-degree modes. In both cases power is added to the line center, leading to similar line-profile behavior. For the radial mode this is 
causedd by the rotationally induced toroidal term; for the non-radial mode the effect is mainly caused by the first-order correction of k 

thee traveling waves at the surface of the star. For intermediate to 
highh k- values the profile variations do not follow the continuous 
phasee change at the stellar surface. A positive azimuthal motion 
(V^^ > 0) will cause a negative Doppler shift at the blue wing of 
thee profile, but a positive shift at the red wing. This results in an 
additionall change of phase by IT around the line center. Other 
sourcess of variability at the line center determine whether this 
changee will be positive or negative, which leads to differences 
off 2n in A $ o for modes with the same I-value. The blue-to-
redd phase difference of modes with intermediate to high k is 
thereforee co-determined by other possible sources of variability 
att the line center (e.g. toroidal terms; radial and ö-movements; 
locall brightness and EW changes). In this work, differences in 
A\I>oo of 2n are found by using different parameters i and fi/a>(0) 

(seee Figs. 6 and 9). 

AA detailed analysis of the determination of I and \m\ from 
thee phase diagrams at the input frequency and its harmonics is 
thee subject of investigation in Paper II. 

6.2.6.2. The effects of rotation on the line-profile behavior 

Thee effects of the Coriolis force on the line-profile variations 
aree hard to classify, because they depend on the specific combi
nationn of parameter values. However, the effects of the Coriolis 
forcee increase for higher values of k. 

Forr high-degree sectoral modes (say £>4), the effects of 
rotationn are negligible for values of fi/u/0) up to 0.5. This is 
becausee the toroidal amplitude of these sectoral modes is too 
small,, compared to the spheroidal amplitude, to have a large 
effectt on the line profiles. Under the same conditions the value 
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off  k is also not modified by rotation (Eq. 22). The effects of 
rotationn increase in importance for sectoral modes of lower 
degree.. If I is small enough (0, 1 or 2) the first-order terms can 
leadd to drastic changes in the line profiles and their variations. 

Figuree 3 shows the line-profile behavior of a prograde sec-
torall  £=2 mode and a radial (£=0) mode. It shows that radial 
modess in rotating stars can easily be confused with £-—m=2 
modes.. In spite of the completely different surface velocity 
fieldss of these modes, the presence of rotation induces a very 
similarr line-profile behavior. The reason for the similarity is 
purelyy accidental; in case of the 1=2 mode the dominant rota-
tionall  effect is a change in fc-value, whereas the radial mode 
iss changed only by one toroidal term (see Eq. 12) which in-
ducess a periodic increase/decrease of the rotational velocity at 
thee surface. Note the similarity with the line-profile variations 
presentedd by Gies (1994). 

Tesserall  modes are much more affected by the Coriolis force 
thann sectoral modes since for tesseral modes the rotation gives 
risee to a relatively large second toroidal correction term (see 
Eq.. 12), which is zero for sectoral modes. We find remarkable 
line-profilee behavior for tesseral modes with a high fc(0)-value 
andd no node line at the equator (£—m even). In the slow-rotation 
model,, these tesseral modes lead to dominant variability at the 
linee center, similar to a sectoral mode with small fc(0)-value (see 
Fig.. 6). 

Inn his discussion of the so called ^-problem, Smith (1986) 
mentionedd that for high fc(0)-values, the toroidal term(s) caused 
byy rotation might be able to mimic the amplitude-distribution 
characteristicss of a low-fc(0) mode. For sectoral modes with £>3 
andd values of f2/u>(0)^0.5, we find that the toroidal term in-
ducedd by the Coriolis force is not capable of generating enough 
variabilityy near the line center. However, as mentioned above, 
tesserall  modes are modified by a second toroidal term that can 
indeedd contribute to the amplitude at the line center, mimicking 
thee characteristics of a low-A;(0) mode. 

Forr the line-profile variations that are significantly affected 
byy the effects of the Coriolis force, we find differences between 
thee prograde and the retrograde modes. We find only modest 
differencess between the amplitude diagrams of both cases. As 
mentionedd in Sect. 6.1.2, the blue-to-red phase difference of 
modess with intermediate to high k values is co-determined by 
thee toroidal motions caused by the Coriolis force. In some cases 
thiss leads to a difference of « 2n between the prograde and the 
retrogradee case (see rightmost 2 columns in Fig. 6). 

6.3.6.3. The difficulty to derive k-values from amplitude diagrams 

Thee determination of the A:-value from observed line profiles 
hass been discussed by several authors (e.g. Smith 1986; Kambe 
ett al. 1990; Lee & Saio 1990). Many factors may play a role 
inn the appearance of modes with high fc-values, of which a few 
aree discussed below. 

Forr sectoral modes, the most significant effects of the pa-
rameterr k on the line-profile behavior can be described as fol-
lowss (see Fig. 7, top row). A convex amplitude distribution is 
foundd for k ~ 0. For a somewhat higher value of k (depending 

onn the values of m and £), the amplitude distribution takes a 
rectangularr shape, as a consequence of larger horizontal mo-
tions.. This trend persists towards the higher fc-values so that 
abovee a certain value of k all variability is concentrated in the 
wingss of the absorption profile, and the amplitude distribution 
hass acquired a double-peaked shape with almost no power in 
thee line center. Proceeding to still higher values of k, while 
keepingg tynax constant, has no further effect on the line profiles 
andd their amplitude distribution, since the horizontal motions 
alreadyy dominate. 

Thee rectangularly shaped and double-peaked amplitude dis-
tributionss of sectoral modes with intermediate to high fc-values 
aree blurred at high values of the intrinsic width W/VK sin i (see 
Fig.. 7). If W/% sin i is sufficiently large, a change in k does not 
leadd to any effect on the amplitude distribution at all. A cor-
rectt determination of k, by means of amplitude distributions, 
shouldd therefore include a reasonable estimate for the intrinsic 
line-profilee width W/Vt sin i. This is especially relevant for line 
profiless of light ions in slow/moderate rotators. 

Thee ^-characteristics of tesseral modes depend crucially on 
thee relative rotation rate fi/u/0). As we have shown in Sect. 6.2 
andd Fig. 6, slow rotation changes the amplitude distribution of 
manyy high-fc tesseral modes in such a way that the highest am-
plitudee is found at the line center, whereas for other high-fc 
tesserall  modes the maximum amplitudes are found in the wings 
off  the profile. Therefore, we cannot identify high-fc character-
isticss for tesseral modes in general. 

Finally,, it has been shown previously (Lee & Saio 1990, Lee 
ett al. 1992, Townsend 1996) that if temperature effects (i.e. local 
surfacee brightness and EW variations) co-determine the line-
profilee formation, the ̂ -characteristics may generally disappear. 
Wee intend to describe the influence of these temperature effects 
onn the amplitude and phase diagrams in a separate paper (Paper 
IV) . . 

Wee conclude that in general it is difficult to determine the 
k-k- value of a pulsation mode from the amplitude distributions of 
observedd time series of line profiles alone. However, a double-
peakedd amplitude distribution always reflects a high /rvalue, 
iff  the blue-to-red phase difference MIQ exceeds 27T radians. A 
double-peakedd amplitude distribution together with a blue-to-
redd phase difference of less than 2TT, can also occur for a radial 
orr an £ = 1 mode. 

6.4.6.4. Amplitudes of line-profile variations of tesseral modes 

Itt is well known that, if the star is seen equator-on, sectoral 
modess are much more effective in producing line-profile vari-
ationss than tesseral modes. For smaller inclination angles, this 
effectivenesss is reduced. For tesseral modes, this efficiency be-
havess different with respect to the inclination angle. Towards 
smallerr inclination angles, tesseral modes are increasingly effi-
cientt in producing line-profile variability. In general one could 
statee that at inclinations around 45° the tesseral modes are 
moree efficient in producing line-profile variations than sec-
torall  modes, for equal surface velocities. This aspect of tesseral 
modess is illustrated in Fig. S. 
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Ass expected, the line-profile amplitude characteristics of 
tesserall  modes are much more sensitive to the inclination angle, 
thann those of sectoral modes. Especially in the cases that the 
Corioliss force causes significant toroidal terms, the line-profile 
formationn of tesseral modes is very complex (see Sect. 6.2). 

6.5.6.5. Retrieval of the inclination 

Wee have not found a clear indication that one can derive the 
inclinationn from the IPS diagnostics. The presence of red-to-
bluee moving bumps, due to the traveling waves at the far side 
off  the star, coexisting with blue-to-red moving bumps might 
bee indicative for a low i (see Baade 1984,1987). The presence 
off  coexisting bumps moving in opposite directions, has been 
discussedd by Kambe and Osaki (1988) for the case of toroidal 
modess with small inclinations. Since for some modes there is 
enoughh information in the line-profile variability to derive i with 
thee moment method, we conclude that it should be possible to 
estimatee the inclination by fitting generated time series of line 
profiless or IPS amplitude and phase diagrams to the observed 
ones.. However, such an attempt can only be successful if both 
££ and m are precisely known. 

7.. Conclusions 

Wee presented a description of the oscillatory displacement field 
att the surface of a non-radially pulsating rotating star. This 
descriptionn accounts for the effects of the Coriolis force on the 
pulsation,, and is relatively simple to implement in models. 

Wee modeled time series of line profiles of rotating stars that 
exhibitt non-radial pulsations, and obtained amplitude and phase 
diagramss by means of a Fourier decomposition of the intensity 
variationss in the line profile. We found a number of interesting 
aspectss of the line profiles and their temporal behavior, which 
aree eimer new or have not been mentioned elsewhere. 

Thee precise shape of the intrinsic profile function only af-
fectss the characteristics of the line-profile variability if the width 
off  the intrinsic line profile becomes of the order of the projected 
equatoriall  rotation velocity Vs sin i. 

Limbb darkening does not fundamentally change the line-
profilee behavior. The phase diagrams are hardly affected by limb 
darkening.. However, the amplitudes of intensity variations in 
thee normalized line profiles do depend somewhat on the limb-
darkeningg coefficient. 

Forr a sufficiently inclined star, tesseral modes can produce 
largee line-profile variations; the variations can become even 
largerr than those of a sectoral mode. 

Forr large pulsational velocities, harmonics of the observed 
pulsationn frequency are needed to describe the line-profile vari-
ability.. The larger the line-profile variations caused by the ve-
locityy variations, the larger is the contribution of harmonics to 
thee variations. The harmonic variability increases also for a de-
creasedd intrinsic line profile width. We found a steep increase 
off  the relative harmonic contribution, i.e. an apparent doubling 
off  the number of bumps in the line profile, for modes with odd 
l—ml—m with an inclination close to 90°. 

Thee apparent number of bumps and troughs in the line pro-
filefile  is a measure of £ only if the harmonics of the line profile 
variationss are relatively unimportant, and if the star is pulsating 
inn a single mode. However, one can circumvent these restric-
tionss with a Fourier analysis of the time behavior of line profiles: 
thee degree £ and the azimuthal order m are related to the blue-
to-redd phase differences at the apparent frequency and its first 
harmonicc respectively. It should therefore be possible to derive 
££ and to put constraints on \m\ from IPS phase diagrams. 

Thee ability to detect high-A: characteristics in the line-profile 
variationss depends on the width of the intrinsic line profile, W: 
detectionn is only possible for cases with W £0.4 Vt sin i. For 
tesserall  modes, we find no characteristics mat distinguish be-
tweenn low and high k-values; a large subset of the tesseral 
modess with a high value of k still gives variability in the line 
center.. In the general case, without presuming that me observed 
line-profilee variations are due to a sectoral mode, we find no 
characteristicss of the variations that make it possible to derive a 
conclusivee value of k. Only the cases with a double-peaked am-
plitudee distribution give unambiguous information by explicitly 
implyingg a high A;-value, provided that the corresponding phase 
differencee A* o exceeds 2TT. 

Thee effects of slow rotation on the line-profile behavior of 
sectoralsectoral modes, are only important for modes of low degree. 
Line-profilee variations of tesseral modes can be heavily affected 
byy the effects of rotation. The rotationally induced toroidal 
movementss of tesseral modes with even £—\m\ and with large 
fc-valuesfc-values give rise to a line-profile behavior which is similar 
too that of sectoral modes with low fc-values. The line-profile 
variabilityy of a radial mode in a rotating star can easily be 
confusedd with that of a low-degree non-radial mode, if the 
Corioliss force is important. 

Ourr study of line-profile behavior has led to an atlas con-
tainingg line profiles and their characteristics, for various values 
off  the pulsation and relevant stellar parameters. This atlas can 
servee as a useful guide for those who plan to perform an analy-
siss of observed line-profile variations in many types of rotating 
pulsatingg stars. 

Acknowledgements.Acknowledgements. We are grateful to Ilse De Boeck for the use of her 
computerr code, which determines the fe-values by means of numerical 
integrationn of the system of equations describing the pulsations up to 
firstt order in the rotation frequency, prior to publication. We thank Jan 
vann Paradijs for his supportive remarks and his careful reading of the 
manuscript.. CA is grateful to Dr. Alex Fullerton for initializing her into 
thee field of Doppier Imaging and CLEAN. This research is supported 
byy the Netherlands Foundation for Research in Astronomy (NFRA) 
withh financial aid from the Netherlands Organization for Scientific 
Researchh (NWO), under project 781-71-043 (JHT). 

References s 

Aerts,, C, De Pauw, M., Waelkens, C. 1992, A&A, 266, 294 
Aerts,, C. 1993, Ph D Thesis, KU Leuven, Belgium. 
Aerts,, C, Waelkens, C. 1993, A&A, 273,135 
Aerts,, C, Waelkens, C. 1995, A&A, 293, 978 
Baade,, D. 1984, A&A, 135,101 



Coenn Schrijvers et al.: Line-profile variations caused by spheroidal pulsations 73 

Baade,, D. 1987, in 'Physics of Be stars', IAU Colloquium 92, eds. A. 
Slettebakk and T.P. Snow, Cambridge University Press, p. 361 

Balona,, L.A. 1986, MNRAS, 219, 111 
Carroll,, B.W., Hansen, C.J. 1982, ApJ, 263, 352 
Clement,, M.J. 1994, in' Pulsation, rotation and mass loss in early-type 

stars',, eds. Balona, L.A., Henrichs, H.F., Le Contel J.M. Kluwer 
Academicc Publisher, Dordrecht, p. 117 

Dee Pauw, M , Aerts, C, Waelkens, C. 1993, A&A , 280,493 
Gies,, D.R., Kullavanijaya, A. 1988, ApJ, 326, 813 
Gies,, D.R. 1991, in 'Rapid Variability of OB stars', ESO Proc. 36, ed. 

D.. Baade, p. 299 
Gies,, D.R. 1994, in 'Pulsation, rotation and mass loss in early-type 

stars',, eds. Balona, L.A., Henrichs, H.F., Le Contel J.M. Kluwer 
Academicc Publisher, Dordrecht, p. 89 

Hansen,, C.J., Cox, J.P., Carroll, B.W. 1978, ApJ, 226, 210 
Kambe,, E., Osaki, Y 1988, PASJ, 40,313 
Kambe,, E., Ando, H., Hirata, R. 1990, PASJ, 42,687 
Kennelly,, E. J., Walker, G. A. H., Merryfield, W. J. 1992, ApJ, 400, 

L71 1 
Ledoux,, P. 1951, ApJ, 114,373 
Lee,, U., Saio, H. 1990, ApJ, 349, 570 
Lee,, U., Jeffery, C. S., Saio, H. 1992, MNRAS, 254,185 
Martens,, L., Smeyers, P. 1982, A&A , 106, 317 
Merryfield,, W.J., Kennelly, E.J. 1993, in 'Seismic Investigation of the 

Sunn and Stars', GONG 1992, ASP Conference Series Vol. 42, p. 
363 3 

Osaki,, Y. 1971, PASJ, 23,485 
Reid,, A.H.N., Bolton, C.T., Crowe, R.A., Fieldus, M.S., Fullerton, 

A.W.,, Gies, D.R., Howarth, I.D., McDavid, D., Prinja, R.K., Smith, 
K.C.. 1993, ApJ, 417, 320 

Reid,, A.H.N., Aerts, C. 1993, A&A , 279, L25 
Saio,, H. 1981, ApJ, 244, 299 
Schrijvers,, C, Telting, J.H. 1996, Paper IV, in preparation 
Simon,, K.P. 1991, in 'Rapid Variability of OB stars', ESO Proc. 36, 

ed.. D. Baade, p. 335 
Smith,, M.A. 1977, ApJ, 215, 574 
Smith,, M.A. 1986, in ' Hydrodynamic and magnetohydrodynamic 

problemss in the sun and stars', ed. Y. Osaki, University of Tokyo, 
p.. 145 

Telting,, J.H., Schrijvers, C. 1995, Proc. IAU Symp 176 Vienna, ed. K. 
Strassmeier,, p. 35 

Telting,, J.H., Schrijvers, C. 1996a, (Paper II) , in press (A&A ) 
ThesisThesis Chapter 7 

Telting,, J.H., Schrijvers, C. 1996b, (Paper III) , in press (A&A ) 
ThesisThesis Chapter 8 

Townsend,, R.H.D. 1996, submitted to MNRAS 
Unno,, W., Osaki, Y., Ando, H., Shibahashi, H. 1989,' Nonradial oscil-

lationss of stars', 2nd edition, University of Tokyo Press 
Vogt,, S.S., Penrod, G.D. 1983, ApJ, 275, 661 
Vogt,, S.S., Penrod, G.D., Hatzes, A.P. 1987, ApJ, 496, 127 
Wade,, R.A., Rucinski, S.M. 1985, A&AS, 60,471 
Yang,, S., Ninkov, Z., Walker, G.A.H. 1988, PASP, 100, 233 3 



Chapterr 6 

CO O 

II I 

CO O 

II I 

M2-M2- =0.243 
mm m 

^ 2 „ „ „„ = 0.244 
=0.244 4 

=0.000 0 
M2-M2- =0.243 

mm m 
^ 2 m „„ =0.244 

max x 

Fig.. 4. a. Time series of line profiles and their first and second velocity moments, calculated for a grid of different combinations of £ and m. 
Thee remaining fixed parameters are: i=70°, n/u/0)=0.0, W=0. \0% sin i, %„=0.15Ü sin i, A:((1)=0.20. The first velocity moments are all plotted 
att the same scale, as well as the variations of the second moment. The scales at which the moments are plotted are therefore determined by the 
maximumm moment variations that are found in the grid. See Fig. 2 for a detailed description of the figures. Here we show that the variations 
off  the velocity moments are negligible for high-degree modes (££4). Variations of the first two velocity moments of high-degree modes (say 
££ > 4) will be very hard to detect with present observational techniques. Due to the nearly edge-on perspective, the line-profile variations of the 
tesserall  modes are systematically low; they increase for smaller inclination angles (see Fig. 5) 
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7711 = - 4 771 = - 6 m = - 8 m = - 10 
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Fig.. 4. b. Residual spectra, amplitude distributions In(V) and h (V), and phase distributions * ()(V) and * i (V) of the time series of line profiles 
displayedd in Fig. 4.a. For a detailed description of the figures, see Fig. 2. Note that in the gray-scale images we show three pulsation cycles of 
thee line profiles without specifying the time scale of the variability. In the panels with amplitude and phase diagrams we give the maxima of the 
amplitudee distributions Io(V), I\(V), h(V) in units of dmcM, and the total blue-to-red phase differences A* (), A*i , and A* 2 in radians. We 
onlyy show amplitude and phase diagrams for the input frequency (Jo(V), ^oCV)) and its first harmonic (I\(V), *i(K)) . The grid on this page 
givess a typical example of the blue-to-red phase difference of the variations at the input frequency, Aty(>, being an indicator of £. This finding 
rejectss earlier suggestions that the number of bumps in the line profiles is proportional to \m\. The blue-to-red harmonic phase difference of the 
variations,, A* i , does show to be an indicator of \m\ 
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Fig.. 5. a. Same as Fig. 4.a but for inclination i and azimuthal order m. Fixed parameters are: £=6, fi/u/o)=0.0, W=0.10l£ sin i, Vmdx=0.15VC sin i, 
fcfcll,)ll,)=0.20.=0.20. Note that the velocity moments, which are very sensitive to the inclination angle, have a far more detailed dependence on i than what 
cann be seen from this 4 x 4 grid 
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Fig.. 5. b. Residual spectra, amplitude distribution and phase distribution of the time series of line profiles shown in figure 5.a. One of the things 
shownn here is the canceling of line-profile variability for modes with £ — m an odd number, that are observed at an inclination of nearly 90°. 
Anotherr feature seen in this figure is the fact that line-profile variations are not necessarily at largest for inclinations around 90° (Sect. 6.1.1). 
Oppositee to sectoral modes, the amplitudes of line-profile variations from tesseral modes generally tend to increasee for decreasing inclinations. 
Thiss illustrates that tesseral modes are equally well capable of producing large moving bumps, if the star is sufficiently inclined. We find that this 
behaviorr is not affected by any other parameter. Also note the wiggles in the amplitude distribution, which are commonly, but not exclusively, 
foundd for low inclination profiles 
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Fig.. 6. a. Same as Fig. 4.a but for m against relative rotation rate fi/u/ 
kk(m(m=5.0 =5.0 

Fixedd parameters are: t=l,  i=70°, W=0. \0VC sin i, Vmax=OA0Vc sin i, 
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Fig.. 6. b. Residual spectra, amplitude distribution and phase distribution of the time series of line profiles displayed in Fig. 6.a. This figure shows 
thatt the toroidal term due to the Coriolis force hardly affects the line profiles of high-degree sectoral modes. On the contrary, tesseral modes 
areare affected. Extensive calculations, of tesseral modes at the highest rotation rate allowed in our model, revealed that the cases with I — m an 
evenn number show the zero-rotation characteristics of a low fe<0'-value. This is best illustrated by the amplitude distributions in the column with 
m=—m=—5.5. Also illustrated here (rightmost 2 columns) is the breaking of the symmetry between prograde and retrograde modes, when effects of 
rotationn become important. Furthermore, the right column is an illustration of the 2TT phase jump in A^o, that can occur when another source 
off  variability in the line center (in this case toroidal movements) dominates the effect of radial motions (see Sect 6.1.2 and Fig. 9) 
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Fig.. 7. a. Same as Fig. 4.a but for intrinsic line-profile width W (expressed in units of Vc sin i) against the ratio of the horizontal to the vertical 
velocityy amplitudes km. Fixed parameters are: £=8, m=—8, i=90°, ft/w<0)=0.15, l£,ax=0.15l£sini. From the right column it can be seen that, 
forr high values of km, the bumps that travel from blue to red through the line profile tend to disappear at the blue side of the line center, and 
reappearr at the red side. This behavior of high kw\ low W profiles disappears for the larger values of the intrinsic profile width W 
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Fig.. 7. b. Residual spectra, amplitude distribution and phase distribution of the time series of line profiles displayed in Fig. 7.a. The figure shows 
thee blurring of the line features for an increasing width of the intrinsic profile. The change in contrast of the bumps with W is most evident 
fromm the gray-scale residual plots. For large intrinsic profile widths W and any value of k, the amplitude distribution always has a shape that 
wass previously considered as characteristic for a lower fc-value and more narrow intrinsic profile. Also, the relation between the blue-to-red 
harmonicc phase difference and the value of \m\, is much less evident for the higher values of W 
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Fig.. 8. a. Same as Fig. 4.a but for velocity amplitude Vm.M against intrinsic line-profile width W (both expressed in units of V{sini) . Fixed 
parameterss are: £=6, m=-6, km=0.5, i=90°, tt/um=0.10. This figure clearly illustrates the increase of line-profile variability with increasing 
pulsationn velocity and with decreasing intrinsic width. Also illustrated here, is that the variations of M\ and Mi are independent of W. 
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Fig.. 8. b. Residual spectra, amplitude distribution and phase distribution of the time series of line profiles displayed in Fig. 8.a. This figure 
showss the dependence of the maximum ratio of amplitudes {I\/h)max on the surface velocity amplitude Kax and the intrinsic profile width W 
(Sect.. 6.1.1). A higher value o fWora lower value of VmM leads to more sinusoidal line-profile variability, i.e. a smaller value of (/1//o)max 
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Fig.. 9. a. Same as Fig. 4.a but for the ratio of the horizontal to the vertical velocity amplitudes kim against the relative rotation rate Q/wm. Fixed 
parameterss are: 1=5, m = - 5, z=75°, W=0.\0%smi, Vmax=0A0\i sini . The empty fields are for combinations of fc(ll) and fi/u/0) that imply an 
equatoriall  rotation velocity of more than 50% of break up (see Sect. 5.1) 
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Fig.. 9. b. Residual spectra, amplitude distribution and phase distribution of the time series of line profiles displayed in Fig. 9.a. It is clear that 
forr this pulsation mode the effects of rotation on the line-profile variability are very small. This figure also serves as an example of the 27r jump 
inn A* o (see Sect 6.1.2), which occurs for intermediate to high fc-values, if additional variability (in this case the toroidal motion induced by 
thee Coriolis force) is present at the line center. An additional source of variability at the line center can reconnect a bump at the blue side to a 
differentt one at the red side, leading to a 27r jump in the blue-to-red phase difference 
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Abstract.. We discuss the possibilities to derive the pulsation parameters £ and m of non-radially pulsating rotating stars 
fromm spectroscopic observations. We model the line-profile variations caused by the oscillatory velocity field and temperature 
variationss at the surface of the star. In our description of the velocity field of the pulsations, we use the expressions for linear 
adiabaticc pulsations, and include terms that account for the Coriolis force. For various stellar and pulsational parameters we 
generatee time series of spectra, and analyse the phase and amplitude diagrams resulting from a Fourier analysis of the time 
series. . 
Wee find that for stars with V£sini larger than approximately five times the half-width (HWHM) of the intrinsic profile, 
onee can derive both the degree £ and the order \m\ from the phase diagrams of the line-profile variations. We present 
linearr relations between observable phase differences and the parameters £ and \m\. These relations can be used to identify 
pulsationn modes. This method works for spheroidal and toroidal, sectoral and tesseral modes; it is possible to derive values 
off  £ & 15 and values of \m\ <, 10. The method is also applicable to multi-periodic multi-mode pulsations. 
Wee apply the method to analyse spectroscopic data sets of £ Oph and e Per, and present values of £ of the pulsation modes 
inn these stars. We use harmonic phase diagrams to constrain values of |m| of some of these modes. 
Wee argue that the presence of the complex pattern of frequencies in the periodogram of the line-profile variations of e Per, 
iss consistent with the expectations for profile variations which are dominated by the oscillatory velocity field, rather than 
thee oscillatory temperature variations. 

1.. Introductio n 

Thee study of pulsations in stars provides direct tests for the 
validityy of stellar evolution models. With observed pulsation 
frequenciess one can constrain these models, provided that the 
pulsationn modes can be identified. For non-radial pulsations the 
relevantt parameters are the degree I and azimuthal order m, 
whichh specify the tangential shape of the pulsation mode. The 
intrinsicc pulsation frequency is physically linked with the de-
greee of the pulsation (e.g., Dziembowski & Pamyatnykh 1993, 
Gautschyy & Saio 1993). For rotating stars the azimuthal order 
affectss the apparent frequency, since the modal pattern is ro-
tatingg with the star. Hence, for asteroseismological purposes 
onee needs accurately determined values of £, m and the ob-
servedd frequency. Heynderickx et al. (1994) and Cugier et al. 
(1994)) showed how to identify low-degree pulsation modes of 
00 Cephei stars from multi-passband photometry. In this paper 
wee focus on the possibility to spectroscopically determine £ 

andd m in rotating early-type stars; in many cases, our results 
aree applicable to S Scuti stars as well. 

Stellarr pulsations are reflected as line-profile variations 
inn absorption lines formed in the photosphere; for rotating 
starss patterns of alternating absorption and emission features 
crosss the profiles from blue to red on a time scale of hours 
too days. Such profile variations have been successfully mod-
elledd as the result of non-radial pulsations (see e.g. Smith 1978, 
Vogt&Penrodd 1983, Baade 1984, Gies&Kullavanijaya 1988, 
Kambee et al. 1990, Reid et al. 1993). The non-radial pulsations 
dividee the stellar surface in regions with different velocity fields 
andd temperatures. The velocity fields give rise to local Doppler 
shifts,, the temperature variations cause local brightness and 
equivalent-widthh changes. Due to the rotation of the star these 
variationss are Doppler mapped to the absorption line profiles, 
creatingg a moving pattern of peaks and troughs (see Figure 1). 
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Fig.. 1. Line-profile variations due to the 3-dimensional velocity field of non-radial pulsations. For different values of the pulsation degree (. 
wee show from top to bottom: radial (vertical) part of the eigenfunction V, — superposed line profiles of pulsating and non-pulsating case — 
differencee of line profiles of pulsating and non-pulsating case — grey scale representation of residual spectra (mean subtracted) of 3 pulsation 
cycless — distribution of the amplitudes of the variations with input pulsation frequency 7o(A) (thick line) and first harmonic 7i(A) (thin line) 
expressedd in units of average central line depth; numbers refer to the maximum values of the amplitudes /»(A) and 7i(A) — distribution of the 
phasee of the variations with input pulsation frequency *o( A) (thick line) and first harmonic of the pulsation frequency * i (A) (thin line) expressed 
inn units of 7rradians; numbers refer to the blue-to-red phase differences A\l>(> and A$ i . Vf sint is indicated by the outer vertical lines 
(top),, and by the tick marks on the horizontal axis (bottom). The stellar and pulsation parameters for this example are: inclination i=55°, 
intrinsicc line width W=0.\5\£ sin i, rotation parameter fi/w ((,)=0.0 (zero-rotation model), amplitude of temperature variations (ST/T)max=0.0, 
orderr m=—4, ratio of horizontal to vertical pulsation amplitudes /c((>)=0.3 and the pulsation amplitudes were chosen such that the maximum 
vectorr velocity due to the pulsation Vmax=0.15M sin i. Note that the slope of the main phase distribution *o(A) changes as a function of £, 
whilee the slope of the harmonic phase distribution * i(A) stays rather constant 
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Variouss methods to spectroscopically identify pulsation pa-
rameterss have been proposed (Smith 1977; Bal on a 1986; Ken-
nellyy et al. 1992; Aerts et al. 1992). One of the most widely 
usedd methods is based on a search for periodicity in the vari-
ationss in normalized intensity as a function of position in the 
linee profile (see e.g. Gies & Kullavanijaya 1988, Kambe et al. 
1990).. Considering that the pulsations are Doppler mapped as 
line-profilee variations, the mode identification is then attempted 
usingg the observed change in phase of the periodic variations as 
aa function of wavelength. Hereafter we refer to this technique of 
searchingg for periodicity as the Intensity Period Search (IPS), 
andd to the subsequent mode identification as the IPSS method. 

Giess & Kullavanijaya (hereafter G&K88) take the phase dif-
ferencee of the variations in the blue and the red edge of the line 
profilee as a direct measure of the absolute value of the pulsa-
tionn parameter m, which refers to the number of meridional 
nodall  great circles of the eigenfunction (see Figure 1 where we 
usedd |m|=4). At any instant, the pulsational variations are dis-
tributedd over the azimuthal angle (f> as eim* , and consequently 
thee full velocity range of the absorption line profile samples 
aa total phase difference of m/2 cycles (or m times TT radians). 
However,, this relation is only valid for sectoral modes (l=|m|, 
££ referring to the total number of nodal lines of the eigenfunc-
tion),, which have the source of most of the variability focused at 
thee equator of the star. For modes other than sectoral, the main 
sourcee of variability lies off the equator, and the m/2 cycles 
phasee difference is sampled by a smaller part of the absorption 
line.. Therefore one can expect steeper phase versus wavelength 
relationss for non-sectoral modes (see Figure 1). The question 
thenn arises whether the observed phase difference, and conse-
quentlyy the number of bumps and troughs in the line profiles, 
iss an estimator for the degree I rather than the azimuthal order 
m.. Merry field & Kennelly (1993) already suggested that this is 
thee case, but did not explore nor verify the validity of their sug-
gestionn in the literature. The applicability of the IPS method for 
modess other than sectoral has not been discussed before. For 
thee few reported mode identifications performed with the IPS 
methodd the authors assumed that the detected pulsation modes 
aree sectoral. 

Thee strength of the IPS method is that for multi-periodic 
multi-modee stars the line-profile variabilities caused by the in-
dividuall  pulsation modes are separated in frequency as a result 
off  the Fourier analysis. This allows the characteristics of each 
modee to be studied separately. The superposition of the indi-
viduall  three-dimensional surface velocity fields of the modes 
leadss to beating of the variations in the line profiles. Mathias 
ett al. (1994) have incorporated these beatings in the "moment 
method""  (see also Balona 1986, Aerts et al. 1992, De Pauw 
ett al. 1993), but the effects of beatings on the amplitude and 
phasee diagrams resulting from the IPS method have never been 
studiedd before. 

Inn this paper we investigate the IPS phase diagrams for all 
possiblee spheroidal and toroidal modes: sectoral, zonal (|m|=0, 
alsoo called axisymmetric modes) and tesseral (any mode that 
iss neither sectoral nor zonal), in order to find out whether one 
cann retrieve the input parameters I and m. We also discuss the 
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influencee on the amplitude and phase diagrams of beatings that 
aree caused by multi-periodic pulsations. For this purpose, we 
usee a model for adiabatic non-radial pulsations, including terms 
thatt account for the Coriolis force, to generate time series of 
linee profiles. 

Thiss paper is part of a series on line-profile variability 
causedd by adiabatic non-radial pulsations. Schrijvers et al. 
(1996,, hereafter Paper I) describe the model we use to syn-
thesizee line profiles, and present a survey of the relevant stel-
larr and pulsational parameters. Telting & Schrijvers (1996, Pa-
perr III ) discuss the cancellation effects that occur for near 
equator-onn stars with pulsation modes for which l-m is an 
oddd number. Preliminary results of the work presented here 
aree given by Telting & Schrijvers (1995). Other theoretical 
workk on line-profile variations due to non-radial pulsations has 
beenn presented by Kambe&Osaki (1988), Unno et al. (1989), 
Leee & Saio (1990), Lee et al. (1992), Aerts & Waelkens (1993), 
Reid&&  Aerts (1993), Clement (1994) and Townsend (1996). 

Inn Section 2 we briefly discuss the model of non-radial adi-
abaticc oscillations and the synthesis of time series of spectra. 
Inn Section 3 we summarize how to derive amplitude and phase 
diagramss from time series of spectra. In Section 4 we present 
thee results of our computations and discuss in detail the effects 
off  all relevant parameters on the expected phase diagrams. In 
Sectionn 4.4 wee present a statistical study on the chances of cor-
rectlyy identifying the pulsation parameters i and m. In Section 5 
wee discuss multi-periodic stars, and in Section 6 we apply our 
resultss to observations of c Per and C Oph. In Section 7 we 
summarizee our conclusions. 

2.. Modelling non-radial pulsations of slowly rotating stars 

Wee model line-profile variability caused by adiabatic non-radial 
pulsationss of a rotating star, with the rotation axis as the sym-
metryy axis of the pulsation. Our model is essentially the same 
ass the one described by Aerts & Waelkens (1993), with a few 
improvementss which have been discussed in Paper I. 

Thee model describes the three-dimensional surface veloc-
ityy field of adiabatic oscillations, and is derived from a linear 
perturbationn analysis of the equations of stellar structure, in-
cludingg terms describing the effects of the Coriolis force. The 
tangentiall  dependence of the eigenfunction can be written as 
thee sum of a spheroidal and two toroidal terms. At the surface 
off  the star the Lagrangian displacement vector £ = (fr, & , f^) 
cann be expressed as 

+-*** (°--Lh-S) ™ (M)eK" f'  (1) 

to 0 JV ' my '- ' (S ,e i<"" f ,

wheree aSpM is the spheroidal radial (vertical) amplitude and k 
iss the ratio of horizontal to radial amplitudes of the spheroidal 
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partt of the eigenfunction. The spherical harmonics Y™ specify 
thee 6 and <j>  dependence of the eigenfunction, and are normal-
izedd by the factor N™. The oscillation frequency u is defined 
inn the frame that is corotating with the star. The toroidal terms 
aree due to the Coriolis force; the amplitudes a,or,/-1 and ator,*+i 
aree proportional to Q/ui0), with fi the rotation frequency of the 
starr and u/0) the pulsation frequency in the zero-rotation ap-
proximation.. The expressions for V/" , N™, otor,/_i and at0r,/+i 
aree specified in Paper I. For a discussion of the limitations of 
thiss model we refer to Saio (1981), Martens & Smeyers (1982), 
Aertss & Waelkens (1993) and Paper I. 

Att the surface of the star the ratio of horizontal to radial 
amplitudess A; can be written as k = k(0) + (tl/u{0))kll\ where 
wee use an expression for fc(l) equivalent to the formulation 
givenn in Paper I. As in Paper I, we only generate spectra for 
combinationss of fï/u>(0) and k that correspond to an equatorial 
rotationn velocity of less than 50% of the break-up velocity. 

2.1.2.1. Temperature effects 

Inn this paper, we account for local brightness and equivalent-
widthh (WE) changes, which are induced by the oscillatory tem-
peraturee variations (Buta& Smith 1979, Lee et al. 1992). To 
enhancee the general applicability of our results, we will not 
strictlyy follow the adiabatic treatment of these temperature ef-
fects.. In the adiabatic approximation, the perturbation of the 
surfacee temperature follows the perturbation of the density, and 
iss in phase with the radial displacement for g modes, and in 
anti-phasee for p modes. In our work we use the positive root of 
thee equation 

(£(£+(£(£+ l))fc2 - 4 k - 1 = 0 (2) 

(seee e.g. Buta & Smith) to discriminate between p (low k) and 
gg (high A;) modes, and change the phase lag between tempera-
turee variations and radial displacement accordingly. In the non-
adiabaticc case, however, an additional phase lag between the 
radiall  displacement and temperature variations can be present 
(Saioo & Cox 1980), and the amplitude of the temperature vari-
ationss can differ from the case described by Buta & Smith. 

Too model these effects we introduce three parameters: the 
maximumm amplitude of the temperature variations (ST/T)^^, 
thee phase lag <f>\ ag between the displacement field and the 
temperaturee variations, and the response of the equivalent 
widthh to the temperature variations awE, where we assume 
ÖWE/WEÖWE/WE - <*WE ST/T. The visual brightness of each surface 
elementt is scaled proportional to 1.8 ÖT/T '. For simplicity, we 
changee the equivalent width of the local intrinsic line profile by 
changingg only the depth of the profile. 

11 From an evaluation of the continuum fluxes F  ̂as given by Kurucz 
(1992),, we find that, for a range in effective temperature of 10000-
30000KK and a range of logarithmic surface gravity of 3.0-4.5, the value 
off  <i log FA/d log Terr lies in the interval 1.4-2.2 over the full visual 
wavelengthh range. For cooler stars this value increases abruptly, and 
hencee d log F\ fd log T-1.8 might not be accurate for 8 Scuti stars. 

Wee have set up our parameter study such that we do not have 
too specify the fundamental stellar parameters such as mass, ra-
diuss and rotation period. To allow general applicability of our 
resultss we also do not explicitly specify the pulsation frequency. 
Hence,, we cannot use the adiabatic relation between the ampli-
tudee of the temperature variations and the velocity amplitude 
(e.g.. Buta& Smith), since this involves knowledge of the pulsa-
tionn frequency and the stellar radius. Instead we use (ST/T)^^ 
ass a free parameter, to maintain the general applicability of our 
results. . 

2.2.2.2. Line-profile synthesis 

Thee velocity field of the oscillation is found by taking the time 
derivativee of the Lagrangian displacement vector, and is calcu-
latedd on a sphere with typically more than 5000 visible equally 
sizedd surface elements. We attribute a Gaussian intrinsic profile 
withh constant width W (=1.20HWHM) to each visible surface 
elementt (see Paper I). Line profiles are then generated by a 
weightedd integration of the Doppler-shifted intrinsic profiles 
off  all visible surface elements, each having different equiva-
lentt widths due to the pulsational temperature variations. The 
weightss are given by the aspect angle of each element, the lo-
call  oscillatory brightness changes, and a linear limb-darkening 
correctionn with a value 0.35 for the coefficient. We neglect the 
changee of aspect angles corresponding to the deformation of 
thee star due to the oscillatory displacements. 

Forr our mono-mode calculations we choose to model the 
line-profilee variability with the apparent frequency as if ob-
servedd in the corotating frame of the star, in order to get clear 
distinctionn between prograde (negative m, pulsation pattern 
movess with the rotation of the star, bumps move from blue to 
redd through the line profile) and retrograde (positive m, pulsa-
tionn patterns moves against the stellar rotation, profile bumps 
movee from red to blue) travelling waves. This way we can eas-
ilyy study the effects of rotation, which affect the line profiles 
off  prograde and retrograde modes differently. In the observer's 
frame,, however, both prograde and retrograde modes will give 
riserise to variability migrating from blue to red through the absorp-
tionn line profile, if the stellar rotation rate is high enough. To 
transformm our calculations to the observer's frame, one simply 
hass to calculate the apparent frequency from 

u>obss -oj - mQ (3) 

andd reverse time sequence of the spectra if the observed fre-
quencyy Wobs changes sign with respect to the pulsation frequency 
u>.u>. Equivalently, the slope of the resulting phase diagrams and 
thee blue-to-red phase difference should be negated in the case 
off  retrograde modes. 

Inn this paper, we aim to investigate how accurate one can 
retrievee the input parameters I and m, in case of a perfect 
spectroscopicc data set. For this reason we do not account for 
noisee in the spectra, and generate series of spectra which are 
perfectlyy sampled in time. 
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Wee scale the pulsational displacement amplitude asph 
suchh that the maximum vector velocity of the pulsation 

Knaxx = (\ /K 2 + V£ + V£J equals a specified value. We treat 
VV V / max 

thee unknown surface quantities Vmax. ^<0)- the degree I and order 
m,, and the rotation parameter fi/w (0) as free and independent 
parameters.. Together with the inclination i of the star, the width 
WW of the intrinsic profile and the three temperature related 
parameterss (<5T/T)max, (p\a$, and QWE, they form a set of 10 
parameterss that determine the shape of the line profiles. 

- 11 • 0 1 
v e l oc i t yy [Fesin("i)] 

Fig.. 2. Example phase diagrams <J/o(A) illustrating the blue-to-red 
phasee difference which is read off as the maximum phase differ
encee (circles) within the region where the corresponding variational 
amplitudess are detected. We used a model without the Coriolis 
termss and without temperature effects, and i=85°, W=0.15VZ sin i, 
Vmax=0.. ll£sini, £=5. From top to bottom the phase diagrams corre
spondd to the parameter combinations (fc=2.5, m=— 1), (fc=2.5, m=—2), 
(k=2.5,(k=2.5, m=-5) and (fc=0.1, m=-5) 

3.. Analysis of time series of spectra 

Too investigate the effects of the relevant parameters on the 
phasee and amplitude distributions across the absorption line, we 
generatee time series of absorption line profiles and analyse these 

withh an IPS technique equivalent to that proposed by G&K88. 
Forr each wavelength bin in the line profile, we decompose 
thee variable intensity signal into its sinusoidal components; in 
thee mono-mode case by fitting sinusoids with known (input) 
frequencies,, in the multi-mode case (Section 5) by computing a 
Fourierr transform. 

3.1.3.1. Mono-periodic pulsations 

Forr mono-periodic oscillations we generate time series of 24 
spectraa covering one complete pulsation cycle in constant time 
steps.. Since the line-profile variations are in general not strictly 
sinusoidall (see Gies 1991, Reid& Aerts 1993, and Paper I), we 
fitfit the variable intensity with a function of the form 

/(A,, t) = /«„(A) + J0(A) sin(aW + *o(A)) 

++ /1(A)sin(2wobsi+*i(A)) 

++ J2(A)sin(3uW+*2(A)) (4) 

forr each wavelength bin in the line profile. For both the pulsa
tionn frequency and its first harmonic frequency, the amplitudes 
(7o(A),, /i(A)) and phases (*o(A), #i(A)) of the variability are 
plottedd across the line profile (see Figure 1). 

Inn Figure 2 we show examples of phase diagrams *o(A). 
Thee blue-to-red phase differences A*o and A^i are obtained 
byy reading off the maximum phase change between the outer
mostt wavelength/velocity positions at which the corresponding 
amplitudee of variations (respectively 7o(A) and I\{\))  exceeds 
dmean/10000,, where dmean̂  1 — ̂ mean(A=Ao) is the time-averaged 
centrall depth of the absorption line profile (see Paper I). For real 
observationss (with noise in the data), this cut-off velocity will be 
limitedd within the part of the line profile where significant pul
sationall variability is detected. For monotonie phase diagrams, 
ourr values for the blue-to-red phase changes will therefore be 
upperr limits to the observable ones. Note that we do not impose 
aa priori knowledge of a value of Ve sin i to be able to read off 
thee blue-to-red phase differences. 

Inn Figure 1 we present an example of such an analysis for 
fourr time series of generated line profiles. From left to right 
thee degree of the spherical harmonic £ is increased while the 
orderr m is held constant (m=—4). The other parameters are: 
Vmax=0.15%sini,, fc(0)=0.3, i=55°, W=0A5Vesini, ft/w(0,=0.0 
(zero-rotationn model), and (5T/T)m:a=0.0. In the bottom part 
off the figure the phase and amplitude diagrams of the line pro
filefile variations with frequency equal to the pulsation frequency 
(7o(A),, 'J'o(A)) are depicted by heavy lines. The thin lines depict 
thosee for the variations appearing with the first harmonic of the 
pulsationn frequency (7i(A), ^i(A)). 

Inn Figure 1 we see that the slope of the *o(A) phase dia
gramm steepens with increasing I, while the slope of the $i(A) 
phasee diagram is more or less constant. We also see that the 
absolutee value of the phase difference A$o (expressed in units 
off 7T radians) is close to the input value of the degree £ of the 
pulsationn mode. Therefore we conclude that the assumption 
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Fig.. 3. Blue-to-red phase differences A*<> and A * i for different values of the width of the intrinsic line profile: W=0.1 Vc sin i, W=0.2Vé sin i 
andd W=0A\£sini. Each spheroidal mode with 0 < £ < 15 and —£< m < I has one entry in each panel. The other parameters are: i=65°, 
n/w(())=0.15,, km=0.2, (JT/T)max=0.025, cwE=0.0, and Vmax=0.15% sin i. Top Phase difference A* o as a function of the input value of 
thee degree £ of the pulsation mode. The solid lines have a slope of plus and minus unity. Note that there is an apparent relation between £ and 
A$o,, and that therefore it is possible to derive £ from the derived phase difference. Bottom Phase difference A^ i as a function of the input 
valuee of m. The solid line has a slope of 2. The asymmetric distribution of the prograde and retrograde modes with respect to this line is due to 
thee Coriolis force. For low values of W/(% sin i) a reasonable estimate of m can be derived from the derived harmonic phase difference A * i 

thatt the phase difference A\Po is a measure for \m\ (G&K88) is 
onlyy correct for sectoral modes, which have |m|=£. In the next 
sectionss we wil l show that in general the phase difference A\Po 
iss a measure of £ (rather than |m|), and that the phase difference 
A5"|,, if detectable, is a reasonable estimator of the value of 
\m\. \m\. 

4.. Relation between blue-to-red phase differences and pul-
sationn parameters £ and m 

Inn Figures 3-8 we present the results of the analyses of phase 
diagramss derived from generated time series of absorption line 
profiless of a mono-periodic non-radially pulsating early-type 
star.. For all modes with 0<£<15 and -£<m<£ there is one 
entryy in each of the panels in the plots; for Figure 8 only positive 
valuess of m are computed. In the top row of panels we plot the 
blue-to-redd phase difference A $o as a function of input £. In the 
bottomm row we plot the blue-to-red harmonic phase difference 
A ^ ii  as a function of input m. In Figures 4 and 8 we plot an 
additionall  row of panels with the blue-to-red harmonic phase 
differencee A $ ] as a function of input £. 

4.1.4.1. Single spheroidal modes 

Fromm Figures 3-7 we derive that in many cases there is sufficient 
informationn in the line-profile variations to estimate £ and m. 
Onee can immediately see that there is at least a tendency towards 
thee linear relations 

lAWol l ir£ ir£ | A ¥, , 2n\m\ 2n\m\ (5) ) 

Inn the following we wil l discuss for what range of the relevant 
parameterss these relations can actually be used to estimate the 
pulsationn parameters £ and \m\. 

WidthWidth of the intrinsic line profile (see Figure 3). Unam-
biguouss Doppler mapping of the pulsational variations onto 
thee absorption line profile is only the case if the Ve sin i of the 
starr is sufficiently larger than the intrinsic line width W. For 
higherr values of W/(Ve sin i) the variability caused by a particu-
larr surface element is smoothed out over a large part of the line 
profile,, overlapping and cancelling the line-profile variability 
causedd by other surface elements. If the overlap is too large the 
characteristicc pattern of bumps moving from blue to red is not 
ann unambiguous measure of the pulsation parameters £ and \m\ 
anymore,, and the identification of the pulsation mode can better 
bee carried out using the "moment method" (Balona 1986 and 
Aertss et al. 1992), which is intrinsically independent of W. 
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Fig.. 4. Blue-to-red phase differences A*, , and A#i for different values of the inclination of the star. We plot the phase difference A* » as a 
functionn of £, and the phase difference A* i as a function of both £ and m; all spheroidal modes with 0 < £ < 15 and -I < m < I have one 
entryy in each panel. The top half of the figure shows our computations for modes with fc(0)=0.2, the bottom half shows that for fc<m=l .8. The 
otherr parameters are: f2/u/0)=0.0, (ST/T)milx=0.0. Vmax=0.15̂  sin i, W=0.1 Vc sin i. See Figure 3 for further explanation. The number of 
outlierss of the relation between A* » and £ is large for inclinations near i=90°, because of cancellation effects for modes with a nodal line on 
thee equator. For other values of the inclination there are only few outliers. We find that, especially for high inclination angles, the harmonic 
phasee difference A* i is related to the value of m 
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Fig.. 5. As Figure 3, but for different values of the maximum vector 
velocityy amplitude Vmax of the pulsation; we chose Vmax=0.1M sin i 
andd Vmix=0.3\i sini, and used W=Q. IK sint. See Figure 3 for the 
otherr relevant parameters. With VmiiJ(\i%mi) increasing to very 
highh values, the ability to derive £ decreases whereas the ability to 
derivee m increases 

Fromm Figure 3 we find that the identification of £ from the 
blue-to-redd phase difference A $ o is possible for nearly all in
vestigatedd £ values if W/(Vesini)&0.\. For W/(Ve sini)=0.2 
^-valuess up to « 1 0 can be identified. 

Identificationn of m from the AsPi diagnostic becomes haz
ardouss if W/(Vesini)>0.\. If J<W(%sini)=0.1 values of \m\ up 
too ~ 10 can be derived, for W/(\£ sin i)=0.2 only values of \m\ 
lowerr than ~ 7 . Note that for increasing W, the contribution 
off harmonics to the line-profile variability decreases (Paper I), 
whichh means that values for m are best derived from lines with 
littlee intrinsic broadening. 

InclinationInclination (see Figure 4). We find that for all inclination 
angless the phase differences A $ o fit a linear relation with £. 
Forr inclinations close to i=90°, however, profile variations of 
tesserall modes with a nodal circle along the equator suffer 
fromm severe cancellation effects. This can result in very small 
amplitudess of the line-profile variations, and in non-monotonic 
phasee diagrams ^o{\) (see Section 4.3). For the exact equator-
onn case these modes do not follow the A^o versus I relation 
(seee Reid & Aerts 1993 and Paper III). 

Thee reverse is true for the harmonic phase differences: the 
closerr the inclination is to equator-on, the clearer is the relation 
betweenn m and A * i. From the middle row of panels in Figure 4 
wee find that for low inclination angles modes with low m tend 
too follow a relation between A * i and £, rather than \m\. 

Fig.. 6. As Figure 3, for different values of the rotation param
eter:: n/u/("=0.0 (the zero-rotation model) and Q/w<o)=0.35. The 
otherr parameters are: fc((l)=0.5, (<5T/T)max=0.0, Vmax=0.15^sini, 
W=0.n^sini .. The rotational terms in the eigenfunction give rise 
too asymmetry between the prograde and retrograde arms in the dia
grams.. We plotted the modes with |ro|<l as a cross, and the modes 
withh |m|=2 as a tripod, which shows that virtually all outliers of the 
££ relation are low-m modes. The effects of rotation hamper the 
identificationn of low m values 

PulsationPulsation amplitudes (see Figure 5). In general we can say 
thatt the larger the pulsation amplitudes the better one can detect 
andd interpret the pulsational line-profile variability. However, if 
thee pulsation amplitude is more than (approximately) 0.5l£ sin i, 
thee variability of a particular surface element will be Doppler 
imagedd over a relatively large part of the line profile. Such 
smearingg of the variability hampers the identification of £ of 
high-degreee modes. 

Forr high values of Vmax/(T£ sin i) the relative contribution 
off line-profile variability with harmonic frequencies becomes 
important.. In the bottom panels of Figure 5 one can see that 
forr high pulsation amplitudes the disturbing effects of rotation 
(visiblee as the different behaviour of prograde and retrograde 
modes)) are less prominent than for low pulsation amplitudes. 

Iff the pulsation velocity amplitude is very high, one expects 
thatt the linear description of the oscillation behaviour is not 
valid,, and that the pulsation eigenfunctions will be periodic 
butt not sinusoidal. This will increase the amplitude of the line-
profilee variations with harmonic frequencies with respect to 
thee case of linear oscillations, but from our model we cannot 
makee predictions for the phase relations $o(A) and ^i(A) in the 
non-linearr case. 
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Fig.. 7. Blue-to-red phase differences A*<> and A* i for different values of the oscillatory temperature changes. On the left the figure shows 
ourr computations for modes with fc(l))=0.2, on the right that for fc<0)=1.8. We chose values (<5T/T)mM=0.0 and (5T/T)mdX=0.l, and used 
W=0.W=0.11 Vf sin z. See Figure 3 for the other relevant parameters and further explanation. Only for modes with a high k value (g modes) do the 
brightnesss variations increase the scatter around the relations between the phase differences and the parameters i and m 

RatioRatio of horizontal to vertical pulsation amplitudes (see 
Figuress 4 and 7). For high values of fc(0) (say A;(0)£0.4) the £ 
versuss A^ o diagram shows two parallel arms, one ~ 27t apart 
fromm the other. This occurs for modes that show no or very 
littl ee variability at line centre in the zero-rotation model, which 
enabless secondary sources of line-centre variability (Coriolis 
terms,, temperature effects) to connect the variations in the red 
sidee of the profile with those in the blue side (see Paper I for a 
discussionn of this effect). 

Withh increasing fc<0) the m versus A\J>i relation becomes 
moree ambiguous. Any derived value of m wil l have a relatively 
largee error for pulsation modes with large k (g modes). For 
pp modes the relation between m and A ^ i is fairly strict. 

RatioRatio of rotation frequency and pulsation frequency. Fig-
uree 6 displays the results of our computations for different val-
uess of the rotation parameter fi/u/0), which governs the relative 
contributionn of the Coriolis terms to the eigenfunction. In the 
diagramss in Figure 6 we mark all modes with |m|<2, which 
showss that virtually all outliers of the £ relation are zonal modes 
andd low-m tesseral modes. We see that the effects of rotation 
causess asymmetry between the prograde and retrograde arms 
off  the diagrams, but that within the limits of our pulsation 
modell  (f i /ü/ 0)<0.5) the effects of the Coriolis force do not sig-
nificantlyy change the relations between the blue-to-red phase 
differencess and pulsation parameters £ and m. 

TemperatureTemperature effects. In Figure 7 we show that for p modes 
thee oscillatory brightness variations do not affect the relations 
betweenn the blue-to-red phase differences and £ and m. For 

gg modes the scatter around these relations increases, because 
thee temperature effects can, similar to the effects of the Cori-
oliss force, cause deviations of ~ 2 T in the blue-to-red phase 
difference. . 

Leee et al. (1992) found that the changes of the equivalent 
widthh (WE) of the local intrinsic profiles either enhance or de-
creasee the effects of brightness changes on the line-profile vari-
ability.. We investigate values of the equivalent width response 
off  -2<awE<2. We confirm the results of Lee et al. (1992), 
andd find that the derived phase differences are distributed in the 
diagramss as in the case of brightness variations. 

Wee investigate the values of the phase differences A$o 
andd A $ | for moderate (non-adiabatic) phase-lags between the 
temperaturee variations and the radial displacement (—10°< 
(£iag<10oo for g modes, 170°< ^iag<190° for p modes). We 
findfind no substantial changes in the derived phase differences 
withh respect to cases with fixed (adiabatic) phase-lags (</>iag=0° 
forr g modes, </>iag=l 80° for p modes). 

4.2.4.2. Single toroidal modes 

Papaloizouu & Pringle (1978) found that in rotating stars toroidal 
oscillationss can be excited, that have pulsation frequencies in 
thee corotating frame 

2mCl 2mCl 

'+n ' ' 
(6) ) 
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Fig.. 8. As Figure 4, but for toroidal oscillation modes (1 <m< 15). We find also for toroidal modes a relation between £ and A*», and between 
mm and A*, . For low-degree modes seen at a low inclination the latter relation does not hold. In the bottom right panel the relation between 
mm and A* i is so strict that many circles are plotted on top of each other. Note that for low inclination retrograde tesseral modes can appear 
ass prograde in the line profile (in the corotating frame), which is because in this case the variability at the "far" side of the star dominates the 
line-profilee variations 

andd therefore propagate retrograde (counter to the stellar rota-
tion)tion) in the corotating frame. For the toroidal velocity vector 
wee use 

8 8 

sinöö 9c/>' 
d_ d_ 
dB dB (7) ) 

Figuree 8 shows the phase differences A\I>o and A^ i , for all 
toroidall  modes with 1 <£<  15 and 1 <m<£, for different values 
off  the inclination of the star. As for spheroidal modes, we also 
findd for toroidal modes a relation between £ and A^o. and 
betweenn m and A* i . However, for low inclination the latter 
relationn does not hold. Note that for low inclination retrograde 
tesserall  modes appear as prograde in the line profile (in the 
corotatingg frame): the variations at the "far" side of the star 
contributee dominantly to the line-profile variability in these 
cases. . 

Inn the remainder of this paper we will concentrate on 
spheroidall  modes only. 

4.3.4.3. Outliers 

4.3.1.. Outliers of the A $ 0 versus £ relation 

Figuress 3-7 display the diagnostic value of the blue-to-red phase 
differences,, which relate to the pulsation parameters £ and m. 
Inn these figures we see a considerable number of outliers of the 
relationn between £ and A*o- With outliers we mean the modes 
thatt end up scattered around in these diagrams; the fair number 
off  modes with a 2n phase jump with respect to the relation 
betweenn £ and A$o are not considered outliers. 

Wee find that an outlier can be recognized by inspection 
off  its phase diagram $o(A). For a fraction of the sectoral, 
tesserall  and zonal modes, especially if |m|^2, the phase dia-
gramm $o( A) is not a monotonie function of wavelength/velocity 
(seee Figure 2). Slope changes outside the approximate interval 
[—0.251̂ ^ sin i,0.25% sini]  give rise to outliers (see Figure 2, 
topp phase diagram). 

Forr modes with a high value of fc<0\ the slope of the phase 
diagramm can change sign twice within the wavelength inter-
vall  corresponding to approximately [—0.25VJ sin i, 0.25% sin i] 
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Fig.. 9. Results of Monte-Carlo calculations. We plot the blue-to-red phase difference lA^ol against £, and |A* i | against I and \m\. with the 
numberr of occurrences as a grey value. For each vertical bin in the plots the grey scale is normalized to the total number of computed modes 
inn that bin. Top: All 15360 modes, with stellar and pulsation parameters as specified in Table 1. Middle: Selection of all modes, with 
fc>0.7fc>0.7 (mainly g modes), i>45° and without slope reversals (see Section 4.3) in the main phase diagram *o(A). Bottom: Selection of all 
modes,, with fc<0.3 (mainly p modes), i>45° and without slope reversals in ty»(\) 

(seee the middle examples in Figure 2). For these cases the 
blue-to-redd phase differences still obey the relation with I, and 
consequentlyy this effect does not hamper correct interpretation 
off  the blue-to-red phase difference A*o - These slope changes 
aroundd the line centre can occur for sectoral and tesseral modes, 
especiallyy in the case where rotational and temperature effects 
aree not important. 

Withinn the parameter ranges in Table 1 (see Section 4.4), 
sectorall  modes with 3<£< 12 do not show sign changes of the 
slopee of *o(A) in the part of the profile outside the velocity 
intervall  [ -0.25% sin i, 0.25% sin t ] . This means that phase dia-
gramss ^o(X) with slope changes outside this interval, and with 
aa blue-to-red phase difference | A * o | ^ 2, can only be caused 
byy tesseral or zonal modes. Less than 1% of the investigated 
tesserall  modes with 3 < | m |< 12 and (.< 12 have slope reversals 

Tablee 1. Parameter ranges used in our Monte-Carlo simulations. For 
pp modes we 

e e 
m m 
i i 

W/Ksini W/Ksini 
VVmmJVJVcc sin i 

addedd 180° to the phase lag <j> 

0 - 15 5 
-I-I -I-I 

25°° - 90° 
0.05-0.1 1 
0.055 - 0.2 

l o gg fc<0> 

n/w(0) ) 

(ST/T)(ST/T)mm mm 

0las s 

awawE E 

agg (see Equation 2) 

-2.00 - 0.5 
0.0255 - 0.35 

0.00 - 0.05 
-15°° - 15° 
- 1 . 5-- 1.5 

whichh result in outliers in I versus A*o - Considering that the 
outlierss can be detected by inspection of the phase diagram, we 
concludee that I versus A^ o relation is fairly strict. 
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4.3.2.. Outliers of the A \ t | versus m relation 

Thee number of tesseral modes with sign changes in the slope 
off  the phase diagram \I/|(A) is quite large: ~ 3 0% of the inves-
tigatedd cases. An example of this is given in the third column 
off  Figure 1. Contrary to the £ versus A$o diagram, the untidy 
naturee of the relation between m and A*Pi can not be removed 
byy excluding modes for which slope reversals occur. 

tt = pt + qt\&9o\/n MM  =pm + qm\AVl\/n (8) ) 

andd use an iterative rejection algorithm (sigma-clipping with 
2<TT threshold) to discard the outlying points. After the rejection 
iterations,, we iteratively increase the number of fit  points Nfn 
too all modes within 3er distance from the fit, where we estimate 
aa11 as the sum of the squared distances from the fit divided 
byy Affi t. Finally, we record how many modes lie within the 
intervalss [/-1,<+1], [£-2,£+2], [£-3y£+3]  from the fit (and 
similarr for |m|), to estimate the probability that the fit  can 

--

• • 

meann 1.50TT 

s igmaa 0.067T 

i i k k 

i i 
1 1 
1 1 

J J 
j j 
i i 

i i 

4.4.4.4. Monte-Carlo approach 

Forr diagnostic purposes we quantify the relation between £ and 
|A^o|>> and that between \m\ and l A ^ i |, for spheroidal modes. 
Wee also estimate the percentage of outliers of these relations. 

Inn the frame of the observer the line-profile variability 
causedd by non-radial spheroidal oscillations will appear pro-
gradee in many cases, because the rotation of the star adds \m\fl 
too the observed pulsation frequency. On the contrary, in par
ticularr cases with low inclination, when the oscillations at the 
"far"" side of the star contribute significantly to the line-profile 
variations,, the profile variations appear retrograde by the same 
effectt (see Baade 1984 for the case of the Be star p Cen). To 
by-passs such ambiguities we model £ and \m\ as a function 
off the absolute blue-to-red phase differences |A*o | and |A\Pi| 
respectively. . 

Assumingg that each possible combination of I and m is 
equallyy probable, we compute 60 time series of line profiles for 
eachh combination of £ and m with £<\5. The other relevant 
parameterss (i, W, Vmax, ft/w(0), fc(0), (6T/T)max, 0,ag, aWs) are 
chosenn at random within the ranges specified in Table 1. Val
uess for the inclination are drawn according to the probability 
p(i)p(i) = sin i. Values for log(A;<0)) are drawn such that the combi
nationn of A;(0) and n/w< 0 ) corresponds to an equatorial velocity I 
off less than 50% of break-up. All other parameters are drawn \m\ 
fromm a flat distribution. For these 15360 time series we derive 
thee absolute blue-to-red phase differences |A»J>o| and |A\P]| . 

Inn Figure 9 we present the results of these calculations. For 
aa few selections of all computed modes we plot |A$o | against 
£,£, and | A $ i | against both £ and \m\, with the number of oc
currencess displayed as a grey value. For each vertical bin in 
thee plots the grey scale is normalized to the total number of 
computedd modes in that bin. 

Too quantify the relation between the phase differences and 
££ and \m\ we perform a least-squares fit of a straight line to the 
dataa in Figure9, with £ as a function of |A*o | and \m\ as a 
functionn of lAv^l 

00 0.5 1 1.5 2 

2 * ^^ - * j [TT r a d i a n s ] 

Fig.. 10. The phase difference of the variations at line centre 
* O I = 2 * ( } - $ I ,, computed for 15360 modes 

successfullyy model real data. We use all modes with £< 15 to fit 
thee coefficients p ; and qt; to derive the coefficients pm and qm, 
wee use only modes with ^<12. 

Inn Figure 9 we overplot the fits in the grey-scale images. 
Inn Tables 2 and 3 we list the fit results for several regions in 
parameterr space, including entries for "easy" detectable modes 
andd modes with large temperature variations relative to veloc
ityy variations. The category of easy detectable modes consists 
off those ~ 50% of all modes that have the highest ratio of 
meann amplitude of line-profile variations (expressed in units of 
averagee line depth) to pulsation velocity Vmax/1£ sin i. 

Wee find that throughout parameter space the fitted coef
ficientsficients pi, qc, Pm and qm are remarkably stable, and that in 
generall the phase differences relate to the pulsation parameters 
as s 

0.10++ 1 . 0 9 | A * O | / T 

- 1 . 3 33 + 0 . 5 4 | A # , | / T T 

(9) ) 

(10) ) 

Fromm the stability of the coefficients we conclude that it is 
possiblee to derive good estimates for the pulsation parameters 
££ and \m\ from the evaluation of the phases of the variability 
acrosss the line profile. The percentages of modes in the vicinity 
off the fits (Tables 2 and 3) indicate that reasonable error esti
matess for a derivation of £ or \m\ with the IPS method are  1 
andd 2 respectively. For p modes values of \m\ with accuracy 

11 can be derived. If stellar and pulsational parameters can be 
constrained,, better accuracies can be achieved. The values of £ 
andd \m\, as derived from the phase diagrams, can then be used 
ass initial guesses in more detailed modelling of the line-profile 
variability. . 

4.5.4.5. Line-centre phases of variability at the apparent pulsation 
frequencyfrequency and at its first harmonic 

Iff we compare the arguments of the main and first harmonic 
sinusoidd describing the line-centre variability (see Equation 4), 
andd allow an arbitrary choice of time reference to 

2(wobs(** - t0) + *o) - (2w o b s (* - i 0 ) + * i ) ( ID D 

file:///m/fl
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Tablee 2. Straight line fits to £ as a function of |A$u|. NUH is the number of modes before rejection. Nui is the number of modes within 3<r 
distancee from the fit. The rightmost three columns list the percentage of JVUM modes that lie within the indicated intervals around the fit. 

Pt Pt qi qi JVUI I Nfi,, [i-\,l+l] [£-2,£+2] [l-3ti+3] 
alll  modes 
"easy""  detectable modes (see text) 
modess with \m\ > 2 

modess without slope reversals in *o(A) outside [—0.25,0. 
alll  modes 
"easy""  detectable modes 
modess with \m\ > 0 
modess with \m\ > 1 
modess with \m\ > 2 
modess with £ — \m\ < 2 
modess with £ — \m\ < 6 
modess with 25° < t < 50° 
modess with t > 65° 
modess with km < 0.3 
modess with km > 0.7 
modess with fi/w (0) < 0.2 
modess with fi/w<0) > 0.2 
modess with (5T/TWK sin i/Vmn > 0.4 

0.099(27) ) 
0.065(35) ) 
0.227(38) ) 

1.090(3) ) 
1.098(4) ) 
1.082(4) ) 

sidee ï-0.25,0.25]̂  sin i: 
0.089(29) ) 
0.089(37) ) 
0.117(30) ) 
0.163(33) ) 
0.226(38) ) 
0.076(42) ) 
0.015(32) ) 
0.028(54) ) 
0.186(42) ) 

-0.098(52) ) 
0.188(45) ) 
0.055(38) ) 
0.124(44) ) 
0.046(77) ) 

1.091(3) ) 
1.096(4) ) 
1.089(3) ) 
1.086(3) ) 
1.082(4) ) 
1.110(5) ) 
1.109(3) ) 
1.103(5) ) 
1.075(4) ) 
1.100(5) ) 
1.087(5) ) 
1.093(4) ) 
1.091(5) ) 
1.095(8) ) 

15360 0 
7198 8 

10920 0 

13444 4 
6950 0 

12943 3 
11941 1 
10644 4 
3448 8 
8720 0 
3971 1 
6107 7 
3647 7 
6496 6 
7517 7 
5927 7 
1980 0 

11006 6 
6055 5 
8558 8 

10490 0 
5921 1 

10101 1 
9417 7 
8481 1 
2997 7 
7268 8 
3233 3 
4711 1 
3452 2 
4318 8 
6261 1 
4230 0 
1537 7 

71% % 
85% % 
79% % 

78% % 
86% % 
78% % 
79% % 
80% % 
88% % 
84% % 
83% % 
75% % 
94% % 
67% % 
83% % 
72% % 
78% % 

78% % 
88% % 
82% % 

83% % 
88% % 
83% % 
83% % 
83% % 
90% % 
86% % 
86% % 
82% % 
98% % 
73% % 
88% % 
78% % 
84% % 

94% % 
99% % 
99% % 

99% % 
100% % 
99% % 

100% % 
100% % 
100% % 
100% % 
100% % 
100% % 
100% % 
99% % 
99% % 
99% % 

100% % 

Tablee 3. Straight line fits to \m\ as a function of |A*i | 

alll  modes 
"easy""  detectable modes (see 
modess with \m\ > 0 
modess with \m\ > 1 
modess with |m| > 2 
modess with £ — \m\ < 2 
modess with £ - \m\ < 6 
modess with 25° < t < 50° 
modess with t'  > 65° 
modess with fcl<)) < 0.3 
modess with km > 0.7 
modess with fi/u/0) < 0.2 
modess with n/wm > 0.2 

text) ) 

modess with (<S7,/T)ni„l£sini/V r„ l„  > 0.4 

Pm Pm 
-1.334(24) ) 
-1.001(37) ) 
-1.120(27) ) 
-0.937(33) ) 
-0.650(42) ) 
-1.028(43) ) 
-1.289(29) ) 
-1.321(46) ) 
-1.361(34) ) 
-1.097(48) ) 
-1.475(35) ) 
-1.360(32) ) 
-1.354(36) ) 
-1.261(62) ) 

<Zm m 
0.537(2) ) 
0.549(3) ) 
0.542(2) ) 
0.534(3) ) 
0.522(3) ) 
0.613(3) ) 
0.567(2) ) 
0.519(4) ) 
0.586(3) ) 
0.614(4) ) 
0.527(3) ) 
0.571(3) ) 
0.518(3) ) 
0.521(5) ) 

NNM M 

10140 0 
5359 9 
9360 0 
7920 0 
6600 0 
2880 0 
7200 0 
2913 3 
4767 7 
2585 5 
5045 5 
5532 2 
4608 8 
1507 7 

JVfit t 

9969 9 
5240 0 
8887 7 
7664 4 
6482 2 
2692 2 
7140 0 
2837 7 
4408 8 
2033 3 
4990 0 
5231 1 
4548 8 
1480 0 

[ M - l , , 
H + l ] ] 

46% % 
53% % 
46% % 
45% % 
48% % 
83% % 
44% % 
48% % 
50% % 
77% % 
50% % 
48% % 
47% % 
47% % 

[ M - 2 , , 
M+2] ] 

83% % 
85% % 
81% % 
84% % 
87% % 
95% % 
87% % 
81% % 
87% % 
82% % 
82% % 
82% % 
80% % 
82% % 

[|m|-3, , 
M+3] ] 

91% % 
97% % 
92% % 
93% % 
95% % 

100% % 
97% % 
91% % 
92% % 
90% % 
92% % 
92% % 
90% % 
91% % 

wee find that the phase difference between the line-centre phases 
\&oo and * i written as 

#oii  = 2 # o - #i (12) ) 

iss invariant for a translation in time, provided that the observed 
harmonicc frequency 2u>obS is exactly twice the observed fre-
quencyy uJ0bS. For our 15360 time series we determine the value 
off  #oi. and plot the results as a histogram in Figure 10. We 
findfind that the value of #oi does not depend on any of the pa-
rameterss that we vary in our Monte-Carlo simulations, and that 

.. In principle one can use this information 
too check whether an observed phase diagram is due to har-
monicc variability or to a different pulsation mode, provided that 
thee apparent frequencies and phases in the line centre are well 
established. . 

4.6.4.6. The origin of the derived relations 

Inn the previous subsections we have shown that the phase dif-
ferencee Av&o is a measure of £, that the phase difference A#] 
iss a measure of m, and that the line-centre phase difference 
$oi-l.57T.. These relations were found empirically by careful 
examinationn of the results of ourr modelling. 

Onee of the implications of these relations is that for stars 
pulsatingg in a single mode the number of bumps and troughs 
inn the line profiles is a measure of I, but only when the har-
monicc contribution is relatively unimportant. If the line-profile 
variabilityy at the first harmonic frequency is larger than that 
att the pulsation frequency, the number of bumps and troughs 
givess twice the value of £ (see Paper III) . In Section 1 we gave 
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aa qualitative explanation for the fact that the phase difference 
A\too is a measure of i, rather than m (see Figure 1). 

Thee pulsational velocity field gives rise to profile varia-
tionss in the velocity direction, which consequently leads to 
non-sinusoidall  intensity variations in the profiles. The larger 
thee pulsational velocity, the larger the harmonic component in 
thee line-profile intensity variations. Brightness variations give 
riserise to sinusoidal intensity variations, since there are no velocity 
shiftss involved other than the rotational broadening. Brightness 
variationss in combination with equivalent width variations also 
givee rise to harmonic variability. At present we do not under-
standd why the harmonic phase difference A\&i is a measure of 
771. . 

Fromm the phase relation ^oi=|-57r it follows that at the 
linee centre the "absorption" troughs go deeper below the mean 
spectrumm than that the "emission" bumps reach above it, which 
iss evident in the grey-scale images in Figure 1. Blue-shifted and 
red-shiftedd surface areas are mapped on top of each other in the 
linee profile, leading to deep absorption features. The absorption 
troughss are narrow and the emission bumps are wide, which 
reflectss the fact that the pulsational velocity field gives rise to 
conservativee redistribution of the flux in the line profile. 

Wee stress that a mathematical proof is needed to improve 
ourr understanding of the above derived relations. 

5.. Amplitud e and phase diagrams of spheroidal multi-mode 
pulsations s 

Althoughh linear pulsation theory allows the addition of the ve-
locityy fields of individual pulsation modes, the mapping from 
thee three dimensional velocity field to line-profile variability is 
nott additive; one cannot simply add up generated line-profile 
variationss of individual pulsation modes to create line-profile 
variabilityy of a multi-mode situation. In fact, the superposition 
off  pulsation modes leads to beatings in the line-profile varia-
tions.. The number of bumps and troughs in the line profiles 
iss determined by all pulsaton modes that are present, and may 
varyy in time due to the beatings that appear in the time series of 
profiles. . 

Thiss can be understood easiest by considering the Doppler 
velocityy of a single surface element. For a single oscillation 
modee the velocity variation of a particular surface element is 
mappedd onto a small region of the line profile. A second pul-
sationn mode, if simultaneously present in the star, will add its 
sharee to the Doppler velocity of the element, and consequently 
thee velocity variations of the element will be Doppler mapped 
ontoo a wider range in the line profile. Since the two pulsation 
modess will generally not have the same apparent frequency, 
thee contributions of each of the modes to the Doppler velocity 
off  the surface element will not be in phase with each other. 
Lookingg at a particular position in the line profile, one would 
seee modulated signals of the two sources of variability. Hence, 
forr multi-mode pulsations we expect to find variability with the 
pulsationn frequencies and their harmonics, and also with sum 
andd beat frequencies of all these. 

Tablee 4. Pulsation parameters of our multi-mode calculations, for two 
setss with different values of k. Apparent frequencies are given in cy-
cles/day,, and are chosen such that for the two sets the beat frequencies 
aree the same. 

k=0.\k=0.\ k=0A 
tAihss U)^ £ TTl Kiax/V e sin t 

fxfx 6.16 3.56 4 -3 0.1333 
hh 6.58 3.98 4 -4 0.1 
hh 7.12 4.52 7 -5 0.0667 
UU 7.60 5.00 6 -6 0.0333 

Notee that the pulsational brightness variations do not give 
risee to sum and beat frequencies in the line-profile variations. 
Onlyy for brightness variations in combination with large vari-
ationss of the equivalent width of the intrinsic profiles can har-
monic,, sum and beat frequencies occur. However, these beatings 
aree never as prominent as those of the velocity fields that accom-
panyy such large temperature variations. (We intend to elaborate 
onn this subject in a separate paper.) 

Too investigate the importance of the beatings for the ampli-
tudee and phase diagrams we generate time series of 1000 line 
profiless as seen in the observer's frame, spread over one con-
tinuouss data set of 10 days with constant time step (all beat fre-
quenciess should be properly sampled). Since we do not know in 
advancee which of the apparent pulsation frequencies, harmon-
icss and beat frequencies have significant amplitudes, we choose 
too analyse these data sets with the IPS technique described by 
G&K88.. For each velocity bin we compute the Fourier trans-
form,, and CLEAN the result from the window function (Roberts 
ett al. 1987) using a gain of 0.2 and 400 CLEAN iterations. For 
alll  investigated frequencies 0< ƒ <25 cycles/day we then trans-
formm the variational powers p(ƒ, A) to amplitudes a( ƒ, A) using 
a=2^/p.a=2^/p. From the resulting amplitudes and phases we create 
similarr diagrams as for our mono-mode analyses. 

Inn Figure 11 we present our analyses of spectral time series 
off  a star with four simultaneous pulsation modes (two sectoral 
andd two tesseral). The stellar and pulsational parameters that we 
usedd are: t=75°, \£sini=150km/s, W=0.lVesini, fi/cj (0)=0.0 
(zero-rotationn model), and (6T/T)max=0.0. We present calcula-
tionss for two values of the ratio of horizontal to vertical oscilla-
toryy motions: k=0.l and k=0A. The apparent frequencies and 
thee velocity amplitudes of the modes are given in Table 4. 

Inn the left side of Figure 11 we present the periodogram of 
thee time series computed with fc=0.4. For each investigated fre-
quency,, the amplitude (not power) diagram is plotted as a grey 
valuee across the line profile. We see that the line-profile vari-
ationss do not only appear with the input pulsation frequencies 
andd their harmonics, but also with sum and beat frequencies 
off  all these. We stress here that this is due to the intrinsic 
summationn of the pulsation fields, and not due to the method 
off  analysis; the window function of our generated time series 
hardlyy has side-lobes, and is effectively removed by the CLEAN 
algorithm. . 

Inn Figure 11 (middle and right) we also present amplitude 
andd phase diagrams of both sets of multi-mode calculations, and 
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Fig.. 11. Analysis of generated spectral time series of a star with 4 simultaneous non-radial spheroidal pulsation modes. The frequencies, and 
parameterss are given in the text and in Table 4. Left Periodogram of our computations with k=0.4. For each investigated frequency, the 
grey-codedd amplitudes of the variations are plotted as a function of wavelength. The amplitudes are cut from 1 xlO - 4 to 6x 10~4 (continuum 
units)) as white to black. The input pulsation frequencies are marked at both sides of the plot. The bottom panel gives the average line profile. 
Middlee Amplitude and phase diagrams for our simulations with fc=0.1. The amplitudes of the variations are given in continuum units; the 
phasess are given in n radians. For each mode the amplitude Jo(A) and phase ¥o(A) diagram are plotted as thick lines, and the harmonic amplitude 
Vi(A)) and phase »J/i(A) diagram are plotted as thin lines. The dashed-dotted lines give those for the mono-mode case. The top panel gives the 
averagee line profile. Right Computations with fc=0.4. Note that in the multi-mode case variational power leaks to sum and beat 
frequencies,, and that therefore the amplitude diagrams of the multi-mode and mono-mode case differ. Also note that although the amplitude 
diagramss in the multi-mode case are different from the mono-mode case, the phase diagrams *<> are the same 

comparee these diagrams with those of modes in a mono-periodic 
star.. As discussed above, the summation of the Doppler veloci
tiess associated with the pulsations leads to a different mapping 
too the absorption line than in the case of a single pulsation 
mode.. In the multi-mode case variational power leaks to sum 
andd beat frequencies, and therefore the amplitude diagrams of 
thee multi-mode and mono-mode case differ. However, for the 
identificationn of the pulsation modes it is important to know that 
althoughh the amplitude diagrams of the mono and multi-mode 
casee are different, the phase diagrams &o(\) are the same. 

Inn principle, the multi-mode harmonic phase diagrams 
$i(A)) are also not affected with respect to the mono-mode 
case.. However, a phase diagram might be affected by that of 

neighbouringg frequencies. In Figure 11 one can see that the am
plitudee and phase diagrams of the weak first harmonic of fa 
aree influenced by the variability at the sum frequency of the 
strongerr ƒ2 and ƒ4 modes. Only with a data set with a very long 
timee coverage, these two combined variations can be resolved 
too distinct frequencies. In our examples the difference between 
thee apparent frequencies 2 ƒ3 and j2+ƒ4 is 0.06 cycle/day, which 
meanss that one needs a time base of ^ 15 days to completely 
separatee these variational frequencies. 

Wee conclude that if all apparent frequencies can be resolved, 
thee phase diagrams modelled for mono-periodic stars also apply 
too multi-periodic multi-mode stars. 
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Fig.. 12. Periodogram and mean spectrum of e Per, as derived from 
dataa from Gies&Kullavanijaya (1988). We show the region around 
thee Sim A 4552 line, with variational power as grey value. Grey scale 
cuts:00 - l x 10-6. The arrows indicate the frequencies listed in Table 5 

6.. Application of the IPS method to real data 

Wee apply the outcome of our modelling to analyse and interpret 
twoo time series of line profiles, kindly made available to us by 
Drs.. D.R. Gies and A.H.N. Reid. 

6.1.6.1. e Per 

Thee B0.7 II I star e Per was the first subject of the IPS method as 
describedd by G&K88 and Gies (1991), and might be part of a 
triplee system (Tarasov et al. 1995). For the observational history 
off  this star we refer to these papers and the references therein. 
G&K888 found four frequencies in the line-profile variability, 
andd attributed these to four coexisting pulsation modes. 

Wee compute a periodogram (see Figure 12) using the data 
off  the Sim A 4552 line that was first presented by G&K88. 
Lik ee G&K88, we use the IPS technique, but with different 
parameterss to CLEAN (Roberts et al. 1987) the periodograms: 

velocityy [km/s] 
- 2 000 - 1 00 0 100 200 

45500 4552 4554 4556 

wavelengthh [Angstrom] 

Fig.. 13. Amplitude (in continuum units) and phase diagrams of e Per, as 
derivedd from the periodogram in Figure 12. The dashed vertical lines 
indicatee l£sini (=135 km/s Gies&Kullavanijaya 1988). The phase 
diagramss are shifted by multiples of 27r for clarity. The slope reversals 
seenn at high velocities in the steepest of the phase diagrams might 
bee real, but are probably due to limited variational signal to noise in 
thee wings of the profile. Note that we read off the blue-to-red phase 
differencess beyond Vcsmi (see Section 3) 
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Tablee 5. Apparent pulsation frequencies (in cycles/day), derived blue-to-red phase differences and phases in line centree (A 4552.7) of e Per. 
Phasess are given in ir  radians. The frequencies labelled with a and b are one-day aliases. The last 3 columns lists the values of £ or \m\ that we 
derivee from the phase differences A'P. \a errors are listed in parentheses. For scenario B the frequencies ƒ*  and f<, are harmonics of f\ and ji 
respectively. . 

ƒ. . 
h h 
faa faa 
hh hh 
U U 
h h 

<*>obs s 

5.37(9) ) 
6.26(9) ) 
6.94(9) ) 
7.91(9) ) 

10.61(9) ) 
12.53(9) ) 

A * * 
2.8(0.5) ) 
3.8(0.5) ) 
4.5(0.5) ) 
3.3(1.0) ) 
5.0(0.5) ) 
4.5(1.0) ) 

^ccnUc c 

0.7(1) ) 
1.7(1) ) 
10(1) ) 
1.6(1) ) 
0.1(1) ) 
0.1(1) ) 

scenarioo A 
£=3.1(1.0) ) 
£=4.2(1.0) ) 
£=5.0(1.0) ) 
£=3.6(2.0) ) 
£=5.5(1.0) ) 
£=4.6(2.0) ) 

scenarioo B 
£=3.1(1.0) ) 
£=4.2(1.0) ) 
£=5.0(1.0) ) 
£=3.6(2.0) ) 

|m|=2.0(i.0) ) 
M = l .. 7(2.0) 

Giess & Kullavanijaya (1988) 
m=—m=—3 3 
m=—4 4 

m=—5 5 
m=—6 6 

4000 iterations with a gain of 0.2 (G&K88 used 15 iterations 
withh gain 0.9). The result is very similar to that obtained by 
G&K88,, except for different contributions of power at some 
off  the one-day aliases. The observed frequencies are listed in 
Tablee 5; frequencies labelled with subscripts a and b denote 
one-dayy aliases. We adopt the HWHM of the main power peak 
off  the window function as estimate for the systematic error in 
thee derived frequencies. For a few detected frequencies we plot 
thee amplitudes and phases of the variations as a function of 
positionn in the line profile in Figure 13. 

Fromm Figure 12 we find, besides variability at die four pre-
viouslyy noted frequencies and their one-day aliases, evidence 
forr variational power at a complex pattern of frequencies. The 
patternn consists of many discrete patches of power in the peri-
odogram,, some of which extend throughout the line profile. We 
notee that this pattern is very similar to what we find in our multi-
modee calculations (see Figure 11), where harmonics and sum 
andd beat frequencies of the pulsation frequencies are apparent. 
Thiss can be an indication that the line-profile variations in e Per 
aree mainly due to Doppler redistribution of flux caused by the 
velocityy field of the pulsations; for line-profile variability that 
iss mainly caused by pulsational temperature variations beatings 
aree not expected to be so prominent (see Section 5). 

Inn principle, one can use the observed sum, difference and 
harmonicc frequencies, to identify which of the frequencies are 
one-dayy aliases. However, the crowdedness of die observed 
frequencyy pattern in combination with the limited time base 
off  the observations (5 nights), makes such a procedure very 
difficultt in this case. Nevertheless, we pick out one frequency 
att which we find power, since this frequency corresponds to 
diee harmonic of one of the four frequencies found by G&K88: 
ff55== 12.53(0.09)«212.53(0.09)«2 x 6.26(0.09)=2 f2. Furthermore, we note that 
withinn the accuracy of the frequency determination ft&lfx, 
whichh gives another harmonic frequency candidate. 

Fromm the data in Figures 12 and 13 we read off the phases 
off  the variability at line centre, for each of the frequencies in 
Tablee 5. We test whether ƒ4 and ƒ5 are harmonic frequencies 
off  ƒ] and ƒ2 respectively, using this line-centre phase infor-
mationn (see Section 4.5). For the frequency pair f\, ƒ4 we 
findfind $o!=2$o-*  i=l .37r(0.27r), for pair f2, f5 we also find 
yfoi-ll  .37r(0.27r) (see Table 5). Here the estimated errors should 
accountt for possible misplacement of the line centre and inac-
curacyy in the frequency determinations. Within their accuracies, 

thesee values are (marginally) consistent with that expected for 
firstfirst harmonic frequencies, i.e. *oi= l .507r(0.067r). 

Forr each of the detected frequencies, we read off the phase 
diagramss in me way described in Section 3, to obtain blue-to-
redd phase differences (see Table 5). Note that the blue-to-red 
phasee differences of die variations at frequencies ƒ36 and ƒ5 are 
probablyy underestimated due to limited variational power in die 
linee wings, 

Wee interpret the derived phase differences for two scenarios. 
Forr the first case (scenario A) we ignore that, given the large 
line-profilee variations, we expect considerable contributions of 
harmonics:: we assume that none of the detected frequencies 
aree due to harmonic variability. Contrary to G&K88, we do not 
assumee Üiat the modes are sectoral; we convert die blue-to-red 
phasee differences to values of £ using Equation (9). The results 
off  this procedure are listed in Table 5, and are consistent with 
thee results of G&K88. 

Forr scenario B we assume mat frequencies ƒ4 and ƒ5 are 
indeedd the first harmonics of f\ and fi, respectively. In this case 
theree are only Üiree intrinsic frequencies left, and consequently 
thee star has only three coexisting pulsation modes. The ampli-
tudee diagrams of the detected frequencies are consistent with 
thosee expected for p modes. Hence, we use the entry in Table 3 
forr modes with low k values and Equation (8), to constrain the 
valuee of \m\ of die modes responsible for the variations at fre-
quenciess ƒ4 and f5. We find mat the mode mat gives rise to the 
detectedd frequencies ƒ] and/4 has £=3.1(1.0) and |m|=2.0(1.0), 
andd that the detected frequencies f2 and ƒ5 are due to a mode 
withh £=4.2(1.0) and |m|=l.7(2.0). The latter of these \m\ val-
uess (derived from ƒ5) might be underestimated due to limited 
variationall  power with respect to me noise in the wings of the 
profile.. Although the values of £ and \m\ of the first of these 
twoo modes are consistent with a sectoral mode, the amplitude 
ratioo of the variations at f\ and ƒ4 fits a tesseral mode better (see 
Paperr I). We conclude that if frequencies ƒ4 and /5 are harmonic 
frequencies,, the corresponding pulsations modes might not be 
sectorall  (see Table 5). 

Wee argue that only if more accurate frequency determina-
tionss become available, one can determine which of the two 
scenarioss is favourable. 
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6.2.6.2. C Oph 

Thee photospheric line-profile variations of the 09.5V 
starr C Oph have been the subject of many studies (e.g. 
Vogt&Penrodd 1983, Kambe et al. 1990, 1993ab, Reid et al. 
1993,, Gies 1995). Vogt&Penrod found that the line-profile 
variationss of this star can be successfully modelled as the re-
sultt of non-radial pulsations. Kambe et al. found evidence for 
twoo pulsation modes. From an extensive spectroscopic data set 
off  C Oph, Reid et al. (hereafter Rea93) derived that the line-
profilee variations show periodicity at four different frequencies 
(aa superset of the frequencies found by Kambe et al.), three 
off  which are severely affected by aliasing. Recently Kambe et 
al.. (1995) have presented an almost aliasing-free spectroscopic 
dataset,, from which they conclude that different aliases than the 
oness found by Rea93 might be the true apparent pulsation fre-
quencies.. Kambe et al. (1995) also find evidence for harmonic 
variability.. In their mode identifications, all these authors (ex-
ceptt Kambe et al. (1995) who do not give a mode identification) 
assumedd that the pulsation modes are sectoral, and attempted 
too derive values for the pulsation parameter m; we will dis-
cusss below what pulsation parameters can be derived using the 
outcomee of our modelling (Sections 3 and 4). 

Inn Figure 14 we show the IPS phase diagrams as derived 
byy Rea93. In Table 6 we list the apparent pulsation periods 
fromm Rea93, and the line-centre phases and blue-to-red phase 
differencess that we derive from the phase diagrams in Figure 
14.. We read off the blue-to-red phase differences at the assumed 
VVee sin i=400 km/s, since the line-blending in this star makes it 
difficultt to read off the phase diagrams in the way described in 
Paperr I and Section 3.1. We use the HWHM of the main power 
peakk of the window function as estimate for the systematic error 
inn the derived frequencies. 

Thee pulsational model that we have used to derive the re-
lationshipss between the blue-to-red phase differences and the 
pulsationn parameters £ and \m\ is only valid for stars that are 
nott flattened by the rotation, and that fulfil l the requirement 
fi/wfi/w (0)(0) <S 1. Therefore we stress that our mode identification 
forr the rapid rotator £ Oph should be considered with caution. 

Assumingg that the results of our model calculations also ap-
plyy to a star rotating as rapidly as £ Oph, we convert the observed 
blue-to-redd phase differences A ^ to the pulsation parameter £ 
withh Equation (9). Here we assume that none of the detected 
frequenciess are harmonics (scenario A). We find £=3.5(1.0) for 
frequencyy f\, £=5.3(1.0) for frequency f2ab, £=6.7(1.0) for fre-
quencyy fiat, and £=8.4(2.0) for frequency f^ab, where subscripts 
aa and b denote the one-day aliases. The values of £ that we find 
forr the frequencies fyab and fnab are smaller than those found 
byy Rea93 (see Table 6). We stress that this difference is not due 
too our choice of the velocity at which to read off the phase dia-
gramss (V=400km/s), nor to the inclusion of rotational terms in 
ourr model, but due to the fact that Rea93 used an oversimplified 
modell  to fit  and interpret the phase diagrams. 

Wee now discuss a possibility that has been rejected by 
Rea93,, i.e. that some of the observed frequencies might be 
harmonicss of others (scenario B). Knowing that one can ex-
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Fig.. 14. Phase diagrams of the 09.5 V star £ Oph, from Reid et al. 
(1993).. We show the region around the Sim A 4552 line. Note that this 
linee is blended with the Hen A 4541 line, which can be the reason why 
somee of the phase diagrams seem to extend to shorter wavelengths. 
Thee dashed vertical lines indicate the assumed Vc sin i=400 km/s. The 
phasee diagrams are shifted by multiples of  2-K for clarity. The slope 
reversalss seen at high velocities in the steepest phase diagrams might 
bee real, but are probably due to limited variational signal to noise in 
thee wings of the profile 
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Tablee 6. As Table 5, for the profile variations in the Sill l line (centre A 4552.8) in C Oph. The phases at line centre and the blue-to-red phase 
differencess are derived from Figure 14, and are given in ir  radians. For scenario B the frequencies f*a is the first harmonic of ƒ20-

ƒ
/ 2a a 

ƒ26 6 
/ 3a a 

f» f» 
/ to o 
f*b f*b 

<*>obs s 

7.19(5) ) 
8.85(5) ) 
9.86(5) ) 

12.91(5) ) 
13.91(5) ) 
17.57(5) ) 
18.58(5) ) 

A * * 
3.2(0.5) ) 
4.8(0.5) ) 
4.6(0.5) ) 
6.2(0.5) ) 
5.8(1.0) ) 
7.5(2.0) ) 
7.5(2.0) ) 

«centre e 

0.8(1) ) 
l.K D D 
0.7(1) ) 
1.5(1) ) 
1.0(1) ) 
1.0(1) ) 
1.0(1) ) 

scenarioo A 
£=3.6(1.0) ) 
€=5.4(1.0) ) 
£=5.2(1.0) ) 
£=6.9(1.0) ) 
£=6.5(1.0) ) 
£=8.4(2.0) ) 
£=8.4(2.0) ) 

scenarioo B 
£=3.6(1.0) ) 
£=5.4(1.0) ) 
£=5.2(1.0) ) 
£=6.9(1.0) ) 
£=6.5(1.0) ) 

|m|=3.1(2.0) ) 
£=8.4(2.0) ) 

Reidetal.(1993) ) 
|m|=4 4 

|m|=55 or  6 
M=9(l) ) 

M=l l ( l ) ) 
M=l l ( l ) ) 

pectt non-sinusoidal line-profile variability, one can determine 
whichh of the one-day aliases is the true apparent frequency by 
matchingg either of the aliases to the harmonic frequencies and 
vice-versa.. We note that within the accuracy of the pulsation 
frequencyy determinations of Rea93, one cannot exclude the pos-
sibilityy that the apparent frequency / ^ is the first harmonic of 
/2 a:: 17.57(5)«2x(8.85(5))=17.70(10). Furthermore, since the 
amplitudee of the variations expressed in average line depth is 
quitee large (~ 10% for the variations at frequencies f\ and ƒ206, 
seee Rea93), we expect considerable contribution of harmonics 
inn the line-profile variations, if these are caused by redistribu-
tionn of flux due to the pulsational velocity field (see Paper I). 
Thee almost double peaked shape of the amplitude distributions 
(seee Rea93), suggests that indeed the velocity effects dominate 
overr temperature effects, and that the value of k might be larger 
thann would be expected for p modes (see e.g. Kambe&Osaki 
1988,, Lee & Saio 1990, Paper I). 

Inn Section 4.5 we have shown that one may expect a rela-
tionn between the phases in line centre of the variability at the 
apparentt pulsation frequency and its harmonic. If we compute 
forr frequencies ƒ20 and ƒ40 the line-centre phase difference 
$011 =2*o-*  1 we find *oi=127r(0.27r). Here the error is an es-
timatedd read-off error; since the derived value of ƒ40 is not 
preciselyy twice the value of fca, an additional error \Poi can 
bee expected. Nevertheless, we cannot conclude that the derived 
valuee of *oi is consistent with the expected r 
(seee Section 4.5). However, as we stressed before, the apparent 
pulsationn frequencies should be very well established in order 
too get reliable estimates of *oi» and therefore we urge for new 
pulsationn frequency determinations of this star (such as given 
byy Kambe et al. 1995), based on an even longer time stretch of 
dataa (Rea93 collected data on a time base of 10 days), such that 
errorss in the derived frequencies and line-centre phases can be 
decreased. . 

Assumingg the detected frequency j ^ a is due to harmonic 
variability,, we can constrain the value of \m\ for the mode 
givingg rise to frequencies ƒ20 and ƒ40. In this scenario (B) 
thee star ( Oph exhibits only three pulsation modes, instead of 
four.. Assuming that the star has an inclination i>65°, we find 
accordingg to Equation (8) and Table 3 a value of |m|=3.1(2.0) 
forr the mode with £=5.3(1.0). Rea93 found from the strength of 
thee profile variations of different atoms, that the pulsations in ( 
Ophh are probably focused towards the equator. If we assume that 

l-\m\<2l-\m\<2 (see Table3), we find |m|=3.6(1.0) from the phase 
diagramm at/4a. 

7.. Summary of conclusions 

Wee have modelled the line-profile variability caused by non-
radiall  pulsations in rotating early-type stars. In our model we 
accountt for pulsational temperature effects and for the effects 
off  the Coriolis force on the oscillatory displacement field. We 
investigatedd the line-profile variability of sectoral, tesseral and 
zonal,, spheroidal modes, and of sectoral and tesseral toroidal 
modes. . 

Wee have generated time series of spectra and analysed these 
withh IPS techniques to obtain the variational behaviour as a 
functionn of the position in the line profile. This method of anal-
ysiss relies on the assumption that the surface of the star is 
Dopplerr mapped to the spectral line by the stellar rotation, and 
hencee is only applicable for stars with intrinsic profile widths 
whichh are narrow in comparison with the rotational broaden-
ing:: W/% sin i & 0.25. Similarly, this method can only benefit 
fromm the rotational broadening if the pulsation pattern sup-
pliess enough structure in the azimuthal direction, and hence the 
methodd only works well for modes with \m\ £ 2. However, 
modess that do not fulfil l the latter requirement can often be 
recognizedd by slope reversals in the phase diagrams. 

Inn a wide range in parameter space, the spectral time series 
containn sufficient information to derive the pulsation parameters 
tt and \m\. We presented a simple linear relation between the 
blue-to-redd phase difference of the variations with the apparent 
pulsationn frequency, A*0 i and the value of t. Provided that the 
rotationall  broadening is large enough, this relation is valid over 
thee full range in parameter space that we explored, and is also 
validd for subsets of this parameter space. 

Thee order \m\ of the pulsations can be estimated from a 
similarr linear relation with the blue-to-red phase difference of 
thee variations at the first harmonic of the apparent pulsation 
frequency,, A\P|. For p modes this relation is strict. 

Thee phases at line centre of the line-profile variations 
withh the pulsation frequency and its first harmonic relate as 
2\Po— .. This relation can be used to check 
whetherr variations seen at a harmonic frequency are really due 
too harmonic line-profile variability or to another pulsation mode, 
providedd that the apparent frequencies are well known. 
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Wee have found that for multi-periodic stars the velocity 
fieldsfields of the modes give rise to beatings that show up as sum 
andd difference frequencies in the periodograms. We advocated 
thatt these observable frequencies, as well as the observable 
harmonicc frequencies, can be used to distinguish real pulsation 
frequenciess from their aliases, if the data stretch is long enough. 

If,, for a multi-periodic star, all apparent frequencies can 
bee resolved, the phase diagrams of the variations seen at the 
pulsationn frequencies can be interpreted as if in a mono-mode 
situation. . 

Wee presented applications of the IPS analysis to previously 
publishedd observations of € Persei and £ Ophiuchi, and inter-
pretedd the phase diagrams derived from these observations using 
thee results of our modelling. We argued that the multitude of fre-
quenciess seen in the periodogram of data of e Per suggests that 
thee line-profile variations are primarily due to the pulsational 
velocityy field rather than pulsational temperature variations. We 
foundd evidence for at least one first-harmonic frequency in this 
data.. From the IPS phase diagrams, we derived values for the 
pulsationn degree £, and we constrained values of jmj using the 
harmonicc phase diagrams. 

Ourr results suggest that for two of the four frequencies 
detectedd in line-profile variability of C Ophiuchi, the degree of 
pulsationn I was previously overestimated. We also discussed 
thee possibilities that one of the frequencies of the observed 
variations,, is actually the first harmonic of one of the other 
frequencies,, and hence that the phase diagrams at this frequency 
suppliess information on the order \m\ of the corresponding 
pulsation. . 
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Abstract.. We use a model of a non-radially, adiabatically pulsating rotating star to generate time series of absorption 
linee profiles. We analyse the spectral time series of a tesseral mode with pulsation parameters &=2 and m=— 1, to obtain 
amplitudee and phase diagrams as a function of position in the line profile. We investigate whether the phase diagrams can 
bee used to identify the pulsation parameters £ and \m\ of this mode. 
Ass opposed to the findings of Reid & Aerts (1993), we find that the effects of the Coriolis force do not hinder the identification 
off  the degree I of the pulsation mode, but that the exact value of i=90° that they used does. We show that for an inclination 
anglee just slightly different from 90° the chances for an erroneous identification of the degree t of the 1=2, m=— 1 pulsation 
mode,, by means of a spectroscopical phase diagram, are very small. 
Wee also discuss the interpretation of observed line-profile variations in the Be star TJ Cen, where a tesseral mode with (,=1 
andd m=|6| might be present. 

1.. Introductio n 

Manyy early-type stars are known to be pulsating in modes other 
thann radial. The non-radial pulsations divide the stellar surface 
inn regions with different velocity fields, which, in the presence 
off  rotation, redistribute the flux over the absorption line profile 
too create moving patterns of peaks and troughs. These features 
crosss the profile from blue to red on a time scale of hours to days. 
Suchh line-profile changes have been observed, and successfully 
modelledd as the result of non-radial pulsations (e.g., Smith 1978, 
Vogt&Penrodd 1983, Baade 1984, Gies&Kullavanijaya 1988, 
Kambeetal.. 1990, Henrichs 1991, Kennelly etal. 1992,Floquet 
etal.. 1992, Reid etal. 1993). 

Thee two most widely studied spectroscopic methods to iden-
tifyy pulsation modes in early-type stars involve a period search 
onn either the variations of the velocity moments of the absorp-
tionn lines (the moment method, Balona 1986, Aerts etal. 1992, 
Mathiass et al. 1994) or the intensity variations across the line 
profiless (Gies & Kullavanijaya 1988, Kambe et al. 1990). 

Withh the first technique one looks for periodicity in the 
changee of derived quantities (moments), such as equivalent 
widthh (Mo), apparent radial velocity (Mi) , line width {MT) 
andd skewness (Mï) . Mode identifications are obtained by con-
sideringg the characteristic changes as a function of pulsation 
phasee in each of these quantities. 

Withh the second method (hereafter referred to as the In-
tensityy Period Search, IPS) one searches for periodicity in the 
normalizedd intensity of each wavelength bin across the absorp-
tionn line. For a star with a sufficiently high Ve sin i the pulsational 
variationss of different parts of the stellar surface are Doppler 
mappedd to distinct parts of the absorption line profile, and the 
observedd change in phase of the periodic variations as a function 
off  wavelength can be used for mode identification. For the few 
reportedd mode identifications performed with the IPS method 
thee authors assumed that the detected pulsation modes are sec-
toral,, i.e. £=|m|. Telting & Schrijvers (1996, Paper II ) showed 
(1)) that this assumption is not necessary, (2) that the absolute 
phasee difference of the intensity variations across the line pro-
filefile  is a good measure of the degree I (rather than the azimuthal 
orderr m), and (3) that in some cases the value of \rn\ can be es-
timatedd from the phase difference of the line-profile variations 
withh the first harmonic of the apparent pulsation frequency. 

Aertss & Waelkens (1993) discussed the implications of stel-
larr rotation for the velocity field of normal mode eigenfunc-
tionss of slowly rotating stars, and in particular the effects on 
line-profilee variations. Reid & Aerts (1993) used the model of 
Aertss & Waelkens to generate time series of absorption line pro-
files.. They concluded that for the tesseral mode 1=2, m=— 1 an 
analysiss with the IPS method fails to retrieve the values of the 
inputt parameters. They attributed this to a combination of ef-
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fectss of the chosen value of the inclination, i=90°, and effects of 
thee rotation of the star, and questioned the general applicability 
off  the IPS method. 

Inn this paper we show that the inconsistency as found by 
Reidd & Aerts is entirely due to their choice of an inclination 
anglee exactly equal to 90°, and not due to effects of rotation. 
Furthermore,, we argue that the probability of misinterpreting 
thee degree of the 1=2 and m=-1 mode with the IPS method 
iss very small, and hence that the applicability of the method is 
generallyy broader than suspected by Aerts & Waelkens (1993). 

Thiss paper is part of a series on line-profile variations of 
non-radiallyy pulsating stars. Schrijvers et al. (1996, Paper I) 
presentedd the model that we use in our work, and discussed 
thee effects of rotation and other parameters on the IPS ampli-
tudee and phase diagrams. Telting & Schrijvers (1996, Paper II ) 
investigatedd the general diagnostic value of the phases of vari-
abilityy as a function of wavelength (i.e. the phase diagrams). 
Forr other work on line-profile variations due to non-radial pul-
sationss see e.g. Kambe&Osaki (1988), Lee et al. (1992), and 
Clementt (1994). 

Inn Section 2 we briefly recall the model of non-radial adi-
abaticc oscillations, and we discuss the analysis of generated 
timee series of spectra in Section 3. In Section 4 we present the 
resultss of our computations and discuss in detail the effects of 
inclinationn and rotation on the observable line-profile variations 
causedd by a spheroidal tesseral mode with £=2 and m=—1. We 
brieflyy discuss the case of the Be star j]  Cen in Section 5. We 
givee concluding remarks in Section 6. 

2.. Modelling non-radial pulsations of slowly rotatin g stars 

Wee model line profiles as due to adiabatic non-radial pulsa-
tionss of a star. We use a model which is essentially the same 
ass tfie one described by Aerts & Waelkens (1993) but with a 
feww improvements which we discussed in Paper I. The model 
givess the velocity field for an adiabatic oscillation, as derived 
fromm a linear perturbation analysis of the equations of stellar 
structure,, including terms describing the effects of the Coriolis 
force.. From the perturbation analysis it follows that the eigen-
functionss of the star can be separated into an angular part with 
knownn dependence on the 9 and 0 coordinates, and a radial part 
containingg the pulsation amplitudes which have an unknown 
radiall  dependence. The Lagrangian displacement vector at the 
stellarr surface £=(£r, te, £,<p) c an b e expressed as 

''  (° '^- IO w r y ' " ( M ) e ' ' " ' * t ' 
++ ««-'(0 JV ''" r '-' <e'«e,<"'" ?,

wheree asph,f is the spheroidal radial amplitude and k is the ra-
tioo of horizontal to radial spheroidal amplitudes. The spherical 

Fig.. 1. Upper  Radial velocity distribution of a normal mode with 
£=2,£=2, \m\=\ and i=85°; the equator is indicated by the white 
line.. Lower  Line-profile variations due to a pulsation mode with 
^=2,m=-l,, and i=85°,K sini=100km/s, W=15km/s, H/o;(0)=0.25, 
Vmax=27.5km/s,, fc(0)=0.25. The ticks on the horizontal axes mark 
VVee sini. Right Line profiles for one complete pulsation cycle, and 
thee variations of the first (thick curve) and second (thin curve) velocity 
moment.. The first moment has an amplitude of 0.02(l£ sin i) km/s; the 
secondd velocity moment ranges between 0.24 - 0.26(K sin if (km/s)2. 
Bothh moments are drawn on scales different from that of the line pro-
files.files. Left IPS diagnostics: (top) time series of residual spectra 
withh intensity as grey levels; low intensity is coded dark, (middle) 
distributionn of the amplitude of variations across the line profile, with 
thee maximum value in units of average central line depth, (bottom) 
distributionn of phase of variations across the line profile, with the 
blue-to-redd phase difference in radians. Thick curves depict the am-
plitudee and phase distribution /()(A) and *o(A), thin curves depict the 
harmonicc amplitude and phase distribution I\(\) and *i(A ) 
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Fig.. 2. As Figure 1, but for i=90°. Note that in this equator-on case 
thee variation of the first moment vanishes for a mode with (=2, |m|=l, 
andd that the phase diagram $u is undefined since there are no intensity 
variationss with the pulsation frequency. The second moment shows 
sinusoidall  variations with twice the pulsation frequency, i.e. the first 
harmonicc frequency. The amplitude and phase diagram of the intensity 
variationss with the first harmonic frequency (i"i(A) , * i (A)) are not very 
differentt from that for i=85° (Figure 1) 

harmonicss Y™ specify the 9 and (j>  dependence of the eigen-
function,, and are normalized by the factor N™ (see Paper I). In 
thiss equation the oscillation frequency u> is defined in the frame 
thatt is corotating with the star. The toroidal terms are due to the 
Corioliss force; the known amplitudes ot0r,£-i and at0r,^+i are 
proportionall  to O/a/0 ), with O the rotation frequency of the star 
andd CJ(0) the pulsation frequency in the non-rotating case. For 
aa discussion of the limitations of this model we refer to Saio 
(1981),, Martens & Smeyers (1982, 1986), Aerts & Waelkens 
(1993)) and Paper I. 

Wee write the surface value of the ratio of horizontal to 
radiall  spheroidal amplitudes as A;=/c(0>+fc(1,fi/a/0) and use the 
expressionn for k(-l) as given in Paper I. For our study on line-
profilee characteristics we treat the unknown surface quantities 
osphh and fc(0), the degree I, the azimuthal order m, and the 
rotationn parameter f2/a/0) as free parameters. 

Wee model the line-profile variations, as seen in the frame 
off  the observer, as a result of the Doppler velocities which are 
associatedd with the presence of the oscillatory motions on the 
surfacee of the star. We neglect the effects that local temperature 
andd gravity changes might have on the line profiles. The velocity 
fieldfield of the oscillation is found by taking the time derivative of 
thee Lagrangian displacement, and is calculated on a sphere with 
typicallyy more than 5000 visible equally sized surface elements. 
Linee profiles are then generated by a weighted integration of 

thee Doppler-shifted Gaussian intrinsic profile (with width W, 
seee Paper I) over all visible surface elements. The weights are 
givenn by the aspect angle of each element and by a linear limb-
darkeningg correction with a=0.35 (the phase diagrams do not 
dependd on the limb-darkening coefficient a, see Paper I). When 
computingg the aspect angles of the surface elements, we neglect 
thee distortion of the star caused by the displacement field of the 
pulsation. . 

3.. The analysis of time series of spectra 

Too investigate the effects of inclination and rotation for the 
line-profilee characteristics of a spheroidal mode with 1=1 and 
|m|=ll  we generate time series of spectra and analyse these se-
riess in a similar way as Reid & Aerts (1993) did, thus creating 
phasee diagrams as a result of the IPS technique. Additionally, 
wee compute the first two velocity moments of the line pro-
files;files; the moments are derived by a weighted summation of the 
normalizedd intensity I(V) across the line profile 

MjMj = J(v - v^yo - i(V))dv, (2) 

wheree Vref is a reference velocity. The first moment is calculated 
withh the rest wavelength of the line as reference, yielding the 
radiall  velocity shift of the line. The second moment is calculated 
usingg the first moment as reference velocity VK{, and gives a 
measuree of the squared width of the line. We normalized the 
velocityy moments by dividing each moment by the equivalent 
widthh Mo. The relation between our moments (Figures 1 and 
2)) and the moments as defined by Aerts et al. (1992) is given in 
Paperr I. 

Inn Figure 1 we present an example of an analysis of 
aa time series of spectra. We chose the pulsation amplitude 
suchh that the maximum surface velocity vector of the pulsa-
tionn Vmax = ( , /V r

2 + Ve
2 + vf) equals 27.5 km/s, and we 

VV V v / max 
usedd fc(0)=0.25, i=85°, Ve sin «=100km/s, intrinsic line width 
W=15km/s,, rotation parameter fi/w (0)=0.25. In the bottom 
rightt part of the figure the amplitudes of the variations of the 
firstfirst (thick curve) and second (thin) velocity moments are given, 
expressedd in units of %sini and (l^sini)2 respectively. In the 
leftt part of the figure the amplitude and phase diagrams of the 
intensityy variations are drawn. For each wavelengfiVvelocity 
binn in the profile we fitted the normalized intensity ƒ (A, t) with 
aa combination of sinusoids with frequencies that are multiples 
off  the input (observed) pulsation frequency 

/(A,, t) = 7mean(A) + I0(X) sin(ujobst + * 0(A) ) 

++ / i(A)sin(2wobsi+*,(A) ) 

++ 72(A)sin(3wobsi+* 2(A) ) . (3) 

Inn the figures we plot the amplitude and phase distributions of 
thee line-profile variations with frequency equal to the pulsation 
frequencyy /o(A), 9o(\) and its first harmonic I\(X), * i(A ) as a 
functionn of wavelength. 
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Fromm Figure 1 we see that, as expected (Paper II), the ab-
solutee phase difference of the line-profile variations with the 
pulsationn frequency, when expressed in 7r radians, is close to 
thee input value of the degree £ of the dominant pulsation mode. 

4.. The effects of inclination and rotation on line profiles of 
non-radiallyy pulsating stars 

Inn Figure 2 we present our computations with the same in-
putt parameters as used for Figure 1, except for the inclination 
whichh we set equal to 90°. We find that in the exact equator-
onn case the number of bumps in the profiles doubles (see also 
Kambee & Osaki 1988), which is equivalent to an increase of the 
relativee importance of the harmonic amplitudes. 

Furthermore,, we see that the variation in the first velocity 
momentt (i.e. centroid velocity) vanishes, and that the second 
momentt shows variations with twice the pulsation frequency. 
Thesee features in the moment variations are typical for modes 
withh an odd value for £—m that are seen from an equator-on 
perspective.. This is the reason why identification of t, m and 
ii  with the moment method is straightforward for these cases. 
However,, for pulsation modes with £~£A the variations in the first 
feww moments are very small and hard to detect with present day 
observingg techniques, and hence the moment method can only 
bee used for low-degree modes. 

Inn Figure 3 we display our model calculations for different 
valuess of inclination and the rotation parameter U/uP^. The 
otherr relevant input parameters are the same as those used for 
thee time series in Figures 1 and 2. The top row of panels in 
Figuree 3 shows the result of our calculations with a zero-rotation 
model. . 

Notee that we show three full pulsation cycles in the grey-
scalee diagrams, without explicitly specifying the time scales on 
thee vertical axes. This way the pulsation frequencies appear to 
bee constant in our diagrams (Figures 3 and 4), even though we 
varyy fi/o/0). The horizontal axes are scaled to Ve sin i. 

Inclination Inclination 
Inn Figures 2 and 3 we see that the amplitudes of the line-profile 
variationss are rather low, which is the result of cancellation 
effects.. In the equator-on case all line-profile variations leading 
too asymmetry of the line profile cancel out, since for an £=2 
|m|=ll  spheroidal mode the motions at the top half of the stellar 
discc are opposite to the motions at the bottom half. However, 
thesee motions still give rise to changes in line width, which 
occurr with a frequency of twice the pulsation frequency, i.e. the 
firstfirst harmonic. 

Thee fact that the line width varies can be understood by 
consideringg the integration of a blue and a red-shifted profile, 
eitherr of them originating from the top or the bottom half of 
thee equator-on stellar disc. The summation of these profiles 
resultss in a less-deep and broader line profile than in the case 
off  no oscillatory motions. Since in the integrated stellar light 
thee observer cannot distinguish between top and bottom, the 
line-widthh changes appear with mainly the first harmonic of the 
pulsationn frequency. 

Increasingg the inclination to the equator-on situation one 
expectss a decrease of variations occurring with the input fre-
quency,, resulting in vanishing amplitudes for i-90°. Since the 
phasess are undefined for zero amplitudes the phase diagram 
iPo( )̂) of the variations with the input pulsation frequency gives 
noo information at all for i=90°. This is evident in both the 
rotatingg and non-rotating case. 

Wee see that for inclination angles slightly different from 
i=90°° one expects to observe a continuous phase relation with 
aa maximum blue-to-red phase difference A^o that is not sig-
nificantlyy different for all investigated values of the inclination. 
Thee change in inclination hardly affects the harmonic amplitude 
andd phase distributions I\ (A) and ^i(A) . 

Rotation Rotation 
Ass evidenced by the time series of residual spectra in Fig-
uree 3 the line-profile characteristics of the £=2, m=— 1 mode 
aree hardly qualitatively changed by the effects of rotation. The 
amplitudee distribution Io(X) of the variations with input pul-
sationn frequency is similar for all investigated rotation values. 
Thee same holds for the slope of the phase distribution *o(A). 
Inn Figure 3 we see that the extra terms in the eigenfunction due 
too the Coriolis force give rise to an increase of the harmonic 
amplitudee and a steepening of the harmonic phase diagram. 
Wee want to stress however, that for a different choice of stellar 
andd pulsational parameters these effects can be less evident or 
differentt (Paper I). 

Forr the investigated spheroidal mode, the two toroidal terms 
thatt are due to the Coriolis force have pulsation parameters £=l, 
m-—m-— 1 and £=3, m=— 1. These particular toroidal motions also 
havee the equatorial plane as plane of symmetry of the oscil-
latoryy motions, and therefore the line-profile variations with 
thee pulsation frequency are also cancelled out in the case of a 
rotatingg star (Q/u{0)>0) with i=90°. 

Fromm a mode as considered here (and by Reid & Aerts), 
ann observer can detect line-profile variations with the pulsation 
frequencyy with a blue-to-red phase difference of A*o—2-TT, 
exceptt if i=90°. In Paper II we showed that the absolute blue-
to-redd phase difference A^o (of the variations appearing with 
thee pulsation frequency) is a direct measure of the degree £ of 
thee pulsation, and that the harmonic phase difference A* i puts 
constraintss on the value of |m| : 

££ » - 0 . 1 0 + 1 . 1 0 | A * O | / TT (4) 

\m\\m\ « - 1 . 10 + 0 .61 |A* I | /TT . (5) 

Forr these equations we used the coefficients that are valid for 
modess with low values of k (see Paper II for other subsets of 
parameterr space). 

Fromm Figure 3 and Equation (4) we find that for i^90° the 
derivedd phase difference A'J'o is in agreement with what is 
expectedd within the limits of the model of adiabatic oscillations 
correctedd for first-order rotation effects. Therefore we do not 
expectt an erroneous identification of the degree of the mode 
iff  the inclination angle is different from the exact equator-on 
situation. . 
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Thee IPS method is intrinsically weak in identifying low 
valuess of \m\ (see Paper II) , especially in the case of large 
valuess of the rotation parameter ft/u/0). With the values of 
A* ii  in Figure 3 and with Equation (5), we find that for the 
investigatedd mode \m\ will be overestimated as |m|=2, in the 
casess when the Coriolis force is important. 

5.. Moving bumps in the Be star  17 Cen 

Ass an application of our findings we consider the results re-
portedd by Leister et al. (1994), who find blue-to-red moving 
bumpss in absorption lines of the Be star 17 Cen. They show that 
att any instant at least 6 bumps are visible in the profile, and 
attributee these to the presence of a sectoral non-radial pulsation 
modee with . Inspired by the work of Kambe&Osaki 
(1988),, Leister et al. mention the possibility that the bumps can 
alsoo be due to a tesseral mode with 1=1 and |m|=6. Here we 
arguee that the observer can discriminate between these possi-
bilitiess from an accurate frequency analysis. 

Inn Figure 4 we plot line-profile variations of a pulsation 
modee with £=1 and m=—6. We see from the figure that the 
effectss of the Coriolis terms are not as important as for low 
degreee modes. From the phase differences A^o and A * 1 in this 
figurefigure and Equations (4) and (5) we find that in principle both 
££ and \m\ can be retrieved for this mode, within the accuracy 
discussedd in Paper II . 

Ass in Figure 3, we see that only close to the equator-on 
situationn the number of bumps is actually doubled. The bumps 
cann only be misinterpreted as due to a mode with £=14 for 
aa small range in inclination where the variational amplitude 
/0(A)) is too small to be detected. For inclination angles smaller 
thann i=90° we see a pattern of subsequent deep and less-deep 
bumps,, with die less-deep bumps gradually disappearing for 
evenn smaller inclination angles. 

Forr near equator-on cases a tesseral mode with £— \m\=l 
characterizess itself by large harmonic amplitude I\ (A) in com-
parisonn with Io(X), and can tfierefore be distinguished from a 
nearr equator-on sectoral mode by an evaluation of the variations 
foundd at these frequencies. For sectoral modes the harmonic am-
plitudee I\(X) is always smaller than 7o(A), independent of the 
inclination. . 

Hence,, if the apparent frequency of the bumps in 77 Cen is 
thee actual pulsation frequency, then the profile variations can be 
duee to a £= 14 pulsation mode. If the main apparent frequency is 
thee harmonic of the actual pulsation frequency, then the profile 
variationss are due to a mode with £=1 and m=—6. In the latter 
casee the real pulsation frequency should be detectable as well, 
exceptt if the inclination angle is exactly i=90°. 

6.. Conclusions 

Wee have shown that for a non-radial pulsation with £=2, jm|=l 
andd 2=90°, cancellation effects cause all line-profile variabil-
ityy with the pulsation frequency to disappear. The fact that in 
thiss situation the remaining line-profile variability with the first 
harmonicc of the pulsation frequency can mimic that of a higher 

degree/orderr mode, is entirely due to these cancellation effects 
(causedd by the precise equator-on value of the inclination), and 
iss not due to effects of rotation. For the same reason, the variabil-
ityy of me first velocity moment of this mode vanishes for i=90°. 
Furthermore,, for this mode the evaluation of the phase diagram 
off  the intensity variations with die pulsation frequency is of lit-
tlee physical relevance, since the phases are not defined for zero 
amplitudes.. For an inclination angle only slightly different from 
90°,, the pulsation does give rise to variations widi the pulsation 
frequency.. The corresponding phase diagram practically does 
nott change for any other investigated value of the inclination. 
Thereforee we recommend, for test studies of observable line-
profilee characteristics of tesseral modes, not to generate spectra 
usingg an inclination angle exactly equal to 90°. 

Tesserall  modes with a nodal line on the equator {£—\m\ 
ann odd number) are the only modes for which this extreme 
cancellationn effect for i=90° can be expected. The other case 
off  perfect cancellation of any line-profile variation with the 
pulsationn frequency, is the pole-on situation for modes with 
m^O.. However, in this case me phase diagrams resulting from 
thee IPS method will in practice be not of any use, since die line 
profiless are not rotationally broadened. Therefore we conclude 
thatt the conclusion of Reid&Aerts (1993) on the restricted 
applicabilityy of me method of evaluating die phase diagram 
(IPSS metfiod), only applies to the exact equator-on case. Even 
forr i=89?5 the IPS method gives the expected results. Given the 
numberr of stars suitable for an IPS analysis, we expect that in 
practicee the number of cases for which line-profile variations 
off  a possible mode with £— |m|=l would be misinterpreted, is 
veryy small. Nevertheless, we encourage observers also to make 
usee of die information mat is held in die velocity moments of 
thee absorption line profiles. Especially for low degree modes 
thee first few velocity moments give very useful information. 

Wee have argued that one should be able to investigate 
whetherr me line-profile variations in the Be star rj  Cen are 
duee to a sectoral pulsation mode with £=14 or due to a tesseral 
modee witii £=7, |m|=6. In me latter case one expects to find 
ann alternating pattern of deep and less-deep bumps, if die in-
clinationn angle is not exactly i=90°. In diis case one expects to 
detectt bom die apparent pulsation frequency and its first har-
monicc widi an IPS analysis. The variational power found at 
mee first harmonic should be larger or of the same order as that 
foundd at me pulsation frequency itself. From the phase diagram 
off  die variations at me pulsation frequency one can derive the 
degreee £ of me mode. 
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Abstract.. We investigate the optical line-profile variability of the prototype of the 0 Cephei stars. From more than 600 
spectra,, with a typical signal to noise ratio of over 200 and high spectral resolution, we deduce that the variations show 
periodicityy with at least five different frequencies. We find variability at the previously known frequencies /i=5.25 cycles/day 
(radiall pulsation) and /2=5.38 c/d and fj=4.92 c/d. Additionally, we report two new frequencies /4=5.08 c/d and /s=5.42 c/d. 
Thesee five frequencies are present in periodograms of the velocity moments of all of the absorption lines considered (Si m 
AA 4552, 4567, 4574 and OII A 4591), and also in periodograms of the intensity variations in these lines. 
Thee variations at frequencies f\ and fi can be successfully modelled by a radial and a non-radial (C=2 or £=l, m=l) 
pulsation,, respectively. 
Followingg results of studies of the UV resonance lines of /? Cep, we interpret the frequency spacings f\— /3«0.33c/d, 
ƒƒ l — /4~0.17 c/d, fs—ƒ i «0.17 c/d as multiples of the rotation frequency of the star. 
Wee discuss the influence of the presence of a (surface) magnetic field on the apparent modulation of the line-profile variability 
off the radial pulsation mode. 

1.. Introductio n 

Thee bright pulsating star j3 Cep (HD205021, spectral type B2III, 
V=3.2,, Ve sin i « 25 km/s) is the prototype of a class of early-
typee variables. The radial-velocity variations of this star were 
firstt detected by Frost (1902); the star is a radial pulsator with a 
periodd of 4.57 hour. Since then, line-profile variations have been 
foundd which are periodic at time scales of hours to decades. 

Pigulskii & Boratyn (1992) found that p Cep is the primary 
off a triple system; the secondary revolves around the primary 
withh an orbital period of 7 year. The secondary has been 
resolvedd by speckle interferometry (Gezari et al. 1972), and the 
tertiaryy has a separation of 13.4 arcseconds (Heintz 1978). 

AA magnetic field strength of G was measured by 
Rudyy & Kemp (1978). Henrichs et al. (1993) and Veen et al. 
(1996)) present measurements which emphasize the variable 
naturee of the magnetic field strength of j3 Cep. 

Besidess the variable nature of the star itself, /3 Cep is 
alsoo known to show variability of its stellar wind (Fishel & 
Sparkss 1972). Studies of the ultraviolet (UV) wind lines of 

** Based on observations obtained at the Observatoire de Haute 
Provence,, France 
*** Senior Research Assistant, Belgian National Fund for 
Scientificc Research 

/JCepp (Fishel & Sparks 1981) revealed a 6 or 12 day period. 
Henrichss et al. (1993) and Veen et al. (1996) identify the peri
odicityy of the UV wind variability with the rotation period of a 
magneticc dipole, which implies a rotation period of the star of 
122 days. 

Long-termm cycles of Ha absorption and emission phases 
havee been observed; the latest emission phase is reported by 
Mathiass et al. (1991) and Kaper & Mathias (1995). Kaper et al. 
(1996)) discuss whether the emission phases might be associated 
withh the binary nature, with a sudden change of the amplitude 
off the radial pulsation, or with the magnetic activity of the star. 

Aertss et al. (1994) discovered short-term multi-periodicity 
inn the variations of optical lines of ft Cep. They identified the 
frequencyy of the radial pulsation ƒ i =5.25 cycles/day, and found 
twoo more frequencies, /2=5.38c/d, /3=4.92c/d, close to the 
mainn frequency. The amplitude of these variations was found 
too be much smaller than that of the radial pulsation. Aerts et al. 
(1994)) attributed these small variations at the newly found fre
quenciess to non-radial pulsation modes of the star, but labelled 
thee mode identifications as uncertain. 

Ass a follow up on the work of Aerts et al. (1994), we in
vestigatee if any possible effect of the presence of a magnetic 
fieldd can be found in the profile variations of the optical photo-
sphericc absorption lines of the star. Furthermore, we investigate 
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Fig.. 1. Mean of the 620 spectra in the wavelength regions that were used to normalize the spectra 
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Fig.. 2. An example of one night of data, in the wavelength range 
aroundd the Si III A 4574 line. From top to bottom: the mean of all 620 
spectraa — 54 normalized spectra taken on JD 2448756 — a grey-scale 
representationn of the intensity variations in the line — the 54 residual 
spectraa (mean spectrum subtracted from the normalized ones) — a 
grey-scalegrey-scale image of the residual intensity variations in the line 

thee characteristics of the non-radial pulsation corresponding to 
thee frequency ƒ2. Preliminary results of this work have been 
presentedd by Telting et al. (1995). 

Thee plan of our paper is as follows. A brief description of the 
dataa is given in Section 2. In Section 3 we describe the period-
searchh methods we have used to analyse the data, and list all the 
frequenciess that we find in the periodograms. The non-radial 
pulsationn in f3 Cep is subject of the discussion in Section 4. We 
discusss the observed frequency splitting in Section 5, and give 
somee concluding remarks in Section 6. 

2.. The data 

Thee data have been taken at the Haute Provence Observatory, 
andd consist of 660 spectra taken on 19 nights over a total time 
spann of 33 days (May 11 - June 14, 1992). The spectra are 
sampledd with a resolving power of R~50000, over a wavelength 
rangee which comprises absorption lines of the Si III triplet A 
4552.6,4567.8,4574.88 and of 011 A 4591.0. The Si ill A 4552.6 
iss blended with a weak line of Si III A 4554.0. All spectra are 
mappedd to the heliocentric frame and the times of mid-exposure 
aree in HJD. For this study we used only the best 620 spectra 
(S/N>> 150). For a further discussion on the data we refer to 
Aertss et al. (1994). Figure 1 displays the mean spectrum in the 
regionss around the absorption lines. An example of one night 
off data is shown in Figure 2. 

Inn Figure 3 we present a comparison of the equivalent width 
(EW)) changes of the optical lines with those of the UV wind 
lines.. We plot the EW variations of the Si in A 4552 line, and 
thosee of the UV resonance doublets of Si IV (A 1394, 1403) 
andd C i v (A 1548, 1551). Since there were no UV data taken 
simultaneouslyy with the optical data, we represent the UV EW 
dataa with an interpolating fit to IUE data presented by Veen et 
al.. (1996). (There are IUE measurements taken less than a year 
beforee and less than a year after our optical measurements.) The 
fittedfitted function consists of two sinusoids with periods of 12.0 and 
6.00 days, and is fitted to 75 measurements, spanning 14 years, 
forr CIV and to 67 measurements for Si IV. With this function, 
alll UV EW data points are fitted well within the error of the 
measurements;; a fit with just one sinusoid with a 6 day period 
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Fig.. 3. Variations of the equivalent width of lines in the ultraviolet and in the optical. The top panel shows the interpolated fit to the EW 
variationss of the UV resonance doublets of Si iv (top curve) and C iv (bottom curve). The lower panel shows the EW changes of the Si in A 
45522 line. Variations with a time scale of 12 or 6 days are superposed on the variations caused by the radial pulsation. The sampling of the 
opticall  data is such that we cannot distinguish between deep and less-deep minima, as in the case of the UV resonance lines. Note that with 
eachh UV deep minimum we find a minimum in the EW of the optical lines as well 

doess not give such a satisfactory result. The combination of the 
twoo sinusoids makes it clear that the EWs of the UV wind lines 
varyy with alternating deep and less-deep minima. For this reason 
andd because of the similarity of the UV wind variations with 
thosee of the magnetic star HD184927, Henrichs et al. (1993) 
andd Veen et al. (1996) interpret the UV variations in /3Cep as 
duee to the consecutive passing of the poles of a magnetic dipole, 
whichh is oblique to the rotation axis of the star. 

Onee can clearly see in Figure 3 that, although the sampling 
off  the optical data is troubled by weather problems, the pho-
tosphericc profiles also show evidence for a 6 and/or 12 day 
periodicity. . 

3.. Period analyses 

3.1.3.1. Description of the methods 

Twoo of the most widely studied methods of spectroscopic pul-
sationn mode identifications are based on period searches on 
eitherr the variations of the velocity moments of the absorp-
tionn lines (the moment method, Balona 1986; Aerts et al. 1992; 
Aertss 1996), or on the intensity variations as a function of po-
sitionn in the line profile (Gies & Kullavanijaya 1988; Telting & 
Schrijverss 1996). For this study we apply both period finding 
techniques. . 

Thee first technique looks for periodicity in the change of 
derivedd quantities, such as equivalent width (EW), apparent 

radial-velocityy (Mi) , squared line width {Mj)  and skewness 
(M3).. Hereafter we refer to this period-finding technique as the 
Momentt Period Search (MPS). Pulsation mode identifications 
aree done considering the characteristic changes as a function of 
pulsationn phase for each of these quantities. 

Thee velocity moments Mn are derived by a weighted sum-
mationn of the normalized intensity across the line profile 

MMnn = J{v -vvKfKf))
nn(l(l  - I(v))dv (1) ) 

wheree wref is a reference velocity. In this paper, we calculate the 
firstt moment with the rest wavelength of the line as reference, 
andd the second and third moment are calculated using the first 
momentt as reference velocity vKf. The integration is carried out 
overr an as narrow as possible wavelength region, to minimize 
thee influence of the continuum noise in the determination of the 
moments.. We normalized the velocity moments by dividing by 
thee equivalent width Mo; from here on we speak of moments 
whenn we mean normalized moments. 

Thee second method searches for periodicity in the normal-
izedd intensity of each wavelength bin across the absorption line, 
resultingg in diagrams that give the amplitude and phase of the 
profilee variations as a function of position in the line profile. 
Thenn pulsation mode identification is attempted using the ob-
servedd change in phase of the periodic variations as a function of 
wavelength.. Hereafter we refer to this period-finding technique 
ass the Intensity Period Search (IPS). 
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Fig.. 4. The variations in EW and in the velocity moments of the Si in X 4574 line (first 6 nights of observations), and the corresponding 
CLEANedd periodograms (from all 620 spectra). The most prominent periodicity is due to the radial pulsation, although the variations in the 
secondd moment (i.e. line width) are not dominated by the radial pulsation. One can see a 6 day period in the equivalent width (see also Figure 3), 
andd a 6 day period amplitude modulation of the first moment (i.e. line centroid velocity). Even after using CLEAN the periodograms severely 
sufferr from aliasing. We find the frequencies f \ . . . ƒ5 in the periodograms of the moments, albeit at one-day aliases for some cases. We note that 
thee frequencies associated with the rotation of the star (multiples of 0.083 c/d and one-day aliases) are prominent especially in the equivalent 
widthh and in the third moment (i.e. skewness) of the line profiles 

Thee period-finding algorithm we applied consists of an 
ordinaryy Fourier transformation for non-equidistant temporal 
sampling,, followed by a CLEAN stage in which the window 
function,, which is due to incomplete temporal sampling of the 
stellarr signal, is iteratively removed from the Fourier spectrum 
(Robertss et al. 1987). The window function was removed in 
4000 iterations with a gain of 0.2. The frequency range that can 
bee examined with the data set is approximately 0.03-400 c/d, 

butt to cut down computing time we limited the frequency range 
off the computations to 0.001-30 c/d with a frequency step of 
0.0011 c/d. After CLEANing, the amplitude of the variations can 
bee estimated by the relation a(f) = 2y/p(f) , where a ( / ) is 
thee amplitude as a function of frequency, in units of the original 
signall that was given as input to the Fourier routine, and where 
p(p(ƒ)ƒ) is the CLEANed power spectrum. 
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Fig.. 5. Partially CLEANed Fourier periodograms of the intensity vari
ationss in the Si m A 4574 line. For each wavelength bin the power as 
aa function of frequency is plotted as a grey-value. Grey-scale cuts: 0 -
10 - 6 .. The bottom panel shows the mean, the first and the last spectrum 
off the data set. We find a pattern of frequencies at which variations are 
seen.. This pattern occurs around the main pulsation frequency f\, and 
alsoo around the harmonics of the main pulsation frequency. Here we 
showw the pattern as detected around /i=5.25 c/d and 2/i=10.50c/d 

Forr the four absorption lines we applied this period search 
algorithmm to the time series of 620 spectra: we analysed the 
timee series of the moments (MPS), and the time series of the 
normalizedd intensity of each position in the line profiles (IPS). 
Wee CLEANed the Fourier transform of the time series of the 
momentss over the whole frequency range (0-30 c/d), to obtain 
thee periodograms (see Figure 4). 

Forr the intensity variations, however, we found after the 
firstfirst trials that the periodograms resulting from the IPS method 
onlyy contained evidence for periodicity within the intervals 
0.0-3.0c/d,, 4.6-5.8,9.8-11.0, 15.2-16.2, 20.4-21.8 and 23.0-
30.00 c/d. Outside of these frequency intervals only occasional 

one-dayy aliases were present. To avoid the CLEANing of the 
one-dayy aliases we restricted the CLEAN algorithm to the above 
mentionedd frequency intervals, thus ensuring that all power of 
thee variations is CLEANed at the right frequencies. Of course 
onee can only do this if one has foreknowledge of the detected 
frequencies;; in our case the observed periodogram (see Figure 
6)) and especially the repetitiveness of the frequency pattern 
(seee next section) proved the validity of partially CLEANing 
thee "dirty" Fourier spectrum. Similar partial CLEANing tech
niquess are commonly used in the reduction of radio synthesis 
observations. . 

3.2.3.2. Results of the period analyses 

3.2.1.. Variations in the moments 

Inn Figure 4 we show the moments and their periodograms, as 
derivedd from the Si III A 4574 line. Consistent with the results of 
Aertss et al. (1994), we find that the variations of the equivalent 
width,, the centroid velocity and the skewness of the profiles are 
dominatedd by the radial pulsation in /? Cep. 

Forr all 4 investigated lines except Si III A 4574, the varia
tionss of the second moment (squared line width) are dominated 
byy the radial pulsation. For Si in A 4574 the power peak of 
thee radial mode is of equal strength to that of other detected 
frequenciess (which will be specified below). The relative am
plitudee of the variations of the equivalent width (dEW/EW) and 
off the second moment (dM^IMi) are largest for the OII A 4591 
line,, whereas its average equivalent width is the smallest of the 
fourr investigated lines. 

Fromm the curves of the EW in Figure 3 and of the moments 
inn Figure 4 it is evident that a 6 day period (EW) and a 6 day 
amplitudee modulation (first and third moment) is present. Con
sequently,, we find a peak in the periodograms of the moments 
att 0.17 c/d, corresponding to a period of 6 days. Since the 6 day 
periodd was already identified as half the rotation period of the 
starr (from UV wind lines), we argue that the regular pulsational 
cycle-to-cyclee amplitude variations as observed in the optical 
(e.g.. Struve et al. 1953, Aerts et al. 1994) are mainly due to 
rotationall modulation. 

Inn addition to the three frequencies found by Aerts et al. 
(/i=5.25,, /2=5.38, /3=4.92 c/d), we find evidence for two other 
frequenciess in the moment variations, but severe one-day alias
ingg makes it difficult to identify these frequencies with certainty. 
Wee note that these newly detected frequencies ƒ4 and ƒ5, that 
willl be specified below, were not found in the moment vari
ationss by Aerts et al. (1994), who used the Phase Dispersion 
Minimizationn method of Stellingwerf (1978) without CLEAN
ingg by means of a window function. It is therefore clear that 
periodd analyses using the CLEANing technique can lead, in 
somee cases, to better results compared to methods that do not 
makee use of this technique. 

Aertss et al. (1994) noted that the FWHM variation of the 
AA 4552 line in /3 Cep is not dominated by the radial pulsation, 
butt instead varies mainly with frequencies ƒ3 and ƒ2. In their 
periodd analysis they only investigated the frequency interval 
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Fig.. 6. The variational power in the (partially) CLEANed Fourier 
periodogramss (IPS, see Figure 5) is summed over the wavelength range 
off  the Si in A 4574 line (4573.7^4-575.5A), forming a one-dimensional 
periodogram.. The top panel shows the window function that is removed 
byy CLEAN. Then, from top to bottom the frequency intervals around 
zero,, f\, 2/i, 3 f\, and 4/i are shown. The horizontal scales of each 
off  the panels are the same. Evident are the frequencies f\ 
(radiall  mode), ƒ2 (non-radial mode), ƒ3, ƒ.», and ƒ5. The spacings 
fr<fr< ——>>  f<t< —»f\ <—> ji  are 0.17 c/d each (a period of 6 days). This is 
equall  to the frequency of subsequent high (or low) EW values of the 
UVV resonance lines (see Figure 3) 

[3.0,8.0]]  c/d. We analysed the FWHM variations of the A 4574 
linee using the CLEAN technique, and find in order of decreasing 
power:: the 6 day period, ƒ3, ƒ2, 2/i and / i + / 4 . 

3.2.2.. Variations in the normalized intensity as a function of 
positionn in the line profiles 

Inn Figure 5 we plot parts of the periodogram resulting from the 
IPSS analysis of the data of the Si III A 4574 line. We summed 
thee detected power of the periodograms of the variations across 

Tablee 1. Observed frequencies (in cycles/day) of spectral line vari-
ationss in P Cep. For the Si in triplet and the O 11 line we give the 
observedd line centre of the mean of 620 spectra (read off from the 
meann spectrum sampled on 0.05A bins). The wavelength scale is cor-
rectedd for earth motion. The frequencies are derived from summing 
thee variational power of the IPS over the wavelength region around the 
linee centre that contains significant variability 

h h 
h h 
h h 
h h 
h h 

hh + h 
/ . + / 4 4 
2x/, , 

ƒ.. + ƒ2 
hh + h 

2x.frr + ƒ3 
2x/,, + /4 

3x /, , 
2x/,, + /2 

2x/,, + /5 

3x/,, + /3 

4X / ! ! 
3x/,, + /5 

Sii  in 
4552.45 5 

0.175 5 
0.334 4 

4.925 5 
5.083 3 
5.250 0 
5.379 9 
5.417 7 

10.170 0 
10.334 4 
10.500 0 
10.632 2 
10.669 9 

15.420 0 
15.581 1 
15.750 0 
15.883 3 
15.921 1 

20.673 3 
21.001 1 
21.171 1 

Sim m 
4567.70 0 

0.162 2 
0.333 3 

4.923 3 
5.082 2 
5.250 0 
5.381 1 
5.417 7 

10.172 2 
10.335 5 
10.500 0 
10.632 2 
10.669 9 

15.422 2 
15.581 1 
15.751 1 
15.884 4 
15.920 0 

20.673 3 
21.001 1 
21.171 1 

thee lines to a one dimensional p 

S im m 
4574.60 0 

0.160 0 
0.338 8 

4.923 3 
5.082 2 
5.250 0 
5.381 1 
5.417 7 

10.171 1 
10.334 4 
10.500 0 
10.632 2 
10.669 9 

15.421 1 
15.586 6 
15.751 1 
15.883 3 
15.921 1 

20.674 4 
21.001 1 
21.170 0 

eriodograi i 

On n 
4590.80 0 

0.161 1 
0.334 4 

4.923 3 
5.085 5 
5.250 0 
5.380 0 
5.417 7 

10.172 2 
10.334 4 
10.500 0 
10.632 2 
10.669 9 

15.423 3 
15.585 5 
15.750 0 
15.882 2 
15.919 9 

20.673 3 
21.001 1 
21.170 0 

nn (see Figi 

average e 
0.165 5 
0.335 5 

4.924 4 
5.083 3 
5.250 0 
5.380 0 
5.417 7 

10.171 1 
10.334 4 
10.500 0 
10.632 2 
10.669 9 

15.422 2 
15.583 3 
15.751 1 
15.883 3 
15.920 0 

20.673 3 
21.001 1 
21.171 1 

iree 6), and 
comparee this summed periodogram with the periodograms of 
thee velocity moments (MPS, Figure 4). The wavelength range 
overr which the separate periodograms are summed, is kept as 
smalll  as possible to prevent the noise level from building up. 

Wee find clear differences between the periodograms of the 
twoo different techniques, MPS and IPS. In the periodogram 
off  the latter method we find patterns recurring around every 
detectablee harmonic of the radial pulsation, with the same fre-
quencyy spacing as around the main frequency. The advantage 
off  this is that we can easily identify certain power peaks to be 
significantt (see Figure 6), which was not possible in the peri-
odogramss of the moments. This allows us to discard the one-day 
aliasess by partially CLEANing the periodogram (Section 3.1). 

Thee recurring pattern of power peaks is not due to stellar 
variabilityy with the corresponding frequencies, but instead due 
too the unobvious mapping of the intrinsic stellar 3-dimensional 
variabilityy onto a one-dimensional representation, i.e. the spec-
trall  line profile. Only the frequencies detected around the main 
pulsationn frequency, represent true intrinsic periodic variability. 

Wee find, apart from the already known frequencies, two 
otherr frequencies (/4=5.08c/d, /5=5.42c/d) around the main 
frequency,, which have variations exceeding the noise level. 

http://2x.fr
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Fig.. 7. The IPS amplitude (left) and phase (right) distributions of the line-profile variations (see Figures 5 and 6). The top panels display the 
meann of the observed profiles. The middle and lower panels give the (partially) CLEANed amplitude and phase distributions for the indicated 
frequencies.. The phase diagrams are offset by multiples of 27r for clarity. The amplitude and phase distributions at the main pulsation frequency 
andd its first harmonic (middle panel) are characteristic for a radial pulsation 

Thee spacing between the frequencies are: f\— /3«0.33c/d, 
ƒ]—/4~0.17c/d,, and ƒ5—/i«0.17c/d). Furthermore, we find 
inn the periodograms a peak at 0.17c/d, corresponding to a pe-
riodd of 6 days, and evidence for harmonics of this frequency. 
Fromm UV wind line measurements, the period of 6 days has 
beenn interpreted as half the rotation period of the star (Henrichs 
ett al. 1993, Veen et al. 1996), and hence we can identify the 
spacingss between the main frequency f\ and the frequencies ƒ3, 
ƒ4,, and ƒ5 as multiples of the rotation frequency of the star. 

Thee IPS period analysis gives consistent results for each of 
thee four investigated absorption lines. The error in the detected 
frequenciess can be estimated by the HWHM of the main peak 
off  the window function, which is 0.011 c/d (see Figure 6). This 
estimatee reflects a possible systematic error due to the time 
samplingg of the data. The multitude of absorption lines, how-
ever,, allows us to make a separate estimate by computing the 
meann and the error in the mean of the detected frequency values 
(Tablee 1). We find that for all detected frequencies the error in 

thee mean is in the order of the frequency spacing (0.001 c/d) 
thatt we used for the Fourier analysis. 

Inn Figure 5 one can see that the distribution of the power as 
aa function of position in the line profile is rather complex. In 
Figuree 7 we display the IPS amplitude and phase distributions 
forr some of the detected frequencies. The amplitude distribution 
att the main frequency and its first harmonic, f\ and 2f\, can 
bee modelled perfectly by that of a radial pulsation. Part of 
thee complexity in the other amplitude distributions is due to 
incompletee sampling as a result of bad weather. 

Fromm Figure 7 we conclude that the amplitude distribution 
att ƒ5 and f\ + f5 is asymmetric with respect to line centre. We 
arguee that a model for the optical line-profile variability in 
pp Cep should not only account for the observed frequencies but 
alsoo for the complexity of the amplitude distributions. 
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Tablee 2. Results of the analysis of the line-profile variations with 
apparentt frequency /2=5.38c/d with the moment method (Aerts 1996); 
thee mode with the lowest value of 7 fits the moment variations best. 
Wee list the pulsation amplitude as defined by Aerts (1996, vp) and as 

7 7 
km/s s 
0.52 2 
0.55 5 
0.57 7 
0.60 0 
0.64 4 

vvp p 

km/s s 
2.8 8 
1.5 5 
2.4 4 
6.1 1 
5.7 7 

»max x 

km/s s 
3.8 8 
1.9 9 
3.2 2 
8.5 5 
9.0 0 

V^sini i 
km/s s 
23.9 9 
32.6 32.6 
13.4 4 
25.7 7 
20.8 8 

W W 
km/s s 
14.6 6 
12.5 5 
16.7 7 
11.9 9 
17.0 0 

i i 

61° ° 
70° ° 
88° ° 
8° ° 

43° ° 

4.. The non-radial mode in /3 Cep 

Smithh (1977) suggested that the observed amplitude variations 
inn 0 Cep might be related to beatings, and showed that indi-
viduall  line profiles can be fitted with non-radial pulsations. 
However,, Campos & Smith (1980) showed that the line-profile 
variationss with frequency ƒ 1 can only be due to a radial pulsation 
mode. . 

Aertss et al. (1994) have analysed the moments of the line 
profiless of their extensive data set of 0 Cep, assuming a triple-
periodicc pulsation with frequencies ƒ1, f2, ƒ3, to interpret the 
variationss with apparent frequency /2=5.38 c/d. They concluded 
thatt these variations can be modelled as a non-radial pulsation 
withh £=\m\=2 and with a low amplitude with respect to that of 
thee radial pulsation in /3Cep. Here we reanalyse the data and 
findd two different pulsation modes that give a better description 
off  the variability at ƒ2. 

4.1.4.1. The moment method 

Withh the moment method one can identify the pulsation mode 
fromm the variations in the moments of the line profiles. We used 
thee new version of the moment method (Aerts 1996, who uses 
aa definition of the moments that is different from that used in 
thiss paper) to derive the parameters of the non-radial mode in 
00 Cep, using a model that includes ƒ ] , . . ., ƒ5 to fit  the observed 
moments.. This fit  is compared with the modelled moments for 
eachh combination of £ and \m\ of the non-radial mode; the com-
parisonn is carried out by the minimization of a discriminant, 7. 
Tablee 2 lists the best models ranked according to the minimized 
parameterr 7: the mode with £=2 and |mj=l gives the best de-
scriptionn of the moment variations. We see that the mode with 
£=\m\=2£=\m\=2 corresponds to Ve sin i « 13 km/s, which is incompati-
blee with the outcome of the moment method (Vc sin i=25 km/s) 
whenn applied to the radial mode. For appropriate values of 
l^sinii  (i.e. 25-30km/s) the 7 value of the £=\m\=2 mode is 
muchh larger than the values in Table 2, and hence we can ex-
cludee the possibility of a sectoral mode with 1=2 to explain the 
variationss at ƒ2. From the value of the discriminant we find that 
thee variation at fo is best described by a pulsation mode with 
|m|=ll  and 1=2 or £=\. 

4.2.4.2. IPS diagnostics; the phase diagram of f2 

Fromm the moment method alone, one cannot derive whether the 
non-radiall  mode is prograde (negative m) or retrograde (positive 
m).. In order to overcome this limitation we fit the observed IPS 
phasee diagram of ƒ2 with that of a model of a multi-periodic star. 
Giess & Kullavanijaya (1988) and Telting & Schrijvers (1996) 
havee shown that the phase diagrams hold essential information 
forr mode identification. To generate spectra for a star with a 
radiall  and a non-radial mode both simultaneously present, we 
usedd the pulsation model as described by Schrijvers et al. (1996) 
andd Telting & Schrijvers (1996), with Vc sin i=27 km/s, incli-
nationn t=60°, Gaussian intrinsic profile width W= 14 km/s, and 
linearr limb-darkening coefficient a=0.36 (see Aerts et al. 1994). 
Forr the radial mode we used: observed frequency u;=5.25c/d, 
pulsationn velocity amplitude Vmsa,=2'i  km/s, ratio of rotation 
andd pulsation frequency f}/w=0.016 (for a rotation period of 12 
days),, and 5% variability (peak to peak) in the equivalent width 
off  the lines with the EW in phase with the radial displacement, 
ass is observed for the Sim triplet. For the non-radial mode we 
used:: u>=5.38 c/d, Vmax=1.9 km/s, ratio of horizontal to vertical 
amplitudess fc=0.03, and fi/o;=0.015. We varied the pulsation 
parameterss £ and m of the non-radial mode, and generated 
spectraa with the same time sampling as that of the 620 observed 
spectra.. For each of the generated time series we did an IPS 
analysiss as described in Section 3.1, resulting in periodograms, 
andd amplitude and phase diagrams. 

Thee IPS periodograms of the models of a combined high-
amplitudee radial and low-amplitude non-radial mode show the 
samee recurrence of the frequency pattern as in the case of the ob-
servations:: f\ (radial), f2 (non-radial), 2 ƒ 1, /i + ƒ2, 3/i, 2f]+f 2, 
etc.. (see Figure 6). Harmonics of the non-radial mode are too 
smalll  to be detectable in our data set. In Figure 8 we compare 
thee modelled and observed phase diagrams. 

Forr prograde modes we expect that the variations of the non-
radiall  mode give rise to bumps and troughs that move from blue 
too red through the line profile (Vogt & Penrod 1983). Equiva-
lent ,̂, the phase diagrams of prograde modes have a negative 
slopee from blue to red. From Figure 8 we conclude that the phase 
diagramss of zonal (m=0) and prograde (m<0) non-radial modes 
cannott fit the observed phase diagram: the non-radial mode must 
bee retrograde. The phase diagrams of the modelled retrograde 
£=3£=3 modes are too steep; only for K sin i>35 km/s these slopes 
aree consistent with the data, but this value of Ve sin i is too large 
too properly fit  the line-profiles. Higher values of £ will give even 
steeperr phase diagrams, and hence we can exclude the possibil-
ityy that the line-profile variations with frequency f2 are due to 
aa mode with £>2. 

Wee note that the phase diagrams of the best-fitting models 
(retrogradee modes with £=l or £=2) are virtually identical for 
differentt values of the inclination; for some of the other combi-
nationss of £ and m, the phase diagrams change somewhat as a 
functionn of i, but they never fit  well. The phase diagrams hardly 
changee for small changes in the adjustable model parameters 
VVzz sine, W, a, and Vmax (see next subsection). 
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Fig.. 8. Model calculations of /3 Cep as a multi-mode pulsator with a 
radiall  (ƒ0 mode and a (non-)radial (fi) mode. The solid lines give the 
IPSS phase diagrams of the (non-)radial mode, for different combina-
tionss of the parameters I and m. The observed phase diagrams (of ƒ2) 
aree overplotted (dots) for the models that give the best representation of 
thee observed phase diagram: low-degree retrograde sectoral or tesseral 
modes s 

4.2.1.. The IPS amplitude and phase diagram of f\ and f2 

Thee IPS amplitude and phase diagrams form, together with the 
meann profile, a complete description of the line-profile variabil-
ity.. Besides f\ and ƒ2, we detect also other frequencies in the 
line-profilee variability of (3 Cep, which are probably due to other 
phenomenaa than just pulsations (see Section 5). Whereas the 
observedd line profiles are affected by these other sources of vari-
ability,, the phase diagrams at f\ and ƒ2 are not. This is because 
thee IPS Fourier analysis separates the different variabilities in 
frequencyy space (see e.g. Telting & Schrijvers 1996). The cor-
respondingg amplitude diagrams can be affected by the effects 
off  beating, but since the profile variability at frequencies ƒ3, ƒ4, 
ƒ5,, and the six day period is very small, the amplitude diagram 
off  the non-radial mode (ƒ2) wil l only be affected by beating 
withh the radial mode (ƒ 1). Therefore, the modelling of the mean 
profilee together with the amplitude and phase diagrams of ft 
andd f2 will , in the case of fi Cep, give better constraints on the 
pulsationall  characteristics than model fits to the line profiles 
themselves. . 

Inn Figure 9 we show the observed and modelled mean pro-
filefile  and amplitude and phase diagrams. We compare the multi-
periodicc model as described in Section 4.2 (thin solid line) with 
aa multi-periodic model with Ve sin i=25 km/s, Gaussian width 
W-W-18.518.5 km/s, and amplitude of the radial mode Vmax=22 km/s 
(doublee line). We adjusted the pulsation amplitude of the non-
radiall  mode to fit  the observed amplitude diagrams; with i=60° 
wee find that Vmax ranges from 1.1 km/s to 2.1 km/s for the dif-
ferentt combinations of I and m in Figure 9. 

Thee phase diagrams of both models are virtually identical. 
Thee first model gives good agreement with the observed ampli-
tudee diagram of the non-radial mode (especially for 1=1, m= 1), 
thee latter model gives a better description of the amplitude di-
agramm of the radial mode. This is because the large value of 
WW leads to a decrease in the line-profile variability, which is 
neededd to fit  the observed amplitude distribution at f\ (see the 
leftt middle panel in Figure 9). However, a smaller value of the 
intrinsicc width W gives better fits to the amplitude and phase 
diagramm of the non-radial mode. 

Thee amplitude diagrams of ƒ2 change as a function of the in-
clination,, with as major difference a scaling of the amplitudes of 
thee line-profile variability. Similarly, the amplitude distribution 
att ƒ2 scales almost linearly with the pulsation amplitude Vmax of 
thee non-radial mode. This means that for different values of the 
inclinationn we have to adjust Vmax to fit  the amplitude diagrams. 
Wee note that the derived values of Vmax wil l be slightly different 
forr different intrinsic-profile shapes, and also for other values 
off  the limb-darkening coefficient. 

Thee shape of the amplitude distribution at ƒ2 is greatly 
influencedd by the value of the pulsation amplitude of the radial 
modee (ƒ]), whereas the corresponding phase diagram is not. 

Withinn the range of EW variations allowed by the observa-
tionss (see Figure 3), the pulsational EW variations have littl e 
influencee on the amplitude diagrams; the EW variations give 
risee to line-centre variability at f\, leading to a small rise of the 
amplitudee distribution of f\ at line-centre. 
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Fig.. 9. Observations (dots) and multi-periodic models of the line-profile variability of/9Cep. The top panels give the mean spectrum, the middle 
panelss give the amplitude and phase diagrams of the radial pulsation (/i), the bottom panels give those of the non-radial pulsation (ƒ2) for 
differentt combinations of the parameters £ and m. The thin line depicts the model with W=14km/s, Vc sin i=21 km/s, Vmax=23km/s for the 
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max=22km/s for the radial mode. For both models, 
thee pulsation velocity amplitude of the non-radial mode (ƒ2) is adjusted to fit the observations, and varies between Vmax=l. 1-2.1 km/s 

Fromm Figure 9 we conclude that the line-profile variations 
att f\ and ƒ2 can successfully be modelled with a multi-periodic 
starr with a radial and a non-radial mode. Although the line-
profilee variability at f\ and ƒ2 cannot be fitted perfectly with our 
model,, the identification of the non-radial mode from the shape 
andd slope of the IPS phase diagrams and the general shape of 
thee IPS amplitude diagrams (Figures 8 and 9) is independent of 
variationss in the model parameters (inclination, intrinsic width, 
pulsationn amplitude, etc.). We find from the IPS diagnostics that 
aa mode with m=\ and 1=2 or £=[  gives the best description of 
thee line-profile variability at f2. 

4.3.4.3. Moment method versus IPS method 

Withh the moment method and with the IPS method, we find 
consistentt identifications of the non-radial mode in 0 Cep. We 
notee that with the different approaches of these methods, one 
cann obtain different values for the intrinsic profile width W, for 
thee pulsation amplitude Vmax. and for V£ sin z. 

Withh the implementation of the moment method that is cur
rentlyy in use, it is not possible to tune the stellar and pulsational 
parameterss by fitting both the radial and the non-radial mode si
multaneously.. Such an approach is possible by fitting the mean 
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profilee and each of the relevant IPS amplitude and phase dia-
gramss simultaneously (Figure 9). 

Withh the constraints on the values of I and m from the 
momentt method and from the fits to the IPS amplitude and 
phasee diagrams, we conclude mat the line-profile variations at 
ftft are due to a retrograde non-radial mode with m=l and £=2 or 
l=\.l=\.  With a rotation period of 12 days the pulsation frequency 
inn the corotating frame becomes u?corot=5.46c/d. 

5.. Interpretatio n of the frequency splitting 

Thee observed frequency spectrum could be the signature of 
fivefive different (non-)radial pulsation modes. This would be a 
generalisationn of the model proposed by Aerts et al. (1994), 
whoo interpreted fa and fo as being due to small-amplitude 
non-radiall  pulsations. However, the then unexplained equal fre-
quencyy spacing between f\, ƒ3, ƒ4, and ƒ5 (which could not be 
notedd by Aerts et al. since they did not find ƒ4 and ƒ5), renders 
thiss model unlikely. Below, we describe two models that can 
producee a frequency splitting. 

5.1.5.1. Rotational modulation; temperature spots 

Consideringg the similarity between the changes in equivalent 
widthh of the optical photospheric lines and the UV wind lines of 
PP Cep (Figure 3) and the constant frequency spacing between 
thee frequency of the main radial pulsation mode and ƒ3, ƒ4, and 
/5,, we argue that the latter detected frequencies might be caused 
byy rotational modulation induced by the changing conditions of 
thee photosphere when the magnetic poles are passing through 
thee line of sight. 

Thee frequency modulation can be interpreted in terms of 
surfacee temperature spots that are associated with the presence 
off  a magnetic field. The geometric structure of the spots is 
thenn expected to be related to the geometry of this field. For a 
magneticc dipole we assume that the temperature distribution can 
bee represented by an axisymmetric spherical harmonic of degree 
22 along the magnetic axis, in such a way that the magnetic poles 
aree cooler than the magnetic equator. We take a temperature 
distributionn of the form : 

T{BT{BBB,¥B),¥B) = T0 + dT(0B,<pB) 

==  TO(I + ^[1-Y2°(0B,^B)]), (2) 

wheree (QB,WB) are spherical coordinates with respect to the 
magneticc axis. In Equation (2) we use the spherical harmonics 
yy"=P£m(cos0)exp(im<£)) and the associated Legendre poly-
nomialss P/71 as defined by Aerts et al. (1992), and use a tem-
peraturee difference between the magneticc poles and equator of 
10%% of To. From the phasing of the equivalent-width variations 
andd the radial-velocity curve, in combination with the strength 
off  the Sim triplet as a function of temperature, one can de-
rivee that 0 Cep must be hotter than Teff~23000K (e.g. Cugier 
1993).. Gies & Lambert (1992) and Heynderickx et al. (1994) 
givee Tcff=26700K and Teff=24500 K, respectively. 

Too calculate the influence of the temperature spots on the 
line-profilee variations, we need to determine the correspond-
ingg temperature distribution as a function of position on the 
visiblee stellar disc. This distribution is time dependent due to 
thee rotation of the star and can be determined by performing 
twoo consecutive transformations. A first time-dependent trans-
formationn gives the temperature distribution along the rotation 
axis,, which is oblique to the magnetic axis with angle 0 : 

2 2 

Y?(0Y?(0BB,<PB)=,<PB)= ^2(-l)ka2ok(0)txp(-iknt)Y2
k(9R,ipR), <3) 

* = - 2 2 

wheree (9R,ipR) are spherical coordinates with respect to the 
rotationn axis and where the functions aim* are defined in Aerts 
ett al. (1992). A second time-independent transformation leads 
too the temperature distribution as seen by the observer, who is 
inclinedd to the rotation axis with angle i : 

2 2 

YY22
kk(9(9RR,, tpR) = J ] ) a2kn(i)Y2

n(6y v>), (4) 
n=-2 2 

wheree (0, <p) are spherical coordinates with respect to the line 
off  sight. The temperature variations give rise to local bright-
nesss variations which can be approximated by means of at-
mospheree models, e.g. the ones by Kurucz (1992): dF\/F\ « 
2.00 dTeff /Teg. The temperature distribution due to the mag-
neticc field then leads to a distribution of the specific intensity 
throughh the relation dl(9, <p, t)fl = 2 dT(0, <p, t)/T. The appar-
entent intensity distribution is then further multiplied by the usual 
limb-darkeningg factor (1 — a + a cos 0) with a=0.36, in order 
too obtain the total intensity field of the visible hemisphere. 

Wee only model the brightness variation associated with the 
temperaturee variation; although the observed changes in equiv-
alentt width clearly have a 6 day periodicity (see Figures 3 and 
4),, we ignore these changes in our model, for reasons of sim-
plicity.. We also ignore the temperature and equivalent width 
changess induced by the radial pulsation. 

Wee have calculated theoretical line profiles for a radial pul-
sationn with parameters appropriate for ft Cep (i.e. rotation pe-
riodriod 12 days, K sin i=25 km/s, W=16 km/s), taking into account 
thee above described temperature variation. We have generated 
166 sets of 250 line profiles with observation times that are 
randomlyy spread in the time interval of our @ Cep data. The 
differentt sets are numbered according to the values for the ge-
ometricc angles i and {3 as given in Table 3. We then performed 
ann IPS frequency analysis on sets 1,. . ., 16 to see if our simple 
temperaturee model can reproduce the observed frequency split-
tingg around the main pulsation frequency. The periodograms 
resultingg from this analysis are shown in Figure 10. 

Fromm Figure 10 we find that models 6, 7, 8, 10,11, 12, 14, 
15,, and 16 give rise to a frequency splitting around f\ that is 
symmetricc in both power and frequency. The sets 8, 12, 14,15, 
andd 16 give rise to the correct frequency splitting concerning 
/ i ,, ƒ4 and ƒ5 (see Figure 5), and the corresponding splittings 
aroundd the harmonics of ƒ 1. These models also give rise to 
thee observed peak at 0.17c/d (6 day period), and give no or a 
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Tablee 3. The numbering of the different sets of theoretically generated 
linee profiles, as a function of angles i and (3. 

1—> 1—> 

Pi Pi 
r r 

30° ° 
60° ° 
89° ° 

1° ° 

1 1 
2 2 
3 3 
4 4 

30° ° 

5 5 
6 6 
7 7 
8 8 

60° ° 

9 9 
10 0 
11 1 
12 2 

89° ° 

13 3 
14 4 
15 5 
16 6 

relativelyy small peak at 0.083 (12 day period). These sets have 
00 - 89° and non-zero i, or i = 89° and non-zero /?. From the 
analysiss of the non-radial mode (ƒ2, see Section 4) with the 
momentt method, we found that for the best fitting modes the 
inclinationn of (3 Cep should be around 60°. With this value of 
thee inclination, we find that the angle between the rotation axis 
andd the magnetic axis is larger than 60°. 

Nonee of the models is able to reproduce a peak at frequency 
ƒ33 or at the harmonic of the 6 day period, i.e. 0.33 c/d. It is 
clearr that, if the observed frequency splitting is caused by a 
temperaturee distribution due to the magnetic field, then the latter 
hass to be more complex than the assumed constant dipole field. 
Ann off-centre dipole (see e.g. Hatzes 1990, for the case of the Ap 

starr HR5857) or a quadrupole field with unequal components 
mightt give better results, but such detailed modelling is beyond 
thee scope of our paper. 

Inn Figure 11 we plot the observed and modelled amplitude 
distributionss of the variations at ƒ4 and ƒ5. The figure shows 
thee results of models 11 and 16; the other models give similar 
amplitudee distributions, but with different maximum amplitude. 
Althoughh the modelled amplitude distributions of ƒ4 show, like 
thee observed one, a triple peak structure, the general agreement 
betweenn model and observations is poor. The observed ampli-
tudee distributions have a much higher degree of complexity (see 
alsoo Figure 7). We have performed an IPS analysis on a gen-
eratedd time series with the same time sampling as the data of 
/33 Cep, and with the individual spectra scaled to match the ob-
servedd variations of the equivalent width. This approach proved 
too give rise to more structure in the amplitude distributions, 
andd hence we argue that more detailed modelling, including 
equivalentt width variations, is necessary to fit  the line-profile 
variationss as found at frequencies ƒ3, ƒ4 and ƒ5. 

5.2.5.2. The oblique pulsator model 

Thee oblique pulsator model (e.g. Kurtz & Shibahashi 1986) 
describess non-radial pulsations in a star that are subject to the 
Corioliss force due to the rotation and to the Lorentz force due 
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temperaturee spot model 16, the dashed line is for model 11 (see Table 
3) ) 

too the presence of a magnetic field. With this model, it is as-
sumedd that the pulsation and magnetic axes are aligned and 
aree oblique to the rotation axis. The model is quite successful 
inn explaining the observed photometric light curves of rapidly 
oscillatingg Ap stars (roAp stars, see Kurtz 1990 for a review). 
Refinementss of the theory of an oblique pulsator in the case of 
aa magnetic dipole for which the influence of the Lorentz force 
iss of equal importance as the influence of the Coriolis force 
(Shibahashii  & Takata 1993) have led to the theoretical expla-
nationn of the observed equally-split frequency septuplet in the 
roApp star HR3831 (Kurtz 1992). 

Thee analogy of the frequency splitting observed in roAp 
starss and in (3 Cep has led us to wonder if the Lorentz force 
iss an important clue to the understanding of the line-profile 
variationss of (3 Cep. The ratio of the powers of the different 
frequencyy peaks in the periodogram is much larger for roAp 
starss than for /3Cep. These powers are a direct measure of 
thee strength of the magnetic field, which can amount to 2000 
Gausss in the case of the roAp stars. For (3 Cep, Rudy & Kemp 
(1978)) reported a field strength of 0 G, and concluded 
thatt the field was variable. Veen et al. (1996) find that the 
magneticc field of/? Cep is highly variable, with a mean value of 
aboutt 200 Gauss. For such a weak magnetic field we estimate 
thatt the effects of the Lorentz force are very small, but of the 
orderr of the effects of the Coriolis force. The Coriolis force 
iss proportional to the ratio of the rotation frequency and the 
pulsationn frequency. For (3 Cep we have tt/ui = 1.6% and B « 
2000 Gauss, while in the case of the roAp star HR3831 the 
correspondingg values are fi/w = 2.9% and B « 700 Gauss. It 
thuss seems worthwhile to study the oblique pulsator model in 
moree detail to see if a spectroscopical application of this model 

cann explain the observed frequency splitting, and if it can lead to 
ann estimate of the geometrical angles i and (3 and an estimate of 
thee magnetic field strength. A more detailed study of the model 
inn the case of (3 Cep is currently being undertaken (Shibahashi 
&&  Aerts 1996). 

5.3.5.3. More detailed modelling 

Similarr to our simple temperature model, the oblique pulsator 
modell  as such does not predict equivalent width variations. In 
orderr to match the observed EW variations, one has to include 
temperaturee variations in the oblique pulsator model, and relate 
thesee temperature variations to changes in the equivalent width 
off  the local intrinsic profile. After integration of the local pro-
filesfiles over the visible stellar disc, one can compare the modelled 
andd observed EW variations (see e.g. Smith 1977, Cugier 1993, 
Giess 1996, Townsend 1996). 

Too give a complete description of the data, it is not sufficient 
too model the observed temporal frequency spectrum alone. In 
addition,, future models should account for the variations in the 
EW,, FWHM and the moments of the line profiles, or equiva-
lently,, the IPS amplitude and phase diagrams. Hopefully, such 
detailedd modelling wil l lead to a satisfactory description of the 
superbb data set that we analysed in this paper, and wil l enable 
uss to understand the physical properties that give rise to the 
complexx optical line-profile variations in (3 Cep. 

Att present, the moments and the IPS amplitude and phase 
diagramss of the line-profile variations at f\ (radial mode) and f 2 
(non-radiall  mode, see Section 4) are fairly well understood. The 
physicall  processes that give rise to the 6 or 12 day period and 
thee modulation of the observed amplitude of the radial mode 
(ƒ3.. ƒ•*, ƒ5) remain uncertain; it seems inevitable that the stellar 
rotationn plays an important role in the origin of the observed 
frequencyy pattern. 

6.. Concluding remarks 

Wee have analysed a data set of 620 high-quality high-resolution 
spectraa of (3 Cep, taken on a time base of 33 days. With a data set 
ass extensive as this one, we were able to study the line-profile 
variationss of (3 Cep in great detail. 

Wee have shown that the optical line-profile variations of 
/3Cepp show periodicity with at least five different frequencies. 
Thee splitting between four of these frequencies can be recon
ciledd with a period of 6 days; this period is also detected in the 
periodograms. . 

Thee analysis of our data set has shown that a frequency 
searchh by means of the CLEAN algorithm can in some circum
stancess lead to better results than a PDM analysis. We used a 
techniquee to partially CLEAN the periodograms resulting from 
Fourierr transformations of the data. This method helps to sup
presss one-day aliases, but can only be applied if the frequencies 
inn the signal are already known. 

Wee analysed the intensity variations in the line profiles as 
welll as the variations in the moments of the line profiles. The 
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line-profilee variations with frequencies f\ and f2 can success-
full yy be modelled with a radial and a non-radial mode respec-
tively.. The retrograde non-radial pulsation is best described with 
sphericall  wave numbers t-2, m = l ; the combination £=l, m=l 
givess the second best description. 

Wee have argued that the variations with frequencies ƒ3, ƒ4, 
andd ƒ5 in the spectra of 0 Cep can be described as the result 
off  a modulation effect caused by the combination of the radial 
pulsation,, the rotation, and the presence of a magnetic field. The 
similaritiess between the equivalent width variations of UV wind 
liness and optical lines suggest that a common phenomenon in 
thee stellar wind and in the photosphere (e.g. a magnetic field) 
causess these similarities. Further theoretical studies are needed 
inn order to be able to draw more definite conclusions on the 
physicall  conditions in the photosphere of /? Cep. 
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Ditt proefschrift bestaat uit twee delen. Het eerste is een obser-
vationelee en interpretatieve studie van de variabiliteit op lange 
tijdschaall  (dwz. enkele jaren) van schijven rond Be-sterren. Het 
tweedee deel gaat over de variaties op korte tijdschaal (uren) in 
dee profielen van absorptielijnen van pulserende (dwz. trillende) 
sterren,, met als doel het bepalen van de pulsatieparameters uit 
spectroscopischee waarnemingen. 

1.. Equatoriale schijven rond Be-sterren 

Meerr dan een eeuw geleden werd de eerste ster met spectraal-
lijnenn in emissie ondekt. Deze ster, 7 Cas, werd daarmee het pro-
totypee van een groep hete sterren, de Be-sterren. Minstens 20% 
vann alle B-sterren zijn Be-sterren; sommige Be-sterren kunnen 
zichh tijdelijk voordoen als gewone B-sterren. Belangrijke eigen-
schappenn van de Be-sterren zijn hun snelle rotatie, complexe 
emissielijnprofielen,, en een exces van continuum emissie in het 
optischh en infrarood. Be-sterren zijn variabel op tijdschalen van 
urenn tot jaren, zowel in de lijnprofielen als in de helderheid 
inn het optisch en infrarood. Ondanks vele pogingen daartoe is 
err geen oorzaak aan te wijzen voor het Be-fenomeen in zijn 
algemeenheid. . 

Be-sterrenn hebben soms lange tijd een equatoriale gasschijf 
omm zich heen, waarin geïoniseerde waterstof recombineert en 
daardoorr de emissielijnen vormt. Het gas in de schijf veroor-
zaaktt vrij-vri j en vrij-gebonden continuum emissie, wat de 
helderheidd in het infrarood verklaart. Een van de fundamentele 
problemenn in de fysica van Be-sterren is het vormingsmecha-
nismee van de equatoriale schijf. De variabiliteit van Be-sterren 
wordtt voor een belangrijk deel veroorzaakt door veranderingen 
vann de dichtheid van de schijf. 

1.1.1.1. Visueel en infrarood continuum 

Dee emissie van Be-sterren bestaat uit fotosferische straling 
enn een bijdrage van de equatoriale gasschijf. Omdat de op-
tischee diepte van de vrij-vri j en vrij-gebonden emissie van de 
schijff  golflengteafhankelijk is, bevat de helling van de spectrale 

energieverdelingg informatie over de dichtheidsverdeling in de 
schijf.. Daarom kan men met behulp van fotometrische helder-
heidsbepalingenn in het visuele en infrarode deel van het spec-
trumm de radiële dichtheidsgradiënt en de dichtheid aan de basis 
vann de schijf bepalen. In het algemeen komen de aldus afgeleide 
waardenn van de radiële dichtheidsgradiënt overeen met die van 
schijvenn waarin het gas langzaam naar buiten stroomt. 

Inn de Hoofdstukken 2 en 5 onderzoeken we de variabiliteit 
opp lange tijdschaal van de visuele en infrarode helderheid van 
dee heldere Be-sterren 7 Cas en X Per. De schijf van X Per is 
ergg veranderlijk en soms zelfs niet aanwezig. Om die redenen 
iss X Per een zeer geschikt object om de vorming van schijven 
rondd Be-sterren te bestuderen. Met behulp van een eenvoudig 
schijfmodell  leiden we in Hoofdstuk 5 de groei- en afbreeksnel-
heidd van de schijf in X Per af. 

1.2.1.2. V/R variabiliteit 

Dee dubbelgepiekte emissielijnen van veel Be-sterren zijn ver-
anderlijkk op een tijdschaal van jaren tot decennia. De sterktes 
vann de violette (V) en rode (R) piek in het profiel veranderen 
tegengesteldd en cyclisch (echter niet strikt periodiek), wat duidt 
opp variabiliteit in de schijf. De modellen die zijn voorgesteld om 
dee V/R variatie te verklaren zijn óf gebaseerd op afwisselende 
periodess van in- en uitstroom van gas in de schijf, óf op het niet 
axisymmetrischh zijn van de schijf. In het laatste geval zou er 
sprakee kunnen zijn van de invloed van een begeleider (in een 
dubbelster),, of van pulsaties in de schijf. 

Afwisselendee periodes van in- en uitstroom zullen zeker 
leidenn tot V/R variaties, maar zeker ook tot veranderingen in 
dee radiële dichtheidsverdeling in de schijf, en daarmee tot ver-
anderingenn in de spectrale energieverdeling van de Be-ster. In 
Hoofdstukk 2 relateren we de variaties in de helling van de 
spectralee energieverdeling van 7 Cas met de V/R variaties, en 
concluderenn dat het model dat uitgaat van in- en uitstroom in 
dee schijf niet consistent is met de waarnemingen. 
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1.3.1.3. Discrete absorptiecomponenten 

Uitt ultraviolette spectroscopie blijkt dat hete sterren stra-
lingsgedrevenn winden hebben. Bij Be-sterren bestaat naast de 
equatorialee schijf ook deze snelle stralingsgedreven wind, die 
opp hogere breedtegraden van de ster af waait. In spectra van 
77 Cas werden in 1979 voor het eerst smalle blauwverschoven 
absorptiecomponentenn in de sterrewindlijnen van een Be-ster 
gevonden.. Later werden in de meeste O-sterren (de heetste ster-
ren)) en Be-sterren deze discrete absorptiecomponenten (DACs) 
gevonden.. De DACs zijn een signatuur van lokale dichtheids-
verhogingenn in de snelle wind, die van de ster af bewegen op 
eenn tijdschaal die langer is dan die van de stroom in de wind 
zelf. . 

Hett was bekend dat er voor de Be-sterren 7 Cas en 59 Cyg 
eenn correlatie bestaat tussen de aanwezigheid van DACs (vari-
abiliteitt in de snelle wind) en de V/R variabiliteit (variabiliteit 
inn de equatoriale schijf)- In Hoofdstuk 3 verdiepen we ons in 
dezee correlatie in het geval van 7 Cas. We leiden af dat de 
kolomdichtheidd van de opeenhopingen in de snelle wind is 
verbondenn aan de fase van de V/R variabiliteit, en we maken 
aannemelijkk dat dit het gevolg is van pulsaties in de schijf. 

1.4.1.4. Schijfpulsaties 

Eenn elegante verklaring voor de V/R variaties wordt gegeven 
doorr het model met pulsaties in de equatoriale gasschijf. In 
datdat model wordt verondersteld dat de beweging van het gas 
quasi-Keplerss is. De elliptische banen van het gas om de ster 
schikkenn zich zo dat er als functie van azimuth één dichtheids-
verhogingg en één dichtheidsverlaging in de schijf ontstaat. Dit 
patroonn draait langzaam rond de ster; de invloed van verschil-
lendee krachten bepaalt of het patroon zich in de richting van de 
Keplersee rotatie in de schijf (prograde) of juist in tegengestelde 
richtingg (retrograde) beweegt. 

Inn Hoofdstuk 4 laten we zien dat het V/R gedrag van de 
emissielijnenn van de Be-ster /31 Mon consistent is met een pro-
gradee schijfpulsatie. 

1.5.1.5. Samenvattend... 

Wee hebben kwantitatief de variaties op lange tijdschaal van de 
schijvenn van twee Be-sterren geanalyseerd, en hebben daarmee 
hethet aantal mogelijke verklaringen van de V/R variabiliteit kun-
nenn beperken. In kwalitatieve beschouwingen hebben we laten 
zienn dat het model met pulsaties in de schijf het best bij de 
waarnemingenn past. Tevens hebben we voor het eerst de groei-
snelheidd van een schijf van een Be-ster bepaald, wat essentiële 
informatiee geeft voor studies naar het vormingsmechanisme van 
dezee schijven. 

2.. Niet-radiële pulsaties in vroeg-type roterende sterren 

Dee theorie van niet-radiële pulsaties van sterren bestaat al meer 
dann een eeuw en is ouder dan de radiële pulsatietheorie. Pas 
inn de jaren ' 50 werd duidelijk dat waarneemgegevens van een 

vroeg-typee ster erop duidden dat sterren naast radiëel ook niet-
radiëell  (dwz. golvend) kunnen pulseren. 

Dee Zon is de best bestudeerde niet-radiëel pulserende ster 
(helioseismologie);; ook voor verre sterren is het vanwege ver-
beterdee waarneemtechnieken nu mogelijk om af te leiden dat 
zee niet-radiëel pulseren. Op veel plekken in het Hertzsprung-
Russelll  diagram zijn groepen van sterren gevonden die niet-
radiëell  pulseren. Het onderzoek dat in het tweede deel van dit 
proefschriftt wordt beschreven, behandelt de variaties van de 
absorptielijnprofielenn van pulserende hete sterren, zoals S Scuti 
variabelen,, 0 Cephei variabelen en £ Ophiuchi variabelen. Deze 
sterrenn hebben pulsatieperiodes van enkele uren. 

Eenn belangrijke drijfveer voorde studie van pulserende ster-
renn is het vooruitzicht van asteroseismologie. Met behulp van 
dee waargenomen pulsatiegegevens is het in principe mogelijk 
omm de interne structuur van de sterren te peilen. Hiervoor is het 
echterr wel vereist dat de waarneemgegevens leiden tot overtui-
gendee identificatie van de mogelijke pulsatiemodes (zie Figuur 
22 van Hoofdstuk 1). Voor niet-radiële pulsaties is het van belang 
omm de bolfunctie-indices £ en m, die de pulsatiemode karak-
teriseren,, uit de waarnemingen te bepalen. In dit proefschrift 
wordtt een bestaande methode om de pulsatieparameters af te 
leidenn verder ontwikkeld en op betrouwbaarheid getoetst, en 
vervolgenss toegepast op enkele sterren. 

2.1.2.1. Identificatie van pulsatiemodes 

Dee niet-radiële pulsaties delen het oppervlak van de ster in 
stukkenn met verschillende snelheidsvelden en temperaturen. 
Alss de amplitude van de pulsaties groot genoeg is, kunnen 
dee pulsatiebeweging en bijbehorende temperatuurvariaties in 
dee waarnemingen worden teruggevonden. De temperatuurvari-
atiess geven aanleiding tot helderheidsvariaties die fotometrisch 
kunnenn worden gemeten. De mogelijkheden om met behulp 
vann fotometrie de pulsatiemodes te identificeren blijken echter 
beperkt. . 

Dee temperatuurvariaties leiden ook tot variabiliteit in de ab-
sorptielijnprofielen.. Evenzo leidt de pulsatiebeweging tot lijn-
profielvariatiess door Dopplerverschuiving van het licht in het 
lijnprofiel.. Door de rotatie van de ster wordt de variabiliteit 
opp het steroppervlak Dopplerverschoven afgebeeld in het lijn-
profiel,, wat een patroon van pieken en dalen veroorzaakt dat 
vann blauw naar rood door het lijnprofiel beweegt. 

Verscheidenee methoden om spectroscopisch pulsatiemodes 
tee identificeren zijn voorgesteld. Zo is er een methode om met 
behulpp van de variaties in de statistische momenten van de 
lijnprofielenn de pulsatiemodes af te leiden. Daar de momenten-
variatiess alleen detecteerbaar zijn voor pulsatiemodes met een 
lagee bolfunctie-index l, is deze methode niet altijd toepasbaar. 

Eenn andere methode maakt gebruik van het feit dat door 
dee Dopplerverbreding van de absorptielijnen (als gevolg van de 
rotatiee van de ster) een positie in het lijnprofiel overeenkomt 
mett een bepaald gebied op het steroppervlak. Voor ieder 
golflengtepuntt in het lijnprofiel wordt een Fourier-analyse 
vann de variabele intensiteit gedaan, en met behulp van de 
faseïnformatiee als functie van golflengte kan dan de pul-
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satiemodee worden geïdentificeerd. In de Hoofdstukken 6 en 
77 onderzoeken we voor welk deel van de parameterruimte deze 
methodee toepasbaar is, en vinden we dat de betekenis van de 
resultatenn van deze methode anders is dan wat oorspronke-
lij kk werd gedacht. Aan de hand van toepassingen op bestaande 
waarnemingenn van de sterren e Per en Q Oph laten we zien dat 
vroegeree identificaties mogelijk herzien moeten worden. 

Uitt recent werk is de vraag gerezen hoe de Coriolis- en cen-
trifugaalkrachtenn de pulsaties in roterende sterren beïnvloeden. 
Daarmeee verbonden is de vraag of de uit waarnemingen 
afgeleidee waarden van de pulsatieparameters t en m worden 
beïnvloedd door deze rotatieëffecten. In de Hoofdstukken 6 tot 
enn met 8 beschouwen we dit probleem, en laten we met be-
hulpp van een model dat de Coriolis-effecten bevat zien dat voor 
lagee waarden van de index l de rotatieëffecten belangrijk wor-
den.. Voor roterende sterren kan een radiële pulsatie dezelfde 
lijnprofielvariatiess geven als die van sommige niet-radiële pul-
satiemodes. . 

Inn Hoofdstuk 9 analyseren we een groot aantal spectra van 
dee pulserende ster 0 Cep. We identificeren de pulsatiemodes 
mett behulp van beide bovengenoemde methoden die elk lei-
denn tot dezelfde conclusie. Overeenkomend met ultraviolette 
sterrewindlijnenn vinden we in de optische fotosfeerlijnen ken-
merkenn van rotationele modulatie, die teruggevoerd kan worden 
tott de aanwezigheid van een magnetisch veld. 

2.2.2.2. Concluderend... 

Dee eerste stappen voor daadwerkelijke asteroseismologie zijn 
gezet.. We hebben aangetoond dat de lijnprofielvariabiliteit ge-
noegg informatie bevat om belangrijke pulsatieparameters te 
kunnenn afleiden. Het is nu tijd om onze analysetechnieken op de 
waarnemingenn toe te passen. Op dit moment bestaan echter te 
weinigg geschikte waarnemingen; lange tijdreeksen van spectra 
zullenn verkregen moeten worden. 





Nhftfrfe ll  /Oufec&ai ö Dankk je wel! 

Thanks! ! 

1.. Thanks! 

Tegenn degene die het mogelijk heeft gemaakt dat ik in Amster-
damm mijn promotieonderzoek kon verrichten zeg ik: "Dank je 
Huib,, voor de waardevolle adviezen, en het besef dat het zonder 
Saturnn lang niet zo goed zou worden!" 

Enn tegen mijn razendsnelle promotor zeg ik: "Bedankt Jan; 
watbenjijj  snel!". En: "Schrijfjejet-lag met of zonder streepje?" 

Enn tegen de leden van mijn promotiecomissie: "Dank U 
wel,, voor alles wat U voor mij heeft gedaan." 

Enn tegen alle co-auteurs: "Dank U, dank jullie; zonder julli e 
samenwerkingg zou de arbeid en het resultaat een stuk minder 
boeiendd zijn geweest." En: "Wetenschap is leuk, maar niet in je 
eentje!" " 

Enn iedereen die ik wel eens wat wetenschappelijks heb 
gevraagd,, bedank ik: "Het leek misschien een vraag van niks, 
maarr dit proefschrift is er beter van geworden!" 

Enn tegen alle AIAP-ers zeg ik: "Tussen het koffiedrinken, 
kletsen,, lunchen, blasten, risken, linuxen, schaken, bonken, 
pingpongen,, fooksingen en fuiven door, was het plezant 
werken!" " 

Enn tegen Sas: "Super Sas!" 

Shortt summary in English: "Thanks, everybody!" 






	Cover
	Titlepage
	Contents
	General introduction
	Chapter 2 Long-term changes in emission line and continuum spectrum of the Be star …Á Cassiopeiae: H…À V/R and IR continuum flux variations
	Chapter 3 Long-term periodic variability in UV absorption lines of the Be star …Á Cas: on the relation with V/R variations in the H…À line
	Chapter 4 Observational evidence for a prograde one-armed density structure in the equatorial disc of a Be star
	Chapter 5 The equatorial disc of the Be star X Persei
	Chapter 6 Line-profile variations of non-radial adiabatic pulsations of rotating stars
	Chapter 7 Line-profile variations of non-radial adiabatic pulsations of rotating stars II. The diagnostic value of amplitude and phase diagrams derived from time series of spectra
	Chapter 8 Line-profile variations of non-radial adiabatic pulsations of rotating stars III. On the alleged misidentification of tesseral modes
	Chapter 9 A period analysis of the optical line variability of …À Cephei: evidence for multi-mode pulsation and rotational modulation
	Samenvatting
	Thanks!
	Cover

