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Chapterr  6 

Line-profil ee variations of non-radial adiabatic pulsations of 
rotatin gg stars 

I .. Observable characteristics of spheroidal modes 
C.. Schrijvers1, J.H. Telting1, C. Aerts2'* , E. Ruymaekers1,2'3'* , and H.F. Henrichs' 
11 Astronomical Institute Anton Pannekoek, University of Amsterdam, and Center for High Energy Astrophysics, 
Kruislaann 403, 1098 SJ Amsterdam, Netherlands 
22 Instituut voor Sterrenkunde, Katholieke Universiteit Leuven, Celestijnenlaan 200 B, B-3001 Heverlee, Belgium 
33 St. Antoniusstraat 139, B-8500 Kortrijk, Belgium 

Astronomyy & Astrophysics Supplement Series, accepted June 1996 

Abstract.. We present a useful formulation of the surface-velocity field of a rotating, adiabatically pulsating star, which 
accountss for the effects of the Coriolis force. We use this model to investigate the observable spectroscopic characteristics 
off  non-radial pulsations. We calculate time series of absorption line profiles in a carefully chosen domain of parameter 
space.. Only mono-periodic spheroidal modes are investigated; atmospheric changes due to the pulsation are neglected. The 
line-profilee variations, as well as their behavior inferred from two well-defined diagnostics, are presented in two-dimensional 
parameterr grids. 
Wee show that the intensity variations in time series of theoretical spectra, at each position in the line profile, cannot be 
describedd by a single sinusoid: at least one harmonic sinusoid needs to be included. Across the line profile the relative 
amplitudess and phases of these sinusoids vary independently. The blue-to-red phase difference found at the main pulsation 
frequencyy turns out to be an indicator of the degree £, rather than the azimuthal order |m|; the phase difference of the 
variationss with the first harmonic frequency is an indicator of \m\. Hence, the evaluation of the variability at the harmonic 
frequencyy can improve the results derived from an analysis of observed line profiles. 
Wee find, that if line-profile variations at the line center dominate over the variations in the line wings, this does not give 
conclusivee information on the ratio of the horizontal to the vertical pulsational surface motions. 
Tesserall  modes, when observed at not too high inclinations, are as much capable of producing considerable line-profile 
variationss as sectoral modes. 
Wee find that, within the limits of our model, the effects of rotation on the appearance of the line-profile variations are 
importantt for low-degree sectoral modes, and for the sub-class of the tesseral modes with t—m an even number. 

Keyy words: line: profiles - stars: oscillations, rotation, early-type - stars: variable: 5 Set stars, P Cep stars 

1.. Introductio n 

Thee study of stellar pulsations can improve our understanding 
off  stellar structure. By measuring the photometric and spectral 
line-profilee variations caused by pulsations, one can determine 
thee time dependent state of the stellar surface, and eventually 
probee the interior of the star. The development of high-precision 
spectroscopyy with solid-state detectors initiated the discovery 
off  several classes of non-radially pulsating early-type stars (e.g., 
Smithh 1977; Vogt & Penrod 1983; Baade 1984; Gies & Kulla-
vanijayaa 1988), and offered much higher accuracy in measur-

Seniorr Research Assistant, Belgian National Fund for Scientific 
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ingg time variability of line profiles. The increase in computing 
powerr allowed the numerical synthesis of line-profile varia-
tions,, based on analytical descriptions of the surface velocity 
and/orr temperature perturbations due to non-radial pulsations 
(Osakii  1971; Kambe & Osaki 1988; Lee & Saio 1990; Aerts & 
Waelkenss 1993). Such numerical simulations are indispensable 
forr the correct interpretation of observed line-profile variabil-
ity.. An excellent textbook on the theory of stellar pulsations is 
writtenn by Unno et al. (1989). 

Spectroscopicc identifications of pulsation modes have been 
attemptedd by fitting theoretical line profiles to observed spectra 
(e.g.. Smith 1977). A serious problem with such an approach is 
thee large number of free parameters, and the associated ques-
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tionn of the uniqueness of the solution. Currently, two powerful 
Fourier-analysiss techniques are in use, which attempt to re-
solvee this problem. The first is based on the Doppler imaging 
principlee (Vogt et al. 1987), in which one assumes a mapping 
off  photospheric features (e.g. local velocity, brightness or EW 
variations)) onto line profiles that are Doppler broadened by the 
rotationn of the star. From a Fourier transform applied to each 
velocityy bin of a time series of observed spectra one obtains the 
powerr of variability as a function of frequency (periodogram), 
forr all velocity positions in the line profile (e.g. Gies & Kulla-
vanijayaa 1988, Kambe et al. 1990, Reid et al. 1993; see Kennelly 
ett al. 1992 for an alternative version of this technique which 
comprisess a 2D Fourier transform). Additionally, the Fourier 
analysiss provides information about the phase change of the 
periodicc variations across the line profile. Using the power and 
phasee information, some of the pulsation parameters can be 
derived. . 

Thee second technique involves the computation of velocity 
momentss of the line profile (Balona 1986; Aerts et al. 1992). 
AA comparison of the Fourier components derived from the ob-
servedd moment variations with those of the velocity moments 
generatedd by means of a non-radial pulsation model, gives in 
principlee all the desired pulsation parameters. 

Inn this paper we apply a technique, that is similar to the 
firstt mentioned method, to theoretical spectra. Our aim is to 
illustratee the dependence of the observable diagnostics (which 
wil ll  be defined in Sect. 4) on the relevant stellar and pulsational 
parameters.. To allow a comparison with the work of Aerts et al. 
(1992),, we calculated the first two velocity moments as well. We 
presentt calculations for rotating early-type stars, but in many 
casess our description applies to other types of stars as well. 

Wee use a description of the pulsational velocity field of 
aa rotating star that incorporates terms due to the Coriolis 
force,, which is equivalent to the one presented by Aerts & 
Waelkenss (1993, hereafter AW), but with a few modifications 
too allow straightforward calculation. We investigate only single 
spheroidall  pulsation modes. A generalization of the velocity 
fieldfield to multiple modes in a rotating star is straightforward if 
aa linear pulsation theory applies. In all our models, we assume 
thee symmetry axis of the pulsation to be aligned with the axis 
off  rotation. In our line profile synthesis we neglect the atmo-
sphericc variations due to the pulsation, which is justified for 
thosee absorption lines for which the pulsational velocity varia-
tionss dominate the temperature effects (Simon 1991). 

Inn subsequent papers we present the results of bulk compu-
tationss of the diagnostics (Paper II , Telting & Schrijvers 1996a), 
wee discuss the peculiar line-profile behavior of nearly equator-
onn tesseral modes with odd I-m (Paper III , Telting & Schrijvers 
1996b),, and we investigate the effect of brightness and EW 
changess caused by the pulsation on the observational diagnos-
ticss (Paper IV, Schrijvers & Telting 1996). Preliminary results 
off  the diagnostic value of phase diagrams derived from time 
seriess of spectra of non-radially oscillating stars are presented 
byy Telting & Schrijvers (1995). 

Thee outline of this paper is as follows. In Sect. 2.1 and 2.2 we 
brieflyy summarize the traditional model describing the surface 

velocityy field of non-radial adiabatic pulsations, in the limit of 
noo rotation. The effect of rotation on the velocity field of pulsa-
tionn is included in Sect. 2.3. In Sect. 2.4 we derive an expression 
forr the ratio of the horizontal to the vertical pulsational ampli-
tude,, k, which accounts for effects of the Coriolis force, and in 
Sect.. 2.5 we verify this expression in the case of a polytropic 
model.. The synthesis of line profiles is described in Sect. 3. We 
discusss the observable diagnostics in Sect. 4. The relevant do-
mainss of the pulsational and stellar parameters are discussed in 
Sect.. 5. The results of our computations are presented in Sect. 6. 
Wee summarize our findings in Sect. 7. 

2.. Surface velocity field of adiabatic pulsations 

Wee first briefly summarize the traditional expression for the 
surfacee velocity field of non-radial pulsations in the limit of no 
rotation.. We will refer to this as the zero-rotation model. Sub-
sequently,, we give a more general description which accounts 
forr the effects of the Coriolis force on the displacement field of 
thee pulsation. This description, which we refer to as the slow-
rotationn model, is equivalent to those of Saio (1981), Martens 
&&  Smeyers (1982) and Aerts & Waelkens (1993). Hereafter we 
wil ll  refer to these three papers jointly as SMA. 

2.1.2.1. Basic equations 

Thee equations that govern linear, isentropic pulsations of a ro-
tatingg star are the equations of motion, continuity, conservation 
off  entropy, and Poisson's equation. In our treatment the distor-
tionn of the spherical equilibrium surface by centrifugal forces 
iss neglected, as well as the effects of centrifugal forces on the 
pulsationn (which are proportional to fi 2, with Q the angular rota-
tionn frequency of the star): only the effects of the Coriolis force 
(occ Q) are taken into account. Therefore, our description is only 
validd for slowly rotating stars. We will quantify this restriction 
inn Sect. 5.1. Following SMA, we assume that the evolution of 
thee star is a succession of quasi-static states of hydrostatic and 
thermall  equilibrium, and that the temporal part of the pulsation 
cann be written as elwt , where UJ is the angular frequency of 
pulsationn in the corotating frame and t is time. (Hereafter, we 
speakk of frequencies when we mean angular frequencies.) We 
writee the perturbed and linearized equations as 

w2ee + 2 i w ( n xO = V $ ' - ^ V P + - V P ' , (1) 
PPll P 

PlPl + lf (r+V.( = 0, (2) 
pp par 

p'p' \dpc 1 (P' \ d P \ ... 

V 2$'' = 4nGp' , (4) 

inn which £ = (£r, & , ^ ) is the Lagrangian displacement vector, 
p,p, P and $ are the mass density, the pressure, and the gravita-
tionall  potential, p', P', and $' are their Eulerian perturbations, 
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i=v/—T>> and T] is the first generalized isentropic coefficient. 
Thiss set of six equations determines the state of a rotating, 
pulsatingg star. 

2.2.2.2. Description in the limit of no rotation 

Sincee our aim is to calculate line-profile variations, we need 
too describe the pulsational velocity field at the surface of the 
star.. Neglect of the term proportional to CI in Eq. (1) leads to 
thee well-known solution of the perturbation problem for which 
thee angular dependence of the displacement field of a normal 
modee is specified by one spherical harmonic Y™ (0, <j>)  and its 
derivatives.. The spherical harmonic describes the shape of the 
perturbationn as a function of co-latitude 0 measured from the 
polarr axis, and azimuth <j>.  We write thee spherical harmonics as 

(5) ) YYee
mm (0,0) = PP (cos $) eim* , 

andd the Associated Legendre polynomial Pp1 (x) as 

^(*)-^(i-*r /2-&* 2-i)' ,, (6) 22eee\ e\ dxdx£+m £+m 

wheree £ and m=-£, ...,+£ denote the degree and azimuthal 
orderr of the mode respectively. The Lagrangian displacement 
vectorr for spheroidal modes of a non-rotating star in spherical 
coordinatess is then given by 

< - ( < ^ | . ^ & ) * r > r < M > ^ .. <7) 
withh a(0) and 6(0) the vertical and horizontal displacement ampli-
tudes.. The superscripts(0) refer to quantities in the non-rotating 
case.. N™ is a normalization constant 

N?N? = (-iy 
qsLqsL 2£+\ {£-\m\)\ 

Ait Ait {l+\m\)\ {l+\m\)\ 
(8) ) 

Notee that our definition of N™ differs from those of SMA and 
Unnoo et al. (1989), but that this difference is not important for 
ourr computations of the line-profile variability since we use 
thee maximum surface velocity to parameterize the pulsation 
amplitudee (see Sect. 5.4). 

Thee useful parameter k is defined as the ratio of the hori-
zontall  to the vertical amplitude. In the Cowling approximation 
($'' = 0), fc can be evaluated at the stellar surface by 

Jt(0>> = 
GM GM > > 

a<°)) (w«»)2JP 
(9) ) 

withh G, M and R the gravitational constant, the stellar mass 
andd radius, respectively. We discuss the validity of the Cowling 
approximationn for the determination of k in Sect. 2.5. 

Thee surface velocity field in the corotating frame is then 
completelyy specified by £, m, a(0), fc(0), and w(0). We refer to 
thiss description as the zero-rotation model. Note that this does 
nott mean that the star does not rotate, but rather that we are us-
ingg the zero-rotation approximations to describe its pulsational 
behavior. . 

2.3.2.3. Velocity field ofadiabatic pulsations of a rotating star 

Wee now consider the effects of the Coriolis force on the prop-
ertiess of the pulsation of a rotating star. Following SMA we 
expandd all unknown quantities in a zero-rotation part and a 
correctionn term due to the Coriolis force. The correction terms 
aree proportional to the parameter fi/u>(0) (which is assumed to 
bee smaller than unity, see below). The vertical and horizontal 
Lagrangiann displacement amplitudes a and b become 

== „« » a a 
aa = or' + —^ro 

(i ) ) 

U) U) (0)' ' » - & ( 0 ) + ^ ( , , > > (10) ) 

andd similarly, the pulsation frequency is written as (in analogy 
withLedouxx 1951) 

uu = u™ n n 
++ ^ "  = w 

(1)) = u/0 )+mftCn,, (11) ) 

whichh describes the frequency splitting caused by the rotation 
off  the star. The constant C„i  (Ledoux 1951, Hansen et al. 1978) 
dependss on the internal structure of the star, and on the de-
greegree £ and radial order n of the mode, and hence C^u contains 
asteroseismologicall  information. 

Sincee the effects of the centrifugal force (oc (ft/a/0))2) are 
neglected,, the expansions above are, in general, only applicable 
too cases where Q/CJ{0) -C 1. Substituting expansions similar 
too those in Eqs.(10) and (11) for all quantities in the set of 
equationss (1-4), and neglecting all terms of the second and 
higherr orders in fi/a/0\ leads to a new system of equations 
whichh needs to be solved to determine the unknown first-order 
quantities. . 

Ass shown by SMA, the eigenfunctions of the star can now 
bee written as a superposition of the zero-rotation eigenfunc-
tionss (Eq. 7) and one spheroidal and two toroidal terms. The 
threee latter terms are due to the Coriolis force. We express the 
Lagrangiann displacement field at the surface of a rotating star 
by y 

+OlOT,l-] +OlOT,l-] 

inn which the zeroth and first order spheroidal terms are com-
binedd in the first term. We note that, instead of JVJ", AW in-
correctlyy use iV£, and 7V£, to normalize the toroidal terms 
inn their Eq. (19), and that their implementation of the velocity 
fieldfield contains a small error (Aerts & Waelkens, 1995). With our 
definitionn of 17"» the amplitudes a5ph,*, at0r,/+i, and a,orj*_i in 
Eq.. (12) are given by 

- « ( 0 ) ) n n 
aspMM = ol ' + 7-Töya 

(l) ) 

UA A 
(13) ) 
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Ötor^+ ll  -
ilil  £- |m| + l 2 

u; ; 
(0) ) ^+11 21 

—— ( l - ^ ( 0 ) ) a( 0 > , (14) 

0>tor,l-\0>tor,l-\ = 
a; ; ^ ^ 2 Z T ï ( 1 + ( ' + 1 ) ^ a < 0 )-- (15) ) 

Notee that for sectoral (£=\m\) and radial (f=0) modes the term 
proportionall  to K/Ü, in Eq. (12) equals zero. 

Forr a given stellar model, the amplitude of the first-order 
spheroidall  correction a(1) in Eq. (13) can be determined from 
thee zeroth-order solution of the pulsation mode. In our general 
treatmentt we avoid the introduction of an additional parameter 
a(1),, making use of an approximation that is allowed in a first-
orderr approach: instead of a(0), we substitute asph,*  into Eqs. (14) 
andd (15), which introduces an error of the second order in fï/a/0) 

inn Eq.(12). This substitution allows us to study the effect of 
thee toroidal terms, which arise as a consequence of rotation. 
Thee effect of rotation is then determined only by the rotation 
parameterr fi/cj (0), which becomes the sixth parameter of the 
surfacee velocity field in addition to the five mentioned above: 
t,t, m, asph, fc

(0), w(0), and Ü/um. In the following, we refer to 
thiss description as the slow-rotation model. 

2.4.2.4. An expression for k, correct to the first order in fi/u/0) 

Inn the slow-rotation model, k is modified by rotation and may 
differr significantly from Eq. (9). AW give an expression for k 
whichh is correct up to the first order in fi/tu(0), but their result 
containss the unknown parameters o(1) and 6(1) and therefore 
cannott be used in applications. We derive a new expression to 
approximatee k, up to the first order in Q/u{0\ from the boundary 
condition n 

6P6P = P'+S-VP = 0, (16) ) 

att the surface of the star. Our derivation of k is similar to the one 
inn the zero-rotation model. Under the assumptions of spherical 
symmetryy and hydrostatic equilibrium, the condition (16) leads 
to o 

p'(0) ) 
£j j 
pR pR 

fifi  R '(i ) ) GM GM 

u>' u>' 
(0) ) 

_Jm._Jm. - ^^-(nm + — a( , )) 
PPRR ~ H3 (G '™ '' 

n_ n_ (17) ) 

Fromm the 0-component of the equation of motion of order 
zeroo in U/uJi0) (Eq. 1), we find that 

D'(0)) I / p'(0) \ 

PRPR R\ P e 
(18) ) 

'0> > Similarly,, an expression for P  ̂ is given by 

$' ' (i) ) 
im im 

(19) ) 

^2mC n/ '-^( // + f)j  , 

(seee e.g. Eq. 13 in AW). Note that we used the Cowling approx-
imationn ($' = 0) in both Eq. (18) and (19). We use Eqs. (10-11, 
17-19),, and neglect terms of order (fi/o/0))2 to obtain 

,, GM 2m ft , 
oo = i m f l + irr* —77 — (a + o) uu22RR33 £(£+\)u> 

(20) ) 

Thiss leads to the following expression for k, correct to the first 
orderr in the parameter fï/ü/0) 

bb _ GM 2m Q 
a~u*&a~u*&  + i(£+l)ü 

// GM\ 
VV + ÜÏR?) 

(21) ) 

Relatingg k to the zero-rotation frequency u>(0) rather than to the 
pulsationn frequency w leads to the desired expression, correct 
upp to the first order in fi/o;(0) 

kk = - = km + 2m^ 
a a  ™ 

inn which we used Eqs. (9) and (11). 
Eq.. (22) shows that the structure constant Cni enters the 

descriptionn of the surface velocity field, when first-order terms 
duee to the rotation are included. In the case of p-modes with 
highh radial order, Cni tends to zero, while for g-modes with 
highh radiall  order it tends to \fl{t  + 1) (Unno et al. 1989). For 
high-orderr p-modes, the term with Cni in Eq. (22) vanishes 
(fc(0)-^^ 0). On the other hand, as we will discuss in Sect. 5.6, for 
largee fc(0)—values (i.e. high-order p-modes) a small change in k 
doess not change the characteristics of the line-profile variations. 
Hence,, for these two limiting cases of high order p- and g-
modes,, the line profiles do not depend on the actual value for 
CCnnt-t- For cases with intermediate fc(0)- values, Cnt co-determines 
thee line profiles via the first-order correction of k. In the slow-
rotationn model, we assume Cnt = \f2£(£+ 1) for simplicity, 
whichh is in between the two limiting cases for p- and <j-modes 
off  high radial order. This approximation might not be accurate 
forr fundamental modes. For numerical calculations of Cnt we 
referr to Hansen et al. (1978) and to Carroll and Hansen (1982). 

Byy means of Eq. (22), we draw the following conclusions 
aboutt the correction of fc(0) by the rotation of the star. In the 
casee of high-order 0-modes (large A:(0)), the first-order correc-
tionn term for k is smaller than the zeroth-order component if 
fï/ü/0)<0.5.. This means that for these modes horizontal mo-
tionss dominate like in the non-rotating case. For p-modes (i.e. 
loww Jt{0)), however, the first-order correction term of k may be-
comee larger than the zeroth-order term, reflecting the fact that 
thee rotation can reduce radial motion in favor of horizontal mo-
tion.. For certain prograde modes (m<0), this could theoretically 
givee rise to negative A;-values. However, as will be discussed in 
Sect.. 5.1, for the small fc(0)-values associated with p-modes, the 
relativee rotation rate Q/OJ{0) is also small. Therefore, the small 
fcfc(0)(0)-values-values associated with p-modes will never be corrected by 
thee rotation in such a way that a large negative fc-value is found. 
Wee note that the first-order correction of k is most important 
forr modes of low degree L 
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2.5.2.5. Verification of the derived expression for kfor a polytmpic 
model model 

Heree we address the question: how large is the error in k due 
too the Cowling approximation? For this purpose, we have used 
thee computer code by De Boeck (De Boeck, in preparation) to 
determinee the ratio of the amplitudes b and a by means of an 
approachh that does not make use of the Cowling approxima-
tion.. The code performs a numerical integration of a system 
off  differential equations describing the pulsations up to first 
orderr in Q/wm in the case of a polytropic model with in-
dexx 3. The numerical values for k obtained in this way were 
thenn compared with the ones obtained from Eq. (22), for both 
p-p- and 0-modes (p i , . . ., p$ and g\,..., g\o). For each mode 
wee have considered I = 0 , . . ., 5, with m = - £ , . . . ,£ and 
n/o/°>> = 0.0,0.1,0.2,0.3,0.4,0.5. In all the considered cases, 
thee two k-values differ less than 5%. 

Too derive the fc-value for a real star, we need to know its 
mass,, radius, and pulsation frequency in the corotating frame. 
Sincee in practice the uncertainty in MfB? is likely to be larger 
thann 5%, we conclude that the error in k due to the Cowling 
approximationn is much smaller than that due to the inaccuracy of 
thee stellar parameters. The expression for k is therefore accurate 
enoughh for our purposes. 

3.. Line-profil e synthesis 

Thee velocity field of pulsation, described in the corotating 
frame,, is given by the time derivative of the Lagrangian dis-
placementt field 

V = ^^ = iu;£, (23) 

whichh we calculate on a spherical grid of typically more than 
50000 equally sized visible surface elements. For each visible 
element,, the corresponding rotational velocity of a uniformly 
rotatingg sphere is added. Neglecting all atmospheric effects due 
too the pulsation, we attribute to each surface element a Gaussian 
intrinsicc line profile with width W 

wheree the free parameter djntr is a measure of the line depth 
andd VQ the central velocity position of the Doppler-shifted line 
profilee of the regarded surface element. The line profile I(V) is 
thenn obtained by a weighted integration of the Doppler-shifted 
Gaussiann profiles of all visible surface elements. Finally, the 
profilee I(V) is normalized by means of a division by its contin-
uumm value. 

Wee note that our conclusions will not depend on the ac-
tuall  shape of the intrinsic line profile. The difference between 
profiless calculated with either a Gaussian or, for example, a 
rectangularr shape is only noticeable in the wings of the rota-
tionallyy broadened line profile. If the rotational broadening is 
largee enough (i.e. Ve sini>W), only the effective width of the 
intrinsicc line profile is important. 

Thee weights in the integration are determined by the as-
pectt angle of each element, neglecting the rotational and pulsa-
tionall  deformation of the stellar surface, and by a linear limb-
darkeningg correction of the form 

^ HH = l - a + acostf, (25) 

inn which t? is the angle between the surface normal of the sphere 
andd the line of sight. We adopt a limb-darkening coefficient 
aa - 0.35, which is appropriate for early B-type stars in the 
opticall  region (Wade & Rucinski 1985). For simplicity we apply 
thee same limb-darkening correction to the continuum and to the 
wavelengthh region of the intrinsic line profile itself. This means 
thatt we keep the shape of the intrinsic profile constant over 
thee stellar disk. For very strong lines this might not be a good 
approximation. . 

Wee checked whether or not the use of other values of 
thee limb-darkening coefficient a affects the validity of any of 
thee conclusions in this paper. The phases of variability across 
thee profiles do not change, but the amplitude distribution (see 
Sect.. 4) does. In our representation of the amplitudes of line-
profilee variability (see Sect. 4.1), a high limb-darkening coef-
ficientficient results in higher variational amplitudes at the fine cen-
ter,, and lower amplitudes at the wings of the profile. A limb-
darkeningg coefficient of 1.0 can lead to changes up to 20% of 
thee variational amplitudes with respect to the case with no limb 
darkening.. Nevertheless, our conclusions do not depend on our 
choicee for the limb-darkening coefficient. 

Inn this work we aim to investigate the observational charac-
teristicss of line-profile variations in the best situation one can 
consider,, namely that of perfect data. Following this approach, 
wee can establish which pulsation parameters one may ultimately 
derivee from observations. For this reason, we generate data that 
perfectlyy sample the pulsation period, with sufficient spectral 
resolution,, and we do not include noise in the synthesis of our 
spectra. . 

Inn the case of real data, the data sampling and data quality 
(e.g.. signal to noise ratio, S/N, spectral resolution, and correct 
continuumm rectification) govern the detectability of the pulsa-
tionn characteristics. The interplay between the time sampling 
andd the S/N is complicated and may hamper the detection of 
characteristicss of certain pulsation modes in a complex fash-
ion.. Generally, we expect that from lengthy data sets the most 
conclusivee results can be derived. 

4.. Diagnostic tools for  the analysis of line-profil e variabilit y 

Inn practice one aims to derive pulsation parameters from ob-
servedd spectra. To enable a comparison of our results with that 
off  observational studies, we analyze the artificial time series 
off  spectra with two diagnostic methods, each closely related 
too techniques discussed in the literature (Gies & Kullavanijaya 
1988,Aertsetal.. 1992). 
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convenientlyy achieved by fitting a combination of sinusoids of 
thee form 

Fig.. 1. Line-profile variability for a pulsation mode with input parame-
terss £=5, m = - 5, %,ax=0.1 Vc sin i, fc(0)=0.0, W=0.1 Ve sin i, i=75°, and 
fi/o;fi/o; (0)(0)=0.0=0.0 (zero-rotation model). 
Left:: Line profiles during one pulsation cycle, with time increasing 
upwards.. The first and the last profile are identical. The dotted line 
indicatess the mean of the time series. The separation between the tick 
markss at the velocity axis is Ve sin i. The two arrows at the bottom refer 
too V=0 and V=0.7 Vc sin i 
Right:: Top: Intensity variations in line center (V=0). The variations 
aree shown during two pulsation cycles. The time tick marks correspond 
too those at the vertical axis of the left plot. The intensity variation is 
indicatedd by a thick line and is measured with respect to the mean pro-
file.file. The thin lines show the decomposition of the signal into sinusoids 
withh once and twice the apparent frequency. Bottom: Same as top 
panell  but at velocity V=0.7 \i sin i. The intensity scales are equal for 
topp and bottom panel. 

4.1.4.1. Morphology of amplitude and phase distribution across the 
lineline profile 

Wee calculated amplitude and phase diagrams as diagnostic tools 
forr studying line-profile variations. The diagrams are equiva-
lentt to the power and phase diagrams obtained by the popular 
methodd of Fourier analysis proposed by Gies & Kullavanijaya 
(1988). . 

Thee apparent frequency of observed line-profile variability 
(w0bs)) has to be determined by Fourier techniques. For synthetic 
linee profiles it is equal to the input frequency of the variations. 
Sincee the intensity variations in the line profile are not strictly 
sinusoidall  (see Fig. 8b in Gies 1991), there wil l be also some 
fractionn of the total variational power distributed over harmon-
ics.. Once the main frequency of the line-profile variation is 
known,, the variability of the normalized intensity can be de-
composedd into its harmonic contributions, which is in our case 

AI(V,t)AI(V,t) = V 0(V)s in(aW + ¥o(V)) 

++ 7 i (V)s in (2aW + # i ( y ) ) 

++ I2(V)sin(3ujobst + 2̂(V)) 

(26) ) 

too the intensity variations of a time series of generated spectra. 
Inn general, the amplitudes of the intensity variations decrease 
forr higher harmonics. Harmonics higher than the second (3w0bs) 
aree not taken into account in the fits since their amplitudes are 
tooo small to be of importance in practice. 

Inn Fig. 1 we illustrate the importance of harmonics in the 
analysiss line profile variations. It appears that in general at least 
onee harmonic is needed to properly describe the variability. The 
phasess of the sinusoids, as a function of position in the line pro-
file,file, describe the motion of the bumps that cross the profile. 
Throughh the line profile the phases and amplitudes of the si-
nusoidss show independent behavior, which is a clear indication 
thatt the inclusion of a harmonic provides additional information 
too the analysis of the line-profile variability. Taking into account 
onee or more harmonics can therefore improve the identification 
off  pulsation parameters from observed spectra. 

Forr the apparent frequency and its first two harmonics, we 
calculatee the amplitudes (7o, I\, h) and phases (* 0, * i , *2) 
forr each position in the line profile. We remove the 2tr wrap 
fromm "Ĵ o*  * i and "Ĵ  to create continuous blue-to-red phase 
diagrams.. In the figures which result from our grid calculations 
(Figs.. 3-9) we only plot the first-harmonic amplitude and phase 
diagrams,, because of the relatively low amplitude of the second 
harmonic. . 

Forr a Gaussian intrinsic profile, the amplitudes of the in-
tensityy variations (in continuum units) are proportional to the 
depthh of the intrinsic profile, djntr, and consequently also to the 
time-averagedd depth of the time series. We give the maxima of 
thee amplitudes across the line profile (7o,max, I],max, and /2,max) 
inn units of the central depth of the mean of the time series, i.e. 
wee present them in units of dmean = Pmem(V=0) (see Fig. 2), 
wheree P(V) = l - I(V) is the profile function. Therefore, our 
resultss are independent of the line depth dintt, and thus applica-
blee to a wide range of absorption lines. 

Inn Fig. 2 we see that the line-profile variations, and there-
foree the amplitude and phase distributions, extend significantly 
beyondd Ve sin i. In fact, the variability extends to % sin i + W+ 
thee maximum projected pulsation velocity, and reading off the 
phasee diagrams at Ve sin i can lead to a significant underestimate 
off  the blue-to-red phase difference. We measure the blue-to-red 
phasee difference over the full range at which variability is found. 
Thee advantage of this is that one does not need to have a priori 
knowledgee of Ve sin i; the disadvantage is that the investigated 
liness must not be affected by line blending. For blended lines, 
thee phase diagram wil l continue from one line into the other, 
andd can therefore not be used to determine A$o. A ^ i , A\I>2-

Thee blue-to-red phase differences A^o» A\I>i , and A$2 
(printedd inside the bottom panel at the right in Fig. 2) are ob-
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Fig.. 2. Example diagram for a pulsation mode with input parameters 
£=4,, m=-4, Kax=0.15^sini, fc(0)=0.15, W=Q.\ Vfsint, i=90°, and 
n/o)(0)=0.0. . 
Left:: Line profiles, and first (thick line, Ml ) and second (thin line, 
MX)MX) velocity moments during one whole pulsation cycle, with time 
increasingg upwards. The last profile and the first are identical. The tick 
markss at the velocity axis indicate % sin i. The first moment varies 
sinusoidallyy around zero with amplitude AMlxKs in i . The second 
momentt varies between M2mm x {Ve sin i)2 and M2mM x (% sin i)2. 
Right::  Top: Three pulsation cycles of residual (mean subtracted) 
spectraa are shown in a gray-scale image. Intensities less than aver-
agee are indicated black; bright regions in the profile are indicated 
byy lighter shades. Middle and bottom: Amplitude distribution and 
phasee diagram. From thick to thin: the amplitude and phase of the 
line-profilee variations at the input frequency (Iu(V) and tynCV)), the 
firstfirst harmonic frequency (Ii(V) and *i(V)) , and the second harmonic 
frequencyy (h(V) and ^i(V)). In the middle panel, the maximum val-
uess of the amplitude distributions are given in units of the average 
centrall  line depth dmcll„.  The total blue-to-red phase differences A*o , 
A^ i ,, and Avt^ are given inside the bottom panel, in radians. In all 
otherr figures we show only Io(V), I\(V), *o(V) , *i(V ) 

tainedd by taking the maximum phase difference between the 
outermostt velocity values at which the corresponding ampli-
tudee exceeds dmean/10000. For real observations, this cut-off 
velocityy wil l always be smaller because of noise which makes 
thee phase diagram indeterminate at the wings of the profile. 

Inn most cases, the phase diagrams are monotonie over the 
entiree line profile, so that the maximum phase difference A * is 
foundd between the outer ends of the region in which variability 
iss found. In some cases, however, there are slope reversals in 
* ( V),, so that the maximum difference A * is found in a smaller 
regionn in the line profile (see e.g. the middle row of Fig. 7b). 

4.2.4.2. The moment variations 

Anotherr important diagnostic for the determination of the prop-
ertiess of line-profile variations is the evaluation of the first few 
velocityy moments of the line profile (Balona 1986, Aerts et al. 
1992).. It is not our aim to present a detailed study of the mo-
mentt variations as a function of the different parameters. Such 
ann analysis is presented by De Pauw et al. (1993) in the case 
off  the zero-rotation model. In this work we compute the first 
andd second velocity moment to allow a comparison with De 
Pauww et al. and Aerts et al. (1992), and to show what global 
line-profilee variations (line shifts, line-width changes) go along 
withh the intensity variations as expressed by the amplitude and 
phasee distributions. 

Wee calculate the first and second velocity moment M\ and 
Mi,Mi, by a weighted summation of the normalized intensity across 
thee line profile 

MjMj  = J(V - VmfyP(V)dV , (27) 

wheree P(V) = 1 — I(V) is the profile function and Vfef is a 
referencee velocity. The zeroth moment Mo (equivalent width) 
iss constant since local variations of the intrinsic profile are not 
takenn into account here. The first moment is calculated with 
thee rest wavelength of the line as reference, and corresponds 
too the centroid velocity of the line profile. The second moment 
iss calculated using the first moment as reference velocity T£ef > 
andd is a measure of the squared width of the line. We normalize 
thee velocity moments with respect to the equivalent width Mo, 
andd scale the normalized first and second moments to Ve sin i 
andd (%sini)2 respectively. The first velocity moment varies 
sinusoidallyy with the pulsation frequency; the second moment 
showss variations with the pulsation frequency as well as its 
harmonics. . 

Ourr definition of the moments M\ and Mi is related to the 
definitionn of velocity moments < v  ̂ > used by Aerts et al. 
(1992)) by 

(V(Veesmi)smi)2 2 

5.. Relevant domains in parameter  space 

Inn the zero-rotation approximation, our model of the line-profile 
variationss has six parameters. In the slow-rotation model, the 
relativee rotation rate fi/w (0) is the seventh parameter. Of course, 
reall  line profiles and their variations also depend on Ve sin i and 
dintr-- These two parameters can be removed from the model by 
properr scalings, which are described in Sects. 4.1 and 5.5. A 
singlee representation of the line-profile variability is then appli-
cablee to a wide range of rotational velocities and line strengths. 
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5.1.5.1. Rotation and Ufuj(0) 

Followingg AW, we use values for £tyu/0) up to 0.5 for the slow-
rotationn model. The parameters k and H/c</0) are closely related 
becausee of their joint dependence on a;(0). Nevertheless, wee have 
chosenn to keep them as separate parameters, and consequently, 
everyy combination corresponds to a star with different mass, 
radiuss and/or rotational frequency. For a given rotational veloc-
ity,, a large value for ft/u;(0) corresponds to a large k-value. This 
impliess that certain domains in the fc(0)-($7/a/0))-plane become 
irrelevant,, depending on the ratio, -n, of the centrifugal force to 
thee gravitational force at the equator of the star 

Inn our work we only use combinations of fc(0) and fi/u/0) that 
satisfyy 77 ^ 0.25. This corresponds to an equatorial rotation 
velocityy that is at most 50% of the equatorial break-up ve-
locity.. Clement (1994) has found that the spheroidal part of 
axisymmetricc modes (zonal, m=0), does not maintain its basic 
zero-rotationn spatial distribution. Therefore, our model might 
bee inaccurate for zonal modes with high n/u/0). 

5.2.5.2. Prograde and retrograde modes 

Thee frequencies that we use for our line-profile calculations are 
thosee as observed in the corotating frame of the star. In this way 
thee retrograde modes lead to bumps that move from red to blue 
inn the line profiles, while the bumps of prograde modes move 
fromm blue to red. This makes it easier to distinguish prograde and 
retrogradee modes in our figures. In the zero-rotation approach, 
thee line-profile variations associated with prograde (m<0) and 
retrogradee (m>0) modes behave symmetrically in time (see 
Fig.. 6, right two columns). This symmetry is broken by the 
effectss of rotation on the mode, which necessitates a separate 

.. investigation of prograde and retrograde modes in the case of 
thee slow-rotation model. 

5.3.5.3. The inclination angle i 

Symmetriess in the expressions of the displacement field allow 
uss to restrict the inclination angle i to the interval [0°,90°] 
(Aertss 1993). 

5.4.5.4. The use ofVm^. instead of a&Ph 

AA comparative study of line profiles with different values of £, 
m,, k{0\ or n/uj{0\ in which the model amplitude asph is kept 
constant,, is not convenient, since this implies physical situations 
withh substantially different velocities, and correspondingly dif-
ferentt amplitudes of the line-profile variations. To facilitate a 
fairr comparison between the line-profile variations resulting 
fromm different parameter settings, we adjust the displacement 
amplitudee asph in each case such that the calculated maximum 
pulsationall  surface velocity 

Vnaxx = (JV? + V} + VA (31) 
\\ V ^ / max 

iss kept the same whereas the other parameters may vary. 

5.5.5.5. The use ofVcsmiasa scaling factor 

Twoo profiles will have identical shapes if the combination of 
\iaax/\e\iaax/\e sin i and W/Vt sin i is the same for both profiles. Such 
profiless differ only in velocity (wavelength) and intensity scale. 
Wee therefore use Vc sin i as a scaling factor for the velocity 
amplitude,, for the width of the intrinsic profile, and for the 
velocityy scale of the line profile. We adopt only one specific 
valuee of Vt sin i and vary the pulsation amplitude and intrinsic 
widthh to investigate the response in the line-profile variations. 

Thee amplitude of pulsation l ^ and the intrinsic profile 
widthh W have a broad range of physically relevant values. The 
moree rapid rotators are best accounted for by relatively small 
valuess of lmax/l£ sin i and WfV& sin i, while the slower rotators 
havee values of Imax and W of order V£ sin i. 

5.6.5.6. The ratio A;(0) of the horizontal to the vertical amplitudes 

Theoretically,, the value for k can range from approximately 
zeroo up to infinity (Eq. 22). If we keep l&ax the same for each 
calculatedd mode, the profiles do not change much for k values 
higherr than a certain value k+. Above this value, the magnitude 
off  the velocity vector is almost proportional to kt because the 
radiall  velocity component becomes negligible. For all inves-
tigatedd modes we found k+'&  1 , depending somewhat on the 
consideredd I value. In Figs. 7 and 9, where A;(0) is one of the two 
runningg parameters, we adjust the range of fc(0) according to 
thee value of k+. The line-profile characteristics for the highest 
valuess that we use for fc(0) can be considered as representative 
forr all higher values as well. 

Forr the calculation of line profiles, we have chosen to use 
fcfc<0)<0) as model parameter and to calculate the corrected k from 
Eq.(22).. Such an approach allows to separate the effect of 
thee rotation on k, and to study the line profiles by comparing 
differentt rotation rates for the same fc(0)-value (Fig. 9). 

6.. Results 

Wee computed a large number of time series of line profiles 
onn two-dimensional grids. For each grid we varied 2 out of 7 
relevantt pulsational and stellar parameters: £, m, Vm^, fc(0), it 
ü/uiü/ui(0)(0),, and W. From these calculations, we selected a few grids 
too serve as illustrations in this paper (Figs. 3-9). The domains 
off  the parameters in these grids are chosen to bring out the 
mostt illustrative examples, while covering the physically rele-
vantt cases. The results of each grid calculation are displayed in 
twoo parts. The left part displays the time series of line profiles 
alongg with the corresponding behavior of the first and the sec-
ondd velocity moment. The right part shows the corresponding 
residuall  spectra, and the distributions of variational amplitudes 
andd phases across the line profile. See Fig. 2 for an example. 

Notee that in Figs. 3-9 we present time series of line profiles 
duringg 3 pulsation cycles, without specifying the time scale 
off  the variability; the velocity axes are scaled to Vt sin i. This 



Coenn Schrijvers et al.: Line-profile variations caused by spheroidal pulsations 69 

meanss that in some of the Figures 3-9, the parameters that 
changee along the axes of the grid imply stars with different 
mass,, radius, rotation period and/or pulsation frequency. 

6.1.6.1. Line-profile variations with the pulsation frequency and its 
harmonics harmonics 

Ass shown in Sect. 4.1, line-profile variability is in general not 
onlyy found at the input frequency of the variations but also 
att its multiples (i.e. its harmonics), even for an assumed sinu-
soidall  behavior of the surface velocity field (e.g. for fc=0 and 
fj/o/0)=0)) (see also Fig. 1). This effect is due to the Doppler 
mappingg of the three-dimensional stellar surface velocity field 
ontoo one-dimensional velocity (or wavelength) space, which 
hass only a one-to-one correspondence1 in the limit of zero pul-
sationn amplitude. Sharply peaked moving bumps give rise to 
stronglyy non-sinusoidal line-profile time variability, which re-
sultss in large harmonic amplitudes. 

6.1.1.. The amplitude distribution at harmonic frequencies 

Thee shape of the amplitude distribution across the line profile 
dependss on all parameters, in many cases in a very complicated 
manner.. Only the behavior of the amplitude distribution of sec-
torall  modes with different values of k are easy to understand 
(e.g.. see Sect. 6.2 and 6.3). In general, the shape of the am-
plitudee distribution of the variations at the harmonic frequency 
resembless that at the input frequency. 

Thee relative magnitude of the variations at the different fre-
quenciess is another aspect of the variability. The ratio of the 
variationall  amplitude at the first harmonic frequency to that at 
thee input frequency, I\(V)/Io(V), is an indicator of the non-
sinusoidall  nature of the line-profile variations, and depends on 
thee position in the line profile. We write the ratio of the max-
imaa of the individual distributions (that may occur at different 
velocityy positions) as (/i/iiOmax- We find that for all investi-
gatedd cases C7o/-?2)max>l and (Ii/h)max>l- For most but not 
alll  cases we find (/o/^i)max> 1-

Wee find that (i"i/io)imx depends mostly on W and on Kiax-
Thiss is illustrated in Fig. 8. The relative harmonic amplitudes 
(/i/io)maxx and (Jij7o)max increase for increasing pulsation am-
plitudee \4ax- The width of the intrinsic line profile causes a 
blurringg of the moving bumps. Therefore, the contrast (sharp-
ness)) of the bumps will decrease with increasing intrinsic width, 
andd consequently also (7i/io)max-

Wee find weaker dependences of (7i//o)max and {h/Io)mo. 
onn k and i. A small decrease of (i"i //o)max is found towards the 
highh &-values and low inclination angles. 

Inn Fig. 5 we illustrate the peculiar line-profile behavior that 
wee found for modes with t—m an odd number and with an 
inclinationn angle very close to 90°. For these modes, we find 

11 for a non-pulsating uniformly rotating spherical star there is a one-
to-onee relation between a straight line on the stellar disk, parallel to 
thee stellar rotation axis, and a position in the line profile: the integrated 
stellarr light emitted by the surface elements on this line is Doppler 
mappedd to a single position in the line profile by the rotation of the star 

thatt the apparent number of moving bumps in the line profile is 
doubled.. This behavior leads to a variability that is found at even 
multipless of the input frequency, but not at the input frequency 
itselff  (Fig. 5, see Reid & Aerts 1993). Towards an inclination of 
90°° the variation at the input frequency disappears because of 
cancellationn effects, whereas the variability at the first harmonic 
iss unaffected. The cancellation at the input frequency is caused 
byy the symmetric behavior of the pulsation with respect to the 
stellarr equator, and will already disappear at inclinations that 
differr only a few degrees from 90° (see Paper III) . 

6.1.2.. Determination of I and \m\ from the phase differences 
acrosss the line profile 

Iff  the power at the harmonics relative to that at the input fre-
quencyy is small, the blue-to-red phase difference A* o is di-
rectlyy related to the number of traveling bumps that migrate 
throughh the line profile. In such cases of sinusoidal line-profile 
variations,, the phase difference across the line profile can be 
measuredd by counting the number of traveling bumps. We find 
thatt the phase diagrams themselves provide a more objective 
measuree of the number of cycles across the line profile, regard-
lesss of the importance of the harmonics. For multiple modes, 
thee number of traveling bumps in the line profile is determined 
byy the combined effect of all modes, in which case the blue-
to-redd phase differences can only be successfully determined if 
thee apparent frequencies of each of the modes can be resolved 
(seee Paper II) . 

Manyy authors (e.g. Smith 1986; Gies & Kullavanijaya 1988; 
Kambee & Osaki 1988; Yang et al. 1988; Kambe et al. 1990) 
havee used the number of visible bumps or, equivalently, the 
blue-to-redd phase difference A^o to identify \m\ according 
too A$o = \m\%. However, from our calculations we find that 
thee line-profile behavior for both tesseral and sectoral modes 
displayss a blue-to-red phase difference proportional to t rather 
thann to |m|. Such a relation was already suggested by Merry field 
andd Kennelly (1993), who found for one tesseral mode that their 
apparentt azimuthal order rh corresponds more closely to £ than 
too \m\. In addition, we find that the phase difference A* i at the 
firstfirst harmonic frequency 2w0bS is an indicator of jm|. Figure 4 
givess a typical example of this behavior of the phase diagrams. 

Wee tentatively conclude that it is possible to determine both 
thee degree I and the azimuthal order \m\ from the phase in-
formationn provided by a Fourier analysis of an observed time 
seriess of high-resolution spectra with sufficient signal to noise 
ratio;; in Paper II we elaborate on this subject. An independent 
checkk of the (£|m|)-value can be performed by an application 
off  the moment method (for 1&4, and if effects of rotation and 
temperaturee variation can be neglected). 

Inn several of our diagnostic diagrams (see Figs. 6 and 9) for 
modess with intermediate to high fc-values, we find a blue-to-
redd phase difference A'Jfo that differs by 27r from the empirical 
relationn with t that is shown by the majority of our calculations. 
Modess with low fc-values show line-profile variations mainly 
causedd by radial motions, causing a phase of variability that 
changess across the line profile along with the change of phase of 
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Fig.. 3. Line-profile variability for two different pulsation modes as a function of Q/um. See Fig. 2 forr a description of the figures. For clarity 
wee do not plot h(V) and *2(^) . Top row: radial pulsation (fcO). Bottom row: non-radial pulsation mode {1=2, m=-2). The values of the other 
parameterss are (for both modes): \ î%=0.15 M sin i, W=0.1 % sini, fc(0)=0.8 (not relevant if £=0), and i=90°. The effect of the rotation is large 
forr these low-degree modes. In both cases power is added to the line center, leading to similar line-profile behavior. For the radial mode this is 
causedd by the rotationally induced toroidal term; for the non-radial mode the effect is mainly caused by the first-order correction of k 

thee traveling waves at the surface of the star. For intermediate to 
highh k- values the profile variations do not follow the continuous 
phasee change at the stellar surface. A positive azimuthal motion 
(V^^ > 0) wil l cause a negative Doppler shift at the blue wing of 
thee profile, but a positive shift at the red wing. This results in an 
additionall  change of phase by IT around the line center. Other 
sourcess of variability at the line center determine whether this 
changee wil l be positive or negative, which leads to differences 
off  2n in A $o for modes with the same I-value. The blue-to-
redd phase difference of modes with intermediate to high k is 
thereforee co-determined by other possible sources of variability 
att the line center (e.g. toroidal terms; radial and ö-movements; 
locall  brightness and EW changes). In this work, differences in 
A\I>oo of 2n are found by using different parameters i and fi/a>(0) 

(seee Figs. 6 and 9). 

AA detailed analysis of the determination of I and \m\ from 
thee phase diagrams at the input frequency and its harmonics is 
thee subject of investigation in Paper II . 

6.2.6.2. The effects of rotation on the line-profile behavior 

Thee effects of the Coriolis force on the line-profile variations 
aree hard to classify, because they depend on the specific combi-
nationn of parameter values. However, the effects of the Coriolis 
forcee increase for higher values of k. 

Forr high-degree sectoral modes (say £>4), the effects of 
rotationn are negligible for values of fi/u/0) up to 0.5. This is 
becausee the toroidal amplitude of these sectoral modes is too 
small,, compared to the spheroidal amplitude, to have a large 
effectt on the line profiles. Under the same conditions the value 
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off  k is also not modified by rotation (Eq. 22). The effects of 
rotationn increase in importance for sectoral modes of lower 
degree.. If I is small enough (0, 1 or 2) the first-order terms can 
leadd to drastic changes in the line profiles and their variations. 

Figuree 3 shows the line-profile behavior of a prograde sec-
torall  £=2 mode and a radial (£=0) mode. It shows that radial 
modess in rotating stars can easily be confused with £-—m=2 
modes.. In spite of the completely different surface velocity 
fieldss of these modes, the presence of rotation induces a very 
similarr line-profile behavior. The reason for the similarity is 
purelyy accidental; in case of the 1=2 mode the dominant rota-
tionall  effect is a change in fc-value, whereas the radial mode 
iss changed only by one toroidal term (see Eq. 12) which in-
ducess a periodic increase/decrease of the rotational velocity at 
thee surface. Note the similarity with the line-profile variations 
presentedd by Gies (1994). 

Tesserall  modes are much more affected by the Coriolis force 
thann sectoral modes since for tesseral modes the rotation gives 
risee to a relatively large second toroidal correction term (see 
Eq.. 12), which is zero for sectoral modes. We find remarkable 
line-profilee behavior for tesseral modes with a high fc(0)-value 
andd no node line at the equator (£—m even). In the slow-rotation 
model,, these tesseral modes lead to dominant variability at the 
linee center, similar to a sectoral mode with small fc(0)-value (see 
Fig.. 6). 

Inn his discussion of the so called ^-problem, Smith (1986) 
mentionedd that for high fc(0)-values, the toroidal term(s) caused 
byy rotation might be able to mimic the amplitude-distribution 
characteristicss of a low-fc(0) mode. For sectoral modes with £>3 
andd values of f2/u>(0)^0.5, we find that the toroidal term in-
ducedd by the Coriolis force is not capable of generating enough 
variabilityy near the line center. However, as mentioned above, 
tesserall  modes are modified by a second toroidal term that can 
indeedd contribute to the amplitude at the line center, mimicking 
thee characteristics of a low-A;(0) mode. 

Forr the line-profile variations that are significantly affected 
byy the effects of the Coriolis force, we find differences between 
thee prograde and the retrograde modes. We find only modest 
differencess between the amplitude diagrams of both cases. As 
mentionedd in Sect. 6.1.2, the blue-to-red phase difference of 
modess with intermediate to high k values is co-determined by 
thee toroidal motions caused by the Coriolis force. In some cases 
thiss leads to a difference of « 2n between the prograde and the 
retrogradee case (see rightmost 2 columns in Fig. 6). 

6.3.6.3. The difficulty to derive k-values from amplitude diagrams 

Thee determination of the A:-value from observed line profiles 
hass been discussed by several authors (e.g. Smith 1986; Kambe 
ett al. 1990; Lee & Saio 1990). Many factors may play a role 
inn the appearance of modes with high fc-values, of which a few 
aree discussed below. 

Forr sectoral modes, the most significant effects of the pa-
rameterr k on the line-profile behavior can be described as fol-
lowss (see Fig. 7, top row). A convex amplitude distribution is 
foundd for k ~ 0. For a somewhat higher value of k (depending 

onn the values of m and £), the amplitude distribution takes a 
rectangularr shape, as a consequence of larger horizontal mo-
tions.. This trend persists towards the higher fc-values so that 
abovee a certain value of k all variability is concentrated in the 
wingss of the absorption profile, and the amplitude distribution 
hass acquired a double-peaked shape with almost no power in 
thee line center. Proceeding to still higher values of k, while 
keepingg tynax constant, has no further effect on the line profiles 
andd their amplitude distribution, since the horizontal motions 
alreadyy dominate. 

Thee rectangularly shaped and double-peaked amplitude dis-
tributionss of sectoral modes with intermediate to high fc-values 
aree blurred at high values of the intrinsic width W/VK sin i (see 
Fig.. 7). If W/% sin i is sufficiently large, a change in k does not 
leadd to any effect on the amplitude distribution at all. A cor-
rectt determination of k, by means of amplitude distributions, 
shouldd therefore include a reasonable estimate for the intrinsic 
line-profilee width W/Vt sin i. This is especially relevant for line 
profiless of light ions in slow/moderate rotators. 

Thee ^-characteristics of tesseral modes depend crucially on 
thee relative rotation rate fi/u/0). As we have shown in Sect. 6.2 
andd Fig. 6, slow rotation changes the amplitude distribution of 
manyy high-fc tesseral modes in such a way that the highest am-
plitudee is found at the line center, whereas for other high-fc 
tesserall  modes the maximum amplitudes are found in the wings 
off  the profile. Therefore, we cannot identify high-fc character-
isticss for tesseral modes in general. 

Finally,, it has been shown previously (Lee & Saio 1990, Lee 
ett al. 1992, Townsend 1996) that if temperature effects (i.e. local 
surfacee brightness and EW variations) co-determine the line-
profilee formation, the ̂ -characteristics may generally disappear. 
Wee intend to describe the influence of these temperature effects 
onn the amplitude and phase diagrams in a separate paper (Paper 
IV) . . 

Wee conclude that in general it is difficult to determine the 
k-k- value of a pulsation mode from the amplitude distributions of 
observedd time series of line profiles alone. However, a double-
peakedd amplitude distribution always reflects a high /rvalue, 
iff  the blue-to-red phase difference MIQ exceeds 27T radians. A 
double-peakedd amplitude distribution together with a blue-to-
redd phase difference of less than 2TT, can also occur for a radial 
orr an £ = 1 mode. 

6.4.6.4. Amplitudes of line-profile variations of tesseral modes 

Itt is well known that, if the star is seen equator-on, sectoral 
modess are much more effective in producing line-profile vari-
ationss than tesseral modes. For smaller inclination angles, this 
effectivenesss is reduced. For tesseral modes, this efficiency be-
havess different with respect to the inclination angle. Towards 
smallerr inclination angles, tesseral modes are increasingly effi-
cientt in producing line-profile variability. In general one could 
statee that at inclinations around 45° the tesseral modes are 
moree efficient in producing line-profile variations than sec-
torall  modes, for equal surface velocities. This aspect of tesseral 
modess is illustrated in Fig. S. 
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Ass expected, the line-profile amplitude characteristics of 
tesserall  modes are much more sensitive to the inclination angle, 
thann those of sectoral modes. Especially in the cases that the 
Corioliss force causes significant toroidal terms, the line-profile 
formationn of tesseral modes is very complex (see Sect. 6.2). 

6.5.6.5. Retrieval of the inclination 

Wee have not found a clear indication that one can derive the 
inclinationn from the IPS diagnostics. The presence of red-to-
bluee moving bumps, due to the traveling waves at the far side 
off  the star, coexisting with blue-to-red moving bumps might 
bee indicative for a low i (see Baade 1984,1987). The presence 
off  coexisting bumps moving in opposite directions, has been 
discussedd by Kambe and Osaki (1988) for the case of toroidal 
modess with small inclinations. Since for some modes there is 
enoughh information in the line-profile variability to derive i with 
thee moment method, we conclude that it should be possible to 
estimatee the inclination by fitting generated time series of line 
profiless or IPS amplitude and phase diagrams to the observed 
ones.. However, such an attempt can only be successful if both 
££ and m are precisely known. 

7.. Conclusions 

Wee presented a description of the oscillatory displacement field 
att the surface of a non-radially pulsating rotating star. This 
descriptionn accounts for the effects of the Coriolis force on the 
pulsation,, and is relatively simple to implement in models. 

Wee modeled time series of line profiles of rotating stars that 
exhibitt non-radial pulsations, and obtained amplitude and phase 
diagramss by means of a Fourier decomposition of the intensity 
variationss in the line profile. We found a number of interesting 
aspectss of the line profiles and their temporal behavior, which 
aree eimer new or have not been mentioned elsewhere. 

Thee precise shape of the intrinsic profile function only af-
fectss the characteristics of the line-profile variability if the width 
off  the intrinsic line profile becomes of the order of the projected 
equatoriall  rotation velocity Vs sin i. 

Limbb darkening does not fundamentally change the line-
profilee behavior. The phase diagrams are hardly affected by limb 
darkening.. However, the amplitudes of intensity variations in 
thee normalized line profiles do depend somewhat on the limb-
darkeningg coefficient. 

Forr a sufficiently inclined star, tesseral modes can produce 
largee line-profile variations; the variations can become even 
largerr than those of a sectoral mode. 

Forr large pulsational velocities, harmonics of the observed 
pulsationn frequency are needed to describe the line-profile vari-
ability.. The larger the line-profile variations caused by the ve-
locityy variations, the larger is the contribution of harmonics to 
thee variations. The harmonic variability increases also for a de-
creasedd intrinsic line profile width. We found a steep increase 
off  the relative harmonic contribution, i.e. an apparent doubling 
off  the number of bumps in the line profile, for modes with odd 
l—ml—m with an inclination close to 90°. 

Thee apparent number of bumps and troughs in the line pro-
filefile  is a measure of £ only if the harmonics of the line profile 
variationss are relatively unimportant, and if the star is pulsating 
inn a single mode. However, one can circumvent these restric-
tionss with a Fourier analysis of the time behavior of line profiles: 
thee degree £ and the azimuthal order m are related to the blue-
to-redd phase differences at the apparent frequency and its first 
harmonicc respectively. It should therefore be possible to derive 
££ and to put constraints on \m\ from IPS phase diagrams. 

Thee ability to detect high-A: characteristics in the line-profile 
variationss depends on the width of the intrinsic line profile, W: 
detectionn is only possible for cases with W £0.4 Vt sin i. For 
tesserall  modes, we find no characteristics mat distinguish be-
tweenn low and high k-values; a large subset of the tesseral 
modess with a high value of k still gives variability in the line 
center.. In the general case, without presuming that me observed 
line-profilee variations are due to a sectoral mode, we find no 
characteristicss of the variations that make it possible to derive a 
conclusivee value of k. Only the cases with a double-peaked am-
plitudee distribution give unambiguous information by explicitly 
implyingg a high A;-value, provided that the corresponding phase 
differencee A* o exceeds 2TT. 

Thee effects of slow rotation on the line-profile behavior of 
sectoralsectoral modes, are only important for modes of low degree. 
Line-profilee variations of tesseral modes can be heavily affected 
byy the effects of rotation. The rotationally induced toroidal 
movementss of tesseral modes with even £—\m\ and with large 
fc-valuesfc-values give rise to a line-profile behavior which is similar 
too that of sectoral modes with low fc-values. The line-profile 
variabilityy of a radial mode in a rotating star can easily be 
confusedd with that of a low-degree non-radial mode, if the 
Corioliss force is important. 

Ourr study of line-profile behavior has led to an atlas con-
tainingg line profiles and their characteristics, for various values 
off  the pulsation and relevant stellar parameters. This atlas can 
servee as a useful guide for those who plan to perform an analy-
siss of observed line-profile variations in many types of rotating 
pulsatingg stars. 
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Fig.. 4. a. Time series of line profiles and their first and second velocity moments, calculated for a grid of different combinations of £ and m. 
Thee remaining fixed parameters are: i=70°, n/u/0)=0.0, W=0. \0% sin i, %„=0.15Ü sin i, A:((1)=0.20. The first velocity moments are all plotted 
att the same scale, as well as the variations of the second moment. The scales at which the moments are plotted are therefore determined by the 
maximumm moment variations that are found in the grid. See Fig. 2 for a detailed description of the figures. Here we show that the variations 
off  the velocity moments are negligible for high-degree modes (££4). Variations of the first two velocity moments of high-degree modes (say 
££ > 4) will be very hard to detect with present observational techniques. Due to the nearly edge-on perspective, the line-profile variations of the 
tesserall  modes are systematically low; they increase for smaller inclination angles (see Fig. 5) 
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Fig.. 4. b. Residual spectra, amplitude distributions In(V) and h (V), and phase distributions * ()(V) and * i (V) of the time series of line profiles 
displayedd in Fig. 4.a. For a detailed description of the figures, see Fig. 2. Note that in the gray-scale images we show three pulsation cycles of 
thee line profiles without specifying the time scale of the variability. In the panels with amplitude and phase diagrams we give the maxima of the 
amplitudee distributions Io(V), I\(V), h(V) in units of dmcM, and the total blue-to-red phase differences A* (), A*i , and A* 2 in radians. We 
onlyy show amplitude and phase diagrams for the input frequency (Jo(V), ^oCV)) and its first harmonic (I\(V), *i(K)) . The grid on this page 
givess a typical example of the blue-to-red phase difference of the variations at the input frequency, Aty(>, being an indicator of £. This finding 
rejectss earlier suggestions that the number of bumps in the line profiles is proportional to \m\. The blue-to-red harmonic phase difference of the 
variations,, A* i , does show to be an indicator of \m\ 



76 6 Chapterr 6 

ii  = 30 

I I 

I I 

''  ' ' (1 1 
^ ~ \ ^ - " " ^^ AM1 

M2M2min min 

M2M2 „ 

== 0.001 
== 0.242 
== 0.249 

CO O 
I I 

II I 

AM1AM1 =0 .000 

« S n * . " 0 - 2 * 8 8 

AM// =0 .000 
A/2„ ir,, = 0.245 

M2. M2. 

0.001 1 
Af22 .=0 .241 

mm m 

M2M2 = 0.252 

Fig.. 5. a. Same as Fig. 4.a but for inclination i and azimuthal order m. Fixed parameters are: £=6, fi/u/o)=0.0, W=0.10l£ sin i, Vmdx=0.15VC sin i, 
fcfcll,)ll,)=0.20.=0.20. Note that the velocity moments, which are very sensitive to the inclination angle, have a far more detailed dependence on i than what 
cann be seen from this 4 x 4 grid 
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Fig.. 5. b. Residual spectra, amplitude distribution and phase distribution of the time series of line profiles shown in figure 5.a. One of the things 
shownn here is the canceling of line-profile variability for modes with £ — m an odd number, that are observed at an inclination of nearly 90°. 
Anotherr feature seen in this figure is the fact that line-profile variations are not necessarily at largest for inclinations around 90° (Sect. 6.1.1). 
Oppositee to sectoral modes, the amplitudes of line-profile variations from tesseral modes generally tend to increasee for decreasing inclinations. 
Thiss illustrates that tesseral modes are equally well capable of producing large moving bumps, if the star is sufficiently inclined. We find that this 
behaviorr is not affected by any other parameter. Also note the wiggles in the amplitude distribution, which are commonly, but not exclusively, 
foundd for low inclination profiles 
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Fig.. 6. a. Same as Fig. 4.a but for m against relative rotation rate fi/u/ 
kk(m(m=5.0 =5.0 

Fixedd parameters are: t=l,  i=70°, W=0. \0VC sin i, Vmax=OA0Vc sin i, 
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Fig.. 6. b. Residual spectra, amplitude distribution and phase distribution of the time series of line profiles displayed in Fig. 6.a. This figure shows 
thatt the toroidal term due to the Coriolis force hardly affects the line profiles of high-degree sectoral modes. On the contrary, tesseral modes 
areare affected. Extensive calculations, of tesseral modes at the highest rotation rate allowed in our model, revealed that the cases with I — m an 
evenn number show the zero-rotation characteristics of a low fe<0'-value. This is best illustrated by the amplitude distributions in the column with 
m=—m=—5.5. Also illustrated here (rightmost 2 columns) is the breaking of the symmetry between prograde and retrograde modes, when effects of 
rotationn become important. Furthermore, the right column is an illustration of the 2TT phase jump in A^o, that can occur when another source 
off  variability in the line center (in this case toroidal movements) dominates the effect of radial motions (see Sect 6.1.2 and Fig. 9) 
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Fig.. 7. a. Same as Fig. 4.a but for intrinsic line-profile width W (expressed in units of Vc sin i) against the ratio of the horizontal to the vertical 
velocityy amplitudes km. Fixed parameters are: £=8, m=—8, i=90°, ft/w<0)=0.15, l£,ax=0.15l£sini. From the right column it can be seen that, 
forr high values of km, the bumps that travel from blue to red through the line profile tend to disappear at the blue side of the line center, and 
reappearr at the red side. This behavior of high kw\ low W profiles disappears for the larger values of the intrinsic profile width W 
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Fig.. 7. b. Residual spectra, amplitude distribution and phase distribution of the time series of line profiles displayed in Fig. 7.a. The figure shows 
thee blurring of the line features for an increasing width of the intrinsic profile. The change in contrast of the bumps with W is most evident 
fromm the gray-scale residual plots. For large intrinsic profile widths W and any value of k, the amplitude distribution always has a shape that 
wass previously considered as characteristic for a lower fc-value and more narrow intrinsic profile. Also, the relation between the blue-to-red 
harmonicc phase difference and the value of \m\, is much less evident for the higher values of W 
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Fig.. 8. a. Same as Fig. 4.a but for velocity amplitude Vm.M against intrinsic line-profile width W (both expressed in units of V{sini). Fixed 
parameterss are: £=6, m=-6 , km=0.5, i=90°, tt/um=0.10. This figure clearly illustrates the increase of line-profile variability with increasing 
pulsationn velocity and with decreasing intrinsic width. Also illustrated here, is that the variations of M\ and Mi are independent of W. 
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Fig.. 8. b. Residual spectra, amplitude distribution and phase distribution of the time series of line profiles displayed in Fig. 8.a. This figure 
showss the dependence of the maximum ratio of amplitudes {I\/h)max on the surface velocity amplitude Kax and the intrinsic profile width W 
(Sect.. 6.1.1). A higher value o fWora lower value of VmM leads to more sinusoidal line-profile variability, i.e. a smaller value of (/1//o)max 
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0 .100 0 0.500 0 kkuu = 5 .000 

Fig.. 9. a. Same as Fig. 4.a but for the ratio of the horizontal to the vertical velocity amplitudes kim against the relative rotation rate Q/wm. Fixed 
parameterss are: 1=5, m = - 5 , z=75°, W=0.\0%smi, Vmax=0A0\i sini . The empty fields are for combinations of fc(ll) and fi/u/0) that imply an 
equatoriall rotation velocity of more than 50% of break up (see Sect. 5.1) 
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k°k° = 0 .100 k° = 0 .500 k° = 5.000 

Fig.. 9. b. Residual spectra, amplitude distribution and phase distribution of the time series of line profiles displayed in Fig. 9.a. It is clear that 
forr this pulsation mode the effects of rotation on the line-profile variability are very small. This figure also serves as an example of the 27r jump 
inn A*o (see Sect 6.1.2), which occurs for intermediate to high fc-values, if additional variability (in this case the toroidal motion induced by 
thee Coriolis force) is present at the line center. An additional source of variability at the line center can reconnect a bump at the blue side to a 
differentt one at the red side, leading to a 27r jump in the blue-to-red phase difference 




