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Abstract.. We discuss the possibilities to derive the pulsation parameters £ and m of non-radially pulsating rotating stars 
fromm spectroscopic observations. We model the line-profile variations caused by the oscillatory velocity field and temperature 
variationss at the surface of the star. In our description of the velocity field of the pulsations, we use the expressions for linear 
adiabaticc pulsations, and include terms that account for the Coriolis force. For various stellar and pulsational parameters we 
generatee time series of spectra, and analyse the phase and amplitude diagrams resulting from a Fourier analysis of the time 
series. . 
Wee find that for stars with V£sini larger than approximately five times the half-width (HWHM) of the intrinsic profile, 
onee can derive both the degree £ and the order \m\ from the phase diagrams of the line-profile variations. We present 
linearr relations between observable phase differences and the parameters £ and \m\. These relations can be used to identify 
pulsationn modes. This method works for spheroidal and toroidal, sectoral and tesseral modes; it is possible to derive values 
off  £ & 15 and values of \m\ <, 10. The method is also applicable to multi-periodic multi-mode pulsations. 
Wee apply the method to analyse spectroscopic data sets of £ Oph and e Per, and present values of £ of the pulsation modes 
inn these stars. We use harmonic phase diagrams to constrain values of |m| of some of these modes. 
Wee argue that the presence of the complex pattern of frequencies in the periodogram of the line-profile variations of e Per, 
iss consistent with the expectations for profile variations which are dominated by the oscillatory velocity field, rather than 
thee oscillatory temperature variations. 

1.. Introductio n 

Thee study of pulsations in stars provides direct tests for the 
validityy of stellar evolution models. With observed pulsation 
frequenciess one can constrain these models, provided that the 
pulsationn modes can be identified. For non-radial pulsations the 
relevantt parameters are the degree I and azimuthal order m, 
whichh specify the tangential shape of the pulsation mode. The 
intrinsicc pulsation frequency is physically linked with the de-
greee of the pulsation (e.g., Dziembowski & Pamyatnykh 1993, 
Gautschyy & Saio 1993). For rotating stars the azimuthal order 
affectss the apparent frequency, since the modal pattern is ro-
tatingg with the star. Hence, for asteroseismological purposes 
onee needs accurately determined values of £, m and the ob-
servedd frequency. Heynderickx et al. (1994) and Cugier et al. 
(1994)) showed how to identify low-degree pulsation modes of 
00 Cephei stars from multi-passband photometry. In this paper 
wee focus on the possibility to spectroscopically determine £ 

andd m in rotating early-type stars; in many cases, our results 
aree applicable to S Scuti stars as well. 

Stellarr pulsations are reflected as line-profile variations 
inn absorption lines formed in the photosphere; for rotating 
starss patterns of alternating absorption and emission features 
crosss the profiles from blue to red on a time scale of hours 
too days. Such profile variations have been successfully mod-
elledd as the result of non-radial pulsations (see e.g. Smith 1978, 
Vogt&Penrodd 1983, Baade 1984, Gies&Kullavanijaya 1988, 
Kambee et al. 1990, Reid et al. 1993). The non-radial pulsations 
dividee the stellar surface in regions with different velocity fields 
andd temperatures. The velocity fields give rise to local Doppler 
shifts,, the temperature variations cause local brightness and 
equivalent-widthh changes. Due to the rotation of the star these 
variationss are Doppler mapped to the absorption line profiles, 
creatingg a moving pattern of peaks and troughs (see Figure 1). 



888 Chapter 7 

Fig.. 1. Line-profile variations due to the 3-dimensional velocity field of non-radial pulsations. For different values of the pulsation degree (. 
wee show from top to bottom: radial (vertical) part of the eigenfunction V, — superposed line profiles of pulsating and non-pulsating case — 
differencee of line profiles of pulsating and non-pulsating case — grey scale representation of residual spectra (mean subtracted) of 3 pulsation 
cycless — distribution of the amplitudes of the variations with input pulsation frequency 7o(A) (thick line) and first harmonic 7i(A) (thin line) 
expressedd in units of average central line depth; numbers refer to the maximum values of the amplitudes /»(A) and 7i(A) — distribution of the 
phasee of the variations with input pulsation frequency *o( A) (thick line) and first harmonic of the pulsation frequency * i (A) (thin line) expressed 
inn units of 7rradians; numbers refer to the blue-to-red phase differences A\l>(> and A$ i . Vf sint is indicated by the outer vertical lines 
(top),, and by the tick marks on the horizontal axis (bottom). The stellar and pulsation parameters for this example are: inclination i=55°, 
intrinsicc line width W=0.\5\£ sin i, rotation parameter fi/w ((,)=0.0 (zero-rotation model), amplitude of temperature variations (ST/T)max=0.0, 
orderr m=—4, ratio of horizontal to vertical pulsation amplitudes /c((>)=0.3 and the pulsation amplitudes were chosen such that the maximum 
vectorr velocity due to the pulsation Vmax=0.15M sin i. Note that the slope of the main phase distribution *o(A) changes as a function of £, 
whilee the slope of the harmonic phase distribution * i(A) stays rather constant 
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Variouss methods to spectroscopically identify pulsation pa-
rameterss have been proposed (Smith 1977; Bal on a 1986; Ken-
nellyy et al. 1992; Aerts et al. 1992). One of the most widely 
usedd methods is based on a search for periodicity in the vari-
ationss in normalized intensity as a function of position in the 
linee profile (see e.g. Gies & Kullavanijaya 1988, Kambe et al. 
1990).. Considering that the pulsations are Doppler mapped as 
line-profilee variations, the mode identification is then attempted 
usingg the observed change in phase of the periodic variations as 
aa function of wavelength. Hereafter we refer to this technique of 
searchingg for periodicity as the Intensity Period Search (IPS), 
andd to the subsequent mode identification as the IPSS method. 

Giess & Kullavanijaya (hereafter G&K88) take the phase dif-
ferencee of the variations in the blue and the red edge of the line 
profilee as a direct measure of the absolute value of the pulsa-
tionn parameter m, which refers to the number of meridional 
nodall  great circles of the eigenfunction (see Figure 1 where we 
usedd |m|=4). At any instant, the pulsational variations are dis-
tributedd over the azimuthal angle (f> as eim* , and consequently 
thee full velocity range of the absorption line profile samples 
aa total phase difference of m/2 cycles (or m times TT radians). 
However,, this relation is only valid for sectoral modes (l=|m|, 
££ referring to the total number of nodal lines of the eigenfunc-
tion),, which have the source of most of the variability focused at 
thee equator of the star. For modes other than sectoral, the main 
sourcee of variability lies off the equator, and the m/2 cycles 
phasee difference is sampled by a smaller part of the absorption 
line.. Therefore one can expect steeper phase versus wavelength 
relationss for non-sectoral modes (see Figure 1). The question 
thenn arises whether the observed phase difference, and conse-
quentlyy the number of bumps and troughs in the line profiles, 
iss an estimator for the degree I rather than the azimuthal order 
m.. Merry field & Kennelly (1993) already suggested that this is 
thee case, but did not explore nor verify the validity of their sug-
gestionn in the literature. The applicability of the IPS method for 
modess other than sectoral has not been discussed before. For 
thee few reported mode identifications performed with the IPS 
methodd the authors assumed that the detected pulsation modes 
aree sectoral. 

Thee strength of the IPS method is that for multi-periodic 
multi-modee stars the line-profile variabilities caused by the in-
dividuall  pulsation modes are separated in frequency as a result 
off  the Fourier analysis. This allows the characteristics of each 
modee to be studied separately. The superposition of the indi-
viduall  three-dimensional surface velocity fields of the modes 
leadss to beating of the variations in the line profiles. Mathias 
ett al. (1994) have incorporated these beatings in the "moment 
method""  (see also Balona 1986, Aerts et al. 1992, De Pauw 
ett al. 1993), but the effects of beatings on the amplitude and 
phasee diagrams resulting from the IPS method have never been 
studiedd before. 

Inn this paper we investigate the IPS phase diagrams for all 
possiblee spheroidal and toroidal modes: sectoral, zonal (|m|=0, 
alsoo called axisymmetric modes) and tesseral (any mode that 
iss neither sectoral nor zonal), in order to find out whether one 
cann retrieve the input parameters I and m. We also discuss the 
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influencee on the amplitude and phase diagrams of beatings that 
aree caused by multi-periodic pulsations. For this purpose, we 
usee a model for adiabatic non-radial pulsations, including terms 
thatt account for the Coriolis force, to generate time series of 
linee profiles. 

Thiss paper is part of a series on line-profile variability 
causedd by adiabatic non-radial pulsations. Schrijvers et al. 
(1996,, hereafter Paper I) describe the model we use to syn-
thesizee line profiles, and present a survey of the relevant stel-
larr and pulsational parameters. Telting & Schrijvers (1996, Pa-
perr III ) discuss the cancellation effects that occur for near 
equator-onn stars with pulsation modes for which l-m is an 
oddd number. Preliminary results of the work presented here 
aree given by Telting & Schrijvers (1995). Other theoretical 
workk on line-profile variations due to non-radial pulsations has 
beenn presented by Kambe&Osaki (1988), Unno et al. (1989), 
Leee & Saio (1990), Lee et al. (1992), Aerts & Waelkens (1993), 
Reid&&  Aerts (1993), Clement (1994) and Townsend (1996). 

Inn Section 2 we briefly discuss the model of non-radial adi-
abaticc oscillations and the synthesis of time series of spectra. 
Inn Section 3 we summarize how to derive amplitude and phase 
diagramss from time series of spectra. In Section 4 we present 
thee results of our computations and discuss in detail the effects 
off  all relevant parameters on the expected phase diagrams. In 
Sectionn 4.4 wee present a statistical study on the chances of cor-
rectlyy identifying the pulsation parameters i and m. In Section 5 
wee discuss multi-periodic stars, and in Section 6 we apply our 
resultss to observations of c Per and C Oph. In Section 7 we 
summarizee our conclusions. 

2.. Modelling non-radial pulsations of slowly rotating stars 

Wee model line-profile variability caused by adiabatic non-radial 
pulsationss of a rotating star, with the rotation axis as the sym-
metryy axis of the pulsation. Our model is essentially the same 
ass the one described by Aerts & Waelkens (1993), with a few 
improvementss which have been discussed in Paper I. 

Thee model describes the three-dimensional surface veloc-
ityy field of adiabatic oscillations, and is derived from a linear 
perturbationn analysis of the equations of stellar structure, in-
cludingg terms describing the effects of the Coriolis force. The 
tangentiall  dependence of the eigenfunction can be written as 
thee sum of a spheroidal and two toroidal terms. At the surface 
off  the star the Lagrangian displacement vector £ = (fr, & , f^) 
cann be expressed as 

+-***  (°--Lh-S) ™ (M)eK" f'  (1) 

to 0 JV ' my '- ' (S ,e i<"" f ,

wheree aSpM is the spheroidal radial (vertical) amplitude and k 
iss the ratio of horizontal to radial amplitudes of the spheroidal 
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partt of the eigenfunction. The spherical harmonics Y™ specify 
thee 6 and <j>  dependence of the eigenfunction, and are normal-
izedd by the factor N™. The oscillation frequency u is defined 
inn the frame that is corotating with the star. The toroidal terms 
aree due to the Coriolis force; the amplitudes a,or,/-1 and ator,*+i 
aree proportional to Q/ui0), with fi the rotation frequency of the 
starr and u/0) the pulsation frequency in the zero-rotation ap-
proximation.. The expressions for V/" , N™, otor,/_i and at0r,/+i 
aree specified in Paper I. For a discussion of the limitations of 
thiss model we refer to Saio (1981), Martens & Smeyers (1982), 
Aertss & Waelkens (1993) and Paper I. 

Att the surface of the star the ratio of horizontal to radial 
amplitudess A; can be written as k = k(0) + (tl/u{0))kll\ where 
wee use an expression for fc(l) equivalent to the formulation 
givenn in Paper I. As in Paper I, we only generate spectra for 
combinationss of fï/u>(0) and k that correspond to an equatorial 
rotationn velocity of less than 50% of the break-up velocity. 

2.1.2.1. Temperature effects 

Inn this paper, we account for local brightness and equivalent-
widthh (WE) changes, which are induced by the oscillatory tem-
peraturee variations (Buta& Smith 1979, Lee et al. 1992). To 
enhancee the general applicability of our results, we will not 
strictlyy follow the adiabatic treatment of these temperature ef-
fects.. In the adiabatic approximation, the perturbation of the 
surfacee temperature follows the perturbation of the density, and 
iss in phase with the radial displacement for g modes, and in 
anti-phasee for p modes. In our work we use the positive root of 
thee equation 

(£(£+(£(£+ l))fc2 - 4 k - 1 = 0 (2) 

(seee e.g. Buta & Smith) to discriminate between p (low k) and 
gg (high A;) modes, and change the phase lag between tempera-
turee variations and radial displacement accordingly. In the non-
adiabaticc case, however, an additional phase lag between the 
radiall  displacement and temperature variations can be present 
(Saioo & Cox 1980), and the amplitude of the temperature vari-
ationss can differ from the case described by Buta & Smith. 

Too model these effects we introduce three parameters: the 
maximumm amplitude of the temperature variations (ST/T)^^, 
thee phase lag <f>\ ag between the displacement field and the 
temperaturee variations, and the response of the equivalent 
widthh to the temperature variations awE, where we assume 
ÖWE/WEÖWE/WE - <*WE ST/T. The visual brightness of each surface 
elementt is scaled proportional to 1.8 ÖT/T '. For simplicity, we 
changee the equivalent width of the local intrinsic line profile by 
changingg only the depth of the profile. 

11 From an evaluation of the continuum fluxes F  ̂as given by Kurucz 
(1992),, we find that, for a range in effective temperature of 10000-
30000KK and a range of logarithmic surface gravity of 3.0-4.5, the value 
off  <i log FA/d log Terr lies in the interval 1.4-2.2 over the full visual 
wavelengthh range. For cooler stars this value increases abruptly, and 
hencee d log F\ fd log T-1.8 might not be accurate for 8 Scuti stars. 

Wee have set up our parameter study such that we do not have 
too specify the fundamental stellar parameters such as mass, ra-
diuss and rotation period. To allow general applicability of our 
resultss we also do not explicitly specify the pulsation frequency. 
Hence,, we cannot use the adiabatic relation between the ampli-
tudee of the temperature variations and the velocity amplitude 
(e.g.. Buta& Smith), since this involves knowledge of the pulsa-
tionn frequency and the stellar radius. Instead we use (ST/T)^^ 
ass a free parameter, to maintain the general applicability of our 
results. . 

2.2.2.2. Line-profile synthesis 

Thee velocity field of the oscillation is found by taking the time 
derivativee of the Lagrangian displacement vector, and is calcu-
latedd on a sphere with typically more than 5000 visible equally 
sizedd surface elements. We attribute a Gaussian intrinsic profile 
withh constant width W (=1.20HWHM) to each visible surface 
elementt (see Paper I). Line profiles are then generated by a 
weightedd integration of the Doppler-shifted intrinsic profiles 
off  all visible surface elements, each having different equiva-
lentt widths due to the pulsational temperature variations. The 
weightss are given by the aspect angle of each element, the lo-
call  oscillatory brightness changes, and a linear limb-darkening 
correctionn with a value 0.35 for the coefficient. We neglect the 
changee of aspect angles corresponding to the deformation of 
thee star due to the oscillatory displacements. 

Forr our mono-mode calculations we choose to model the 
line-profilee variability with the apparent frequency as if ob-
servedd in the corotating frame of the star, in order to get clear 
distinctionn between prograde (negative m, pulsation pattern 
movess with the rotation of the star, bumps move from blue to 
redd through the line profile) and retrograde (positive m, pulsa-
tionn patterns moves against the stellar rotation, profile bumps 
movee from red to blue) travelling waves. This way we can eas-
ilyy study the effects of rotation, which affect the line profiles 
off  prograde and retrograde modes differently. In the observer's 
frame,, however, both prograde and retrograde modes will give 
riserise to variability migrating from blue to red through the absorp-
tionn line profile, if the stellar rotation rate is high enough. To 
transformm our calculations to the observer's frame, one simply 
hass to calculate the apparent frequency from 

u>obss -oj - mQ (3) 

andd reverse time sequence of the spectra if the observed fre-
quencyy Wobs changes sign with respect to the pulsation frequency 
u>.u>. Equivalently, the slope of the resulting phase diagrams and 
thee blue-to-red phase difference should be negated in the case 
off  retrograde modes. 

Inn this paper, we aim to investigate how accurate one can 
retrievee the input parameters I and m, in case of a perfect 
spectroscopicc data set. For this reason we do not account for 
noisee in the spectra, and generate series of spectra which are 
perfectlyy sampled in time. 
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Wee scale the pulsational displacement amplitude asph 
suchh that the maximum vector velocity of the pulsation 

Knaxx = (\ /K 2 + V£ + V£J equals a specified value. We treat 
VV V / max 

thee unknown surface quantities Vmax. ^<0)- the degree I and order 
m,, and the rotation parameter fi/w (0) as free and independent 
parameters.. Together with the inclination i of the star, the width 
WW of the intrinsic profile and the three temperature related 
parameterss (<5T/T)max, (p\a$, and QWE, they form a set of 10 
parameterss that determine the shape of the line profiles. 

- 11  0 1 
ve loc i tyy [Fesin("i)] 

Fig.. 2. Example phase diagrams <J/o(A) illustrating the blue-to-red 
phasee difference which is read off as the maximum phase differ-
encee (circles) within the region where the corresponding variational 
amplitudess are detected. We used a model without the Coriolis 
termss and without temperature effects, and i=85°, W=0.15VZ sin i, 
Vmax=0.. ll£sini, £=5. From top to bottom the phase diagrams corre-
spondd to the parameter combinations (fc=2.5, m=— 1), (fc=2.5, m=—2), 
(k=2.5,(k=2.5, m=-5) and (fc=0.1, m=-5) 

3.. Analysis of time series of spectra 

Too investigate the effects of the relevant parameters on the 
phasee and amplitude distributions across the absorption line, we 
generatee time series of absorption line profiles and analyse these 

withh an IPS technique equivalent to that proposed by G&K88. 
Forr each wavelength bin in the line profile, we decompose 
thee variable intensity signal into its sinusoidal components; in 
thee mono-mode case by fitting sinusoids with known (input) 
frequencies,, in the multi-mode case (Section 5) by computing a 
Fourierr transform. 

3.1.3.1. Mono-periodic pulsations 

Forr mono-periodic oscillations we generate time series of 24 
spectraa covering one complete pulsation cycle in constant time 
steps.. Since the line-profile variations are in general not strictly 
sinusoidall  (see Gies 1991, Reid& Aerts 1993, and Paper I), we 
fitfit  the variable intensity with a function of the form 

/(A,, t) = /«„(A ) + J0(A) sin(aW + *o(A)) 

++ /1(A)sin(2wobsi+*i(A) ) 

++ J2(A)sin(3uW+*2(A)) (4) 

forr each wavelength bin in the line profile. For both the pulsa-
tionn frequency and its first harmonic frequency, the amplitudes 
(7o(A),, /i(A)) and phases (*o(A), #i(A)) of the variability are 
plottedd across the line profile (see Figure 1). 

Inn Figure 2 we show examples of phase diagrams *o(A). 
Thee blue-to-red phase differences A* o and A^ i are obtained 
byy reading off the maximum phase change between the outer-
mostt wavelength/velocity positions at which the corresponding 
amplitudee of variations (respectively 7o(A) and I\{\))  exceeds 
dmean/10000,, where dmean̂ 1 — ̂ mean(A=Ao) is the time-averaged 
centrall  depth of the absorption line profile (see Paper I). For real 
observationss (with noise in the data), this cut-off velocity will be 
limitedd within the part of the line profile where significant pul-
sationall  variability is detected. For monotonie phase diagrams, 
ourr values for the blue-to-red phase changes will therefore be 
upperr limits to the observable ones. Note that we do not impose 
aa priori knowledge of a value of Ve sin i to be able to read off 
thee blue-to-red phase differences. 

Inn Figure 1 we present an example of such an analysis for 
fourr time series of generated line profiles. From left to right 
thee degree of the spherical harmonic £ is increased while the 
orderr m is held constant (m=—4). The other parameters are: 
Vmax=0.15%sini,, fc(0)=0.3, i=55°, W=0A5Vesini, ft/w(0,=0.0 
(zero-rotationn model), and (5T/T)m:a=0.0. In the bottom part 
off  the figure the phase and amplitude diagrams of the line pro-
filefile  variations with frequency equal to the pulsation frequency 
(7o(A),, 'J'o(A)) are depicted by heavy lines. The thin lines depict 
thosee for the variations appearing with the first harmonic of the 
pulsationn frequency (7i(A), ^i(A)) . 

Inn Figure 1 we see that the slope of the *o(A) phase dia-
gramm steepens with increasing I, while the slope of the $i(A) 
phasee diagram is more or less constant. We also see that the 
absolutee value of the phase difference A$o (expressed in units 
off  7T radians) is close to the input value of the degree £ of the 
pulsationn mode. Therefore we conclude that the assumption 
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Fig.. 3. Blue-to-red phase differences A*<> and A * i for different values of the width of the intrinsic line profile: W=0.1 Vc sin i, W=0.2Vé sin i 
andd W=0A\£sini. Each spheroidal mode with 0 < £ < 15 and —£< m < I has one entry in each panel. The other parameters are: i=65°, 
n/w(())=0.15,, km=0.2, (JT/T)max=0.025, cwE=0.0, and Vmax=0.15% sin i. Top Phase difference A* o as a function of the input value of 
thee degree £ of the pulsation mode. The solid lines have a slope of plus and minus unity. Note that there is an apparent relation between £ and 
A$o,, and that therefore it is possible to derive £ from the derived phase difference. Bottom Phase difference A^ i as a function of the input 
valuee of m. The solid line has a slope of 2. The asymmetric distribution of the prograde and retrograde modes with respect to this line is due to 
thee Coriolis force. For low values of W/(% sin i) a reasonable estimate of m can be derived from the derived harmonic phase difference A * i 

thatt the phase difference A\Po is a measure for \m\ (G&K88) is 
onlyy correct for sectoral modes, which have |m|=£. In the next 
sectionss we wil l show that in general the phase difference A\Po 
iss a measure of £ (rather than |m|), and that the phase difference 
A5"|,, if detectable, is a reasonable estimator of the value of 
\m\. \m\. 

4.. Relation between blue-to-red phase differences and pul-
sationn parameters £ and m 

Inn Figures 3-8 we present the results of the analyses of phase 
diagramss derived from generated time series of absorption line 
profiless of a mono-periodic non-radially pulsating early-type 
star.. For all modes with 0<£<15 and -£<m<£ there is one 
entryy in each of the panels in the plots; for Figure 8 only positive 
valuess of m are computed. In the top row of panels we plot the 
blue-to-redd phase difference A $o as a function of input £. In the 
bottomm row we plot the blue-to-red harmonic phase difference 
A ^ ii  as a function of input m. In Figures 4 and 8 we plot an 
additionall  row of panels with the blue-to-red harmonic phase 
differencee A $ ] as a function of input £. 

4.1.4.1. Single spheroidal modes 

Fromm Figures 3-7 we derive that in many cases there is sufficient 
informationn in the line-profile variations to estimate £ and m. 
Onee can immediately see that there is at least a tendency towards 
thee linear relations 

lAWol l ir£ ir£ | A ¥, , 2n\m\ 2n\m\ (5) ) 

Inn the following we wil l discuss for what range of the relevant 
parameterss these relations can actually be used to estimate the 
pulsationn parameters £ and \m\. 

WidthWidth of the intrinsic line profile (see Figure 3). Unam-
biguouss Doppler mapping of the pulsational variations onto 
thee absorption line profile is only the case if the Ve sin i of the 
starr is sufficiently larger than the intrinsic line width W. For 
higherr values of W/(Ve sin i) the variability caused by a particu-
larr surface element is smoothed out over a large part of the line 
profile,, overlapping and cancelling the line-profile variability 
causedd by other surface elements. If the overlap is too large the 
characteristicc pattern of bumps moving from blue to red is not 
ann unambiguous measure of the pulsation parameters £ and \m\ 
anymore,, and the identification of the pulsation mode can better 
bee carried out using the "moment method" (Balona 1986 and 
Aertss et al. 1992), which is intrinsically independent of W. 
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Fig.. 4. Blue-to-red phase differences A*, , and A#i for different values of the inclination of the star. We plot the phase difference A* » as a 
functionn of £, and the phase difference A* i as a function of both £ and m; all spheroidal modes with 0 < £ < 15 and -I < m < I have one 
entryy in each panel. The top half of the figure shows our computations for modes with fc(0)=0.2, the bottom half shows that for fc<m=l .8. The 
otherr parameters are: f2/u/0)=0.0, (ST/T)milx=0.0. Vmax=0.15̂  sin i, W=0.1 Vc sin i. See Figure 3 for further explanation. The number of 
outlierss of the relation between A* » and £ is large for inclinations near i=90°, because of cancellation effects for modes with a nodal line on 
thee equator. For other values of the inclination there are only few outliers. We find that, especially for high inclination angles, the harmonic 
phasee difference A* i is related to the value of m 
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Fig.. 5. As Figure 3, but for different values of the maximum vector 
velocityy amplitude Vmax of the pulsation; we chose Vmax=0.1M sin i 
andd Vmix=0.3\i sini, and used W=Q. IK sint. See Figure 3 for the 
otherr relevant parameters. With VmiiJ(\i%mi) increasing to very 
highh values, the ability to derive £ decreases whereas the ability to 
derivee m increases 

Fromm Figure 3 we find that the identification of £ from the 
blue-to-redd phase difference A $o is possible for nearly all in-
vestigatedd £ values if W/(Vesini)&0.\. For W/(Ve sini)=0.2 
^-valuess up to « 10 can be identified. 

Identificationn of m from the AsPi diagnostic becomes haz-
ardouss if W/(Vesini)>0.\. If J<W(%sini)=0.1 values of \m\ up 
too ~ 10 can be derived, for W/(\£ sin i)=0.2 only values of \m\ 
lowerr than ~ 7. Note that for increasing W, the contribution 
off  harmonics to the line-profile variability decreases (Paper I), 
whichh means that values for m are best derived from lines with 
littl ee intrinsic broadening. 

InclinationInclination (see Figure 4). We find that for all inclination 
angless the phase differences A $o fit a linear relation with £. 
Forr inclinations close to i=90°, however, profile variations of 
tesserall  modes with a nodal circle along the equator suffer 
fromm severe cancellation effects. This can result in very small 
amplitudess of the line-profile variations, and in non-monotonic 
phasee diagrams ^o{\) (see Section 4.3). For the exact equator-
onn case these modes do not follow the A^ o versus I relation 
(seee Reid & Aerts 1993 and Paper III) . 

Thee reverse is true for the harmonic phase differences: the 
closerr the inclination is to equator-on, the clearer is the relation 
betweenn m and A * i. From the middle row of panels in Figure 4 
wee find that for low inclination angles modes with low m tend 
too follow a relation between A * i and £, rather than \m\. 

Fig.. 6. As Figure 3, for different values of the rotation param-
eter:: n/u/("=0.0 (the zero-rotation model) and Q/w<o)=0.35. The 
otherr parameters are: fc((l)=0.5, (<5T/T)max=0.0, Vmax=0.15^sini, 
W=0.n^sini .. The rotational terms in the eigenfunction give rise 
too asymmetry between the prograde and retrograde arms in the dia-
grams.. We plotted the modes with |ro|<l as a cross, and the modes 
withh |m|=2 as a tripod, which shows that virtually all outliers of the 
££ relation are low-m modes. The effects of rotation hamper the 
identificationn of low m values 

PulsationPulsation amplitudes (see Figure 5). In general we can say 
thatt the larger the pulsation amplitudes the better one can detect 
andd interpret the pulsational line-profile variability. However, if 
thee pulsation amplitude is more than (approximately) 0.5l£ sin i, 
thee variability of a particular surface element wil l be Doppler 
imagedd over a relatively large part of the line profile. Such 
smearingg of the variability hampers the identification of £ of 
high-degreee modes. 

Forr high values of Vmax/(T£ sin i) the relative contribution 
off  line-profile variability with harmonic frequencies becomes 
important.. In the bottom panels of Figure 5 one can see that 
forr high pulsation amplitudes the disturbing effects of rotation 
(visiblee as the different behaviour of prograde and retrograde 
modes)) are less prominent than for low pulsation amplitudes. 

Iff  the pulsation velocity amplitude is very high, one expects 
thatt the linear description of the oscillation behaviour is not 
valid,, and that the pulsation eigenfunctions wil l be periodic 
butt not sinusoidal. This wil l increase the amplitude of the line-
profilee variations with harmonic frequencies with respect to 
thee case of linear oscillations, but from our model we cannot 
makee predictions for the phase relations $o(A) and ^i(A ) in the 
non-linearr case. 
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Fig.. 7. Blue-to-red phase differences A*<> and A* i for different values of the oscillatory temperature changes. On the left the figure shows 
ourr computations for modes with fc(l))=0.2, on the right that for fc<0)=1.8. We chose values (<5T/T)mM=0.0 and (5T/T)mdX=0.l, and used 
W=0.W=0.11 Vf sin z. See Figure 3 for the other relevant parameters and further explanation. Only for modes with a high k value (g modes) do the 
brightnesss variations increase the scatter around the relations between the phase differences and the parameters i and m 

RatioRatio of horizontal to vertical pulsation amplitudes (see 
Figuress 4 and 7). For high values of fc(0) (say A;(0)£0.4) the £ 
versuss A^ o diagram shows two parallel arms, one ~ 27t apart 
fromm the other. This occurs for modes that show no or very 
littl ee variability at line centre in the zero-rotation model, which 
enabless secondary sources of line-centre variability (Coriolis 
terms,, temperature effects) to connect the variations in the red 
sidee of the profile with those in the blue side (see Paper I for a 
discussionn of this effect). 

Withh increasing fc<0) the m versus A\J>i relation becomes 
moree ambiguous. Any derived value of m wil l have a relatively 
largee error for pulsation modes with large k (g modes). For 
pp modes the relation between m and A ^ i is fairly strict. 

RatioRatio of rotation frequency and pulsation frequency. Fig-
uree 6 displays the results of our computations for different val-
uess of the rotation parameter fi/u/0), which governs the relative 
contributionn of the Coriolis terms to the eigenfunction. In the 
diagramss in Figure 6 we mark all modes with |m|<2, which 
showss that virtually all outliers of the £ relation are zonal modes 
andd low-m tesseral modes. We see that the effects of rotation 
causess asymmetry between the prograde and retrograde arms 
off  the diagrams, but that within the limits of our pulsation 
modell  (f i /ü/ 0)<0.5) the effects of the Coriolis force do not sig-
nificantlyy change the relations between the blue-to-red phase 
differencess and pulsation parameters £ and m. 

TemperatureTemperature effects. In Figure 7 we show that for p modes 
thee oscillatory brightness variations do not affect the relations 
betweenn the blue-to-red phase differences and £ and m. For 

gg modes the scatter around these relations increases, because 
thee temperature effects can, similar to the effects of the Cori-
oliss force, cause deviations of ~ 2 T in the blue-to-red phase 
difference. . 

Leee et al. (1992) found that the changes of the equivalent 
widthh (WE) of the local intrinsic profiles either enhance or de-
creasee the effects of brightness changes on the line-profile vari-
ability.. We investigate values of the equivalent width response 
off  -2<awE<2. We confirm the results of Lee et al. (1992), 
andd find that the derived phase differences are distributed in the 
diagramss as in the case of brightness variations. 

Wee investigate the values of the phase differences A$o 
andd A $ | for moderate (non-adiabatic) phase-lags between the 
temperaturee variations and the radial displacement (—10°< 
(£iag<10oo for g modes, 170°< ^iag<190° for p modes). We 
findfind no substantial changes in the derived phase differences 
withh respect to cases with fixed (adiabatic) phase-lags (</>iag=0° 
forr g modes, </>iag=l 80° for p modes). 

4.2.4.2. Single toroidal modes 

Papaloizouu & Pringle (1978) found that in rotating stars toroidal 
oscillationss can be excited, that have pulsation frequencies in 
thee corotating frame 

2mCl 2mCl 

'+n ' ' 
(6) ) 
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Fig.. 8. As Figure 4, but for toroidal oscillation modes (1 <m< 15). We find also for toroidal modes a relation between £ and A*», and between 
mm and A*, . For low-degree modes seen at a low inclination the latter relation does not hold. In the bottom right panel the relation between 
mm and A* i is so strict that many circles are plotted on top of each other. Note that for low inclination retrograde tesseral modes can appear 
ass prograde in the line profile (in the corotating frame), which is because in this case the variability at the "far" side of the star dominates the 
line-profilee variations 

andd therefore propagate retrograde (counter to the stellar rota-
tion)tion) in the corotating frame. For the toroidal velocity vector 
wee use 

8 8 

sinöö 9c/>' 
d_ d_ 
dB dB (7) ) 

Figuree 8 shows the phase differences A\I>o and A^ i , for all 
toroidall  modes with 1 <£<  15 and 1 <m<£, for different values 
off  the inclination of the star. As for spheroidal modes, we also 
findd for toroidal modes a relation between £ and A^o. and 
betweenn m and A* i . However, for low inclination the latter 
relationn does not hold. Note that for low inclination retrograde 
tesserall  modes appear as prograde in the line profile (in the 
corotatingg frame): the variations at the "far" side of the star 
contributee dominantly to the line-profile variability in these 
cases. . 

Inn the remainder of this paper we will concentrate on 
spheroidall  modes only. 

4.3.4.3. Outliers 

4.3.1.. Outliers of the A $ 0 versus £ relation 

Figuress 3-7 display the diagnostic value of the blue-to-red phase 
differences,, which relate to the pulsation parameters £ and m. 
Inn these figures we see a considerable number of outliers of the 
relationn between £ and A*o- With outliers we mean the modes 
thatt end up scattered around in these diagrams; the fair number 
off  modes with a 2n phase jump with respect to the relation 
betweenn £ and A$o are not considered outliers. 

Wee find that an outlier can be recognized by inspection 
off  its phase diagram $o(A). For a fraction of the sectoral, 
tesserall  and zonal modes, especially if |m|^2, the phase dia-
gramm $o( A) is not a monotonie function of wavelength/velocity 
(seee Figure 2). Slope changes outside the approximate interval 
[—0.251̂ ^ sin i,0.25% sini]  give rise to outliers (see Figure 2, 
topp phase diagram). 

Forr modes with a high value of fc<0\ the slope of the phase 
diagramm can change sign twice within the wavelength inter-
vall  corresponding to approximately [—0.25VJ sin i, 0.25% sin i] 
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Fig.. 9. Results of Monte-Carlo calculations. We plot the blue-to-red phase difference lA^ol against £, and |A* i | against I and \m\. with the 
numberr of occurrences as a grey value. For each vertical bin in the plots the grey scale is normalized to the total number of computed modes 
inn that bin. Top: All 15360 modes, with stellar and pulsation parameters as specified in Table 1. Middle: Selection of all modes, with 
fc>0.7fc>0.7 (mainly g modes), i>45° and without slope reversals (see Section 4.3) in the main phase diagram *o(A). Bottom: Selection of all 
modes,, with fc<0.3 (mainly p modes), i>45° and without slope reversals in ty»(\) 

(seee the middle examples in Figure 2). For these cases the 
blue-to-redd phase differences still obey the relation with I, and 
consequentlyy this effect does not hamper correct interpretation 
off  the blue-to-red phase difference A*o - These slope changes 
aroundd the line centre can occur for sectoral and tesseral modes, 
especiallyy in the case where rotational and temperature effects 
aree not important. 

Withinn the parameter ranges in Table 1 (see Section 4.4), 
sectorall  modes with 3<£< 12 do not show sign changes of the 
slopee of *o(A) in the part of the profile outside the velocity 
intervall  [ -0.25% sin i, 0.25% sin t ] . This means that phase dia-
gramss ^o(X) with slope changes outside this interval, and with 
aa blue-to-red phase difference | A * o | ^ 2, can only be caused 
byy tesseral or zonal modes. Less than 1% of the investigated 
tesserall  modes with 3 < | m |< 12 and (.< 12 have slope reversals 

Tablee 1. Parameter ranges used in our Monte-Carlo simulations. For 
pp modes we 

e e 
m m 
i i 

W/Ksini W/Ksini 
VVmmJVJVcc sin i 

addedd 180° to the phase lag <j> 

0 - 15 5 
-I-I -I-I 

25°° - 90° 
0.05-0.1 1 
0.055 - 0.2 

l o gg fc<0> 

n/w(0) ) 

(ST/T)(ST/T)mm mm 

0las s 

awawE E 

agg (see Equation 2) 

-2.00 - 0.5 
0.0255 - 0.35 

0.00 - 0.05 
-15°° - 15° 
- 1 . 5-- 1.5 

whichh result in outliers in I versus A*o - Considering that the 
outlierss can be detected by inspection of the phase diagram, we 
concludee that I versus A^ o relation is fairly strict. 
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4.3.2.. Outliers of the A \ t | versus m relation 

Thee number of tesseral modes with sign changes in the slope 
off  the phase diagram \I/|(A) is quite large: ~ 3 0% of the inves-
tigatedd cases. An example of this is given in the third column 
off  Figure 1. Contrary to the £ versus A$o diagram, the untidy 
naturee of the relation between m and A*Pi can not be removed 
byy excluding modes for which slope reversals occur. 

tt = pt + qt\&9o\/n MM  =pm + qm\AVl\/n (8) ) 

andd use an iterative rejection algorithm (sigma-clipping with 
2<TT threshold) to discard the outlying points. After the rejection 
iterations,, we iteratively increase the number of fit  points Nfn 
too all modes within 3er distance from the fit, where we estimate 
aa11 as the sum of the squared distances from the fit divided 
byy Affi t. Finally, we record how many modes lie within the 
intervalss [/-1,<+1], [£-2,£+2], [£-3y£+3]  from the fit (and 
similarr for |m|), to estimate the probability that the fit  can 

--

• • 

meann 1.50TT 

s igmaa 0.067T 

i i k k 

i i 
1 1 
1 1 

J J 
j j 
•i i 

i i 

4.4.4.4. Monte-Carlo approach 

Forr diagnostic purposes we quantify the relation between £ and 
|A^o|>> and that between \m\ and l A ^ i |, for spheroidal modes. 
Wee also estimate the percentage of outliers of these relations. 

Inn the frame of the observer the line-profile variability 
causedd by non-radial spheroidal oscillations will appear pro-
gradee in many cases, because the rotation of the star adds \m\fl 
too the observed pulsation frequency. On the contrary, in par
ticularr cases with low inclination, when the oscillations at the 
"far"" side of the star contribute significantly to the line-profile 
variations,, the profile variations appear retrograde by the same 
effectt (see Baade 1984 for the case of the Be star p Cen). To 
by-passs such ambiguities we model £ and \m\ as a function 
off the absolute blue-to-red phase differences |A*o | and |A\Pi| 
respectively. . 

Assumingg that each possible combination of I and m is 
equallyy probable, we compute 60 time series of line profiles for 
eachh combination of £ and m with £<\5. The other relevant 
parameterss (i, W, Vmax, ft/w(0), fc(0), (6T/T)max, 0,ag, aWs) are 
chosenn at random within the ranges specified in Table 1. Val
uess for the inclination are drawn according to the probability 
p(i)p(i) = sin i. Values for log(A;<0)) are drawn such that the combi
nationn of A;(0) and n/w< 0 ) corresponds to an equatorial velocity I 
off less than 50% of break-up. All other parameters are drawn \m\ 
fromm a flat distribution. For these 15360 time series we derive 
thee absolute blue-to-red phase differences |A»J>o| and |A\P]| . 

Inn Figure 9 we present the results of these calculations. For 
aa few selections of all computed modes we plot |A$o | against 
£,£, and | A $ i | against both £ and \m\, with the number of oc
currencess displayed as a grey value. For each vertical bin in 
thee plots the grey scale is normalized to the total number of 
computedd modes in that bin. 

Too quantify the relation between the phase differences and 
££ and \m\ we perform a least-squares fit of a straight line to the 
dataa in Figure9, with £ as a function of |A*o | and \m\ as a 
functionn of lAv^l 

00 0.5 1 1.5 2 

2 * ^^ - * j [TT r a d i a n s ] 

Fig.. 10. The phase difference of the variations at line centre 
* O I = 2 * ( } - $ I ,, computed for 15360 modes 

successfullyy model real data. We use all modes with £< 15 to fit 
thee coefficients p ; and qt; to derive the coefficients pm and qm, 
wee use only modes with ^<12. 

Inn Figure 9 we overplot the fits in the grey-scale images. 
Inn Tables 2 and 3 we list the fit results for several regions in 
parameterr space, including entries for "easy" detectable modes 
andd modes with large temperature variations relative to veloc
ityy variations. The category of easy detectable modes consists 
off those ~ 50% of all modes that have the highest ratio of 
meann amplitude of line-profile variations (expressed in units of 
averagee line depth) to pulsation velocity Vmax/1£ sin i. 

Wee find that throughout parameter space the fitted coef
ficientsficients pi, qc, Pm and qm are remarkably stable, and that in 
generall the phase differences relate to the pulsation parameters 
as s 

0.10++ 1 . 0 9 | A * O | / T 

- 1 . 3 33 + 0 . 5 4 | A # , | / T T 

(9) ) 

(10) ) 

Fromm the stability of the coefficients we conclude that it is 
possiblee to derive good estimates for the pulsation parameters 
££ and \m\ from the evaluation of the phases of the variability 
acrosss the line profile. The percentages of modes in the vicinity 
off the fits (Tables 2 and 3) indicate that reasonable error esti
matess for a derivation of £ or \m\ with the IPS method are  1 
andd 2 respectively. For p modes values of \m\ with accuracy 

11 can be derived. If stellar and pulsational parameters can be 
constrained,, better accuracies can be achieved. The values of £ 
andd \m\, as derived from the phase diagrams, can then be used 
ass initial guesses in more detailed modelling of the line-profile 
variability. . 

4.5.4.5. Line-centre phases of variability at the apparent pulsation 
frequencyfrequency and at its first harmonic 

Iff we compare the arguments of the main and first harmonic 
sinusoidd describing the line-centre variability (see Equation 4), 
andd allow an arbitrary choice of time reference to 

2(wobs(** - t0) + *o) - (2w o b s (* - i 0 ) + * i ) ( ID D 

file:///m/fl
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Tablee 2. Straight line fits to £ as a function of |A$u|. NUH is the number of modes before rejection. Nui is the number of modes within 3<r 
distancee from the fit. The rightmost three columns list the percentage of JVUM modes that lie within the indicated intervals around the fit. 

Pt Pt qi qi JVUI I Nfi,, [i-\,l+l]  [£-2,£+2] [l-3ti+3] 
alll modes 
"easy"" detectable modes (see text) 
modess with \m\ > 2 

modess without slope reversals in *o(A) outside [—0.25,0. 
alll modes 
"easy"" detectable modes 
modess with \m\ > 0 
modess with \m\ > 1 
modess with \m\ > 2 
modess with £ — \m\ < 2 
modess with £ — \m\ < 6 
modess with 25° < t < 50° 
modess with t > 65° 
modess with km < 0.3 
modess with km > 0.7 
modess with fi/w(0) < 0.2 
modess with fi/w<0) > 0.2 
modess with (5T/TWK sin i/Vmn > 0.4 

0.099(27) ) 
0.065(35) ) 
0.227(38) ) 

1.090(3) ) 
1.098(4) ) 
1.082(4) ) 

sidee ï-0.25,0.25]̂  sin i: 
0.089(29) ) 
0.089(37) ) 
0.117(30) ) 
0.163(33) ) 
0.226(38) ) 
0.076(42) ) 
0.015(32) ) 
0.028(54) ) 
0.186(42) ) 

-0.098(52) ) 
0.188(45) ) 
0.055(38) ) 
0.124(44) ) 
0.046(77) ) 

1.091(3) ) 
1.096(4) ) 
1.089(3) ) 
1.086(3) ) 
1.082(4) ) 
1.110(5) ) 
1.109(3) ) 
1.103(5) ) 
1.075(4) ) 
1.100(5) ) 
1.087(5) ) 
1.093(4) ) 
1.091(5) ) 
1.095(8) ) 

15360 0 
7198 8 

10920 0 

13444 4 
6950 0 

12943 3 
11941 1 
10644 4 
3448 8 
8720 0 
3971 1 
6107 7 
3647 7 
6496 6 
7517 7 
5927 7 
1980 0 

11006 6 
6055 5 
8558 8 

10490 0 
5921 1 

10101 1 
9417 7 
8481 1 
2997 7 
7268 8 
3233 3 
4711 1 
3452 2 
4318 8 
6261 1 
4230 0 
1537 7 

71% % 
85% % 
79% % 

78% % 
86% % 
78% % 
79% % 
80% % 
88% % 
84% % 
83% % 
75% % 
94% % 
67% % 
83% % 
72% % 
78% % 

78% % 
88% % 
82% % 

83% % 
88% % 
83% % 
83% % 
83% % 
90% % 
86% % 
86% % 
82% % 
98% % 
73% % 
88% % 
78% % 
84% % 

94% % 
99% % 
99% % 

99% % 
100% % 
99% % 

100% % 
100% % 
100% % 
100% % 
100% % 
100% % 
100% % 
99% % 
99% % 
99% % 

100% % 

Tablee 3. Straight line fits to \m\ as a function of |A*i| 

alll  modes 
"easy""  detectable modes (see 
modess with \m\ > 0 
modess with \m\ > 1 
modess with |m| > 2 
modess with £ — \m\ < 2 
modess with £ - \m\ < 6 
modess with 25° < t < 50° 
modess with t'  > 65° 
modess with fcl<)) < 0.3 
modess with km > 0.7 
modess with fi/u/0) < 0.2 
modess with n/wm > 0.2 

text) ) 

modess with (<S7,/T)ni„l£sini/V r„ l„  > 0.4 

Pm Pm 
-1.334(24) ) 
-1.001(37) ) 
-1.120(27) ) 
-0.937(33) ) 
-0.650(42) ) 
-1.028(43) ) 
-1.289(29) ) 
-1.321(46) ) 
-1.361(34) ) 
-1.097(48) ) 
-1.475(35) ) 
-1.360(32) ) 
-1.354(36) ) 
-1.261(62) ) 

<Zm m 
0.537(2) ) 
0.549(3) ) 
0.542(2) ) 
0.534(3) ) 
0.522(3) ) 
0.613(3) ) 
0.567(2) ) 
0.519(4) ) 
0.586(3) ) 
0.614(4) ) 
0.527(3) ) 
0.571(3) ) 
0.518(3) ) 
0.521(5) ) 

NNM M 

10140 0 
5359 9 
9360 0 
7920 0 
6600 0 
2880 0 
7200 0 
2913 3 
4767 7 
2585 5 
5045 5 
5532 2 
4608 8 
1507 7 

JVfit t 

9969 9 
5240 0 
8887 7 
7664 4 
6482 2 
2692 2 
7140 0 
2837 7 
4408 8 
2033 3 
4990 0 
5231 1 
4548 8 
1480 0 

[ M - l , , 
H + l ] ] 

46% % 
53% % 
46% % 
45% % 
48% % 
83% % 
44% % 
48% % 
50% % 
77% % 
50% % 
48% % 
47% % 
47% % 

[ M - 2 , , 
M+2] ] 

83% % 
85% % 
81% % 
84% % 
87% % 
95% % 
87% % 
81% % 
87% % 
82% % 
82% % 
82% % 
80% % 
82% % 

[|m|-3, , 
M+3] ] 

91% % 
97% % 
92% % 
93% % 
95% % 

100% % 
97% % 
91% % 
92% % 
90% % 
92% % 
92% % 
90% % 
91% % 

wee find that the phase difference between the line-centre phases 
\&oo and * i written as 

#oii = 2 # o - # i (12) ) 

iss invariant for a translation in time, provided that the observed 
harmonicc frequency 2u>obS is exactly twice the observed fre
quencyy uJ0bS. For our 15360 time series we determine the value 
off #oi. and plot the results as a histogram in Figure 10. We 
findfind that the value of #oi does not depend on any of the pa
rameterss that we vary in our Monte-Carlo simulations, and that 

.. In principle one can use this information 
too check whether an observed phase diagram is due to har
monicc variability or to a different pulsation mode, provided that 
thee apparent frequencies and phases in the line centre are well 
established. . 

4.6.4.6. The origin of the derived relations 

Inn the previous subsections we have shown that the phase dif
ferencee Av&o is a measure of £, that the phase difference A#] 
iss a measure of m, and that the line-centre phase difference 
$oi-l.57T.. These relations were found empirically by careful 
examinationn of the results of ourr modelling. 

Onee of the implications of these relations is that for stars 
pulsatingg in a single mode the number of bumps and troughs 
inn the line profiles is a measure of I, but only when the har
monicc contribution is relatively unimportant. If the line-profile 
variabilityy at the first harmonic frequency is larger than that 
att the pulsation frequency, the number of bumps and troughs 
givess twice the value of £ (see Paper III). In Section 1 we gave 
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aa qualitative explanation for the fact that the phase difference 
A\too is a measure of i, rather than m (see Figure 1). 

Thee pulsational velocity field gives rise to profile varia
tionss in the velocity direction, which consequently leads to 
non-sinusoidall intensity variations in the profiles. The larger 
thee pulsational velocity, the larger the harmonic component in 
thee line-profile intensity variations. Brightness variations give 
riserise to sinusoidal intensity variations, since there are no velocity 
shiftss involved other than the rotational broadening. Brightness 
variationss in combination with equivalent width variations also 
givee rise to harmonic variability. At present we do not under
standd why the harmonic phase difference A\&i is a measure of 
771. . 

Fromm the phase relation ^oi=|-57r it follows that at the 
linee centre the "absorption" troughs go deeper below the mean 
spectrumm than that the "emission" bumps reach above it, which 
iss evident in the grey-scale images in Figure 1. Blue-shifted and 
red-shiftedd surface areas are mapped on top of each other in the 
linee profile, leading to deep absorption features. The absorption 
troughss are narrow and the emission bumps are wide, which 
reflectss the fact that the pulsational velocity field gives rise to 
conservativee redistribution of the flux in the line profile. 

Wee stress that a mathematical proof is needed to improve 
ourr understanding of the above derived relations. 

5.. Amplitud e and phase diagrams of spheroidal multi-mode 
pulsations s 

Althoughh linear pulsation theory allows the addition of the ve
locityy fields of individual pulsation modes, the mapping from 
thee three dimensional velocity field to line-profile variability is 
nott additive; one cannot simply add up generated line-profile 
variationss of individual pulsation modes to create line-profile 
variabilityy of a multi-mode situation. In fact, the superposition 
off pulsation modes leads to beatings in the line-profile varia
tions.. The number of bumps and troughs in the line profiles 
iss determined by all pulsaton modes that are present, and may 
varyy in time due to the beatings that appear in the time series of 
profiles. . 

Thiss can be understood easiest by considering the Doppler 
velocityy of a single surface element. For a single oscillation 
modee the velocity variation of a particular surface element is 
mappedd onto a small region of the line profile. A second pul
sationn mode, if simultaneously present in the star, will add its 
sharee to the Doppler velocity of the element, and consequently 
thee velocity variations of the element will be Doppler mapped 
ontoo a wider range in the line profile. Since the two pulsation 
modess will generally not have the same apparent frequency, 
thee contributions of each of the modes to the Doppler velocity 
off the surface element will not be in phase with each other. 
Lookingg at a particular position in the line profile, one would 
seee modulated signals of the two sources of variability. Hence, 
forr multi-mode pulsations we expect to find variability with the 
pulsationn frequencies and their harmonics, and also with sum 
andd beat frequencies of all these. 

Tablee 4. Pulsation parameters of our multi-mode calculations, for two 
setss with different values of k. Apparent frequencies are given in cy
cles/day,, and are chosen such that for the two sets the beat frequencies 
aree the same. 

k=0.\k=0.\ k=0A 
tAihss U)^ £ TTl Kiax/V e sin t 

fxfx 6.16 3.56 4 - 3 0.1333 
hh 6.58 3.98 4 - 4 0.1 
hh 7.12 4.52 7 - 5 0.0667 
UU 7.60 5.00 6 -6 0.0333 

Notee that the pulsational brightness variations do not give 
risee to sum and beat frequencies in the line-profile variations. 
Onlyy for brightness variations in combination with large vari
ationss of the equivalent width of the intrinsic profiles can har
monic,, sum and beat frequencies occur. However, these beatings 
aree never as prominent as those of the velocity fields that accom
panyy such large temperature variations. (We intend to elaborate 
onn this subject in a separate paper.) 

Too investigate the importance of the beatings for the ampli
tudee and phase diagrams we generate time series of 1000 line 
profiless as seen in the observer's frame, spread over one con
tinuouss data set of 10 days with constant time step (all beat fre
quenciess should be properly sampled). Since we do not know in 
advancee which of the apparent pulsation frequencies, harmon
icss and beat frequencies have significant amplitudes, we choose 
too analyse these data sets with the IPS technique described by 
G&K88.. For each velocity bin we compute the Fourier trans
form,, and CLEAN the result from the window function (Roberts 
ett al. 1987) using a gain of 0.2 and 400 CLEAN iterations. For 
alll investigated frequencies 0< ƒ <25 cycles/day we then trans
formm the variational powers p(ƒ, A) to amplitudes a( ƒ, A) using 
a=2^/p.a=2^/p. From the resulting amplitudes and phases we create 
similarr diagrams as for our mono-mode analyses. 

Inn Figure 11 we present our analyses of spectral time series 
off a star with four simultaneous pulsation modes (two sectoral 
andd two tesseral). The stellar and pulsational parameters that we 
usedd are: t=75°, \£sini=150km/s, W=0.lVesini, fi/cj(0)=0.0 
(zero-rotationn model), and (6T/T)max=0.0. We present calcula
tionss for two values of the ratio of horizontal to vertical oscilla
toryy motions: k=0.l and k=0A. The apparent frequencies and 
thee velocity amplitudes of the modes are given in Table 4. 

Inn the left side of Figure 11 we present the periodogram of 
thee time series computed with fc=0.4. For each investigated fre
quency,, the amplitude (not power) diagram is plotted as a grey 
valuee across the line profile. We see that the line-profile vari
ationss do not only appear with the input pulsation frequencies 
andd their harmonics, but also with sum and beat frequencies 
off all these. We stress here that this is due to the intrinsic 
summationn of the pulsation fields, and not due to the method 
off analysis; the window function of our generated time series 
hardlyy has side-lobes, and is effectively removed by the CLEAN 
algorithm. . 

Inn Figure 11 (middle and right) we also present amplitude 
andd phase diagrams of both sets of multi-mode calculations, and 



Johnn Telting & Coen Schrijvers: Line-profile variations of non-radial pulsations of rotating stars 101 1 

- 1 1 
20 0 

r- ,, 15 

T) T) 

\ \ 
to o 

_Q) ) 
*0 0 
> Ï Ï 

££ io 
>> >> 
o o 
a a 
CD D 

o< < 
CD D 

.WVWAMWU U 

' " 

..... . 

, , T ™ " " 

1 1 

0.9 9 

- 1 1 
11 i ' 

i i 

0 0 
I I 

i i 

1 1 
II • 

i i 

ve l o c i t yy [ 7 s i n ( i ) ] 
1 00 1 - 1 0 

veloci tyy [7esin(i)] 

Fig.. 11. Analysis of generated spectral time series of a star with 4 simultaneous non-radial spheroidal pulsation modes. The frequencies, and 
parameterss are given in the text and in Table 4. Left Periodogram of our computations with k=0.4. For each investigated frequency, the 
grey-codedd amplitudes of the variations are plotted as a function of wavelength. The amplitudes are cut from 1 xlO - 4 to 6x 10~4 (continuum 
units)) as white to black. The input pulsation frequencies are marked at both sides of the plot. The bottom panel gives the average line profile. 
Middlee Amplitude and phase diagrams for our simulations with fc=0.1. The amplitudes of the variations are given in continuum units; the 
phasess are given in n radians. For each mode the amplitude Jo(A) and phase ¥o(A) diagram are plotted as thick lines, and the harmonic amplitude 
Vi(A)) and phase »J/i(A) diagram are plotted as thin lines. The dashed-dotted lines give those for the mono-mode case. The top panel gives the 
averagee line profile. Right Computations with fc=0.4. Note that in the multi-mode case variational power leaks to sum and beat 
frequencies,, and that therefore the amplitude diagrams of the multi-mode and mono-mode case differ. Also note that although the amplitude 
diagramss in the multi-mode case are different from the mono-mode case, the phase diagrams *<> are the same 

comparee these diagrams with those of modes in a mono-periodic 
star.. As discussed above, the summation of the Doppler veloci
tiess associated with the pulsations leads to a different mapping 
too the absorption line than in the case of a single pulsation 
mode.. In the multi-mode case variational power leaks to sum 
andd beat frequencies, and therefore the amplitude diagrams of 
thee multi-mode and mono-mode case differ. However, for the 
identificationn of the pulsation modes it is important to know that 
althoughh the amplitude diagrams of the mono and multi-mode 
casee are different, the phase diagrams &o(\) are the same. 

Inn principle, the multi-mode harmonic phase diagrams 
$i(A)) are also not affected with respect to the mono-mode 
case.. However, a phase diagram might be affected by that of 

neighbouringg frequencies. In Figure 11 one can see that the am
plitudee and phase diagrams of the weak first harmonic of fa 
aree influenced by the variability at the sum frequency of the 
strongerr ƒ2 and ƒ4 modes. Only with a data set with a very long 
timee coverage, these two combined variations can be resolved 
too distinct frequencies. In our examples the difference between 
thee apparent frequencies 2 ƒ3 and j2+ƒ4 is 0.06 cycle/day, which 
meanss that one needs a time base of ^ 15 days to completely 
separatee these variational frequencies. 

Wee conclude that if all apparent frequencies can be resolved, 
thee phase diagrams modelled for mono-periodic stars also apply 
too multi-periodic multi-mode stars. 
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Fig.. 12. Periodogram and mean spectrum of e Per, as derived from 
dataa from Gies&Kullavanijaya (1988). We show the region around 
thee Sim A 4552 line, with variational power as grey value. Grey scale 
cuts:00 - lx 10 -6 . The arrows indicate the frequencies listed in Table 5 

6.. Application of the IPS method to real data 

Wee apply the outcome of our modelling to analyse and interpret 
twoo time series of line profiles, kindly made available to us by 
Drs.. D.R. Gies and A.H.N. Reid. 

6.1.6.1. e Per 

Thee B0.7 III star e Per was the first subject of the IPS method as 
describedd by G&K88 and Gies (1991), and might be part of a 
triplee system (Tarasov et al. 1995). For the observational history 
off this star we refer to these papers and the references therein. 
G&K888 found four frequencies in the line-profile variability, 
andd attributed these to four coexisting pulsation modes. 

Wee compute a periodogram (see Figure 12) using the data 
off the Sim A 4552 line that was first presented by G&K88. 
Likee G&K88, we use the IPS technique, but with different 
parameterss to CLEAN (Roberts et al. 1987) the periodograms: 

velocityy [km/s ] 
- 2 0 00 - 1 0 0 0 100 200 

45500 4552 4554 4556 

wavelengthh [Angstrom] 

Fig.. 13. Amplitude (in continuum units) and phase diagrams of e Per, as 
derivedd from the periodogram in Figure 12. The dashed vertical lines 
indicatee l£sini (=135 km/s Gies&Kullavanijaya 1988). The phase 
diagramss are shifted by multiples of 27r for clarity. The slope reversals 
seenn at high velocities in the steepest of the phase diagrams might 
bee real, but are probably due to limited variational signal to noise in 
thee wings of the profile. Note that we read off the blue-to-red phase 
differencess beyond Vcsmi (see Section 3) 
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Tablee 5. Apparent pulsation frequencies (in cycles/day), derived blue-to-red phase differences and phases in line centree (A 4552.7) of e Per. 
Phasess are given in ir  radians. The frequencies labelled with a and b are one-day aliases. The last 3 columns lists the values of £ or \m\ that we 
derivee from the phase differences A'P. \a errors are listed in parentheses. For scenario B the frequencies ƒ* and f<, are harmonics of f\ and ji 
respectively. . 

ƒ. . 
h h 
faa faa 
hh hh 
U U 
h h 

<*>obs s 

5.37(9) ) 
6.26(9) ) 
6.94(9) ) 
7.91(9) ) 

10.61(9) ) 
12.53(9) ) 

A * * 
2.8(0.5) ) 
3.8(0.5) ) 
4.5(0.5) ) 
3.3(1.0) ) 
5.0(0.5) ) 
4.5(1.0) ) 

^ccnUc c 

0.7(1) ) 
1.7(1) ) 
10(1) ) 
1.6(1) ) 
0.1(1) ) 
0.1(1) ) 

scenarioo A 
£=3.1(1.0) ) 
£=4.2(1.0) ) 
£=5.0(1.0) ) 
£=3.6(2.0) ) 
£=5.5(1.0) ) 
£=4.6(2.0) ) 

scenarioo B 
£=3.1(1.0) ) 
£=4.2(1.0) ) 
£=5.0(1.0) ) 
£=3.6(2.0) ) 

|m|=2.0(i.0) ) 
M = l .. 7(2.0) 

Giess & Kullavanijaya (1988) 
m=—m=—3 3 
m=—4 4 

m=—5 5 
m=—6 6 

4000 iterations with a gain of 0.2 (G&K88 used 15 iterations 
withh gain 0.9). The result is very similar to that obtained by 
G&K88,, except for different contributions of power at some 
off the one-day aliases. The observed frequencies are listed in 
Tablee 5; frequencies labelled with subscripts a and b denote 
one-dayy aliases. We adopt the HWHM of the main power peak 
off the window function as estimate for the systematic error in 
thee derived frequencies. For a few detected frequencies we plot 
thee amplitudes and phases of the variations as a function of 
positionn in the line profile in Figure 13. 

Fromm Figure 12 we find, besides variability at die four pre
viouslyy noted frequencies and their one-day aliases, evidence 
forr variational power at a complex pattern of frequencies. The 
patternn consists of many discrete patches of power in the peri-
odogram,, some of which extend throughout the line profile. We 
notee that this pattern is very similar to what we find in our multi-
modee calculations (see Figure 11), where harmonics and sum 
andd beat frequencies of the pulsation frequencies are apparent. 
Thiss can be an indication that the line-profile variations in e Per 
aree mainly due to Doppler redistribution of flux caused by the 
velocityy field of the pulsations; for line-profile variability that 
iss mainly caused by pulsational temperature variations beatings 
aree not expected to be so prominent (see Section 5). 

Inn principle, one can use the observed sum, difference and 
harmonicc frequencies, to identify which of the frequencies are 
one-dayy aliases. However, the crowdedness of die observed 
frequencyy pattern in combination with the limited time base 
off the observations (5 nights), makes such a procedure very 
difficultt in this case. Nevertheless, we pick out one frequency 
att which we find power, since this frequency corresponds to 
diee harmonic of one of the four frequencies found by G&K88: 
ff55== 12.53(0.09)«212.53(0.09)«2 x 6.26(0.09)=2 f2. Furthermore, we note that 
withinn the accuracy of the frequency determination ft&lfx, 
whichh gives another harmonic frequency candidate. 

Fromm the data in Figures 12 and 13 we read off the phases 
off the variability at line centre, for each of the frequencies in 
Tablee 5. We test whether ƒ4 and ƒ5 are harmonic frequencies 
off ƒ] and ƒ2 respectively, using this line-centre phase infor
mationn (see Section 4.5). For the frequency pair f\, ƒ4 we 
findfind $o!=2$o-* i=l .37r(0.27r), for pair f2, f5 we also find 
yfoi-ll .37r(0.27r) (see Table 5). Here the estimated errors should 
accountt for possible misplacement of the line centre and inac
curacyy in the frequency determinations. Within their accuracies, 

thesee values are (marginally) consistent with that expected for 
firstfirst harmonic frequencies, i.e. *oi=l .507r(0.067r). 

Forr each of the detected frequencies, we read off the phase 
diagramss in me way described in Section 3, to obtain blue-to-
redd phase differences (see Table 5). Note that the blue-to-red 
phasee differences of die variations at frequencies ƒ36 and ƒ5 are 
probablyy underestimated due to limited variational power in die 
linee wings, 

Wee interpret the derived phase differences for two scenarios. 
Forr the first case (scenario A) we ignore that, given the large 
line-profilee variations, we expect considerable contributions of 
harmonics:: we assume that none of the detected frequencies 
aree due to harmonic variability. Contrary to G&K88, we do not 
assumee Üiat the modes are sectoral; we convert die blue-to-red 
phasee differences to values of £ using Equation (9). The results 
off this procedure are listed in Table 5, and are consistent with 
thee results of G&K88. 

Forr scenario B we assume mat frequencies ƒ4 and ƒ5 are 
indeedd the first harmonics of f\ and fi, respectively. In this case 
theree are only Üiree intrinsic frequencies left, and consequently 
thee star has only three coexisting pulsation modes. The ampli
tudee diagrams of the detected frequencies are consistent with 
thosee expected for p modes. Hence, we use the entry in Table 3 
forr modes with low k values and Equation (8), to constrain the 
valuee of \m\ of die modes responsible for the variations at fre
quenciess ƒ4 and f5. We find mat the mode mat gives rise to the 
detectedd frequencies ƒ] and/4 has £=3.1(1.0) and |m|=2.0(1.0), 
andd that the detected frequencies f2 and ƒ5 are due to a mode 
withh £=4.2(1.0) and |m|=l.7(2.0). The latter of these \m\ val
uess (derived from ƒ5) might be underestimated due to limited 
variationall power with respect to me noise in the wings of the 
profile.. Although the values of £ and \m\ of the first of these 
twoo modes are consistent with a sectoral mode, the amplitude 
ratioo of the variations at f\ and ƒ4 fits a tesseral mode better (see 
Paperr I). We conclude that if frequencies ƒ4 and / 5 are harmonic 
frequencies,, the corresponding pulsations modes might not be 
sectorall (see Table 5). 

Wee argue that only if more accurate frequency determina
tionss become available, one can determine which of the two 
scenarioss is favourable. 
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6.2.6.2. C Oph 

Thee photospheric line-profile variations of the 09.5V 
starr C Oph have been the subject of many studies (e.g. 
Vogt&Penrodd 1983, Kambe et al. 1990, 1993ab, Reid et al. 
1993,, Gies 1995). Vogt&Penrod found that the line-profile 
variationss of this star can be successfully modelled as the re
sultt of non-radial pulsations. Kambe et al. found evidence for 
twoo pulsation modes. From an extensive spectroscopic data set 
off C Oph, Reid et al. (hereafter Rea93) derived that the line-
profilee variations show periodicity at four different frequencies 
(aa superset of the frequencies found by Kambe et al.), three 
off which are severely affected by aliasing. Recently Kambe et 
al.. (1995) have presented an almost aliasing-free spectroscopic 
dataset,, from which they conclude that different aliases than the 
oness found by Rea93 might be the true apparent pulsation fre
quencies.. Kambe et al. (1995) also find evidence for harmonic 
variability.. In their mode identifications, all these authors (ex
ceptt Kambe et al. (1995) who do not give a mode identification) 
assumedd that the pulsation modes are sectoral, and attempted 
too derive values for the pulsation parameter m; we will dis
cusss below what pulsation parameters can be derived using the 
outcomee of our modelling (Sections 3 and 4). 

Inn Figure 14 we show the IPS phase diagrams as derived 
byy Rea93. In Table 6 we list the apparent pulsation periods 
fromm Rea93, and the line-centre phases and blue-to-red phase 
differencess that we derive from the phase diagrams in Figure 
14.. We read off the blue-to-red phase differences at the assumed 
VVee sin i=400 km/s, since the line-blending in this star makes it 
difficultt to read off the phase diagrams in the way described in 
Paperr I and Section 3.1. We use the HWHM of the main power 
peakk of the window function as estimate for the systematic error 
inn the derived frequencies. 

Thee pulsational model that we have used to derive the re
lationshipss between the blue-to-red phase differences and the 
pulsationn parameters £ and \m\ is only valid for stars that are 
nott flattened by the rotation, and that fulfill the requirement 
fi/wfi/w(0)(0) <S 1. Therefore we stress that our mode identification 
forr the rapid rotator £ Oph should be considered with caution. 

Assumingg that the results of our model calculations also ap
plyy to a star rotating as rapidly as £ Oph, we convert the observed 
blue-to-redd phase differences A ^ to the pulsation parameter £ 
withh Equation (9). Here we assume that none of the detected 
frequenciess are harmonics (scenario A). We find £=3.5(1.0) for 
frequencyy f\, £=5.3(1.0) for frequency f2ab, £=6.7(1.0) for fre
quencyy fiat, and £=8.4(2.0) for frequency f^ab, where subscripts 
aa and b denote the one-day aliases. The values of £ that we find 
forr the frequencies fyab and fnab are smaller than those found 
byy Rea93 (see Table 6). We stress that this difference is not due 
too our choice of the velocity at which to read off the phase dia
gramss (V=400km/s), nor to the inclusion of rotational terms in 
ourr model, but due to the fact that Rea93 used an oversimplified 
modell to fit and interpret the phase diagrams. 

Wee now discuss a possibility that has been rejected by 
Rea93,, i.e. that some of the observed frequencies might be 
harmonicss of others (scenario B). Knowing that one can ex-
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Fig.. 14. Phase diagrams of the 09.5 V star £ Oph, from Reid et al. 
(1993).. We show the region around the Sim A 4552 line. Note that this 
linee is blended with the Hen A 4541 line, which can be the reason why 
somee of the phase diagrams seem to extend to shorter wavelengths. 
Thee dashed vertical lines indicate the assumed Vc sin i=400 km/s. The 
phasee diagrams are shifted by multiples of 2-K for clarity. The slope 
reversalss seen at high velocities in the steepest phase diagrams might 
bee real, but are probably due to limited variational signal to noise in 
thee wings of the profile 
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Tablee 6. As Table 5, for the profile variations in the Silll line (centre A 4552.8) in C Oph. The phases at line centre and the blue-to-red phase 
differencess are derived from Figure 14, and are given in ir  radians. For scenario B the frequencies f*a is the first harmonic of ƒ20-

ƒ• • 
/ 2 a a 

ƒ26 6 
/ 3 a a 

f» f» 
/ to o 
f*b f*b 

<*>obs s 

7.19(5) ) 
8.85(5) ) 
9.86(5) ) 

12.91(5) ) 
13.91(5) ) 
17.57(5) ) 
18.58(5) ) 

A * * 
3.2(0.5) ) 
4.8(0.5) ) 
4.6(0.5) ) 
6.2(0.5) ) 
5.8(1.0) ) 
7.5(2.0) ) 
7.5(2.0) ) 

«centre e 

0.8(1) ) 
l.KD D 
0.7(1) ) 
1.5(1) ) 
1.0(1) ) 
1.0(1) ) 
1.0(1) ) 

scenarioo A 
£=3.6(1.0) ) 
€=5.4(1.0) ) 
£=5.2(1.0) ) 
£=6.9(1.0) ) 
£=6.5(1.0) ) 
£=8.4(2.0) ) 
£=8.4(2.0) ) 

scenarioo B 
£=3.6(1.0) ) 
£=5.4(1.0) ) 
£=5.2(1.0) ) 
£=6.9(1.0) ) 
£=6.5(1.0) ) 

|m|=3.1(2.0) ) 
£=8.4(2.0) ) 

Reidetal.(1993) ) 
|m|=4 4 

|m|=55 or 6 
M=9(l) ) 

M=ll ( l ) ) 
M=l l ( l ) ) 

pectt non-sinusoidal line-profile variability, one can determine 
whichh of the one-day aliases is the true apparent frequency by 
matchingg either of the aliases to the harmonic frequencies and 
vice-versa.. We note that within the accuracy of the pulsation 
frequencyy determinations of Rea93, one cannot exclude the pos
sibilityy that the apparent frequency / ^ is the first harmonic of 
/2 a :: 17.57(5)«2x(8.85(5))=17.70(10). Furthermore, since the 
amplitudee of the variations expressed in average line depth is 
quitee large (~ 10% for the variations at frequencies f\ and ƒ206, 
seee Rea93), we expect considerable contribution of harmonics 
inn the line-profile variations, if these are caused by redistribu
tionn of flux due to the pulsational velocity field (see Paper I). 
Thee almost double peaked shape of the amplitude distributions 
(seee Rea93), suggests that indeed the velocity effects dominate 
overr temperature effects, and that the value of k might be larger 
thann would be expected for p modes (see e.g. Kambe&Osaki 
1988,, Lee & Saio 1990, Paper I). 

Inn Section 4.5 we have shown that one may expect a rela
tionn between the phases in line centre of the variability at the 
apparentt pulsation frequency and its harmonic. If we compute 
forr frequencies ƒ20 and ƒ40 the line-centre phase difference 
$011 =2*o-* 1 we find *oi=127r(0.27r). Here the error is an es
timatedd read-off error; since the derived value of ƒ40 is not 
preciselyy twice the value of fca, an additional error \Poi can 
bee expected. Nevertheless, we cannot conclude that the derived 
valuee of *oi is consistent with the expected r 
(seee Section 4.5). However, as we stressed before, the apparent 
pulsationn frequencies should be very well established in order 
too get reliable estimates of *oi» and therefore we urge for new 
pulsationn frequency determinations of this star (such as given 
byy Kambe et al. 1995), based on an even longer time stretch of 
dataa (Rea93 collected data on a time base of 10 days), such that 
errorss in the derived frequencies and line-centre phases can be 
decreased. . 

Assumingg the detected frequency j ^ a is due to harmonic 
variability,, we can constrain the value of \m\ for the mode 
givingg rise to frequencies ƒ20 and ƒ40. In this scenario (B) 
thee star ( Oph exhibits only three pulsation modes, instead of 
four.. Assuming that the star has an inclination i>65°, we find 
accordingg to Equation (8) and Table 3 a value of |m|=3.1(2.0) 
forr the mode with £=5.3(1.0). Rea93 found from the strength of 
thee profile variations of different atoms, that the pulsations in ( 
Ophh are probably focused towards the equator. If we assume that 

l-\m\<2l-\m\<2 (see Table3), we find |m|=3.6(1.0) from the phase 
diagramm at/4a. 

7.. Summary of conclusions 

Wee have modelled the line-profile variability caused by non-
radiall pulsations in rotating early-type stars. In our model we 
accountt for pulsational temperature effects and for the effects 
off the Coriolis force on the oscillatory displacement field. We 
investigatedd the line-profile variability of sectoral, tesseral and 
zonal,, spheroidal modes, and of sectoral and tesseral toroidal 
modes. . 

Wee have generated time series of spectra and analysed these 
withh IPS techniques to obtain the variational behaviour as a 
functionn of the position in the line profile. This method of anal
ysiss relies on the assumption that the surface of the star is 
Dopplerr mapped to the spectral line by the stellar rotation, and 
hencee is only applicable for stars with intrinsic profile widths 
whichh are narrow in comparison with the rotational broaden
ing:: W/% sin i &  0.25. Similarly, this method can only benefit 
fromm the rotational broadening if the pulsation pattern sup
pliess enough structure in the azimuthal direction, and hence the 
methodd only works well for modes with \m\ £ 2. However, 
modess that do not fulfill the latter requirement can often be 
recognizedd by slope reversals in the phase diagrams. 

Inn a wide range in parameter space, the spectral time series 
containn sufficient information to derive the pulsation parameters 
tt and \m\. We presented a simple linear relation between the 
blue-to-redd phase difference of the variations with the apparent 
pulsationn frequency, A*0i and the value of t. Provided that the 
rotationall broadening is large enough, this relation is valid over 
thee full range in parameter space that we explored, and is also 
validd for subsets of this parameter space. 

Thee order \m\ of the pulsations can be estimated from a 
similarr linear relation with the blue-to-red phase difference of 
thee variations at the first harmonic of the apparent pulsation 
frequency,, A\P|. For p modes this relation is strict. 

Thee phases at line centre of the line-profile variations 
withh the pulsation frequency and its first harmonic relate as 
2\Po— .. This relation can be used to check 
whetherr variations seen at a harmonic frequency are really due 
too harmonic line-profile variability or to another pulsation mode, 
providedd that the apparent frequencies are well known. 
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Wee have found that for multi-periodic stars the velocity 
fieldsfields of the modes give rise to beatings that show up as sum 
andd difference frequencies in the periodograms. We advocated 
thatt these observable frequencies, as well as the observable 
harmonicc frequencies, can be used to distinguish real pulsation 
frequenciess from their aliases, if the data stretch is long enough. 

If,, for a multi-periodic star, all apparent frequencies can 
bee resolved, the phase diagrams of the variations seen at the 
pulsationn frequencies can be interpreted as if in a mono-mode 
situation. . 

Wee presented applications of the IPS analysis to previously 
publishedd observations of € Persei and £ Ophiuchi, and inter
pretedd the phase diagrams derived from these observations using 
thee results of our modelling. We argued that the multitude of fre
quenciess seen in the periodogram of data of e Per suggests that 
thee line-profile variations are primarily due to the pulsational 
velocityy field rather than pulsational temperature variations. We 
foundd evidence for at least one first-harmonic frequency in this 
data.. From the IPS phase diagrams, we derived values for the 
pulsationn degree £, and we constrained values of jmj using the 
harmonicc phase diagrams. 

Ourr results suggest that for two of the four frequencies 
detectedd in line-profile variability of C Ophiuchi, the degree of 
pulsationn I was previously overestimated. We also discussed 
thee possibilities that one of the frequencies of the observed 
variations,, is actually the first harmonic of one of the other 
frequencies,, and hence that the phase diagrams at this frequency 
suppliess information on the order \m\ of the corresponding 
pulsation. . 
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