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Chapterr  8 

Line-profil ee variations of non-radial adiabatic pulsations of 
rotatin gg stars 

III .. On the alleged misidentification of tesseral modes 
J.H.. Telting and C. Schrijvers 

Astronomicall  Institute Anton Pannekoek, University of Amsterdam, and Center for High Energy Astrophysics, 
Kruislaann 403, 1098 SJ Amsterdam, Netherlands 

Astronomyy & Astrophysics, accepted June 1996 

Abstract.. We use a model of a non-radially, adiabatically pulsating rotating star to generate time series of absorption 
linee profiles. We analyse the spectral time series of a tesseral mode with pulsation parameters &=2 and m=— 1, to obtain 
amplitudee and phase diagrams as a function of position in the line profile. We investigate whether the phase diagrams can 
bee used to identify the pulsation parameters £ and \m\ of this mode. 
Ass opposed to the findings of Reid & Aerts (1993), we find that the effects of the Coriolis force do not hinder the identification 
off  the degree I of the pulsation mode, but that the exact value of i=90° that they used does. We show that for an inclination 
anglee just slightly different from 90° the chances for an erroneous identification of the degree t of the 1=2, m=— 1 pulsation 
mode,, by means of a spectroscopical phase diagram, are very small. 
Wee also discuss the interpretation of observed line-profile variations in the Be star TJ Cen, where a tesseral mode with (,=1 
andd m=|6| might be present. 

1.. Introductio n 

Manyy early-type stars are known to be pulsating in modes other 
thann radial. The non-radial pulsations divide the stellar surface 
inn regions with different velocity fields, which, in the presence 
off  rotation, redistribute the flux over the absorption line profile 
too create moving patterns of peaks and troughs. These features 
crosss the profile from blue to red on a time scale of hours to days. 
Suchh line-profile changes have been observed, and successfully 
modelledd as the result of non-radial pulsations (e.g., Smith 1978, 
Vogt&Penrodd 1983, Baade 1984, Gies&Kullavanijaya 1988, 
Kambeetal.. 1990, Henrichs 1991, Kennelly etal. 1992,Floquet 
etal.. 1992, Reid etal. 1993). 

Thee two most widely studied spectroscopic methods to iden-
tifyy pulsation modes in early-type stars involve a period search 
onn either the variations of the velocity moments of the absorp-
tionn lines (the moment method, Balona 1986, Aerts etal. 1992, 
Mathiass et al. 1994) or the intensity variations across the line 
profiless (Gies & Kullavanijaya 1988, Kambe et al. 1990). 

Withh the first technique one looks for periodicity in the 
changee of derived quantities (moments), such as equivalent 
widthh (Mo), apparent radial velocity (Mi) , line width {MT) 
andd skewness (Mï) . Mode identifications are obtained by con-
sideringg the characteristic changes as a function of pulsation 
phasee in each of these quantities. 

Withh the second method (hereafter referred to as the In-
tensityy Period Search, IPS) one searches for periodicity in the 
normalizedd intensity of each wavelength bin across the absorp-
tionn line. For a star with a sufficiently high Ve sin i the pulsational 
variationss of different parts of the stellar surface are Doppler 
mappedd to distinct parts of the absorption line profile, and the 
observedd change in phase of the periodic variations as a function 
off  wavelength can be used for mode identification. For the few 
reportedd mode identifications performed with the IPS method 
thee authors assumed that the detected pulsation modes are sec-
toral,, i.e. £=|m|. Telting & Schrijvers (1996, Paper II ) showed 
(1)) that this assumption is not necessary, (2) that the absolute 
phasee difference of the intensity variations across the line pro-
filefile  is a good measure of the degree I (rather than the azimuthal 
orderr m), and (3) that in some cases the value of \rn\ can be es-
timatedd from the phase difference of the line-profile variations 
withh the first harmonic of the apparent pulsation frequency. 

Aertss & Waelkens (1993) discussed the implications of stel-
larr rotation for the velocity field of normal mode eigenfunc-
tionss of slowly rotating stars, and in particular the effects on 
line-profilee variations. Reid & Aerts (1993) used the model of 
Aertss & Waelkens to generate time series of absorption line pro-
files.. They concluded that for the tesseral mode 1=2, m=— 1 an 
analysiss with the IPS method fails to retrieve the values of the 
inputt parameters. They attributed this to a combination of ef-
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fectss of the chosen value of the inclination, i=90°, and effects of 
thee rotation of the star, and questioned the general applicability 
off  the IPS method. 

Inn this paper we show that the inconsistency as found by 
Reidd & Aerts is entirely due to their choice of an inclination 
anglee exactly equal to 90°, and not due to effects of rotation. 
Furthermore,, we argue that the probability of misinterpreting 
thee degree of the 1=2 and m=-1 mode with the IPS method 
iss very small, and hence that the applicability of the method is 
generallyy broader than suspected by Aerts & Waelkens (1993). 

Thiss paper is part of a series on line-profile variations of 
non-radiallyy pulsating stars. Schrijvers et al. (1996, Paper I) 
presentedd the model that we use in our work, and discussed 
thee effects of rotation and other parameters on the IPS ampli-
tudee and phase diagrams. Telting & Schrijvers (1996, Paper II ) 
investigatedd the general diagnostic value of the phases of vari-
abilityy as a function of wavelength (i.e. the phase diagrams). 
Forr other work on line-profile variations due to non-radial pul-
sationss see e.g. Kambe&Osaki (1988), Lee et al. (1992), and 
Clementt (1994). 

Inn Section 2 we briefly recall the model of non-radial adi-
abaticc oscillations, and we discuss the analysis of generated 
timee series of spectra in Section 3. In Section 4 we present the 
resultss of our computations and discuss in detail the effects of 
inclinationn and rotation on the observable line-profile variations 
causedd by a spheroidal tesseral mode with £=2 and m=—1. We 
brieflyy discuss the case of the Be star j]  Cen in Section 5. We 
givee concluding remarks in Section 6. 

2.. Modelling non-radial pulsations of slowly rotatin g stars 

Wee model line profiles as due to adiabatic non-radial pulsa-
tionss of a star. We use a model which is essentially the same 
ass tfie one described by Aerts & Waelkens (1993) but with a 
feww improvements which we discussed in Paper I. The model 
givess the velocity field for an adiabatic oscillation, as derived 
fromm a linear perturbation analysis of the equations of stellar 
structure,, including terms describing the effects of the Coriolis 
force.. From the perturbation analysis it follows that the eigen-
functionss of the star can be separated into an angular part with 
knownn dependence on the 9 and 0 coordinates, and a radial part 
containingg the pulsation amplitudes which have an unknown 
radiall  dependence. The Lagrangian displacement vector at the 
stellarr surface £=(£r, te, £,<p) c an b e expressed as 

''  (° '^- IO w r y ' " ( M ) e ' ' " ' * t ' 
++ ««-'(0 JV ''" r '-' <e'«e,<"'" ?,

wheree asph,f is the spheroidal radial amplitude and k is the ra-
tioo of horizontal to radial spheroidal amplitudes. The spherical 

Fig.. 1. Upper  Radial velocity distribution of a normal mode with 
£=2,£=2, \m\=\ and i=85°; the equator is indicated by the white 
line.. Lower  Line-profile variations due to a pulsation mode with 
^=2,m=-l,, and i=85°,K sini=100km/s, W=15km/s, H/o;(0)=0.25, 
Vmax=27.5km/s,, fc(0)=0.25. The ticks on the horizontal axes mark 
VVee sini. Right Line profiles for one complete pulsation cycle, and 
thee variations of the first (thick curve) and second (thin curve) velocity 
moment.. The first moment has an amplitude of 0.02(l£ sin i) km/s; the 
secondd velocity moment ranges between 0.24 - 0.26(K sin if (km/s)2. 
Bothh moments are drawn on scales different from that of the line pro-
files.files. Left IPS diagnostics: (top) time series of residual spectra 
withh intensity as grey levels; low intensity is coded dark, (middle) 
distributionn of the amplitude of variations across the line profile, with 
thee maximum value in units of average central line depth, (bottom) 
distributionn of phase of variations across the line profile, with the 
blue-to-redd phase difference in radians. Thick curves depict the am-
plitudee and phase distribution /()(A) and *o(A), thin curves depict the 
harmonicc amplitude and phase distribution I\(\) and *i(A ) 
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Fig.. 2. As Figure 1, but for i=90°. Note that in this equator-on case 
thee variation of the first moment vanishes for a mode with (=2, |m|=l, 
andd that the phase diagram $u is undefined since there are no intensity 
variationss with the pulsation frequency. The second moment shows 
sinusoidall  variations with twice the pulsation frequency, i.e. the first 
harmonicc frequency. The amplitude and phase diagram of the intensity 
variationss with the first harmonic frequency (i"i(A) , * i (A)) are not very 
differentt from that for i=85° (Figure 1) 

harmonicss Y™ specify the 9 and (j>  dependence of the eigen-
function,, and are normalized by the factor N™ (see Paper I). In 
thiss equation the oscillation frequency u> is defined in the frame 
thatt is corotating with the star. The toroidal terms are due to the 
Corioliss force; the known amplitudes ot0r,£-i and at0r,^+i are 
proportionall  to O/a/0 ), with O the rotation frequency of the star 
andd CJ(0) the pulsation frequency in the non-rotating case. For 
aa discussion of the limitations of this model we refer to Saio 
(1981),, Martens & Smeyers (1982, 1986), Aerts & Waelkens 
(1993)) and Paper I. 

Wee write the surface value of the ratio of horizontal to 
radiall  spheroidal amplitudes as A;=/c(0>+fc(1,fi/a/0) and use the 
expressionn for k(-l) as given in Paper I. For our study on line-
profilee characteristics we treat the unknown surface quantities 
osphh and fc(0), the degree I, the azimuthal order m, and the 
rotationn parameter f2/a/0) as free parameters. 

Wee model the line-profile variations, as seen in the frame 
off  the observer, as a result of the Doppler velocities which are 
associatedd with the presence of the oscillatory motions on the 
surfacee of the star. We neglect the effects that local temperature 
andd gravity changes might have on the line profiles. The velocity 
fieldfield of the oscillation is found by taking the time derivative of 
thee Lagrangian displacement, and is calculated on a sphere with 
typicallyy more than 5000 visible equally sized surface elements. 
Linee profiles are then generated by a weighted integration of 

thee Doppler-shifted Gaussian intrinsic profile (with width W, 
seee Paper I) over all visible surface elements. The weights are 
givenn by the aspect angle of each element and by a linear limb-
darkeningg correction with a=0.35 (the phase diagrams do not 
dependd on the limb-darkening coefficient a, see Paper I). When 
computingg the aspect angles of the surface elements, we neglect 
thee distortion of the star caused by the displacement field of the 
pulsation. . 

3.. The analysis of time series of spectra 

Too investigate the effects of inclination and rotation for the 
line-profilee characteristics of a spheroidal mode with 1=1 and 
|m|=ll  we generate time series of spectra and analyse these se-
riess in a similar way as Reid & Aerts (1993) did, thus creating 
phasee diagrams as a result of the IPS technique. Additionally, 
wee compute the first two velocity moments of the line pro-
files;files; the moments are derived by a weighted summation of the 
normalizedd intensity I(V) across the line profile 

MjMj = J(v - v^yo - i(V))dv, (2) 

wheree Vref is a reference velocity. The first moment is calculated 
withh the rest wavelength of the line as reference, yielding the 
radiall  velocity shift of the line. The second moment is calculated 
usingg the first moment as reference velocity VK{, and gives a 
measuree of the squared width of the line. We normalized the 
velocityy moments by dividing each moment by the equivalent 
widthh Mo. The relation between our moments (Figures 1 and 
2)) and the moments as defined by Aerts et al. (1992) is given in 
Paperr I. 

Inn Figure 1 we present an example of an analysis of 
aa time series of spectra. We chose the pulsation amplitude 
suchh that the maximum surface velocity vector of the pulsa-
tionn Vmax = ( , /V r

2 + Ve
2 + vf) equals 27.5 km/s, and we 

VV V v / max 
usedd fc(0)=0.25, i=85°, Ve sin «=100km/s, intrinsic line width 
W=15km/s,, rotation parameter fi/w (0)=0.25. In the bottom 
rightt part of the figure the amplitudes of the variations of the 
firstfirst (thick curve) and second (thin) velocity moments are given, 
expressedd in units of %sini and (l^sini)2 respectively. In the 
leftt part of the figure the amplitude and phase diagrams of the 
intensityy variations are drawn. For each wavelengfiVvelocity 
binn in the profile we fitted the normalized intensity ƒ (A, t) with 
aa combination of sinusoids with frequencies that are multiples 
off  the input (observed) pulsation frequency 

/(A,, t) = 7mean(A) + I0(X) sin(ujobst + * 0(A) ) 

++ / i(A)sin(2wobsi+*,(A) ) 

++ 72(A)sin(3wobsi+* 2(A) ) . (3) 

Inn the figures we plot the amplitude and phase distributions of 
thee line-profile variations with frequency equal to the pulsation 
frequencyy /o(A), 9o(\) and its first harmonic I\(X), * i(A ) as a 
functionn of wavelength. 
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Fig.. 3. Line-profile variations due to a non-radial pulsation mode with 1=2 m=— 1, as a function of inclination angle i and rotation parameter 
fi/ü/fi/ü/ ü)ü).. See Figure 1 for the other relevant parameters. The amplitude and phase diagrams are all plotted on the same scale. Note that for i'=90° 
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Fromm Figure 1 we see that, as expected (Paper II), the ab-
solutee phase difference of the line-profile variations with the 
pulsationn frequency, when expressed in 7r radians, is close to 
thee input value of the degree £ of the dominant pulsation mode. 

4.. The effects of inclination and rotation on line profiles of 
non-radiallyy pulsating stars 

Inn Figure 2 we present our computations with the same in-
putt parameters as used for Figure 1, except for the inclination 
whichh we set equal to 90°. We find that in the exact equator-
onn case the number of bumps in the profiles doubles (see also 
Kambee & Osaki 1988), which is equivalent to an increase of the 
relativee importance of the harmonic amplitudes. 

Furthermore,, we see that the variation in the first velocity 
momentt (i.e. centroid velocity) vanishes, and that the second 
momentt shows variations with twice the pulsation frequency. 
Thesee features in the moment variations are typical for modes 
withh an odd value for £—m that are seen from an equator-on 
perspective.. This is the reason why identification of t, m and 
ii  with the moment method is straightforward for these cases. 
However,, for pulsation modes with £~£A the variations in the first 
feww moments are very small and hard to detect with present day 
observingg techniques, and hence the moment method can only 
bee used for low-degree modes. 

Inn Figure 3 we display our model calculations for different 
valuess of inclination and the rotation parameter U/uP^. The 
otherr relevant input parameters are the same as those used for 
thee time series in Figures 1 and 2. The top row of panels in 
Figuree 3 shows the result of our calculations with a zero-rotation 
model. . 

Notee that we show three full pulsation cycles in the grey-
scalee diagrams, without explicitly specifying the time scales on 
thee vertical axes. This way the pulsation frequencies appear to 
bee constant in our diagrams (Figures 3 and 4), even though we 
varyy fi/o/0). The horizontal axes are scaled to Ve sin i. 

Inclination Inclination 
Inn Figures 2 and 3 we see that the amplitudes of the line-profile 
variationss are rather low, which is the result of cancellation 
effects.. In the equator-on case all line-profile variations leading 
too asymmetry of the line profile cancel out, since for an £=2 
|m|=ll  spheroidal mode the motions at the top half of the stellar 
discc are opposite to the motions at the bottom half. However, 
thesee motions still give rise to changes in line width, which 
occurr with a frequency of twice the pulsation frequency, i.e. the 
firstfirst harmonic. 

Thee fact that the line width varies can be understood by 
consideringg the integration of a blue and a red-shifted profile, 
eitherr of them originating from the top or the bottom half of 
thee equator-on stellar disc. The summation of these profiles 
resultss in a less-deep and broader line profile than in the case 
off  no oscillatory motions. Since in the integrated stellar light 
thee observer cannot distinguish between top and bottom, the 
line-widthh changes appear with mainly the first harmonic of the 
pulsationn frequency. 

Increasingg the inclination to the equator-on situation one 
expectss a decrease of variations occurring with the input fre-
quency,, resulting in vanishing amplitudes for i-90°. Since the 
phasess are undefined for zero amplitudes the phase diagram 
iPo( )̂) of the variations with the input pulsation frequency gives 
noo information at all for i=90°. This is evident in both the 
rotatingg and non-rotating case. 

Wee see that for inclination angles slightly different from 
i=90°° one expects to observe a continuous phase relation with 
aa maximum blue-to-red phase difference A^o that is not sig-
nificantlyy different for all investigated values of the inclination. 
Thee change in inclination hardly affects the harmonic amplitude 
andd phase distributions I\ (A) and ^i(A) . 

Rotation Rotation 
Ass evidenced by the time series of residual spectra in Fig-
uree 3 the line-profile characteristics of the £=2, m=— 1 mode 
aree hardly qualitatively changed by the effects of rotation. The 
amplitudee distribution Io(X) of the variations with input pul-
sationn frequency is similar for all investigated rotation values. 
Thee same holds for the slope of the phase distribution *o(A). 
Inn Figure 3 we see that the extra terms in the eigenfunction due 
too the Coriolis force give rise to an increase of the harmonic 
amplitudee and a steepening of the harmonic phase diagram. 
Wee want to stress however, that for a different choice of stellar 
andd pulsational parameters these effects can be less evident or 
differentt (Paper I). 

Forr the investigated spheroidal mode, the two toroidal terms 
thatt are due to the Coriolis force have pulsation parameters £=l, 
m-—m-— 1 and £=3, m=— 1. These particular toroidal motions also 
havee the equatorial plane as plane of symmetry of the oscil-
latoryy motions, and therefore the line-profile variations with 
thee pulsation frequency are also cancelled out in the case of a 
rotatingg star (Q/u{0)>0) with i=90°. 

Fromm a mode as considered here (and by Reid & Aerts), 
ann observer can detect line-profile variations with the pulsation 
frequencyy with a blue-to-red phase difference of A*o—2-TT, 
exceptt if i=90°. In Paper II we showed that the absolute blue-
to-redd phase difference A^o (of the variations appearing with 
thee pulsation frequency) is a direct measure of the degree £ of 
thee pulsation, and that the harmonic phase difference A* i puts 
constraintss on the value of |m| : 

££ » - 0 . 1 0 + 1 . 1 0 | A * O | / TT (4) 

\m\\m\ « - 1 . 10 + 0 .61 |A* I | /TT . (5) 

Forr these equations we used the coefficients that are valid for 
modess with low values of k (see Paper II for other subsets of 
parameterr space). 

Fromm Figure 3 and Equation (4) we find that for i^90° the 
derivedd phase difference A'J'o is in agreement with what is 
expectedd within the limits of the model of adiabatic oscillations 
correctedd for first-order rotation effects. Therefore we do not 
expectt an erroneous identification of the degree of the mode 
iff  the inclination angle is different from the exact equator-on 
situation. . 
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Thee IPS method is intrinsically weak in identifying low 
valuess of \m\ (see Paper II) , especially in the case of large 
valuess of the rotation parameter ft/u/0). With the values of 
A* ii  in Figure 3 and with Equation (5), we find that for the 
investigatedd mode \m\ will be overestimated as |m|=2, in the 
casess when the Coriolis force is important. 

5.. Moving bumps in the Be star  17 Cen 

Ass an application of our findings we consider the results re-
portedd by Leister et al. (1994), who find blue-to-red moving 
bumpss in absorption lines of the Be star 17 Cen. They show that 
att any instant at least 6 bumps are visible in the profile, and 
attributee these to the presence of a sectoral non-radial pulsation 
modee with . Inspired by the work of Kambe&Osaki 
(1988),, Leister et al. mention the possibility that the bumps can 
alsoo be due to a tesseral mode with 1=1 and |m|=6. Here we 
arguee that the observer can discriminate between these possi-
bilitiess from an accurate frequency analysis. 

Inn Figure 4 we plot line-profile variations of a pulsation 
modee with £=1 and m=—6. We see from the figure that the 
effectss of the Coriolis terms are not as important as for low 
degreee modes. From the phase differences A^o and A * 1 in this 
figurefigure and Equations (4) and (5) we find that in principle both 
££ and \m\ can be retrieved for this mode, within the accuracy 
discussedd in Paper II . 

Ass in Figure 3, we see that only close to the equator-on 
situationn the number of bumps is actually doubled. The bumps 
cann only be misinterpreted as due to a mode with £=14 for 
aa small range in inclination where the variational amplitude 
/0(A)) is too small to be detected. For inclination angles smaller 
thann i=90° we see a pattern of subsequent deep and less-deep 
bumps,, with die less-deep bumps gradually disappearing for 
evenn smaller inclination angles. 

Forr near equator-on cases a tesseral mode with £— \m\=l 
characterizess itself by large harmonic amplitude I\ (A) in com-
parisonn with Io(X), and can tfierefore be distinguished from a 
nearr equator-on sectoral mode by an evaluation of the variations 
foundd at these frequencies. For sectoral modes the harmonic am-
plitudee I\(X) is always smaller than 7o(A), independent of the 
inclination. . 

Hence,, if the apparent frequency of the bumps in 77 Cen is 
thee actual pulsation frequency, then the profile variations can be 
duee to a £= 14 pulsation mode. If the main apparent frequency is 
thee harmonic of the actual pulsation frequency, then the profile 
variationss are due to a mode with £=1 and m=—6. In the latter 
casee the real pulsation frequency should be detectable as well, 
exceptt if the inclination angle is exactly i=90°. 

6.. Conclusions 

Wee have shown that for a non-radial pulsation with £=2, jm|=l 
andd 2=90°, cancellation effects cause all line-profile variabil-
ityy with the pulsation frequency to disappear. The fact that in 
thiss situation the remaining line-profile variability with the first 
harmonicc of the pulsation frequency can mimic that of a higher 

degree/orderr mode, is entirely due to these cancellation effects 
(causedd by the precise equator-on value of the inclination), and 
iss not due to effects of rotation. For the same reason, the variabil-
ityy of me first velocity moment of this mode vanishes for i=90°. 
Furthermore,, for this mode the evaluation of the phase diagram 
off  the intensity variations with die pulsation frequency is of lit-
tlee physical relevance, since the phases are not defined for zero 
amplitudes.. For an inclination angle only slightly different from 
90°,, the pulsation does give rise to variations widi the pulsation 
frequency.. The corresponding phase diagram practically does 
nott change for any other investigated value of the inclination. 
Thereforee we recommend, for test studies of observable line-
profilee characteristics of tesseral modes, not to generate spectra 
usingg an inclination angle exactly equal to 90°. 

Tesserall  modes with a nodal line on the equator {£—\m\ 
ann odd number) are the only modes for which this extreme 
cancellationn effect for i=90° can be expected. The other case 
off  perfect cancellation of any line-profile variation with the 
pulsationn frequency, is the pole-on situation for modes with 
m^O.. However, in this case me phase diagrams resulting from 
thee IPS method will in practice be not of any use, since die line 
profiless are not rotationally broadened. Therefore we conclude 
thatt the conclusion of Reid&Aerts (1993) on the restricted 
applicabilityy of me method of evaluating die phase diagram 
(IPSS metfiod), only applies to the exact equator-on case. Even 
forr i=89?5 the IPS method gives the expected results. Given the 
numberr of stars suitable for an IPS analysis, we expect that in 
practicee the number of cases for which line-profile variations 
off  a possible mode with £— |m|=l would be misinterpreted, is 
veryy small. Nevertheless, we encourage observers also to make 
usee of die information mat is held in die velocity moments of 
thee absorption line profiles. Especially for low degree modes 
thee first few velocity moments give very useful information. 

Wee have argued that one should be able to investigate 
whetherr me line-profile variations in the Be star rj  Cen are 
duee to a sectoral pulsation mode with £=14 or due to a tesseral 
modee witii £=7, |m|=6. In me latter case one expects to find 
ann alternating pattern of deep and less-deep bumps, if die in-
clinationn angle is not exactly i=90°. In diis case one expects to 
detectt bom die apparent pulsation frequency and its first har-
monicc widi an IPS analysis. The variational power found at 
mee first harmonic should be larger or of the same order as that 
foundd at me pulsation frequency itself. From the phase diagram 
off  die variations at me pulsation frequency one can derive the 
degreee £ of me mode. 
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