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5 5 

AA combined Fourier-Bessel transformation 
methodd to derive rotational velocities 

Abstract t 
Wee describe in some detail the characteristics of a combined Fourier-Bessel transfor-
mationn technique to derive projected equatorial rotational velocities from spectral 
linee profiles. This technique shares with the Fourier-transformatio n method, devel-
opedd by Gray, that it distinguishes rotational broadening of a spectral line from 
broadeningg by other  mechanisms. The range of rotational velocity values that can 
bee derived with this method is limited mainly by the spectral resolution (low veloci-
ties)) and by line blending and the signal-to-noise rati o (high velocities). We discuss 
thee uncertainty on the outcoming rotational velocity as a result of various effects, 
suchh as limb-darkening, spectral resolution, noise, data-preparation, and intrinsi c 
broadening.. We conclude that the Fourier-Bessel transformation method can pro-
videe rotational velocities , with a typical uncertainty down to a few percent. It does 
nott  include any. modelling of individual stars with effects as anisotropic macroturbu-
lencee included and therefore is less suited for  a detailed analysis of individual stars. 
I tt  is suited for  statistical investigation of a large sample of stars. 

5.11 Introductio n 

I nn this paper  we discuss the characteristics of a method to derive projected equatorial rota-
tionall  velocities from spectral absorption lines. This method was introduced by Deeming 
(1977),, who showed that a combined Fourier-Bessel transform of a line profil e shows a 
peak,, the location of which is determined by the rotational velocity. The aim of this paper 
iss to investigate the workin g range of this method and it s limitin g conditions. In Sec-
tionn 2.1 we present the theoretical basis of this method; the effects of other  (not rotational ) 
broadeningg mechanisms are investigated in Section 2.2, the effect of the Fourier-frequency 
rangee that is chosen for  the Bessel transform in Section 2.3, the effects of data sampling 
inn Section 2.4. In Section 3 we present some practical considerations in the application 
off  this method on real spectral lines. We discuss and summarize our  results in Section 4. 
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94 4 55 A combined Fourier-Bessel transformation method to derive rotational velocities 

5.22 The method 

5.2.11 Rota t ional broadening 

Thee method of Fourier-Bessel transformation of spectral lines, as introduced by Deem-
ingg (1977), is based on the philosophy that an integral transform is optimal when the 
transformedd signal is close to a delta function. The Fourier-Bessel transform of a purely 
rotationallyy broadened line profile is such a delta function. 

AA spectral line emitted from a uniformly emitting spherical star without limb dark-
ening,, and which undergoes no other broadening mechanisms, has an ellipsoidal profile 
Zrot(AA): : 

IITOtTOt(£sX)(£sX) = < fm-fm-^-[f)^-[f) *  (5.1) 
00 , | A * | > 6 , 

(see,, e.g., Shajn and Struve, 1920; Carrol, 1933). Here AA is the wavelength difference 
XX — A0, Ao is the central wavelength of the line profile and the parameter 6 is proportional 
too the projected rotational velocity v sin t: 

.. t /s int 
bb = X0—r. (5.2) 

Notee that throughout this paper the ca pital I is used to indicate a line profile, and not 
aa specific intensity. 

Thee Fourier transform FTOt(ti) , with it in cycles per wavelength unit ( A - 1 ) , of the 
profilee given by Eq. (1), is proportional to a first order Bessel function, scaled with the 
Fourier-frequencyy u 

J„.(AX)e**"»dA AA = £ f i = ö . (5.3) 

Thee Bessel transform B^a), with a in A, of the Fourier transform -Frot(u) is the Fourier-
Bessell  transform of the line profile 

Brot(j)) = JQ°° 2™2FTOt(u)Jl{2xus)&u = ^6(b - a) . (5.4) 

Hence,, the Fourier-Bessel transformation is a delta function with a peak at a = b. So for 
aa line with the "ideal" rotational profile (Eq. 1) the rotational velocity is, with Eq. (2), di-
rectlyy obtained from the position of the maximum of the Fourier-Bessel transform (Eq. 4). 
Notee that, in principle, Eq. 4 has the disadvantage that noise at high frequencies in F is 
weightedd relatively strong by the it2 factor. Of course, whether or not, in pratice, this is a 
problemm depends on the frequency to which the integration extends (see Sect. 2.3) and on 
thee S/N-ratio of the spectral data used. In our application of this method to a sample of 
~~ 200 F dwarfs (see Chapter 6), we found that this was not a problem. The extra factor 
uu22 however is important and necessary to make an orthogonal set of functions. 
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5.2.22 Other  broadening mechanisms 

Inn more realistic spectral lines other mechanisms will also play a role in the broadening 
off  the line profile. This can influence the shape of the Fonrier-Bessel transform of the 
spectrall  line and, more importantly, the position of its maximum. In this subsection we 
investigatee the effects of broadening mechanisms that result in a Voigt profile. A Voigt 
profilee is a convolution of a Gauss profile /Q(AX) (e.g., Doppler broadening) and a Lorentz 
profilee 7L(AX) (e.g., damping). We assume that the Gauss en Lorentz broadening profiles 
aree isotropic. 

Thee line profile /(AX) is then given by: 

/(AX)) = (IQ * Ih * Jrot)(AX) . (5.5) 
Here e 

JL(AX)) = ^ » ( A X * + H ) ~ \ 

(5.6) ) 

and,, AXH is the full width at half maximum of the Lorentz profile and AXD is the Gaussian 
linee broadening parameter equivalent to the Doppler width. Also, we have assumed the 
linee to be not too strong, such that saturation effects are absent. The effect of saturation 
wass already investigated by Deeming (1977). 

Thee Fourier transform F{u) of this rotationally broadened Voigt profile is the product 
off  the Fourier transforms of the contributing profiles FQ(U), FI(U) and Frot(tf): 

F(u)F(u) = f" J(AX)e2,nuAAdAX 
J—J—oo oo 

== lfc(«)-*L(«)-<M« ) 
== 2 e - ( , r ^ D ) V , n ^ H J r i ( 2 ™ * ) , ( 5 ? ) 

Thee Bessel transform B(s) of the Fourier transform is then given by: 

B{s)B{s) = r ^^(2™)J1{2irti&)e-< ,ruMl>>V ,ruAAHdti. (5.8) 

Becausee the integral simplifies considerably if we let either AXH — 0 or AXD = 0, the 
influencee of the Gaussian and exponential factors to the Bessel transform is investigated 
separately. . 

5.2.2.11 Gaussian profile 

First,, we consider the case without damping, AXH = 0. The integral (Eq. 8) then reduces 
to o 

wheree ƒ„  is the modified Bessel function defined by In(x) = (-i)nJn(iz). The Bessel 
transformm B(s) is shown in Fig. 5.1, for Doppler widths ranging between AXD = 0.16 and 
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Figuree 5.1: The Fourier-Bessel transform B(a) in units of b^AX^1, as a function of the 
parameterr s in units of 6, for different values of the Doppler width AAD- The solid line is for 
AXDD = 0.16, the dashed line for AXD = 0.26, and the dotted line for AAD = 0.86. 

0.86.. The maximum of B(s) can be found by calculating the roots of its derivative. We 
findd that the derivative dB(s)/ds is zero if 

Io{x)Io{x) -(- +  ax) ^(x) = ° » (5.10) ) 

wheree x = 2bs/A\p and a = AA^/262, so that ax = s/b. Here, we have used the general 
propertyy of Bessel functions that d/„(z)/dz = J1/_i(z) — vl„(z)/z. 

Soo for a particular value of the parameter a, which is directly related to the line 
broadeningg parameter AAQ, Eq. (5.10) defines the value ,smax of s = ax  b for which the 
Bessell  transform B(s) reaches its maximum. Figure 5.2 shows the value of sm a x/6 as a 
functionn of AXjj/b. 

Iff  there is no broadening by other mechanisms than rotation (AA Q = 0), the Bessel 
transformm wil l reach its maximum at amax = 6, which can be seen from Eq. (5.10) by 
calculatingg the limi t for very large values of x (i.e. very small values of AAQ) , SO that 
II 00{x){x) «!,(*) : 

, .. '«max , . ,. k{x) 1 

hmm —;— = hm ax = lim . . = 1. 
MD-.oo 6 x—°° x-*°° Ii(x) x 

(5.11) ) 

Forr very large values of AAQ, S approaches i-x/2AXo (dashed line), as follows from: 

Is,Is,2 2 

Urnn ma* li mm i 
A*D—° °° A A Q *-»0 

hm—j-^z z 
i - 0 / j ( x ) ) 

(5.12) ) 
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Figur ee 5.2: The location of the maximum of the Fourier-Bessel transform «max, in units of the 
rotationall  velocity parameter 6, as a function of the width of the Gaussian broadening AXQ, also 
inn units of b. «max differs from 6 by less than 1% if AXD < 0.26 and less than 10% if AAD < 1.36. 

Thee dip in the function amax(AAD) around AAD = 0.776 (Fig. 5.2) can be understood 
fromm the relation for the derivative of this function: 

dsr r 

dAAD D 

, -- a V + (a - 1) 
== V2ax - - , ,\ £ 

aa22xx44 + (2a - l)x2 - 1 
(5.13) ) 

Thiss derivative is zero for x —  oo, (and, with Eq. (5.11), a —» 0, ax = 1 and AAD = 0). 
Thee derivative is also zero if the pair (o, x) follow the criterion a2x4 + (a — l )x 2 — 1 = 0. 
Wit hh Eq. (5.10) this criterion becomes: 

(mi->y (mi->y Hx) Hx) 
AM M 

x - ll  = 0 . (5.14) ) 

3.1,, hence AAD w 0.776, Thiss equation has exactly one solution, which is around x 
explainingg the minimum in Fig. 5.2 at this value. 

Figuree 5.2 shows that the maximum of the Bessel-transform differs from 6 = X0v sin i/c 
byy less than 1% as long as AAD < 0.26 and by less than 10% as long as AAD < 1.36. This 
meanss that for e.g. a i;turb ~ 10 km/s (average speed of sound in F dwarfs), the error is 
lesss then 1% for vrot sini > 50 km/s and less then 10% for vrot sini > 8 km/s. 

5.2.2.25.2.2.2 Lorentz profile 

Second,, we study the effect of broadening mechanisms which result in a Lorentz profile, 
e.g.,, damping. For this purpose we substitute AAD = 0 in Eq. (5.8), which then reduces 
to: : 

33 AAH 

(5.15) ) B(s) B(s) 
16\ /2VV (6s)3 ItIt ZZW*W*  U '4 ' 'zV ' 
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Figur ee 5.3: The location of the maximum of the Fourier-Bessel transform smax, in units of the 
rotationall  velocity parameter 6, as a function of the width of the Lorentz broadening AAH, also 
inn units of 6. sm&x differs from 6 by less than 1% if AAH < 0.46 and less than 10% if AAH < 36. 

wheree F(a,b;c;z) is a hypergeometric function (Oberhettinger 1970), and z = (jAA ^ + 
bb22 + s2)/2bs. 

Thee maximum 5m ax of B(s) is reached when s follows the relation: 

(s'-z)(s'-z) 8 aJ ( j , f ; 2 ;£ ) 
(5s'-2z)-(5s'-2z)- 35 F ( U , | ; 3 ; i ) ' 

(5.16) ) 

wheree s' — s/b. 
Figuree 5.3 shows the value of amax/6, for which B(s) reaches its maximum, as a function 

off  A A H / 6 . For very large values of AAH , the hypergeometric functions approach unity, 
hencee the value for sma.x/b approaches the dashed line, which is defined by the relation: 

16 6 

35' ' 

88 . 9 

-s'z-s'z22 + z 0. . (5.17) ) 

Thee fraction F ( |, f ;2; jr) IF f ^ , f ; 3 j ^ ) in Eq. (5.16) approaches zero if z ap-
proachess 1, which can only occur for s = b and AAH — 0. So sm ax = 6, AAH = 0 is a 
solutionn of Eq. (5.16). The minimum in the function smax(AAH ) is reached at AAH ~ 1-56, 
wheree the value of sm ax is 5% less than for AAH = 0. 

Thee maximum of the Bessel-transform differs from 6 = A 0vsini /c by less than 1% 
ass long as AAH < 0.46 and less than 10% as long as AAH < 36. Note that in general 
AAHH =? 0.1AAD. 
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5.2.33 Cut-of f f requency 

Inn evaluating the Bessel-transfonn we need to choose a cut-off frequency in the Fourier-
domainn (Deeming 1977). We find that the choice of this frequency is very important in 
thee exact location of the maximum, in contrast with the findings of Deeming. Let us for 
noww assume that AAD = 0 and AAH = 0, so that the line profil e is only broadened by 
rotation .. Equation (5.8) then becomes: 

BBUcUc(a)(a) = 1 
JoJo b 

(5.18) ) 

wheree uc is the cut-off frequency. For  uc —• oo, the Bessel-transfonn is a delta function: 
£«,(*)) = 26(a - byb2. 

Figuree 5.4 shows the value of a where the Bessel-transfonn reaches its maximum, 
«maxii &s a function of the cut-off frequency (solid line). The vertical dashed lines give 
thee positions of the zero-points of the Bessel-function Ji(2icucb). These lines intersect the 
curvee Jmax(ttc) &t local minima in this curve, which can be seen by studying the relation 
forr the derivative of «m«x(vc) with respect to uc: 

da* da* 

dudur r 

PBja)PBja) /SPBja) a)h a)h 
ducdaducda f 8a2 

)T($)T($ -4ir2tt3)J1(2irtt6)J1(2irtt«)dtt' 
(5.19) ) 

Thee derivative of am&x(uc) is zero if Ji(2irucb) = 0, which is at the locations of the vertical 
dashedd lines. The derivative is also zero if dJi(2iruca)/ds = 0 (the dot-dashed lines). 
Thee values of «m M in these local maxima are only slightly larger than 6, with a maximum 
differencee of 0.4% in the first maximum around uc6 = 0.85. Therefore these maxima can 
bee used to estimate the rotational velocity. 

Thee cut-off frequencies where smAX = b can be found by evaluating the derivative of 
thee Bessel-transfonn at a — 6, and requiring that this derivative be zero: 

rr 9 ^ 
k™.—*~ ~ »-»&& oa ^^ = ^Jo(2xuc6)J2(27ruc6) = 0 , 

lb lb 
(5.20) ) 

wheree we used that if Hm»-,*,, f(x) = 0 and limx_»ro g(x) = 0, and k(x) = f(x)/g(x)} 

then: : 

lim m 
X~*X0 X~*X0 

dh{dh{XX)) n*M*)-r{*m*) 
dx dx 2(^(x)) a a 

(5.21) ) 

Equationn (5.20) is fulfilled where J0(2irucb) = 0 or J2(2x«c6) = 0. Figure 5.4 shows 
thee lines Jo(2iruca) = 0 as the dash-dotted lines to the right of the local maxima and the 
liness J2(2iruca) = 0 as dotted lines to the left of the local maxima. For large values of the 
cut-offf frequency these lines approach each other because lim»-,», J2{x) + JQ(X) = 0. The 
dot-dashedd lines that intersect the local maxima of the curve «m«x(«c) are given by the 
relationn dJi(2icuca)/da = 0, which is equivalent to the relation J0(2icuca) = J2(2wuca), so 
thatt the local maxima of the curve am«(u c) always lie between the intersections with the 
liness J0(2irucs) = 0 and J2(2iruca) = 0, and hence the values of the maxima approach b if 
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Figuree 5.4: The location of the maximum of the Fourier-Bessel transform smax, hi units of 
thee rotational velocity parameter 6, as a function of the cut-off frequency uc, in units of 6_1 

(solidd line). Vertical dashed lines are defined hy Ji(2xuc6) = 0, and intersect the local minima 
off  the smax(uc) curve. The series of three curves that go through or close through the local 
maximaa of the smax(uc) curve are defined by J2(2TUCS) = 0 (left; dotted lines), JO(2TTUCS) = 0 
(right;; dash-dotted lines), and dJ\(2*ucs)/ds = 0 (middle; dot-dashed lines). The middle curve 
off  these three defines the local maximum of the amax(uc) curve, while the left and right curve 
intersectt the smax(uc) curve where the maximum of the Fourier-Bessel transform smax is equal to 
thee rotational velocity parameter 6. For large values of the cut-off frequency uc, these three lines 
coincide,, i.e., the local maxima of the smax(uc) curve approach the rotational velocity parameter 
6. . 

Thee values of the local maxima for small cut-off frequencies can be found by substi-
tutingg dJi(2TTUcs)/ds = 0 in the derivative of the Bessel-transform, and requiring that 
thiss derivative be zero, which is equivalent to: 

(c44 - c V + x2 + c2)Jr (as) = 2xc2 J0(x), (5.22) 

wheree x = 2irucb and c is given by Jo(c) = ^ ( c ). The values of the maxima are slightly 
largerr than 6: 

3 m a x~ 66 r*  4  10"3,6  1(T4,1.6  1<T4,6  1 0 "5 , . .. (5.23) 
o o 

forr increasing values of uc (ucb = 0.8485,1.3586,1.8631,2.3656,...). We may conclude 
thereforee that in this ideal case the effect of a finite cut-off frequency is negligible (< 0.5%) 
comparedd with the errors introduced by other effects, such as noise, limb darkening etc. 
I tt is therefore possible to determine the projected rotational velocity of star by taking 
thee height of the first local maximum in a figure like Fig. 4. In Chapter 6 we show 
ann application of the FBT method in which the projected rotational velocities of ~ 200 
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Figuree 5.5: The location of the maximum of the Fourier-Bessel transform smax, in units of the 
rotationall  velocity parameter b, for different values of the cut-off frequency uc and as a function 
off  the width of the Lorentz broadening AAQ (a) and AXH (b), in units of b. Solid lines are for 
ucc = oo and are the same as in Figs. 5.2 and 5.3 respectively. The other lines are for uc at a 
locall  maximum of the smax(uc) curve from Fig. 5.4, as indicated in the Figure. 



102 2 55 A combined Fourier-Bessel transformation method to derive rotational velocities 

FF dwarfs are determined in this way. Note that i t is not necessary to choose a cut-off 
frequencyy in the Bessel transform in this way. 

Iff  other broadening mechanisms are included, the positions of the local maxima in the 
curvee am„(u c) are also determined by the relation J%(2icuca) = Jo(27ruca). This means 
thatt the local maxima of the «max(uc) curve lie on the dot-dashed lines in Fig. 5.4, so 
thee locations of these maxima depend slightly on their heights. The heights of the first 7 
locall  maxima are shown in Fig. 5.5a for Gaussian broadening and in Fig. 5.5b for Lorentz 
broadening,, as a function of AAD/ 6 and AAH/ O respectively. This Figure shows that for 
cut-offf  frequencies that reach only the first local maximum (which is used in pratice, see 
Chapterr 6) the deviation with respect to the results for an infinite cut-off frequency, is 
lesss than 1% and as the cut-off frequency increases, the maxima approach the asymptotic 
valuess from Figs. 5.2 and 5.3. 

5.2.44 Limb darkening 

Thee effect of limb darkening is a deformation of the elliptical rotation profile. For a linear 
limb-darkeningg law, 1(6)/1(0) = constant  (1 + /3cosB), the Fourier transform of the 
rotationn profile is (Bohm 1952): 

i(2irti& ) ) 
FFTOTOtAtAuu)) = 

11 (Ji(2irul 

QQ fcos{2rub) sin(27re6)\1 

''fifi V (2™°)2 " (2™&)3 J ƒ ' t 5 2 4J 

andd the Bessel transform of this is 

#rot,0(«)) = < 

6)2ii i (ii  + I) (27r6)2 [b/F^+V - *2 

1 1 

V& 2 3 3 

+ + 
11 ) ^ . (5.25) 

H—.. > , s < b 

,, s>b 

Thiss transform is shown in Fig. 5.6, for different limb-darkening coefficients /3. We see 
thatt the effect of limb darkening is a broadening of the delta function towards lower values 
off  sjb. For s larger than the rotational velocity parameter fc, there is no contribution to 
thee Bessel-transform, while for a less than b, it goes to infinity when a approaches the 
parameterr b. In the case of a purely rotation ally broadened profile, deformed by a constant 
limb-darkeningg coefficient /?, the maximum of the Bessel-transform still occurs at a = b. 
Butt for more realistic lines, with intrinsic broadening, the effect of limb-darkening wil l be 
aa shift of the maximum of the Bessel transform towards lower rotational velocities as can 
bee expected, since the equatorial edges of the star, which have the largest radial velocities 
contributee relatively less when there is limb darkening. The magnitude of this effect is 
investigatedd in Section 3.2. 

5.2.55 Sampl ing 

Thee preceding sections dealt with Fourier-Bessel transforms of continuous functions. For 
observedd spectral lines we know only the function value in discrete wavelength bins on a 
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Figuree 5.6: The Fourier-Bessel transform B(s), in units of ft-3, of a rotation profile, deformed 
byy limb-darkening, for different values of the limb-darkening coefficient /3. The value in a = 6 is 
nott denned. For a > b the Fourier-Bessel transform is equal to zero, for s < b the Fourier-Bessel 
transformm is not zero. The dashed line denotes the Fourier-Bessel transform if there is no 
limb-darkeningg (its value is everywhere zero, except in a = b). The solid lines are, from bottom 
too top, for /? = 0.1,0.2,..., 0.9 respectively. 

finitefinite wavelength range. In this subsection we investigate the effect of sampling on the 
Fourier-Bessell  transform. The flux is binned into N wavelength intervals with width SX, 
whichh gives a line profile 7rot(AA) : 

J(AA)) =

11 » 

0 0 
, MM = 4»>, > = 1 N 
,, otherwise, 

(5.26) ) 

wheree AA,- is the central wavelength of bin j . 
Inn the case of a purely rotationally broadened profile, the Fourier transform becomes: 

1 1 
*"»*(« )) = -jr  X ) COS(2TTWAAJ) nSX nSX i = i i 

6 6 
1 1 

120 0 
0=0i.j j 

(5.27) ) 

wheree the integration boundaries 6ij and 02j are given by: 

•• . &i  + | g 
7 i j j 

02j02j — arccos 
^ - \ S \ \ 

(5.28) ) 
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Figuree 5.7: The location of the maximum of the Fourier-Bessel transform amax, in units of 
thee rotational velocity parameter 6, as a function of the wavelength hin width SX, also in units 
off  6. Different lines denote different cut-off frequencies: the solid line is for a cut-off frequency 
uucc = 0.85/6, the dashed line for uc = 1.36/6, the dot-dashed line for uc = 1.86/6, and the dotted 
linee for uc = 2.37/6. Lines are drawn until the point where the Nyquist frequency equals the 
cut-offf  frequency, i.e. where S\/b = l/(2wc6). 

Thee range of frequencies over which the Bessel transform is performed is necessarily 
limitedd by the Nyquist frequency «Nyq = 1/(2£X), because the sampling introduces a 
duplicationn of the Fourier transform at frequencies larger than iiN yq: 

22 N r l 
sinn 20 

e=«,j j 

// u J1(2xiia)cos(2iruA\,)du 
Jo o 

(5.29) ) 

Figuree 5.7 shows where the Bessel transform reaches its maximum as a function of the 
binn width SX, for different values of the cut-off frequency, chosen to lie at local maxima of 
thee smax(Tic) curve. From this Figure we see that the uncertainty in the rotational velocity 
increasess for increasing wavelength bin width and for increasing cut-off frequency. The 
uncertaintyy is less than 1% if the bin width 6X is less than 0.25b (using a cut-off frequency of 
1.36/6),, i.e., if the rotation profile contains more than 8 wavelength bins. The uncertainty 
iss less than 10%, as long as the cut-off frequency does not exceed the Nyquist-frequency 
1/(2SX). 1/(2SX). 

Windowingg of the input profile needs not to be considered separately because the 
rotationn profile, Eq. (5.1), is intrinsically confined, so that the Fourier transform over the 
wavelengthh range [—00,00] is equivalent to the Fourier transform over the range [—6,6]. 
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5.33 Practical considerations 

Inn the previous Section we presented some analytical properties of the Fourier-Bessel 
transformationn method, by isolating mechanisms that influence the position of the max
imumm of the transform. In practical applications all of the considered mechanisms can 
occurr at the same time. 

5.3.11 Observational constraints 

Thee influence of observational uncertainties on the position of the maximum of the Fourier-
Bessell transform of a spectral line can be minimized by obtaining observations with a high 
spectrall resolution, as was shown in Section 2.5, and with a high signal-to-noise ratio, as 
wee will show hereafter. The spectral lines need to be selected with great care: they should 
bee clean lines (no blends), neither too weak, nor too strong (saturation; Deeming 1977), 
andd preferably more than one spectral line should be used to determine the rotational 
velocity. . 

Thee position of the maximum in the Bessel transform is slightly influenced by noise. 
Thee noise variance on a general transform is proportional to the noise variance on the 
originall data, in the common case of white noise on the input data. However, the noise 
onn the Fourier-Bessel transform may be correlated (Deeming 1977). Figure 5.8 shows 
thee average offset (dashed line) and the root mean square value (dot-dashed line) of the 
noisee on the Bessel transform, assuming a purely rotationally broadened line profile with 
Poissonn noise. The average and spread are calculated using a Monte Carlo simulation, 
i.e.,, we adopted the profile as given by Eq. (5.1) and chose an average number of counts 
perr wavelength bin, N = 2500 in the continuum, a bin width (SX = 0.02b), a relative 
centrall line intensity rc = 0.8 (i.e., a relative line depth of 0.2), a wavelength range 
WW — [A0 — 6, A0+6] (representative of the data used in Chapter 6), and a cut-off frequency 
off uc6 = 3.37 (the 6th local maximum of the «„„(u,.) curve in Fig.5.4), and then selected 
thee noise randomly according to a Poisson distribution. We repeated this noise selection 
10000 times and calculated for every noisy profile the Fourier-Bessel transform. From the 
resultingg 1000 profiles the average offset and the root mean square value are derived. 

Itt follows from Figure 5.8 that the average offset due to noise (dashed line) in the 
Fourier-Bessell transform is approximately zero, and that the root mean square of the 
noisee (dot-dashed line) decreases as the value of s increases. 

Wee tested the influence of noise on the position of the maximum as a function of 
thee cut-off frequency «c, and for different values of the signal-to-noise ratio {S/N = 
50,100,200).. The results, for a line profile with 6X = 0.16, W = [Ao - 26, A0 + 26] and 
rcc = 0.8 (representative of our stars in Chapter 6), are shown in Fig. 5.9. The root mean 
squaree value of the noise on the *m«t(«c) curve increases significantly if the signal-to-noise 
ratioo decreases, and it slightly increases with the cut-off frequency. The modest increase 
off the solid line (without noise) is due to the wavelength binning, as follows from Fig. 5.7: 
forr one particular value of the wavelength bin width, the error in the rotational velocity 
increasess as a function of the cut-off frequency. 

Thee average offset from the «max(«c) curve due to noise is zero, but the root mean 
squaree value of the noise is significant, which implies that the uncertainty on the rotational 
velocityy will be significant. To minimize this uncertainty, one may use the average of the 
valuess in the local maxima of the *mM(uc) curve instead of the value for just one cut-off 



1066 5 A combined Fourier-Bessel transformation method to derive rotational velocities 

JJ , | , | i L 

0.66 0.8 1 1.2 1.4 

ss  / b 

Figuree 5.8: The Fourier-Bessel transform B(s) of a purely rotationally broadened profile with-
outt noise (solid line). The dashed line (approximately zero) denotes the average offset due to 
noisee on the Fourier-Bessel transform, and the dot-dashed line denotes the root mean square of 
thee noise, following from a Monte Carlo simulation on a line profile with Poisson noise. The 
parameterss used for this simulation are: number of counts in the continuum N = 2500 per wave-
lengthh bin, a relative central line intensity rc = 0.8, a wavelength range W — [Xo — b, Ao + 6], a 
wavelengthh bin width fi\ = 0.026 and a cut-off frequency uc = 3.37/6. 

frequencyy uc. In Fig. 5.10 we show that the uncertainty on this average is smaller than 
thee uncertainty on the value for a single cut-off frequency. The solid line is the root mean 
squaree of the offset, due to noise, of the derived rotational velocity from the expected 
value,, as a function of the signal-to-noise ratio, when using the average of the first four 
locall  maxima of the $max(uc) curve. The dashed line is for the case where we only use the 
valuee of the first local maximum. In both cases the input parameters are the same as in 
Fig.. 5.9. 

Iff  the relative central line intensity rc is close to 1 (i.e., the line is very weak, or the ro-
tationall  velocity is large), it wil l be difficult to distinguish the line from the continuum, in 
thee presence of noise. Thus, it wil l be difficul t to derive an accurate rotational velocity for 
suchh a line, also because the noise level in the Fourier transform is higher, because more 
wavelengthh points (with their noise) have been included. It is also difficult to derive an 
accuratee rotational velocity for a noisy line profile with only a small number of wavelength 
bins.. Figure 5.11 shows the minimum signal-to-noise ratio that is needed to find a rota-
tionall  velocity with a maximum uncertainty due to noise of 1%, for a specific wavelength 
binn width SX and relative central line intensity rc. For example: suppose we are interested 
inn deriving rotational velocities up to vs ini = 50 km/sec with a maximum uncertainty 
duee to noise of 1%. The absorption lines we have selected lie around 6000A, and have a 
relativee central line intensity of about 0.8 (after convolution with the instrumental profile 
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Figuree 5.9: The location of the maximum «max of the Fourier-Bessel transform of a purely 
rotationallyy broadened profile without noise (solid line; identical to the curve in Fig. 5.4), in units 
off  the rotational velocity parameter 6, as a function of the cut-off frequency uc, in units of 6_1. 
Thee dotted line indicates the (root mean square) spread, due to noise, for a signal-to-noise ratio 
off  S/N = 50, the dot-dashed line for S/N = 100 and the dashed line for S/N = 200. We used 
aa line profile with a wavelength bin width S\ = 0.16, a wavelength range W = [X0 - 26, A0 + 26] 
andd a relative central line intensity rc = 0.8. 

andd with the rotational velocity profile of 50 km/sec). In this case, the rotational velocity 
parameterr 6 is approximately 1, for a velocity of 50 km/sec. If we obtain spectra with a 
resolutionn of 60000, i.e., SX = 0.16 for i ;sini = 50km/sec, we need a signal-to-noise ratio 
off  at least 100 to find rotational velocities with a maximum uncertainty due to noise of 
1%. . 

Thee uncertainty, due to noise, on the rotational velocity is not significantly influenced 
byy the wavelength range over which the Fourier transform is performed, as shown in 
Figuree 5.12. 

5.3.22 Intrinsic broadening and limb-darkening 

Thee intrinsic broadening of the spectral lines results in a systematic (mostly negative, 
Fig.. 2 and 3) offset of the position of the maximum of the Fourier-Bessel transform from 
thee rotational velocity parameter b (Section 2.2). Hence, the Fourier-Bessel transformation 
methodd gives an equatorial rotational velocity with a systematic error caused by intrinsic 
broadening.. The magnitude of this systematic error can be estimated from photospheric 
andd spectral line parameters. 

Thee influence of the limb-darkening coefficient on the position of the maximum is not 
clearr from an analytical point of view (Section 2.4). The Fourier-Bessel transform of a 
spectrall  line influenced by limb-darkening has an additional contribution for values of s 
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Figuree 5.10: The root mean square value of the offset, due to noise, from the rotational velocity 
parameterr 6, as a function of the signal-to-noise ratio. The solid line is for the case where we 
usee the average of the first four local maxima of the 5max(uc) curve. The dashed line is for the 
casee where we only use the value of the first local maximum. The line parameters used are the 
samee as in Fig. 5.9 

lesss than the parameter 6, as follows from Eq. (5.25) and can be seen in Fig. 5.6. This 
contributionn shifts the maximum of the Fourier-Bessel transform to lower values. We have 
investigatedd this effect by taking the Fourier-Bessel transform of synthetic spectral lines 
withh a constant limb-darkening coefficient. The simulations have been performed using 
aa wavelength bin width SX/b of 0.07 and a frequency bin width 6u of 0.05. Figure 5.13 
showss the position of the maximum of the Bessel transform relative to the rotational 
velocityy parameter 6, as a function of the limb-darkening coefficient /3 for four different 
valuess of the cut-off frequency. The cut-off frequencies ttc have been chosen to lie at local 
maximaa of the function smax(i i c) in Fig. 5.4, where the position of the maximum of the 
Bessell  transform is close to the rotational velocity parameter 6, in the case of negligible 
limb-darkeningg (Section 2.3). 

Hence,, for one particular value of the limb-darkening coefficient, the location of the 
maximumm of the Fourier-Bessel transform approaches the rotational velocity parameter 6, 
forr large values of the cut-off frequency, in agreement with the analytical expression for the 
Fourier-Bessell  transform of a rotationally broadened profile deformed by limb-darkening 
(Eq.. 5.25 and Fig. 5.6). The effect of limb-darkening on the location of the maximum 
off  the Bessel transform is considerable, but it can easily be recognized in the 5max(uc) 
curvee by the increasing values of the local maxima, as shown in Fig. 5.14. So it is, in 
principle,, possible to estimate the systematic error on the rotational velocity introduced 
byy limb-darkening by comparing the values of the local maxima in the smax('"c) curve with 
thee values in Fig. 5.13. This is illustrated in Fig. 5.15, which shows the ratio between the 
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Figuree 5.11: Contour plot of the minimum signal-to-noise ratio needed to find a rotational 
velocityy with a maximum uncertainty due to noise of 1%, for a specific wavelength bin width S\ 
andd relative central line intensity rc. Lines are drawn for signal-to-noise ratios S/N = 50, 100, 
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Figuree 5.12: The root mean square value of the offset, due to noise, from the rotational velocity 
parameterr 6, as a function of the wavelength range W = [A0 - K, \0 + K]. The signal-to-noise 
ratioo is 50, the wavelength bin width S\ = 0.16, the relative central line intensity rc = 0.8. 
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Figuree 5.13: The location of the maximum of the Fourier-Bessel transform smax
 as a function 

off  the limb-darkening coefficient fi. DüTerent lines denote different cut-off frequencies uc: the 
solidd line is for uc6 = 0.85, the dashed line for ucb = 1.36, the dot-dashed line for ucb = 1.68, 
thee dotted line for ucb = 2.37. 
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Figuree 5.14: The location of the maximum of the Fourier-Bessel transform smax
 as a function 

off  the cut-off frequency uc, for a rotationally broadened profile, deformed by limb-darkening. 
Thee limb-darkening coefficient is (5 = 1.0. 
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Figuree 5.15: The ratio «max(«c,n)/«max(«c,i) between the values at the nt h and the first local 
maximumm of the smax(''c) curve, as a function of the limb-darkening parameter /3. 

xx(u(ucc)) curve, as a function of the valuess at the nth and the first local maximum of the s„ 
limb-darkeningg parameter /?. 

5.3.33 Preparing the data 

Thee Fourier-Bessel transformation method is based on isolated symmetrical line profiles, 
withh a well defined central wavelength, and a well defined continuum. In the process of 
preparingg a spectral line /(A) for the Fourier-Bessel transformation method the following 
parameterss have to be chosen: a central wavelength A0, a continuum level /C(A) , and 
aa wavelength range [A0 - K, A0 + K] outside which /(A) is assumed to be equal to the 
continuumm level fc(X). The transformation is performed on the line profile /(AA) , defined 
by y 

I{A\)I{A\)  = 1 
/(App + AA) 

/C(A00 + AA) ' 
(5.30) ) 

AA wrong choice of the central wavelength, A0 instead of A0, results in a multiplication 
off  the Fourier transform with a factor cos(27ru(A0 — A0)) (when only the real part of the 
transformm is considered). In Figure 5.16 we show the location of the maximum smax of 
thee Bessel transform as a function of the difference AA0 between the adopted and the real 
centrall  wavelength A0 — A0, in the case of a purely rotationally broadened profile. For 
comparisonn we show in the same Figure the location of the maximum as a function of the 
wavelengthh bin width (Fig. 5.7), with the z-coordmate rescaled so that AA0 is equivalent 
too Q.5SX. Both curves are for a cut-off frequency uc = 1.36/6. We conclude that as long 
ass the central wavelength is not more off than half the bin width and not more off than 
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Figuree 5.16: The location of the maximum «max of the Fourier-Bessel transform as a function 
off  the difference AAo between the chosen central wavelength A0 and the real central wavelength 
A00 (solid curve). The dashed line shows «max as a function of the wavelength bin width SX from 
Fig.. 5.7. 

0.26,, the effect of making a wrong choice for the central wavelength is smaller than the 
effectt of the binning itself. 

Iff  the continuum /C(A) is chosen too high or too low by a constant factor 1 + a (i.e., 
independentt of the wavelength), so that /C(A) = (1 + a)/c(A) , the Fourier transform F(u) 
becomes: : 

F(u) F(u) 
11 + a [ 

F(u)+2a F(u)+2a 
sin(2iruKy sin(2iruKy 

2iru 2iru 
(5.31) ) 

wit hh 2K being the wavelength range, over which the transform is performed. The ad-
ditionall  sine-function in the Fourier transform around frequency zero, gives an extra 
contributionn to the Bessel transform. The influence of this contribution on the location 
off  the maximum of the Bessel transform is shown in Fig. 5.17 for three different values 
off  the continuum offset, for two different values of the cut-off frequency, and as a func-
tionn of the wavelength range W = [A0 - K, A0 + K] over which the Fourier transform is 
performed.. This Figure shows that the wavelength range should be chosen as large as 
possible,, in order to minimize the uncertainty due to a misplaced continuum. However, 
thee wavelength range should not be chosen so large that it is contaminated by the con-
tributionn from neighbouring lines. The cut-off frequency should also be chosen as large 
ass possible, because the uncertainty on the rotational velocity, due to a misplacement of 
thee continuum, decreases for increasing cut-off frequencies. 
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Figuree 5.17: The location of the maximum «ma![ of the Fourier-Bessel transform as a function 
off  the wavelength range W = [Ao - K, X0 + K], for three different values of the continuum 
offset:: the solid line is for a / (l - rc) = 0.01, the dashed line for a / (l - rc) = 0.05, and the 
dot-dashedd line for a / (l - rc) = 0.1. Figure a) is for a cut-off frequency uc = 1.36/6, Figure b) 
forr uc = 4.38/6. 

5.44 Discussion 

Grayy (1988) has extensively used the Fourier transforms of line profiles to study line 
broadening.. His approach consists in making fits of the Fourier transforms to functions 
derivedd for detailed model line profiles broadened by rotation. The relative advantage 
off  the this approach and the FBT method depends on the application one has in mind. 
Gray'ss method shows with the Fourier-Bessel transformation method the advantage that 
i tt can distinguish rotational broadening from other broadening mechanisms; in addition, 
i tt allows one to infer detailed information on other broadening mechanisms at wil l (some-
thingg that the Fourier-Bessel transformation method does not). If one is only interested 
inn rotation, the Fourier-Bessel transformation method has the advantage that no model 
parameterss are needed and allows an easy way to measure rotational velocities for large 
sampless of stars. 

Thee Fourier-Bessel transformation method can give projected equatorial rotational 
velocitiess which, for medium strong lines observed with high signal-to-noise and high 
spectrall  resolution, can reach an (internal) accuracy of several percent. The method al-
lowss a seperation of rotational broadening and other broadening mechanisms, such as 
Gaussiann and Lorentzian broadening. The spectral resolution limit s the accessible veloc-
ityy range on the low side: we can find velocities as small as 2cAA/A0 with an uncertainty 
off  10% (Sect. 2.5). For sufficiently high spectral resolution the method allows the mea-
surementt of rotational velocities as small as 0.8cAAD/Ao, with a similar uncertainty, in 
casee Doppler broadening (other than rotation) is the dominant broadening mechanism. 
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(Sect.. 2.2.1). If damping is the dominant broadening mechanism (but this is never the 
casee for medium strong lines encountered in normal stellar atmospheres) rotational ve
locitiess can be measured with 10% accuracy down to 0.3CAXH/AO (see Sect. 2.2.2). The 
maximumm of the rotational velocity range that can be studied with this method depends 
onn the signal-to-noise ratio of the spectrum, the intrinsic depth of the line, the line density 
(linee blending) and the spectral resolution of the line profile (Sect. 3.1). 

Thee velocities derived with the FBT method are likely affected by systematic effects; 
ann important effect is limb darkening. For a standard limb darkening parameter of 0 
== 0.6 (the value for a grey atmosphere in radiative equilibrium), the FBT method, as 
presentedd byy us, (i.e. not including limb darkening), underestimates the rotational velocity 
systematicallyy by < 5% (see Sect. 3.2) 

Thee FBT method does not provide detailed modelling of complicated broadening 
mechanisms,, such as anisotropic macroscopic velocity fields in the stellar atmosphere. 
Suchh detailed study, in which the largest accuracy is required can be performed by fitting 
off model parameters to the Fourier transform of the spectral line (see Gray 1988). The 
FBTT method is therefore best suited for statistical investigations of large samples of stars, 
forr which medium spectral resolution and signal-to-noise data are available, in which the 
detailedd properties of individual stars are not the focus of attention, and the highest 
accuracyy is not required. An example of such a study is presented in Chapter 6. 

References s 

BShmm K., 1952, Zeit. f. Astrophysik 30, 117 
Carroll J.A., 1933, MNRAS 93, 478 
Deemingg T.J., 1977, Ap&SS 46,13 
Grayy D.F., 1988, Lectures on Spectral-Line Analysis: F, G and K stars, The Publisher, Arva, 

Ontario,, Canada 
Oberhettinger,, F., 1970, Handbook of Mathematical Functions, M. Abramowitz, LA. Stegun 

(eds.),, Dover Publ., NY, USA, Chapter 15 
Shajnn G., Struve 0. , 1920, MNRAS 89, 221 


