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ABSTRACT

For an algebraic torus defined over a local (or global) field F, a celebrated result of R.P. Langlands establishes
a natural homomorphism from the group of continuous cohomology classes of the Weil group, valued in the
dual torus, onto the space of complex characters of the rational points of the torus (or automorphic characters
in the global case). We expand on this result by detailing its topological aspects. We show that if we topologize
the relevant spaces of continuous homomorphisms and continuous cochains using the compact-open topol-
ogy, Langlands’s map becomes a (surjective, finite-to-one) homomorphism of abelian complex Lie groups.
Moreover, we demonstrate that, in both the local and global settings, the subset of unramified characters is the
identity component of the relevant space of characters. Finally, we compare the group of unramified characters
with the Galois (co)invariants of the dual torus.

1. INTRODUCTION

Let T be an algebraic torus defined over a field F (all fields in this article will either be local or global)
and splitting over a finite e Galois extension E /F, with Galois group I'g /5. Denote by X = Hom(Tg, G,)
the character lattice, be Hom(X, Z) the cocharacter lattice and by T= Hom(X C*) the complex
dual torus of T. Whenever F is global, we let Ar denote its ring of adéles.

In [12], Langlands described the space of continuous characters T (F) — C* (local case) and of au-
tomorphic characters T (Ar)/T(F) — C* (global case). Let

E* if E local,
¢ {A;/E* i E global, (1.1)

and denote by W /5 the relative Weil group, defined via the extension

of I'g/r by Cg, defined by the fundamental classin H*(I'g/r, Cg ) (see [25, (1.2)]). In what follows, we

shall denote the image of the map Wg/ F - 2 5/F by p(®) = @.Langlands showed that there is a finite-
to-one map from the group H (Wg JEs T) of continuous first-cohomology classes of W/ with values in
T, onto the relevant space of continuous characters. When F is local, the correspondence is one-to-one;
when F is global, it is one-to-one modulo locally trivial equivalence ~ . (see Definition 2.5, below).
The aim of this article is to show that, when suitably topologizing the cohomology groups and the
spaces of characters, Langlands’s canonical map is continuous and open, and that the space of unramified
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794 ¢ M.DE MARTINO AND E. OPDAM

characters, X (see Definitions 4.6 and 4.7), is the identity component of the relevant space of characters.
Our first main result is the following. Given our torus T defined over F, let

Hom (T (F), C*) if F local,
Xc(T. F) = {Homc(T(AF)/T(F), C*)  ifF global. (13)

In both cases, X¢ (T, F) is topologized with the compact-open topology, in which case it becomes a
metrizable space [2, Section 8]. We note that X7 C X¢ (T, F) is a closed subset. We equip Xt with the
subspace topology.

THEOREM 1.1. Let F be a local or global field. Then X¢ (T, F) is an abelian complex Lie group with
identity component Xr and Lie algebra Lie(T) 7. If Vi = R then X7 is a complex vector space,
and if Vg = 7 then Xt is a complex algebraic torus.

The proof of this theorem is given in Corollary 4.14, below. The main point is to show that X; C
Xc (T, F) is open. The basic structure of X7 as a complex vector space or complex algebraic torus is well
known, and is recalled in more detail in Corollary 4.11.

‘We now turn our attention to the cohomological side of Langlands’s correspondence. Using a formal-
ism of Moore [15-18], we consider the theory of measurable cohomology groups H* (Wg ., T) (see
Section S), which provides fruitful interaction between topological and homological algebra features. We
then show that H! (Wg/r, T) naturally has the structure of a complete metric space (see Theorem 5.3)
and prove the following result.

THEOREM 1.2. For F alocal or global field, H!(Wg/r, T) is an abelian complex Lie group with Lie
lgebm H! (WE/F, Lle(T)) = Lle(T)rF/F If Vi = R then the identity component of
H! (WE/F, T) isa complex vector space, and if Vg = Z then the identity component of
H (We/r, T)isa complex algebraic torus. The canonical surjective homomorphism

established by Langlands, is a homomorphism of complex Lie groups with finite kernel, and is an
isomorphism if F is local.

We shall discuss Langlands’s map in the next section (see Theorem 2.3) and provide the arguments
proving Theorem 1.2 in Propositions 4.13, 5.6, 5.7, Theorem 5.8, Corollary 5.12 and Theorem 6.2, be-
low.

We emphasize that Langlands’s canonical homomorphism arises through a sequence of identifications
involving class field theory and homological algebra, and its topological properties are not manifest from
the construction itself. With the Lie group structures at hand, the proof that Langlands’s map is a Lie
group homomorphism reduces to the verification of linearity of the associated map at the level of Lie
algebras, as we will see in Theorem 6.2.

We now turn to our final results, which provide structural information on X¢ (T, F) and on
H}! (Wg/r, T) as applications of Theorems 1.1 and 1.2. The fundamental exponential sequence 0 —
Z — C — C* — 0 givesrise to an exact sequence (via tensoring with the lattice X)

0—> X — Lie(T) > T — 0, (1.4)
from which we derive (see (5.3), where the next term H' (I'g /¢, X)) is torsion)

0 — X"*" — Lie(T)"¥* — (T"7)° - 0, (1.5)
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where (TFE/F )° is the identity component 0 of the I'g /p-invariants of T. The vector space Lle(T) admits a
canonical decomposition Lie( T) = Lle(T)FE/F @ N, where N denotes the direct sum of the nontrivial
irreducible ['g/g-subrepresentations. Let Prr, , denote the projection onto Lie(T)" . Then

0 — Prr,, (X) — Lie(T)"™ — Tr,, — 0, (1.6)
and we have the following results:

THEOREM 1.3. Let F be a local or global field, and let T be an algebraic torus over F. Let E /F be a
Galois extension, such that T splits over E.

(a) The 1dentzty componentH (We/e, T)° of H! (Weyr, T) satisfies:
(i) IfVg =R, then H! (Wg/r, T) ~ Xr ~ Lle(T)FE/F as C-vector spaces.
(ii) IfF is local non- Archtmedean, we have, as complex algebraic tori,

Hcl (WE/Fv i:)O ~ XT ~ ((TN“ )Fr)oa

where N is the image of the inertia subgroup in Wgr and Fr is a Frobenius automor-
phism.

(iii) IfF is global and Vg = Z, then H! (WE/F, T) is a complex algebraic torus with cochar-
acter lattice A C R ® X"er7 C L1e( T )Te/%, which satisfies:

X" C A C Xo(Xr) C Prry, (X).
(b) The component group of H! (Wg /., T) satisfies, as topological groups,
H! (Wgr, T)/H] (W, T) ~ H>(Wg/r, X).
(c) Langlands’s isomorphism
A : H!(Wg/g, T) — Hom,(Homr,,, (X, Cg), C*)
is an isomorphism of complex Lie groups and induces an isomorphism of discrete groups:

H*(Wg/r, X) ~ Hom,(Homr, , (X, Cy), C*).

REMARK 1.4. When F is local non-Archimedean, Theorem 1.3(c) yields
H*(Wg/p, X) ~ Hom, (T (F)", C*), recovering an observation made by Schwein in [23,
Section 5.2] (see also Remark 6.4, below).

To prove Theorem 1.3(a), we need Theorem 1.2 together with key results we prove later on. In the case
when Vi = R, it follows from Theorem 5.8 and the fact that a vector space admits no non-trivial finite
subgroups. In the case when Vi = Z, we need Theorem 6.5 and Propositions 6.6 and 7.2. The specific
description for F local non-Archimedean is dealt with in Proposition 6.6 (see also [8, Section 3.3.1]).
Theorem 1.3(b) and (c) are proven in (the proof of ) Proposition 6.3.

1.1. Notations
Given two topological groups G, H, we shall write G = H to mean that G is isomorphic to H as groups
and G ~ H to mean that G is isomorphic to H as topological groups. Also, we shall denote by G° the
identity component of the topological group G.
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2. LANGLANDS’S PARAMETRIZATION

We start by recalling Langlands’s parametrization (see also the works of Birkbeck [3], Labesse [11] and
Yu [29], this last one in the local case). We retain the notation regarding the extension E/F as above.
There is a well-known equivalence of categories [4, 8.12]

Algebraic tori T /F Lattices X with

{ that split over E } — { ['g/p-action }

given by sending T + X = Hom(Tg, G,). Under this correspondence, we have T(E) =
Hom(X, E*) and T(F) = Homyr,, (X, E*). Denote by X := Hom(X,Z) and T := Hom(X, C*).
We define an action of the Weil group Wg on T via the projection p : Wg/p — I'gp; in particular, Cg
acts trivially.

We shall write “T := T x I'g/r and we say that a homomorphism ¢ : Wg/r — LT is an L-
homomorphism if by composing with the projection to the second factor we get pr,¢ = p. We recall
[12, p. 232] that the space of Langlands parameters of T, denoted ® (T), is defined as the group of all
continuous L-homomorphisms ¢ : Wg/p — LT, modulo T conjugation.

DEFINITION 2.1. For alocally compact group G endowed with a continuous action on ' T, let
ZNg, T) denote the (abelian) group of continuous 1-cocycles of G with values in T and let
B!(G, T) denote the subgroup of continuous 1-coboundaries. We topologize these spaces
w1th the compact-open topology, and we let the quotient H! (G, T) denote the group of
continuous 1-cohomology classes, endowed with the quotient topology.

Asis well-known [12, p. 232] we have the following result.

ProrosITION 2.2 ([12]). The space ®(T) is isomorphic to H} (W r, T) as abelian groups.

THEOREM 2.3 ([12]). Let F be local or global. There are canonical homomorphisms

H(Wg/r, T) 5 Hom,(Homr, , (X, Cg), C*) % X¢ (T, F),

where A is an isomorphism and p surjective. If F is local, then p is also an isomorphism. If F is
global, then the kernel of p is finite and consists of the cohomology classes which are locally trivial.

We now describe the locally trivial classes. For alocal or global field F, let (W, ¢, {rg}) be the absolute
Weil group of F (see [25]). Here, the index E varies over all finite extensions of F inside a fixed separable
closure F /F, ¢ is a continuous map with dense image Wy — 'y (where [y is the absolute Galois group),

andrg : Cgp — WEab is the reciprocity isomorphism, where for each finite extension E /F we have Wy =
¢~ (T'g).

When F is global, let PI(F) denote the set of places of F. From the local-global relationship [25,
(1.6.1)], for each v € PI(F), the inclusion i, : F — F, induces a unique (up to inner automorphisms
of Wg) continuous map 6, : W, — W such that 96, = i,¢,, where we also denote by i, : ', — 'k
the induced map between the absolute Galois groups of F, and F. We have the following (topological
version of a) well-known result:

PrOPOSITION 2.4. For F local or global, pulling-back via the quotient map Wy — Wy yields an

isomorphism of topological groups Inf : H! (Wg/r, A) 3 H! (Wg, A) for any Hausdorff
Wrg-module A in which Wy acts trivially.
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Proof. The argument in [3, Proposition 3.1] shows that the inflation map is a bijective
homomorphism. Recall that Wiz = Wy /W, where W denotes the closure of the subgroup
generated by all commutators in Wx. Since W is isomorphic to the (semi-)direct product of
its normal subgroup Wy and Vz C R4, where W} denotes the kernel of the absolute value
homomorphism Wy — R (see [25, (1.4.6)] and also section 4.1, below), it follows that
that W C Wy In particular, W is compact. Hence, the compact-open topologies defined
on H! (Wg/g, A) and H} (W, A) coincide under this bijection, turning it into a
homeomorphism. (]

Pulling-back via the continuous maps 6, : Wi, — W, for each v, yields the map

[T Reso: H(We. T) > [ H!(Wg. D).
vePI(F) vePI(F)

DEFINITION 2.5. We say that a Langlands parameter ¢ € ®(T) = H} (W, T)is locally
trivial if its image in [ [,cpyz) H! (W, T) is trivial.

3. REMARKS ON THE COMPACT-OPEN TOPOLOGY

In this paper, we will deal alot with the compact-open topology on the space of continuous functions be-
tween two topological spaces, so we gather in this section some relevant information about this topology,
for convenience of the reader.

Let A, B be topological spaces. Given any K C A compact and W C B open, we let V(K, W) =
{f : A — Bcontinuous | f(K) C W}. The compact-open topology on the space € (A, B) of con-
tinuous functions between A and B is the topology generated by the sub-basis {V(K, W) | K C
A compactand W C B open}.

Furthermore, recall that a topological space A is called hemicompact if there is a sequence K;, Ky, . . .
of compact subsets of A, such that A = US2 | K, and any compact subset K of A is contained in a finite
union K, U - - - U K, of compact sets in that sequence. The multiplicative groups Cr (with F local or
global) and finite extensions of them are examples of hemicompact topological spaces.

PrROPOSITION 3.1. The compact-open topology on € (A, B) satisfies the following properties.

(a) If B is a metric space, then a sequence ( f,)nez., in G (A, B) converges in the compact-open
topology to a continuous function f if, and only;f fu converges uniformly to f € €' (A, B) on
any compact subset K of A.

(b) IfBis a metric space, then € (A, B) is metrizable if and only if A is hemicompact.

(c) If Bis a metric space and A is hemicompact, then the compact-open topology on € (A, B) is
entirely determined by sequential uniform convergence on compact sets.

(d) If A, B are topological groups with A locally compact Hausdorff and B Hausdorff, then the
space of continuous homomorphisms Hom, (A, B) is a closed subspace of € (A, B).

(e) IfA, By, B, aretopological groups with A locally compact Hausdorff, and By, B, metric spaces
then

Hom, (A, B, x B,) ~ Hom,(A, B;) x Hom.(A, B,).

(f) If Ay, A,, B are topological groups with Ay, A locally compact Hausdorff and B an abelian
group with a metric topology, then

Hom,(A; X A,, B) &~ Hom.(A;, B) x Hom,(4,, B).
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Proof. Item (a) is [2, Theorem 6] and (b) [2, Theorems 7 and 8]. Item (c) is a consequence of
(a) and (b). For item (d), note that Hom,(A, B) = F~!({c.}), where c, is the constant
homomorphism ¢, : A X A — Bthat maps (a;, a,) +> eg forall (a;, a,) € A x Aand
where F : (A, B) — % (A x A, B) is given by

F(f)(a1, a) = f(a1) f(ar) f(ara) ™"

The assumption on B implies that {c,} is closed (see [2, Theorem 1]), while the assumption
on A implies that evaluation map ¢’ (A, B) x A — B, (f, a) — f(a) is continuous (see [2,
Theorem 2]), from which F is continuous, since F = [, o € with

€:%(A,B) > F(A X A, B x B x B) continuous and given by

e(f)ar, a) = (f(ar), f(az), f(a1a2)),

and i, : €(A X A, B x B x B) = % (A X A, B) is the continuous map

g wx(g)(ar, a2) = u(glar, a2)),

obtained by composing with 4 : B x B X B — B, (by, b, b3) > blbzbgl.

For (e), it is shown in [6, Chapitre X, Section 1.4, Corollaire 1] that (A, B; x B,) is
homeomorphic to € (A, B;) x € (A, B,) under the milder condition that B;, B, are
uniform spaces and 4 is any topological space, so the claim in this item follows from (d). For
(f) we adapt the argument of [9, Theorem (23.18)] in the case when B is the unit circle. Let
0 : Hom.(A;, B) x Hom,(A;, B) — Hom,(A; X A,, B) be defined by

0(f1, f2)(a1, a2) = fi(ar) fo(az).

This map is an isomorphism of groups (see the first paragraph of the proof of [9, Theorem
(23.18)]). Now, given K C A; X A, compactand ¢ > 0,let V(K, ¢) denote a
neighbourhood of the trivial homomorphism in Hom,(A; X A,, B) whose elements send K
into B(eg, ¢), the open ball of radius ¢ around the identity element ez € B. Similarly, by
using the canonical projections, let K; = pr; (K) C Ajforj=1,2andletV(K;, &) be the
open subset of Hom, (A, B) of all homomorphisms sending K; into B(e, ¢). Then, as the
metric in B can be assumed to be left-invariant (see [9, Theorem (8.3)]), we obtain that
O(V(Ky, &/2) x V(Ky, £/2)) C V(K, ¢&). Conversely, if V (K;, €;) is an arbitrary
neighbourhood of the trivial homomorphism in Hom, (A i B), with K j compact, for
j=1,2,bysetting K = K; U {ea,} X K U {ea, }, then

V (K, min(e, &)) C OV (K, e1) x V(K, &),

which shows that 6 is a homeomorphism. O

4. UNRAMIFIED CHARACTERS

In this section, we will recall the definitions of unramified characters of a torus and establish some facts
about them. We start by recalling the relevant absolute values in the groups we are interested in.

4.1. Absolute values
Suppose first that F is a local field endowed with a normalized absolute value | - |z : F — R with re-
spect to which F is a complete topological field (and locally compact). When F is non-Archimedean,
we let k denote its residue field, gr = #«F and let v : F — Z denote its discrete valuation. If F is
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Archimedean (i, F is either R or C), let || denote the usual absolute value in these fields. In each
case, the normalized absolute value satisfies

la|, ifF=R,
lalp=1{ laP, ifF=C, (+1)
a5 (“), if F is non-Archimedean.

In the case when F is a global field with ring of adéles A, for each v € PI(F) we let | - |, be the nor-
malized absolute value of the local completion F, of F, as in (4.1). Here, any subscript referring to a local
field E, will be only denoted by v. If « = (a,), € Ap, let || =[], |a,|, denote the adelic absolute
value, which restricts to a homomorphism | - | : Ay — R, and induces a homomorphism Cr — Ry,
by Artin’s product formula.

DEFINITION 4.1. For F either local or global, the absolute value homomorphism is denoted by
| - |r : Cr = Ry. We define Cj, and Vi to be the kernel and the image of | - |f.

Although the notation |-|s, is customary for the adelic absolute value in the
global case, we use |-|r here to align with the unified notation for the groups Cr.

‘We now summarize the properties of these topological groups.

PRrOPOSITION 4.2. The following assertions hold true.

a) Cg isisomorphic to Vg X oth algebraically and topologically.
(a) C ph Cy. both algebraically and topologically
(b) C}, is a compact subgroup of Cg.
(c) WhenF is a number field or a local Archimedean field, we have Vg = R
When F is a global function field or a local non-Archimedean field, we have Vg = g%, where
(d) Wh global 1d local himed 1d, we h q%, wh
qr is the cardinality of the residue field in the local case and qr is the cardinality of the field of

constants in the global case.

Proof. This is rather well known. We refer to [28, Theorem 6, Chapter IV] for the algebraic part
of (a). In the global case, the continuous section splitting the sequence topologically is
canonically defined in the number field case [28, Corollary 2, p. 75] and not canonical in the
function field case [28, Corollary 1, p. 75]. We refer to [22, Theorems S-15] for (b) and [22,
Theorems S—-14] for (c) and (d) (see also [19, Chapter VII, Section 2]). O

REMARK 4.3. We note that under the finite Galois extension E /F, the norm | - | is
I'g/p-invariant. The (algebraic and topological) splitting Cg = C}z X Vg of
Proposition 4.2(a) is not, in general, a splitting as I'g/r-modules. For example, in the local
non-Archimedean case, a I'g/p-splitting exists if and only if E/F is an unramified extension.
On the other hand, when Vi = R, we always have a I'g/p-splitting. In the global number
field, the splitting described in [28, Chapter IV, Section 4], Corollary 2 to Theorems S and 6,
is I'g/p-invariant since the action of the Galois group permutes the Archimedean places.

Finally, if F is a local or global field, recall (see [25]) that the absolute Weil group Wr comes equipped
with an absolute value extending the normalized absolute value | - |[r on Cg = WFab = Wr/W¥ (here,
W means the closure of the subgroup generated by all commutators in Wg). Since for any extension
E/F we have WS C W, the absolute value on Wy descends to an absolute value on W /E=Wg/ W,
denoted | - |g/r. We let W JE denote the kernel. Clearly, the image of | - |/ is Vr, the same as the image
of | - |
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4.2. Unramified characters of multiplicative groups

Given a field F, local or global, we say F is of Z- or R-type if, respectively, we have Vg = Z or Vz = R.
The following definition and proposition appear in [ 24, Sections 2.3 and 4.4].

DEFINITION 4.4. An unramified character of C is a continuous homomorphism Cz — C*,
which is trivial on CIJ;.

ProrOSITION 4.5 ([24]). Any unramified character of Cr is of the type x : o > |«|S; for some
s € C.IfF is of R-type, then s is uniquely defined from x. If F is of Z-type, s is uniquely defined
modulo 27i/ log(qr ).

We now recall how to extend this notion of unramified characters of the multiplicative groups C to
any torus.

4.3. Unramified characters: local setting

In this section, F is alocal field and T is a torus defined over F.If X = Hom(Tg, G,, ) is the character lat-
tice of T and E /F is a Galois extension splitting T, recall (for example, from [4, Section 8.11]) that X &/*
is the lattice of rational characters of T. Note that each x € X"®/* defines a continuous homomorphism
|x|p: T(F) > Ve CRyvialxlp: t > [x(t)|p.Let T(F)' = Ny ker(|x|r), with x € X /7.

DEFINITION 4.6. A continuous homomorphism T (F) — C* is called an unramified character if
it is trivial on T (F)". Denote by X7 the group of all unramified characters of T'.

The group T (F)* plays a crucial role in this theory, and it is important to further characterize it. As we
will see below, this group is the maximal compact subgroup of T (F). However, we will delay its study
until after we describe the space of complex characters of the group Homr, , (X, Cg), as this latter group
can be treated in a more unified manner for both local and global fields.

4.4. Unramified characters: global setting
In the global case, given a torus T defined over a global field F and splitting over a finite Galois exten-
sion E/F, any element x € X"#* defines, for each v € PI(F), an algebraic homomorphism , : T, —
E*, t, > x,(t,) and a continuous homomorphism |x |r : T(Ar) — V¢ C Ry defined by

(t)o > [T 1ol

DEFINITION 4.7. Given T defined over F and splitting over E/F, let T (Ar)' = N, ker |x |r
with x running over X"®/%. An unramified (automorphic) character of T is a continuous
homomorphism T (Ag)/T(F) — C* trivial on T (Ar)". The group of all such characters is
denoted Xr.

It is well known [ 14, Section 1.1.4] that the group X7 of unramified characters is a connected abelian
Lie group with a complex analytic structure. We will recall this in more detail in the next section.

4.5. Compactness and identity components

In this section, we shall study some topological features of the space Hom.(Homr, , (X, Cz), C*). In
light of Langlands’s result, Theorem 2.3, the information extracted in this section will provide a proof of
Theorem 1.1. To ease notations, let us make the convention

Tc, := Homr, , (X, Cg). (42)
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We assume here that the field F is either local or global with finite Galois extension E /F splitting T'. The
group Tg, is a locally compact topological group with topology determined by that of C. It is known
that when F is local we have an identification Tc, = T (F), while for F global we have a closed inclusion
with finite-index T (Ap) /T (F) C T, (see [12, p. 245]).

It is convenient to extend the notion of the group of unramified characters to Tc, as well. If y € X &~
is a rational character of T, then for any t € Tc,, we have x (t) € Cp and hence |x|r = |- [ro x isa
continuous character of T, . Similarly to the definitions in the local and global cases, let us write

TCIF =0 cxer ker(|x|F). (4.3)
Finally, we say that a continuous character ¢ of T, is unramified if ¢ vanishes on T , and we denote by
Xp = Hom(Te, /T, C*)
the group of unramified characters of Tg,.

PrOPOSITION 4.8. For F local or global, we have that T/, is the maximal compact subgroup of Tc,.

Proof. We claim that TclF = Homr, , (X, C; ). Indeed, note that by (4.3), we have
Homr, , (X, Cy) € T¢, . Conversely, lett ¢ Homr,, (X, Cy), thatis, ¢ € Tc, and there
exists x € X with |x(t)|g > 1. We show thatt ¢ TCIF. Indeed, for x € X as above, let

= ¥ v ext

y€lp/r

and note that £(t) = HVGFE/F y(x(t)) = Ng/r (x(t)) € Cg, where NgF is the norm map.

It follows that |%(t ) |[p = [Ng/r(x(t))|r = |x(¢)|g > 1, from which we conclude that

t & TCIF. As les is compact, then TclF is compact. Now, TCIF contains every compact subgroup

of Tc,, since R4 does not admit any non-trivial compact subgroups. This finishes the proof. [

COROLLARY 4.9. IfF is a global field, then T (Ap)' /T (F) is compact. If F is a local field, then
T (F)" is the maximal compact subgroup of T (F).

Proof. In the global case we have T (Ar)'/T (F) = T¢ N (T(Ar)/T(F)), and since T¢, is
compact and T (Ag)/T(F) C Tg, is closed, then T* (Ar)/T (F) is compact. If F local,
Tc, = T(F) so the claim follows from Proposition 4.8. O

We are interested in describing the quotient T, /T2 and the space Hom, (T¢, /T¢ , C*). Consider the
F F
continuous restriction map R : Hom,(Tc,, C*) — Hom, (TIF , C*). Its kernel consists of those charac-
ters that are trivial on TCIF , hence is naturally identified with Hom, (T¢, / TCIF , C*) = Xr. To further anal-
yse this structure, we now introduce a logarithmic map, similarly to what was done in [ 14, Section .1.4].
Given the lattice of rational characters X =" of T, consider the real vector spaces a; = R® X Te/r and
o = Hom(X"##, R). Define a homomorphism of abelian groups log,. : Tc, — ao characterized by

(x, log (£)) = log, (Ix|r (£)), (4.4)

for x € X"¥¥ andt € Tc,. Here,q = eif Vi = R while, if Vi = Z, then q = g is the base of the valu-
ation group Vr.
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PRrOPOSITION 4.10. Let F be a local or global field. Let fT = lchgT(TCF) Then fT ~ TCF/T .In
the R-cases we have LT = ay, while in the 7Z-cases LT C ag is a sublattice oiHom(XrE/F Z) of
finite index. Furthermore, there is a continuous and open surjection ¢ : Lie(T)"®* — Xr, which
is an zsomorphzsm in the R-cases and its kernel is Hom (LT, Z) in the Z-cases. In particular, in all

cases, X1 is a connected abelian comp ex linear algebraic group, whose canonical complex structure
is compatible with that olee(T)rE/F

Proof. Inboth the R- and Z-cases, we have ker(IGZgT) = TCIF. By Proposition 4.8 the map lgéT is
proper, and hence defines a topological isomorphism from T¢, / Tclp onto Ly. Thus, we have a
topological identification )?T ~ Hom, (fT, C*). Observe that from this identification, then
)?T carries a canonical complex structure as elucidated in [24, Sections 2.4 and 4.4] in the
GL,-case (see also [ 14, Section 1.1.4]).

The characterization of Ly ~ Tc,/ T as a vector space (in the R-cases), or a lattice (in the
Z- cases) , follows from (4.4), 51m11ar1y as was done in [14, pp. 6,7].

If Vg = R, using LT = a9 = R ® Hom(X ", 7) and the tensor-hom adjunction we
obtain

Xr = Hom,(Ly, C*) = Hom, (R, Hom(Hom (X"##, 7), C*)) = Lie(f)FE/F, (4.9)

where we used that any continuous homomorphism between finite-dimensional Lie groups
is necessarily smooth (see [26, Theorem 3.39]). Furthermore, denoting by a* the
complexification of ag, note that Lie( T)lerr = g*,

In the Z-cases, we have that Ty € Hom (X", Z) is a sublattice (by the same argument
as for the analogous case of T (Ag), see [14, pp. 6,7]). In particular this inclusion is of finite
index, and we have Hom(LT, C) = C ® Hom(Lr, Z) = Lie(T) . As L1 is free (and

discrete), applying Hom(LT, —) to the exponential exact sequence yields
0— Hom(fT, 7) — Lie(f)FE/F — X — 0. (4.6)

Both in (4.5) and (4.6), we see that the canonical complex structure on Xr is compatible
with the complex structure on Lie( T)FE/ ¥, finishing the proof. 0

__When F is global, by using the closed inclusion T(Ap)/T(F) C Tg,, itis clear that the restriction of
logT to T(Ar)/T (F) coincides with the map log,. : T(Ag)/T (F) — ao defined in [14, p. 7] (their
map is defined from T (Ar) — ay, but it clearly factors through T (Ar)/T (F) — ao), whose kernel
is T(Ar)'/T (F). We conclude that there is a topological identification of T (A)/T (Ar )" with Lr, the
image oflog.. When F islocal, let us write Ly := ET . We have the following characterization of the space
Xt of unramified characters.

COROLLARY 4.11. Let F be a local or global field. There is a continuous and open surjection
¢: Lle(T)FE/F — Xp whose kernel is the lattice Ly := Hom(Lr, Z) C af) in the Z-cases, and
which is an isomorphism in the R-cases. In particular, Xr is always a connected abelian complex
linear algebraic group whose canonical complex structure is compatible with that of Lie(T ) e,

Proof. Follows from Proposition 4.10. O

PROPOSITION 4.12. Let F be a local or global field. Then,
Xr ~ Homc(TCF/T1 , C*) = Hom, (T¢,, C*)°. Furthermore, we have that Xy is an open

subgroup of Hom,(T¢, , C*), and Hom,(T¢,, C*) /Xy ~ Hom,(T¢,, C*).
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Proof. As T, is compact, we have Hom,(T¢,, C*) = Hom,(T{ , T) is discrete, as it is well
known that the Pontryagin dual of a compact topological group is discrete [9, (23.17)
Theorem). Hence, the kernel of R, )?T , is a subgroup which is open and closed, and then must
be a connected component, provided it is connected. From [13, Theorem, p.158], it suffices
to show that T¢, / TCIF is torsion-free, which in turn follows immediately from
Proposition 4.10.

Finally, to prove the statement about the component group, we need to show that the
restriction homomorphism R : Hom,(T¢,, C*) — Hom(T{,, C*) is surjective.
IfVy = 7, then TclF C T, is open, hence any algebraic extension of a continuous complex
character of TC1F to Tc, (which exists since C* is divisible) is continuous. For Vi = R, we
have a splitting Cg = C}; x Vg as I'g/p-modules (see Remark 4.3), hence a direct product
decomposition T, = TCIF X Tg, where T is a real split torus. Again, we see that R is
surjective. ]

PrOPOSITION 4.13. Let F be a global field. Then, the restriction map
p : Hom.(T¢,, C*) — Hom (T (Af)/T(F),C*)

is continuous, open and closed if both spaces are endowed with the compact-open topology.
Moreover, p is surjective with finite kernel.

Proof. When F is global, we have that T (Ar)/T(F) C T, is a closed inclusion of finite index
[12, p. 245]. Hence, T (Ar)/T (F) is also an open subgroup of Tt, and thus p isa
continuous and open surjection (see [9, (24.5) Theorem] for the T-valued case; their proof
that this homomorphism is also open can be easily adapted to the C*-valued case). As
ker(p) is finite, this map is also closed. O

COROLLARY 4.14. IfF is a local or global field, then X¢ (T, F) is an abelian Lie group with complex
analytic structure, and identity component Xr. Furthermore, the component group
X¢ (T, F)/Xr ~ Hom (T (Ag)'/T(F), C*).

Proof. Obviously, X¢ (T, F) is an abelian topological group. To show that it can be given a
compatible structure of a complex analytic Lie group, it is enough to show this for an open
subgroup. Hence, it suffices to show that the subgroup Xr C X¢ (T, F) is open, since X is a
connected complex analytic Lie group, by Corollary 4.11. The claim that X7 is the identity
component then simply follows, X1 being closed, open and connected.

If F local, we have T, = T(F), and hence XT = Xr. Now Proposition 4.12 shows that
Xr is an open subgroup. If F is global, then Propositions 4.12 and 4.13 show that
Xr = p(Xr) is open.
Finally, the proof of the claim on the component group is similar to Corollary 4.12. g

With the description of T (F)! at hand, we can be more precise in the description of Xr, in the local
case. Given a subtorus S of T we let X (S) denote its character lattice.

PROPOSITION 4.15. Let F be a local field. The following assertions hold true:

(a) Let S C T be the largest F-split subtorus of T. The natural homomorphism S(F) —
T(F)/T(F)" factors through a homomorphism S(F)/S(F)' — T(F)/T(F)", which is
injective with closed image and finite index.
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(b) IfF is alocal Archimedean field, then X1 ~ Lig\( i"\) Te/e IfF is a local non-Archimedean field,
then there is a finite-to-one map Xr — Xg ~ Tr,,.

Proof. We start by proving (a). The composition S(F) — T(F) — T(F)/T(F)" descends to

an injective homomorphism

S(F) T(F)
S(F)NT(F)! - T(F)'

On the one hand, from the finite-index injection X &7 — X (S) (see [14, p. 6]), we have
S(F)! € S(F) N T(F)'. On the other hand, as S(F ) is closed in T (F) and T (F)" is
compact, we obtain that S(F) N T (F)' C S(F)!, by maximality of the latter (see
Corollary 4.9), and hence we have an injective map

S(F) T(F)
S(F)! - T(F)V'

(4.7)

We now show that the image of (4.7) has finite index. We first describe the cokernel of (4.7)
as a quotient of T (F)/S(F). Indeed, note that the image of (4.7) equals

(S(F) - T(F)')/T(F)', hence the cokernel of (4.7) is isomorphic to

T(F)/(S(E) - T(E)). _

Next observe that by Hilbert 90, the group T (F)/S(F) identifies with T (F ), where
T = T/S as algebraic groups. Using this, we can rewrite the cokernel of (4.7) as:
T(F)/(S(F)-T(F)') ~ T(F)/T(F)!, where we wrote T (F)" for the natural image of
T(F)'in T (F).

Now let T, denote the maximal anisotropic subtorus of T, then by the almost direct
product decomposition T = T, - S (see [4, Proposition 8.15]) as algebraic tori, there is a
natural epimorphism of algebraic tori T, — T. Recall that T, (F ) is compact (see [10,
Section 35.3] for the Archimedean case and [20] for the non-Archimedean case) and hence
contained in T (F)! by Corollary 4.9. Therefore, denoting by T, (F) the image of T,(F) in
T (F), we obtain:

T(F)/(S(F) - T(F)") ~ T(F)/T(F)' ~ (T(F)/T.(F))/(T(F)!/T.(F)).  (48)

By (the proof of) [7, Lemma 3.7], this is finite, as was to be shown. As for item (b), when

V¢ £ R, (4.7) is a finite-index inclusion of vector spaces, thus an isomorphism. Hence,

Xr ~ Lie(T ) ##. If F is local non-Archimedean, then as S(F)/S(F)! ~ X"/ we have

Xs ~ Hom(S(F)/S(F)!, C*) ~ pr/F and (4.7) implies the map X; — X is finite-to-one. [J

REMARK 4.16. When F is local non-Archimedean, a precise description of X1 was given in [8,

Section 3.3.1]. We recover this description below, in Proposition 6.6. If the extension E/F is
unramified, then Xr ~~ Xg (see [§, Section 9.5]).

5. COHOMOLOGICAL SIDE

In order to discuss the continuity of the Langlands’s map, we obviously need to topologize the cohomol-

ogy groups first. We shall use the theory developed by C. Moore in the series of papers [15-18]. In fact,

we shall closely follow the axiomatic treatment of [ 17, Definition, p. 16]. See also [1] and [21, Section 3]

for other accounts on this theory.
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5.1. Measurable cohomology theory

We briefly recall Moore’s construction of his cohomology theory in the next paragraph, for any lo-
cally compact group G and Polish G-modules A (i.e., Polish abelian groups—abelian topological groups
whose topology admits a separable complete metric [17, Proposition 1]—endowed with a continuous
G-action). We are interested in A a lattice, a vector space or a complex torus, so this theory is well suited.

First, given any o -finite measurable space (X, 55, ) with (X, ) countably generated and A a sepa-
rable metrizable space, choose a finite measure v equivalent to /i, and a metric o on A of finite diameter.
Define I(X, A) as the set of equivalence classes of v-measurable functions X — A under the almost-
everywhere-equality equivalence relation and equipped with the metric

o) = f P (). ¥ () )dv (x). (s5.1)

The topology on I(X, A) defined by / depends only on the measure class of v and the topology of
A (see [17, Corollary to Proposition 6]) and not on the particular choices made. Now, let G be a lo-
cally compact group with Haar measure pt and A a Polish G-module as above. Define the chain complex
(C*(G, A), 5*), where C*(G, A) = I(G", A) endowed with the metric 6 of (5.1) and §" is the usual
algebraic coboundary operator restricted to elements of C"(G, A). The subgroups Z" (G, A), B"(G, A)
are given the induced topology. We then let H" (G, A) denote the cohomology groups of the chain com-
plex (C*(G, A), §*), topologized with the quotient topology. The following proposition summarizes
what we need from this construction. All proofs are found in [17] and [1].

ProPOSITION S.1. The following assertions hold true:

(a) The coboundary operators 8" are continuous for all n.

(b) IfB"(G, A) is a closed subgroup of Z" (G, A), then H" (G, A) is a Polish abelian group.

(c) For any locally compact G and Polish A we have H'(G,A) = H!(G, A) as abelian
groups, which is a homeomorphism if H! (G, A) is endowed with the quotient topology and
Z!(G, A), BL(G, A) are given the compact-open topology.

(d) For any short exact sequence 0 — A —> B Lc>o of Polish G-modules with i a homeo-
morphism onto its image and p continuous and open, all morphisms in the long exact sequence
induced by H* (G, —) are continuous.

(¢) Given any f: G — G continuous homomorphism between locally compact groups, A, A’
Polish G- and G'-modules and ¢ : A’ — A a continuous homomorphism of abelian groups

satisfying
¢(f(g)-d) =g- (),

then the induced morphism H"(G', A’) — H"(G, A) is continuous.

(f) Suppose that the quotient G/G° is compact. If A is discrete, then HF (G, A) is countable and
discrete in its quotient topology, for all p > 0.If A is a finite-dimensional real vector space, then
H?(G, A) is a finite-dimensional real vector space in its quotient topology, for all p > 0.

(g) If G is compact and A is a finite-dimensional real vector space, then H? (G, A) = 0, for all
p>0.

Proof. Ttem (a) is [17, Proposition 20]. For item (b), see the discussion on [17, p. 10]. Item (c)
is [17, Theorem 3, Corollary 1, Theorem 7]. Item (d) is [ 17, Proposition 25] and item (e) is,
with minor modifications, [ 17, Proposition 27]. Assertion (f) is in [ 1, Theorem D] and (g)
isin [1, Theorem A]. O
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Note that item (e) of the previous proposition implies that all homomorphisms between cohomol-
ogy groups in (Moore’s version of ) the Lyndon-Hochschild-Serre spectral sequence (see [15, Chap-
ter I, Sections 3-5] and [17, Theorem 9]) are continuous. In particular, this applies to the maps in the
inflation-restriction exact sequence. We shall make extensive use of this property.

5.2. Low-dimensional measurable cohomology groups

The biggest issue when dealing with the theory of measurable cohomology groups as described by Moore
is the statement (b) in Proposition S.1: In general, the measurable groups H' (G, A) may not be Haus-
dorff (for an explicit example, see [1, Lemma 7.7]). There are several partial results to describe when
these groups are Hausdorff, and for a discussion on this topic, we refer to [1, Section 1.4].

Throughout this section, T is an algebraic torus over F, and E/F is a finite Galois extension of F over
which T splits. Our first task will be to prove that in our context, the cohomology groups H!(Wg/p, A)
are complete metric spaces when we take A to be T, Lle(T) or X. We note that in some p0551b111t1es
for Wg/r, this is a consequence of [1, Theorem D], but we will give an alternative proof that works for
all possible cases of Wy /g. Note also that when T is split over F, the relevant first group of continuous
cohomology becomes the space of all continuous functions from Cr to A, which is naturally a metriz-
able space, when endowed with the compact-open topology. Before we continue, we need a preliminary
result.

LEMMA 5.2. Let I be a finite group acting linearly on a finite-dimensional real vector space U with
U = 0. Suppose that (u,,) is a sequence in U such that (y (uy,) — ty, ) converges forall y € T.
Then, (u,, ) converges.

Proof. Since U is completely reducible, Ul =o0 implies Ur = 0, so that
U= Zyer (y —id)(U). Thus, any element u € U can be written as a summation
u= ZV (y 7! —id)(u, ) for suitable elements u,, € U.Now let (—, —) be a I'-invariant
inner product on U. Then,

(urm u) = Z(um’ ()/71 - ld)(u}/)) = Z(V(”m) — Um, u}/)’
14 14

which, from the assumptions, imply (u,,, u) converges and so does (u, ). O

THueOREM S.3. For F local or global, we have that H! (We/k, f) is a Hausdorff (in fact, Polish)
abelian group.

Proof. We show that, in fact, H! (Wg/, T) is Polish. By Proposition 5.1(b) and (c), it suffices to
show that B (W), T) is closed in C! (WE/F, T) To that end, let (b, )me[N be a sequence in
B! (We/k, T) converging to some f € C (W/k, T) Since C! (W), T) is a metric space
(with metric as in (5.1)), it suffices to check sequential closedness, and we shall show that
f € B'(Wg/r, T). Associated to the sequence (b,,) is a sequence (t,,) in T, such that
b, (a)) = o(ty )t ! for each w € Wy . Furthermore, for each m € N we can choose
Uy € Lle(T), such that exp(v,,) = t,,. Then, forall w € Wg g

bu(w) = w(exp(vi)) exp(—vy) = exp(@ (V) = Vi),
since the action of Wiz commutes with the exponential map. We will show that we can

modify the sequence (v,,) without changing (b,,) in such a way that (v,,) becomes
convergent, and hence the limiting cocycle is in fact a coboundary.
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From [17, Proposition 6], there exists a measure-zero set S C Wg/r outside which
b (w) = f(w) pointwise. Hence, we can choose representatives {y} € Wg/r \ S for the
quotient Wg,r/Cg = I'g/p such that, for each y, we have

bm(y) = eXP(V(Vm) - vm) - f(y)

Write v,, = A,,, + ifL,,, where A,, and ,, are in the real form Lie(f)o =R®X of
Lie(T) = C ® X. First, note that each v,, € Lie(T ) is determined up to translations by

(2w 1)X So, we can and will assume that the imaginary parts (i4,,) lie in a bounded region of
Lie(T )0 Passing to a subsequence, if needed, we might as well assume (i, ) is convergent.
Then, since A, = V,,, — ifl,, We get

exp(¥ (hm) — Am) = b () exp(¥ (i) — iptm) "

and hence exp(y (A,,) — A, ) converges, since both factors in the right-hand side converge.
Using that the exponential map restricted to L1e(T )oisa homeomorphlsm onto its image, it

then follows that (¥ (A,,) — A,,) is convergent. Now, if v € Lie(T) o, then

(V()‘m + U) - ()‘m + V)) = (y()”m) - )"m)

Te/r

Hence, denoting by Projy, the projection (along Lie(i"\)g ") onto a I'g/p-stable complement

U of Lie(f)or */¥, we may replace (A,,) by (Proj; (A,,)) without changing the initial
coboundary sequence (b, ). We can now use Lemma 5.2 to conclude that (1,,) converges

and, hence, lim,, v,, = v for some v € Lle(T) Settingt = exp(v) we obtain that

f(y) =y ()t ! forall y. Hence, as W ;/F can be written as the disjoint union

Wg/r = U, ¥ Cg and Cg acts trivially on T, we get by, (w) = f(w) =w(t)t Horallw ¢ S,
thatlsf (S] BI(WE/F, T) [l

In fact, the proof of Theorem 5.3 yields similar consequences for X and Lie(T).

COROLLARY 5.4. For F local or global, both H} (W /¢, X ) and H} (Wg/, Lie(T)) are Hausdorff
(in fact, Polish) abelian groups.

Proof. As before, from Proposition S.1, items (b) and (c), it suffices to show that the respective
measurable coboundary group is closed in the cases A = X or A = L1e(T) aswell. The
proofin the case A = Lie( T) is analogous but easier than the case A = T treated in
Theorem 5.3. The case A = X is even easier: Given (b,,) a sequence in B' (W /r, X) that
convergesto f € C'(Wg/r, X ), we can choose an associated sequence (x,,) in X, such that
bu(®) = w(xy) — x,, forall@ € Wgp. This implies that for all m, the coboundary
by : Wgyp — X is constant on Cg-cosets, hence descends to a coboundary v - Cgp— X
on the finite quotient I'g/r of W /5. As in the proof of Theorem 5.3, b?n : I'g/p — X must
converge pointwise, which is equivalent to b being stationary for sufficiently large m. This
implies that there exists x € X, such that b°, converges to the coboundary
°(y) := y(x) — x, and hence that f(®) = w(x) — xis a coboundary. O

PROPOSITION 5.5. Let F be local or global. Then, H' (W, X ) and H*(Wg 5, X ) are countable
and, as topological spaces, discrete.

Proof. Ttis a general fact that a countable quotient B/C, where B is a Polish group with normal
subgroup C, which is an analytic subset, is necessarily discrete as a topological space, and
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hence Hausdorfl. For this statement and its proof, we refer the reader to the proof of
Proposition 7.2 in [1]. Hence, it suffices to show that H" (Wg /¢, X ) is countable for r = 1, 2.

In the R-case, note that Cg is almost connected in the sense that Cg /Cy, is compact; it is
profinite in the global case [19, Chapter VIII, Section 2] and finite in the local case. Hence,
Wk is almost connected, and it follows from [ 16, Proposition 1.3] that H" (W, X ) is
countable forr = 1, 2.

For the Z-case, we use the computations done in [21, Proposition 6] to deduce that
H'"(Wg/p, X) is countable, for r = 1, 2. Indeed, first recall that as Z is free and discrete, then
the measurable, continuous and abstract cohomology theories agree (see table in [1, p.
913]). We thus have H"(Z, A) = 0 for any Z-module A and forall r > 1 [27, Remark,
p.170]. So, from the exact sequence 0 — W; — Wr — Z — 0, where W} is compact (and
profinite) and Wy is the absolute Weil group of F, we obtain from the inflation-restriction
exact sequence that

0— H'(Z, x"?) - H' W, X) — H' W}, x)F - 0.

For any Wg-module A, we have H'(Z, A) = A/(Fr — 1)A with Fr the image of 1 € Z in
Aut(A),soH'(Z, X Wi ) is countable. As W} is profinite, it is almost connected, so we also

have that H" (W, X )(Fr> is countable for r = 1, 2 [16, Proposition 1.3], from which
H'(Wg, X) is countable. But using again that H'(Z, A) = 0 forr > 1, we get the higher
inflation-restriction sequence just as in the proof of [21, Proposition 6] for n = 2:

0 — HY(Z, H' (W}, X)) — H*(Wg, X) — H*(W!, x)Fr — 0.

We conclude, just as for H' (Wr, X ), that H*(Wg, X ) is countable. From the extension
0 — Wg — Wy — Wg/p — 0, the inflation—restriction exact sequence yields

0— H'(Wgp, X) > H' (Wg, X) —
— H'(Wg, X))o — H>(Wg/p, X) — H*(Wr, X).

Recall that W is compact. Since Wy acts trivially on X then
H'(W{, X) = Hom, (W, X) = 0 by the compactness of Wy, and we conclude that
H'(Wg/p, X) forr = 1, 2 is also countable, finishing the proof.

PROPOSITION 5.6. For F a global or a local field, we have a C-linear isomorphism

H'(Wg/r, Lie(T)) ~ Lie(T ).

Proof. Consider the exact sequence 0 — W /F — Wgjp — Vg — 0.As W, 5/r is compact and

Lle(T) is a finite-dimensional real vector space, we obtain from Proposition 5.1(g) that
H'(Wy /F, Lie(T)) = 0. Recall that the action of W /F on Lie(T) factors through a C-linear
action of the finite group I'g/p. In the R-cases, the canonical action of Vi on

Lie(T)"er = Lie(T)"#* is trivial, so from the inflation—restriction exact sequence, we
obtain a continuous 1somorphlsm of abelian Lie groups

Hom, (V, Lie(T ) =) = H! (Wg/k, Lie(T)). This map is explicitly defined (on the level of
cocycles) by

Q> 8p o> 108(|¢“|E/F)%‘/’|t:0,
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forall ¢ € Hom,(V¢, Lle(T)rE/F ) and @ € Wy (see also Proposition 7. 1) Both sides are
complex vector spaces with their complex structures inherited by that of T, so the map thus
defined is C-linear. In the Z-cases, given that we have with a semisimple C-linear action of V¢

A~ 7l
on a finite-dimensional vector space, H' (V, Lie(T)"err) is naturally homeomorphic to the

—~ 1 _~
Vg-coinvariants in Lie (T )"#/7, hence to the space of invariants Lie(T ) /. (]

5.3. The identity component of H} (W r, f)

In this section, we apply our knowledge of the low-dimensional cohomology groups H (Wg,r, A) with
A=X,A= Lle(T) or A = T to some natural constructions in homological algebra. In particular, we
use the topological features of Moore’s measurable cohomology to extract information about the struc-
ture and connected components of the resulting cohomology groups.

Since X = Hom(Tg, G,,) is a free abelian group, applying Hom()/(\ , —) to the injective resolution
0 - Z — C — C* — 0 of the trivial module yields the short exact sequence

0— X — Lie(T) > T — 0. (5.2)
Using Proposition 5.1(d), we get the long exact sequence
0— X" — Lie(T)'®r — TTeor —
— H'(Wie, X) — H' (Wi, Lie(T)) — H' (Weje, T) — H?(Wiye, X), (5.3)
where all the arrows are continuous. The first conclusion that we draw from this is the following.

PROPOSITION 15.7. IfF is a local or global field, then H! (Wg /s, T)® is an open subgroup of

Proof. We use Propositions 5.1(c) and that H' (W, ’f)o is the inverse image of the open set
{0} C H*(Wg/r, X), from Proposition S.5. O

THEOREM $.8. Suppose that Vi = R Then H! (Wg/k, T)° ~ Lie(T % ). In particular,
H! (Wg/r, T) is an abelian Lie group.

Proof. Consider the short exact sequence 0 — WE E Wg/p — Vg — 0, where the last
arrow is the absolute value map, as discussed in Section 4.1. From the inflation—restriction
sequence we obtain the exact sequence

0 — H'(Vp, TV ) — H'(Wyje, T) — H' (W, s T),

in which all the arrows are continuous. Since Vi = Ry acts trivially on T, using
Proposition S.1(c), we have C-linear identifications

H' (Ve, TV ) &~ Hom, (Vi, T'#) ~ Lie(T"*).

We now claim that H (W, 5 / P> T) is discrete, as a topological space. Together with the

continuity of H' (W /r, T) > H! (Wy o T) and Proposition S.1(c), the claim implies that
we have a continuous bijective homomorphism

Lie(T)™™* — H!(Wgp, T)°
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between locally compact Hausdorff groups (Theorem 5.3) with domain a finite-dimensional
real vector space. Hence it is a homeomorphism, by the open mapping theorem for
topological groups (see [9, Theorem (5.29)]).

As for the claiin, since W /r is compact, it follows from Proposition $.1 (g) that
Hf (W, E/F, Lie(T)) = 0 for p = 1, 2. From the long exact sequence ofWEl/F-cohomology

appliedto0 — X — Lie(T) — T — 0, we thus obtain a continuous isomorphism of
abelian groups

H'( E/F,T)NHZ( W, X).

But from Proposition S.1(f), it follows that H* (W / » X ) is countable and discrete as a

topological space and, hence, so is H' (W}, /F, T), as claimed.
The last assertion follows from the above and Proposition 5.7. O

We now turn our attention to the cases when Vz = Z.In these cases, the Weil group W 5 is not almost
connected. We start by noting that the long exact sequence (5.3) yields the exact sequence

0 — A — H' (Wi, Lie(T)) — H'(Wg/s, T)® — 0, (5.4)

where A C Lle(T)FE/ * is the image of the continuous homomorphism H'(Wg/r, X) —
H'(Wg/r, Lie( T)) ~ Lie(T) e, By Proposition 5.5 we conclude that A is countable, and since
Ais also the kernel of the continuous map Lie( T)FE/F — H'(Wg/, T) we also see that A is closed. A
closed, countable subgroup of a finite-dimensional real or complex vector space is necessarily a discrete
subgroup. Our next tasks will be to endow the space H Y(Wg B> i"\)o with a canonical complex structure
and to study the discrete group A.

DEFINITION 5.9. For F local or global, we endow the abelian Lie group H' (Wg , T) witha
canonical structure of abelian complex Lie group via the sequence

0 — K — H'(Wgg, Lie(T)) — H'(Wgjg, T)° — 0, (5.5)

where K is the kernel of the functorial homomorphism
H'(Wg/, Lie(T)) — H! (Wg/k, T). We transport this complex structure to H! (Wg/r, T)
via the isomorphism of Proposition 5.1(c).

To justify Definition 5.9, first of all, note that H' (W JF> T) isindeed an abelian Lie group, from Theo-
rem 5.8 and (S.4). Secondly, the middle term H'(Wgr, Lie(T')) has a canonical structure of a complex
vector space since Lle(T) is a complex vector space. Further, in the R-case, the kernel K = 0 by Propo-
sition 5.6 and Theorem 5.8 and the fact that any continuous homomorphism between real vector spaces
is necessarily linear. In the Z-case, K = A, the discrete space appearing in (5.4). Hence, (5.5) endows
H' (W, T)°, and thus H' (Wg JFs T), with a canonical complex Lie group structure.

PrOPOSITION 5.10. The topological isomorphism Lie(]l:rﬁ/F ) ~ H! (W, f)" of Theorem 5.8 is
a C-linear isomorphism.
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Proof. Recall that Vi = R. We have the following commutative diagram

~

Lie(T) #/* —=— H!(Vp,Lie(T)"#/%) —=s H}(Wpgyp, Lie(T))

- - 1

Lie(TTe/r) — 2 H}NVp, TTer) — 2 s HY(Wpp, T)° (5.6)

where the top row is discussed in (the proof of ) Proposition S.6, the bottom row is discussed
in (the proof of ) Theorem 5.8 and the last two vertical arrows are the functorial
homomorphisms associated to the exponential map. Since the bottom left arrow, the

leftmost vertical arrow and the arrows in the top row are all C-linear 1somorphlsm, whereas

the rightmost vertical arrow defines the complex structure on H! (Wg/r, T)° (by

Definition 5.9), the result follows. (I

PROPOSITION S.11. If Vi = Z, let A C Lie(T) " be as in (5.4). Then, we have a natural
isomorphism A = HomE(Homrw (X,Cg),Z) = Hom(Tc,, Z) and A is a lattice in the real

formag = R ® X &/r olee(T)rE/F
Proof. When we apply the functor Hom, (T, , —) to the exponential sequence
0 - Z — C — C* — 0we obtain the exact sequence:
0 — Hom,(T¢,, Z) — Hom,(Tc,, C) — Hom,(T¢,, C*). (5.7)
It was shown in [3, Theorem 2.1] (or see [12, p. 245] for the two special cases D = C and

D = C*, which are relevant here) that for any divisible abelian topological group D with
trivial I'g/p-action we have a natural isomorphism:

H! (Wi, Hom(X, D)) = Hom,(Homr,, (X, Cg), D). (5.8)
Recall from (5.4) that A was defined as:
A = Ker(H! (Wg,r, Hom(X, C)) — H!(Wg/s, Hom(X, C*))), (5.9)
when we use the isomorphism
H (WE/F, Hom(X C)) = HI(WE/F, Lle(T)) = Lle(T)FF/T of Proposition 5.6 to view A

as a lattice in the real form af of Lle(T)I‘E/F Combining this with (5.7) and (5.8) proves the
desired result. O

COROLLARY 5.12. Suppose that Vi = Z. Then H! (Wg/r, T)® ~ H! (Wgr, Lie(T))/Aisa
complex algebraic torus, equipped with a canonical surjective homomorphism

HCI (WE/Fa T)O — Xt

with finite kernel (which is an isomorphism in the local case).
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Proof. For both F local non-Archimedean and a global function field, we can characterize Xt via
the exact sequence (see Proposition 4.10 and Corollary 4.11)

0 — Ly — Lie(T)™" — Xy — 0, (5.10)

with Ly the image of the respective log;. maps (see (4.4) and the text above Corollary 4.11),
and Ly is the lattice Hom(Lrt, Z). Now, when F is non-Archimedean local, we have
Tc, = Homr,, (X, Cg) = T(F). From continuity, it follows that
HomC(T(F) 7) = HomC(T(F)/T(F)1 Z)and hence A = LT, using Proposition 5.11.
From (5.4) and (5.10), we get H! (Wg/, T)° ~ Xr.

For F a function field, we have T (Ar) /T (F) — Tc,, a closed inclusion of finite index (see
[12, p. 245]) from which we obtain (by Proposition 5.11) an inclusion
A <> Hom,(T(Ag)/T(F), Z) = Hom(T (Ar)/T(Ar)}, Z) = Ly with finite cokernel.
By (5.10) this implies the result. O

6. CONTINUITY OF LANGLANDS’S MAP

In this section, we shall finish the proof of our main result, Theorem 1.2. Recall the notation T, :=
Homr, , (X, Cg) of (4.2). From the exponential sequence 0 — Z — C — C* — 0, on the one hand,
applying the functor Hom, (Tc,, —) we obtain the exact sequence

0 — Hom(T¢,, Z) — Hom,(T¢,, C) - Hom,(Tc,, C*) (6.1)

while on the other hand we get the sequences (5.2) and (5.3). From [12] and [3, Proposition 2.15],
there are natural maps between these sequences as follows:

Hom,.(7¢,.,C) —— Hom.(7¢,.,C")

[ |

H (W, Lie(T)) —— HXWg/p, T) (62)

where the vertical arrows are isomorphisms (see [3, Theorem 2.1]) and A is Langlands’s canonical map.
The commutativity of the diagram (6.2) can be checked by unravelling the identifications in Langlands’s
original results, as explained in [3, Section 2] (see, in particular, [3, Proposition 2.4] and [3, Remark
2.5], where it is evident that an arrow D — D’ gives rise to a commutative diagram).

With the compact-open topologies, Moore’s results (Proposition 5.1) imply that the horizontal arrows
are continuous. As a consequence of Propositions 4.12 and 5.7, which show that the identity components
of the domain and codomain of A are open, it suffices to study the continuity of A when restricted to
those components. Recall from Proposition 5.6 that we have isomorphisms

H! (Wg, Lie(T)) ~ Hom, (Vg, Lie(T) ") ~ Lie(T)" ™.
There is a similar characterization of Hom,(T¢,, C):
PROPOSITION 6.1. For F local or global, we have C-linear isomorphisms

Hom,(Tc,, C) ~ Lie(T) .

Proof. First, note that as TCIF = Homr,, (X, C;) is the maximal compact subgroup of Tg, (see
Proposition 4.8), the continuity implies a natural identification
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Hom(T¢,, C) ~ Hom (T, /T, , C). The result follows from the characterization of the
quotient T¢, / Tclp given in Proposition 4.10. O

THEOREM 6.2. For F local or global, the natural homomorphism
A : H (Wgp, T) = Hom,(Tc,, C*)

described by Langlands is an isomorphism of abelian complex Lie groups.

Proof. As remarked before, to discuss the continuity of the Langlands map, it suffices to restrict

to the identity component.
Recall from Proposition 4.12, that we have an identification

Hom,(Tc,, C*)° ~ Hom,(Tc, /T¢,, C*). We also have
Hom,(Tc,, A) ~ Hom(T¢, /T,, A) when A = Z or A = C. We claim that (6.1) becomes
a short exact sequence upon replacing Hom, (T¢,, C*) by Hom,(T¢,, C*)°. Indeed, Tt / TCIF
was shown to be either a lattice or a finite-dimensional real vector space in Proposition 4.10.
Thus, the claim reduces to the cases Tg, / TCIF ~ Rand T¢, / TCIF ~ /,both of which are
trivial. We thus obtain a commutative diagram, below, where the rightmost column is the
sequence just described:

~ v

Ap ———  Hom.(T¢,., Z)

v
~

H!(Wgyp, Lie(T)) —2— Hom,(T¢,,C)

v
v

H (Wgp,T)° —2— Hom,(Tg,, C*)°

~ ~

0 0 (6.3)

The commutativity of (6.3) follows from the commutativity of (6.2) and the column in the
left is the long exact sequence in cohomology (5.3) obtained from the short exact sequence
0—>X— Lle(T) — T — 0, when truncated with respect to the identity component of
H!(Wg JEs T) Here, the module A is obtained by moddlng—out the torsion submodule of
H (Wg/F, X). When Vg = R we have Ap = 0, while when Vi = Z, Ay is the lattice
descrlbed in Proposition 5.11.

By Propositions 5.6 and 6.1, both sides of the middle row are finite-dimensional complex
vector spaces, while A is a homomorphism between (connected) abelian Lie groups.
Moreover, each column is the universal cover of its respective group. To prove our result, it is
enough to show that the map dA is C-linear. To do so, the key step is the Z-bilinear pairing of
(3, Remark 2.5], which for D = C, yields the C-bilinear pairing
H'(Wg/r, Lie(T)) x H; (W), X) — C and hence the C-linear homomorphism

H'(Wg/g, Lie(T)) — Hom(H, (Wg/r, X), C). (6.4)
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Through the chain of identifications
H; (g, X) = Hy (Cp. X)™" = Homr, , (X, C) = T,

(see [12, p. 241] and [3, Propositions 2.3 and 2.8]), dA is the restriction of (6.4) to
continuous classes (see [3, Proposition 2.15]), hence C-linear, as required. Since the identity
components on both sides of A are open, we are done. O

Combined with the fact that Hom,(Tc,, C*) — Hom (T (Ar)/T(F),C*) is open (Proposi-
tion 4.13), Theorem 1.2 is proved.

PROPOSITION 6.3. For F local or global, we have H*(Wgr, X ) &~ Hom,(T¢,, C*).

Proof. It is known that H* (W, '1’:) = 0 (see [21, Theorem 2]), where W5 is the absolute Weil
group of F. From the extension 0 — Wy — Wr — Wg/r — 0, the inflation-restriction
sequence implies that

ﬂl (be’ T)WE/F g HZ (WE/Fa i'\) - Hl (Wg, i'\)

is exact, and since H? (WF, T) = 0, the first map is surjective. Recall that W is compact, and
that the action of W on T is trivial. In particular we have H' (W, T) ~ Homc (Wg, T).
Taking the long exact sequence in Moore’s measurable cohomology theory for the compact
group W associated to the short exact sequence (5.2), and using Proposition 5.1(f) and (g),
we obtaln that H' (W, T) H? (W, X) is countable and discrete. It follows that
H>(Wg/r, T) is countable. With this as input, consider the long exact sequence in Moore’s
measurable cohomology for W r. for the short exact sequence (5.2). We see that

H* (W), Lle(T )), which is a priori a real vector space, is squeezed between H*(Wg/r, X)
(a countable discrete abelian group by Proposmon S. 5) ,and H*(Wg/, T) (a countable
abelian group by the above). Hence, H* (Wgr, Lie( T)) is 0. From the isomorphism A,
Propositions 5.6 and 4.12 it now follows that:

H'(Wg/p, T) _ Hom.(T¢,,C*) _ Hom(Tg,, C*)
H'(Wge, T)°  Hom(Tg,, C*)°  Hom(Tg,/TL . C*)’

H?(Wg/p, X) ~
from which we conclude EZ(WE/F, X)~ Homc(TIF, C*). 0

REMARK 6.4. Using the topological isomorphism of Proposition 2.4 and considering the long
exact sequence (5.2) with Wg /F replaced by Wi (where we also have H2(Wy, Lie(T)) = 0),
we obtain an isomorphism H*(Wg/r, X) & H*(Wg, X). The latter was the formulation
used by Schwein in [23, Section 5.2] (in the local non-Archimedean case).

THEOREM 6.5. Suppose that Vp = Z. If F is local non-Archimedean, then, H! (WE /F, T) is
isomorphic to Xp. When F is a global function field, then the group H (WE/F, T) / e is
isomorphic to Xr.

Proof. See Corollary 5.12 for the proof in the non-Archimedean local cases. For global function
fields, the proof of Corollary 5.12 yields a commutative diagram (in which the rightmost
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vertical arrow is a surjection with finite kernel):

0 > A s H (W g, Lie(T)) —— H'(Wg/p, T)° — 0
0 s Ly s Lie(T)Te/r » Xr > 0¢65)

We claim that the kernel of H! (Wg/r, T)° — Xp consists of locally trivial classes. For each
local place v € PI(F), let us denote by E, = EF, the induced completion of E and denote by
'y, and Wy, the Galois group and the relative Weil group of the extension E,/ /F,. Let also
Lr,~T(F)/ T(F,)! denote the image of the local log. map, and let Xr, denote the space
of local unramified characters. Using the isomorphism between Xt , and H! (Wy,, '?)O of
Corollary 5.12, we obtain a commutative diagram

0O ——— ET’U _— Lie(f)rv’lv — Xy, ——— 0

~ ~ ~

~

0 —— Hom(T(F,),Z) — H Wy, Lie(T)) —— H (W, T)° — 0

~ ~

0 A H(}(WE/FLIG(T)) — Hcl(WE/F,T)O — 0

~

~

0 Ly Lie(T) e/r Xr 0

The vertical arrows on the top and bottom right-hand side are the restriction to the identity
components of the local and global Langlands maps respectively, and the map in the middle
is the natural assignment from a global to local Langlands parameters. We can further
visualize the rightmost column via the commutative diagram

~

H (Wgp, T)° —— H} Wy, T)°

| |

XT > XT,U

defined for each place v of F. Making use of the canonical map

l_[Resv : Hcl (W, f) — HHCI(WFV, i:)

v

of Proposition 2.4, after identifying the cohomology groups of the absolute and relative Weil
groups using the inflation maps and restricting to the connected components, we obtain a
well-defined map

Xr — [ [ X

v

Now, given a global parameter ¢ € HC1 (Wg JFs f)o , let ¢, denote the corresponding local
parameters of ¢, and let x4 € X denote the corresponding automorphic character of T.
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Since automorphic characters are completely determined by their local components, since
Langlands’s maps are compatible with localization to a local place, and since the local
Langlands correspondences are bijective, it follows that x4 = 1 if and only if all local
parameters ¢, are trivial. This finishes the proof. O

With Theorem 6.5 at hand, we can recover the explicit description of Xt from [8, Section 3.3.1], when
F is local non-Archimedean. To see that, recall that in this case, we have the short exact sequence 0 —
Ir = Wr — (Fr) — 0, where Wg is the absolute Weil group of F, I is the inertia subgroup, Fr is a
Frobenius automorphism and (Fr) ~ Z. Since the arrow Wy — (Fr) factors through Wg/r — (Fr), as
the continuous image of the closed commutator group Wy has a trivial image, we obtain the short exact
sequence

0 — Ny — Wgp — (Fr) = 0, (6.6)

where N is the image of I in the quotient Wi /Wy = Wg/p. It is well known that Nf is compact, as I is
profinite [24, Section (1.4.1)].

PROPOSITION 6.6 ([8]). When F is local non-Archimedean, the space of unramified characters Xr is
isomorphic to ((T " )Ey)°, as complex algebraic tori.

Proof. From the short exact sequence 0 — X — Lie( f) >T—> 0, we obtain, from the long
exact sequence in Np-cohomology, the exact sequence

H' (N, Lie(T)) — H'(Np, T) — H*(Ng, X) — H (N, Lie(T)).

Since Nf is compact, from Proposition 5.1, items (f) and (g), we obtain that

H!'(Ng, T) H?*(Ng, X) is countable and discrete, as a topological space. Now, from the
short exact sequence (6.6) and using the first few terms of the inflation-restriction sequence
applied to the W /p-module T we obtain the exact sequence

0 — H'((Fr), TN) — H'(Wi/p, T) — H'(Ng, T)FD, (6.7)

where all the arrows are continuous. As (Fr) & Z is discrete, we know that the measurable,
the continuous and the abstract cohomology theories coincide, from which we obtain that

H'((Fr), T) = H! ((Fr), T) = H'((Fr), TV) = (T ),

is a complex diagonalizable group (recall that the action of Wg /E/F on T is via a finite group of
automorphisms of complex algebraic tori). Since H' (W r, T) is a complex Lie group (by
Theorem 5.8, (5.4) and Definition 5.9) and H! (N, T) (En) 4 discrete, the exactness of (6.7)
implies that we have a continuous isomorphism of Lie groups t between H! ((Fr), TV ) and
K C H'(Wgr, T), the kernel of H! (WE/F, T) — H'(Np, T) (Fr) ,whlchaclosed and
open subgroup of H' (Wy/, T) Hence, H' ({Fr) TNF) — H'(Wg/r, T) is an injective
open homomorphism of Lie groups, from which we conclude that

(TN ) gy )® = H'((Fr), T )® ~ H' (Wgp, T)° ~ Xr
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are isomorphisms of Lie groups. From the commutative diagram

H'((Fr), Lie(T)Nr) —— Lie(T) e/r —=— H'(Wg,p, Lie(T))
H'((Fr), TP )? —— (" )n)* —— H" Wy, T)°

since the top-right arrow is the C-linear isomorphism of Proposmon 5.6 and the leftmost
vertical arrow is the one defining the complex structure on H'(Wg B/F> T) (see

Definition 5.9), the isomorphism H' ((Fr), T )° ~ H! (W /F> T)° preserves the complex
structures, and we are done. [l

7. EXPLICIT COCYCLES; PROOF OF MAIN THEOREM 1.3

In this last section, we exhibit an explicit realization of certain cocycles in Z!(Wg/r, A), and thus coho-
mology classes in H! (Wg,r, A), with A being either Lle(T) or T. The 1nformat10n provided here will
be used to finalize the proof of Theorem 1.3.

Let us retain the convention of Section 4 and write log o where g = ¢if Vg = Ry andq = qp if Vi =

qg. Given any element v € Lie(f) Terk | note that it determines a continuous 1-cochain ¢, : Wy /E—>
Lie(T) given by

¢ (@) = (log, |wlg/r)v, (7.1)
where w € Wg/p. In other words, the assignment v > ¢, determines a function
¢ : Lie(T)™" — C' (Wi, Lie(T))

(where we recall that C (Wg /g, Lle(T)) denotes the space of continuous 1-cochains with values in
Lle(T)) , which is, in fact, a C-linear homomorphism since for any @ € Wg/r we have

Sorv (@) = (log, lolg/e) (v +1') = ¢ (@) + §v (@)
forallv, v’ € Lie(T)"#*, and foreach A € C,

Ewy (@) = (log, |olg/r) (W) = 1(¢(0)) = (A8) ().

ProrosITION 7.1. The image of{ is inside Z} (Wg/, Lie(T)) and it induces a C-linear
isomorphism Lie(T) e — H! (Wg/r, Lle(T))

Proof. Ifv € Lle(T)FE/F then ¢, (wyw,) = &y (w1) + & (02) = &y (1) + 21, (w3), so that
v € ZH(Wyg/p, Lie( T)) Hence, it defines a homomorphism
[¢] : Lie(T)"™* — H!(Wg/r, Lie(T)),
which is injective since if ¢, is a coboundary, that is, there exists 4 € Lie( f) , such that

¢0(@) = log, (Jo])v = “u — s
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forall € Wy, then by applying the norm Npr = > , v of the finite Galois group, we
obtain Nr (¢, (w)) = |/l logq (Jw|)v = 0implying v = 0. By Proposition 5.6 it follows
that [¢] : Lie(T ) e — H! (W, Lie(T)) is a C-linear isomorphism. O

In the Z-cases, we have an anologue to the explicit linear cocycles (7.1) but now with values in T. Let
z: T'#" — C!(Wg/r, T) be the homomorphism defined by

s> z(w) = sesleler) (7.2)

foralls € T"® and w € Wi,k As in (the proof of ) Proposition 7.1, one checks that z; € Z! (WE/F, T)
for all s € T'®* and hence z induces a continuous homomorphism of Lie groups [z ] Tlerr —
H'(Wee, T).

PrOPOSITION 7.2. If Vi = Z, the homomorphism [z] : TTer — H! (We/k, T)isa
homomorphism of complex Lie groups and we have continuous surjections

(T"r)° == H!(Wijp, T)° — Xp —> TFE/F

Proof. In the Z-cases, analogously to (5.6), we have a commutative digram

Lie(T) rrr —=— H)(Vp, Lie(T)T=r) —s HY (W p, Lie(T))

leXp lexp* lexp*

Trep  ~ Hj(VF,fFE/F) o Hcl(WE/FaT) (7.3)

which implies that [z] preserves the canonical complex structures. By restricting to
connected components in the bottom row, this justifies the first arrow. The surjectivity of the
arrow H! (Wg/r, T)° — Xr was discussed in (6.5) and Corollary 5.12. On the other hand,
letS C T be the largest split subtorus of T. Write X (S) = Hom(S, G,,) for the character
lattice of S and X (S ) = Hom(G,,, S) for its cocharacter lattice. As X" C X (S) is an
inclusion of finite index, it induces an inclusion of the respective images of the log-maps (see
text above Corollary 4.11) Lg < L, which is also of finite index. Furthermore, as § is split
we have a canonical isomorphism X (S )=X X Lg, from which we obtain an
epimorphism

Hom(Lr, C*) = X; — X5 = Hom(Lg, C*) = T, ,,
finishing the proof. O

Together with Corollary 4.11 and Proposition 4.15, this concludes the proof of Theorem 1.3.
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