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1 | INTRODUCTION

Abstract

In this work, we present a comprehensive theory of
stochastic integration with respect to arbitrary cylindri-
cal Lévy processes in Hilbert spaces. As cylindrical Lévy
processes do not enjoy a semimartingale decomposi-
tion, our approach relies on an alternative approach to
stochastic integration by decoupled tangent sequences.
The space of deterministic integrands is identified as
a modular space described in terms of the charac-
teristics of the cylindrical Lévy process. The space of
random integrands is described as the space of pre-
dictable processes whose trajectories are in the space
of deterministic integrands almost surely. The derived
space of random integrands is verified as the largest
space of potential integrands, based on a classical defini-
tion of stochastic integrability. We apply the introduced
theory of stochastic integration to establish a dominated
convergence theorem.
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Cylindrical Lévy processes serve as a natural generalisation of cylindrical Brownian motion,
providing a unified framework for modelling a wide variety of different random perturbations

© 2025 The Author(s). The Journal of the London Mathematical Society is copyright © London Mathematical Society. This is an open access

article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium,

provided the original work is properly cited.

J. London Math. Soc. (2) 2025;112:¢70298.
https://doi.org/10.1112/jlms.70298

wileyonlinelibrary.com/journal/jlms 10f42


https://orcid.org/0000-0003-1408-8050
mailto:markus.riedle@kcl.ac.uk
http://creativecommons.org/licenses/by/4.0/
https://wileyonlinelibrary.com/journal/jlms
https://doi.org/10.1112/jlms.70298
http://crossmark.crossref.org/dialog/?doi=10.1112%2Fjlms.70298&domain=pdf&date_stamp=2025-09-16

20f 42 | BODO and RIEDLE

of infinite-dimensional systems. Analogously to cylindrical Brownian motion, these processes
generally do not exist as stochastic processes in the usual sense with values in the underly-
ing infinite-dimensional space. Instead, they can only be interpreted in the generalised sense
of Gel'fand and Vilenkin [9] or Segal [39]. Important and non-trivial examples of such gener-
alised processes include standard symmetric ct-stable cylindrical Lévy processes, see, for example,
Kosmala and Riedle [17], and the class of orthogonal processes, frequently used in the SPDE com-
munity as models of random perturbations, as discussed in Peszat and Zabczyk [32], or Priola and
Zabczyk [34].

The first systematic treatment of the concept of cylindrical Lévy processes in Hilbert and
Banach spaces was undertaken by Applebaum and Riedle in their work [2]. Leveraging the
theory of cylindrical measures, as outlined by Badrikian and Chevet [3] and Schwartz [38],
the authors established a precise mathematical framework for understanding cylindrical Lévy
processes. Within this framework, cylindrical Lévy processes has since found applications in
modelling random perturbations of partial differential equations such as Bodo et al [5] and
Kosmala and Riedle [17]. Specific instances of cylindrical Lévy processes as driving noise have
also been explored in works by Priola and Zabczyk [34] and Peszat and Zabczyk [32]. How-
ever, all of these applications were made under restrictive assumptions, such as additive noise
or specific types of noise, owing to the absence of a fully developed general theory of stochastic
integration.

Our present work is motivated by the following problem. Let G and H be Hilbert spaces, and
consider an abstract evolution equation of the form

dX (1) = (AX(1) + FXO))dt + BX(E=) LK), £ 30,
(1.1)
X(0) = x,

where A is the generator of a strongly continuous semigroup (S(t)),5o on H, and F: H —
H, B: H — L,(G,H) are given maps. The initial condition is specified by an H-valued, F,-
measurable random variable X ), and the noise is modelled by an arbitrary cylindrical Lévy process
L on G. To formalise the meaning of Equation (1.1), we first need to develop a theory of stochas-
tic integration with respect to a general cylindrical Lévy process L in G. However, due to the
cylindrical nature of the noise and the absence of moment assumptions on L, standard fixed-
point arguments, which typically relying on moment bounds for the stochastic integral, are not
applicable. Therefore, our integration theory must be robust enough to yield a stochastic dom-
inated convergence-type result, which we can then use to prove the existence and uniqueness
of a solution to Equation (1.1). The remainder of this work is devoted to developing a com-
prehensive stochastic integration theory for general cylindrical Lévy processes that meets these
requirements.

In finite-dimensional spaces, the integration theory for Lévy processes can be developed using
the classical approach based on the semimartingale decomposition of the integrator; see Apple-
baum [1]. This method extends to genuine Lévy processes in Hilbert spaces, as shown by Peszat
and Zabczyk [31].

However, the classical semimartingale-based approach cannot be applied to cylindrical Lévy
processes, as they do not admit a semimartingale decomposition. For this reason, stochastic inte-
gration theories for cylindrical processes have been developed almost exclusively for cylindrical
martingales. These include the Doléans measure approach by Métivier and Pellaumail in [23], the
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construction of a family of reproducing kernel Hilbert spaces by Mikulevi¢ius and Rozovskii in
[24], and the introduction of a novel type of quadratic variation for cylindrical continuous local
martingales in UMD Banach spaces in Veraar and Yaroslavtsev [42].

In this work, we present a comprehensive theory of stochastic integration for random inte-
grands with respect to arbitrary cylindrical Lévy processes. The robustness of our developed theory
is showcased through establishing a typical dominated convergence theorem. Furthermore, we
demonstrate that the class of random integrands, described by the characteristics of the integrator,
constitutes the largest class of potential integrands, based on the classical definition of stochastic
integrability introduced by Urbanic and Woyczynski in [40].

Our approach relies on a two-sided inequality for the metric of convergence in probability in
Hilbert spaces applied to the sum of a decoupled tangent sequence representing the stochastic
integral for simple integrands. This particular approach to stochastic integration in the real-valued
case was pioneered in the late 1980s in a couple of publications by Kwapien and Woyczynski and
cumulated in their monograph [20]. In the vector-valued setting, similar ideas were simultane-
ously pursued for stochastic integration in UMD-Banach spaces by McConnell in [22]. This work
can be viewed as the precursor to the recently developed, comprehensive theory of stochastic inte-
gration with respect to cylindrical Brownian motion in UMD spaces by van Neerven, Veraar and
Weis. This theory started with their work [27] and has led to various novel insights into stochastic
partial differential equations, including sharp maximal inequalities.

The development of a stochastic integration theory for cylindrical Lévy processes was previ-
ously addressed only in the work Jakubowski and Riedle [12]. There, the underlying approach
was, similarly as here, based on studying the sum of the decoupled tangent sequence but only
applied to conclude relatively compactness in the Skorokhod space of the uncoupled sum. This
approach led only to an integration theory for stochastic processes that are continuous from the
left and have right limits, a restriction often insufficient for practical applications. In particular,
this approach could not be extended to include the important case of predictable integrands. Our
publication [4] serves as a precursor to the present work, wherein we tested our methods in the
specific case of a canonical a-stable cylindrical process as the integrator. This restricted setting
significantly simplifies the description of the space of admissible integrands. The current study
builds upon this case study, offering a more comprehensive theory of stochastic integration for
arbitrary cylindrical Lévy processes, overcoming limitations inherent in previous approaches.

The present work introduces the stochastic integral in two steps: first, for deterministic inte-
grands and second, for random integrands. The largest space of deterministic integrands is derived
in Theorem 4.4 as a modular space described in terms of the characteristics of the cylindrical Lévy
process. The largest space of random integrands is derived in Theorem 7.1, and can be described as
the space of predictable processes whose trajectories are in the space of deterministic integrands
almost surely.

We briefly summarise our article: in Section 2, some fundamental results on cylindrical Lévy
processes and infinitely divisible probability measures in Hilbert spaces are collected. Section 3
introduces the modular space that characterises the space of deterministic integrands, estab-
lishing its completeness, metrisability and linearity. The stochastic integral for deterministic
integrands is presented in Section 4. The role of It6’s isometry for the classical stochastic integral
with respect to a Brownian motion is taken by Proposition 4.5. Although it does not establish an
isometry, it guarantees that a sequence of deterministic integrands is Cauchy if and only if the cor-
responding stochastic integrals are Cauchy in the semimartingale topology. Section 5 sets the foun-
dation for integrating random integrands by introducing necessary definitions and elementary

LORIPUOD PUR SWS L 83U} 89S *[9202/60/10] UO AIq1T8UIIUO ABIIM “SEeUI0I[QIaSIRYSIBAIUN BAN AQ 8620/ 'SWI[/ZTTT'OT/I0P/LIOD" A3 1M AR1q 1[BUIIUO"D0SUTWPLIO|//'SANY LLOI} PBPeOjUMOQ '€ ‘5202 '0SLL69YT

Ao Ariquipul

B5UB01 SUOWILOD BAIEaID) 3 (et dde ay) Ag pausench ake ol WO ‘8sh Jo SajnJ 10y AriqiT auluo A8|IMm uo



4of4a2 | BODO and RIEDLE

results. Section 6 is devoted to the construction of the decoupled tangent sequence. In this section,
we also briefly recall relevant definitions and results on decoupled tangent sequences from [20].
The space of random integrands is derived in Section 7. Analogous to the deterministic integrands,
Corollary 7.3 establishes a relationship between the Cauchyness in the space of random integrands
and the corresponding Cauchyness of stochastic integrals. We finish this section by applying the
introduced theory of stochastic integration to establish a dominated convergence theorem.

2 | PRELIMINARIES
2.1 | Cylindrical Lévy processes

Let G and H be separable Hilbert spaces with inner products (-, -) and corresponding norms ||-||.
Let (ay)ren and (by )iy be orthonormal bases of G and H, respectively. We identify the dual of a
Hilbert space by the space itself. The Borel o-algebra of H is denoted by B(H) and the open unit
ballby By :={h € H : ||h|| < 1} and the closed unitballby B; :={h € H : ||h|| < 1}.

The Banach space of bounded linear operators from G to H will be denoted by L(G, H) with the
operator norm ||-||5_ - Its subspace L,(G, H) of Hilbert-Schmidt operators is endowed with the
norm ||| := 352, ||Fay||” for F € Ly(G, H).

Let (Q, %, P) be a complete probability space. We will denote by Lg(Q,H ) the space of equiv-
alence classes of measurable functions X : Q — H, equipped with the topology of convergence
in probability.

Let S be a subset of G. For each n € N, elements g, ..., g, € S and Borel sets A € B(R"), we
define

C(gp s g3 A) =19 €G : (9, 91)>--5(9:9n)) € AL

Such sets are called cylindrical sets with respect to A. The collection of all these cylindrical sets is
denoted by Z(G, S), and it is a o-algebra if S is finite and otherwise an algebra. We write Z(G) for
Z(G,G)

A set function u : Z(G) — [0, o] is called a cylindrical measure on Z(G) if for each finite-
dimensional subset S C G, the restriction of u to the o-algebra Z(G, S) is a o-additive measure. A
cylindrical measure is said to be a cylindrical probability measure if u(G) = 1.

A cylindrical random variable X in G is a linear and continuous mapping X : G — Lg(Q, R). It
defines a cylindrical probability measure py by

ux : Z(G) — [0,1], ux(2) = P(Xgy,....Xg,) € A)
for cylindrical sets Z = C(gy, ..., g,; A). The cylindrical probability measure uy is called the cylin-
drical distribution of X. We define the characteristic function of the cylindrical random variable
X by
¢x: G—C, ox(9) = E[e™7].

LetT : G — H be alinear and continuous operator. By defining

TX : H - LY(Q,R), (TX)h = X(T*h),
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we obtain a cylindrical random variable on H. In the special case when T is a Hilbert-Schmidt
operator and hence 0-Radonifying by [41, Theorem V1.5.2], it follows from [41, Proposition V1.5.3]
that the cylindrical random variable TX is induced by a genuine random variable Y : Q — H,
that is (TX)h = (Y, h) for all h € H. As shown in [4, Lemma 2.1], the inducing random variable
Y depends continuously on the Hilbert-Schmidt operator.

A family (L(t) : t > 0) of cylindrical random variables L(t): G — L?,(Q, R) is called a
cylindrical Lévy process if for each n € Nand ¢, ..., g,, € G, the stochastic process

(L(Dgy; -, L(t)g,) : > 0)
is a Lévy process in R". The filtration generated by (L(¢) : t > 0) is defined by
F, :=c({L(s)g: g €G,s €[0,t]}) forallt>o0.
Denote by Z,(G) the collection
{{9€G: (9. 9):(9.9.) €EB} : nEN,g,....,9, €G,B € BR" \ {0})}

of cylindrical sets, which forms an algebra of subsets of G. For fixed ¢, ..., g, € G, let /lgl g be

------

the Lévy measure of ((L(t)g, ..., L(t)g,) : t = 0). Define a function 1 : Z,(G) — [0, o] by

.....

It is shown in [2] that 4 is well-defined. The set function A is called the cylindrical Lévy measure
of L.
The characteristic function of a cylindrical Lévy process L in G takes for each ¢ > 0 the form

Pr@ - G —C, Prn(g9) = exp (tS(9)),

where the mapping S : G — C is called the cylindrical symbol of L, and satisfies

S(9) = ia(g) = 2(Qg. 9) + /G (0 =1~ iCg. )15, (9. 1)) A(ah),

where a : G — R isacontinuous mapping with a(0) = 0,Q : G — G is a positive and symmetric
operator, and A is a cylindrical Lévy measure on G. We call the triplet (a,Q, 1) the cylindrical
characteristics of L. For this and related results, see [35].

2.2 | Infinitely divisible measures and their characteristics
Infinitely divisible measures on a Hilbert space H can be defined as in the Euclidean space; see

[30]. As in finite dimensions, the characteristic function of any infinitely divisible measure u on
B(H) satisfies gou(h) = exp(S(h)), where the symbol S : H — C is of the form

00 = 105, 1) = 2Qh y+ [ (e =1~ i(hx(0)) Acd)
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6 of 42 | BODO and RIEDLE

where b* € H, the mapping Q : H — H is nuclear, symmetric and non-negative, the Lévy mea-
sure A is a o-finite measure on B(H) satisfying fH ( lhlI? A 1) AMdh)<oandx: H—> Hisa
function which is bounded and satisfies x(h) = h in a neighbourhood of 0. Such a function « is
called a truncation function. The triplet (b*, Q, 1) is called characteristics of u. For different trun-
cation functions x, one obtains the same representation of the symbol S but only the term b*
depends on x. When dealing with limit theorems, for technical reasons, it is often preferable to
use a continuous function x. A specific example of a continuous truncation function, which will
play an important role in the rest of this work, is the truncation function

h o iffal <1

h .
o Al > 1.

6: H-H, e(h):{

Let x : H — H be a continuous truncation function. A sequence of infinitely divisible measures
M, = (bY,Q,, 4,) with associated sequence (T,),,y Of so-called S-operators T, : H — H, which
are defined by

[lull<1

converges weakly to an infinitely divisible measure u = (b*,Q, 4) if and only if the following
conditions hold:

(1) b* = lim b}; 2.1
n—oo
(2) limlim sup/ (h,u)? A, (du) + (Q,h,h) = (Qh,h) forall h € H; (2.2)
o0 n—oo Jn|<s
(3) 4,, > A weakly outside of every closed neighbourhood of the origin; (2.3)
(4) (T,),ey is compact in the space of nuclear operators. (2.4)

Remark 2.1. Let (Z,]|-]|,) denote the collection of H-valued, infinitely divisible random vari-
ables endowed with a translation invariant metric ||-||, generating the topology of convergence
in probability. Define the mapping

g:.:1-H, g(X):bg,
where bi denotes the first characteristic of X with respect to the truncation function 8. Then the

function ¢ is continuous according to Equation (2.1), and hence, by the topological characterisa-
tion of continuity, for all € > 0 there exists § > 0, depending only on € and the metric ||-||,, such

that || X||, < & implies Hbf(“ <eforall X e I.
Let (7,,),en be a sequence of partitions of the interval [s, ¢] of the form
T, = {S =DPon <P1pn < <DNm)n = t}‘

We say that (7,,),,cy i @ nested normal sequence of partitions if:
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Q) m, Cm, foralln < m;

The following result enables us to express Lévy characteristics as limits of certain series, which
will play a key role in the sequel.

Theorem 2.2. Let L be an H-valued Lévy process with characteristics (b%,Q, 1), and let (7T, ) nen
be a nested normal sequence of partitions of [s,t], where for each fixed n € N we have 7, =
{s=Ppon <pip<..< PNGyn = t}. Ifweputd; , = L(p; ,) — L(p;_1 ), then we have

D lim,_o ¥, E [6d;,)] = (t — 9)b;
(@) lim, >, E [”di,nuz/\l] = (t—5) (f; (1> A1) 2(dR) + Tr(Q)).

Proof. For a proof, see [29, Lemma 3.4]. O

3 | THE MODULAR SPACE

Originally introduced by Nakano [25], modular spaces serve as natural generalisations of met-
ric spaces. Prominent and non-trivial examples are Lebesgue-Bochner spaces, Orlicz spaces and
generalised Musielak-Orlicz spaces. While numerous different definitions appear in the litera-
ture, in this work we will always use the following adaption of Nakano’s original definition of a
generalised modular; see [26]. Our main objective in this section, apart from defining these spaces,
is to establish them as complete, metrisable linear spaces and to demonstrate denseness of sim-
ple functions. Although various abstract conditions on the modular are known in the literature,
guaranteeing one of these properties, we found it easier to establish these properties directly. The
metrisability is achieved through recent results on K-quasi-metric spaces in [7].

Definition 3.1. Let V be a real vector space. A function A : V — [0, o] is called a modular if

(1) A(—v) =A(v)forallv e V;

(2) inf .y A(av) =0forallv € V;

(3) A(av) < A(Bv)forallo<a < Bandv eV;
(4) there exists a constant ¢ > 0 such that

Al + w) < c(A(V) + A(w)) forallv,w € V.

A function satisfying Condition (4) of Definition 3.1 is said to be of moderate growth.
As Hilbert-Schmidt operators between Hilbert spaces map cylindrical random variables to
genuine random variables, they transform cylindrical Lévy processes to genuine Lévy processes.

Lemma 3.2. Let (L(t) : t > 0) be a cylindrical Lévy process in G with cylindrical characteristics
(a,Q, 1), and let F € L,(G, H) be a Hilbert-Schmidt operator. Then there exists an H-valued Lévy
process (F(L)(t) : t > 0) satisfying (F(L)(t), h) = L(t)(F*h) forallt € [0,T] and h € H. Moreover,
F(L) has characteristics (bp, FQF*, AoF 1), where forallu € H

by ) = a(F"u) + /H (o) (15, (h) = 13, () ) (AoF "),
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8of42 | BODO and RIEDLE

Proof. Existence of the H-valued Lévy process F(L) follows from [11, Theorem A]. To derive
the characteristics, first apply [36, Lemma 5.4] to obtain the cylindrical characteristics of
F(L), and then use [36, Lemma 5.8] to convert the cylindrical characteristics into genuine
characteristics. O

Remark 3.3. In the Lemma above and throughout this article, we use AoF~1 to denote the clas-
sical Lévy measure of the genuine H-valued Lévy process F(L). In particular, AoF~! is a o-finite
measure on the Borel o-algebra B(H). Formally, one obtains this o-finite measure by extending
the image cylindrical measure of 41 under the mapping F from the cylindrical algebra Z,.(H) to
the Borel o-algebra B(H).

Remark 3.4. Note that in the special case, when the truncation function is 8, see Subsection 2.2 of
the Preliminaries, the first characteristic bg satisfies for all u € H that

(b2, u) = a(F*u) + / <(6(h), uy — (h,u)ﬂBR«h,u))) (AoF‘l)(dh). 3.1
H
For the rest of this chapter, we fix a cylindrical Lévy process L with cylindrical characteristics
(a,Q, ).

Definition 3.5. Let L be a cylindrical Lévy process with cylindrical characteristics (a, Q, 1) and
define functions k;,[; : L,(G,H) — R by

k;(F) = /H (IIklI* A1) (AoF~)(dh) + Tr(FQF*);

[,(F)= sup HbgFH,
0€By )

where By,;;) denotes the collection of bounded linear operators O : H — H satisfying ||O]| ;. <
1, and the expression bgF denotes the first characteristic of the Radonified Lévy process OF (L) for
each O € By as defined in Equation (3.1).

Remark 3.6. It follows from the very definitions of k; and [; that for each fixed F € L,(G, H)
and for all 0 < o < 8 we have that k; («F) < k;(BF) and I (aF) < I;(BF). This observation will be
repeatedly used in the sequel.

Definition 3.7. For a measurable function ¢ : [0,T] — L,(G, H) define

T
() := /0 (e () + L@O) dr:

T
'@ i= [ (WOIE g A1)
my @) = ml ) + m' (W),

where the fact that the above integrals are well-defined will follow from Lemma 3.12. We denote

by MLS 1= M!® (G,H) the space of Lebesgue almost everywhere equivalence classes of

measurable functions Y : [0,T] - L,(G, H) for which m; () < oo.
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Example 3.8. A cylindrical Lévy process L on G is called standard symmetric a-stable if its
characteristic function is of the form

Ly G- C, Pri(9) = exp(=Ilgll®),

for some a € (0, 2), in which case the theory simplifies significantly. In particular, as L has cylin-
drical characteristics (0, 0, 1), we have that /; and the second term of k; are always zero. Moreover,
the first term of k; can be equivalently controlled by an L* norm, that is, by [4, Lemma 3.5.], [17,
Lemma 3.1.] and [5, Lemma 2.1.], there exist constants c,, d, > 0 such that for all measurable
functions ¢ : [0,T] - L,(G, H) we have

T T
é/o HI’D(t)Hz{z(G,H)dt</0 /H(”hllzAl)(/1°¢(t)_l)(dh)dt

T
<do [ IOl 4

Consequently, we obtain that M(Ii{est,L = L{, ([0, T], Ly(G, H)).

Our main results in this section are Theorem 3.18 and Proposition 3.23. These results estab-
lish that the space M?{i ; is a metrisable, separable and complete linear topological vector space.
Convergence in the associated metric p; (3,,%,) — 0 is equivalent to m; (¢, — ;) — 0.

As a first step in this direction, we provide an alternative representation for I; , which will play

a central role in the subsequent analysis of various properties of the modular.

Lemma 3.9. Let L be a cylindrical Lévy process in G with characteristics (a,Q,A). For all F €
L,(G,H) and O € L(H) it holds

bE, = ObE + /H (©(0h) — 08(h)) (LoF~1)(dh).

Proof. The term bgF must coincide with the corresponding term in the characteristics of the
Lévy process which we obtain as the image of the Lévy process F(L) under the map O. Using
this observation, the formula follows immediately from [37, Proposition 11.10.]. O

Remark 3.10. It follows from Lemma 3.9 that [; (F) is finite for each F € L,(G, H). To see this, we
first note that for all h € By and O € Byy;) we have ||6(Oh) — 08(h)|| = 0, and for all h € H and
O € By it holds that ||6(Oh) — 08(h)|| < 2. By combining these observations with Lemma 3.9,
we obtain

sup B85 < [[b8] + 2(20F (B < oo.
0€By s

Before we could prove that our modular m; is well-defined, we need to establish a relationship
between weak convergence of infinitely divisible measures and convergence of the corresponding
characteristics in the following sense:

D
Lemma 3.11. Let u, = (bg,Qn,/ln) be a sequence of infinitely divisible measures on B(H)

converging weakly to u 2 (b8, Q, 1). Then the following conditions hold:
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W lim, o, (fy, (1117 A1) 2, (@dR) +Tr@y) = [y, (kI A1) A(dR) + Tr(Q).
2) lim be — b9“ =0.

n—oo |

Proof. The fact that (2) holds follows directly from Equation (2.1). To prove (1), fix § € (0, 1] such
that A(||k|| = &) = 0. By Equation (2.3), we have

lim (||h||2/\1)/1n(dh)=/ (kN> A 1) A(dh).
"= J k> IRll>6

Therefore, it remains only to deal with the limit of the integrals over Bj;(8). Let € > 0 be fixed. It
follows from properties of the Lebesgue integral that there exists a §; € (0, §] such that

/ -] A(dh) < =. (32)
Ihll<s; 12

Let {e; };cn be an orthonormal basis of H. As Q is a trace class operator, there exists K; € N such
that

o]

Y (Qep.er) < %

k=K, +1

By compactness of the associated S-operators, see Condition (2.4), there exists K, € N such that
foralln eN

(erh)? 2 (dR) + (Quey >> <E. 53)
k=§+1 (—AhIISS o ®> i 4

Moreover, by an application of Condition (2.2), there exists a §, < §; and N; € N such that for all
n > N; and for all k < K, we have that

<= (3.4)

Jh)? A, (dR) + (Q,ep. e ) — ’
‘/Ithsaz(ek )" An(dh) +{Qpeps er) — (Qepes ex) =

where K := max{K;, K,}. Condition (2.3) guarantees that there exists N, € N such that for all
n > N, we have

< % (3.5)

/ 1RIP 4,(dh) - / 1RIP A(dh)
8,<|lhll<s 8,<||hlI<8

By splitting the integration domain, we obtain

‘ / IRIP A(dh) + Tr(Q) - / IRIP 4,(dh) = Tr(Q,)
[|hll<d [lhll<s

<

/ Ihll* A(dh) — IAl)? An(dh)‘
6,<|lhll<é 8,<|lh|l<8

+ : (3.6)

Ah” 5 ||h||2 A(dh) + TI'(Q) — / ”]’1”2 An(dh) _ TI'(Qn)

Ihll<8,
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By Parseval’s identity, Equations (3.2)—(3.4) and a repeated application of the triangle inequality,
we obtain for all n > N := max{N,, N,} that

/ IRIP A(dh) + Tr(Q) - / I 2,(dh) — TH(Q,)
||h]|<5;

lIhll<8;

<|Tr(Q) —/ IRII* A,(dh) — Tr(Q,)| + / 1112 l(dh)‘
lhll<8, lhll<é,
K
<12 <<Qek’ek> —/ (h,e)? A,(dh) — <Qnekaek>>
k=1 [lh]|<d,
ap> ((Qek,ek> - [ e an - <Qnek,ek>> YL z(dh)'
k=K+1 All<s, lhll<6,
€
<= 3.7
: (37)
Hence, if n > N then Equations (3.5)—(3.7) together imply
‘ / IR1I* A(dR) + Tr(Q) — IRII* 2,(dR) — Tr(Q,)| < €.
llhll<é lRll<8
As € > 0 was arbitrary, the result follows. O

Lemma 3.12. Letk;,l; : L,(G,H) — R be as in Definition 3.5. Then we have:

(1) k; is continuous;
(2) I is lower-semicontinuous and continuous at 0.

Proof. Continuity of k; follows immediately from [4, Lemma 2.1] and Lemma 3.11. To prove that
I; is lower-semicontinuous, we fix F € L,(G, H) and a sequence (F,),cy € L,(G, H) satisfying
lim,_ . ||F, — F||L2(G iy = 0. Let € > 0 be fixed. It follows from Remark 3.10 and the very defini-

tion of the supremum, that there exists O, € By such that SUPoeB, ) ”bgF” < ”bg F” +¢e. As

= “bge £|| by [4, Lemma 2.1] and Equation (2.1), we obtain

: 6
e |8,

—1; 0
+¢e¢= lim ”bOan

n—oo

swp 55| < e

+ € < liminf sup ”bgF H + €.
OEBL(H) ) n

n—oo OEBL(H

As €>0 is arbitrary, the above shows [ (F)<liminf,_ [ (F,) which proves lower-
semicontinuity of I; .

To show continuity of [; at 0, note that by [4, Lemma 2.1] and Remark 2.1, for all € >0
there exists § > 0 such that IF L, .m0 < d implies Hbi” < e As|OF |l .m) < IIFllLyc.m) for all

O € By, we conclude that ||F||;, gy < 6 implies SUPoes, 4, ”bgF” < €, which concludes the

proof. Ol

In preparation for showing that m; is of moderate growth, see Definition 3.1/(4), we prove the
following technical lemmas.

LORIPUOD PUR SWS L 83U} 89S *[9202/60/10] UO AIq1T8UIIUO ABIIM “SEeUI0I[QIaSIRYSIBAIUN BAN AQ 8620/ 'SWI[/ZTTT'OT/I0P/LIOD" A3 1M AR1q 1[BUIIUO"D0SUTWPLIO|//'SANY LLOI} PBPeOjUMOQ '€ ‘5202 '0SLL69YT

Ao AL

B5UB01 SUOWILLOD) BAIRa.D) 3|t (dde ay) Ag pausenob afe sappite WO ‘8sn JO Sa|ni Jo) ARiqi auljuo A3|IM uo



12 of 42 | BODO and RIEDLE

Lemma 3.13. Let {e;};cy be an orthonormal basis of G and let P, : G — G be the projection onto
Spanie,, ..., e,}. Then we have for all F € L,(G, H) that

lim ||FP, — F||, 6.z = 0-

n—oo

Proof. AsP,e; =e; fori < n,and P,e; = 0fori > n, we have

IFP, = FI} ) = 2 NEP, = Fleill; = Y IIFe;llf; — Oasn — oo,
i=1 i=n+1

by the Hilbert-Schmidt property of F. O

Lemma 3.14. Forall F,F,,F, € L,(G,H) we have

1) ki (Fy +F,) <2(kp(Fy)+ ki (Fy));
2) SUPoes, k; (OF) < ki (F).

Proof. Let P, : G — G denote the projections from Lemma 3.13. Using the inequality
(a+by’A1<2[(@® A1)+ (B> AD)] foralla,b €R, (3.8)

we observe for each n € N that

[ (Wi A1) (o, + Ep) )by (39)
H
=/ (I6Fy + gl A1) (20P;")(dg)
G
<2</G<||Flg||2/\1) (Aop,;l)(dgn/c(||Fzg||2A1) (aop;l)(dg)>

=z</ (kN> A 1) (/lo(Fan)_l)(dh)+/ (kN> A1) (Ao(Fan)_l)(dh))
H H

Moreover, by symmetry and positivity of Q, and the very definition of the Hilbert-Schmidt inner
product (A, B);, g i) = Tr(AB*) we obtain

Tr(((Fy + F2)P)Q((F, + F,)P,)")

= ||Es + Fop@;

L,(G,H)

2
<o |ipe

+ “FanQl/z

2
L,(G,H)

= 2(Tr((F,P,)Q(FP,)") + Tr((F,P,)QF,P,)")). (3.10)

L,(G,H)

By adding the Inequalities in (3.9) and (3.10), we get

ky((Fy + F3)P,) < 2(kr(F1Py,) + k(F,Py)).
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By taking limits on both sides, and using continuity of k; , see Lemma 3.12/(1), the first part of this
lemma is proved.
To prove the second part, we fix F € L,(G, H) and obtain for all O € B; ;) and n € N that

/(||h||2/\1) (/Io(OFPn)_l)(dh):/<||(OF)g||2/\1> (A0P-1)(dg)
H G
< / (IFgl> A1) (AoP;)(dg)
G

= /H (IIkII* A1) (Ao(FP,) ") (dh). (3.11)

Moreover, using the relationship between the Hilbert-Schmidt norm and the trace operator, we
obtain for all O € By;;y and n € N that

2

Tr((OFP,)Q(OFP,)*) = ||OFP Q" Ly(G.H)

2
<[rr.e

L Tr((FP,)Q(FP,)*). (3.12)

By adding Inequalities (3.11) and (3.12), and taking limits on both sides, the result follows from
Lemmas 3.11 and 3.13. O

Lemma 3.15. Forall),,9, € Mgest,L’ we have

my (¥ +9,) < 4mp(¥p) + mp(P,)).

Proof. Let F|,F, € L,(G,H) and (m,),cy be a nested normal sequence of partitions 7, =

.....

{1,..,N(n)}
Ay 1= Fi(L)(t ) — F1(L)(ti-1,,) and By, 1= Fo(L)(¢; ;) — Fo(L)(Ei—1,0)-
As (F; + F,)(L) = F;(L) + F,(L), Theorem 2.2 implies

o

P, (313)

N(n)
= lim Y E[6((Fy + F)L)(t;0) — (Fy + F)L)(0 1 )]

i=1
N(n)

Y E[6(A;, + B, )|

i=1

= lim

n—oo

N(n) N(n)
< 1111—>r1;>10 < Z E[Q(Ai,n + Bi,n) - e(Ai,n) - 6(Bi,n)] + Z E[Q(Ai,n) + G(Bi,n)] )
i=1 i=1

Applying the inequality

[6Ch, + hy) = 6(hy) — (hy)|| < 2(6(||hy|)* + 6(||,|))?)  forall hy, by € H,
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let us conclude that

N(n)
Y, E[6(A,, +B,,) — 6(A, ) — 6(B,,)
i=1
N(n) N(n)
<2 YV E[B(|AialD?] +2 Y E[6(|1BialD?]- (3.14)
i=1 i=1

Applying this estimate to Inequality (3.13), we obtain

0
[z,

n—oo

N(n) N(n)
< lim (2 Y E[B(|AL ] +2 D E[6(|B; )]
i=1 i=1

N(n) N(n)
+| X, Eloca )| + || D El6B;)] >
i=1 i=1

By taking the limit as n — oo and using the limit characterisation of Lévy characteristics from
Theorem 2.2, we obtain

165, 4, < 2</H (I1R11% A 1)(/10F1‘1)(dh)+Tr(F1QF;‘)>
+ 2</ (||h||2/\1)(/10F2—1)(dh)+Tr(F2QF;)>
H

+[of, |+ 15|
= 2(k; (F)) + k. (F,)) + ”bg1 H + ”bgzu.
Taking supremum and using Lemma 3.14/(2) imply

I, (Fy + F,) = sup ”b
OEBL(H)

)
0 e || € 2060 (FD) + Iy (F) + L (Fy) + 1 (F),

which let us conclude from Lemma 3.14/(1) that
ki(Fy + Fy) + [ (Fy + Fy) < 4k (Fy) + ki (Fy) + [ (Fy) + [(F)). (3.15)

Inequality (3.8) implies for all measurable functions ¥,,%, € Mgest ; that

T T 5
muy+ 9= [ O+ 5.0+ O+ e+ [ (0O + 0 o A1)

T T
< 4( / kL@ () + 1@ (O de + / K ol0) + L, (1) dr)
0 0

T T
+ 2</0 <||¢1(t)||i2(G’H) A 1) dt + /0 (||z,b2(t)||i2(G,H) A 1) dt>
< 4(mp (1) + mp(¥,)),

which completes the proof. O
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Lemma 3.16. For all r > 0 there exists ¢, > 0 such that

sup  (kp(F) + LL(F) <,

1F ||y 6. my<r

Proof. By Lemma 3.12, k; + [; is continuous at 0, from which it follows that there existsa § > 0
such that [|F ||, x) < 6 implies (k; + [;)(F) < 1. Let r > 0 be fixed. If we choose N, € N to be
large enough so that — ¥ S < 6, then by a repeated use of Equation (3.15), we obtain for some ¢, > 0
that
F
sup  (kp +I)F)= sup (kp+1) <Nr_>

1PNy 6.1y <r 1P llLy(6.m<r N,

< sup <kL+lL)<§> <c,
r

IF Ny my<r

which completes the proof. O

Remark 3.17. Lemma 3.16 guarantees that each bounded function ¢ : [0,T] — L,(G, H) is in
J\/ldHSt ;- Indeed, if sup;cjo.r) [[$(O||;, (G 1) < 7 for some r > 0, then Lemma 3.16 implies that there
exists ¢, > 0 such that sup i (k (F) + I (F)) < c,. Hence, we obtain

2(GH)S

T
M) i= [ GO+ LGN < Te <.
0
As obviously m” (1) < oo, it follows m; (¥) < co.
Having developed all the technical tools, we now present the main result of this section:

Theorem 3.18. M!S

et S @ linear space and m; is a modular on M!S

det,L’

Proof. Lemma 3.15 shows for 9,9, € Mgst ; that

my (Y1 +P,) < 4imp(Py) + mp(¥,)) < oo,

which implies that M!S

det,L
that M?St ; 1s closed under multiplication by scalars, which completes the proof that MEeS{,L isa
vector space. Hence, it remains only to show that m; satisfies the conditions of Definition 3.1.Itfol-
lows directly from the definition of m; that m; (=) = m; () for all 3 € M3 dot.L” Condition (2) of
Definition 3.1is a consequence of Lemma 3.12, Remark 3.6 and Lebesgue’s dominated convergence
theorem. Condition (3) of Definition 3.1 follows from an argument similar to Lemma 3.14/(2)
and the very definition of [;. Finally, Condition (4) of Definition 3.1 is a direct consequence of

Lemma 3.15. [l

is closed under addition. A similar argument as in Lemma 3.16 shows

Remark3.19. A sequence (¥,,),en C MHS is said to converge to some ¢ € MHS L in the modular
m; if we have lim,_,  m; (¥, — ) = 0. As m; () = 0ifand only if p(t) = 0 for Lebesgue almost
all t € [0, T], we have that limits of sequences in the modular are Lebesgue almost everywhere
uniquely determined. For this and further properties of modular convergence, see Section 2 of
Nakano [26].
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Later on, we will be interested in the space L (2, M
which we verify as a Polish space in the sequel.

det, L) of M1 ot L—valued random elements,

Lemma 3.20. The modular space (M5 m; ) is complete, that is, each modular Cauchy sequence

HS
onMdtL

det,L’
is modular convergent.

Proof. Let (1;);en € MES  be such that lim; ;_, o m(); — ;) = 0. Then, forall e € (0, 1) we have

det,L
>9)
L,(G,H)

by Markov’s inequality that
lim Leb< 7] : o) - 9,0
. 1
Al )de< lim —m (g, —9;) =0
ijooo €2 J

i,j—>o00

< lim 5 / <Hzp(t) ol

which implies that the sequence (1);),c is Cauchy in Lebesgue measure. Hence, there exists a sub-
sequence (¥; ) ey converging Lebesgue almost everywhere to a measurable function : [0,T] —
Ly(G, H).

Let ¢ > 0 be fixed. By assumption, there exists N € Nsuch thatfor all i, j > N we have m; (¥, —
P j) < €/2. As by Lemma 3.12, k; is continuous and [; is lower-semicontinuous, Fatou’s lemma
implies for all i > N that

L,(G.H

T
Ly — ) = /0 (K, + 1)) — () dt
T
< / lim inf(k, + [,)(@,(0) — p, (O)dt (3.16)
0 n—oo n

T
<lim inf/ (kp + 1)@;(8) —9; (1)) dt < liminf m;(¥; —; ) < %
n—oo 0 n n—oo n

As (;bin)neN converges Lebesgue almost everywhere to 1, using the dominated convergence
theorem we obtain

T
=)= [ (00 = 9Ol o 1)

= /0 lim <||¢ O©=4,0[, o1 1) dt (G.17)
= A <||¢ =% (t)”L »(G.H) 1) de < lim m; (%; — ;) < %

Equations (3.16) and (3.17) establish that ¢; converge to ¢ in the modular topology. Finally, to see

thatp € M, fix iy € N such that my (3; —9) < 1. It follows that
m @) < 4(m@ =)+ m@)) <4(1+m@,)) < o,
which concludes the proof. L]
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Remark 3.21. Note that Lemma 3.20 explains the role of m’’ in the modular m; . In particular, m"" is
needed to establish completeness of the modular space (M?St ;»my) by allowing the identification
of a potential m; -limit of an m; -Cauchy sequence.

Our next goal is to establish that step functions are dense in the modular space (M3 det.L’ mp).
In particular, this will immediately yield that the modular space is separable.

Lemma 3.22. The collection of Hilbert-Schmidt operator-valued step functions of the form

n—1

P:[0,T] = Ly(G,H), () = Fylyy(®) + Y, Filg 10,
i=1

where 0 =t; < ---<t, =T, F; € L,(G,H) for each i € {0,...,n — 1}, is dense in (./\/ld L mp).

Moreover, the modular space (MHS

ot m; ) is separable.

Proof. First, it follows from Remark 3.17 that each step function of the above form is an ele-
ment of the modular space MdHSt ;- To prove the claimed result, we first assume that € MdHeSt I
bounded, thatis, there exists a constant r > 0 such that sup,cjo r} [[$(0)]| (G 1) < r- By [10, Lemma

1.2.19], there exists a sequence (1,,),,cy Of step functions satistying:

(1) suppen SUP;efo1] Han(t)”Lz(G,H) ST
(2) (¥,),en converges to ¢ Lebesgue almost everywhere

As sup,ey supefo ] [[$n(t) = ¥(O|| g,y < 2r» Lemma 3.16 guarantees that there exists a
constant ¢ > 0 such that

sup sup (kp, + L)%, (t) — $(1)) < (3.18)

neN te[0,T]

Lebesgue’s dominated convergence theorem and Lemma 3.12 imply that

T T
tim [+ 10,0 =4O = [ lim G+ L)@,0) ~ po)dr =

Applying Lebesgue’s dominated convergence theorem to m’’ (i, — ) shows that the step
functions ¥, converge to 1 in the modular mL

In the general case of an arbitrary ¢ in M5 | we define a sequence of functions

det,L’

P, 1 [0.T] > LG.H), 9,00 = {f“) e Ol o) <

otherwise.
It follows from the very definition of ¢,, that for every n € Nand ¢ € [0, T] we have

(kp, + 1)1 () = (1)) < (kp, + 1)y (1) = (1)) < (kg + 1) ((D))-

As my (¥) < oo, we get

T T
/0 (ky + 1)y (1) — () dt < /0 ey + 1)) dt < my($) < oo.
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The monotone convergence theorem implies

T
lim /0 (ky + 1) (a(0) — () dt = 0. (3.19)

As Lebesgue’s dominated convergence theorem shows m’ (3, — 9) — 0, we obtain m; (¥, — 9) —
0. By the first part of this lemma, for each n € N, there exists a sequence (¥, ;);ey Of step functions
converging to 1, in the modular m; as i — oo. For each n € N, we can choose i, € N such that
mp($, —Pp;) < % It follows from Lemma 3.15 that

Tim my = $,;,) < im 4(mp@ = $,) +m @, — ) = 0.

As one might require that the approximating sequence of step functions are defined on rational
partitions of the time domain and, by separability of L,(G, H), only take values in a countable

dense subset of L,(G, H), separability of (./\/ldHeSt ;»my) follows. O

HS

Proposition 3.23. There exists a translation invariant metric p; on M ot

satisfying:

) (.A/lffest ,»P1) is a Polish space;

(2) for any sequence (3,)pen © MIES

HS
dot.L andp € M we have

det,L

Tim my(, =) =0 <> lim o, (%, $) = 0.

Proof. 1t follows from Lemma 3.15 and basic properties of the modular m; that the mapping
W1, 9,) = my(¥; — P,) defines a K-quasi-metric on Mé{est ; in the sense of [7, Definition 2.2.].
Hence, by [7, Theorem 3.10.], there exists a translation-invariant metric po; on M5 and p €

det,L
(0,1) such that

P, P) Smp(P — )P <2p.($1,9,) forallyy, ¢, € MdHeS{,y (3.20)

Combining Equation (3.20) with Lemma 3.20, Theorem 3.18 and Lemma 3.22, we obtain that
(./\/lglest D pr) is a complete and separable metric linear space. O

4 | STOCHASTIC INTEGRALS WITH DETERMINISTIC
INTEGRANDS

The definition of the stochastic integral for deterministic integrands with respect to a cylindrical
Lévy process L depends heavily on two classes of step functions. We give a precise definition of
what is meant by a step function in the following.

Definition 4.1.

(1) An L,(G, H)-valued step function is of the form

n—1

¥:[0,T] = Ly(G,H), (1) = Fylyy() + Y Filg, ., 1(0), (41)
i=1
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where 0 =t, < .- <t,=T,F; € L,(G,H) for each i € {0, ..., n — 1}. The space of L,(G, H)-
valued step functions is denoted by Si® : = ST%(G, H).
(2) An L(H)-valued step function is of the form

n—1

y: [0,T] > L(H),  y(t) =Fylg(t)+ Y Fiig,
i=1

0, 4.2)
where 0 =t; < -+ <t, =T and F; € L(H) for each i €{0,...,n — 1}. The space of L(H)-

. . . 1,0p . 1,
valued step functions with sup, (o 7y ||¥(t)||;_ < 1is denoted by S dec:p =S de‘zp(H JH).

Let L(t;,,) — L(t;) be an increment of the cylindrical Lévy process L and assume that F; €
L,(G,H) for each i € {1, ..., n — 1}. As Hilbert-Schmidt operators are 0-Radonifying by [41, The-
orem VI.5.2], it follows from [41, Proposition V1.5.3] that there exist genuine random variables
F;(L(t;y) — L(t})) : © — H foreachi € {1,...,n — 1} satisfying

(L(tiy1) — L))(F; h) = (Fi(L(t;y,) — L(t;)), h)  P-almost surely for all h € H.

We call the random variables F; (L(ti 1)~ L(ti)) Radonified increments for each i € {1, ...,n — 1}.
The stochastic integral is defined for any 3 € S;{ef with representation (4.1) as the sum of the
Radonified increments

n—1

T
16) = [ 9dL= 3 P - L)
i=1

Thus, the integral I(3) : Q — H is a genuine H-valued random variable.
The following definition of the stochastic integral can be traced back to the theory of vector
measures, and was adapted to the probabilistic setting in [40] by Urbanik and Woyczynski.

Definition 4.2. A function 3 : [0,T] — L,(G,H) is L-integrable for a given cylindrical Lévy

process L on G if there exists a sequence (3,,),,cy Of elements of Sif satisfying

@) (¥,),en converges to 1 Lebesgue almost everywhere;
. T
(2) lim,, supyess,e?p E l Hfo y@,, — gbn)dLH A 1] =0.

In this case, the stochastic integral of the deterministic function ¥ is defined by

n—oo

T T
I(¥) :=/0 pdL = 1im/0 P, dL  in LY(Q, H).

The class of all deterministic L-integrable Hilbert-Schmidt operator-valued functions is denoted
HS ._ 7HS

by Zclet,L T Idet,L(G’ H)

Remark 4.3. If Conditions (1) and (2) in Definition 4.2 are satisfied, then the completeness of
L9(Q, H) implies the existence of the limit. Furthermore, the integral process ( /o[ P dL),s, defined
by [0[ pdL ;= [OT 1j0,41% dL, has cadlag paths. To see this, note that for each m,n € N the process
(Jy @ — $) dL),o has cadlag paths for a sequence (3,,),ey of step functions 3, € SIS, By the
Lévy-Ottaviani’s inequality, it follows that
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t t c
lim P| sup / @y — ¥, )dL|[>€¢ ) <3 lim sup P ’(/ Y, — ¢n> dL||> =] =0,
m,n— oo 0<t<T 0 MN—00 (0t <T 0 3

see [20, Proposition 8.2.1] for details. By passing to a suitable subsequence if necessary, we obtain
a subsequence (/, ¥, . AL)ien that converges uniformly almost surely, which guarantees that the
limiting process has cadlag paths.

The following is the main result of this section identifying the largest space of L-integrable

Hilbert-Schmidt operator-valued functions with the modular space M dotL’
HS
Lieis

Lévy process L in G coincides with the modular space Mfl{est L

Theorem 4.4. The space of deterministic functions integrable with respect to the cylindrical

The remainder of this section is devoted to proving the above theorem. As a first step, we prove a
key lemma, which shows that convergence of step functions in the modular topology is equivalent
to convergence of the corresponding stochastic integrals in the following sense.

Proposition 4.5. Let L be a cylindrical Lévy process in G, and (1,,),n @ Sequence in S?ei. Then the
following are equivalent.

() lim,_, m;(¥,) =0.
(b) lim,,_.c SUP, _g1o0 E [|| Jo vndL| A 1] = 0 and lim,_, m"(¥,) = 0

The proof of the implication (a) = (b) relies on two technical lemmas. The first of these gives
a limit representation of the modular. Recall the notation F(L) of the Radonified Lévy process for
an operator F € L,(G, H) and a cylindrical Lévy process L in G from Lemma 3.2.

Lemma 4.6. Let (L(t) : t > 0) be a cylindrical Lévy process in G with cylindrical characteristics
(a,Q, 1) and assume that ¢ € Sif has the representation as in (4.1). If () )ren IS a nested normal
sequence of partitions of [0, T containing the time points over which 1 is defined, then we have:

(@) limy_ o X, ) pjKEMK E[G(Fi(L)(pj,k)_Fi(L)(pj—l,k))] fo 1,b(r)

L <pj kS<livy

() lim_ oo Y'Y preme E[”e(Fi(L)(p,-,k)—Fi(L)(pj_l,k))“z]
Li<pjkstiva

= [ [ (IRI2 A1) (Aogp(t)™1) (dR)de + f; Tr(p(H)Qp(t)*)d.

Proof. The proof is a direct application of Lemma 3.2 and the limit characterisation of Lévy
characteristics in Theorem 2.2. O

Another ingredient of the proof of Proposition 4.5 is the following general result from [20].

.....

H-valued random variables X,, satisfying

N
<6 and Y Bl <¢
n=1
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it follows that

El an /\1] <e

n=1
Proof. See [20, Proposition 8.1.1/(ii)]. O

Proofof (a) = (b) in Proposition 4.5. Let € > 0 be fixed and choose § > 0 so that the implication
in Lemma 4.7 holds. The hypothesis guarantees that there exists an N € Nsuch thatforalln > N
we have m(y,)) < 8. Letny > N and y, € S;:zp be fixed. We assume the representation

N(ng)—1

YOzﬂbno(t) 0o nOFO noﬂ{o}(t) + Z 0; nOFz ny (t
i=0

10,

i,ng> 1+1 no

where 0 = £, <11, <. <Inpyn, = Ts Oin, € Br and Fy, € Ly(G, H). Let (7} )y be a
nested normal sequence of partitions containing the points over which y,y, is defined. As
by Lemma 3.14 and the very definition of [; we have m;(yo%, ) <m.(, ) <J, Lemma 4.6

guarantees that there exists a K € N such that the partition 7y satlsfles

N(nzo‘)‘_l Z [6<Oln0 lno(L)(p]K) OlVlo l”o(L)(pj_l’K)>] <0
i=0 Pjk €Tk

Ling <PjkSlit1ng

and

N(ny)—1

Z [He i,ng an(L)(p] K) Ol No an(L)(pj—l,K)>
i=0 pj, KE”K
ti,no <pJ KSTiy )

2

< 4.

As 7y contains the time points over which y,3,, is defined, Lemma 4.7 implies

T
E l / 70¢n0 dL
0

This concludes the proof of the implication. O
The proof of the reverse implication (b) = (a) in Proposition 4.5 relies on three technical
lemmas, which we present below.

N(ng)—1
/\1] S: 1> OlnoFln()(L(tHLno)—L(ti,no)) All<e.
i=0

Lemma 4.8. Fixsomee € H with |le|| = 1 and define A, : = Span{e, h} for each h € H. Define the
mapping
aAh(hilh) + hixl’ if h € H\ Span{e}

h

: H = By, k' =
f L(H) f(h) {sgn(ﬁ)h,: if h = e for some 8 € R,

where h’ and h’ denote the projections of h' onto the subspace A, and its orthogonal complement

Ai, respectlvely, and 94, denotes the rotation on the plane A, around the origin by the angle which
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rotates the vector h into e. It follows that

6 — |Ipe
e, bf(be)F> = “bF“ forallF € L,(G,H).
Proof. We first show that f(h): H — H is an isometry for each h € H. If h € H \ Span{e}, we

obtain for every h’ € H, by using the fact that rotations are isometries and the orthogonality of
both o Ah(h;‘h) with b, . and h;‘h with 1,1, that

o

As the case h € Span{e} is obvious, we conclude that f(h) is indeed an isometry for every h € H.
As the isometry property guarantees O(f(h)h') = f(h)0(h') for all h,h’ € H, Lemma 3.9
implies

15000 = o, (i, )]+ ] = s I+

!
Vﬁ

f(h)F = f(WbY forall F € L,(G,H),h € H. (43)

Next, as 04, (h) = ||hlle and h,L =0if h € H \ Span{e}, and (e, f(h)h) = ||B]| if h = Be for

h
some § € R, we obtain (e, f(h)h) = ||| for each h € H. Applying this equality together with
(4.3)forh = bg completes the proof. O

Lemma 4.9. Ify € Sclff, then

! 8
/0 B 4t

Proof. In this proof, we use the notation L, := L,(G, H) and equip the space BL(H) with the strong
operator topology that is metrisable, say, with a metric d. Thus, (BL( H)» d) is a Polish space; see [14,
p- 14].

For fixed ¢ > 0, define the multi-valued function g : L, — By by

ﬂmz{OGgw) mp”b||”bn<;}.

Let 14 be a probability measure on B(L,) and denote by (L,, B ,(L,), i) the completion of the prob-
ability space (L,, B(L,), u). As the function R — RF is continuous as a function from (BL(H), d)to
L, foreach F € L,, Lemma 3.11 implies that the mapping R — bg - s also continuous as a function
from (B, d) to H. Consequently, the set g(F) is open in By for each F € L,, which shows
that

T
fo o5 Jebuolee= sup,

det

9Ly = | J 9(F)

FeL,

is open in (By ), d). It follows that the graph of g, which is defined as the set {(F, g(F)) :
F € L,}, belongs to B(L,) ® B(B;y))- By the Aumann measurable selection theorem, see,
for example, [6, Theorem 6.9.13], there exists a measurable mapping i: (L,,B,(L,)) —
(Br1y» B(By ) with i(F) € g(F) forall F € L,. As 3 attains only finitely many values, we obtain
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P ([0,T],B([0,T])) = (Ly, B,(L,)) is measurable. This enables us to define the measurable
function

p: ([0,T]L,B([0,T]) = (L, B(Ly)),  p(t) 1= i(%(6))p().
By using the function f : H — By defined in Lemma 4.8, we introduce
010,71 = Bugn, 10 =f(b5,).

The map 7 is measurable as it is the composition of measurable functions. It follows from

Lemma 4.8 that
0 ! 6 !
/0 Boey 4t >/0 (e dt = / o Bl / <R€S};p [0l - )d['

As € > 0 is arbitrary, we obtain

0
_/0 bnp(t) de

Furthermore, define ¢ := sup;¢(o 1 HbSP o H which is finite as i attains only finitely many values.

It follows from [10, Lemma 1.2.19] and [10, Remark 1.2.20] that for each ¢ > 0 there exist A €
B([0, T]) with Leb(A°) < € and a sequence (¥} ey in S;;(t’p converging uniformly to 7 on A. As
Lebesgue’s theorem on dominated convergence implies

0 6 6 6 _
/0 (bykp(t) bnﬁ@)) de /A <bykp(t) bnp(t)) dtH + e =ce,

it follows from (4.4) that
T T
[ St > [ sup o2 ar
o ¥ 0 ReByg

As the reverse inequality follows from basic properties of the Bochner integral, the proof is
complete. O

M]=o,

T
> /0 sup ”bfw(t)” dt. (4.4)

REBL(H)

< lim
k—o0

lim
k— o0

sup
yESl ,0p

Lemma 4.10. If a sequence (,,),en € 5 satzsfles

T
/ r$,dL
0
0
/0 byzﬁn(t) dt

Proof. Assume, aiming for a contradiction, that this is not the case. Then, by passing on to a
suitable subsequence if necessary, there exists an € > 0 and a sequence (¥,,),en C Sé’e(:p satisfying

lim sup E l

n—oo 1,0p
yesdet

then

lim sup
n—oo 1,0p
eSdet
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for all n € N that

T
6
/0 by,,zp,,(t)dt > €. 4.5)

On the other hand, the hypothesis implies that the sequence (I(y,%,)),ey Of infinitely divisi-

ble random variables I(y,,1,), whose first characteristics equals | bs .0) dt, converges to 0 in

probability. It follows from Lemma 3.11 that

T

. 2] _
A 04 =0

which contradicts Equation (4.5). Hence, the result follows. O

Having provided all the necessary preliminary results, we now proceed to proving the reverse
implication in Proposition 4.5.
Proof of (b) = (a) in Proposition 4.5. As for each n € N, ¢, has a representation of the form

N(n)-1
Pu(0) = Fi 1y (D) + 2‘; Fnm (0),
1=

where 0 = ] <... < t]’j](n) =T,and Fl” € L,(G,H)foreachi €{0, ..., N(n) — 1}, the integral I(s,,)

takes the form
N(n)-1
IG)= Y, FHLA,) - LED).

i=1

As the integral I(1,,) is the sum of independent infinitely divisible random variables, I(3,,) is also
infinitely divisible and has characteristics

N(n)—-1 N(n)-1 N(n)-1
( > = b8 3 (W~ OFIQED X, (t?H—f{‘)(M(FZ“)‘l))-
i=1 o=l i=1

As the hypothesis implies that lim,,_,  I(¥,) = 0in L?,(Q, H), we conclude from Lemma 3.11 and
[4, Lemma 3.6] that

T
tim [ @

T
= lim /H (||h||2A1)((A®Leb)ox;j)(dh)+Tr< /0 (zl»n(t)Qz,bn(t)*)dt) =0.  (46)

Furthermore, the hypothesis implies by Lemmas 4.9 and 4.10 that

T T
. T )
r}l}rglo/o I, @, @)dt = nll_)ngo ; OSELI?H) ”bOzp,,(t)” dt

! 8
/0 By &t

= lim sup =0. 4.7
n—oo 1,0p

det
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Equations (4.6) and (4.7) together imply that lim,,_, m’L(z,bn) = 0. As by assumption, we have
lim,_, ., m"(3,) = 0, we obtain that lim,,_, ., m;(,) = 0. O

We are now ready to present the proof of the main result of this section characterising the
largest space of deterministic Hilbert-Schmidt operator-valued functions which are integrable
with respect to a cylindrical Lévy process L in Hilbert space.

Proof of Theorem 4.4. If ¢ € I?ef ; then by the very definition of integrability, see Definition 4.2,

there exists a sequence (¥,,),en € Sé{ef such that ¢, — ¥ Lebesgue almost everywhere and

Sup _giop E[||[I(y@, — ¥,,))|| A 1] = 0. By Proposition 4.5, this implies that m; (¥, —%,,) = 0.
det
Completeness of the modular space Mgest Iz

almost everywhere allows us to conclude that ) € M?est, I

Conversely, if € Mglest,L’ then Lemma 3.22 implies that there exists a sequence (,,),cn Of

elements in Sfef such that 1, — 1 Lebesgue almost everywhere and m; (3, — ¢) — 0. It follows
that m; (, — ¥y,) — 0, which implies sup _ 10 E[|I(y(,, = ¥,u))|| A 1] — 0 by Proposition 4.5
det

. HS
and establishes that € 7,7 . ]

see Lemma 3.20, and the fact that ¢, — ¢ Lebesgue

5 | STOCHASTIC INTEGRALS WITH PREDICTABLE INTEGRANDS

For the remainder of this section, we fix a filtered probability space (Q, F, (Ft)zzo’ P). As in the
case of deterministic integrands, we begin by introducing two classes of functions on which our
definition of the stochastic integral depends on.

Definition 5.1.
(1) An L,(G, H)-valued predictable step process ¥ : Q X [0,T] - L,(G, H) is of the form

N(0) n—1 /N(i)
W(w,t) = <Z Forla,, (w))ﬂ{o}(t) +) (Z Fipla, (co))ﬂ([i’[m](t), (5.1)
k=1

i=1 \k=1

where 0 =1t; < -+ <t, =T, Ay € Fyand F; € L,(G,H) for all k = 1,...,N(0), A; € F;,
and F;; € L,(G,H)foralli=1,..,n—1andk = 1,..., N(i). The space of all L,(G, H)-valued
. : HS ._ oHS
predictable step processes is denoted by Spr 1= Spr 1(G. H).
(2) An L(H)-valued predictable step process I': Q x [0,T] — L(H, H) is of the form

N(0) n—1 /N(i)
I(w,t) = <Z Oo,kﬂAO,k(w)>ﬂ{0}(t) +) <Z Oi,k“Ai,k(@)”(zi,zm 1), (5.2)
k=1 i

i=1 \k=1

where0 =1, < - <t, =T, Ay €Fyand Oy € L(H) forallk =1,..,N(0), 4;; € F;, and
O, € L(H)foralli =1,...,n—1and k = 1,..., N(i). The space of all L(H)-valued predictable
step processes with

sup  ||IT(ew, O] g <1
(w,t)eQX[0,T]

. lop ._ ol0p
is denoted by Sprd 1= Sprd (H,H).
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Let¥ e SII){HSjl be of the form (5.1) and L a cylindrical Lévy process in G. As explained after
Definition 4.1, there exists an H-valued random variable F;  (L(t;,;) — L(t;)) : Q — H for each
i=1,..,n—1and k = 1,...,N(i), satisfying

(L(t;y1) — L(t))(F} h) = (F; p (L(ti1) — L(t;)), h)  P-almost surely for all h € H.

In this case, the stochastic integral of W is defined by

T n—1N(i)
I(®) := / WO L) 1= Y Y 14, Fir(Llir) = L(E)).
Y i=1 k=1

Thus, the integral I(¥) : Q — H is a genuine H-valued random variable. In contrast to the
deterministic case in Section 4, the integral I(¥) is not necessarily infinitely divisible.

For the purposes of this section, it is convenient to introduce the measure space (Qx
[0, T],P,PT), where P denotes the predictable o-algebra and the measure Py is defined by
Py :=P ® Leblj .

Definition 5.2. We say that a predictable process ¥ is L-integrable if there exists a sequence
(¥,),en Of processes in Sgi such that

1) (¥,),en converges Pr-almost everywhere to ¥;

. T
@) 1im oo SUPy g1 B l “ I T(w,, —w,) dL|| A 1] =0.
In this case, the stochastic integral of W is defined by

T T
I(®) := / ¥ dL = lim ¥, dL in L(Q, H).
0

n—oo 0

The class of all L-integrable L,(G, H)-valued predictable processes will be denoted by I;ﬁ L=

HS ) t . T
Iprd’L(G,H). As usual, for ¢ € [0, T], we define /0 YdL := /0 Tax. ¥ dL.

Remark 5.3. An extension of [19, Lemma 2.3] to H-valued random variables shows that Condition
(2) of Definition 5.2 implies
A 1] =0.

Hence, the notion of convergence introduced in Definition 5.2 is stronger than convergence in the

ucp topology. It follows that for each ¥ € I;i,L, the process ( fo Ly dL) has cadlag paths. For

t
lim sup E[ sup / rwy, —v,) dL
0

m,n—co FESI’OP tel0,T]
prd

te[0,T]
details, see the end of Remark 4.3.

Let L be a cylindrical Lévy process in G and denote by p; the metric on the modular space

ij{est ;, making this space Polish; see Proposition 3.23. Let Lg(Q, Mglest ;) denote the collection of

all Borel-measurable mappings ¥ : Q — Mgles; ;, Which we endow with the translation invariant
metric ’

pL(¥, ;) :=E[p (¥, ¥,)Al] for¥,, ¥, e L2(Q, ME‘SLL),

which guarantees its completeness.
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HS
det,L

(¥ )ken Of elements of Sgg converging to W both in the metric p; and Pr-almost everywhere

Lemma 5.4. LetW be a predictable stochastic process in Lg(Q, M2 ). Then there exists a sequence

Proof. If ¥ is bounded, then ¥ € L;‘; (Q x[0,T],L,(G,H )). As the algebra of sets

A'={(s,t]xB:s<t,BeEFJU{{0}xB :BEF,}

generates P, we conclude from [10, Lemma 1.2.19] and [10, Remark 1.2.20] that there exists a
sequence (¥ ),y Of uniformly bounded processes in S;i such that ¥, — ¥ P;-almost every-

where Thus, there exists a set N € P such that P;(N) = 0 and (\Pk(a), t) — ¥(w, t)) — 0 for all
(w,t) € N°. Fubini’s theorem implies that

0= Py(N) = P ® Leb]jg (N) = /Q Lebl g y(N,,) P(dew),

where for each fixed w € Q we define
N, = {t €[0,T]: (Wi(w,t) —¥(w,1)),,cn does not converge to 0}.

The above implies that Leb| o r1(N,,) = 0 for almost allw € Q, that is, there exists an Q, C Q with
P(Q,) = 1 such that for all w € Q; we have

Leb|jor (t € [0,T]: (¥(@, ) — ¥(@, 1)),y does not converge to 0) = 0.

Because (¥ )¢y is uniformly bounded and ¥ is bounded, we can conclude from Lebesgue’s dom-
inated convergence theorem that lim,,_,  m; (¥ (w, ) — ¥(w, -)) = 0 for each w € Q. As m; and

P, generate the same topology on Mgest [ We also have p; (¥ (w, ), ¥(w,-)) — 0 as k - oo for

each w € Q. Another application of Leb’esgue’s dominated convergence theorem yields
lim o; (¥, ¥) = lim / (o1 (¥ (@, ), ¥(w,-)) A1)dP = 0,
k—oo k—oo Jo

which shows the claim if ¥ is bounded. In the case of a general ¥, we define

Y(w,t) if ||P(ew,t <n,
¥, Qx[0,T] - Ly(G,H), ¥,(ot)= (@,0) if e, Ol 6,m)
0 otherwise.

Clearly, lim,,_,  o;(¥,¥,,) = 0. The first part of the proof shows that for each n € N there exists a
sequence (¥, ; Jxen C S;i converging to ¥, as k — oo in p; and Py-almost everywhere For each

n € N choose k,, € N such that g, (¥, ¥, ) < % It follows that

lim (%, W,y,)) < Him (B, %,) + pr(¥,, Wo,)) =0,
n—oo n—oo

which completes the proof, as by passing on to a suitable subsequence, we also have convergence
P -almost everywhere L]
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6 | CONSTRUCTION OF THE DECOUPLED TANGENT SEQUENCE

The technique of constructing decoupled tangent sequences is a powerful tool to obtain strong
results on a sequence of possibly dependent random variables. In this section, we briefly recall
the fundamental definition, see, for example, Kwapien and Woyczynski [20] or de la Pefia and
Giné [33], and construct the decoupled tangent sequence in our setting which will enable us to
identify the largest space of predictable integrands in the next section.

Remark 6.1. We repeatedly use the fact in the following that given a random variable X on (Q, F, P)
and another probability space (Q/, 7/, P’), the random variable X can always be considered as a
random variable on the product space (Q x Q',F ® F/,P ® P’) by defining

X(w,0") =X(w) forall (w,0")eQxQ.

In this case, if X is real-valued and P-integrable we have Ep[X] = Epgp/[X].
In the next definition, we follow closely [20, chapter 4.3].

Definition 6.2. Let (Q F,P, (T’n)neN) be a filtered probability space and (X,,),,cy an (F,,)-adapted
sequence of H-valued random variables. If (Q/, F’,P’,(F’,),cy) is another filtered probability
space, then a sequence (Y ),y of H-valued random variables defined on (Qx Q/,F ® F/,P ®
P, (F, ® F/,)en ) is said to be a decoupled tangent sequence to (X)), if

(1) foreach w € Q, we have that (Y ,(w, -)),.cy 1S @ sequence of independent random variables on
Q7P
(2) the sequences (X,,),cy and (Y,,),ey satisfy for each n € N that

LXNF  ®F ) =LY, |F,_; ®F,_;) PQ® P —almost surely.

The importance of decoupled tangent sequences lies in the existence of a collection of inequal-
ities, frequently called decoupling inequalities, which relate convergence of an adapted sequence
of random variables to convergence of their decoupled tangent sequence. We provide two such
inequalities in the following result, which will be repeatedly used in the sequel.

Proposition 6.3. There exist constants c,,c, > 0such that for all finite adapted H-valued sequences

=1,.. N “J TR PR AR TR AR DRI RARIRS M R PR Re T IR MR IR AT n/n=1,...,

following inequalities hold:

N N
Epl D X, /\1] <clEP®Pl R /\1]; (6.1)
n=1 n=1
N N
Epgp ||| D Yal AL| <y sup Ep[||D e, X[l A1) (6.2)
n=1 ene{il} n=1
Proof. See [20, Proposition 5.7.1.(ii)] and [20, Proposition 5.7.2]. O

The main tool for establishing the stochastic integral in the next section is a cylindrical Lévy
process L on an enlarged probability space, whose Radonified increments are decoupled to the
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Radonified increments of the original cylindrical Lévy process. This cylindrical Lévy process L is
explicitly constructed in the following result.

Proposition 6.4. Let L be a cylindrical Lévy process in G, 0 =ty < ... < tyy = T be a partition of
[0,T] and for each n = 1,...,N we define ©,, := Zi/[:(;l) Fpila, . where Fy ) € Ly(G,H), Ay €
F,  forallk =1,...,M(n). By defining cylindrical random variables

L(t): G = LYgp(@ X QR),  (L(g)(w, @) = (L(Dg)(@"),

it follows that (L(t) : t > 0) is a cylindrical Lévy process on G and the sequence of its Radonified
increments

.....

.....

.....

Proof. To make it easier to follow this proof, we define Q' = Q, 7' = F,P' = Pand ¥/, =F, for
alln € {0, ..., N} and instead of denoting the filtered product space by

.....

we write

.....

The fact that for each t > 0 the mapping L(t): G — Lg ®P,(Q x Q',R) is continuous follows
directly from the definition of I and Remark 6.1. Thus, L is a cylindrical stochastic process.
To prove that it is in fact a cylindrical Lévy process, let us fix n €N and g,...,9, € G and
consider the n-dimensional processes Y and Z defined by Y(¢t) = (T(t)g;, ..., L(t)g,) and Z(t) =
(L(t)gy, .., L(t)g,). It is enough to show that for any m € N and times 0 < ¢, < --- < t,,, < T the
random variables Y (¢,,) — Y(t,,_1), ..., Y (¢;) — Y(¢,) and Z(t,,) — Z(t,,,_1), .-, Z(t;) — Z(2,) have
the same distribution. Here we only prove that for any 0 < s <t < T the random variables
Y(t) — Y(s) and Z(t) — Z(s) have the same distribution. The general case follows analogously.
To see this, let A € B(R") be arbitrary. The very definition of L shows

PRPH)Y()-Y(s) € A)
= (P ®P) (L) — L)y, ... L(t)g, — L(5)g,) € A)
= (P ® P')(Qx{(L(t)g; — L(8)gy, .., L(t)g, — L(5)g,) € A})
= P'((L(t)g, — L(8)gy, .., L() g, — L(8)g,) € A)

= P(Z(t) — Z(s) € A).
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To show that the Radonified increments of L satisfy Condition (1) of Definition 6.2, fix some
w € Q. Then 0, (w)is a (deterministic) Hilbert-Schmidt operator and (L(t)(w,-) : t > 0)isacylin-
drical Lévy process in G. Thus, for a fixed w € Q and n € {1, ..., N}, the Radonified increment
0, ()Tt ) (@, ) — L(t,_;)(w,-)) is an Ft’n -measurable H-valued random variable on (Q’/, F/, P’)
independent of Ft/n—l . It follows for each w € Q that

.....

is a sequence of independent random variables.
For establishing Condition (2) of Definition 6.2, we define for each n € {1, ..., N} the H-valued
random variables

M(n)
X, 1= 0, (Lty) = Lltyey)) = ) Va Fur(L(t,) = L(tyy)),
k=1

M(n)
Yn = G)n (z(tn) - z(tn—l)) = Z 1]An,an,k (z(tn) - Z([n_l))’
k=1

where F,, ; (L(t,) — L(t,_,)) and F,, (L(t,) — L(t,_,)) refer to the Radonified increments, and by

taking another representation of ®,, if necessary, we may assume that for each n € N the repre-

sentation of ®, satisfies A,y N A,,; = @ for k # [ and Uf:(;l)An,k = Q. Choose regular versions of

the conditional distributions
(PP, : BH)x(@xQ)—[0,1],
(P®P)y (B,(w,0)) =PRP)X,€BIF, QF, Nww),
(P®P)y : BH)x(QxQ')—[0,1],
(P®P)y (B, (w,0))=PRP)Y,€BIF, QF, Mo

As L(1) is a cylindrical Lévy process, and for each n € N we have A, , N A, ; =@ for k # | and
Ui/[:(;l)An,k = Q, we obtain for all h € H and n € N that

Epgpr [ei<Yn”’> |Ftn_1 ® T”tn_l]

= Epgpr ei<<EkM=(¥) ﬂAn,ka’Fn,k)(z(fn)—i(tn_l)),h>|

F[n—l ® 7:‘,[n1:|

M(n) . _ B
=Y Epgp [ﬂ A ,31<Fn,k(L(u)—L(tn_l»,h>’Ftn_1 ®7:"tn_1]
k=1

M(n)

= 3 14, xa Ergp [ei<Fn,k<f<tn)—Z(rn_1)),h>’Ftn_l ®F'zn_1]
k=1

M(n)

= V4, Epepr [e HEnk (Z(t")_m”"l))’m]

k=1
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M(n)

14w Epr [ean,k<L<rn>—L<rH>>,h>]
nk
=1

k

M(n) .
Vap ey ltntnSE )

k=1

= eln=tn-DS(O2M) P @ P’ — almost surely, (6.3)
where S denotes the cylindrical Lévy symbol of L. In the same way we obtain

Epgpr [ei<X"’h> )Ftn_l ®F, | = eln=tn-DSO)  p @ P’ — almost surely. (6.4)

1

It follows from (6.3) and (6.4) by calculating the conditional expectation from the conditional
probability, see, for example, [13, Theorem 6.4], that for P ® P’ almost all (w,w’) € Q x Q' and
for all u € H we have

Ppap)y (~(ww)W) = / " (P @ Py (dh,(w,@"))
n H

[ei<xn,u>

= EP®P/ Ftn71 ® P/tnflil(w’ CU,)

el<Yn7u>

= EP®P/ [ Ftn—l ® F,tn_I:I (Q), C()/)

= /H i) (P ® Py (dh,(w, ")) = PPy, (-(ww)(W)-
As characteristic functions uniquely determine distributions on B(H), we obtain
(PR Py (- (w,0)=(PRP)y (-(»,w)) PP —almostsurely,

establishing Condition (2) of Definition 6.2. O

7 | CHARACTERISATION OF RANDOM INTEGRANDS

The following is the main result of this paper characterising the largest space of predictable inte-
grands which are stochastically integrable with respect to a cylindrical Lévy process L in a Hilbert
space G.

Theorem 7.1. The space I[I){“SJ1 ;, of predicable Hilbert-Schmidt operator-valued processes integrable
with respect to a cylindrical Lévy process L in G coincides with the class of predictable processes in
0 HS
LP(Q’ Mdet,L :
As in the case of deterministic integrands, the above characterisation of the space of L-
integrable predictable processes strongly relies on the equivalent notion of convergences in two
spaces.
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Lemma 7.2. Let L be a cylindrical Lévy process in G, and (¥,)),cn @ Sequence in S;{rcsi. Then the
following are equivalent.

(@) lim,_, p.(¥,,0)=0.

(b) lim,,_,, sup  _g1op E l || e, dL|| A 1] = 0andlim,_, E [m"(®,) A1] = 0.
prd

Proof. To prove (a) = (b), let € > 0 be fixed. Proposition 4.5 and the fact that m; and p; generate
the same topology on M!® enables us to choose § > 0 such that we have the set inclusion:

det,L
T
/ yy dL >e)<e . (7.1
0

{(veSE 1 p®0<8} CipesS: sup P(

1,0p
yesdet

Aslim,_, 6;(¥,,0) = 0, there exists n, € N such that the set
A, = {wEQ: p(¥,(0).0) < 8}

satisfies P(4,) > 1—¢ for all n > n,. By recalling the definition of L and (Q',F’,P’) from
Proposition 6.4, implication (7.1) implies for all w € A, and n > n,, that
> e> <e.

9

> e) P(dw) < 2¢

restop
prd

T
sup P’<a)’ eq : H(/ T(w)¥ ,(w) dL(w, -)) ()
0

Fubini’s theorem implies for alln > ny and T’ € S;;Zp that

T
(P ®P')<(a),w’) eQxQ: ” </ ry, df) (w, ")
0

T
= /P’(cu’ e : H(/ [(w)¥,(w) df(co,~)>(co’)
Q 0

As € > 0 is arbitrary, we obtain

T ~
/ ry, di
0

By the ideal property of L,(G,H), foreachn € NandT € S;:c)lp the integrand I'¥Y,, lies in S;i and
has a representation of the from

lim sup Epgp H A 1] =0. (7.2)

n—oo
res-op
prd

N(n)-1
I, = [gFg g+ ) TIF g ), (7.3)
i=1
where 0 = £} < - < tl’\’](n) =T, and I''F[" is an F;n-measurable L,(G, H)-valued random variable
taking only finitely many values for each i = 0, ..., N(n) — 1. Proposition 6.4 guarantees for each
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n € N that the sequence of Radonified increments

(I‘?F{‘(L(tl."ﬂ) - L(tin)))i=1 N,—1

.....

has the decoupled tangent sequence

(F?F?(Z(t?+1) - z(tin)))i=1 N,-1'

.....

We conclude from the decoupling inequality in Equation (6.1) of Proposition 6.3 that there exists
a constant ¢ > 0 such that, foralln € Nand T’ € $-°°, we have

prd
T N(n)-1
/ v, dL|| A 1] = Epgpr l 2 TUFA(L(ET, ) — L) /\1]
0 i=1

Epgp l

N(n)-1
<CEP®P;l Y TEENEGL,) - L) /\1]
i=1

T o~
/FandL‘/\ll.
0
[ T
/FandL
0

= CEP@P’ l

We conclude from Remark 6.1 and (7.2) that

T
/ Iy, dL
0
HS

Seeing that m; and p; generate the same topology on M det.L?
lim,_,, §;(¥,,0) = 0 implies lim,_, , E[m" (¥,) A 1] = 0, which gives (b).

For establishing (b) = (a), given any I € 5;;31’ we may assume that I'¥, has a representation of
the form (7.3). We conclude from the ‘recoupling’ inequality in Equation (6.2) of Proposition 6.3
that there exists a constant ¢ > 0 such that for all T € S>°P we have

prd
T ~
0

Al| = lim sup E
] G Pop PRP’
res’
prd

/\1] =0.

our assumption that

lim sup Epl

n—oo
restop
prd

N(n)-1
/\1] =EP®P,l Y TEENEGL) - Ia) /\1]

i=1

N(n)-1
< ¢ max Epgp l Z e F (L@t ) — LaED)| A 1]
i=1

g ef{+1}

N(m)-1
=c max E e TF(L(t" ) — LM A1
Ceie{il} P l ; i (L( l+l) ( i ) ]
[||N(n)—1
<c sup Ep Z @?F{‘(L(tl.”ﬂ) _L(tin)) A 1]
eest® || i=t
prd
(|| T
=c¢ sup Ep / oY, dL||Al]. (7.4)
@es};"}’ [ [[/0

LORIPUOD PUR SWS L 83U} 89S *[9202/60/10] UO AIq1T8UIIUO ABIIM “SEeUI0I[QIaSIRYSIBAIUN BAN AQ 8620/ 'SWI[/ZTTT'OT/I0P/LIOD" A3 1M AR1q 1[BUIIUO"D0SUTWPLIO|//'SANY LLOI} PBPeOjUMOQ '€ ‘5202 '0SLL69YT

Ao AL

B5UB01 SUOWILLOD) BAIRa.D) 3|t (dde ay) Ag pausenob afe sappite WO ‘8sn JO Sa|ni Jo) ARiqi auljuo A3|IM uo



34 of 42 | BODO and RIEDLE

By choosing I' = 1d 1, 1}, the hypothesis on (¥,,),,c implies

T —~
/andL Al| =0.
0

It follows that for every subsequence (¥, )yen Of (¥),),en, there exists a further subsequence
(¥, )jenandaset N C Qx Q' with (P ® P')(N) = 0 satisfying
mj

n—oo

llm EP@P, l

Jj—o oo

T
lim (/ v, df) (w,w") =0 foreach (w,w’) € N
0 ™

Define the section of the set N for each w € Q by

T
N, = {w’ eq: jlim </ ¥, (w)dl(w, -))(w’) #0},
—00 0 J

where we note that as¥,,  are step processes, it holds that
mj

T T
</ v, df) (w,) = / ¥, (w) dL(w, ) forallw € Q.
0 J 0 J

Fubini’s theorem implies 0 = (P ® P")(N) = [Q P'(N,)dP(w), from which it follows that there
exists Q; C Q with P(Q,) = 1 such that P/(N,) = 0 for all w € Q,. In other words, for each fixed
w € Q,, the sequence of random variables

T
( [, @ de ->>
0 J JEN

converges P’-almost surely to 0 as H-valued random variables on (Q’, 7, P’). For each fixed w €
Q,, the above sequence is infinitely divisible and has characteristics

T T
0 % -1
< /0 B, /0 ¥, @.0QF; @04 (/1®Leb)o;<q,nmj(w)>,

by Lemma 3.11 and [4, Lemma 3.6] where xy : G X [0,T] — H is defined by xy(g,t) = $(t)g for
P e Sgg. As the cylindrical Lévy process L(w, -) has the same cylindrical characteristics as L for
each w € Q, we obtain for all w € Q, that

Jlgg kL(lpnmj () = ]12’{010 kZ(w,.)(anmj (w)) = 0.

As P(Q);) = 1, the above argument proves that for all € > 0 we have

T
lim p< / k (%, (1) dt > e) = 0. (7.5)
0

n—oo

To finish the proof, it remains to show that for all € > 0 we have

T
lim p( / L%, (1) dt > e) = 0. (7.6)
n—oo O
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Let € € (0, 1) be fixed. As stochastic integrals with deterministic integrands with respect to L are
infinitely divisible, Remark 2.1 implies that there exists § € (0, ¢) such that for all ¢ € M?; we

have the implication
T T
P’ / pdL / bY . dt
0 0 YO

It follows from Equation (7.4) that there exists an N € N such that for all n > N we have

T ~
/ Iy, di
0

Chebyshev’s inequality, Fubini’s theorem and Equation (7.8) imply for alln > N and T € S;;Zp
that

T
P(co eQ: P’<co’ e : H</0 [(w)¥,(w) df(w,-)>(w’)

T
=1 —P<co eqQ: P’(co’ eq : H</0 [(w)¥,,(w) dL(cw, -))(cu’)

> \/§> dP(w)

<e. (7.7)

w@)ws:,

sup (P ®P’)<

resop
prd

> \/5) <é. (7.8)

>\/E><\fa>

>\/3>>\/5>

1 T _
>1-— [ Pllo' e : [(@)¥,(®) dL(w, ") | (@’
> 75 Jo <co IS H</0 (w)¥,(w) dL(w ))(w)

=1_L(P®P’)<(w WeaxQ : H(/Trw dZ)(co w')
Ve | o

>v3>

>1- /6. (7.9)

In light of Equations (7.7) and (7.9), we have foralln > N and T’ € S;;Zp that

! 0
P ’/0 b, dt

or equivalently, for all n > N we have

sup P(
res-op

prd

’ 6
[
0

The above inequality, combined with an approximation argument using functions in S;;gp shows

>e><\/5.

that for any predictable BL(H)-Valued process A and n > N it holds that

! 0
P ’/0 by, dt

> e) <o, (7.10)
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For each fixed n > N, define a process H, : QX [0,T] — By by

Ha@,0) = (5% o0 oy ) (0, D @0, 0),

with i and f as in the proof of Lemma 4.9. Then, H,, is predictable and, by Inequality (4.4), it
satisfies for each w € Q that

T
'/O OSELI()H) “bo\p (@, t)” dr < /(; bI@J (@, (@, t)d

Applying Equation (7.10) for A = H,, shows for all n > N that

T T
P / sup b dt>2 )| <P / b dt

As we have that § < ¢, this finishes the proof of the claim in Equation (7.6). Finally, by
Equations (7.5), (7.6), and the assumption that lim, . E [m"(¥,) A 1| =0, we obtain that
lim,_ o E[m;(¥,) A1] =0. This completes the proof, as m; and p; generate the same
topology. O

>e)<\/3.

Proof of Theorem 7.1. If ¥ € I}Ifnsj ; then Definition 5.2 guarantees the existence of a sequence

(¥,)nen of elements of 5;3 converging Pr-almost everywhere to ¥ and satisfying

/\1] =0.

Lemma 7.2 implies that lim,, ,_ . A;(¥,,%,) =0. Completeness of the metric space

L@, M?est ,)» /1) and the fact that (¥,),,cy converges Pr-almost everywhere to W together yield
that the sequence (¥,,),cy has a limit in LY p(€, M
with W. Thus, ¥ € L)(Q, MdetL

To establish the reverse inclusion, let ¥ be a predictable process in the space L° (2, MIS

T
lim sup El/ rw, —-v,) dL
0

m,n— oo
restop
prd

det, L) and that this limit necessarily coincides

det,L7*
HS
Lemma 5.4 guarantees that there exists a sequence (¥,),cy of elements of Spr 4 converging to

¥ in p; and Pp-almost everywhere Then, (¥,, — ¥,) converges to 0 both in §; and P,-almost
everywhere as m,n — oo0. This implies by Lemma 7.2 that

T
lim sup E l / (¥, —%,) dL{| A 1] =0.
m,n— oo Lop 0
res’
Thus, ¥ satisfies the conditions of Definition 5.2, which means that ¥ € T }ﬁ I O

Lemma 7.2 is crucial to characterise the space of integrable predictable processes in Theo-
rem 7.1, as it describes convergence of predictable step processes in the space of integrands in
terms of convergence in the randomised modular space. Having identified the space of integrable
predictable processes, we can extend Lemma 7.2 to the whole space of integrable predictable
processes.
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Corollary 7.3. Let L be a cylindrical Lévy process in G, and (¥,,),,cy @ Sequence in I;Irfi ;- Then the
following are equivalent.

(@) lim,_, p.(¥,,0)=0.

(b) lim,,_,, sup  _g1op E l || e, dL|| A 1] = 0andlim,_, E [m"(®,) A1] = 0.
prd

Proof. To establish the implication (a) = (b), first note that it follows from the definition of g,
and the fact that p; generate the same topology as m; that m"'(¥,) — 0 in probability. Let € > 0
be fixed. Lemma 7.2 implies that there exists a §(¢) > 0 such that we have for all ¥ € SHS the

prd
T
/ redr
0

Aslim,_  p;(¥,,0) = 0, there exists an n, € N such that g, (¥,,0) < @ for all n > n,. By The-

orem 7.1, we have that (¥,),cn € Lg(Q, MdHeS;’L), hence Lemma 5.4 guarantees for each n € N

the existence of a sequence (¥"),,cy C Sﬁg converging to ¥, in p; and Pr-almost everywhere

implication:

pr(¥,0) <d(e) = sup E l

res-op
prd

A 1] <eE. (7.11)

Consequently, we can find m(n,€) € N for each n € N such that for all m > m(n, ¢) we have
prL(¥,W,) < %. We obtain for each n > ny and m > my(n, €) that

pL(lpnm’ 0) < P_L(IPZI - 1P}’l) + ﬁL(lpn’O) < 5(6)3

which implies by (7.11) that

T
/0 T dL

Thus, if we fix an n > n; and recall that the integral of ¥, is defined to be the limit in probability
of the integrals of ¥/ as m — oo, we obtain from Equation (7.12) that

sup El A 1] <e. (7.12)
Fesé;‘ép

T T
sup E / 'Y, dL||A1l| = sup lim E / e dL|| Al
res:o 0 restor T 0
pr pr

T
/ " dL
0

To establish the reverse implication (b) = (a), let € > 0 be fixed. Lemma 7.2 implies that there
exists a 8(¢) > 0 such that we have for all ¥ S;(Si the implication:

T
/Flde
0

< limsup sup E l

Mm=00  peglop
prd

/\1] < €.

sup El A 1] +EmM' W) A1 <8() = pr(¥,0)< % (7.13)

resp
prd
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By assumption, there exists an n, € N such that for all n > n, we have

T
/F‘PdL
0

As (¥,)nen C IH(SJl ;- it follows from Theorem 7.1 and Lemma 5.4 that for each n € N there exists

a sequence (V") of elements of 5;3 converging to ¥, in p; and Pr-almost everywhere

sup El A 1] +E[m" (W) A1] < 5(6) (7.14)

res-op
prd

Consequently, we can find m,(n, €) € N for each n € N, such that for all m > m(n, €) we have
pr (¥, ¥,) <e/2. (7.15)

As for each n € N we have that lim,,_, , 5, (W), ¥,) = 0, the first part of this corollary and the
reverse triangle inequality shows that for each n € N there exists an m, (n, €) € N such that for all

m > m;(n,€) we have
T T
/ Iy, dL||A1| — sup E / F‘PZ" dL
0 FESI ,0p 0

Moreover, as for each n € N'we have that W' — W, Pr-almost everywhere as m — oo, there exists
m,(n,€) € N such that for all m > m,(n, €) it holds that

sup El /\1] <49 (7.16)

FeSl P

) (e)

|E[m"(‘Pn)/\1] —E[m ”(1Pm)/\1]| <2 (7.17)

By combining Equations (7.14), (7.16) and (7.17), we obtain for all n>n, and m >
max{m(n, €), m;(n,€), my(n, €)} that

T
/0 T dL

which implies by (7.13) and (7.15) that

A 1] +E[m" () A 1] < 8(e),

sup El

FeSl P

pL(an’ 0) < p_L(analP:ln) + ﬁL(lPT, O) <e.
As ¢ > 0 was arbitrary, this concludes the proof. O
Having introduced the notion of the stochastic integral, we now show that stochastic integral
processes, obtained by fixing an integrand and varying the upper limit of the stochastic integral,

are in fact semimartingales.

Theorem 7.4. IfW € I'S | then the integral process (I(¥)(t) : t € [0,T)) defined by

prd,L’

T
I¥)(1) := /O 10 ()%(s)L(ds)  fort €[0,T],

is a semimartingale.
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Proof. LetT € S;;Zp be of the form

N-1

I'(t) = Tl (1) + Z Fk]](skisk+1](t)’
k=1

where 0 = s5; < ... < sy = T are deterministic times, Ty : Q — By is F;-measurable, and each
T : Q- By is an Fy, -measurable random variable taking only finitely many values for k =
1,...,N — 1. Then we define the stochastic integral

N-1

T
/0 PAI®) 1= 3 Ty ()0 — I0)(50)).
k=1

To prove the claim it suffices to show that the set { fOT rdiw) : re S;;Zp} is bounded in prob-
ability according to [11, Theorem 2.1]. Suppose, aiming for a contradiction, that it is not the case.
Then there exists an € > 0 and a sequence (T',,),,cn C S;;Zp satisfying for all n € N that

T
P( / T, dI(¥)
0

Foreach ¥ € STS and T € S>%, the very definitions of stochastic integrals show
prd prd

T T
/ rdi(®) = / rwdL.
0 0

This equality can be generalised to arbitrary ¥ € III){HSL yandl’ € Sprzp by a standard approximation
argument. Using this to rewrite Equation (7.18), we obtain for all n € N that

T T1
e<P</ T, dI(¥) >n>=P</ ~T,WdL >1>. (7.19)
0 0

On the other hand, as ﬁL(%I‘n\P, 0) —» 0 as n — oo, Corollary 7.3 implies

T
/ =T, wdL|| A1 =0,
0 n

which contradicts (7.19) because of the equivalent characterisation of the topology in
LY(Q, H). O

> n) > €. (7.18)

lim El

n—oo

We finish this section with a stochastic dominated convergence theorem.

Theorem 7.5. Let (¥,,),cn be a sequence of processes in I;i’L such that

@) (¥,),en converges Pr-almost everywhere to an L,(G, H)-valued predictable process ¥;
(2) there exists a process Y € Illfri | satisfying for all n € N that

(kp + 1)WY, (w0, 1) < (kp +1))(Y(w,t)) for Pr-almost all (w,t) € Q% [0,T].
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/\1] =0.

Proof. By assumption, there exists a set N CQx[0,T] with P;(N)=0 such that
lim,_, o ¥, (0, t) = ¥(w,t) and (k; + )P, (w,1)) < (k; + 1)(Y(w,t)) for all (w,t) € N¢ and
n € N. Fubini’s theorem yields that

Then it follows that ¥ € IS and
prd,L

lim sup El

n—oo
res-op
prd

T
/ r(¥, — %) dL
0

0=Pr(N) = / Lebljo 7/(N,,) P(do),
Q
where
N, :={t €[0,T] : lim W, (e, 1) # W, ) or (e + L )W, (e0, ) > (ky + L)Y (@, t))}.

It follows that there exists an Q; C Q with P(Q;) =1 such that Leb|j(N,) =0 for all
w € Q,. Consequently, for each w € Q; we have (k; + [} )(¥,(w,1)) < (k; +[;)(Y(w,t)) and
lim,_  ¥,(w,t) = ¥(w,t) for Lebesgue almost every ¢t € [0, T]. Theorem 7.1 guarantees that there
exists Q, C Q with P(Q,) = 1 such that m; (Y(w, -)) < oo for all w € Q,. Continuity of k; and [}
at 0, see Lemma 3.12, and the classical version of Lebesgue’s dominated convergence theorem
implies that for all w € Q; N Q, we have

m,li}lllloo mL(lpm(Cor ) - lIJn(co, ))

T
= lim (/ ki (¥, (w,8) =¥, (w,8) + [ (¥, (w,t) — ¥, (w,t))dt
0

m,n—oo

T
" / ||‘Pm(co,t)—‘Pn(cu,t)”iz(G’H)/\ldt) 0.
0

Hence, for each w € Q; N Q, the sequence (¥,),cy is Cauchy in the modular topology, which
by Lemma 3.20 and the fact that ¥, (w) — ¥(w) for Lebesgue almost all ¢ € [0,T] allows us to
conclude that ¥(w) € M AsP(Q, N Q,) = 1, Theorem 7.1 shows ¥ € IIIJ{HS1 |- Another applica-

det,L’
tion of Lebesgue’s dominated convergence theorem establishes thatlim,,_, ., 5;(¥,, ¥) = 0, which
completes the proof by an application of Corollary 7.3. O

Remark 7.6. Returning to our motivational example of Equation (1.1), it turns out that Theorem 7.5
plays a key role in proving existence and uniqueness of a solution to Equation (1.1). For further
details, see the forthcoming paper by Bodé, Cox and Riedle.

Remark 7.7. Our approach to stochastic integration theory relies on the algebraic character-
isation of Lévy measures in the underlying Hilbert space and on decoupling inequalities. A
characterisation of Lévy measures in UMD Banach spaces is given in [28], although it is not as
straightforwardly algebraic as in the Hilbert space setting. Decoupling inequalities are known to
hold in UMD spaces; indeed, they characterise them. This suggests that our approach could poten-
tially be extended to UMD Banach spaces, once a suitable integration theory for deterministic
functions is developed.
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