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Superluminal signaling witness for quantum state reduction
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Models for quantum state reduction address the quantum measurement problem by suggesting weak modifica-
tions to Schrödinger’s equation that have no observable effect at microscopic scales but dominate the dynamics
of macroscopic objects. Enforcing linearity of the master equation for such models has long been used as a
way of ensuring that modifications to Schrödinger’s equation do not introduce a possibility for superluminal
signaling. In large classes of quantum-state-reduction models, however, and in particular in models employing
correlated noise, formulating a master equation for the quantum state is prohibitively difficult or impossible.
Here, we formulate a witness for superluminal signaling that is applicable to generic quantum-state-reduction
models, including those involving correlated as well as uncorrelated noise. Surprisingly, application of the
witness to known models described by linear master equations shows that they may still admit superluminal
signaling, unless a particular locality condition is obeyed. In contrast, we show that the witness introduced
here provides a necessary and sufficient condition for excluding superluminal signals under all circumstances.
We further apply the witness to several models driven by physical, correlated noise, for which linear master
equations are not analytically obtainable, and find that they allow for superluminal signaling. We suggest how
specific correlated-noise models may be able to avoid it and that the witness introduced here provides a stringent
guide for constructing such models.

DOI: 10.1103/94hj-224f

I. INTRODUCTION

Quantum mechanics has been shown to be nonlocal by
the violation of Bell inequalities in (loophole-free) Bell-test
experiments [1–7]. Despite the nonlocal evolution of quantum
states evidenced by the violations of Bell inequalities, Bell
tests are well-known not to allow faster-than-light communi-
cation or superluminal signaling (SLS) [8–11]. The projective
and probabilistic nature of quantum measurements renders the
local observers in Bell-test setups incapable of distinguishing
the effect of measurements or quantum operations performed
at causally disconnected events.

Quantum measurement itself, meanwhile, remains one of
the central open problems of modern physics, being at odds
with the unitary time evolution prescribed by Schrödinger’s
equation [12–15]. Models for dynamical quantum state reduc-
tion (DQSR) attempt to resolve this dichotomy by proposing
alterations of Schrödinger’s equation that are weak enough
to allow the time evolution of microscopic objects to be
practically indistinguishable from unitary quantum dynamics,
while their collective effect on macroscopic objects such as
measurement devices causes their quantum state to reduce to
a classical state [15–19]. In order for DQSR to be able to result
in distinct and stable macroscopic measurement outcomes,
starting from the measurement of identical microscopic quan-

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

tum states, models of DQSR are necessarily stochastic and
nonunitary. To obtain the correct Born-rule statistics of mea-
surement outcomes, they moreover need to be nonlinear [20].

Although the nonunitary and nonlinear nature of DQSR
models implies that, in general, they will allow for super-
luminal signaling, it is avoided in particular DQSR models.
A widely used criterion for identifying such models is to
insist that their ensemble-averaged state evolution is described
by linear quantum semigroup dynamics in the form of a
Gorini-Kosakowsky-Sudarshan-Lindblad- (GKSL) type mas-
ter equation [16,21,22]. The practical use of this condition,
however, is hampered by the fact that explicit expressions for
the ensemble-averaged state evolution are often prohibitively
hard to formulate. In particular, DQSR models employing
correlated (colored) noise as their stochastic component rarely
allow for closed-form master equations without making fur-
ther approximations [16,23,24].

Here, we therefore introduce an alternative condition for
avoiding SLS in the form of a “witness”: a quantity whose
nonzero instantaneous expectation value indicates SLS. The
witness can be straightforwardly evaluated in any modified
quantum theory or DQSR model, including those based on
correlated as well as uncorrelated (white) noise. While we
show that the witness presents both a necessary and sufficient
condition for avoiding SLS under all circumstances, we find
that having a linear, GKSL-type master equation is not suffi-
cient to guarantee the absence of SLS. The witness allows us
to introduce a further locality condition that can be imposed
on the master equation in addition to linearity, which prevents
signaling in all cases considered. We further demonstrate the
use of the witness in cases where a master equation is not
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available by analyzing several recently proposed DQSR mod-
els based on physical, colored-noise dynamics [25,26]. We
find that the witness indicates SLS is generically allowed in
these models, and we discuss the limits in which it may be
avoided. The witness introduced here thus provides stringent
constraints on the construction of DQSR models, guiding, in
particular, the further exploration of models based on corre-
lated noise.

II. SLS WITNESS

All models for DQSR have a limit in which they pro-
duce instantaneous projective measurement, with outcomes
distributed according to Born’s rule. This is usually the ther-
modynamic limit of infinitely large or heavy measurement
machines. DQSR models smoothly connect the instantaneous
projective dynamics of this limit to the continuous unitary
evolution of Schrödinger’s equation that is observed in the
opposite, microscopic limit of small or light objects. This
implies the existence of a mesoscopic regime in which evo-
lution is neither unitary nor an instantaneous collapse. It is the
existence of this mesoscopic regime that potentially allows for
SLS.

To create superluminal signals, one requires a sender (say,
Alice) who is spacelike separated from a recipient (Bob), with
whom she shares a known entangled state. Entanglement is a
necessary resource because relativistic classical physics does
not allow SLS, while product states contain only local infor-
mation for each observer. Alice and Bob can potentially send
signals using DQSR dynamics if at least one of them operates
in the mesoscopic regime where DQSR deviates from both
unitary evolution and instantaneous projections. We therefore
consider the situation in which Alice performs a measure-
ment on her half of the entangled state using a mesoscopic
measurement device. This causes nonunitary DQSR dynam-
ics lasting a finite, nonzero amount of time before resulting
in a stable measurement outcome and final state. During or
after this time, Bob can perform an instantaneous, projective
measurement of his half of the entangled state using a truly
macroscopic measurement apparatus. In Sec. III we will sep-
arately consider the situation in which both Alice and Bob
employ a mesoscopic device and show that it does not yield
opportunities for SLS beyond those already present if only
Alice uses a mesoscopic device.

Without loss of generality, we consider a two-state
superposition and write the initial configuration as
|MA〉(α(0)|0〉A|0〉B + β(0)|1〉A|1〉B)|MB〉. Here, |MA,B〉 are
states for the measurement devices of Alice and Bob, while
the states labeled by a subscript A (B) describe Alice’s (Bob’s)
part of the shared entangled quantum state. As Alice performs
a measurement with her mesoscopic device but before Bob
performs any measurement, the system evolves to [15,16,27]

[α(ξt , t )|M0
A(t )〉|0(ξt , t )〉A|0〉B

+ β(ξt , t )|M1
A(t )〉|1(ξt , t )〉A|1〉B]|MB〉. (1)

Here, |M0,1
A (t )〉 indicates the state of the measurement de-

vice evolving differently in the two components of the wave
function. Note that the nonlinear DQSR dynamics describing
Alice’s measurement is assumed to act locally on the entan-

gled state, influencing only Alice’s half and not Bob’s. This
means that diagonal elements in the time evolution operator
(proportional to σ̂ z

A ⊗ ÎB) cause evolution of the coefficients
α and β, while off-diagonal elements (proportional to σ̂

x,y
A ⊗

ÎB) cause transitions of Alice’s state between |0〉A and |1〉A.
The latter effects cannot be described by evolution of the
coefficients and are included in Eq. (1) with the use of a time-
dependent definition of Alice’s basis states. The evolutions of
both the coefficients and the basis states depend not only on
time but also on the (time-dependent) values of the stochastic
parameter(s) ξt appearing in the particular DQSR model under
consideration. That is, DQSR models are defined in terms of
stochastic differential equations, in which the evolution of the
quantum state at time t depends on the instantaneous value(s)
of a (set of) stochastic parameters(s) ξt [15–17,23]. Note,
however, that the stochastic parameters ξt themselves evolve
in time independently of the quantum state. In each realization
of the DQSR dynamics, the outcome is determined by the
particular instance of ξt encountered, and stochastic expecta-
tion values, denoted by Eξ [ · ], are defined as the average over
an ensemble of realizations of the stochastic parameter(s).
For simplicity, we ignore the Schrödinger evolution of Bob’s
quantum state (i.e., we work in a corotating frame).

At some point during the evolution described by Eq. (1),
Bob performs a projective measurement and instanta-
neously reduces the state of the full system to either
|M0

A(t )〉|0(ξt , t )〉A|0〉B|M0
B〉, with probability |α(ξt , t )|2, or

|M1
A(t )〉|1(ξt , t )〉A|1〉B|M1

B〉, with probability |β(ξt , t )|2. Be-
cause Bob’s projective dynamics is probabilistic, he will not
be able to glean any information from the one measurement
outcome obtained in just a single measurement. We will thus
allow for Alice and Bob to share an infinitely large ensemble
of known, identically prepared entangled states. Moreover, we
assume that both Alice and Bob can perform simultaneous but
independent measurements on all their states, so that they can
measure ensemble averages and determine outcome probabil-
ities within the time required for a single measurement.

If Bob can decide, based on his own measurement out-
comes, whether or not Alice started performing measurements
on her side, this determination constitutes signaling across
spacelike separated events. Formally, SLS is therefore avoided
if and only if

Eξ

[〈ÎA ⊗ ÔB〉∣∣MA
ξ

] = Eξ [〈ÎA ⊗ ÔB〉|IA] ∀ ÔB. (2)

Here, Eξ [〈Ô〉|M] indicates the ensemble average of measure-
ment outcomes when Bob measures observable Ô, conditional
on Alice evolving her state according to the map M. Note
that this involves both an average over all possible paths
of the stochastic parameters ξt in Alice’s DQSR evolution
and the usual quantum expectation value averaging over possi-
ble outcomes of Bob’s projective measurement. The operator
ÎA ⊗ ÔB has support only on Bob’s half of the entangled state
and his device, while MA

ξ indicates evolution according to a
DQSR model with stochastic parameter ξt caused by Alice’s
mesoscopic measurement device, and the identity map IA in-
dicates Alice does not perform any measurement or operation.

If the two expectation values in Eq. (2) are equal for all
possible local observables ÎA ⊗ ÔB and all possible initial
configurations, it is impossible for Bob to distinguish between
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Alice performing a measurement using DQSR dynamics and
Alice not doing anything at all. In contrast, the violation of
Eq. (2) for even a single observable or initial state implies the
possibility of superluminal signaling between Alice and Bob.

If we write the initial entangled quantum state as the
Schmidt decomposition

∑
j α j | j〉A| j〉B, substitute this form

into Eq. (2), and use the fact that the equality has to hold for
all observables ÔB, the condition of Eq. (2) takes on the form
of a particularly convenient witness:

Eξ [|α j (ξt , t )|2] − |α j (0)|2 = 0 ∀ j, t . (3)

As long as this equation is satisfied, Bob cannot use local
measurements to decide whether or not Alice performed a
measurement. Conversely, whenever the ensemble-averaged
value of any coefficient in the Schmidt basis changes as a
consequence of Alice’s DQSR evolution, Bob can measure
this change using projective measurements.

III. NO SIGNALING AND THE MARTINGALE CONDITION

To see explicitly how superluminal communication can be
achieved in cases where the witness of Eq. (3) is not zero, first,
consider the extreme limit in which both Alice and Bob em-
ploy instantaneous projective measurements. In that case the
initial state |MA〉(α(0)|0〉A|0〉B + β(0)|1〉A|1〉B)|MB〉 will be
instantaneously reduced by Alice to either |M0

A〉|0〉A|0〉B|MB〉,
with probability |α(0)|2, or |M1

A〉|1〉A|1〉B|MB〉, with probabil-
ity |β(0)|2. The consecutive measurement by Bob will, with
certainty, produce either the state |M0

B〉 or |M1
B〉 for Bob’s

measurement machine. The overall probability for Bob to
register the result |M0

B〉 is thus |α(0)|2, which is the same as
it would have been had Bob acted directly on the initial state
without Alice doing anything. Note that adding the possibility
for Alice to act with local unitary operators on her state does
not affect this result, as they do not change the values of
the coefficients in the wave function or the state on Bob’s
side. Under arbitrary Schrödinger evolution and instantaneous
collapse with Born-rule probabilities, the witness thus remains
zero, and Bob cannot distinguish between Alice performing a
measurement or not.

Next, consider the situation in which Alice causes evolu-
tion according to some DQSR model, but with her evolution
reaching a final state before Bob performs his measurement.
If the DQSR model correctly describes evolution ending on
stable measurement outcomes, the state just before Bob initi-
ates his measurement will be either |M0

A〉|0(ξt , t )〉A|0〉B|MB〉,
with some probability P0(ξ ), or |M1

A〉|1(ξt , t )〉A|1〉B|MB〉, with
probability P1 = 1 − P0. As before, Bob’s measurement out-
come can be predicted by Alice with certainty in either case,
and Bob registers Eξ [P0(ξ )] as the overall probability for ob-
taining the outcome |M0

B〉. Because Alice and Bob are allowed
to know the initial state (for example, because they prepared
it together in the past), Bob will know that Alice acted with
DQSR dynamics whenever Eξ [P0(ξ )] �= |α(0)|2 and the wit-
ness is nonzero. To avoid SLS, any model for DQSR must
thus ensure that within an ensemble of stochastic evolutions,
the stable end states representing measurement outcomes are
obtained with Born-rule probabilities. Moreover, this must
hold for all possible initial states.

Finally, consider the case of Alice causing DQSR dynam-
ics and Bob imposing a projective measurement before Alice’s
device reaches a stable measurement outcome. The state just
before Bob measures is then given by Eq. (1), and Bob obtains
the outcome |M1

B〉 with probability Eξ [|α(ξt , t )|2]. Again, Bob
can compare this probability with the known value |α(0)|2 that
he would obtain if Alice does nothing. In order to avoid SLS,
the ensemble-averaged squared values of components in the
Schmidt basis must therefore always remain equal to their
initial values: Eξ [|α j (ξt , t )|2] = |α j (0)|2 for all components
j and all times t . This condition makes the (marginalized)
probability dynamics under SLS-avoiding DQSR evolution
a so-called Martingale process [23,28–30] and shows that
deviations of the DQSR dynamics from being a Martingale
process serve as a witness for SLS.

IV. A NECESSARY AND SUFFICIENT CONDITION

So far, we proved the condition of Eq. (3) is necessary for
guaranteeing the absence of superluminal signaling by formu-
lating an explicit protocol causing SLS when it is violated.
That the condition is also sufficient follows from the fact
that Eq. (3) guarantees the reduced density matrix for Bob’s
half of the entangled state and his measurement machine is
independent of time. This is straightforwardly confirmed by
constructing the full density matrix from Eq. (1), taking the
partial trace over Alice’s degrees of freedom, and substituting
Eq. (3). As long as Bob’s reduced density matrix is time
independent, he cannot observe any time evolution in the full
state of Eq. (1) using local measurements. Conversely, if any
time evolution in the full state would cause evolution of Bob’s
reduced density matrix, it would be directly observable. The
witness condition of Eq. (3) thus provides both a necessary
and sufficient condition to avoid superluminal signaling in
any dynamical evolution of the form of Eq. (1). The only
assumptions used are that the DQSR dynamics of the full
quantum state initiated by Alice acts locally and that Bob
enacts instantaneous projective measurements.

This leaves only the most general case of Bob and
Alice both using DQSR dynamics to be considered. Again,
if either Alice or Bob can decide based on their own measure-
ment outcomes whether or not the other started measuring,
that determination would constitute superluminal signaling.
Analogous to Eq. (2), the condition for Bob to be ignorant
of Alice’s actions is given by EξA,ξB [〈ÎA ⊗ ÔB〉|MA

ξA
,MB

ξB
] =

EξB [〈ÎA ⊗ ÔB〉|IA,MB
ξB

] for all ÔB. Here, we labeled the
stochastic parameters driving the DQSR mechanisms of Alice
and Bob by ξA and ξB, respectively. On her side, Alice remains
unaware of whether Bob measures anything if EξA,ξB [〈ÔA ⊗
ÎB〉|MA

ξA
,MB

ξB
] = EξA [〈ÔA ⊗ ÎB〉|MA

ξA
, IB] for all ÔA. More-

over, for the measurement dynamics to be free of SLS, it
should also still obey Eq. (2) and a similar equality in terms of
Alice’s observable. Expressing all these conditions in terms of
the Schmidt decomposition

∑
j α j | j〉A| j〉B for the entangled

state, we find that SLS is avoided in the fully general case if
and only if

EξA,ξB [|α j (ξA, ξB, t )|2] = EξB [|α j (ξB, t )|2]

= EξA [|α j (ξA, t )|2] = |α j (0)|2 ∀ j, t . (4)
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This hierarchy of conditions is a direct generalization of
Eq. (3), where instead of a single stochastic parameter, it
is now required that marginalizing over any possible set of
stochastic parameters controlling the DQSR dynamics of any
parties involved always yields a Martingale process. Devia-
tions of the DQSR dynamics from being a Martingale process
in this general sense serve as witnesses for SLS in the most
general setting.

The condition of Eq. (4) simplifies if the DQSR dynamics
employed by Alice and Bob act only on their own device and
their own part of the shared entangled state. In that case, the
evolution within an infinitesimal time step can be thought of
as the DQSR dynamics caused by Alice and Bob occurring
separately and successively. As a result, two conditions of the
type of Eq. (3), one in terms of ξA and one with ξB, suffice
to ensure that the ensemble average EξA,ξB [|α j (ξA, ξB, t )|2] and
the expectation values of all local observables remain constant
during the infinitesimal time step. Because the same argument
can be repeated for any subsequent time step, adherence to
Eq. (3) is a necessary and sufficient condition to preclude
superluminal signaling in this case.

V. LINEARITY: NOT A SUFFICIENT CONDITION

It was previously shown that linearity of the master equa-
tion, if it is available, is a necessary condition for avoiding
SLS [21,22]. We can now use Eq. (3) to show that this con-
dition does not by itself exclude all possibilities of signaling
and is thus not a sufficient condition.

To see this, consider again the scenario where Alice en-
acts DQSR dynamics while Bob initially does nothing, as in
Eq. (1). We will assume that the DQSR dynamics admits a
quantum linear semigroup of the GKSL form (acting on states
within the full shared Hilbert space of Alice and Bob) for an
ensemble of realizations of Alice’s dynamics. In that case, we
can write the noise-averaged expectation value of any operator
Ô as Eξ [〈Ô〉|MA

ξ ] = Tr[Ôρ̂], where the full density matrix ρ̂

evolves via

∂t ρ̂ = −i[Ĥ , ρ̂] +
∑

j

� j

(
L̂ j ρ̂L̂†

j − 1

2
{L̂†

j L̂ j, ρ̂}
)

≡ 	[ρ̂]. (5)

We will focus on the simplest case with Ĥ = 0 and ρ̂ being
initially a pure state of the form ρ̂ = |ψ〉〈ψ |, with |ψ〉 =∑

i, j ψi, j |i〉A| j〉B being an arbitrary entangled state. We will
show that this simplest case allows for SLS under the linear
GKSL dynamics. The more general situation of a mixed initial
density matrix will then also allow SLS, as it is a convex sum
of pure states.

First, note that for any local observable Ô = ÎA ⊗ ÔB

appearing in Eq. (2), we have Tr[Ôρ̂] = TrB[ÔBρ̂B], where
ρ̂B = TrA[ρ̂] is the reduced density matrix corresponding
to Bob. Using Eq. (2), SLS is avoided if TrB[ÔBρ̂B(t )] =
TrB[ÔBρ̂B(0)] ∀ t . Since this must hold for any choice of ÔB,
it implies ∂t ρ̂B(t ) = 0 ∀ t . Using the full state evolution ∂t ρ̂ =
	[ρ̂], this further implies that SLS is avoided only for semi-
group dynamics obeying the locality condition TrA[	(ρ̂)] = 0
at all times and for all states.

Again, without loss of generality, we consider GKSL dy-
namics with only a single jump operator in Eq. (5) of the form√

�L̂ = L̂A ⊗ L̂B. If we find SLS is possible in this case, it will
also be allowed in the more general case with multiple jump
operators. Writing out TrA[	(ρ̂)] explicitly yields

TrA[	(ρ̂)] =
∑

i,i′, j, j′
A〈i′|L̂†

AL̂A|i〉Aψi, jψi′, j′

×
(

L̂B| j〉BB〈 j′|L̂†
B − 1

2

{
L̂BL̂†

B, | j〉BB〈 j′|}
)

. (6)

The term in brackets is generically nonzero, and we thus find
that linear GKSL dynamics in general allows for time de-
pendence of Bob’s reduced density matrix. Bob can then use
instantaneous projective measurements to determine whether
or not Alice initiated the DQSR dynamics and thus establish
superluminal signaling.

If the jump operator L̂ appearing in the GKSL evolution
is local to Alice so that L̂B = ÎB, SLS is avoided. This may
be used as a sufficient condition complementing the linearity
of master equations to guarantee the absence of signaling,
but note that it is not a strictly necessary condition. More
importantly, the condition that the collapse operator is local
is distinct from, and not implied by, the condition that the
state evolution of Alice’s DQSR dynamics in Eq. (1) acts
only locally. To be certain whether or not a particular linear
master equation of the GKSL form allows signaling, one thus
has to explicitly evaluate its jump operators in a setting like
that of Eq. (1) and ensure they either act locally or always act
in such a way that TrA[	(ρ)] = 0. Alternatively, the witness
of Eq. (3) provides a necessary and sufficient no-signaling
condition in all circumstances.

An explicit example of local state evolution yielding
nonlocal but still linear evolution of the full density matrix
is given by a simple toy model in which Alice’s device
and state evolve deterministically. Consider the two-level
dynamics of Eq. (1) acting on the (logical) basis states
|Mi

A〉|i〉A|i〉B|Mi
B〉 for i ∈ {0, 1} and evolution according

to ∂t |ψ〉 = γ (σ̂ z
A − 〈σ̂ z

A〉)|ψ〉. Here, the Pauli matrix σ̂ z
A =

(|M0
A〉〈M0

A| − |M1
A〉〈M1

A|) ⊗ IA ⊗ IB ⊗ IMB acts locally on
only Alice’s device. The nonlinear term proportional to 〈σ̂ z

A〉
ensures that normalization is conserved and does not affect the
dynamics in any other way [23]. The resulting deterministic
dynamics of the density matrix can be solved exactly and
is written as ρ̂(t ) = |ψ (t )〉〈ψ (t )| = [τ̂ 0 + τ̂ 1/ cosh(2γ t ) +
τ̂ 3 tanh(2γ t )]/2. Here, τ̂ are Pauli operators acting on
the full basis states of Alice and Bob combined, so that,
for example, τ̂ 3 = |M0

A〉|0〉A|0〉B|M0
B〉〈M0

A|〈0|A〈0|B〈M0
B| −

|M1
A〉|1〉A|1〉B|M1

B〉〈M1
A|〈1|A〈1|B〈M1

B|. The time evolution of
the density matrix ρ̂(t ) can be written as a linear master
equation of the form of Eq. (5), with time-dependent
coefficients. Explicitly, if we take Ĥ = 0, the jump operators
can be taken to be L̂1 = τ̂ 3 and L̂2 = τ̂ 1, with weights
�1 = γ tanh(2γ t ) and �2 = γ (tanh2(2γ t ) − 1)/ tanh(2γ t ).
This map for the time evolution of ρ̂(t ) can also be written in
the form of a Kraus decomposition for small time increments:
ρ̂(δt ) = ∑

i K̂iρ̂(0)K̂†
i , with K̂1 = ( Î − δt

2 (�1 + �2) τ̂ 0),
K̂2 = √

δt �1 τ̂ 3, and K̂3 = √
δt �2 τ̂ 1. Written this way, the

map is seen to be completely positive and trace preserving
(CPTP) because

∑
i K̂†

i K̂i = Î, with Î being the identity
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operator on the entire Hilbert space. Note that the jump
operator L̂2 cannot be represented in terms of local operators
acting only on Alice’s device or state. We thus find that
the evolution in this toy model allows for SLS, despite its
state dynamics being generated by local operators and its
ensemble dynamics obeying a linear, CPTP master equation.
The presence of signaling is straightforwardly verified, as the
dynamics reduces any initial state to |M0

A〉|0〉A|0〉B|M0
B〉 with

unit probability.

VI. APPLICATIONS OF THE WITNESS CONDITION

To demonstrate the application of the witness condition,
we will explicitly evaluate it in a few particular instances. All
DQSR models introduce weak perturbations to Schrödinger’s
equation and can be written in the form of coupled Itô stochas-
tic differential equations:

d|ψt 〉 = (−i Ĥt dt + dĜt )|ψt 〉,
dĜt |ψt 〉 = Ĵt

(
ψt , ξ

μ
t

)|ψt 〉dt +
∑

ν

Ĝν
t

(
ψt , ξ

μ
t

)|ψt 〉dW ν
t ,

dξ
μ
t = f

(
ξ

μ
t

)
dt + g

(
ξ

μ
t

)
dW μ

t . (7)

Here, Ĥt is the standard (possibly time-dependent) Hamil-
tonian, and dĜt is the modification to the time evolution
defining the DQSR model. Its terms Ĵt and Ĝν

t may be (non-
linear) functions of the state |ψt 〉 and may further depend
on a set of independent (possibly temporally correlated or
colored) Markovian stochastic processes ξ

μ
t with continuous

trajectories, indexed by μ ∈ Z+. They follow independent
Itô stochastic differential equations (i.e., the noise average
Eξ [ξμ

t ξν
s ] = 0 ∀μ �= ν), in which f and g are smooth func-

tions on their respective sample spaces [23,25]. Here, dW μ,ν
t

are all independent identically distributed Gaussian incre-
ments denoting a standard Wiener process (corresponding to
the Brownian motion Wt = ∫

dWt ) [29–31].
The first class of DQSR models in this general formulation

for which we consider the SLS witness is the well-known
family of continuous spontaneous localization (CSL) models
[16,17,28,32]. Applied to an initial two-state superposition,
they are defined by

dĜt |ψt 〉 =
[−γ

2
(σ̂ − 〈σ̂ 〉t )

2dt + √
γ (σ̂ − 〈σ̂ 〉t )dWt

]
|ψt 〉.

Here, γ is a constant, and σ̂ is a Pauli σz operator. We consider
the setup described before in which the initial state contains
products of the states of the local measurement machines
of Alice and Bob as well as a shared entangled state. The
Pauli operator is then defined in terms of the states |M0,1

A (t )〉
describing Alice’s measurement device. Note that this model
has only uncorrelated (white) noise described by dWt . The
recently introduced family of models for DQSR known
as spontaneous unitarity violation (SUV) [18–20,23,25,33]
also has a white-noise limit that falls in this class of CSL
models [23,33].

For these white-noise models, a GKSL-type master equa-
tion can be formulated that obeys the Martingale property for
its probability dynamics [16,23]. The witness of Eq. (3) is then
analytically verified to be zero for all times, precluding the

FIG. 1. The quantity Eξ [|α j=0(ξt , t )|2] as a function of time for
various DQSR models, evaluated using the dynamics specified in
Eq. (8). Any deviations from the initial value signify a nonzero
value for the witness of Eq. (3) and thus a possibility for super-
luminal signaling. The evolutions in the main panel all start from
α(0) = cos(π/6). A constant value of the witness indicates that the
possibility of SLS is precluded. The green lines labeled ξ0 show the
limit of zero correlation time encountered in CSL as well as SUV
models in the white-noise limit. The red and blue lines labeled ξ∞
indicate the opposite limit of infinitely correlated (constant) noise
in the two-state SUV model, with noise values sampled either from
the steady state of an Ornstein-Uhlenbeck (OU) process or from
spherical Brownian motion (SBM). The left inset shows the evo-
lution with the same value for G/J , but for an initial state with
α(0) = cos(π/8). Comparing the main panel and the left inset shows
that OU noise necessarily causes SLS even for long times because
for a fixed ratio G/J the witness does not return to its initial value
for all possible initial conditions. In contrast, SBM noise does allow
SLS to be avoided at long times. However, a nonconstant value of
the witness, and hence SLS, cannot be avoided at short times and
constant noise values. The gray line in the right inset shows that a
model with purely stochastic state evolution (J = 0) will violate the
no-signaling condition at all times. All expectation values shown are
numerically averaged over 106 implementations of the noise.

possibility of SLS. This is indicated by the green line in Fig. 1,
where ξ0 indicates the vanishing correlation time of noise in
CSL models.

Going beyond white-noise models, non-Markovian quan-
tum state diffusion has been considered in the context of
open quantum system dynamics [34,35] and of DQSR models
driven by temporally correlated Gaussian noise [24,36]. In
these cases it is typically not possible to find a closed-form
expression for the dynamics without restricting the study to
particular settings [16,24,34]. In the cases in which a linear
master equation can be obtained for the ensemble dynamics,
this is again not sufficient to guarantee the absence of SLS. For
instance, the master equation found in Refs. [16,24] for a par-
ticular family of non-Markovian models is of the linear form
∂t ρ̂ = 	̃t [ρ̂] = −γ

∑
μ,ν

∫ t
0 dsDμν (t, s)[L̂μ, [L̂ν, ρ̂(t )]]. The

GKSL form of Eq. (5) can be seen to be a special case
of this dynamics, and therefore, all arguments showing that
GKSL-type equations allow SLS also apply to this more
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general form. As before, an additional assumption on the
jump operators and memory kernel is required to guarantee
that TrA[	̃t (ρ̂)] = 0 in setups with spatially separated actors.
Similar reasoning also applies to the types of non-Markovian
dynamics proposed on the basis of different assumption in
Refs. [16,24,34,36], as well as in relativistic DQSR models
[16,37]. Each time, the vanishing of the witness condition
of Eq. (3) does not follow from the linearity of the master
equation or the locality of the state evolution and needs to be
ascertained for individual instances of Markovian and non-
Markovian DQSR models in order to ensure the absence of
signaling.

Going beyond situations where a linear master equa-
tion may be obtained analytically, one of the particular
advantages of the witness condition in Eq. (3) is that it can also
be numerically evaluated in situations where analytical ex-
pressions of the master equations are not known. This applies
in particular to models with correlated noise that have been
considered in the context of SUVs, for which no closed-form
master equation is available [20,25,26,38]. We will numeri-
cally evaluate the witness condition of Eq. (3) for two of these
models and show that they too require further restrictions to
avoid SLS.

For two-state superpositions, the SUV dynamics is de-
scribed by

dĜt |ψt 〉 = (J〈σ̂ 〉t + Gξt )(σ̂ − 〈σ̂ 〉t )|ψt 〉dt . (8)

Here, σ̂ again indicates a Pauli σ z operator acting on Alice’s
measurement device. The overall geometric factor introduced
by the final expectation value ensures norm-preserving dy-
namics, while the nonlinear term proportional to J induces
stable end points for the evolution at 〈σ̂ 〉 = 0 or 1, corre-
sponding to the two possible measurement outcomes [20,23].
The stochastic parameter ξt is assumed to be temporally cor-
related and obeys the independent stochastic dynamics dξt =
−ξt dt/τ + g(ξt )dWt . Here, τ is the correlation time of the
noise. Although any generic continuous stochastic process
may be utilized for ξt , two processes of particular interest
are the (Gaussian) Ornstein-Uhlenbeck process (OU), with
g(ξt ) = √

2/τ , and the spherical Brownian motion (SBM),
defined by g(ξt ) =

√
1 − ξ 2

t /τ [20,23,26,38].
In the limit of infinite correlation time (static noise), the

results of numerically evaluating Eq. (8) are depicted by the
red and blue lines in Fig. 1. For SBM noise, it is possible to
find a ratio G/J such that Born’s rule is obeyed at long times
for all possible initial conditions. This precludes SLS in the
long-time limit. At short times, however, there is a clear devi-
ation from Eξ [|α j=0(ξt , t )|2] being constant, and the witness
condition of Eq. (3) thus implies that the possibility of SLS
is unavoidable. Moreover, for OU noise, SLS is unavoidable
even at long times because there is no value of G/J that allows
the witness to return to its initial value for all initial states
simultaneously [26].

For intermediate values of the correlation time in SUV
models with SBM noise, Fig. 2 shows that the short-time
deviation of Eξ [|α j=0(ξt , t )|2] from its initial value disappears
smoothly in the limit of vanishing correlation time but cannot
be avoided for any finite value. This has direct implications
in the limit of large measurement devices, as the timescale of

FIG. 2. The quantity Eξ [|α j=0(ξt , t )|2] as a function of time for
the SUV model with correlated SBM noise. Any deviations from
the initial value signify a nonzero value for the witness of Eq. (3)
and thus a possibility for superluminal signaling. The lowest blue
curve is for correlation time Jτ = 0.05, the middle green one is for
Jτ = 0.2, and the top orange line is for Jτ = 1. For each evolution,
the value of J/G was adjusted to ensure the emergence of Born’s
rule at long times. The inset shows that the time Jtmax at which the
maximum deviation of the witness from its initial value occurs shifts
to later times for larger correlation times. Despite this, it always stays
well below the collapse time Jtcoll, defined as the characteristic decay
time of the off-diagonal expectation value Eξ [α j=0(ξt , t )α j=1(ξt , t )].
All expectation values shown are numerically averaged over 105

implementations of the noise.

DQSR dynamics decreases with system size. In SUV models,
for example, this is due to the extensive scaling of the param-
eter J with system size. Moreover, all physical noise process
have a nonzero correlation time, and regardless of how small
it is, there will be a critical size for measurement machines
above which the DQSR evolution takes place entirely within
the correlation time of the noise. SLS is then unavoidable
for macroscopic measurement machines obeying the types
of DQSR dynamics considered above. Note, however, that
although the time at which the maximum deviation occurs
shifts to higher values for longer correlation times of the noise,
it stays well below the characteristic time over which the
evolution approaches its stable end points (as shown in the
inset of Fig. 2). The unavoidable possibility of SLS occurring
in macroscopic devices, indicated by the witness deviating
from a constant value, therefore occurs within a vanishingly
short time interval in the thermodynamic limit and may not be
accessible or observable in practice.

That SLS cannot be avoided in the models considered
in principle, even if its effects are unobservable in practice,
should raise questions about the existence of closed timelike
loops. Note, however, that while we did not identify any
DQSR processes with correlated noise and without analyti-
cally obtainable master equations that are capable of avoiding
SLS in general, it is possible that particular signaling-free
instances of such processes exist. If so, they can be straightfor-
wardly identified by the witness introduced here. A possible
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place to look for such processes is the generalization of SUV
processes to initial configurations superposed over a continu-
ous rather than a discrete set of states.

VII. CONCLUSIONS

In conclusion, we showed that the witness conditions of
Eqs. (3) and (4) provide both a necessary and sufficient con-
dition for any model introducing changes to Schrödinger’s
equation to preclude the possibility of superluminal signal-
ing. The condition ensures that the marginalized probability
dynamics is a Martingale process. It applies to modifications
of quantum theory in general and to models for dynamical
quantum state reduction in particular.

Applying the witness condition to models whose ensemble
dynamics is described by a GKSL-type master equation, we
found that linearity of the master equation is a necessary but
not a sufficient condition to rule out superluminal signaling.
This applies to both Markovian and non-Markovian models.
We showed that in these cases, one possible way to guarantee
the absence of signaling is to supplement the linearity condi-
tion on the master equation by a locality condition on its jump
operators. We stress, however, that the locality of the jump
operators is not implied by the locality of the state evolution
and has to be confirmed in each individual microscopic model.
Alternatively, the witness condition of Eq. (3) provides a
necessary and sufficient condition for certifying the absence
of superluminal signaling under all circumstances.

Going beyond descriptions in terms of ensemble dynamics,
the witness condition of Eq. (3) can also be straightforwardly
checked for models in which analytical expressions of the
master equations are not known. We gave explicit examples
of this for specific models with correlated noise, which we
showed allow superluminal signaling at short times, even if
they conform to Born’s rule at long times. This does not
imply signaling-free models driven by colored noise (with
or without linear master equations) do not exist. In fact, we
argue that if dynamical state reduction or any other type of
modified Schrödinger dynamics is caused by a physical pro-
cess, it cannot be fundamentally white and will have to obey
Eq. (3) in order to avoid superluminal signaling. The condition
formulated here thus provides a stringent requirement as well
as a clear guiding principle in the ongoing search for a fully
satisfactory model of dynamical quantum state reduction.
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