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Recent James Webb Space Telescope observations of high-redshift massive galaxy candidates have
initiated renewed interest in the important mystery around the formation and evolution of our Universe’s
largest supermassive black holes (SMBHs). We consider the possibility that some of them were seeded by
the direct collapse of primordial density perturbations from inflation into primordial black holes and
analyze the consequences of this on current dark matter substructures assuming non-Gaussian primordial
curvature perturbation distributions. We derive bounds on the enhanced curvature perturbation amplitude
from the number of dwarf spheroidal galaxies in our Galaxy, observations of stellar streams and
gravitational lensing. We find this bound region significantly overlaps with that required for SMBH seed
formation and enables us to probe Gaussian and non-Gaussian curvature perturbations corresponding to the
SMBH seeds in the range Oð105–1012ÞM⊙.

DOI: 10.1103/ybdn-pr3h

I. INTRODUCTION

The origin of supermassive black holes (SMBHs) in our
Universe remains unknown. Possible origins include stellar
black holes from Population-III stars [1,2]. There are also
scenarios where the direct collapse of dust clouds lead to
more massive halos in which fragmentation is suppressed
by some additional heating mechanism [3–7]. Different
models for their evolution histories will be probed with
future gravitational wave observations [8–11]. As of now, it
is not yet clear whether there is enough time for SMBHs to
gain mass quickly enough and to do so before the early
times at which they are observed in the Universe (see e.g.
Ref. [12] for a recent review).
The James Webb Space Telescope (JWST) is revealing

the high-redshift universe in novel ways, offering much
more insight into the seeds of SMBHs by studying their
high redshift population. For instance, there is evidence for

SMBHs at 8 < z < 11 with candidates in the rangeMBH ¼
Oð106–108ÞM⊙ [13–17]. These observations mount further
pressure on models with low mass progenitors without
super-Eddington accretion or rapid merger rates in the early
Universe. Feedback from super-Eddington growth can
hinder SMBH growth—jets and outflows from accretion
push material away, so the duration of super-Eddington
growth phases should be finite [18] but a realistic value for
the duration is still unknown. Merger scenarios for the
SMBH origin require highly clustered early populations,
which can affect SMBH growth both positively and
negatively, as they can act to eject SMBHs from galaxy
centers [19].
These uncertainties motivate another possibility, namely

that our Universe’s SMBHs did not acquire most of their
mass through accretion or mergers, but are rather primor-
dial black holes (PBHs) forming from the collapse of large
density fluctuations produced during cosmic inflation.
Unlike smaller PBHs, the horizon reentry of these fluctua-
tions should happen at later epochs, or correspondingly
lower temperatures, in order to contain large-enough mass
within the horizon. There are several schemes to achieve
such enhanced perturbations, e.g., via a phase of ultra-slow-
roll [20,21] or considering multiple fields [22,23].
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The homogeneity and isotropy of cosmic microwave
background (CMB) observations impose strict constraints
on the amplitude As and spectral index ns of scalar pertur-
bations. For example, at the pivot scale k� ¼ 0.05 Mpc−1,
the amplitude and the spectral index is constrained as As ¼
ð2.099� 0.029Þ × 10−9 and ns ¼ 0.9649� 0.0042 (Planck
TT;TE;EEþ lowE data [24]). At smaller scales, constraints
on the curvature perturbations are much less stringent.
Currently, the amplitude for comoving wavenumbers k >
Oð1Þ Mpc−1 is constrained through considerations of μ- and
y-type distortions in CMB observations [25,26], the over-
production of PBHs [27–32], density profiles of ultracom-
pact minihalos [33,34], free-free emission in the Planck
foreground analysis [35], the galaxy luminosity function [36]
and gravitational lensing [37]. The enhancement of the
primordial power spectrum of curvature perturbations Pζ

at large k ≃Oð102–104Þ Mpc−1 is constrained to be lower
than around Oð10−4Þ.1
However, the amplitude of the primordial curvature

perturbation needed to explain the abundance of PBHs
as SMBH seeds can be decreased if the density distribution
follows non-Gaussian statistics [38,39]. If this is the case,
the current constraints listed above can be avoided.
In this work, we highlight how the imprint of small-scale

perturbations during inflation affects the evolution of
hierarchical galaxy structures, as manifested in the dark
matter (DM) halos and subhalos. Two quantities are
considered as DM substructure probes: the number density
of the dwarf spheroidal galaxies of the Milky Way [40] and
stellar stream observations [41–45] combined with lensing
analysis. The former is representative of DM substructures
with visible counterparts, while we can see the signatures of
substructures that are too small to host galaxies in the latter.
Previous works show that they are powerful indicators of
DM properties (e.g. Refs. [46–49]). We show that the same
scheme is applicable for probing SMBH seeds.
The structure of this article is as follows. In Sec. II, we

explain the formulation to connect primordial curvature
perturbations and SMBH seed formation. Section III is
devoted to explaining the relevant physics of DM halos. We
then show our main results and discuss their implications in
Sec. IV, and we summarize and conclude in Sec. V.

II. PRIMORDIAL CURVATURE
PERTURBATIONS AND PBH ABUNDANCE

A. Power spectrum

We investigate models with a prominent feature at small
scales with wave number k≳Oð1Þ Mpc−1 in the primor-
dial power spectrum. To evaluate the impact of the

curvature perturbation in this range, we add an additional
feature, namely an extra bump, on top of the nearly scale-
invariant curvature perturbation spectrum that matches the
features seen in the CMB

Pζ ¼ Pð0Þ
ζ þ Pbump

ζ ; ð1Þ

where Pð0Þ
ζ ðkÞ ¼ Asðk=k�Þns−1 and

Pbump
ζ ðk; kpÞ ¼

(
nbðA − Pð0Þ

ζ ðkpÞÞ
�
k
kp

�
nb k ≤ kp

0 k > kp
: ð2Þ

Here, we introduce three parameters denoted as A, kp, and
nb, which describe the amplitude, the corresponding wave
number, and the growth index of the bump, respectively.
Note the coefficient nb in Eq. (2) is necessary to ensure that
the variance of the primordial power spectrum is normal-
ized to A as per convention. Considering single-field
inflation models, Ref. [29] suggests a steepest spectral
index of nb ¼ 4. Conversely, Ref. [50] argues that the
spectral index could reach as high as 8 after experiencing a
dip in amplitude and subsequently peaking with an index
less than 4. We show some illustrative examples of the
primordial power spectrum with different amplitudes and
growth indices as a function of the ratio k=kp in Fig. 1.

B. Formation and evolution of PBHs

We start by considering the mass of PBHs based on their
time of formation in our Universe’s history. See the
literature (e.g. Ref. [51,52] for recent reviews) for more
details. PBHs that formed at later times should be much
heavier, as their sizes are governed by the size of the
cosmological horizon. During the radiation-dominated era,
the horizon contains the following amount of energy [53]

FIG. 1. Primordial power spectrum against the comoving-to-
peak wavenumber ratio. The Planck prediction with no enhance-
ment is shown in black solid, while we show other combinations
of peak amplitude and slopes in other colors and line styles as
depicted in the legend.

1The curvature perturbation in comoving coordinates ζ is used
interchangeably with the comoving curvature perturbation R in
the literature because they describe the same physical quantity
during inflation and on superhorizon scales.
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MH ¼ 3 × 109M⊙

�
10 keV

T

�
2
�
3.36
g�ðTÞ

�
1=2

ð3Þ

where MH is the horizon mass, T is temperature of the
Universe and g�ðTÞ is the number of relativistic species at
temperature T. Equation (3) provides a good estimate of the
PBH mass corresponding to the temperature of the
Universe at the formation epoch. When a density fluc-
tuation is large enough, it collapses to form a PBH, the
mass of which is typically smaller, given by MBH ≃ γMH,
where γ ≲ 1 quantifies the efficiency of collapse [54]. For
example, it takes γ ≃ 0.8 for a narrow spectrum [55]. From
Eq. (3), the PBHs should have formed after Oð1Þ MeV
temperatures with horizon masses of around Oð105ÞM⊙ in
order to be SMBH seeds, while it should be before the onset
of recombination with Oð1Þ eV [or correspondingly,
MH ∼Oð1017ÞM⊙] corresponding to horizon masses at
the incredulity limit.
While the mass of the PBH at formation is described

using the comoving wavenumber of the fluctuation [56], its
evolution due to accretion and mergers can be parametrized
by introducing two parameters A for accretion and M for
mergers [57]

MPBH;0 ¼ AMMseed

≃ 20γ ·AM
�

k
106 Mpc−1

�
−2
M⊙: ð4Þ

Here we fix γ ¼ 0.8. Our results are not sensitive to the
value of this parameter.
The initial fraction of causal horizons collapsing into

PBHs can be calculated via the integral

β ¼
Z

∞

δc

PðδÞdδ; ð5Þ

where PðδÞ is the probability distribution function of
density contrast δ and δc is the critical density contrast
required to collapse and form a black hole. The critical
threshold has no universal value, and it can range anywhere
between 0.3≲ δc ≲ 0.66 [58].

C. Non-Gaussianity

The treatment of the non-Gaussianity in this work
follows that provided in Ref. [38] as we will summarize
below. Following the literature, three types of statistics for
curvature perturbations are considered: the Gaussian (G),
the chi-square (χ2), and the cubic-Gaussian (G3) distribu-
tions. To encompass these distributions, we express the
curvature perturbation as ζ ¼ hðζGÞ, where ζG is a
Gaussian field. Adopting the local ansatz, the non-
Gaussianity can be expressed in the following form

hðζGÞ ¼ ζG þ 3

5
fNLðζ2G − σ2ζÞ þ

9

25
gNLζ3G þ…; ð6Þ

where σ2ζ ¼ hζ2Gi is the variance. From here, the probability
distribution function for non-Gaussian ζ is calculated as

PNGðζÞdζ ¼
Xn
i¼1

���� dh−1i ðζÞ
dζ

����PGðh−1Þdζ; ð7Þ

where h−1i ðζÞ is the ith solution of hðζGÞ ¼ ζ and n is
the number of the terms. For curvature fluctuations domi-
nantly following G, χ2, and G3 distributions, Eq. (6)
follows hðζGÞ ¼ ζG, hðζGÞ ∝ ðζ2G − σ2ζÞ, and hðζGÞ ∝ ζ3G,
respectively. The formation fractions are determined by
evaluating the integral in Eq. (5), where the density
perturbations are expressed in terms of ζ [57,59–61]

βG ¼ erfc

�
ζcffiffiffi

2
p

σ=
ffiffiffiffi
K

p
�
;

βχ2 ¼ erfc

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
þ ζcffiffiffiffiffiffiffiffiffi

2=K
p

σ

s !
;

βG3 ¼ erfc

��
ζcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8=15KÞp
σ

�
1=3
	
: ð8Þ

We evaluate the variance σ that enters Eq. (8) as a
function of the smoothing scale R ¼ k−1

σ2ðkÞ¼ 16

81

Z
d lnk0Pζðk0Þ

�
k0

k

�
4

jWðk0=kÞj2T2ðk0=kÞ: ð9Þ

Here we adopt the top-hat window function WðxÞ ¼
3ðsin x − x cos xÞ=x3 and the radiation-era transfer function
TðxÞ ¼ 3ðx= ffiffiffi

3
p Þ−3½sinðx= ffiffiffi

3
p Þ − ðx= ffiffiffi

3
p Þ cosðx= ffiffiffi

3
p Þ�, as

in Ref. [62]. For a narrow peak in the primordial power
spectrum, σ2ðRÞ attains its maximum when kpR ≃ 2.5–3,
as shown in Ref. [62].2

When computing the variance, expressed as an integral
over the external wave number k, we therefore evaluate the
variance at the corresponding smoothing scale R associated
with that mode. This ensures that the physically relevant
collapse scale is automatically incorporated by the window
function and transfer function in Eq. (9).
We note that ζc is the critical value of the curvature

perturbation which represents the deviation from flatness in
a region. Nonlinearities in the Press-Schechter or peak
theory formalism are accounted for by introducing the

2It is pointed out in Ref. [63] that the choice of the window
function causes large uncertainties in the evaluation of the
variance. For instance, we have checked that if we use the
Gaussian window function, then the resultant amplitude A to give
Ωtot

PBH;0 ¼ 10−10, defined in Eq. (11), becomes more than one
order of magnitude larger.
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factor K in the standard threshold integral. The factor K in
the Press-Schechter formalism is set to 2 to correct for the
underestimation of the mass fraction of collapsed objects
by accounting for both overdense and underdense regions.
This adjustment ensures that the predicted mass fraction
aligns with physical expectations, effectively capturing the
overall impact of nonlinearities in a statistical sense. We
note that mode coupling makes it hard to keep a strict χ2

distribution at small scales [64]; but these uncertainties are
negligible for our cases considering narrow spectra. For the
following, we will consider when ζc ¼ δc ¼ 0.45 [65,66],
as this is the condition required for the density contrast to
form a black hole.
We show the formation fraction in Fig. 2 assuming

ζc ¼ 0.45. Here we clearly see the benefits of non-
Gaussianity in relaxing the power spectrum amplitude
required to produce a certain fraction β of the Universe’s
energy in PBHs. For example, for a power spectrum value
of Pζ ¼ 10−2, we get ≳106 (≳107) times enhancement
compared to the Gaussian in the PBH fraction β for the χ2

(G3) distributions.
We relate β to the current energy density in PBHs of seed

mass Mseed (described conventionally by logarithmic inter-
vals in seed mass) as [38,57]

ΩPBH;0 ¼
ρPBH;0ðMseed;A;MÞ

ρcrit;0

≃ 2 × 108γ1=2A

ffiffiffiffiffiffiffiffiffiffiffi
M⊙

Mseed

s
β

�
Mseed

M⊙

�
: ð10Þ

It should be noted that the effects from accretion or mergers
on the current energy density of PBHs, ΩPBH;0, are minor.
In fact, the energy stored in the form of PBHs is not
changed by mergers. Accretions would increase the energy

density, however, it can be easily compensated by a change
in parameter β. The parameter β exhibits a high degree of
sensitivity to variations in the power spectrum. An ampli-
fication by several orders of magnitude, whether through
accretion or merging, can be offset by less than an order of
magnitude increase in Pζ, which we will illustrate later in
Sec. IV. To calculate the total energy density of PBHs in the
present Universe, we evaluate the integral

Ωtot
PBH;0 ¼

Z
ΩPBH;0d lnMseed: ð11Þ

This quantity is to be compared to the energy density of
SMBHs, ΩSMBH. Reference [38] evaluates ΩSMBH from the
number of the galaxies that can host massive black holes
[67] and the mass range of SMBHs as 106–108M⊙,
obtaining 10−7 ≲ ΩSMBH ≲ 10−5 by dividing the sum of
the mass in those SMBH by the total mass of the Universe.
Following the estimate in the previous work, we set
Ωtot

PBH;0 ¼ 10−10 as a conservative benchmark to test the
PBH origin scenario for SMBHs.

III. DARK MATTER SUBHALOS

Peaked primordial power spectra yield altered conse-
quences for the late-time evolution of structures. For
example, models with peaked curvature perturbation spec-
tra can be constrained with observations of DM substruc-
tures which can be traced by satellite galaxies. Following
Ref. [68], we adopt the extended Press-Schechter (EPS)
formalism to discuss the number of subhalos in a larger host
halo of the Milky Way, given the aforementioned model
Eq. (2) of curvature perturbations with an enhancement
parametrized by ðA; kp; nbÞ.
In the EPS theory, instead of halo mass and redshift

ðm; zÞ, one adopts ðS; δhac Þ. δhac is the halo collapse threshold
at redshift z in the linearly extrapolated spherical collapse
model, δhac ≡ 1.686=DðzÞ, where DðzÞ is the linear growth
factor. S≡ σ2ðmÞ is the variance of the density fluctuation
which we evaluated as that at z ¼ 0, where we apply the
sharp-k filter. The filter is suitable for power spectra with a
steep cutoff [69]. The mass fraction contained in smaller
halos which collapse at redshift z2, where δhaðz2Þ is written
δha2 , with corresponding mass scale S2, characterized by
ðS2; δha2 Þ in their host halo ðS1; δha1 Þ of z1 < z2 is given by

fðS2; δha2 jS1; δha1 ÞdS2 ¼
1ffiffiffiffiffiffi
2π

p δha2 − δha1
ðS2 − S1Þ3=2

× exp

�
−
ðδha2 − δha1 Þ2
2ðS2 − S1Þ

	
dS2: ð12Þ

With this expression, one can compute the number of
subhalos that accreted on their host with masses between
ma and ma þ dma between the redshifts za and za þ dza

FIG. 2. Dependence of the initial fraction of causal horizons β as
a function of the primordial power spectrum amplitude. The
Gaussian case is shown as a cyan (dot-dashed), the χ2 case as a dark
cyan (dashed), and the G3 case as a blue (solid) line. The plots are
corresponding to the case assuming K ¼ 2, ζc ¼ δc ¼ 0.45.
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i.e. d2Nsh=ðdmadzaÞ. In our computation, instead of the
simplest form of Eq. (12) based on the spherical collapse
model, we adopt the model III of Ref. [70], which better fits
numerical simulation results by adding a condition for main
branch halos.
Besides ðma; zaÞ, the density profile of a subhalo at

accretion is also characterized by its concentration param-
eter at the epoch, ca. Assuming the Navarro-Frenk-White
(NFW) profile [71]

ρðrÞ ¼ ρs

�
r
rs

�
−1
�
1þ r

rs

�
−2
; ð13Þ

the concentration parameter is defined as ca ¼ ra=rs
where we denote the virial radius at accretion as ra. The
two parameters characterizing the profile, ðρs; rsÞ are tied
to the maximum circular velocity and the corresponding
radius ðVmax; rmaxÞ as ρs ¼ ð4.625=4πGÞðVmax=rsÞ2,
rs ¼ rmax=2.163.
We adopt the concentration-mass relation of Ref. [72] for

the following calculation.
Once a smaller halo has accreted onto a larger one and

become the subhalo, it will start losing its mass through the
tidal force exerted by the host. This process is described by
the following differential equation (e.g. Ref. [73])

dm
dt

¼ −g
m
τdyn

�
m

MðzÞ
�

η

; ð14Þ

whereMðzÞ and τdyn are the mass and dynamical time scale
of the host halo, respectively, and g and η are parameters
which depend on the host halo mass and redshift. We take
values determined by fitting the tidal mass-loss rate with a
single power law function [74] which agrees with the

numerical results [75]. We obtain the accretion history of
the host MðzÞ [also relevant for S1 in Eq. (12)] through the
EPS theory [76], which depends on the peak parameters
ðA; kp; nbÞ through S1. We incorporate the change of the
density profile parameters ðrs; ρsÞ from the evolution of
Vmax and rmax following the tidal mass loss of subhalos,
taking the relationship derived in Ref. [77] which is suitable
for the NFW profile, i.e., inner slope proportional to r−1.

IV. RESULTS AND DISCUSSION

In this section, we explore the constraints on curvature
perturbations that can source the SMBH seeds from current
observations and prospects, considering DM substructure
probes of the number count of satellite galaxies as well as
stellar stream and lensing observations. As we will see
below, these show complementary performance to CMB
μ-type distortion measurements which were investigated in
previous works [38].
In Fig. 3, the prediction of the subhalo mass function

with several values of A are plotted in different lines. The
left (right) panel corresponds to the case of nb ¼ 4

(nb ¼ 8). We fix the parameter kp ¼ 32 hMpc−1 where
h ¼ 0.6736 [24]. In the calculation for nb ¼ 8 case, we use
the host halo mass evolution with nb ¼ 4 to save computa-
tional time, since the impact is expected to be small. The
figure clearly shows that the subhalo mass function within
the vicinity of the Milky Way is affected by the injection of
power on this characteristic scale. For the same wave
number, the maximum in the subhalo mass function shifts
to higher masses as the amplitude of the power enhance-
ment increases. The number of smaller subhalos, on the
other hand, is suppressed because halos corresponding to
wave numbers of the power spectrum bump collapse so

FIG. 3. Subhalo mass function dNsh=d log10 mwithin 300 kpc volume of the MilkyWay halo. The data points are a combination of the
stellar-stream and lensing measurements [47,48]. The curves are predicted subhalo mass functions for kp ¼ 32 hMpc−1 and smaller to
larger values of A (from top to bottom). The left and right panels are for nb ¼ 4 and nb ¼ 8, respectively. The dotted line in each panel
corresponds to the prediction without a bump feature. Note that the peak amplitude in the legend is simply Apeak ¼ Anb.
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early that smaller substructures cannot form as they will be
embedded inside these larger halos.
This behavior is qualitatively consistent with numerical

simulations, such as those presented in Ref. [33]. In
particular, Fig. 4 of Ref. [33] demonstrates that a sharp
enhancement in the power spectrum results in a significant
abundance of halos at that corresponding scale, while
suppressing the formation of smaller structures. These
trends are in good agreement with our findings based on
the EPS formalism. While a detailed quantitative compari-
son between our semianalytical predictions and numerical
simulations remains a task for future work, preliminary
comparisons with N-body simulations indicate promising
agreement, supporting the validity of our model.
We also note that the choice of a filter function (e.g.,

sharp-k or top-hat) can introduce some ambiguity when
comparing different power spectrum models. However,
Ref. [68] demonstrated that this ambiguity has minimal
impact in cases with a sharply peaked power spectrum,
supporting the reliability of our predictions.

A. Constraints using satellite counts

For a given parameter set ðA; kp; nbÞ, we predict the
number of subhalos that host dwarf satellite galaxies in
them and compare this with observations. We assume that
each subhalo above a certain mass hosts a galaxy. This
enables us to avoid the uncertainty in galaxy formation
conditions. We adopt the number of observed satellite
galaxies in the Milky Way as a lower limit. Since
implementing galaxy formation conditions will reduce
the number of expected satellites compared with that of
subhalos, our approach is conservative.
The Dark Energy Survey and PanSTARRS1 survey

identified 94 satellites with the kinematic data within the
virial volume of the Milky Way after imposing the
completeness correction [40,49]. The satellite galaxy with
the smallest velocity dispersion, σV , is Leo V with σV ¼
2.3 km s−1 [40]. We take this value as the minimum for
subhalos to host galaxies, and scan the parameter region
where the number of subhalos satisfying the VLeo I

max ¼ffiffiffi
3

p
σV ¼ 4 km s−1 is larger than 94.

B. Constraints using gravitational lensing
and stellar stream data

Stellar stream observations and gravitational lensing are
pure probes of DM subhalos that induce gravitational
perturbations and can provide indications to subhalos
without baryonic counterparts. The existence of DM
subhalos in the host will perturb the image of lensed
galaxies behind the system, while passing of DM subhalos
through stellar streams will perturb the distribution of stars
and creates gaps in the streams. Through these measure-
ments, one can estimate the number of subhalos in a given
mass range.

The observations of stellar streams and gravitational
lensing are sensitive to the halos in the range of
Oð106–109ÞM⊙. Each point with error bar in Fig. 3 denotes
the subhalo mass function within 300 kpc from
the Milky Way halo center, which was derived in
Refs. [47,48]. To convert the subhalo mass function within
the virial radius, as obtained from SASHIMI, to that within
300 kpc, we adopted the spatial distribution presented in
Fig. 11 of Ref. [78]. We interpret the points with downward
arrows as limits on Nsh ≠ 0 due to the nondetection of
stream perturbers or lensing at that mass at the 2σ
confidence level.
We performed chi-square analysis with the above data as

χ2ðkp; A; nbÞ ¼
X
i

½Ni − Nthðmijkp; A; nbÞ�2
σ2i

; ð15Þ

where mi, Ni, and σi are the i-th mass bin, mass function
data value and its 1σ error shown in Fig. 3. For simplicity,
we assume that the probability distribution follows a
Gaussian while it is not constrained by current observa-
tions. Nthðmijkp; A; nbÞ in Eq. (15) is the theoretical
prediction for subhalo number at mi with the given
parameters ðkp; A; nbÞ. The parameter nb is fixed in our
analysis. We then evaluate the excluded region on the
ðkp; AÞ plane at the 95% confidence level by requir-
ing Δχ2ðkp; AÞ≡ χ2ðkp; AÞ − χ2min > 5.99.
In the example shown in Fig. 3, we see that the model

with e.g. Anb ¼ 10−2 predicts too small numbers of
subhalos in the mass range where lensing and stellar stream
observations are sensitive, hence it can be excluded. We
will also discuss future projections in the following
sections.

C. Sensitivity to SMBH seeds

Sensitivity to the possible SMBH seeds from current
observations are summarized in Fig. 4. The left (right) panel
shows the case which assumes nb ¼ 4 (nb ¼ 8). In each
panel, we plot the excluded region from satellite number
counts with light purple. The constraints obtained from
lensing and stellar stream observations, which are shown in
dark purple, surpass those from satellite number counts. By
combining the lensing and stellar stream observations, the
sensitivity improves by a factor of ≃10. If the parameters
ðA; kpÞ are above these lines, ourmodel yields fewer than 94
subhalos with Vmax > 4 km s−1, hence an upper limit at the
95% confidence level is obtained. The sensitivity with
subhalo number counts reaches as small as A ∼ 8 × 10−8

at kp ∼Oð10Þ Mpc−1.
For the Lyman-α exclusion shown as a dark gray region,

we evaluate the full primordial power spectrum at the
characteristic Lyman-α scale kLyα ≃ 2.7 Mpc−1 and impose
the empirical upper limit PζðkLyαÞ ≤ 3 × 10−9 derived from
Lyman-α forest measurements [79].
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We also plot the excluded region from CMB μ distortions
in the same figure with gray-solid lines. The best current
constraints on spectral distortions come from the COBE/
FIRAS instrument, which finds jμj≲ 9 × 10−5 at the
95% confidence level [80,81]. The CMB μ distortion is
sensitive to the PBHs within the mass spectrum of
Oð104–1012ÞM⊙. The mass range corresponds to the
horizon mass associated with the enhanced primordial
curvature perturbations that coincide with comoving scales
entering the horizon between z ≃ 106 and recombination.
The interaction of the photon-baryon fluid through the
Compton scattering erases the signature of the acoustic
dumping of the scalar fluctuations that enter the horizon at
z≳ 106. The μ distortion is calculated as [26,82]

hμi ≃ 2.3
Z

∞

k0

dk
k
PζðkÞWðkÞ; ð16Þ

where PζðkÞ is convolved with a window function

WðkÞ¼ exp

 
−

½ k̂
1360

�2
1þ½ k̂

260
�0.3þ k̂

340

!
− exp

�
−
�
k̂
32

	2�
: ð17Þ

Here we denote k̂ ¼ k=Mpc and k̂0 ¼ 1. Current CMB
μ-distortion bounds are sensitive to amplitudes down to
A ∼ 4 × 10−5. This probe is complementary to those DM
substructures, which can be more sensitive in the mass
range of Mseed

PBH ≳Oð109ÞM⊙.
In each panel, the amplitude of the primordial fluctuation

which produces the current SMBH energy density
of ΩSMBH ¼ 10−10 assuming three different statistics,
βG; βχ2 and βG3 [38] are shown with light cyan, dark cyan,

and blue, respectively. Depending on the accretion effi-
ciency A, the amplitude satisfying the SMBH abundance
can be in between the upper (A ¼ 1) or lower (A ¼ 105)
boundaries of the bands.
The sensitivity with DM structure formation is sufficient

to probe non-Gaussian statistics of χ2 and G3 distributions
at scales kp ≲Oð102Þ Mpc−1. For nb ¼ 8, the accessible
region gets slightly narrower, however, up to kp ∼
70 Mpc−1 can still be probed. These regions correspond
to PBH seed masses ≳109M⊙. The Gaussian statistics
case over scales of 101 ≲ kp · Mpc≲ 3 × 104 for both nb
are already excluded by measurements of the CMB μ
distortion by COBE/FIRAS. For a narrower range of
30 Mpc−1 ≲ kp ≲ 104 Mpc−1, COBE/FIRAS observations
exclude the χ2 case. In all cases, the most non-Gaussian
(G3) case is not yet explored by μ-distortion measurements.

D. Prospects for future observations

Upcoming surveys such as the Rubin Observatory
Legacy Survey of Space and Time [83] can extend these
constraints to much smaller scales. In Fig. 5, we showcase
examples assuming NshðA; kp; nbÞ=NshðA ¼ 0Þ < 2 for
four subhalo mass ranges, 105–106, 106–107, 107–108,
and 108–109M⊙ with light to dark magenta. Here we
parametrize the abundance ratio by taking the ratio of the
abundance to the case with A ¼ 0, i.e. without an enhance-
ment in the power spectrum. Using this approach, we
highlight that there is strong potential to explore the PBH
origin of the SMBH by probing its mass down to
≃Oð105ÞM⊙ for nb ¼ 4 and ≃Oð107ÞM⊙ for nb ¼ 8.
SMBH seeds of mass 105–106M⊙ would naturally explain

FIG. 4. Constraints from cuerent observations on the amplitude of the primordial power spectrum A as a function of the peak wave
number kp and PBH seed mass. The left panel assumes nb ¼ 4 and the right panel does nb ¼ 8. The light and dark solid purple lines
represent constraints on the power spectrum from the satellite counts, and combined stream and lensing analysis at the 95% confidence
level, respectively. The solid gray line corresponds to COBE/FIRAS μ-distortion bounds. The black region is excluded by Lyman-α data
[79]. The solid cyan, dark cyan, and blue regions correspond to the magnitude of Gaussian, χ2, and G3 distributions which would give
rise to an SMBH density of ΩSMBH ¼ 10−10, respectively. The upper and lower boundary of these three bands correspond to the
accretion factors A ¼ 1 and A ¼ 105.
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the observed black holes at high redshifts by JWST. In this
approach, we can probe power spectrum amplitudes down
to ≃Oð10−8Þ for a certain range of scales. The constraints
can be comparably strong to those expected with future
μ-distortion measurements by PIXIE [38], which are shown
with dashed lines in the figure. Also for nb ¼ 8, the DM
substructure probe can be advantageous relative to to μ-
distortion measurements. We also remark in Fig. 6 on the
relative strength of the current DM substructure constraints
for small kp to future μ-distortion probes with PIXIE.

V. DISCUSSION AND CONCLUSIONS

In this work, we have studied features in the primordial
curvature perturbation power spectrum that give rise to

overdensities which collapse to form PBHs large enough
to serve as progenitors for SMBHs. As previously
discussed in Ref. [38], PBH progenitor scenarios for
SMBH seeds are in conflict with CMB μ-distortion
observations if a Gaussian distribution is assumed for
the primordial curvature perturbations. If primordial
curvature perturbations follow non-Gaussian distribu-
tions, such constraints can be evaded hence increased
sensitivities from future observations are required to test
such models.
In such situations, the mass function of subhalos around

the Milky Way would also be altered, leading to different
numbers of satellite galaxies and smaller dark subhalos. We
investigated the region of parameter space which can be
constrained from current observations on the number
counts of the satellite galaxies and dark subhalo estimates
with stellar stream and lensing observations. The DM
substructure analysis excludes large regions of amplitude
for peak wavenumbers less than Oð100Þ Mpc−1, corre-
sponding to PBH seed masses greater than ≃Oð109ÞM⊙,
which cannot be probed with current CMB μ-distortion
measurements.
For models with a peaked power spectrum, subhalos

corresponding to the peak mass scale are expected to have
significantly higher concentrations. These enhanced den-
sities can influence a variety of astrophysical observables
including the ones explored in this work. While our satellite
constraints indirectly include such structural information
as the models are constrained by the number of satellites
with Vmax > 4 kms−1, we primarily focused on the subhalo
mass function. We acknowledge that a full analysis
incorporating the internal density structure of subhalos
would provide additional insights (e.g., [84]).

FIG. 5. Future prospects on the sensitivity to the amplitude of the primordial power spectrum A. Projected constraints from galaxy

stream observations are plotted in solid magenta lines corresponding to less than a 100% increase in subhalos (NshðA;kp;nbÞ
NshðA¼0Þ < 2) in four

subhalo mass ranges, 105–106, 106–107, 107–108, and 108–109M⊙, denoted using the lightest to darkest magenta colors respectively.
Here we assume no uncertainty in the subhalo mass function for the scale-invariant power spectrum. Prospects with future μ-distortion
measurements with PIXIE [38] are shown with gray-dashed lines. See Fig. 4 for the Lyman-α bounds and expected amplitude for
curvature perturbations to generate SMBH seeds.

FIG. 6. Constraints as shown in the left panel of Fig. 4 with
projections for the PIXIE experiment (dashed gray). From some
wave numbers the current constraints are already stronger than
future projections.
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Potential for future observations to extend the probable
range with the scheme of this article is also discussed. We
highlight the possibility of probing the PBH origin of
SMBHs down to masses of approximately Oð105ÞM⊙ and
power spectrum amplitudes as low as Oð10−7Þ over certain
scales. We have shown that DM substructure bounds are
comparably powerful to future CMB μ-distortion measure-
ments for probing the enhanced curvature perturbations.
Recent works indicate that the second-order gravitational
waves (e.g. Ref. [29]) and Lyman-α data (e.g. Ref. [85])
could also be important for probing certain models which
predict enhanced curvature perturbations. Those probes
may have comparable sensitivity in some regions to our
work, however, we remark that the prospects shown here
with DM substructures are conservatively obtained. There
has recently been an effort to propagate non-Gaussian
effects onto the μ-distortion bound in Refs. [86,87].
However, the effects found in those works are significant
only at wave numbers kp ≳ 104–105 Mpc−1, which is
complementary to our work. It should be noted though
that the limits derived in those works are not directly
comparable to ours because of the different templates used
for the power spectrum. PBHs and DM subhalos originate
from the same primordial power spectrum, hence both of
their respective formations are influenced by the shape of
the probability distribution function of these fluctuations.
Non-Gaussianity that thickens the tails of the probability
distribution function (as studied in this work) where large
fluctuations occur, would result in a larger number of
regions being dense enough to collapse into DM subhalos.
This would further strengthen our bounds if we included
such effects in our analysis. We intend to study the effect of
non-Gaussianity on DM subhalos in detail in a future work
while presenting the most conservative scenario in this one.

Note. While this work was under revision, Ref. [88]
presented numerical simulations of subhalo abundances for
inflationary spectra containing moderate log-normal bumps
at wave numbers k ≃ 30 Mpc−1. They reported no signifi-
cant suppression of low-mass halos, which is consistent
with our predictions (see Fig. 3), where the subhalo mass
function remains essentially unmodified for comparable
amplitudes and scales. Their results therefore complement
our semianalytical analysis by confirming the expected
behavior in the weak power spectrum enhancement regime.
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