UNIVERSITY OF AMSTERDAM
X

UvA-DARE (Digital Academic Repository)

Functional Central Limit Theorem for the simultaneous subgraph count of
dynamic Erd6s-Rényi random graphs

Hazra, Rajat Subhra; Kriukov, N.; Mandjes, M.

DOI
10.1214/25-EJP 1442

Publication date
2025

Document Version
Final published version

Published in
Electronic Journal Of Probability

License
CcCBY

Link to publication

Citation for published version (APA):

Hazra, R. S., Kriukov, N., & Mandjes, M. (2025). Functional Central Limit Theorem for the
simultaneous subgraph count of dynamic Erdés-Rényi random graphs. Electronic Journal Of
Probability, 30, Article 182. https://doi.org/10.1214/25-EJP 1442

General rights

It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations

If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, P.O. Box 19185, 1000 GD Amsterdam, The Netherlands.
You will be contacted as soon as possible.

UVA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

Download date:05 Sept 2026


https://doi.org/10.1214/25-EJP1442
https://handle.uba.uva.nl/personal/pure/en/publications/functional-central-limit-theorem-for-the-simultaneous-subgraph-count-of-dynamic-erdoesrenyi-random-graphs(8401b72b-aaf7-44f2-be79-e5c9aba4652f).html
https://doi.org/10.1214/25-EJP1442

n b
Electr® 8biljty

Electron. J. Probab. 30 (2025), article no. 182, 1-38.
ISSN: 1083-6489 https://doi.org/10.1214/25-EJP1442

Functional central limit theorem
for the simultaneous subgraph count of
dynamic Erdos-Rényi random graphs*

Rajat Subhra Hazra"  Nikolai Kriukov? ~ Michel Mandjes®"

Abstract

In this paper we consider a dynamic Erd6s-Rényi random graph with independent
identically distributed edge processes. Our aim is to describe the joint evolution of the
entries of a subgraph count vector. The main result of this paper is a functional central
limit theorem: we establish, under an appropriate centering and scaling, the joint
functional convergence of the vector of subgraph counts to a specific multidimensional
Gaussian process. The result holds under mild assumptions on the edge processes,
most notably a Lipschitz-type condition.
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1 Introduction

Over the past decades, inspired by applications in a broad range of disciplines (such
as biology, physics, economics, and computer science), various types of random graph
models have been introduced and analyzed. Random graph models are specified via an
underlying probabilistic mechanism. The Erd6s-Rényi random graph [7, 11], in which
there are N vertices and in which every possible vertex pair is connected independently
with a given probability p € (0, 1), is arguably the most well-known.
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Subgraph count of dynamic ER random graphs

Most literature on random graphs focuses on static models, which represent a single
instance of the random graph without accounting for them changing over time. However,
real-world networks typically do evolve over time, motivating the study of dynamic
random graphs, particularly dynamic Erdés-Rényi random graphs (e.g., [25, 20, 18,
17, 5]). In these models, edges evolve independently over time, alternating between
being present and absent. Essentially all properties that have been studied for static
random graphs can be analyzed for their dynamic counterparts as well. For instance,
in the context of dynamic random graphs there is now a notion of a giant component
process, and a notion of a spectrum process. In the present paper we concentrate on the
subgraph counts process, in that our aim is to describe the joint evolution of the entries
of a subgraph count vector. We thus capture, for instance, the joint distribution of the
number of edges and the number of triangles over time.

Subgraph counts play a pivotal role in network analysis, as they encode crucial
structural information about the geometry underlying the graph (see e.g. [10, 19, 21,
15, 16, 12, 8, 9, 1]). There is a mature body of work that probabilistically analyzes
subgraph counts in the static case. We proceed by providing a brief account of the
existing literature in this area, with a focus on the central limit regime. It should be
borne in mind, though, that this branch of research is relatively mature, rendering our
overview inherently non-exhaustive.

The first results showing asymptotic normality for subgraph counts in a static Erdés—
Rényi random graph appeared already in [6]: an appropriately centered and normalized
version of the subgraph count converges, as N — oo, to a zero-mean Gaussian random
variable. These results were further generalized to the regime where the edge probability
p = py tends to zero as the number of vertices N grows large; see e.g. [23] that covers
specific types of subgraphs. Finally, in [24] necessary and sufficient conditions on the
decay of py were established for obtaining asymptotic normality for any subgraph count.

A separate stream in the literature fully concentrates on the case of a constant edge
probability. In this context we mention [22], which proves the joint asymptotic normality
for different subgraph counts. More recently, the limiting distributions for a single
subgraph count in the graphon setting were addressed in [14, 2].

Importantly, there seem to be no asymptotic normality results covering the setting
of random graphs that evolve over time, even in the simplest case in which the edge
processes do not depend on the number of vertices N. The main objective of this paper is
to settle this, by establishing a joint functional central limit theorem for dynamic Erd6s—
Rényi random graphs. Concretely, we identify conditions under which an appropriately
centered and normalized version of a vector of subgraph counts has, at the process level,
a Gaussian limit. Moreover, we explicitly characterize the limiting Gaussian process.
The type of convergence considered is in distribution, in D([0, 7], R"™), which is the set of
all cadlag functions f(-): [0,7] — R™, equipped with .J; distance, i.e., for any functions
f(), 9() € D([0, T], R™)

d(f(), g(-)) = inf max < sup [A(t) —t[, sup |f(t)— g(/\(t))|> ;
AEA te[0,T] te[0,T]

for some finite, deterministic horizon 7, where A is the class of strictly increasing,

continuous mappings of [0, 7] onto itself. We refer to e.g. [3, Section 12] for a more

detailed account.

In our setup, we do not focus on one specific type of edge dynamics, in that we aim
to work with a specification of the dynamic Erdés-Rényi random graph that is as general
as possible. We follow the ‘traditional’ path in proving process-level convergence: we
first establish finite-dimensional convergence, followed by a tightness step that yields
the desired functional convergence. In order to accommodate this tightness, we have to
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impose some assumptions on the edge dynamics. More concretely, in our framework the
probabilities of the edge switching once or twice (in an interval of given length, that is)
are assumed to obey a Lipschitz-type condition. At the methodological level, some of the
steps of our analysis follow their counterparts in [13], where the principal eigenvalue
process of the graph’s adjacency matrix is analyzed in the regime in which the edge
processes do not depend on N.

The main result of this paper, Theorem 4.1, establishes that the limiting behavior
(as the size of our graph grows large) of the subgraph count process is Gaussian, and
strictly correlated with the subgraph count for the least common subgraph of our graph.
This least common subgraph is defined as a subgraph with at least one edge and the
asymptotically smallest expected number in our dynamic Erd6s-Rényi random graph. For
instance, if the edge process does not depend on the size of the random graph (as before
denoted by N), the expected subgraph count asymptotically scales as N, where v is the
size of the subgraph under consideration. In this scenario, the least common subgraph
for any graph with at least one edge is a single edge, and thus every subgraph count
process is strictly correlated with the edge count. This implies that all possible subgraph
counts are strictly correlated with one another. We provide a detailed exploration of this
phenomenon in Corollary 4.2.

It is noted that in the regime where the ‘edge probabilities’ decay as N grows to
infinity, the speed of this convergence can influence which subgraph becomes the least
common one. Here the notion of ‘edge probability’ refers to the probability that a
given edge exists; observe that these probabilities are functions of time. In the setting
of decaying edge probabilities (as N — o0), two additional assumptions are in place,
alongside the Lipschitz-type condition. In the first place, we assume that the edge
probabilities vanish, as N — oo, uniformly over the time interval [0, 7] considered. This
is for convenience, because without this assumption we would have to split the time
interval into subintervals that are to be dealt with separately. Second, we focus solely on
those subgraphs for which the probability of non-appearance in the dynamic random
graph tends to zero as N — oo. This assumption, which links the asymptotic behavior
of the edge probabilities to the structure of the subgraph, is adopted from [24] and is
discussed in greater detail in Section 3.

We also like to highlight a specific consequence of our results: Theorem 4.1 reveals
that if two different graphs have distinct least common subgraphs, their respective
subgraph count processes are asymptotically independent.

Notation — Throughout the paper we consistently use the following notations. For any
natural number n, we write (n) for the set {1,...,n}. All vectors are written in bold and,
vice versa, all bold symbols refer to vectors. All entries of a vector share the same letter,
but do not use bold font and have a subscript which represents the index of the entry.
For example if b € R?, then b = (by,...,by) . If a vector has a subscript itself, for each
element of this vector we first write a subscript of the vector, and after the subscript of
the element. For example, if b; € R, then b; = (biy---, bi7d)T. For any finite set A we
denote the cardinality of A as |A|.

Outline — This paper is organized as follows. In Section 2 we introduce the crucial
properties of the edge process. In particular, this section explicitly states the condition
that we impose, along with some natural processes that meet them. In Section 3 we
introduce a series of key objects which we heavily rely on when proving the main result.
Section 4 presents our main result: we state the multivariate functional central limit
theorem for a (vector-valued) subgraph count process. Sections 5-8 are dedicated to the
various steps of the proof of Theorem 4.1: in Section 5 we show three crucial lemmas
to build up the proof of Theorem 4.1, and Sections 6-8 cover the proofs of these three
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lemmas, respectively. Appendix A contains proofs of various auxiliary results.

2 Model

We start by constructing our dynamic Erdés-Rényi random graph process, in the
sequel denoted by G (t), with N € IN vertices over the time interval ¢ € [0, T] for some
given time horizon T > 0. Each pair of vertices u,v € (V) can be connected by an edge
(which we associate with the state ‘1’) or not (which we associate with the state ‘0’).
Throughout this paper, the resulting edge process of the vertex-pair (u,v) is denoted
by (an,u,»(t))tefo,r]- We restrict ourselves to what could be called homogeneous simple
graphs, i.e., across all u,v € (N) with u < v and for any fixed N € NN, the processes
(anuw(t))tcjo,r) are independent, identically distributed, and G y(t) does not have any
self-loops and double edges. This in particular entails that (i) an,.,(f) =0 forall N € IN,
and ¢t € [0,7], and (ii) an o (t) = anvu(t) € {0,1} forall N € N, u,v € (N), u # v and
te[0,T].

In the sequel expectations and covariances pertaining to the processes (an,u,»(t))te[o,7]
play a key role. Throughout this paper, we use the following notations:

pn(t) =E{anuo(t)} =P {anu.(t) =1},
kn(s,t) = COV(aMu,v(s), aN’u)U(t)).
The papers on asymptotic normality for static Erd6s-Rényi random graphs, such as the
ones cited in the introduction, work with some assumption on the behavior of the edge
probability in the regime that the number of vertices NV grows large. In our dynamic
counterpart we have to impose a similar assumption.

Assumption 2.1. There exists a control sequence oy > 0 such that either limy_,, on =
0 or oy =1, and, for any given s,t € [0, 7],

ngnoopgfvt) = p(t) € 0, 00), 2.1)
im YD e [0,00) (2.2)
N—o0 ON

for some limiting functions p,(t), £« (s, t). In addition, the convergences in (2.1) and (2.2)
are uniform in s,¢ € [0, 7.

Remark 2.1. Under Assumption 2.1, the sequence oy is defined up to a constant factor,
which we determine as follows. For subsequent calculations, it is important to control
the limits of the sequences N"op%, as N — oo, where v and e are elements of Z. We
initially fix the constant arbitrarily. Iflimy_,.. NV 0% € {0, 00} for all pairs v,e € Z, the
arbitrarily chosen constant remains unchanged. However, if for some v*,e* € Z, the
limit limpn_ o0 N”*g‘j\; € (0,00), we set oy = N~V"/¢"_ In this case, for any v,e € Z,

0 ife/v > e*/v*,
Jim Nvefy = lim Nv=¢eF ={1 ife/v = e*Jv*,
oo ifefv < e /vt

Thus, in all cases, the sequence on can be chosen so that for any pair of constants
v, e € 7, it satisfies the following property:

lim NVp% € {0,1,00}. (2.3)
N—o0

Technically, to check (2.3) we need to have v,e € IN, but at various places in our proofs
we work with powers that potentially have a negative sign; this explains why in (2.3) we
chose to include v, e € Z. o
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Remark 2.2. We can always choose the same control sequence for both expectation and
covariance function, due to the fact that ky(t,t) = py(t) — pa (). &

It is our objective to work with a setup that is as general as possible. To this end, we
chose to not uniquely specify the stochastic dynamics of the edge processes. Our results
require the following mild additional assumption on the processes (ay,u,.(t)):efo,1]-

Assumption 2.2. There exists a sequence of processes (an(t)):cjo,7) and N € IN such
that, for every u,v € (N) with u # v and every N € IN, the process ay . (-) has the same
distribution as the generic process ay(-). Additionally, there exists a positive constant
¢ >1suchthat, forall0<r<s<t<Tand N € NN,

P{an(s) #an(r)} < Con(s—1), (2.4)
P {an(s) # an(r), an(t) # an(s)} < Con(t —7)% (2.5)

Remark 2.3. Using (2.4) we can obtain that, for any n € IN, the function py(t) is
necessarily Lipschitz-continuous with Lipschitz-constant €. Indeed,

|pn(s) —pn(T)] < Con(s —T) (2.6)

forall0 < r < s < T. It implies that the function px(-)/on is continuous for any N € IN.
Hence, due to (2.1), there exists constant p, € (1,00) such that

t
sup sup pw(t) < P+ (2.7)
NeN tef0,T] ON

<

One of the most natural class of processes which satisfies Assumptions 2.1 and 2.2
is the class of alternating processes ay(-), where ay(t) € {0,1} for all ¢t € [0,7]. An
alternating process is initiated by sampling the Bernoulli random variable ax(0), and
then it changes between on and off at random points in time. We let {x  ;, for z € {0,1}
and ¢, N € IN, denote the duration of the ¢-th ‘sojourn time’ given that process starts at
the state x, where such a sojourn time is either an on-time or an off-time, depending on
the parity of = + ¢; it is typically assumed that all the on- and off-times are independent.
If these random variables are in addition from a continuous distribution, then under
a couple of mild restrictions such a process satisfies (2.4) and (2.5) by virtue of the
following proposition.

Proposition 2.3. Let ax(-) be the alternating process described above, which satisfies
the following properties:

o There exists a sequence gy such that the limit

. pN(t
Px(t) :J\;gnoo%

exists uniformly in ¢.

o The random variables &y, ;, with x € {0,1} and ¢ € IN, are from a continuous
distribution. in addition, their densities py . :(f) are uniformly bounded by the
constant P for any N,7 € N and z € {0,1}.

o Forany N € N, pn o1 < Pon.

Then ay(-) satisfies Assumption 2.2 for € = (p,(0) + 2) Pef7.
The proof of this proposition is presented in Appendix A.
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Example 2.4. As a particular example of the alternating processes that satisfy the
assumptions of Proposition 2.3, we can consider a stationary alternating renewal process
with exponential on- and off-times. This concretely means that {y . ; has an exponential
distribution with parameter Ay og if v + 1 is even and with parameter Ay on if x +i is odd,
and pn(0) = Ay ot/ (AN,on + An,off). I this case we have for any t € [0,T]

AN off

t) = —CNoft
pN( ) )\N,on + )\N,of‘f

When considering the specific parametrization Ay og = N~ *Aog and Ay on = Aon for
some parameters Ao, Ao, & > 0, we obtain that the process ay(-) satisfies Assumptions
2.1 and 2.2 with oy = N™¢,

A
H*(Sv t) = Lﬁrei}\onlSitla
on

and p*(t) = Aot/ Aon- L)

3 Graph notations

In this section we introduce various graph-related notations. Due to the dynamic
nature of our graph process, we need to introduce some new concepts that were not
required in the static setting.

o Throughout the paper we consider only non-empty graphs whose vertex set is a
subset of IN. We denote the set of such graphs by G.,. For any graph H € G, we
denote by V(H) (E(H), respectively) the set of vertices (edges, respectively) of the
graph H. By definition of the set G, V(H) C IN and E(H) C {(u,v) € N?: u < v}.
In particular, for any ¢ € [0,7] the random graph Gy (¢) can be considered as a
random element of G, with N vertices.

o For two graphs H, H* € G,, we write H ~ H* if they are isomorphic, and we
write H C H* if H is a subgraph of H*, i.e., V(H) C V(H*) and E(H) C E(H™*).
Denote for any N € IN by K a complete graph with vertices labeled 1,..., N, i.e.,
V(Ky) = (N)and E(Ky) = {(u,v) € N*: u < v}.

o For any graph H € G, we denote by V(H) (£(H), respectively) the number of
vertices (edges, respectively) in H, i.e., V(H) = |[V(H)| and £(H) = |[E(H)|; we also
use the notation A(H) to denote the number of automorphisms of H.

o For any pair g1, g2 € Goo We use the notation g; U g, for the graph with V(g; U go) =
V(g1) UV(g1) and E(g1 U g2) = E(g1) UE(g2). The graphs g; N g2 and g; \ g2 can be
defined in a similar way.

o The main object that is studied in this paper, concerns the m-dimensional subgraph

count process (Xni(:),...,Xnm(-)), whose i-th entry represents the number of
subgraphs of G () which are isomorphic to some fixed graphs H; € G.. Given any
sequence of subgraphs Hj, ..., H,,€ Go, We can interpret Xy ;(¢) for i € (m) as the

number of graphs g € G, such that g ~ H; and g C Gy(t). Using that Gy (t) C Ky
for any fixed N € N almost surely, we can consider only such graphs g € G, that
V(g) C (N). As such, it is convenient for any H € G, to define the set of all possible
graphs g € G, with V(g) C (N) such that they are isomorphic to some fixed graph
H:

Gn(H) ={g € Goo: V(g) S (N), g ~ H}.
The cardinality of the set Gy (H) is

N!
(N = V(H) A(H)’

|Gn (H)| = (3.1)
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For example, if H is a triangle, then |Gy (H)| = (1;’) Define also for any g € G the
indicator function of this graph ¢ being a subgraph of G (¢):

In(gt) =T{gcGn®} = [] avun(®). (3.2)

(u,v)€E(g)

o Throughout the paper we need to control the way how different subgraph patterns
can be obtained when the graphs are intersecting. To formalize this concept, denote
the quotient set of all graphs with at least one edge by G = {g € Goo: £(g) = 1}/ ~,
where ~ was introduced above. We refer to any element of G. as a subgraph
pattern. We denote by 7 : G — G~ the classical projection on the quotient set.
Then, define for any pair of graphs H, H* € G, a set of all common subgraph
patterns with at least one edge:

CS(H,H*) ={9 €G~: 391,92 €Goo: g1 C H, g2 C H*, (1) = 7(92) = g}

A graph pattern g € CS(H, H*) represents an unlabeled subgraph structure common
to both H and H*.

For example, let H be a triangle with vertex set {1,2,3} and H* an edge with
vertices {4,5}. Then, even though graphs H and H* do not have any common
subgraph, they still have a common subgraph pattern, which is the edge pattern.

For brevity we write CS(H) = CS(H, H), which basically stands for the set of all
subgraph patterns of graph H. Note that functions V(-), £(-) and A(-) are invariant
with respect to graph isomorphism, so we can as well define them for the subgraph
patterns.

In addition, for any graph H € G, and any graph pattern g € G. we define by
S(H, g) the total number of different subgraphs of H which are isomorphic to g,
ie.,

S(H,9) = Y Tn(g) = g}- (3.3)

go CH

o For any graph He G, (or graph pattern H € G.) with at least one edge we define
forany N ¢ IN

Fn(H) = N~VUD g e (3.4)

In this paper we mostly consider such graphs H that satisfy the following assump-
tion.

Assumption 3.1. For any g C H such that V(g) > 1,

lim Fn(g) =0. (3.5)

N—o0
Remark 3.1. Consider the following scenario where Assumption 3.1 is not satisfied:
suppose that for some subgraph g C H,

lim N~V F9) — oo (3.6)

N—oc0

Denote by Xn(t) the number of subgraphs of G (t) which are isomorphic to H,
and X7, (t) the number of subgraphs of G (t) which are isomorphic to g.

Then,

NSOt NY@ 59 (1)
(N=V(@)Alg) = Alg)

P{Xy(t) > 1} < P{X3(t) > 1} <B{X}} =
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From (3.6), it follows that
1
lim P{Xn(t)=0} >1— lim =1
Novoo N=v2o A(g)N=V@p £ (1)
which implies that, if (3.6) holds, it is impossible to obtain a non-degenerate limit
of the sequence X (t).

In the borderline case where, for some subgraph g C H,

lim N_V(g),gxfg(g) =C € (0,00),

N —o0

it is known from [24] that even in the static case, the limiting subgraph count
is non-Gaussian. We exclude this case from our paper as it requires a radically
different approach.

The conclusion of the above considerations is that Assumption 3.1 is strictly neces-
sary to ensure a non-degenerate subgraph count as N — oo. &

The asymptotic behavior of functions 7y (g) may be different for different subgraphs
g. It is therefore useful to identify, for any pair of graphs H, H* € G.,, common
subgraph patterns for which the decay of Fy(g) is the slowest. More, concretely,
we consider common subgraph patterns ¢ for which Fx(g) remains asymptotically
at least as large as the decay Fx(g*) of any other common subgraph pattern g*:

OOSUL I = {g € CS(H, H*): Vg* € CS(H, H*) : lim ];.N(é))
— 00 N

€ [O,oo)}. (3.7)
In particular, as (2.3) tells us that for any g, g* € CS(H, H*)

Fnlg*) .. V(g)—V(g*) £(9)—E(g")
Nooo Fn(g) ngnooN oN € {0100},

due to (3.7) for any g € 0CS(H, H*) and any ¢g* € CS(H, H*),

lim

3.8
N—oc0 ]:N(g) ( )

Fn(g*) _ J1, iff g* € 0CS(H, H*),
0, iff g* ¢ 0CS(H,H™).

Hence, for any graphs H, H* € G, if we define F3*'(H, H*) = Fy(g*) for some
g* € 0CS(H, H*), then due to (3.8) for any g € CS(H, H*),

Fn(9)

, 1, iff g€ 0CS(H,H*),
m ————"
N—oo FePY(H, H*)

(3.9)
0, iff g¢0CS(H,H*).

- —Foo(g7H7H*) = {
Again, for simplicity we write ' (H) := F'(H, H). We call two graphs H, H* € G,
equioptimal if

F(H, H* F(H, H*
im % = lim % =1 (3.10)

N—oo }_N (H) N—oo ‘chif (H*)
Remark 3.2. Again, by virtue to (2.3), the limit in (3.10) cannot be positive, finite
and different from 1. &

o We write H = H* if graphs H, H* € G, are equioptimal. A combination of (3.10)
and (3.9) tells us that if H = H* then

0CS(H,H*) = 0CS(H) N OCS(H™*), (3.11)

and if H 2 H* then
0CS(H)NOCS(H*) = 2. (3.12)
EJP 30 (2025), paper 182. https://www.imstat.org/ejp
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o Finally, for any graphs H, H*c G, and g € CS(H, H*), denoting N'(H,H*,g) =
V(H) + V(H*) — V(g), we define

1
* —
C(H,H*,g) = > N g (3.13)
91€CGN (1, H*,g) (H) ’
92€C6N (1, H* ) (H™)
m(g1Ng2)=g

Then, for any N > N (H, H*,g) we can see that the number of pairs of graphs
91,92 € Go such that g; ~ H, go ~ H*, V(g1),V(g2) C (N) and w(g1 N g2) = g equals

C(H,H*,g).

> B
T (N-N(H,H*,9))!
o) (N —=N(H,H*,g))
92€GN (H™)
m(g1Ng2)~g
The following lemma shows a different representation of the constant C defined in

(3.13) in case of equioptimal graphs under (3.5).

Lemma 3.2. Let H, H*¢€ G, be two graphs which satisfy Assumption 3.1. If
H =~ H* and g € 0CS(H, H*), we have the following representation for the constant
C(H,H*,g):

VAlg) S(H, g)) <\/A<g> 8<H*,g>> |

- N g
CU,H ’”‘( A(H) A(H")

where the constants S(H, g) and S(H*, g) are defined in (3.3).

The proof of this lemma is provided in the appendix.

4 Main result

In this section we state our functional central limit theorem for a vector of sub-
graph count processes. To this end, we fix, for a given m € IN, (deterministic) graphs
Hiy,...,H, € Gy, which satisfy Assumption 3.1; think for instance of m = 2 and H;
corresponding to edges and Hs to triangles. Recall that from (3.5) we know that for any
i € (m) and any g C H; with at least one vertex

lim Fx(g) =0. 4.1)

N—o0

The key object in our analysis is the m-dimensional process

(XN(t))te[O,T] = ((Xna(®),- -, (XN*m(t)))ZE[OvT]’

where, for i € (m), Xy ;(t) records the number of subgraphs of G (t) which are isomor-
phic to H;. Using (3.2) the marginals of the process X y(t) can be alternatively defined
via

Xnit)= Y. MgcGut)}= > I avun®). (4.2)

gEeGN (H;) gEGN (H;) (u,v)€E(g)

For each graph pattern g € G. we define a centered Gaussian process (X (t)):e[o, 1],
characterized via the covariance function

N £
Cov(X; (1), X5 (5)) = (als,1)) """
in addition, all processes (X;(t)):c(o,r] are independent (across the graph patterns g).

We can now state our main result.

EJP 30 (2025), paper 182. https://www.imstat.org/ejp
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Theorem 4.1. Let Gy (t) for t € [0,T] be a dynamic Erdés-Rényi random graph with
N vertices which satisfies Assumptions 2.1 and 2.2, and let Hy, ..., H,,€ G, be graphs
which satisfy Assumption 3.1. Then, as N — oo, the process X y(-) defined in (4.2)
satisfies the following limiting theorem:

.
Xni(t) —E{Xni()} Xnm(t) = E{Xnm(t)}

P

FPUHD) Fy () JFE (Ho) [ F ()

- X(1),

in distribution in D([0, T], R™), where X (-) is centered vector-valued Gaussian process
with components

A(H;)

g€0CS(H;)

Remark 4.1. The covariance matrix function X(s,t) of the process X (-) defined in
Theorem 4.1 can be evaluated more explicitly. A standard computation reveals that it
can be represented, in terms of the function p,(-), as

> Alg) S(Hi, 9) S(H;, g) (+(9)) """ (0.(0) "™ ()
g€EOCS(H;,H;) A(Hi)A(Hj) (p*(s)p*(t))g(g)

fors,t > 0. &

The following corollary covers the case when the distribution of the edge processes
of Gy (-) is independent of the size of the graph.

EiJ’(S,t) = ]I{HZ = Hj}

Corollary 4.2. Let Gy (t) for ¢t € [0,T] be a dynamic Erdés-Rényi random graph with N
vertices, which satisfies Assumption 2.2 (for oy = 1), and assume that the edge process
an(-) does not depend on N. Let Hy,..., H,, € G, be graphs with at least one edge.
Then, the process X y(-) defined in (4.2) satisfies the following limiting theorem: as
N — oo,

Xna(t) — E{Xn(t Xwan(t) = E{Xnm(®)})
( N’l(;\IV(Hl{)le’l()}"“’ = (szV(Hm{)} ()}> o X0

in distribution in D([0, T, R™), where X (-) is a centered vector-valued Gaussian process
with components

V2E(H))

X;(t) = W(p( ))S(Hi)il

X7 (1),

and where p(t) = pn(t), &(s,t) = kn(s,t) (which are independent of N due to our
assumption), and X*(-) is a centered Gaussian process characterized via its covariance
function

Cov(X*(s), X*(£)) = K(s, 1).

Example 4.2. To get an impression of a typical application of Theorem 4.1, consider
the case of m = 2, with the subgraphs corresponding to wedges and triangles. Consider
the edge processes defined in Example 2.4 with « € (0,1). Then one can check that both
wedge graph (denoted by H,) and triangle graph (denoted by H,) satisfy (3.5), and

]:N<H1) _ N2a_3, ]:N(HQ) — ]\[3(1—37
J—_'Xfpt(Hl) _ Na—2’ thi[pt(HQ) _ Nmax(a—2,3o¢—3).

The next step is to describe the sets 0CS(H;) and 0CS(H,). The first one is easy to find:
0CS(H;) = {g1}, where g1 € G. is the pattern of an edge. However, for the second one we
need to distinguish three cases:

EJP 30 (2025), paper 182. https://www.imstat.org/ejp
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o Ifa € (0,1/2) then 0CS(Hy) = {g1},
o Ifa =1/2 then 0CS(Hs) = {g1, 92},
o Ifa € (1/2,1) then 0CS(Hs) = {g2},

where go € G. is the pattern of a triangle. It is readily verified that

A(Hp) =2, A(H) = 6, Alg1) =2, A(g2) = 6,
S(Hlagl) = 27 S(HQagl) = 3’ S(H2792) = ]‘

Applying Theorem 4.1 we obtain that, as N — oo,

]
(Pt Sl 2aQ P al)) - o)
where
X0 = 22 x ),
2
Xo(t) = Ta < 1/2) 22 () xi+Ha> 120 x50

the coefficients in these expressions can be simplified in the obvious manner, and X7 (+)
and X;(-) are two independent centered Gaussian processes, characterized via the
covariance functions
A ;
Cov(X (s), Xi (1) = J2re I,

on

Do\
Con(x3(6), X5(0) = (322 ) e ¥ie,
respectively. In particular, for a < 1/2 we have that processes X;(-) and X5(-) are
perfectly correlated, whereas for a > 1/2 they are independent. In case a« = 1/2, the
processes X1(-) and X»(-) are positively but not perfectly correlated. )

5 Proof of Theorem 4.1

The main objective of this section is to establish Theorem 4.1. The following objects
play a crucial role: for N € IN and ¢ € (m), we define the processes
Xni(t) —E{Xn,(t
Fat(Hy)/F(H;)

The proof of Theorem 4.1 is split up in a number of steps. In the first place, using that
the stochastic processes X 5 (-) are centered, we show the convergence of its covariance
function to the covariance function of the process X (-) featuring in Theorem 4.1. We
state this result in the following lemma.

Lemma 5.1. Forany N € N, i € (m) and ¢t € [0, 7],

N )

(N — V(H)LA(H,;)’ (5.2)

E{Xni(t)} =

and for any t,s € [0,T], i,j € (m)
Fn(Hi)Fn(H;)
m —
N=oo FRP(H;, Hj)
_ £(t;) ) o Fe(st) \*
= (p*(s)) (p*(t)) E C(HZ,HJ,g) » 5 . (5.3)

g€0Cs(H;,H;)

COV(XN,i(t)a XN,j(S))

EJP 30 (2025), paper 182. https://www.imstat.org/ejp
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More precisely, we use the following corollary of this lemma, due to (3.10).
Corollary 5.2. For any 7,5 € (m) and any ¢, s € [0, 7]
lim Cov(X3,(t), X3, (s))

N—o0

k(s £(9)
K= )" )" Y e ()

g€0CS(H;,H) P (t) pu(s

We postpone the proof of Lemma 5.1 to Section 6. To link the results of Lemma 5.1
with the covariance function of the process X (-), we rely on the following proposition,
proven in the appendix.

Proposition 5.3. The covariance matrix function of the process X(t) satisfies the
following representation for any i, j € (m) and any ¢,s € [0,T]:

Cov(X;(t), X;(s))

k(s £(9)
=T{H: = H;}(p.(s)) "™ (0. (0) "™ 2 c<Hi,Hj,g><p<*(’t)>> |

g€0Cs(Hy, H,) (1) pu(s

The next step of proving Theorem 4.1 is to show the convergence of finite-dimensional
distributions, which can be formulated as follows.

Lemma 5.4. For any n € N and ¢1,...,t, € [0,7] random vector

(XN(t), ..., X N(tn))

converges in distributions to a centered Gaussian random vector with covariance block
matrix ¥ which elements are given via

Ko (b, 1) >5(9)

(D), = M= B Y t0) ) )™ 57 et g) (St

g€E0CS(H;,Hj)

for k,l € (n) and i,j € (m).

Note that each element of the block matrix ¥ is a matrix itself, as it is the covariance
of two Gaussian vectors. Again, the proof of this lemma is postponed to a separate
section, namely Section 7.

Finally, to justify the claim of Theorem 4.1, we apply the analogue of [3, Theorem 13.5]
for vector valued process, in particular, the condition given in [3, Eqn. (13.14)]. According
to this condition, to show that the sequence X y(-) is tight in D([0, 7], R™), it is sufficient
to find a continuous function F(t) for ¢t € [0,7] such that forany 0 < r < s <¢ < T,

B{IX5(0) - X3 () X3 (s) - Xa(r)*} < [F() ~ F()I.

The following lemma provides us with the required function.

Lemma 5.5. Forany 0 < r < s <t < T, we have

* * 2 * * 2
E{IX3(0) - Xy () IXx(s) = Xy (0]*} < |F(t) = F(r), (5.4)
where
F(ty=t Y (, /51 F;jc,;jj),
ij=1
EJP 30 (2025), paper 182. https://www.imstat.org/ejp
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and for any 4, j € (m)

2V(H;)+2V(H;)—2

P 3 ( 1% )2( 1% )2, 5.5)
Tty NV VHDIAH) ) (V= V(H;)LA(H,)

Ct; =16 Comax(1,T?) €* 2(H;) €2 (H;) pyy M+ =2 (5.6)
o=2¢" (s <Hi>>2 pyeem St (5.7)

The proof of this lemma being provided in Section 8. We obtain the claimed con-
vergence by combining [3, Theorem 13.5] with Lemmas 5.4 and 5.5 and Proposition
5.3.

6 Proof of Lemma 5.1

We start by establishing the claim (5.2). Taking expectation of the both sides of (4.2),
and using that all ay ,,(t) are independent for all (v,u) € E(g) and all g € Gy (H;), we
obtain

E{Xn:)}= Y E{I{gcGn(t)}}

9E€GN (H;)
= > P Il evun®=1p= > Il Plovus(t)=1}
g€en(Hi) | (u.)€E(9) 9€6N (H;) (u,0)€E(g)
5Hi
_ Z pé];[(Hl)ot) — N'pN( )(t)
_ ) )’
e (N — V(H)A(H;)

where in the last equality we use (3.1) for H = H;. Hence, (5.2) follows. The covariance
(5.3) can be calculated by again applying (4.2):

Cov(Xn,(s), Xn;(t) =Cov | Y  T{gcCGn(s)}, Y. IfgcGn(t)}

gean (H;) g€6N (Hjy)
= Z Cov(I{g1 CGn(s)},I{g2 CGn(1)}). (6.1)
91€GN (H;)
g2€6N (Hj)

Using (3.2) and the fact that the processes an ., (-) are independent for different
pairs (u, v), we obtain that the dependence of the random variables I{g; C Gn(s)} and
I{go C Gn(t)} can be expressed in terms of the intersection E(¢1) NE(g2) = E(g1 Ng2), i.e.,

Cov(I{g1 CGN()}{gaCGn(s)}) =Cov [ [ anvun®. [ avuw(s)

(u,v)EE(g1) (u,v)EE(g2)

=K H aN,u,v(t) E H aN,u,v(s)

(u,v)€E(g1)\E(g2) (u,v)€E(g2)\E(g1)

x Cov H AN uw(t), H AN uw(S)
(u,v)€E(g1)NE(g2) (u,v)€E(g1)NE(g2)
E(H;)—E(g1Ny E(H ;) —E(g1Ne
(pN(t)) ( ) (‘hm(h)(pN(S)) ( J) (‘hm(]z)

EJP 30 (2025), paper 182. https://www.imstat.org/ejp
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x (s (1. 5) + o (Opn ()" = (ox (pn ()7 7)
(6.2)

Hence, each term in the sum (6.1) depends on the pattern of the intersection g; N g,. We
show that the dominant part of the asymptotics of (6.1) is due to such pairs g1, g» that
are such that their intersection is isomorphic to the optimal common subgraph pattern
of H; and H;.

At this point we need to distinguish between two different scenarios. Suppose
limy_o on =0, i.e., we consider the case in which the edge probabilities go to zero as
N — 0. Then, as N — oo, by combining (6.2) with (2.1) and (2.2), we obtain that

Cov(I{g: C G (s)},I{gs C Gn(1)}) =
Q]gV(Hi)ng(Hj),g(glmgﬂ (p*(s))g(Hj)—S(fhﬂgz) (p*(t))g(Hj)—g(glﬂgz) (KZ*(S, t))g(.‘hﬂ_%) (1 + 0(1))
(6.3)

Inserting (6.3) into (6.1), we have, as N — oo,

Cov(Xn,i(t), Xn,;(s))
Qc]‘/;[(Hi)+5(Hj) (p*(s))g(Hi) (p*(t))g(Hj)

k(s E(gn)
= (1+o1) Y > e <p*(;§p;t(2)>

9gn€CS(H,Hj), 91€GN(H;)
V(gn)=1 92€GN (Hj)
m(g91Ng2)=gn

=(1+o(1) >0 C(Hi, Hy, gr) NV Vi) o £ 0on)

9gn€CS(H;,Hj),
V(gn)=1

><< K (5, 1) )5(gm)
Px () (8)
= (14 o(1))NYHIFVH) ot (f, )

Fnlgn) ( Ka(5,1) )5(9”
erpt(HmHj) Px ()P (5)

X Z C(HMH_ngﬂ)
9n€CS(H;,Hy),
V(gn)=1

= (L+ o(1)) NV D FRY(H;, Hy)

xS CHLHg) (m(snﬁ))f@m)’

9 E0CS(H, Hy), P ()P (s
V(gn)>1

where the constant C(H;, Hj,gm) is defined in (3.13). We conclude that (5.3) follows in
case limy_, o, oy = 0.
We are left with the case that oy = 1. In this case one has that for any i, j € (m)

Fn(H) = N"YH)  pPY(H, H)) = N72,  0CS(H;, Hj) = {e},

where ¢ is the pattern of an edge. We observe that the covariance representation
obtained in (6.2) depends only on the number of common edges in the graphs ¢; and g-.
Hence we can classify all the pairs g;, g2 on the right hand side of (6.1) by k = £(g1 N g2).
We thus obtain, as N — oo,

Cov(Xn,i(t), Xn,i(s))

EJP 30 (2025), paper 182. https://www.imstat.org/ejp
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min(E(H;),E(Hj))

Z Z (pN(t))g(Hi)ik(pN(s))g(Hj)ik

k=0 91€6N (H;)
g2€GN (Hj)
E(g1Ng2)=k

< () +pn Opn(5)" = (pv(Dpw(s)")
min(E(H;),E(Hj))

=(1to() Y CnalH H) (0. (0) T (pu(9))

k=1

E(H;)—k

% ((ut9) + P (Op2(5)" = (P (Opa(5)") .

where

Cnw(Hi Hy)= > L
91€GN (H;)
92€GN (Hj)
E(g1Ng2)=k

The crucial idea behind this representation is that the only factor of each term which
depends on N is Cn i (H;, H;). We can find its asymptotic behavior (in the regime that
N — o0) via

Cna1(H;, Hj) = (1+0(1)) C(H;, Hj, ) NVHI+VH)=2
Cn i (Hi, Hy) = o( NYH)TVH;)=2) for k > 2.

Hence, applying this asymptotic expression, we obtain that, as N — oo,

Cov(Xn(t),Xn(s)) (6.4)
= (1 + 0(1))C(H;, Hy, ) NVHITVED =2, (¢ o) (p, (1)) (p, ()57 (6.5)
We conclude that claim (5.3) follows as well in the case that oy = 1. O

7 Proof of Lemma 5.4

Without loss of generality we restrict ourselves to the case where p,(¢;) > 0 for all
k € (n). To simplify the upcoming calculations, we define the normalized process X y(t),
which is defined by, for ¢ € {t1,...,t,},

_ X5 (¢
Xni(t) = 7]\]712) :
’ (H;)
(P* (t))
Due to Proposition 5.3, to obtain the assertion of Lemma 5.4, it is enough to show that the
vector (X y(t1),..., X n(t,)) converges in distributions to a centered Gaussian random

vector with a covariance block matrix ¥ with the entries

K (trs 1) >g(g) (7.1)
PXCATHO) .

(Ska)iy =TH = H;} > C(Hi Hjyg) (p*(tmp*(tz

g€0CsS(H;,Hj)

for any k,l € (n) and any ¢,j € (m). To do so we use the Cramér-Wold device: it is
enough to show that, for any vectors g, ...q, € R™, the random variable

n

Ev = (g Xn(te)) (7.2)

k=1
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converges in distribution to a Gaussian random variable (with the prescribed variance).
Using [4, Theorem 30.2], this entails that we only need to verify that

o*(z — 1N, if 2 is even,
lim E{&% )} = (7.3)
W B e {0, if z is odd,
for any z € IN and the constant
ot =0 D traitns (S (7.4)

i,j=1k,l=1

From (4.2) we know that X]*\,’i(t), as defined in (5.1), can be represented as a sum of
centered indicators over all subgraphs g € Gy (H;). We would like to obtain a similar
representation for Xy ;(¢). To this end, define, for any i € (m) and any g € Gy (H;),

S )
k=1 (p*(tk))

This means that, appealing to (4.2), we can represent £y defined in (7.2) as a sum over
all possible &; v (g):

(7.5)

—~ F(H;
Ev=)_ TH) > Gl (7.6)
i=1 \/FN" (Hy) geon (H)

Hence, taking the expectation of the sum on the right hand side of (7.6) raised to the
power z, we obtain the following expression of z-th moment of £y :

. T F(Hyp) =
E{vi= >, [ —==| > E {Hffz,N(gi)}~ (7.7)
frsfz€(m) \i=1 4/ ‘Fj(ifpt(HfJ 91€6N (Hyy) i=1

9:€6N (Hy, )

To simplify the notation, for any f = (f1,...,f.)' € R* introduce the set

Gy N = >< GN(Hfz‘)'

i=1

Then, the last sum in (7.7) is simply a sum over g = (g1,...,9.) ' € Gy n. The primary
objective of this proof is to demonstrate that (7.7) satisfies the asymptotics given by (7.3).
The first step involves identifying the terms in the inner sum of (7.7) that are non-zero.
Next, we isolate the terms within that sum which make the dominant contribution to
the asymptotics. Finally, we compute the asymptotics of the identified dominant terms.
We start the our first step by investigating for which collections g the expectation at
the end of (7.7) is different from zero. Using (3.2) we observe that if £(¢g* N g**) = 0 for
some subgraphs ¢*, g** C Ky, then, for any ¢,7* € (m) the random variables ¢; ny(g*) and
&« n(g**) are independent. Hence, if for some j € (z) and all i € (k), ¢ # j we have that
E(giNg;) =0, then

E {Hffi,N(gz‘)} =B [T&n9) p E{&s, n(9)} = 0. (7.8)
=1 i=1
25

Thus, we can consider only such collections g € Gy y which belongs to the following set

Grn =19 €Crn:Vje(m)Iie (m)\j: E(giNg;) =1} (7.9)
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Applying this observation, (7.7) can be expressed as

E{¢} = Z > E HfN Hr)epntgs) | (7.10)

f1,,f2€(m) gE€CE i=1 ‘Fxfpt(Hfi)

We now move to the next step of our proof: identifying the terms in the inner sum
of (7.10) that determine the asymptotics of this sum (i.e., the remaining terms are
asymptotically negligible). To do so, classify all the collections g that appear in (7.10) by
the number of vertices in their union, i.e., the value V(g) :=V ({J._, ¢;). In this case we
can first choose a complete graph Ky gy C Ky where the graph Ui_, ¢: is located (where
it is noted that the number of such choices is dependent on V), after which we choose
9i C Ky (g) (where the number of such choices no longer depends neither on NV, nor on
the particular choice of the graph Ky, g)). Let
Vinax = max V(g). (7.11)
gEC)
Note that constant V.« does not depend on N, based on the above considerations.
Then

S B H N (Hy)Er N (gi)

9E€6; N =1 FRP(Hy,)

max H
3y B{ fsz ~(9:)

v=2 g€G} y =1 Fx (Hy,)

V(g)=v

:z:x S Y E H]'—NHfi)ffl ~(9:)

v=2 K, CKn ger,v i=1 ‘/—"]O\,pt(Hf’i)

V(g)=v

V z

o= N! H _ )
-y Y g HFN( £)&5:.v(9i)

— (va)lvl " - opt H

V=2 I Gt Fn (Hy)

V(g)=v

v

max fN(H )&' ( )
J— v j? f’L
o Z Nv(N —v)l! Z Eq N H ey , (7.12)

9€va i=1 Fn (Hy,)
V(g)=

where V.« is the maximal possible value of V (g) over g € G}’ y- To analyze the
expectations on the right-hand side of (7.12), it is useful to apply a factorization in terms
of expectations for independent groups of random variables £y, n(g;). From the definition
(7.5), it follows that the random variables £, n(g;) and £y, n(g;) are independent if and
only if the graphs g; and g; do not share any common edges. Therefore, we need to
partition the graphs g; for ¢ € (z) into groups such that any two graphs g; and g; from
different groups do not have any common edges.

To formalize this idea, define for g € G} ; a graph G(g) with vertices V(G(g)) = (z),
and the edge between vertices i, j € (z) exists if and only if £(g; N g;) > 1. We define by
cc (g(g)) the set of connected components of the graph G(g). Then, if i and j belong to
different connected components of the graph G(g), the random variables &/, v(g;) and
&;,~(g;) are independent. Hence, similarly to how (7.8) was obtained, we see that

H (H
E NV(g)H]:N< )6n.n(gi) | H EJ NVE H Fn(Hy)Er v (9:) . (7.13)
=1 FR'(Hy,) cecc(G(g)) iev(e) FP'(Hy,)
EJP 30 (2025), paper 182. https://www.imstat.org/ejp
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where V(G) = V(Ujev()gi). Note that if at least for one connected component of G(g) the
expectation right hand side of (7.13) tends to zero as N — oo, and for the rest connected
components the expectations are bounded, we immediately obtain that for such g € G*,v

lim E NV(Q)H]:N(Hfi)Efi,N(gi)

Nreo =1/ FPU(HY)

and we can disregard them in the inner sum of (7.12). The following lemma, proven in
the appendix, tells us how to find such a g.

Lemma 7.1. Let g € G} , and G € CC(G(g)). Then

lim E{ NV ] I (Hy, )Erin(95)
A i€v(c) FR(Hy,)

€ [0, 00).

If also V(G) > 3 then

lim E{NYO ] Fn(Hp)énn(9) | _

Ve icve) A/ FR(Hy,)

Continuation of proof of Lemma 5.4. Recall that from (7.9) we know that, for any g € G w
each connected component of G(g) has at least two vertices. Thus, if the graph G(g)
contains at least one connected component with at least three vertices, then due to
Lemma 7.1, in combination with (7.10) and (7.12), we obtain that

Jim E{EL} = lim iNvN'W S E NV(g)ﬁfN(Hfi)ﬁfi,N(gi)

—v)v! gEG}J, i1 ]_-X[pt(Hfi)
V(g)=v
Vinax o
> LY gmeE NV<9>HJTN e (o) | _
v N—oo opt
o =1 Fn (Hy,)

V(g)=v

Hence, for odd z, (7.3) follows from (7.10), because the graph G(g) has an odd number
of vertices and no isolated vertices, which implies that G(g) must have at least one
connected component with at least three vertices.

In addition, for even z, we restrict our attention to the g € G;, for which every
connected component of G(g) consists of exactly two vertices, meaning that it forms a
‘perfect matching’ (again, because G(g) has no isolated vertices).

At this point, we complete the second step of our proof: we show that the dominant
contribution to the asymptotics of (7.10) is provided by those g for which G(g) is a perfect
matching. Let us denote by M, the set of all perfect matchings of K,. This implies, by
(7.12), that, as N — oo,

S B H]:NHfl)ﬁfl ~(gi)

g€} N i=1 FR/pt(Hfi)

Vinax

(1+0(1 Z S Y E NVg)H]:N(HfL)ffu N (9:)

t
" HeM, geG; , i=1 ]:X]P (HfL)
V(g)=
Q(y):H
EJP 30 (2025), paper 182. https://www.imstat.org/ejp
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1 + O Z f Z H NV(giUgj)]:N(Hfz‘)gfi(gi) -FN(Hfj)ffij(gj)

i e FX(Hy,) FN(Hy,)

V(g)=v
G(g)=H

(7.14)

We now proceed to the final step of our proof: calculating the asymptotics of (7.14). We
start by deriving the asymptotics of each inner expectation in (7.14). From (7.5) we
conclude that

Vv TN )& n (90) P (Hy, )8, 8 (95)
\/fopt (Hy,) \/]"X/pt(Hfj)
NV F(Hy, )fN(HfJ)
o \/J—_vopt Hf \/ opt
qk,iq1,; Cov (H{gi C GN(tk)}, I{g; CGn(11)})
x Z £(H,) £(H;) :
k=1 (pe(tr)) (pe(t))
From (6.3) we know that, as N — oo,
Cov(I{g: C G (1)}, I{g; € G ()}) = (14 o(1)) gy "+ =009 (p (1) 1) et

X (p*(tl))g(H7) E(giNng;) ( tkatl ) 91097

E

(7.15)

Hence, using that

NV(9:iVg;) Fn(Hp)Fn(Hy,) o E(Hi)+E(H;)—E(9:0g;) _ nrV(9:Vg;) N—V(9:) N~V (95)

> Q]*\[S(gi)Q;[g(gj)Qif(Hz‘)Jrg(Hj)*g(glﬂm)

-~ :Ng:) —E(giNg;
- N v(gng)QN (9:N95) _ Fn(giNgj),

we obtain from (7.15) that, as N — oo,

E NV(giUgj)‘FN(Hfi)gfuN(gi) ]:N(Hfj)gfj)N
‘F](i/'pt(Hfj)

))g(gimgj)

Fulging;) |Fnlging,) Z": Qi (K (ths by
t t K .
FHe) \FHy) 52 (palte) pa(t) 90
(7.16)

= (1+0(1))

Recall that from (3.9), as g; N g; C g; ~ Hy,, we know that

Fn(gi N gy)

= T{n(g; N g;) €0CS(Hy )}

By a similar reasoning

I Fn(gi N gj)
im [
N—o0 fop (Hf])

Thus, combining (3.11) and (3.12), from (7.16) we obtain that

=I{n(g; Ng;j) €0CS(Hy,)}.

im E  nveven N Hy)Egn ( i) I (Hy; ) (95

N—00 Opt ]_-opt H
\/ \/ f]

EJP 30 (2025), paper 182. https://www.imstat.org/ejp
Page 19/38


https://doi.org/10.1214/25-EJP1442
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Subgraph count of dynamic ER random graphs

n " ))E(gmgg)

~ qk,iq1,5 K* tk;
=I{Hy, = Hy }I{r(g; N g;) €OCS(Hy,, Hy)} x Y J IR
pimt (pe(te)pa(t1)) ‘

(7.17)

(As a side remark we notice that even though (6.3) holds only in case oy — 0 as N — o0,
one can still obtain the asymptotic relation (7.17) even in case oy = 1). Plugging (7.17)
into (7.14), we conclude

‘/max

z H; i 1
R | B T SOOI D E N
9€6; i=1 Fi(Hy,) HeM, v=0 g(ec);
g)=v
G(g)=H

Vinax

=> > Y V I(f,g,H), (7.18)

HeM, v=0 gee}

V(g)=v
G(g)=H

where we denote

‘/[I)ax
¢; = J{g€6,: Vig) =},
v=0
‘]](fagvH): H ]I{Hﬁ ngj}
(i,5)€E(H)

E(giN i
le,J(’i*(tkatl)) o g)>

dk
(H{W(gl mg]) €OCS(Hf“Hf7 4 Z (tl))g(giﬁgy‘)

pic1 (pe(tr) pa
The last equality in (7.18) holds because
{9:9€G; V(g =v}={g:9€G},, V(g) =v}.

Note that each g € G} from the third sum in (7.18) corresponds uniquely to a specific
v € (Vinax) in the second sum (where v = V(g)). Consequently, recalling the definition of
Vinax given in (7.11),

Vinax

U{gec*- 9)=v.G(g)=H}={g€6}: G(g) = H V(g) € (Vomax)}

—{g€c}:Gg) = H},
and for any vy, ve € (Vipax), v1 # vo
{gec;: V() =v1,G(g)=H}N{geC;: V(g) =12, G(g) =H} =2,

implying that

v
max 1 1
| |
=0 g V(g)! geos V(g)!
V(g)=v G(g)=H
G(g)=H

Hence, from (7.18) we can obtain that

i 3 B [P L St g, )

N—o00 . opt
9€6; i=1 Fy (Hfi) HeM. geGh
G(9)=H
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Denote the edges of graph H € M, as follows: E(H) = {(i1,1),---, (iz/2,J./2)}. Note
that the right-hand side of (7.19) does not depend on the full structure of vector g,
but only on the patterns of graphs g;, N g;,, for b € (2/2). Hence we decompose this
sum by considering the various patterns g;' of the graphs g;, N g;,, noting that due to
the indicators appearing in the right-hand side of (7.19) we can restrict ourselves to
g €0CS(Hy, , Hy, ) only, so as to obtain

E ﬁ Fn (Hy, )Er,n(9:)

Nlim
Hoogec;wN i=1 .Fj‘z,pt(Hfi)
z/2
- Z Z IH { fo, = Hfjb}
HeM. geck

G(g)= H

Qi (R (K, l))g(gb )

I{gy' € OCS(Hy,, Hy,)}
: ( » ! ’ k,l=1 (p*(k)p*(l))g(gb)

2/2 Qk ql l))g(gl?
i J
= > > V I H]I{ £, = Hp, b Z s (7:20)
Heu, gneocsy (H) gets* (H,g") k,l=1 ( *(k)P !
where
Gy (H,g"):={g€G}:G(g) = H, Vb e (2/2) : (9, N gj,) =95} »
and
z/2
ocsy(H) = [ [ ocs(Hy,, . Hy,,).
b=1
Notice that for any g € G}*(H,g")
z 2/2
Vig) =Y V(Hp) =Y V(g
b=1 b=1

Hence, the terms in the inner sum of (7.20) do not depend on g, allowing us to rewrite
this sum as

lim Y B ﬁ]:N(Hfi)gfi,N(gi)

N—oco - opt
9ECT N i=1 Fn (Hy,)

2 > D

z/2
HeM. gneocsy (H) gec}* (H.g") (Zb 1 (Hfb) - / V(gb ))

z/2
JAL{Hy, = Hy, )

2/2 n

» H Z qk ZQI,J Ky (i,

g N
bt ki (P«(te) p(t1) (@)

z/2
VAN{Hy, = Hy, }|6F(H,g")

))5(95)

-y % x .21
HeM. gneocsy (H) (Zb:l V(Hy,) — V(g ))
z/2 n E(gy)
qk 1611] Rx tkatl))
3103 £@)
bt him1 (pe(tr) pa(tr))
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The goal of the last step is to calculate the cardinality |G}*(H ,g")|, which appears in
(7.21). We state this result in the following lemma, proven in the appendix.

Lemma 7.2. For any H € M, and any ¢g"' € 0CS¢(H),

z z/2 z/2
’G}*(H,gﬂ)| = ZV(Hfb)_ZV(gl?) !HC(Hfib’Hfjh’gl?)7
b=1 b=1 b=1

where the constants C(Hy, , Hy, ,g;') are as defined in (3.13).

Continuation of proof of Lemma 5.4. Combining (7.21) with the result obtained in Lemma
7.2, we can now derive the asymptotics of the inner sum of (7.10):

lim
N—oo

S E ﬁFN(Hfi)gfrnN(gi)
QEG’}YN i=1 ]:X]Pt (Hfl)

z/2 z/2

o~ oy s kit (e (D))
Z H]I{Hfib - Hfjb)} X Z HC(Hfib’Hfjb’gb) Z 0
b=1

£
HeM, gneacsy (H) b=1 k,l=1 (p*(k)p*(l)) (9t

z/2

> [Ty, = H,)} (7.22)
b=1

Hew,

z/2 5( ﬁ)
& C(Hy,,  Hy,, . g") k(1)

X H Z Qk,iq1.5 Z

£(gM)
b=1 \ k=1 9" €0CS(Hy, Hy, ) (*(k’)p*(l)) !

z/2 n

SII (D aweas Sy, sy, | (7.23)

HeM, b=1 \ k=1

where the block matrix 3 is defined in (7.1). By combining (7.23) with (7.10), we obtain
the asymptotics of the moments E {¢% }: with the random variable {y as defined in (7.2),

z/2 n

A}i_f)nooE{fzzv} = Z Z H Z Qk,iq1.j (Ek,l)fib’fjb

Fiyesfo€(m) HEM, b=1 \ k,I=1

z/2

S Y II qu,im.y’(zkl)fib,fjb

HEeM, fy,...,f2€(m) b=1 \k,l=1

Z Z Z i (Zn);

Hem, \ij=1k,i=1
= M| (6%)*/2 = (= = )!N(0®)*/2,

z/2

where o2 is defined in (7.4). Hence, the claim (7.3) follows for even z as well, which
finishes the proof. O

8 Proof of Lemma 5.5

The objective of this section is to establish inequality (5.4), which due to [3, Theorem
13.5] leads to tightness. Using that

X3 = Xi() = 30 X80 = X5a(s)]",

EJP 30 (2025), paper 182. https://www.imstat.org/ejp
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to establish (5.4), it suffices to prove that, for all ¢, j € (m),
Al s,t) <|Fij(t) = Fiy(r)l?, (8.1)
where F; ;(t) =t 51FiijZj and for0<r<s<t<T,
Anig(rs,t) = B{| Xk(0) = Xi,(0)|* [ X () = X5, ()} (8.2)
We begin by expressing the function Ay ; ;(r, s, t) from (8.2) in a form similar to (4.2).

By applying (4.2) and (5.1), we can decompose the differences X} ;(t) — X3 ;(s) into a
sum of indicator processes over all possible inclusions g € Gy (H;):

Xialt) = Xgp(s) = 2D 5~ s,

\/fj(ifpt(Hi) g€Gn (H;)

where

Mign (s,8) =g C G (1)} = p* (1) = I{g C G (s)} +p* 1) (s). (8.3)

Hence, (8.2) has the following form

AN,i,j(rvsvt)
F2(H;)F?%(H,
= TP ™ (5,0 (5, D ¥ (7 g (7, 8))
‘FXI (HZ)}—N (H]) 91,92€GN (H;)
93,94€GN (Hj )
F2(H)F}(H;) :
= f.OI])\(]; ) ]Ovpt ! Z E H nik,gk,N<xk) yk) ) (8'4)
N (HZ)J:N (HJ) g1,92€6n (H;) k=1
93,94€GN (Hj)
where
Ik. — 87 k 6 {1’2}’ yk. — t’ k 6 {172}7 ’Lk — i? k 6 {172}7
) T, k € {3,4}, ) s, k € {3,4}, ) 7, k € {3,4}.

We now proceed to prove (8.1) using the representation (8.4). The first step is to
distinguish the zero terms of (8.4) from the non-zero ones. Next, we derive an upper
bound for each non-zero term in (8.4), and finally we show that the sum of the derived
bounds does not exceed the right-hand side of (8.1).

We identify the non-zero terms in the sum appearing in (8.4). From the definition
(8.3) we conclude that the random variables 7, 4 n(s,t) are centered, meaning that for
any i € (m), g € Gy(H;) and any s,t € [0, 7]

E{n;gn(s,t)} =0,

and 7; g, N (51,%1), 1j,4,,5 (82, t2) are independent for any s1,¢1, s2,t2 € [0,T] if E(g1 Ng2) =
0. Notice that if there exist [ € {1,2,3,4} such that for every k € {1,2,3,4}, | £k,

E(giNgr) =0,

and in this case

4 4
E { 1T 7.0 (ke yk)} =B {ng, (@, y) Y ES ] ignnv (@roww) ¢ =0.
k=1

k=1
k£l
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So, in the sum (8.4) we can consider only those sets g = (g1, g2, g3, g4) which belong to

GN(Z,]):{gEGN(Hz)XGN(HZ)XGN(H)XGN( ) Vk/‘€< >ﬂl€< >\k 5gkﬂgl 1}
(8.5)

If g € Gn(i,7), the corresponding term of the sum (8.4) equals zero. We can then rewrite
(8.4) as follows

Fi (H:)F3 (Hy) !
Anig(r st o T E i an N (T ) b - 8.6
N (1 8,8) = J:]O\;pt(Hi)fxfpt(Hj) ge(g(:ij) H Nire.gN (Th Yi) (8.6)

Next, we proceed to the second step, where we establish an upper bound on all non-zero
terms in (8.6) (equivalent to (8.4)). We partition the probability space into disjoint events:
for some of these events, we limit the value of the inner random variable, while for
others we bound the probability of the event itself. Define for k € {1,...,4} the events

Q. = {T{gs CGn(yr)} # I{gr CGn(x)}}- (8.7)
Then, each expectation in (8.6) can be represented as a sum of expectations over
all possible intersections of events 2 and Qf, for k € {1,...,4}. On each event Qf,

immediately from (2.7) and (2.6), we have the upper bound

[3 €H7
i (s )l = | () = Py '”(a:k)]
et S(H y—1—1
= |pn (yk) — pn (k)] Z N(zR)py (yk)
=0
< P HWE(H, )T T e (g — ) < oy E(H T T e (8 - 1)

(8.8)

for each event (2, we bound the corresponding probability, using the following lemma,
which we prove in the appendix.

Lemma 8.1. For the events (), defined in (8.7), and for any permutation {k1, k2, k3, ks } =
(4),
P {2} < Cooy ™ [t =],
P{Q, O, } < Cog}g\,(gklugkz) [t —7|,
P {Q, iy Uy } < Cooh P Dok 00ks) 1y 2
<

P {Qk19k29k39k4} 0095(91UQ2U93U94) ‘t |2

—-Tr

for the constant Cj defined in (5.7).

Continuation of proof of Lemma 5.5. Combining the bounds presented in Lemma 8.1
with (8.8) and the evident bound 7;, 4, N (2k, yr) < 2, we obtain that

4
E {H ’rlik7gk,N($k7yk)}

k=1
4
cOcOcOc E(H;,, E(H;, )—1
<IF'{919293Q4}1_[(91\/( k)E(Hz'k)er( ¥ Qﬁ\tfr|) +

2 E(H; ) E(Hiy, )1
5 Z ]P{le c ( }H ( ta ikq)p+ ha Q:t-?”l) +

" {k1 ko k3 ka}=(4)
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4 c E(Hiy,) E(H,,, )1
s 2 P{n0u09 }H< “E(H, py ¢It—’“|>+
{k1,k2,k3,ka}=(4)

8 c H; g(Hi )*1

S0 P{O000 Yoy e,y T e+
{k1,k2,k3,ka}=(4)

16P{91929394}

4

< T (en™ e, )pl ™ tefe 1) + (8.9

k=1

2 8( ) Hip ) E(Hiy, )—1

3! Z - T|H( g ( (Hi, )P+ g €|t—r|> +

{k1,k2,k3,ka}=(4 >

4 E(H; E(Hyy, )-1
D ST r|H( et " =) +
{k1,k2,ks,ks}=(4 )
8 E(H; E(H;, )—1
> Z Cogfv(gklngQngg)“irﬁ QN( kg E(H,, )p +( kg Cl—r| +
{k1,k2,k3,ka}=(4)
16 Cogjfv(glng»U%U!M) It — 7”|2 )
We bound each term in the sum (8.9) separately.
- First term:
4
I1 ( SH e (1 p i(H%)‘1¢|t—r|) < CLF(N) [t — )2, (8.10)
k=1
where
Cy = Q:4 T2 EQ(HZ) (c/vQ(I_Ij)pig(I'Izi)""Qg(I'Ij)—47
Fl(N) — Q?\;E(Hi)JFQS(Hj).
- Second term:
4
2 £ E(Hi, ) E(H: )—1
o1 Z COQN(%) [t —r| H (QN “CE(Hi, )y T Clt— 7"|>
" {k1,ko ks ka}=(4) q=2
< CoF(N) |t — 1|7, (8.11)
where
4
1 E(H;, )—1
Cy = = Co @3 T2 E(H; )
BEER {kl,kg,r?fﬁ}=<4>g( (His,
FQ(N) _ Q?\t;:(Hi)+25(Hj).
— Third term:
4
4 , E(Hyy, ) E(Hi, )—1
g X Cotm e T (o3 s ol e )
T {k1 k2 ks ka k= (4) q=3
<4 C3F3(N) |t —r]?, (8.12)
where
4
S(H7 )—1
Cs=CoC2T max (5H. ha )
3 0 {kl,kz,kg,k4}:<4>q:H3 ( qu)p+
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F3(N) - 1 Z va(gkl Ugko ) +E(gkg ) +E(gry ).
{k1,ka,k3,ka}=(4)

- Fourth term:

8 : E(H;, E(H;, )—1
S et o e, " e
" k1 k2 ks ke }=(4)
SAICLF(N) |t —r]?, (8.13)
where
4 £ty )-1
Cy=-CyCT E(H; 7
R {kukg,rlrclsa,ii}:@) ( ’“4>p+
Fy(N) = l Z va(gklungngS)+5(gk4)
1 )
" {1 ko ks ka y=(4)
— Fifth term:
16 Cooiy 2200 ¢ —rf? < CsFy(N) [t =7 (8.14)
where
Cs =16 CY,
F5(N) = 951;[(91U92U93Ug4).

Combining the bounds (8.10)-(8.14) with (8.9), we obtain that, with ¢; = ¢ = ¢5 = 1
and ¢3 = (b4 = 4!,

4 5
E { 11 nik,gk,N(azmyk)} < [t—=rP) i Ci Fy(N). (8.15)

k=1 i=1

At this point we have upper bounds (8.15) for each term of (8.6). This means that, in
order to verify (8.1), and to conclude the proof of Lemma 5.5, it is enough to show that
for every k € (5)

PR (H:) F3 (H,)
A Fi < F}, (8.16)
FR(H)F Npt<Hg>ge§m A
Cp < Cr (8.17)

'LJ?

where F* and C* are defined in (5.5) and (5.6), respectively. The bound (8.17) is trivial,
as € > 1, p+ > 1, CO > 1land £(H;,) > 1 for any k € (4) implying

Cy = €' T2 €2(H;) E2(Hy) pif I o

Ve
E(H;y, )1
<5(szq )p+ ha >

4
1 E(Hyy, )—1
Coe31? max (5 H; ke )
{kl,kg,kg,k4}:<4>;£[1 ( kq)p+

3
1
I

4
1
—Coe3T? max
37" {kl,kz,ks,k4}:<4>g

Cy

N

Cy o3 T252( l) SZ(Hj)pig(Hi)Jr?g(Hj)*‘l C*

4,57

4
E(H;, )—1
Cs=CoC2T max E(H: kg )
’ ’ {F1,ka,ks,ka}=( >ql:[3< ( qu)p_'_
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4
E(Hiy, )—1
< C e2r max E(H;,
‘ {kl,kz,ks,k4}—<4>ql:[1< Iy )

= Cy €2 TE2(H,) £2(H;) pir TP~ c or
Cy = %CO eT max E(H;, )pg( )71
3 (K1 ko, b ka b= (4) kel B
4 4

N

E(H;y, )—-1
-CoCT max E(H;, .
37 {’“hkzvksvk4}—<4>q1:[1< (i )

4 26(Hi)+28(Hj) =4 _ ~x
_ gCOQng(Hi)SQ(Hj)p+( I <o
Cs =16 Cy < Cf.

This entails that we can consider only (8.16). For any set g € Gy (i, ) and any permutation
{k1, ka2, k3, ks} = (4) we have that

g(gl UgiUgsU 94) X g(glm U gk, U gk%) + 5(9](74) < 5(gk1 U ng) + g(gk%) + g(gk4)
< QS(HZ) + 25(Hj).
Hence, for N large enough ensuring that o < 1, it follows that
F5(N) =2 Fy(N) =2 F5(N) > Fo(N) = F1(N),

so it is enough to check (8.16) only for k = 5. Factorize the sum in (8.16) in terms of the
number of vertices in the graph gy, := g1Ug1 UgsUgs. Denoting V* = 2V(H,;)+2V(H;) —
and V, = max(V(H;), V(H;)),

v*

T (Hi) F5 (Hj) S R- T (Hi) F5 (Hj) S Y R
f]?[pt(Hi)‘FX’pt(Hj) f]?lpt(Hi)'F](ifpt(Hj) V=V, g€ty (i,j)
V(gu)=V

]:2 ]:2
<Jf"‘“EH; VI (H Z PV
N )7 N V Vi QEGV(U)
V(gu)=

_ TR,
- ]:'OPt(H Opt Z Z
N (Hi) ) vz V*QEGV(H)
V(gu)=

gean (4,5)

. (8.18)
9u)

Without loss of generality we may assume from (8.5) that

E(giNga) =21, E(gsNgs) > 1.
Let us represent Fy(gy) by

Fn(g4)
Fn((91Ug2Ugs) Nga)
Fn(gs) Fn(g4)
Fn((91Ug2) Ngs) Fa((g1Ug2Ugs) Nga)
_ Fn(91)Fn(g2) Fn(g3) Fn(g4)
Fn(g1Ng2) Fn((91Ug2) Ngs) Fn((g1Ug2Ugs) Nga)

From (4.1) we conclude that, for large enough N,

1
> 1.
Fn((g1Ug2) Ngs)

Fn(gu) = Fn (91U g2 Ugs)

= Fn(g1Ug2)

(8.19)
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Hence, from (8.19) we see that, for large enough N, denoting g, = (91 Uge U gg) N g4

I1;,_, (o)

Fn (8.20)
92 Folo o) P (5
Applying the bound (8.20) to each term of (8.18), we obtain
Fio (H;)FR (Hy) S B< Fi (H; Z T Fn (g1 N g2) Fn(gx)
‘F](:fpt(Hi)‘F]cifpt(Hj) gean (i,5) Opt( fOpt V V. g€av (4,5) Hk 1 ]:N(gk?)
V(gu)=V
(8.21)
Z Z ]:N gl m92) -FN(Q*) (8.22)
T T ‘ .
V=V, gEGv(lj) Op (HZ) ]:X[P (H])
V(gu)=
Using (3.9) for g = 7(g1 N g2) € CS(H;) we obtain for large enough N that
n
Il ng) (8.23)
Fn (H;)
and using (3.9) for g = 7(g.) € CS(H;) we obtain for large enough N that
% <2 (8.24)
Fn (Hj)

Applying (8.23) and (8.24) for any of the individual terms of (8.22), we derive that

TR (H:) FR (Hj)
Fy 2-2
]:Opt( i) T, J(i/pt(HJ)gec%,J) Vz‘:&geg(:u)
V(gu)=V

v v
<Y (X 1) = X e
(Hy)

e pmm VR
‘42( V'»'A( ))2(<v wV!))A( >)2

= F; fj’
where Flfj is as defined in (5.5). Hence (8.16) follows, thus establishing (8.1) and
finalizing the proof. O

A Auxiliary proofs

Proof of Proposition 2.3. We first show that in the setting considered the expected
number of switching points of the alternating renewal process is finite. Denote for any
given N € IN and starting state z € {0,1} the i-th (for i € IN) switching point of the
alternating renewal process ay(-) by

[
TN,xz,i = E £N,z,j~
Jj=0
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Then, for any z € {0,1} and N € IN,

E{max{n: 7non < T}} = Z]P {TNwi <T}

=1
=D PD ey <T Z/ pr Lt (A1)
i=1 j=1

where (with * denoting the convolution of two functions) p}*\}z = PNz, 1*PN,z2%.  *¥PNzn-
Consider first z = 1. By induction in k, it immediately follows that, for any £ € IN and
t € 0,77,

Phk—1
*k
t) < ——. A2
Indeed, for k = 1 it is given, while for k£ > 1 we have

¢ k—1 k 2 kik—1
* wk— P P t
PN (t) :/ PN Wkt -y P/ -
o (k —1)!

Inserting (A.2) into (A.1) yields the upper bound

P 1 PT
E {max{n: TNM\T}}\Z/ o t=efT 1. (A.3)
Similarly, for z = 0 we obtain that
E {max{n: 750, < T}} < on (e —1). (A.4)

We proceed by deriving the properties (2.4) and (2.5). Fix some r,s,t € [0,7] such
that r < s < t. Define, for any random variable x, by F) (-) the cumulative distribution
function of this random variable. For (2.4) we observe that

P{an(s) #an(r)}
gIP{HTLG]N,.’EE{O 1}'aN( ) =, TNan[Tas}}

Z P {an(0 —JZ}ZIP{TNM 1< 7, TN, €[, 8]}

ze{()l}

= Z P {an(0 —x}Z/ P{rn,: € [r,s] | TNei-1 =to} dFry ., (to)
z€{0,1}

= Z IP{G,N —x}Z/ P{&Nmz+1€[ tOvs_tO]}dFTNT7(t0)
z€{0,1}

Now applying the second and third assumption of Proposition 2.3, we conclude that

P {an(s) # an(r)} < P {ax(0 4}2/ Pls — r|dFs . (to)

=0
+ P {an(0) =0} (PQN |s —r|+ Z/ Pls—r| dFTN,O,i(tO)> .
i=1"0

Furthermore, using the first assumption of Proposition 2.3 for the probability P {ay (0) =1},
and combining (A.3) and (A.4), we obtain for large enough N that

P {an(s) # an(r)} < on(pe(0) + 1)) Pls —r|P{rn1: < T}
=0
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+ <PQN |s —r|+ ZP |s —r|P{Tno; < T}>

i=1
= on(px(0) +1)P|s —r| (]E {max{n: ty1n <T}}+ 1)
+ (Pon|s—r|+ Pls—r|E{max{n: 7n0n < T}})
< (pu(0) +2) P on [s — 7]

We use a similar approach for (2.5). As {x 4 i+1 is independent of 7y , ;,

P{an(s) # an(r), an(t) # an(s)}
< Z P{an(0)=2}P{3n € N, : TNz n, TNant1 € [1,t]}

xz€{0,1}

< Y Plan(0)=a}P{In € N:7nan-1 <7, ™Nam € [ t], ENamir < [t =7}
z€{0,1}

= Z P{lany(0)=2z}P{3n € N: TN zn-1 <7 TNzn € [N P{EN znt1 <[t —7|}.
z€{0,1}

Then applying the second assumption of Proposition 2.3 to the probability
P{&N 2 n+1 < |t — 7|}, we have
P{an(s) # an(r), an(t) # an(s)}

<Plt—r] > Plan(0) =2} P{In € N: Ty an_1 <7, TNam € [t,7]} (A.5)
ze{0,1}

Following the same calculations as the ones for (2.4), one observes that

> Plan(0) =a}P{In € N: 7y an1 <7, Tvwm € [t7]} < (2(0) + 2) P oy [t = 7]
z€{0,1}

(A.6)
Combining (A.5) with (A.6) we obtain that
P {an(s) # an(r), an(t) # an(s)} < (p(0) +2)P*e oy [t — 7|”.
Hence, the claim follows. O

Proof of Lemma 3.2. In order to keep our notation compact, in this proof we locally
abbreviate N'(H, H*, g) to N. So as to calculate C(H, H*, g), we first choose V(g) vertices
which belong to both graphs g; and g», and then divide the remaining ' — V(g) vertices
between ¢g; and g;. To do this, we introduce some new notation. We define, for any
SC(N), VIS

PS(V):{UESV:v1<...<vV}.

Let also, for any set v = {vy,...,v,} C (N), the graph K, € K, denote the complete
graph on the vertices v4,...,v,. Hence,

C(H,H*,g)
1
=M Z (91N g2) = g}
91€6x(H)
g2€CGN (H™)

- XYY Hene=g)

" wePay (V(9) g C Ko g1€6x (H)
m(g*)=9 g2€Gnr (H*)
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- > > Y Y Hane-g)

" vEP(nry (V(9)) v1E€P v\ (V(H)=V(9)) ¢* C Kov 91 C Kouwy 92 C K(xy\v,

m(9g")=9 gi~H ga~vH*
(A.7)
Consider first the inner indicator in (A.7):
I{giNge=9¢"} =1{g* Co: H{g* Cg2}I{g1 Ng2 = g*}
=I{g* Cg1 N Ky} I{g* Cgo N K, H{g1 Nga = g*}. (A.8)

We would like to show that for any ¢* C K, such that 7(¢*) € 0CS(H, H*)
Hog*CcnNKy} =T{g" =91 N Ky}, I{g*Cg2N Ky} =T{g" = g2 N K, }. (A.9)

In other words, we show that if (A.9) is not satisfied, the pattern of the graph ¢g* is not an
optimal common subgraph pattern of H and H*. In case oy = 1, we see from combining
(3.7) and (3.4) that the only optimal common subgraph possible is an edge, meaning that
g* is isomorphic to an edge. Hence, as |v| = V(¢*) = 2, graph K, as well is isomorphic
to an edge, thus (A.9) follows. So, we need to consider only the case oy — 0 as N — oo.
As H = H* and g € 0CS(H, H*), applying (3.11) we have that

g €0CS(H), g e€O0CS(H").
Assume that (A.9) does not hold for some g1, v and ¢g*, meaning that
g CnnNK,, g #anNK,. (A.10)

Define ¢** = g1 N K,. It is clear that w(¢**) € CS(H), V(g**) = V(g*) = V(g), but due to
(A.10) E(¢g**) > £(g9*) = €(g). Hence,

hm M: hm N_V(g**)g;\]g(g ): g(g)_g(g**)
N-oo Fn(g) N—oo N*V(g)gz_\]g(g) N

= 00,

which contradicts (3.8) as 7(¢**) € CS(H) and g € 0CS(H). This implies that (A.9) is met.
Applying it to (A.8) we obtain that

{g1Nge=9"} =1{g" = g1 N K, }I{g* C g2 = Ky} I{g1 Ng2 = g*}
=g NKy, =g H{g2a N K, = g*}. (A.11)

Using (A.11), we observe by (A.7) that

C(H,H*,g) = /\% > > > > Hunk,=g"}

T vEP Ay (V(9)) v1EP(ny\» (V(H)=V(9)) g* CKy | 91 C Ko,
m(9%)=g g1~H

X > HgnK,=g"}

92 C K(ny\vy

ga~vH*
(A.12)
For any particular choice of v and v, by relabeling the vertices, we see that
K(H, K(H,g)A
Y HanK,=g')= |G( (9;| _ K V(g))| (9).
91 C Kyuw, v(g)\y 9):
gi~H
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where

K(H,g) = Z {7 (g1 N Kvgyy) = g}
91€Gy ay (H)

Similarly, we have that

K(H*, 9)A(g)

> IgpnK,=g"}= Vo)

92 C K(nry\wy
ga~H*

and thus, from (A.12) we obtain, also using (3.1),

C(H, H*,g) _ K(H’ g)’C(H*,g)AQ(g) Z Z Z 1

2
V@)N ver i ((0) v1ep e DD -V(9)) sk
m(g*)=g

_ K(H,g)K(H*, 9)A%(9) Z ) Gy
_ @(9)]
(V(g)')zN' vEP A1y (V(9)) v1EP N\ (V(H)—V(g))
K(H,g)K(H*,g)A(g) 3 3
V(g)'N' vEP Ay (V(9)) v1EP(ny\» (V(H)—=V(9))
K(H,9)K(H*,g)A(g) N!
V(g)N! V(9)!(V(H) - V(9))!(V(H*) = V(g))!

:< VA9K(H, g) >< VAWK g))!>, (A.13)

V(g)!(V(H) - V(9))!
Finally, consider the constants K(H,g). Let us for all g; € Gy (H) calculate the
total number of subgraphs which have pattern g. On one hand, this number can be
represented using the constant K(H, g):

1

Z Z I{m(g1 N Kv) = g} = [Py (V(9)| K(H, g).

vEP (v (rryy (V(9)) 91€6y (ary (H)

On the other hand, the same number can be represented using the constant S(H;, g), as
defined in (3.3):

Z Z (g1 N Ky) =g} = Z S(H,g) = |Gy (H)| S(H, g).

91€6y ay (H) vEP (v (1)) (V(9)) 91€6Gy my (H)

Combining these two representations,

|Gy (e (H)|
K(H,g) = S(H,
(H,9) Py (V(9))] (#,9)
~V(H)! V(9) (V(H) = V(g))! V(@' (V(H) - V(g))!
Hence, the claim follows combining (A.13) with (A.14). O

Proof of Proposition 5.3. Using the definition of process X (-) given in Theorem 4.1,

COV(Xi(t),Xj(s))cOV< 3 W(p*(t))s<Hi)s<g>X;(t)7
g€acs(H;) ¢
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T VA(g) S(Hj, 9) (p*(s))aHj)—s(g)X;(t)

A(Hj)

g€EOCS(H ;)

3 Alg0) Alga) (0+(0)F (pe()) EH1)

.A(HZ) .A(Hj) (p*(t))g(gl) (p*(s))g(fn)

g1 €0CS(H,;)
92€0Cs(Hj)

x S(Hi, 1) S(Hj, g2) Cov(X, (1), X, (5))
(

- X Alg) ()™ (pals) "™
A(Hl)A(HJ) (p* (t) Ps (8))5(9)

g€0CS(H,;)NOCS(H;)

£
x S(Hi,9) S(H;.g) (r.(t,5) .
where in the last line we use the independence of the individual processes X (). Hence,

the claim follows from applying (3.11), (3.12) and Lemma 3.2. O

Proof of Lemma 8.1. For every edge (u,v) € E(Ky) and time t* € [0,T], define the event
that the edge (u,v) exists at time ¢*:

Uy (1) = {ann () = 1},

Likewise, for every pair of times ¢*,t** € [0,T], we define the event that the edge (u,v)
switches between times t* and ¢**:

OF, ) (0 8%) = {aun (1) # ana ().

By the definition of the processes ay ., . (-), all the events Qz; ) (t*) and QE‘Z U)(t*, t**) are

independent for different edges (u, v). One readily verifies that for every k € (4) we can
represent the event (), in terms of events Q1 and Q7 as follows:

O = M Q@) | v N 2w O U Q@)
(1,0) €E(g) (u,0) €E(g8) (1,0) 2E(g1)
(A.15)

As zy,yx € {r,s,t} it is convenient to also define the following event:
Qaw) = Q(u,v)(r) U Q(u,v) (S) U Q(u,v) (t)
Then we can slightly enlarge the event on the right hand side of (A.15), obtaining

@ C N 2%, N U Q@ . (A.16)

(u,v)€EE(gk) (u,v)€E(gx)

Based on the inclusions (A.16), we can obtain similar inclusions for the ‘double event’:
for any k1, k2 € (4),

O, U, C N Qf, U 9% @) |- (A.17)

(u,v) €E(gr, Ugky) (u,v)€E(gk, )

Along the same lines, for triple event for different ki, k2, k3 € (4) (without loss of
generality we may assume that k; € {1,2} and k2 € {3,4}),

Qpy Uy Uy C N of o 1N U 9209, 060 |
(u,v) EE(gr; Ugky Ugks) (u1,v1)€E(gk, )
(u2,v2)€E(gk, )
(A.18)
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and for the intersection of all four events ki, ks, ks, ks € (4) (again, without loss of
generality we may again assume that k; € {1,2} and k. € {3,4}),

Qiey oy Qe U,

= m Q(+u,v) m U Qél,vl)(rﬁ S)Qéz’w)(svt)

(u,v) €E(grq Ugke Ugrs Ugn ) (u1,v1)€E(gr,)
(u2,v2)€EE(gr,)

(A.19)

Using (2.7), (2.4) and (2.5), we thus find that, for any (u,v) € E(Ky) and any =, yx,

P {Qa,y)} < P+ ON, (A.20)
P{Q@v)(xk’yk)} <Cont—rl, (A.21)
P {Qﬁ,y)(ﬂ S)Q?i,v)(sw)} < Conlt—r?. (A.22)

Hence, applying the bounds (A.20) and (A.21) to the probability of the event (A.16), we
find that

P{Q} < Z P Qé*7v*)($k>yk) m Qz;,v)

(u* 0 )EB(gr) (u,0)€E(gn)

+
<D ]P{Qm*,v*)(xk’yk)} 11 ]P{Q??w)}
(u* ") EB(gr) (u,0)€E(g1)

(u,v)#(u*,v*)
< @g(gk)pi(gk)—lg“;v(gk) |t o 7,| < Cogfv(gk) |t N ?“| :

recall that constant Cy was defined in (5.7). Similarly, applying the same two bounds to
the probability of the event (A.17), we have that

P {0 Q) < €E(gi ) p§ "7 T 0y Pt — | < Cogy ™ Je 1.

Applying now all three bounds (A.20), (A.21) and (A.22) to the probability of the event
(A.18), we obtain

P {0, Qky Qs
# # +
< PR (s 0) N Do
(u},v})EE(gr, ) (u,v) €E(gr, Ugr,Ugs)

(u3,v3)€E(gky )

<) P{Qé;,m(“)}lp{Qé;,v;)(svt)} II P{Q.}

(ui,v])€E(gr,) (u,v) €E(gry Ugky Ugis)
(“;W;)GE(gkz) (uvv)7é(uivvf)
(u,v)#(u3,v3)

- #
+ 3 P{O7,. (1, 5)0 oy (5:0) ] I1 PO}, )
(U*vv*)eE(gkl)mE(gk‘z) (u:U)EE(gk1ng2ng3)
(w,v)#(u”,v")

< €2 E(gr, )E (gry) P02 k) 72 G (G Do Uia ) 1y 2

+ CE(Gry N gy ) P 20T O Bk V) g 12

E(gr, U @]
< CO,Q]V(gkl 9ko gk;;) |t _ 'f'|2 )

EJP 30 (2025), paper 182. https://www.imstat.org/ejp
Page 34/38


https://doi.org/10.1214/25-EJP1442
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Subgraph count of dynamic ER random graphs

Along the same lines we can show, relying on (A.19), that

P {0, Uy Uty Ui} < €2 E (g )E (g, ) pl 0002 V0ks U0a) 72 g2 (90 D0k UonsUana) 1412

E(gry UGk Ugks Ugky)—1 E(gky UGk, Ugks Ugi, ) 2

+ CE(gry Ngry) py 12 2 oy T T — ]
£ .

<Gy ij(gklugkzumgugm) It — r|2.

- T

Hence, the claim of Lemma 8.1 follows. O

Proof of Lemma 7.1. We establish the statement of this lemma for any connected graph
G C K, with at least two vertices; recall that from (7.9) we know that V(G) > 2 for any
G ecc(G(g)). As N — oo,

E{ NV ] F(H )90 _ v I vty I Fn(Hy,) . £n(0).

ievie) \/Fa(Hy,) iv(g) ieve) \/ Far (Hy,)
(A.23)
From (7.5) we derive that
ar. 5. ({gi CGn(tr,)} — P {g: CGn(ty,)}
II &rnie) = Z [T =~ ) ). (a24
icv(g) Kty oy =1 i€V (g) (Pe(t.))
As N — oo, using Assumption 2.1 we obtain that
E{ ] (Mg cGnlte,)} —P{gi CGn(tn,)}) ¢ < (pron)fPiev@os), (A.25)
i€V(g)
Hence, from (A.24) and (A.25) we can see that, as N — oo,
£ i€v(e) 9i
EQ T €rn(9) p = (Co+o(1)) oy < ? ) (A.26)

1€V(g)

for some constant Cg € [0,00). Combining (A.23) with (A.26) we thus derive that, as

N — o0,
H)Ey i 1 Hy,
icvie) \/Fn(Hy,) I (Viev@9) jaie) /7o (Hy,)

=: (C6 + o(1))En(G).
So, to verify the statement of Lemma 7.1 it is enough to show that

lim En(G) € [0,00), (A.28)

N—o0
and moreover, if V(G) > 3 then

lim Ex(G) =0. (A.29)
N —oo

As we could restrict ourselves to V(G) > 2, we are done if we have proved that claim for
V(G) = 2 and V(G) > 3. Consider first the case V(G) = 2. Let V(G) = {4, j}. Then,

Fn(Hy,)Fn(Hy,)
I e ) R )

En(G) =
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_ Fn(gi N g5) _ \/FN(gmgj)\/fN(gmgj)_
R, V) R

By virtue of (3.9) (as (9: N g;) Cg: ~ Hy, and (g; N g;) Cg; ~ Hy,;), we obtain that
lim Ex(G) € {0,1} C [0, 00),
N —o0

and (A.28) follows. We now proceed to the case V(G) > 3. We are going to show (A.29)
by induction to V(G). Our induction step is the following. Assume for any graph G C K,
such that V(G) = k — 1 that the statement (A.28) applies. Then for any G C K, such that
V(G) = k we find (A.29).

For any connected graph G C K, with k vertices, we can find a vertex j € V(G) such
that G* = G\ {j} is still a connected graph. Then,

Fn(Hy,)

TN ( iev©)9i) zel;(lc) VIR (Hy,)

Fn ( zev<c*>gz) I ( Hf7
Uiev(e) gz /]:XI
Fn <( iev(e*)Ji ﬂgj) Hf )
J

Fiv (1) \/ Io\fpt fj)

Fn ((Uiev(c*)gi) Ng;
= En(GY) FIH,) T ((Uievm*)gi) n gj) :

En(G) =

= En(G” )

=En(GY)

Using the induction hypothesis (A.28) for Ex(g*), from (3.9) (as (Ujeve)9i) Ng; Cgj ~
H fj), we obtain

Fn ((Uiev(c*)gi) N gj)
lim En(G*)

N—o00 ]:Opt( ) < [0,00).

Also from (4.1) we have

ngnoo FN <(UiGV<G*)9i) N 947‘) =0.

Hence, (A.29) follows for the graph G, which finishes the proof. O

Proof of Lemma 7.2. Let us fix H CM, and g"' = (g{’,...,9%),) € 0CS¢(H). To calculate
the cardinality |G¥ (H,g")|,

z/2

> V(Hp) = V(g
b=1

b=1

vertices into z/2 groups, each of cardinality V(Hy, ) +V(Hy, ) —V(g;). It is directly seen
that this can be done in

(i VH]S) - S5 v(gh)!

-7 e (A.30)
V(V(Hy, )+ V(Hflb) V(gy))!
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ways, and then for each group separately we should place the graphs g;, and g;, in such
a way that they cover all V(Hy, ) + V(Hy, ) — V(g3') vertices, and g;, N g;, = g;'. From
(3.13), this can be done in

(V(Hy,,)+V(Hy,) = V(gy)\C(Hy,, , Hy, . 95) (A.31)

ways. Upon combining (A.30) and (A.31), the claim of Lemma 7.2 follows. O
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