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Abstract
The popularity of an opinion in one’s direct circles is not necessarily a good indicator 
of its popularity in one’s entire community. Network structures make local information 
about global properties of the group potentially inaccurate, and the way a social network is 
wired constrains what kind of information distortion can actually occur. In this paper, we 
discuss which classes of networks allow for a large enough proportion of the population 
to get a wrong enough impression about the overall distribution of opinions. We start by 
focusing on the ‘majority illusion’, the case where one sees a majority opinion in one’s 
direct circles that differs from the global majority. We show that no network structure 
can guarantee that most agents see the correct majority. We then perform computational 
experiments to study the likelihood of majority illusions in different classes of networks. 
Finally, we generalize to other types of illusions.

Keywords  Majority illusion · Social networks · Graph colorings

1  Introduction

When forming opinions or making decisions, people often use as information the choices 
of others in their circles. For example, if many people around you favor the same brand, 
vote for the same political party, or agree on the same opinion, you are more likely to buy, 
vote, or think the same [1–9]. Therefore, the proportion of people in one’s circles sharing an 
opinion plays a substantial role: the more people around you holding one opinion, the more 
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likely it is that you will adopt that opinion, a mechanism captured by well-known network 
diffusion models [10–12] inspired by epidemics models [13, 14]. Beyond direct social influ-
ence, the popularity of an opinion in one’s circles might also be taken as the main indicator 
of its global popularity: if you witness many people with the same opinion around you, you 
might get the impression that that opinion is also popular in the entire population.

Sometimes, however, the local information one gets from their neighborhood gives the 
wrong impression of the global state of the network. Consider, for example, the network 
in Fig. 1, where the nodes represent agents and red and blue colors represent the agents’ 
binary opinions on a given issue. While there are more red nodes in the entire network, all 
red nodes have a majority of blue nodes among their direct neighbors. In other words, the 
neighborhood of the red nodes gives them the wrong impression of what is the most popular 
opinion. Such a distortion is called majority illusion [3]. A node is under majority illusion 
whenever it locally sees a dominant opinion that differs from the global dominant opinion.

Majority illusions can have important consequences on opinion dynamics. One example 
is in political decision making: people might change their votes depending on their impres-
sion on who is the winning party. On the one hand, people are often more inclined to vote 
for a party they expect to win, which is known as the polling bandwagon effect [15]. This 
is typically explained either by a direct preference to belong to the winning team or by the 
social inference from a party being popular to there being good reasons for its popularity. 
On the other hand, in some cases, people are more inclined to vote for a party they expect 
not to win, because then their vote is more likely to make a difference, which is known as 
the underdog effect [16]. In both cases, a party can gain votes simply by giving people the 
impression that they are winning/losing. Therefore, in principle, one could influence opin-
ions and votes by changing the network structure to tweak the distribution of opinions that 
agents see locally. Such manipulations, referred to as ‘information gerrymandering’, can, 
according to [17, 18], lead to undemocratic decisions.

The classic friendship paradox [19] is a related example of a situation where the neigh-
borhood gives a wrong impression of the global state of the population: agents in a network 
are likely to get the impression that their popularity is lower than average because their 
friends have more friends than themselves. A related case study is that of the illusion of 
popularity of heavy alcohol consumption on university campuses. While this illusion is 
often explained by pluralistic ignorance [20, 21], it is also explained by differences in stu-
dents’ popularity in [3]: If heavy drinkers have more friends, this may cause many students 
to overestimate their overall friends’ alcohol consumption. Indeed, they may observe that 
most of their friends drink a lot even though in reality the global proportion of heavy drink-
ers may be small. This, in turn, can make norms of excessive alcohol use that are actually 
unpopular last for generations of students.

In summary, in political decision making as well as in everyday life, distortions occurring 
between the distribution of opinions in one’s direct circles and their global distribution may 

Fig. 1  Example of a network where all red nodes are under majority illu-
sion: they have more blue neighbors than red ones, while red is the actual 
global ‘winner’
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have important societal impact. However, such distortions cannot always occur. Whether 
they are possible or not, and under which conditions, is the question we focus on in this 
paper. We will address this question by solely looking at the structural properties of net-
works and study which kind of illusions are possible in which classes of graphs.

Related work  The concept of majority illusion was first studied in [3], where the authors 
used computational simulations to find how many nodes are typically under majority illu-
sion in scale-free, Erdős-Rényi networks [22], and in several real-world networks, and show 
that, unsurprisingly, nodes in networks in which high-degree nodes tend to connect to low-
degree nodes are most susceptible to this illusion. Majority illusions were studied next in 
[18], where a voter game is modelled with two competing parties to show that majority 
illusions can be used for information gerrymandering: modifying the network structure for 
the purpose of gaining votes in an election, reminiscent of district gerrymandering [23, 24]. 
The authors predict this by a mathematical simulation of the voter game, and confirm their 
results with a social network experiment with human participants. They find that informa-
tion gerrymandering can even take place when all agents have the same number of connec-
tions. A more recent article [25] studies the computational complexity of majority illusions. 
A q-majority illusion is defined there as at least a q fraction of agents being under majority 
illusion, and it is shown that the problem of deciding whether a given network can be col-
ored in such a way that it is in a q-majority illusion is NP-complete for q > 1

2 . Whether it 
also holds for q ≤ 1

2  was left as an open question. Since majority illusions may have detri-
mental effects and are generally regarded as undesirable, the authors of [25] also study how 
to remedy an illusion from a network by adding or deleting edges. The problem of identify-
ing whether it is possible to change the network in such a way that the number of agents with 
a q-majority illusion is below a given bound is also shown to be NP-complete for q > 1

2 .

Contribution and outline  The existing literature on majority illusions does not tell us much 
about how far social networks can distort local information. On the one hand, in [3], a rela-
tion was found between the network structure and the probability of majority illusions. On 
the other hand, Grandi et al. [25] shows that to decide whether, for a given network, it is 
possible for a certain proportion of people to be under majority illusion is a hard computa-
tional problem. The question that stems from both these lines of work is then whether there 
exist salient properties of the network structure that determine whether or not it is possible 
for a certain proportion of nodes to be under majority illusion. In other words, what graphs 
make such illusions possible or impossible? We study this question in the first part of the 
paper. We consider different classes of graphs, for different reasons. For each of the classes, 
we investigate whether it is possible for a majority of nodes to be under majority illusion. 
The reason to focus specifically on when a majority of nodes are under majority illusion is 
twofold. First, if most people are under illusion, then collectively the group is mostly wrong 
in the sense that any reasonable way to aggregate their guesses would result in an incorrect 
collective guess. Second, in models where people influence each other by majority dynam-
ics (a basic model of opinion diffusion), if 1

2  of the nodes is under majority illusion, the 
group’s majority opinion will be inverted. For these reasons, it is a natural focus (see also 
[25]). In Section 3, we prove that a weak version of the majority illusion can occur on all 
network structures. In Section 4, we provide some stronger results for some specific classes 
of networks. Given the complexity of the question, we first explore some classes of graphs 
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that are simple enough to be analytically tractable, even though they are not likely to occur 
in real social networks. We find that on 2-colorable graphs with an odd number of nodes or 
with a node of which all neighbors have degree greater than 2, it is possible that a (weak) 
majority of the nodes is under majority illusion (Propositions 2 and 3). Next, we consider 
regular graphs, for which the existing literature [26] suggests that illusions are less likely 
to occur, which makes sense intuitively because agents have less centralized information. 
However, we find that stricter majority illusions can still occur on some but not all regular 
graphs. On the one hand, we find that with certain given relative size and degree it is pos-
sible to construct a regular network in which a majority of the nodes is under majority illu-
sion (Theorem 2). On the other hand, stricter illusions cannot occur when the degree of the 
nodes is 2 (a collection of cycles) (Proposition 4), or n − 1 (a complete graph) (Proposition 
5). Our main analytical results are summarized in Table 4 at the end of the paper. In Section 
5, we use computational simulations to study the likelihood and strength of majority illu-
sions on graphs that have properties that are characteristic of real-world social networks. 
The structure of the first part of the paper is illustrated in Fig. 2.

Although majority illusions are the only form discussed in the literature, other forms of 
illusion are worth studying. After all, the majority opinion around us is not the only thing 
that can influence us. We could say that we are influenced by a dominant opinion in our sur-
roundings, but ‘dominant’ can be defined in different ways, of which ‘majority’ is only one. 
Therefore, in the second part of this article (Section 6) we generalize the notion of majority 
illusion to cover illusions induced by different ways of aggregating neighbors’ opinions, 
namely by quota-rules and the plurality rule. We establish several results on which networks 
allow for which kinds of illusions.

The paper is an improved and extended version of [27], which appeared in the proceed-
ings of EUMAS’23.

Fig. 2  Overview of the first part of the paper and its main results
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2  Preliminaries

A social network (a simple graph) G = ⟨V, E⟩ consists of a finite set V of agents (nodes/ver-
tices), and a set E of undirected and irreflexive edges between agents. We do not assume that 
the graph is connected. We call ‘neighbors’ two agents connected by an edge. We write Ni 
for the set of neighbors of i and di for its degree |Ni|. We consider a single issue and assume 
that each agent holds an opinion on this issue. Since opinion distributions can be seen as 
graph colorings, we borrow the terminology of vertex colorings, and use the terms ‘color’ 
and ‘opinion’ interchangeably. We write C for the set of possible colors, ci ∈ C to refer to 
agent i’s color and c for the coloring of the graph (c : V → C), that is, the distribution of 
opinions. A colored graph is a triple C = ⟨V, E, c⟩. Thoughout the paper, the term ‘colored 
graph’ refers to such colored graphs with only two colors (C = {red, blue}), except for Sec-
tion 6, where we will generalize to more than two colors (opinions) being represented. Note 
that, since most of our results in Sections 3 and 4 concern the existence of a specific type of 
2-coloring of the graph, they do immediately hold for k-colorings for any k ≥ 2.

In such opinion networks (or colored graphs), three types of information can be dis-
tinguished. First, every node has an individual opinion. Second, every node has a major-
ity opinion in its neighborhood, the local majority opinion. And third, there is the global 
majority opinion, the majority opinion in the entire network. Any two of these three types 
of opinions can be in agreement or not. We systematize and illustrate all possible relations 
between the above types of opinions in Table 1. Different fields have been studying dis-
agreement between the different types of information mentioned above. On the one hand, in 
social network science and social choice theory, an agent is under majority illusion when the 
majority of its neighbors disagrees with the global majority [3, 25]. In contrast, graph theory 
has concerned itself with the disagreement between a node’s color and the color of its neigh-
bors: a proper coloring requires that no two adjacent nodes are of the same color, that is, 
that everybody disagrees with all of their neighbors. A generalisation of that concept is that 
of majority coloring [28–30], where no agent is of the same color as most of its neighbors. 
We call the local disagreement faced by an agent in a majority coloring majority opposi-
tion. In such a situation, one might get the impression that they belong to a global minority. 
For instance, in Fig. 1 all nodes are under majority opposition so all nodes might have the 
impression of belonging to a global minority, while it is only true for the blue ones. When 
all agents are under the impression that they belong to the minority, then some of them must 
be mistaken, it must be some sort of illusion. Clearly, the concepts of majority illusion and 
majority opposition are related. In the first part of this paper (Section 3), we explore this 
very relation to obtain results about majority illusions.

We will now define the notions described informally above. We start by introducing some 
auxiliary terminology to be able to talk about which opinion is prevalent in a network, be it 
locally or globally. Given a set S of agents such that |S| = n and a coloring c, a color x is 
a majority winner of S (we write MS = x) if |{i ∈ S | ci = x}| ≥ n

2 . When two colors are 
a majority winner among S (there is a tie), we will write MS = tie. We say that an agent is 
under majority illusion if both the agent’s neighborhood and the entire network have only 
one majority winner (no tie) but they are different. This definition is equivalent to that in [25].

1 3
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Definition 1  (majority illusion) Given a colored graph C = ⟨V, E, c⟩, an agent i ∈ V  is under 
majority illusion (m illusion) if MNi

̸= tie and MV ̸= tie and MNi
̸= MV . A graph is in a 

Majority-majority illusion (Mm illusion) if more than half of the agents are under majority illusion.

For instance, the situation depicted by Fig. 1 is an example of Majority-majority illusion. 
As in Definition 1, we will use throughout the paper a capital letter to distinguish the global 
majority from the local majority, both in the full names and in the abbreviations of the 
illusions.

We can generalize this strict definition to weaker cases. First, there exists a weaker type 
of disagreement between local and global majorities: the cases where exactly one of the two 
is a tie. Second, the majority of agents under an illusion can also be weak, when exactly 
half of the agents are under illusion. The corresponding generalisations of majority illusion 
includes both types of weakening:

Definition 2  (weak versions of majority illusion) Given a colored graph C = ⟨V, E, c⟩, agent 
i ∈ V  is under weak-majority illusion (w illusion) if MNi

̸= MV . A graph is in a Majority-
weak-majority illusion (Mw illusion) if more than half of the agents are under w illusion. A 
graph is in a Weak-Majority-(weak-)majority illusion (Wm / Ww illusion) if at least half of 
the agents are under m/w illusion.

Table 1  Possible combinations of local and global majority winners, and presence or absence of majority 
opposition and majority illusion

local majority majority opposition global majority majority illusion
red ✗ red ✗

red ✗ tie weak

red ✗ blue ✓ [3, 25]

tie weak [28–30] red weak

tie weak [28–30] tie ✗

tie weak [28–30] blue weak

blue ✓ red ✓ [3, 25]

blue ✓ tie weak

blue ✓ blue ✗

We assume w.l.o.g. that the color of the relevant individual (highlighted in the exemplary illustrations) is 
red, otherwise just swap ‘red’ and ‘blue’ everywhere. ✗ indicates absence of the opposition/illusion, ✓ 
indicates presence of the opposition/illusion, ‘weak’ indicates the presence of a weak-majority opposition 
or a weak-majority illusion. References are included to situate the related fields of research

1 3
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To prevent confusion between the two different types of majorities involved in the illusions 
we study, we give in Table 2 an overview of the names we will use, with the corresponding 
abbreviations and definitions.

Similarly, the notion of majority opposition comes in strict and weak versions:

Definition 3  ((weak) majority opposition) Given a colored graph C = ⟨V, E, c⟩, agent 
i ∈ V  is under majority opposition if ci ̸= MNi  and MNi

̸= tie. Agent i ∈ V  is under weak 
majority opposition if ci ̸= MNi .

As indicated in Table 1, while it is the strict version of the majority illusion that is studied by 
[3]1, and by [25], it is the weak version of majority opposition that is studied by [28–30] in 
graph theory. As far as we know, neither the strict majority opposition nor the weak majority 
illusions have been studied before. Furthermore, note that, in the same network, different 
agents can be under a w illusion with respect to different opinions, since it is possible that 
exactly half of the nodes in the network are of one color and half of the nodes of another 
color.

Before proceeding, we introduce some extra terminology. When an agent is under m illu-
sion and all its neighbors all have the same color, we say that that agent is under unanimity 
illusion (u illusion). Similarly, when all agents are under a m/w illusion, we will call it a 
Unanimous-(weak-)majority illusion (Um / Uw illusion). We say that an illusion is pos-
sible in a graph G = ⟨V, E⟩ if there exists a coloring c such that C = ⟨V, E, c⟩ witnesses 
the respective illusion.

Remark 1  ((Ir)reflexivity) In all existing literature about majority illusions so far [3, 25], 
as well as in [18] which is about information gerrymandering, social networks are taken 
to be irreflexive. Although one might argue that agents know their own opinion, the reason-
ing here is mainly about how agents are influenced by others rather than by themselves. In 
influence models, there are various ways to deal with an agent’s influence on themselves. In 
some models, agents are simply counted as one of their neighbors [10, 31]. In others, they 
are not taken into account for their own influence at all [5, 32, Chapter 9]. And in yet other 
models, the network is defined as irreflexive but agents are still assumed to have a special 
type of influence on themselves [33, 34]. Since it is hard to justify one of these choices with-
out knowing exactly the application of the model (and even then), we align here with the 
choice of the most relevant existing literature [3, 18, 25], and consider networks that are 
irreflexive. Nevertheless, in Section 6.3, we consider generalizations of majority illusions to 
networks that are not necessarily irreflexive.

1 They use the strict version throughout the paper, except for Fig. 1 where the illusion can be weak.

Table 2  Overview of the various types of majority illusion with their respective abbreviations
name abbreviation meaning

majority illusion m jamlabolgehtmorftnereffidsiytirojamlacolehTnoisulli ority
and they are both not a tie. (Definition 1)

weak-majority illusion w jamlabolgehtmorftnereffidsiytirojamlacolehTnoisulli ority
but one of them may be a tie. (Definition 2)

Majority-majority illusion Mm illusion more than half of the nodes are under majority i. (Def. 1)
Majority-weak-majority illusion Mw illusion more than half of the nodes are under weak-majority i. (Def. 2)
Weak-Majority-majority illusion Wm illusion at least half of the nodes are under majority illusion. (Def. 2)
Weak-Majority-weak-maj. illusion Ww illusion at least half of the nodes are under weak-majority i. (Def. 2)

1 3
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3  Illusions in arbitrary networks

Our overall goal is to discover which social networks allow for illusions to occur. Since this 
is equivalent to asking which graphs can be colored in some specific way, we build on exist-
ing results from vertex colorings to obtain results about majority illusions. Recall that, in 
graph theory, a coloring is called proper when no two neighbors are assigned the same color. 
The weaker notion of majority coloring [28–30] is immediately relevant to us. In a majority 
coloring, all vertices are in what we described as weak majority opposition: at least half of 
its neighbors are of a different color than its own. For coherence with the rest of the paper, 
we call this a weak majority coloring here:

Definition 4  (weak majority 2-coloring) A weak majority 2-coloring of a graph G = ⟨V, E⟩ 
is a 2-coloring c such that, for each i ∈ V : MNi ̸= c(i).

A graph is called weak majority 2-colorable if there exists a weak majority 2-coloring of it. 
Given a colored graph, we call monochromatic the edges between nodes of the same color, 
and dichromatic the ones between nodes of different colors.

The main result involving majority colorings is credited to [35] in the literature [28, 
29]: every graph is weak majority 2-colorable2. The proof strategy for this result is com-
monly described as easy and relying on a simple ‘color swapping mechanism’ that can only 
reduce the total number of monochromatic edges in the network. However, Lovász [35] 
itself focuses on multigraphs and is of a much wider scope. Therefore, to make the paper 
self-contained, we provide both a proof of the general result in Appendix A and below the 
proof of a related lemma, Lemma 1, which will be crucial to our main result, Theorem 1.

Lemma 1  Let G = ⟨V , E⟩ be a graph, and let c be a 2-coloring of G that minimizes the 
number of monochromatic edges. Then, c is a weak majority 2-coloring of G.

Proof  Let EM  be the set of monochromatic edges and ED = E\EM  the set of dichromatic 
edges in graph G colored by c. Assume for contradiction that there is a node i ∈ V  that is 
an endpoint of strictly more monochromatic edges (we write EMi  for the set of such edges) 
than dichromatic edges (EDi ): |EMi | > |EDi |. Consider now a second 2-coloring c′ of G 
that only differs from c with respect to i’s color, i.e., c′ assigns the same color as c did to 
all nodes except for i: ci ̸= c′

i. Let us write E′
M  for the new set of monochromatic edges, 

and E′
Mi

 and E′
Di

 for the new sets of monochromatic and dichromatic edges from i. Given 
that |E′

Mi
| = |EDi | and |E′

Di
| = |EMi |, we now have |E′

Di
| > |E′

Mi
| and |EMi | > |E′

Mi
|. 

Given that no other edge of the graph is affected by this change, the total number of mono-
chromatic edges is smaller with coloring c′ than it was with c: |EM | > |E′

M |. But since we 
started by assuming that c was such that |EM | was minimal, this is a contradiction.           □

We now use the existence of a majority coloring that minimizes the number of mono-
chromatic edges to prove the following general result:

Theorem 1  A Mw illusion is possible in any graph G = ⟨V , E⟩.

2 In a parallel line of research in combinatorics, majority colorings are called unfriendly partitions [36], and 
shown to exist on all finite graphs [36, 37] but not on all infinite graphs [38].

1 3
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Proof  Let G = ⟨V, E⟩ be a graph and let c be a 2-coloring of G that minimizes the total 
number of monochromatic edges. By Lemma 1, c is a weak majority 2-coloring of G. There 
are two cases:

	● MV ̸= tie. Assume w.l.o.g. that MV = red. Since c is a weak majority coloring, for any 
red vertex i, MNi ∈ {blue, tie}, and therefore MNi

̸= MV . Hence, a majority of the 
nodes (the red ones) is under (possibly weak) majority illusion: we have a Mw illusion.

	● MV = tie. There are two cases:

	– If |{i ∈ V : MNi ∈ {blue, red}}| > |V |
2 , we have a Mw illusion.

	– Otherwise (if |{i ∈ V : MNi = tie}| ≥ |V |
2 ) choose a node j with MNj = tie 

and define a new coloring c′ that is equal to c for all nodes except for j: c′
j ̸= cj . 

Since j has as many blue as red neighbors, this does not change the total number 
of monochromatic edges in the graph. Therefore, c′ is also a coloring that mini-
mizes this number. Hence, by Lemma 1, c′ is also a weak majority 2-coloring of 
G. Now, we have MV = c′

j , and we can apply the logic of the first case: Assume 
w.l.o.g. that c′

j = red. Since c′ is a weak majority coloring, for any red vertex i, 
MNi ∈ {blue, tie}. It follows that a majority of the nodes has MNi

̸= MV : we 
have a Mw illusion.                                                                                                      □

One of the results in [25] is that checking whether or not a network allows for a Majority-
majority illusion is NP-complete3. Here, in stark contrast, we see that there is no need for 
checking whether a network allows for a Majority-weak-majority illusion, since Theorem 1 
shows that it is always the case.

4  Illusions in specific network classes

While the above resolves the question of the existence of weak majority illusions, we now 
aim to understand when the strict version of the illusion can occur. In order to obtain results 
in that direction, we turn to some classes of graphs with well-known global properties. In 
some networks, namely two-colorable graphs and graphs where all nodes have odd degrees, 
it is easy to see whether or not illusions are possible, although these networks are unlikely to 
resemble real social networks. Nevertheless, we still mention those results, since they can be 
used as starting point for the systematic analysis of the types of graphs that allow for major-
ity illusions. We then turn to consider the class of regular graphs, which, from the literature, 
seem to be promising for the prevention of illusions.

4.1  Graphs with odd degrees

On graphs in which all nodes have an odd degree, any Mw illusion, which are guaranteed to 
exist by Theorem 1, is always a stronger type of illusion. The intuition is that an agent with 
odd degree cannot see a tie in its neighborhood, which causes either all agents to be in w 

3 Grandi et al. [25] do not actually speak about a Mm illusion, but about ‘at least a fraction of q agents is 
under m illusion’, with q > 1

2 . The fact that it then also holds for Mm illusion follows from that ‘more than 
half’ is equivalent to ‘at least some fraction q where q is more than half’ since we only have to consider 
rational numbers.

1 3

Page 9 of 55  39



Autonomous Agents and Multi-Agent Systems (2025) 39:39

illusion if there is a global tie, or, if there is no global tie, a majority of agents to be in a m 
illusion.

Proposition 1  For any graph G = ⟨V , E⟩ such that for all i ∈ V , di  is odd, a Mw illusion 
in G is either a Uw illusion or a Mm illusion.

Proof  Let G = ⟨V, E⟩ be such that for all i ∈ V , di is odd. By Theorem 1, there exists a 
coloring of G that is a Mw illusion. Consider any such coloring c. Two cases:

	● MV = tie. For all i ∈ V , since di is odd, MNi
̸= tie and therefore MNi

̸= MV : we 
have Uw illusion.

	● MV ̸= tie. Assume w.l.o.g. that MV = red. Since G is in a Mw illusion, 
|{i ∈ V : MNi ∈ {blue, tie}}| > |V |

2 , but since for all i, di is odd, this implies that 
all those vertices cannot have a tie: we have |{i ∈ V : MNi = blue}| > |V |

2 , a Mm il-
lusion.                                                                                                                       □

Given a graph coloring we can define a ‘swappable node’ as a node whose neighbors all 
have at least 2 (so 3 for odd degree) more nodes of one color than nodes of the other color. 
Then, a corollary of Proposition 1 is the following:

Corollary 1  Let a graph G = ⟨V , E⟩ be such that for all i ∈ V , di  is odd. Let c be a weak 
majority 2-coloring of G that is a Mw illusion4. If MV = tie and there is at least one j ∈ V  
that is ‘swappable’, then a Wm illusion is possible in G.

Proof  W.l.o.g. assume cj = red and define c′ which is equal to c for all nodes except that 
c′

j = blue. Since c was a weak majority 2-coloring, all red nodes had more than half blue 
neighbors. Since j’s neighbors all had a margin of at least 2 and nothing except j’s color 
changed, all red nodes except j still have more than half blue neighbors in c′. Hence, half of 
the nodes are under m illusion.                                                                                              □

4.2  2-Colorable graphs

In the same way as we used the existence of a majority coloring to obtain results about the 
existence of majority illusions we can also use the existence of a special type of weak major-
ity colorings, the proper colorings, to obtain results about majority illusions in 2-colorable 
graphs.

Lemma 2  Any proper 2-coloring of a graph G = ⟨V , E⟩ is either a Mm illusion or a Uw 
illusion.

The idea of the proof is similar to that of Proposition 1: no node can see a tie among its 
neighbors.

Proof  Let c be a proper 2-coloring of G. There are two cases:

4 Such coloring exists by the proof of Theorem 1.
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	● If MV ̸= tie, then w.l.o.g. assume that MV = red. Since more than half the nodes are 
red and all red nodes have a majority of blue neighbors, we have a Mm illusion.

	● If MV = tie, then all the nodes are under w illusion, since for all nodes, all neighbors 
are the other color. We have a Uw illusion.                                                                      □

Both cases used in the above proof are cases of Majority-weak-majority illusions (which 
were already guaranteed to exist by Theorem 1), but we can also show the existence of 
the strict majority illusion in two different cases. First, when the number of nodes is odd, 
there cannot be a global tie, so by using the first case in Lemma 2 we get the following 
proposition:

Proposition 2  In any properly 2-colorable graph G = ⟨V , E⟩ with |V| odd, a Mm illusion 
is possible.

Proof  Let c be a proper 2-coloring of G. Since |V| is odd, MV ∈ {red, blue}, we can use the 
first case of the proof of Lemma 2: W.l.o.g. assume MV = red. Since more than half of the 
nodes are red and all red nodes have only blue neighbors (since c was a proper 2-coloring), 
we have a Mm illusion.                                                                                                           □

Second, when the color of a node can be swapped if needed, we can solve a tie:

Proposition 3  In any properly 2-colorable graph G = ⟨V , E⟩ with some i ∈ V  such that 
for all j ∈ Ni  dj > 2 , a Wm illusion is possible.

Proof  Let c be a proper coloring of G. There are two cases:

	● If MV ̸= tie, then conformingly to Lemma 2, we have a Mm illusion.
	● If MV = tie, then swap the color of node i: let c′ assign the same colors as c to all other 

nodes but c′
i ̸= ci. Now M ′

V = c′
i. W.l.o.g. say ci = blue and c′

i = red. All of i’s neigh-
bors are also red and have now exactly one red neighbor (i), and more than one blue 
neighbor. Therefore, all red nodes except for i have more than half of their neighbors 
blue. Therefore, exactly |V |

2  of the nodes are in a situation of m illusion.                      □

In [25], the complexity of checking whether a network admits (what we call) a Wm illu-
sion was left as an open problem. Propositions 2 and 3 show that by checking whether a 
graph is properly 2-colorable (which can be done in polynomial time [39]) and whether 
there exists a node whose neighbors all have degree larger than 2 or whether the number of 
nodes is odd, we can know that a graph admits a Mm/Wm illusion. Still this does not give us 
the complexity of checking whether a network admits a Wm illusion: while this is a sufficient 
condition for a graph to allow for a Mm/Wm illusion, it is not a necessary one.

4.3  Regular graphs

Some classes of networks seem promising for the prevention of illusions, in particular net-
works in which all nodes have similar degrees. In [40], theoretical analysis and experi-
ments where human subjects were asked to perform estimation tasks are used to study the 
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influence of network structure on the wisdom of crowds. The authors find a remarkable 
difference between centralized networks, where the degree distribution varies a lot between 
nodes, and decentralized (regular) networks, in which all nodes have the same degree, 
regarding what social influence does to the accuracy of the estimates of individuals (when 
individual’s estimates are based on a weighted average of their own belief and the beliefs 
of their neighbors). They show that in decentralized networks, social influence significantly 
improves individual accuracy and the group mean estimate. Furthermore, an overview of 
research about collective intelligence by Centola [26] mentions several studies about decen-
tralized networks in practical applications: in decentralized networks, political polarization 
and biases about climate change and immigration are reduced [41, 42], and social influence 
reduced biases about the risk of smoking [43], as well as (implicit) race and gender biases 
in clinical settings [44]. Given that majority illusions also involve the wrong perception of 
a group, and that decentralized/regular networks seem to be beneficial for group accuracy 
and bias reduction, we wonder whether they also are ‘good networks’ in terms of the distor-
tion we study: to what extent they do not allow for a majority of their nodes being under m 
illusion. According to Lerman’s initial paper on majority illusions [3], differences between 
the degrees of nodes and their neighbors are one of the main factors enabling majority illu-
sion. Therefore, one would expect that regular networks, where all nodes have the same 
degree, make majority illusions less likely. Nevertheless, we will show that majority illu-
sions (beyond the ones given by Theorem 1) are also possible in regular networks.

A d-regular network is a network in which all nodes have degree d. We start by consider-
ing the simplest cases where the network is made of one ore more cycles (d = 2), and where 
the network is complete (d = |V | − 1).

Proposition 4  For any 2-regular graph G = ⟨V , E⟩, there exists no 2-coloring with which 
G is under Mm/Wm illusion.

Proof  Let G = ⟨V, E⟩ be any 2-regular graph. A node can only be under m illusion if both of 
its neighbors are of the minority color. Every minority-colored node can serve as a neighbor 
for at most two nodes. Thus, to give at least half of the nodes a m illusion, there must be at 
least |V |

2  nodes in the minority color, which is a contradiction with being a strict minority.  □

However, a Mw illusion is possible, according to Theorem 1, and it is easy to find one 
(which we leave as an exercise to the reader).

Proposition 5  In a complete graph, no node can be under m illusion.

Proof  Suppose towards a contradiction that there is a complete graph (i.e. a d-regular graph 
with d = |V | − 1) G = ⟨V, E⟩ in which there is a node under m illusion. Since there is 
a node under m illusion, there cannot be a global tie. Without loss of generality assume 
MV = red. Since all nodes observe all other nodes, all non-red nodes observe a majority of 
red neighbors, and all red nodes (a majority) observe either a majority of red nodes or a tie: 
no node is under m illusion, a contradiction.                                                                        □

1 3
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We know (by Theorem 1) that a M w illusion is possible on any complete graph. We 
can go further and specify the types of colorings under which these graphs are in such an 
illusion.

Proposition 6  A complete 2-colored graph G = ⟨V , E , c⟩ is in a Mw illusion if and only if 
one of the following two holds:

	● the difference in numbers of nodes of each color is one; or
	● the number of nodes of each color is equal.

Note that if the second point holds (the number of nodes of each color is equal), then the 
graph is in a Uw illusion.

Proof  If the difference in numbers of nodes of each color is one, assume w.l.o.g. that 
MV = red. Then for all red nodes r, Mr = tie, so we have a Mw illusion. If the number of 
nodes of each color is equal, we have MV = tie but every node will observe a majority of 
the other color: we have a Uw illusion. In all other cases, in which the difference in numbers 
of nodes of each color is greater than one, all nodes see the correct majority: no node is 
under m/w illusion.                                                                                                                □

We return to the analysis of general regular graphs. The number of minority-colored 
neighbors needed for an illusion gives a restriction on the possible values of d depending 
on |V|:

Proposition 7  If a 2-colored d-regular graph G = ⟨V , E , c⟩ with |V | = n is in a Mm/Wm 
illusion, then n and d must satisfy

	● d ≤ n − 4 if n and d are even;
	● d ≤ n − 3 if one of n and d is even and one is odd.

Proof  This is a direct corollary of the more general Proposition 10 in Section 6.1.             □

Example 1  Consider a d-regular graph G = ⟨V, E⟩ with |V | = 6 and d = 4. For any node 
to be in a m illusion, at least 3 of its neighbors have to have a different color than the global 
majority color. Assume that the global majority color is red. Then there are at least 4 red 
nodes and therefore only 2 nodes can be blue. Therefore, no node can have 3 or more blue 
neighbors.

The number of available edges of the minority color brings another requirement on the 
relative values of |V| and d for the strictest version.

Proposition 8  If a 2-colored d-regular graph G = ⟨V , E , c⟩ with |V | = n is in a Mm illu-
sion, then n and d must satisfy:

	● n ≥ 2(3d+2)
d−2  (assuming d > 2) if n and d are even;

	● n ≥ 2(3d+1)
d−1  (assuming d > 1) if n is even and d is odd;
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	● n ≥ 3d+2
d−2  (assuming d > 2) if d is even and n is odd.

Proof  If G is in a Mm illusion, there are more than half of the nodes of one color. W.l.o.g., 
assume that this majority color is red, and that the minority color is blue.

	● When n and d both are even, in order for a Mm illusion to exist, at least n
2 + 1 nodes 

have to be red. Nodes with an illusion have to have at least d+2
2  blue neighbors. Then, 

there have to be at least n
2 + 1 such nodes with an illusion. Thus there have to be at 

least d+2
2 ( n

2 + 1) = (d+2)(n+2)
4  edges to a blue node. Hence, there must be at least 

(d+2)(n+2)
4d  blue nodes because every blue node can have at most d edges. Since at least 

n
2 + 1 nodes were red, there are at most n

2 − 1 left over to be blue, so this means that 
(d+2)(n+2)

4d  must be at most n
2 − 1. This is equivalent to n ≥ 2(3d+2)

d−2  assuming that 

d > 2;
	● When n is even and d odd, in order for a Mm illusion to exist, at least n

2 + 1 nodes 
have to be red. Nodes with an illusion have to have at least d+1

2  blue neighbors. Then, 
there have to be at least n

2 + 1 such nodes with an illusion. Thus there have to be at 
least d+1

2 ( n
2 + 1) = (d+1)(n+2)

4  edges to a blue node. Hence, there must be at least 
(d+1)(n+2)

4d  blue nodes because every blue node can have at most d edges. Since at 
least n

2 + 1 nodes were red, there are at most n
2 − 1 left over to be blue, so this means 

that (d+1)(n+2)
4d  must be at most n

2 − 1. This is equivalent to n + 2 ≤ d(n − 6), which 
means n ≥ 2(3d+1)

d−1  assuming that d > 1;
	● When d is even and n odd, in order for a Mm illusion to exist, at least n+1

2  nodes have to 
be red. Nodes with an illusion have to have at least d+2

2  blue neighbors. Then, there have 
to be at least n+1

2  such nodes with an illusion. Thus there have to be at least d+2
2 · n+1

2  
edges to a blue node. Hence, there must be at least (d+2)(n+1)

4d  blue nodes. Since at 
least n+1

2  nodes were red, there are at most n−1
2  left over to be blue, so this means that 

(d+2)(n+1)
4d  must be at most n−1

2 . This is equivalent to n ≥ 3d+2
d−2  assuming that d > 2.□

Example 2  Consider a d-regular network with |V | = 6 and d = 3. Let us assume that red is 
the global majority color, so we have at least 4 red nodes and at most 2 blue nodes. Then 
any node with a m illusion has at least 2 blue neighbors. Since for a Mm illusion there have 
to be at least 4 nodes with an illusion, there are at least 4 · 2 = 8 edges to blue nodes neces-
sary. However, since we have at most 2 blue nodes that each have only 3 edges, this is not 
possible.

For any n and d (with d > 2 and n or d even) satisfying the above constraints, we can find 
a d-regular graph of size n that has a Mm illusion. Note that this does not mean that for any 
d-regular graph of size n we can find a coloring that gives a Mm illusion, because there exist 
many different regular graphs with the same n and d. We only show that, for all combina-
tions of n and d not excluded by our previous results, there exists at least one such graph 
with the illusion, and that we know how to find it.
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Theorem 2  Let n and d be any two integers such that d > 2  and d or n is even. If the con-
ditions of Propositions 7 and 8 are met, there exists a d-regular graph G = ⟨V , E⟩ with 
|V | = n in which a Mm illusion is possible.

Proof sketch We prove this by construction: we give an algorithm that takes as input n 
and d and returns a regular graph with n nodes of degree d that has a Mm illusion. The algo-
rithm and a proof that the algorithm outputs the desired graph are given in Appendix B. See 
Fig. 3 for an example with 12 nodes of degree 6.

Propositions 7 and 8 and Theorem 2 together give necessary and sufficient conditions for 
n and d for the existence of a d-regular graph with |V | = n nodes on which a Mm illusion 
is possible. See Fig. 4 for an illustration of the values of n and d that meet the conditions in 
Theorem 2.

Remark 2  Although we already know from Theorem 1 that M w illusions are possible in any 
graph, the technique from Proposition 8 can be used to get a requirement on the relative 
values of n and d in d-regular graphs of n nodes where specific Mw illusions are possible. 

Fig. 4  Illustration of the values of 
n and d for which the conditions in 
Theorem 2 hold, for even n and d (the 
cases where one of n and d is odd are 
similar). The purple shaded area marks 
the values of n and d satisfying the 
condition in Proposition 7, the light 
green shaded area those satisfying the 
condition in Proposition 8, and the 
dark green area those satisfying the 
conditions in both propositions

 

Fig. 3  Example of the algorithm for Theorem 2, with n = 12, d = 6
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Namely, graphs where Mw/Ww illusions are possible with a 2-coloring that does not have a 
global tie, or where monochromatic Mw/Ww illusions are possible with a 2-coloring that has 
a global tie. We leave the details as an exercise for the reader.

In conclusion, contrary to the expectation that decentrality of a network would prevent 
it from being under majority illusion, we found that even Mm illusions are possible on some 
regular networks. The question remains whether they are less likely on more centralized 
networks, something that we will study in Section 5.

Remark 3  Since any 2-coloring of a graph is also a k-coloring for k > 2 , all results from 
Sections 3 and 4 giving sufficient conditions for the existence of illusions (Theorems 1 and 
2, and Propositions 2, 3) hold also in the case where the size of the set of colors C is larger 
than 2.

5  Computational experiments

So far, we used purely analytical methods to determine whether majority illusions are possi-
ble on precisely defined classes of graphs. We did not yet restrict our focus to types of graphs 
that would resemble real social networks. While there is no strict graph-theoretical classi-
fication of such networks, there are certain graph-theoretical properties that are known to 
commonly occur in social networks, in terms of the nodes’ degree and the distance between 
nodes. Typical social networks often come with a high clustering coefficient, a power-law-
like degree distribution and small distances between the nodes. This type of networks are 
hard to treat analytically. We therefore take an empirical route and perform computational 
experiments in which we generate random networks exhibiting these realistic properties to 
a greater or lesser extent, and examine how often illusions occur and to which degree. We 
study three types of networks: Erdős-Rényi networks, which we treat as a baseline against 
the two other more realistic networks we consider; Holme-Kim networks; and a friendship 
network obtained from Facebook data.

Erdős-Rényi networks [22] (also used in the first work on majority illusions [3]) are 
random graphs, where only the number of nodes n and the probability of two nodes being 
connected by an edge pedge are specified. They have a Poisson degree distribution, and do 
not have the typical properties of real social networks. Holme-Kim networks [45] are ran-
dom networks that are, in contrast, designed to capture at least two properties commonly 
observed in real social networks. They are scale-free, that is, the degree distribution in 
the network asymptotically follows a power-law; and they have the small-world property, 
which means that on average the distances in the network are low and the clustering coef-
ficient is high. The idea is to use the Barabasi-Albert algorithm [46] to create a graph with a 
powerlaw degree distribution, but to have an extra step when a node is added to form more 
triangles, in order to get a higher clustering coefficient. The number m of edges to add for 
each node and the probability p of adding a triangle after adding a random edge are input 
parameters of the algorithm. Finally, we also run an experiment with a real Facebook friend-
ship network.
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For each of these network types, we study both the likelihood of the occurrence of major-
ity illusions and their extent, that is, the fraction of nodes under illusion and the error of each 
node in their estimation of the proportion of blue and red nodes.

Hypotheses  We have a couple of expectations regarding the results of our experiments. First 
(H1), we expect less illusions and smaller error (smaller difference for nodes in local and 
global proportion of red and blue) when the networks are more connected (higher cluster-
ing coefficient, higher pedge in Erdős-Rényi graphs, higher m and p in Holme-Kim graphs), 
because when nodes have more edges, they have more information about the network and 
therefore should be less likely to be under illusion. Second (H2), if the global distribution 
of colors is close to 50/50, we intuitively expect more nodes to be under m/w illusion, since 
nodes are more likely to just see the wrong majority. Third (H3), given the analysis in the 
line of work of Centola and others on network centralization [26], we expect a positive 
correlation between centrality of the network and the amount of majority illusions: in more 
centralized networks, we expect more illusions than in less centralized networks. For the 
same reason, since Erdős-Rényi networks asymptotically become regular networks for large 
n, we expect less illusions with larger n.

Finally (H4), given the results of [3] that in Erdős-Rényi networks where high-degree 
nodes tend to connect to low-degree nodes majority illusions are more likely, we expect to 
find a negative correlation between degree assortativity and the likelihood or strength of 
illusions too. And since differences between degrees of nodes are larger in larger Holme-
Kim networks, we also expect a positive correlation between the size of a Holme-Kim 
network and the likelihood or extent of illusions.

5.1  Experimental set-up

For creating Erdős-Rényi networks, we use the implementation of the NetworkX Python 
package [47], the erdos_renyi_graph function. It takes as parameters the graph size n 
and the probability of an edge between two nodes pedge. For creating Holme-Kim networks, 
we also use the implementation of the NetworkX package, the powerlaw_cluster_
graph function. This function takes as parameters n, the number of nodes of the graph; m, 
the number of random edges to add for each new node; and p, the probability of adding a 
triangle after adding a random edge; and returns a semi-randomly generated graph with the 
given parameters. Note that if p = 0, the graph is a Barabasi-Albert graph [46].

To test the occurrence of majority illusions on ‘real’ social networks, we used an existing 
Facebook friendship network from Stanford [48]. The network consists of 4039 nodes and 
88234 edges.5

For both the experiments with Erdős-Rényi and Holme-Kim networks, we generated 
random graphs for values of n varying from 20 to 100 and 21 to 101 with steps of 20, to 
capture both even and odd sized networks. For the Erdős-Rényi networks, we used a value 
of pedge varying from 0.1 to 0.9 with steps of 0.2 (the cases where pedge = 0 and pedge = 1 
are less interesting since they correspond respectively to the empty and the complete graph), 
and for the Holme-Kim networks we used for every value of n a low, middle, and high value 
of m (respectively 0.1, 0.5, and 0.9 times n), and p varying from 0 to 1 with steps of 0.1. For 

5 For more details on the dataset, see ​h​t​t​p​s​:​​​/​​/​s​n​a​​p​.​s​t​a​n​f​o​r​​​d​.​e​​d​​u​/​d​a​​t​​a​/​​e​g​o​​-​F​a​c​​e​b​​o​o​k​.​h​t​m​l.
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every such combination of n and pedge (respectively n, m, and p), we generated 5000 Erdős-
Rényi (respectively Holme-Kim) graphs and colored them randomly in red and blue, with 
the probability pblue of a node being colored blue varying from 0.1 to 0.5 with steps of 0.1 
(so 1000 random graphs for every value of pblue). Also the Facebook network was colored 
randomly 1000 times for every value of pblue between 0.1 and 0.5, in steps of 0.1.

For every such generated colored graph, we check whether it contains a Mm/Mw/Wm/Ww 
illusion: we count the number of nodes under m/w illusion and for each node we measure its 
error. The error is measured as the difference between the proportion of blue/red nodes glob-
ally and the proportion of blue/red nodes in the node’s neighborhood, which describes how 
wrong a node is about the proportion of blue and red, rather than just whether it is wrong or 
not about the majority. As a global measure of error, we will use the mean squared error of a 
group of nodes. The reason for this is that if we view the nodes as ‘estimators’ of the global 
proportion of blue/red, as we do in this context, it becomes natural to measure the quality 
of these estimators: ‘how wrong’ the nodes are. The mean squared error is a standard way 
to assess the accuracy of estimators, penalizing positive and negative errors by the same 
amount, and larger errors more than smaller errors. We also measure some other properties 
of the graph to see whether or not there is any correlation between those properties and the 
fraction of nodes under illusion. Some of these network properties are directly motivated 
from our hypotheses:

	● Global fraction of blue/red nodes (naturally correlated with pblue).
	● Network centrality: a global measure of inequality of the local centralities (degree, ei-

genvector centrality [49], closeness centrality, and betweenness centrality) of nodes in 
the network. Both global and local centrality measures (except for eigenvector central-
ity) are explained in [50], and computed using the respective NetworkX local centrality 
functions.

	● Degree assortativity coefficient: how much nodes are connected to nodes with similar 
degree. The value of the coefficient is between -1 (disassortativity: negative correlation 
between the degrees of neighbors) and 1 (assortativity: positive correlation between the 
degrees of neighbors). The coefficient is calculated using NetworkX’s degree_as-
sortativity_coefficient, which uses [51, Equation (21)].

Others are standard network measures: the average path length, the clustering coefficient, 
the fraction of nodes in the largest component of the network (only for Erdős-Rényi graphs, 
since Holme-Kim graphs consist of only one component), and the homophily [2, 52] regard-
ing the colors of the nodes6.

All experiments were coded in Python 3.10.5, using the NetworkX package [47], and run 
on an Intel Core i7 processor running at 3GHz with 16 GB of RAM, using Windows 10 as 
operating system. Statistical analyses were performed in R. All code can be found on ​h​t​t​p​s​:​​
/​/​g​i​t​​h​u​b​.​c​o​​m​/​M​a​​a​i​k​e​L​​o​s​/​M​a​​j​o​r​i​t​y​​_​I​l​l​​u​s​i​o​n​s.

6 Homophily is measured as the difference between the probability of a two-colored edge in a random graph 
with the same number of blue and red nodes as in the current graph, and the actual fraction of two-colored 
edges in the current graph. A high homophily means that there are more links between same-colored nodes 
than expected if the links were formed randomly, and a low homophily means that there are less links 
between same-colored nodes than expected.
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5.2  Results

We report below the most interesting results. For a more complete analysis, we refer to the 
R code. Some additional plots that are helpful for a deeper understanding of our results are 
provided in Appendix E.

General observations  Figure 5 shows for the three different graph types the median and 
interquartile range of the fraction of nodes that are under m/w illusion per network, over all 
parameter values together. We observe that m illusions are scarce both in Erdős-Rényi and 
Holme-Kim networks. Furthermore, we see that in Holme-Kim networks, w illusions occur 
slightly more often (median 2.5 percent of all nodes) than in Erdős-Rényi graphs (median 
0 percent of the nodes), and that in the Facebook network nodes are more frequently under 
m (4 percent) and w (7.5 percent) illusion than in both random graph types. This could point 
to a tendency of more illusions in real networks than in random graphs. However, since the 
parameters of the different graph types are incomparable, we should be careful concluding 
such relation.

Figure 6 shows the fraction of networks in the experiment under different types of illu-
sion. We find that in Erdős-Rényi networks it is very unlikely that at least half of the nodes 
are under m illusion, and that in approximately 7 percent of the networks at least half of the 
nodes are under w illusion. In Holme-Kim networks illusions occur more often: approxi-
mately 6 percent of the networks is in a M/Wm illusion, and around 15 percent has a M/Ww 
illusion. The Facebook network is in between the two random network types: for around 2 
percent of the colorings the network is in a Mm illusion, while in approximately 13 percent 
there is a Mw illusion.

Figure 7 shows the mean squared error of different groups of nodes for the three network 
types, which gives us a quantitative measure of the illusion of nodes. Indeed, nodes with m 
illusion have a larger error than nodes only under w illusion, which again have a larger error 
than nodes without illusion. This effect appears to be strongest in the Facebook network, 
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where the mean squared error of nodes with m illusion is approximately 20 times higher than 
that of nodes with no illusion, while in Erdős-Rényi and Holme-Kim networks the mean 
squared error of nodes with m illusion is respectively 10 and 4 times as high as that of nodes 
with no illusion.

We consider the pairwise Pearson correlation between the fraction of nodes under illu-
sion, the mean squared error of nodes, and the other graph properties. The full correlation 
matrices can be found in Appendix E, in Fig. 10 (Erdős-Rényi graphs), Figs. 11 (Holme-
Kim graphs), and 12 (Facebook network). Table 3 shows a summary. From these Pearson 
correlations we can learn the following about our initial hypotheses.
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Graph parameters  In Erdős-Rényi graphs, as expected in H1, the more connected a network 
is (the higher pedge

7), the lower the fraction of nodes under illusion and the mean squared 
error of nodes. In Holme-Kim graphs, however, we did not find such negative correlation 
between either m (the number of random edges added for each new node) or the probability 
p of adding a triangle after adding a random edge (the parameter that determines the average 
clustering coefficient of the network), and the fraction of nodes under illusion / the mean 
squared error. However, there is a small negative correlation between the global clustering 
coefficient and the fraction of nodes under illusion / the mean squared error.

In all simulations we observed that when the global proportions of blue and red were 
closer to 0.5 than to 0 and 1, Mm/Mw/Wm/Ww illusions are more likely to happen, on aver-
age more nodes are under illusion, and nodes have a larger error. This is in line with the 
hypothesis H2 that in networks where the two colors are occurring equally often, it is easier 
for a node to be under illusion than in networks where there are more nodes of one color 
than of the other.

Both for Erdős-Rényi networks and for Holme-Kim networks, we observe a trend that 
in larger networks, illusions (both on the network level and on the node level) are slightly 
less likely and nodes have a smaller error. For Erdős-Rényi networks, this is in line with our 
hypothesis8 (H3), for Holme-Kim networks it is not9 (H4). However, further experiments 
are necessary to know whether this trend continues for networks larger than 100 nodes.

7 And thus the higher the global clustering coefficient, which is completely dependent on pedge.
8 And, indeed, there is a negative correlation between the network size and the degree centrality (see Fig. 10, 
however not between degree centrality and the amount or size of illusions.

9 Moreover, we see almost no correlation between network size and degree assortativity (see Fig. 11), and 
degree assortativity is only lightly correlated with amount and size of illusions.

Table 3  Pearson correlation coefficient between the fraction of nodes under m/w illusion and the mean 
squared error (MSE) of nodes, and different parameters and graph properties

Erdős-Rényi graphs Holme-Kim graphs Facebook network
frac. ill. MSE frac. ill. MSE frac. ill. MSE

pedge -0.38 -0.6 - - - -
m - - -0.08 -0.142 - -
p - - 0 0.01 - -
prop. blue/red globally 0.63 0.151 0.57 0.2 0.88 0.88
n -0.17 -0.32 -0.16 -0.34 - -
clustering coefficient -0.38 -0.6 -0.2 -0.34 - -
degree centrality 0.09 0.09 0.07 0.17 - -
betweenness centrality 0.38 0.81 0.25 0.5 - -
degree assortativity -0.12 -0.24 -0.08 -0.18 - -
1Note that although the general MSE has a small positive correlation with the proportion of blue/red 
globally, the MSE of nodes with illusion has a quite strong negative correlation with the proportion of 
blue/red globally. See Fig. 10
2Figure 15 shows that this is not straightforward negative correlation, but that MSE is high for low and high 
values of m, and low for middle values of m

1 3

Page 21 of 55  39



Autonomous Agents and Multi-Agent Systems (2025) 39:39

Centrality  We considered different measures of network centrality, of which degree cen-
trality is the most commonly used one. We expected in H3 a positive correlation between 
network centrality and likelihood and strength of illusions. Indeed, we found a positive cor-
relation between some of the centrality measures and the fraction of nodes under illusion / 
the mean squared error of nodes in Erdős-Rényi graphs, but surprisingly not for degree cen-
trality, the most straightforward measure of centrality which is considered in the line of lit-
erature by Centola et al [26, 40, 44]. In Holme-Kim graphs, we found substantial correlation 
only between betweenness centrality (the variance in nodes’ local betweenness centrality, 
which is the number of shortest paths between pairs of nodes in the network on which the 
node lies) and the amount / size of illusion. Our hypothesis H3 is therefore neither directly 
confirmed nor rejected, and further analysis of the connection between the different types of 
centrality and majority illusions is necessary for a clear result.

Degree assortativity  We found, in line with H4, a small negative correlation between the 
degree assortativity coefficient of an Erdős-Rényi graph and both the fraction of nodes 
under illusion in the graph and their error. However, since we observed that the correlation 
is more complex , we cannot accept H4 straightforwardly. With a degree assortativity coef-
ficient close to 0, the fraction of nodes under illusion and the mean squared error are close 
to 0, with lower or higher degree assortativity the fraction of nodes under illusion and the 
mean squared error are higher (see for an illustration Fig. 16 in Appendix E). This means 
that if there is no correlation between nodes’ degree and the degree of their neighbors, illu-
sions are less likely and smaller than when there is either positive or negative correlation 
between the degrees of nodes and their neighbors. This is different from our hypothesis H4 
based on the result by Lerman [3] (that higher degree assortativity would correlate with less/
smaller illusions). In Holme-Kim graphs, the correlation is even smaller, and we did not find 
a clear pattern in the relation, but note that we have almost no data for positive values of 
the degree assortativity coefficient: apparently the degree assortativity is mostly negative in 
Holme-Kim graphs. Therefore, more elaborate experiments would be necessary to study the 
relation between degree assortativity and majority illusions in Holme-Kim graphs.

Further observations  We wondered whether there would be a relation between the homoph-
ily regarding nodes’ colors, and the size and amount of majority illusions in a graph. One 
would expect that homophily decreases the probability and size of illusions, since it makes 
the majority of nodes more likely to see the correct majority. In Holme-Kim graphs we 
found such negative correlation but only small. Also, with homophily around 0, there are 
less and smaller illusions that with either higher or lower homophily (see for an illustration 
Fig. 17 in Appendix E). However, since in our experiments homophily was only a measured 
value rather than an input variable, we do not have a good representation of graphs with 
different homophily values. Conducting experiments in which networks are deliberately 
colored to have different degrees of homophily would be necessary to form any conclusion 
about the relation between homophily and majority illusions. This is an interesting direction 
for further research.
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Next, in Erdős-Rényi graphs, we observe a quite high positive correlation (0.79) between 
the average path length in the graph and the mean squared error of the nodes. We observed 
small positive correlations (between 0.2 and 0.35) between the average path length and 
the fraction of nodes under illusion in Erdős-Rényi and Holme-Kim graphs, and the mean 
squared error in Holme-Kim graphs. We do not see a direct explanation for this, but note that 
the average path length is negatively correlated to the clustering coefficient and positively 
correlated to centrality measures. Similarly, the negative correlation between the fraction 
of nodes in the largest component of the graph and the mean squared error and fraction of 
nodes under illusion in Erdős-Rényi graphs could possibly be explained by its negative cor-
relation with centrality measures.

6  Generalizations of majority illusions

Although the majority illusion is the only illusion discussed in the literature, other illusions 
are worth studying too. After all, the majority opinion around us is not the only thing that can 
influence us. While we might still want to assume that we are primarily influenced by the 
dominant opinion in our surroundings, dominant can be understood in different ways, ‘major-
ity’ is only one way. Another way to define dominance is by means of a threshold: if we are 
not that easily convinced maybe a majority is not enough to influence us, and we only adopt 
an opinion if more than, for example, 2/3 of the people around us shows the opinion. In this 
way we can define q-illusions, where q is the threshold of the illusion. This is a generalisation 
of the m illusion: with a threshold of 1/2 the threshold is normal majority. Another generaliza-
tion arises when there are more than 2 options. Then a natural conception of dominance is 
plurality: the option that occurs most often. One is under plurality illusion if the option that 
one observes most often in their neighborhood is different from the option that occurs most 
often in the population. Again this boils down to majority when there are only two options, 
then the option that occurs most often is also the majority option. Theoretically, a way to 
define dominance is equivalent to a voting rule: which option would win if every node would 
vote for their option? Therefore, we can give a general definition of illusions based on voting 
rules: if, according to this voting rule, another option wins among my direct neighbors than 
in the total population, I am under illusion of this voting rule. And if we choose as voting rule 
‘majority’, we are back to m illusions. In this second part of this article we explore the general 
definition of illusions, and more specifically the illusions for quota rules and plurality. We 
make a start with the study of which networks allow for which kinds of illusions.

Preliminaries  In this section we will consider generalizations of the definition of Mm illu-
sions on the same class of graphs we studied so far: irreflexive, symmetric, finite, sim-
ple graphs. In the definition of ‘Majority-majority illusions’, the first ‘Majority’ refers to 
the fraction of agents that is under illusion, the second ‘majority’ refers potentially to the 
method with which opinions are aggregated. Hence, we see the first as a quotum (the num-
ber of agents necessary to be under illusion before we say the network as a whole is under 
illusion) which we can generalize to arbitrary quota, and the second as a voting rule, which 
we can generalize to arbitrary voting rules. The intuition behind this second generalization 
is that agents can be influenced by their neighbors in different ways, not only by adapting 
the opinion that at least a majority of their neighbors have.
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As mentioned before, many of the previous results also hold on graphs with more than 
two colors, but since many voting rules are similar or even equivalent to majority in the 
case with only 2 colors, we here explicitly generalize to any number k of colors. Hence, we 
generalize the concept of Mm illusions on 2-colored graphs to p-R illusions on k-colored 
graphs for any fraction p (not just 1

2 ), any voting rule R (not just majority), and any number 
of colors k as follows. Given a set S of agents and a coloring c, a voting rule R : S → 2C  
is a function outputting a set of winning colors. When several colors are winning, we call 
this a ‘tie’.

Definition 5  (General definition for illusions) Given a k-colored graph C = ⟨V, E, c⟩, agent 
i ∈ V  is under

	● R-illusion for a voting rule R if R(Ni) ∩ R(V ) = ∅ and not R(Ni) = R(V ) = ∅;
	● weak-R-illusion if R(Ni) ̸= R(V ).

A k-colored graph C = ⟨V, E, c⟩ is in a

	● p-(weak-)R-illusion if more than a p-fraction of the group is under (weak-)R-illusion;
	● weak-p-(weak-)R-illusion if at least a p-fraction of the group is under (weak-)R-illu-

sion.
In this paper we considered so far R ∈ {unanimity, majority}, and we will consider in this 
section R ∈ {plurality, q-quota}. One could study illusions with any other voting rule, but 
in the context of opinion diffusion we think those are the most natural rules to consider. Fur-
thermore, these two rules are natural extensions of the majority rule: with only two colors 
plurality is equivalent to majority, while for q = 1

2 − 1
2|V |  the q-quota rule is equivalent to 

majority10.

Remark 4  In the case where there are only two colors and the rule is majority, Definition 
5 reduces to Definition 1. Mind however that one cannot use directly the phrasing of Defi-
nition 1 for more colors, because there can be local ties without overlap with the global 
majority (or vice versa). For example, in case MNi = {green, blue} (half of the neighbors 
are green and half of them are blue) and MV = {red}, agent i is completely mistaken about 
the global majority, and therefore is under strict m illusion, as captured by Definition 5. 
However, if one were tempted to apply Definition 1 as it is stated but for more colors, one 
would think that agent i is not under strict m illusion, because MNi = tie. Since we only 
considered two colors in the first part of this paper, we chose to use the more readable Defi-
nition 1 and avoid introducing unnecessary details, but we could have defined m illusions for 
any number of colors: Clearly, this definition is equivalent to Definition 5 for R = M  (and 
to Definition 1 for only two colors).

10 One would expect majority to be equivalent to the q-quota rule for q = 1
2 , but since we consider ties in 

majority as cases where there are two winners instead of no winners, majority is equivalent to the q-quota 
rule for q = 1

2 − ϵ where ϵ = 1
2|V | , such that q|V | = |V |−1

2 . In this way, if exactly half of the nodes are 
one color, still that color is a q-quota winner, what it would not be with q = 1

2 .
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Definition 1*  (Definition 1 for multiple colors) Given a colored graph C = ⟨V, E, c⟩, an 
agent i ∈ V  is under majority illusion (m illusion) if MNi  is not a tie containing any winner 
in MV , and MV  is not a tie containing any winner in MNi , and MV ̸= MNi . A graph is in 
a Majority-majority illusion (Mm illusion) if more than half of the agents are under majority 
illusion.

Remark 5  Instead of defining just ‘weak’ and ‘strong’ illusions as in Definition 5, one could 
argue that weak illusions come in many gradations. For example, if there is a lot of overlap 
between the local and global winner set, you are ‘less wrong’ than if there is only very little 
overlap. Also in some situations it might matter whether your local winner set is a subset or 
a superset of the global winner set (whether there are more candidates that you think that 
win but do not globally win, or more candidates that you think loose that actually globally 
win).

We can also generalize the definition for opposition and graph colorings to arbitrary number 
of colors k and arbitrary voting rule R:

Definition 6  (Weak R k-coloring) Given a colored graph C = ⟨V, E, c⟩, an agent i ∈ V  is 
under weak R opposition if there is a color c′ such that c′ ̸= ci, and c′ ∈ R(Ni) (we could 
also just say: R(Ni) ̸= {ci}). A weak R k-coloring of a graph is a k-coloring such that all 
the nodes are under weak R opposition: for each i ∈ V : R(Ni) ̸= {ci}.

6.1  Quota rule illusions (q-illusions)

As a first example of illusions with another voting rule, we will consider quota rules, which 
generalize majority. A color c is a winner according to the q-quota rule iff more than a 
q-fraction of all nodes have color c.

Even though all results except for Proposition 9 in this section hold directly for more 
colors than just 2, for the ease of presentation we use just 2 colors here and consider q ≥ 1

2 . 
For more than two colors, also lower values of q could be considered. Below we specify 
Definitions 5 and 6 for quota rules for q ≥ 1

2  These are not different from Definitions 5 and 
6, but just easier to work with for quota rules.

Definition 7  (q illusion) Given a 2-colored graph C = ⟨V, E, c⟩, an agent i ∈ V  is under q 
illusion for q ≥ 1

2  if, for some x ∈ {red, blue},

	● |{j ∈ Ni | cj = x}| > q · di, but |{j ∈ N | cj = x}| < q · |V |; or
	● |{j ∈ Ni | cj = x}| < q · di, but |{j ∈ N | cj = x}| > q · |V |.

Definition 8  (weak-q illusion) Given a 2-colored graph C = ⟨V, E, c⟩, an agent i ∈ V  is 
under weak-q illusion for q ≥ 1

2  if, for some x ∈ {red, blue},

	● |{j ∈ Ni | cj = x}| > q · di, but |{j ∈ N | cj = x}| ≤ q · |V |; or
	● |{j ∈ Ni | cj = x}| ≤ q · di, but |{j ∈ N | cj = x}| > q · |V |.
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For q = 1
2 , Definitions 7 and 8 reduce to Definitions 1 and 2. Additionally, note that for 

q > 1
2 , Definitions 7 and 8 are equivalent.

In the same network, different agents can be under a q illusion with respect to differ-
ent colors if q > 1

2  (or a weak q illusion if q ≥ 1
2 ), since then for both colors there can be 

less than (or equal to) qn of the nodes in the network of that color, while in the different 
neighborhoods there can be more than q of different colors. We call a network illusion 
where all agents that are under illusion have an illusion of the same color (or all see a tie) 
a monochromatic illusion, and the general case where different agents can have illusions of 
different colors a polychromatic illusion or just an illusion (so the polychromatic illusion is 
more general and includes also the monochromatic one). Note that for q = 1

2  a strict illusion 
can only be monochromatic.

We can also make the first ‘majority’ in ‘majority-q illusion’ an arbitrary fraction of 
agents p instead of exactly 1

2 , and we can define both the weak and strong version of this 
to study cases where either at least p of the agents are under illusion or more than p of the 
agents are under illusion.

Definition 9  ((weak)-p-(weak)-q illusion) A graph C = ⟨V, E, c⟩ is in a p-(weak)-q illusion 
if more than a p proportion of the agents is under (weak-)q illusion. A graph is in a weak-p-
(weak)-q illusion if at least a proportion p of the agents is under (weak-)q illusion.

We examine the possibility of p-q illusions on complete graphs.

Proposition 9  If G = ⟨V , E⟩ is a complete graph with |V | = n,

	● a p-q illusion is possible in G iff there is an integer x, such that either

	– q(n − 1) < x ≤ qn and q(n − 1) + 1 ≥ n − x and n − x > pn; or
	– q(n − 1) + 1 ≥ x > qn and qn ≥ n − x and x > pn.

	● A weak-p-q illusion is possible in G iff there is an integer x such that either

	– q(n − 1) < x ≤ qn and q(n − 1) + 1 ≥ n − x and n − x ≥ pn; or
	– q(n − 1) + 1 ≥ x > qn and qn ≥ n − x and x ≥ pn.

	● A p-weak-q illusion is possible in G iff there is an integer x such that either

	– q(n − 1) < x ≤ qn and n − x > pn; or
	– q(n − 1) + 1 ≥ x > qn and x > pn.

	● A weak-p-weak-q illusion is possible in G iff there is an integer x such that either

	– q(n − 1) < x ≤ qn and n − x ≥ pn; or
	– q(n − 1) + 1 ≥ x > qn and x ≥ pn.
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If there exists such x, we can generate the respective illusions by coloring exactly x arbitrary 
nodes in the color of the illusion.

The proof of Proposition 9 consists of writing out and analysing the conditions under 
which the network is under the respective illusion, and can be found in Appendix C.

Proposition 7 can be written in a sligtly more general way:

Proposition 10  11 If a 2-colored d-regular graph G = ⟨V , E , c⟩ with |V | = n is in a 
(weak-)p-majority illusion (for any p > 0 ), then n and d must satisfy

	● d ≤ n − 4 if n and d are even;
	● d ≤ n − 3 if one of n and d is even and one is odd.

Proof  Assume G is in a (weak-)p-majority illusion. Then there is at least one agent under 
m illusion, so more than d

2  of its neighbors have color c, but less than n
2  of the agents in the 

entire network have color c. Hence, this agent has at least (d+1)
2  neighbors of color c if d is 

odd and at least (d+2)
2  if d is even. But in total, there are less than n

2  nodes of color c, so at 
most n−2

2  if n is even and at most n−1
2  if n is odd. Hence we must have:

	● if n and d are even: (d+2)
2 ≤ n−2

2 , so d ≤ n − 4;
	● if n is even and d is odd: (d+1)

2 ≤ n−2
2 , so d ≤ n − 3;

	● if n is odd and d is even: (d+2)
2 ≤ n−1

2 , so d ≤ n − 3.                                                    □
Proposition 8 can be generalized for arbitrary p and q as follows:

Proposition 11  If a 2-colored d-regular graph G = ⟨V , E , c⟩ with |V | = n is in a mono-
chromatic p-q illusion (for 0 ≤ p ≤ 1  and 0 ≤ q ≤ 1 ), then for any n > 1 , d > 1 , 
0 < q ≤ 1 , p must satisfy 0 ≤ p < dn

(n+1)(d+1) .

Proof  Assume G is in a monochromatic p-q illusion, and assume that the color of illusion is 
c. Then more than np of the nodes are under q illusion, so at least (n + 1)p nodes are under 
illusion12. One of the following two holds for all nodes under illusion (since the illusion is 
monochromatic):

	● more than qd of the neighbors are colored c and less than qn nodes in the network are 
colored c. Then at least (d + 1)q of the neighbors are colored c. Hence, there have to be 
at least (n + 1)p(d + 1)q edges to a c-colored node, and since every node has d edges, 
there have to be at least (n+1)p(d+1)q

d  nodes of color c. However, in the total network 
there are less than qn nodes of color c, so (n+1)p(d+1)q

d < qn, which, for q > 0, boils 
down to p < dn

(n+1)(d+1) .

11 We can make a similar theorem for general q, but then we only get that d ≤ n − 2 for the possibility of 
an illusion, which we already knew because for d + 1 = n we have a complete network in which a (strict) 
illusion is not possible.
12 The exact value can differ depending on the divisibility of n by 1

p , or maybe on the common divisors of n 
and p, but it always has the lower bound of (n + 1)p.
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	● less than qd of the neighbors are colored c and more than qn nodes in the network are colored 
c. Then more than (1 − q)d of the neighbors are the other color c′, so at least (1 − q)(d + 1) 
are colored c′. This means that there have to be at least (n + 1)p(1 − q)(d + 1) edges to 
c′-colored nodes, so there have to be at least (n+1)p(1−q)(d+1)

d  nodes of color c′. How-
ever, since in total more than qn nodes of the network are c, less than (1 − q)n nodes 

are colored c′. Therefore, (n+1)p(1−q)(d+1)
d < (1 − q)n, so p < dn

(n+1)(d+1) .                □

In conclusion, we defined p-q illusions as a generalization of Mm illusions, we gave an 
example of a graph type (complete graphs) on which p-q illusions are possible with certain 
constraints, and we showed that some of the propositions about Mm illusions can be general-
ized to p-q illusions.

6.2  Plurality illusions

The next voting rule we consider is plurality (P), which is a generalization of majority for 
more than 2 colors. With the plurality voting rule, the color that occurs most often wins. Plu-
rality is not resolute: if there are multiple colors that occur equally often but more often than 
all other colors, they are all plurality winners. We write PNi  for the set of plurality winners 
in the neighborhood of agent i, and PV  for the set of global plurality winners.

Definitions 10 and 12 are specific cases of the general Definitions 5 and 6.

Definition 10  (Plurality illusion) Given a colored graph C = ⟨V, E, c⟩, an agent i ∈ V  is 
under plurality illusion if PNi ∩ PV = ∅ and not PNi = PV = ∅. An agent i is under weak-
plurality illusion if P (Ni) ̸= P (V ).

‘A plurality of agents is under illusion’ does not have a clear meaning (since the property of 
being under illusion is binary), so something like ‘plurality-plurality illusion’ is not well-
defined. Instead, for the amount of agents under illusion we consider q-quota rules as in the 
previous subsection, with q = 1

k . Intuitively, 1
k -quota rules are connected to the plurality 

rule: if a color is a plurality winner among k colors, it is also a weak- 1
k -quota winner.

Definition 11  ( 1
k -plurality illusion) A k-colored graph C = ⟨V, E, c⟩ with |V | = n is in a 1

k

-plurality illusion if more than 1
k  of the agents are under plurality illusion.

The weak versions are defined according to Definition 5.

Remark 6  With only two colors, the definition of 1
k -plurality illusions is equivalent to 

that of Mm illusions. Indeed, if k = 2 , any agent that is under plurality illusion must have 
PNi ∩ PV = ∅ (so PNi  and PV  cannot be ties and must be different), so must be under m 
illusion. Furthermore, more than 1

2  of the agents are under plurality illusion iff a majority 
of agents is under plurality illusion.

Analogous to weak majority 2-colorings (Definition 4), we can define weak plurality 
k-colorings (this is Definition 6 with R = P ).
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Definition 12  (Weak plurality k-coloring) Given a colored graph C = ⟨V, E, c⟩, an agent 
i ∈ V  is under weak plurality opposition if there is a color c′ such that c′ ̸= ci, and a weak 
plurality (there may be a tie) of i’s neighbors is colored c′. A weak plurality coloring of a 
graph is a coloring such that all the nodes are under weak plurality opposition: for each 
i ∈ V : PNi ̸= {ci}.

Example 3  The 3-colored graph C = ⟨V, E, c⟩ with V = {A, B, C, D, E} as shown 
in Fig. 8 can illustrate the notions defined above. In this graph, the global plural-
ity winner PV = {red}. Nodes A and B are under weak plurality illusion because 
PNA

= PNB
= {blue, green, red} ̸= PV . Node D is under plurality illusion because 

PND
= {blue, green} and {blue, green} ∩ PV = ∅. Therefore, more than |V |

k = 5
3  nodes 

are under weak plurality illusion: C is under 1
3 -plurality illusion. Furthermore, c is a weak 

plurality coloring since for all i ∈ V : PNi ̸= {ci}.

With the machinery defined above, we can generalize Theorem 1 for 1
k -plurality illusions. 

First we generalize Lemma 1:

Lemma 3  Let G = ⟨V , E⟩ be a graph, and let c be a k-coloring of G that minimizes the 
number of monochromatic edges. Then, c is a weak plurality k-coloring of G.

Proof  Let EM  be the set of monochromatic edges in graph G colored by c. Assume for 
contradiction that there is a node i ∈ V  that is an endpoint of strictly more monochromatic 
edges (we write EMi  for the set of such edges) than edges to any other color d. We call the 
set of edges from i to color d Edi , so we have that |EMi | > |Edi | for any other color d. Con-
sider now a second k-coloring c′ of G that only differs from c with respect to i’s color, i.e., 
c′ assigns the same color as c did to all nodes except for i: c(i) ̸= c′(i). Let us write E′

M  for 
the new set of monochromatic edges, and E′

Mi
 and E′

di
 for the new sets of monochromatic 

edges and edges to a color d from i. Given that |Ec′(i)i
| = |E′

Mi
| and |EMi | > |Ec′(i)i

| (by 
construction) we now have |EMi | > |E′

Mi
|. Given that no other edge of the graph is affected 

by this change, the total number of monochromatic edges is smaller with coloring c′ than 
it was with c: |EM | > |E′

M |. But since we started by assuming that c was such that |EM | 
was minimal, this is a contradiction.                                                                                      □

Fig. 8  Example network with 1
k

-plurality illusion 
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With the help of Lemma 3 we can prove Theorem 3 in a very similar way to Theorem 1:

Theorem 3  In any graph G = ⟨V , E⟩, a 1
k -weak-plurality illusion is possible.

Proof  Let G = ⟨V, E⟩ be a graph and let c be a k-coloring of G that minimizes the total 
number of monochromatic edges. By Lemma 3, c is a weak plurality k-coloring of G.There 
are two cases:

	● |PV | = 1 (there is only one plurality winner, no tie). Assume w.l.o.g. that PV = {red}, 
so |{i ∈ V : ci = red}| > |V |

k . Since c is a weak plurality coloring, for any red vertex i, 
PNi ̸= {red}, and therefore PNi

̸= PV . Hence, more than |V |
k  of the nodes (all the red 

ones) are under (possibly weak) plurality illusion: we have a 1
k -weak-plurality illusion.

	● |PV | > 1. There are two cases:

	– If |{i ∈ V : PNi ̸= PV }| > |V |
k , we have a 1

k -weak-plurality illusion.
	– Otherwise, (if |{i ∈ V : PNi = PV }| ≥ |V |

k ) there are two cases: 
*	 If there is a node j with PNj = PV  and cj ∈ PV : choose any such j and define 

a new coloring c′ that is equal to c for all nodes except for j: c′
j ̸= cj . Since j 

has the same number of neighbors of any color in PV , this does not change the 
total number of monochromatic edges in the graph. Therefore, c′ is also a color-
ing that minimizes this number. Hence, by Lemma 3, c′ is also a weak plurality 
k-coloring of G. Now, we have PV = {c′

j}, and we can apply the logic of the 
first case: Assume w.l.o.g. that c′

j = red. Since c′ is a weak plurality coloring, 
for any red vertex i, MNi

̸= red. It follows that more than |V |
k  of the nodes has 

PNi
̸= PV : we have a 1

k -weak-plurality illusion.
*	 If there is no such node, then for all nodes j with cj ∈ PV  we have PNj

̸= PV , 
so they are all under (weak) plurality illusion. But these are at least 2 |V |

k  nodes: 
1
k -weak-plurality illusion.                                                                                 □

The results on m illusions with 2 colors in regular graphs (Propositions 7 and 8) can 
be generalized to plurality illusions with multiple colors as well, but since the constraints 
become rather unreadable when the number of colors is to be added as a parameter, we 
decide not to include the details here.

We finish this section with two propositions on plurality illusions in the most extreme 
types of regular graphs: simple cycles and complete graphs.

Proposition 12  In any connected 2-regular graph G = ⟨V , E⟩ (a simple cycle), a 1
k -plural-

ity illusion is possible iff n > k ≥ 3  (where k is the number of colors).

Proof  By construction: Let G = ⟨V, E⟩ be a simple cycle, with n ≥ 4, and let n > k ≥ 3. 
Take a color c and start by coloring one node i in this color. Then walk around the circle 
while coloring every second node with the same color c, until there are just more than 1

k  
nodes colored c. Because of the constraints on n and k, this is always possible. Divide the 
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not-yet-colored nodes as evenly as possible over the remaining colors (the position of these 
nodes in the circle is irrelevant). Now PV = {c}, but every c-colored node (of which there 
are more than 1

k ) has only non-c-colored neighbors, and is therefore under plurality illusion: 
we have 1

k -plurality illusion. Note that for k = 2, we are in the case of Mm illusions, for 
which we already know that they are not possible on simple cycles, and for k = n all nodes 
have a separate color, so there is a global tie over all colors and every node sees exactly two 
of those.□

Proposition 13  In any complete k-colored graph C = ⟨V , E , c⟩, no agent can be under 
plurality illusion.

Proof  Since any node i is connected to all nodes in V except itself, we have that for 
all colors c ∈ PV \{ci}, c ∈ PNi . Furthermore, if ci ∈ PV  but ci /∈ PNi , then there 
is another color c′ ̸= ci such that |{j ∈ V : cj = ci}| − 1 < |{j ∈ V : cj = c′}|, so 
|{j ∈ V : cj = ci}| ≤ |{j ∈ V : cj = c′}|: ci is not the only color in PV . Hence, there must 
be at least one color c′ that is both in PV  and in PNi : i is not under plurality illusion.        □

Remark 7  With multiple colors, it could be interesting to study the case where colors can 
be divided into two groups (e.g. light/dark blue and light/dark red), because in real voting 
scenarios parties can sometimes be divided into two categories (e.g. left and right). We 
could then study the relation between multiple-color illusions (plurality, for example) and 
majority-illusions. Our expectation is that there is less illusion with less colors, because 
people that were wrong about the winner when the categories were more precise can be 
correct if categories are combined. We leave this as a direction for future research.

6.3  Not necessarily irreflexive networks

Instead of generalizing the definition of Mm/Mw/Wm/Ww illusions, we could also instead 
generalize the class of graphs. In this subsection we briefly consider a generalization to not 
necessarily irreflexive networks. We formalize the intuitions mentioned here in Appendix D.

Adding reflexive loops does not influence the possibility of illusions as much as one 
would initially expect. However, it is slightly harder to have a m illusion on a graph with 
reflexive edges, since nodes have just more information about the true distribution of colors 
in the graph. If we have a strict illusion, adding any number of reflexive loops to the network 
will preserve at least a weak illusion. For nodes with a high degree, intuitively adding an 
extra edge does not have a large influence on whether or not the node is under illusion. A 
node does not need many more than half of its neighbors to be of the minority color, to still 
be under illusion once a reflexive edge is added. Note also that weak illusions that are not 
strict are already on the edge of being no illusion because there is a tie involved: a difference 
of only one node (which can be caused by a reflexive edge) can change the tie into the cor-
rect majority. In this light it is not surprising that some results on irreflexive graphs still hold 
if the class of graphs is extended to graphs that can have reflexive edges, but some do not. In 
particular, Lemma 2 and Propositions 2, 3, 4, 513, 7, 8, 10, and 11 still hold on graphs with 

13 We assume ‘complete’ means fully reflexive in this case. In fact, also w illusions are not possible on com-
plete graphs, since all nodes see everything.
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reflexive edges. Lemmas 1 and 3, Theorems 1 and 3, and Propositions 1, 6, 9, 12, and 13 on 
the contrary, need the assumption that the graph is irreflexive. In Table 5 in Appendix D we 
give an overview of which type of illusions hold in which class of graphs.

7  Conclusion and outlook

Conclusions  We studied weak and strong versions of the majority illusion and some of its 
generalizations using analytical and computational methods. Table 4 summarizes our ana-
lytical findings. Using results about majority colorings, our main result shows that no net-
work is immune to Majority-weak-majority (Mw) illusion (Theorem 1). The result indicates 
that one cannot exclude the possibility of illusions by only controlling how the network is 
wired.

We subsequently strengthened this result by showing that some specific classes of graphs 
are not immune to stronger types of illusions either. The results on 2-colorable graphs (Prop-
ositions 2 and 3) show that stronger illusions are even possible on all graphs in some classes. 
Even though these classes are admittedly artificial, they do provide insights into structural 
features of networks that impact the majority illusion. Similarly, the results on complete 
graphs (Proposition 5) and on 2-regular graphs (Proposition 4) reveal some of the contours 
of the relation between connectivity within a graph and majority illusions: one naturally 
expects that when agents have many connections (that is, a lot of information about other 
agents in the population), they are less likely to be under majority illusion. Indeed, in the 
limit case of complete graphs, strict illusions are not possible (Proposition 5). This conclu-
sion aligns with the results in Section 5 for Erdős-Rényi graphs, where we observe that in 
more connected graphs, the fraction of nodes under illusion is lower. At the other extreme, 
when connections are very few (2-regular graphs), we are able to make the same observa-
tion: strict illusions are not possible (Proposition 4). It therefore appears that, for illusions to 
be possible, the network should neither exhibit too much nor too little connectivity.

We also provided an algorithm to find a d-regular graph of size n with a Majority-major-
ity (Mm) illusion, when it exists. With computational simulations we studied the likelihood 

Table 4  The (im)-possibility of majority illusions (using two colors) on different classes of (irreflexive sim-
ple) graphs
Class of graphs Mw illusion Wm illusion Mm illusion
All graphs ✓(Thm. 1) ✓/ ✗
2-colorable graphs with |V| odd ✓ (Prop. 2)
2-colorable graphs withi ∈ V : ∀j ∈ Ni : dj > 2 ✓ (Prop. 3) ✓/ ✗
2-regular graphs ✗ (Prop. 4)
Complete graphs ✗ (Prop. 5)
✓ indicates that the illusion is possible on all graphs of the class, ✗ indicates that the illusion is not possible 
on any graph in the class,✓/ ✗ indicates that the illusion is possible on some but not all graphs of the 
class. References to the relevant results are given. Note that for graphs with only odd-degree nodes and 
2-colorable graphs the Mw illusion is always either a Mm illusion or Uw illusion, conform Proposition 1 and 
Lemma 2, and that for complete graphs with an even number of nodes |V |, the Mw illusion is always a Uw 
illusion, conform Proposition 6
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and size of majority illusions on different types of random networks, given the parameters 
of the graph, and on a real example network. We proved that some of the results about the 
possibility or impossibility of majority illusions are generalizable to quota rule illusions and 
plurality illusions.

Future work  A natural direction for further research is to broaden the scope of our study by 
considering other classes of graphs. One interesting class is that of directed networks, since 
many real social media networks are directed. Furthermore, in this paper we only consid-
ered finite graphs. Theoretically it could be interesting to study majority illusions on infinite 
graphs as models of unbounded networks, possibly with the notion of majority over infinite 
sets introduced by [53], or by using the results on unfriendly partitions by [36–38].

A different direction is to expand on the results in Section 5 on the likelihood of illusions 
in certain types of random graphs by studying asymptotic properties of those graphs in the 
line of [22]: if the number of nodes is large, can we theoretically analyse the probability of 
majority illusions to occur?

Last but not least, it would be interesting to measure the impact of majority/plurality/q-
quota illusions on specific social phenomena. For instance, how do they affect opinion diffu-
sion dynamics in a population? How do they interact with polling effects? And how do they 
relate to better known types of illusions, such as the above-mentioned ‘friendship paradox’ 
[19]?

Appendix A: Constructive argument for majority-2-colorability

In Section 3, we mentioned that the result that every graph is weak majority 2-colorable 
is attributed to Lovász [35], but described there in a much more general way, focusing on 
multigraphs. To make this paper self-contained, we provide a direct proof here.

Proposition 14  (attributed to [35]) Every graph is weak majority 2-colorable.

Proof  We construct a weak majority 2-coloring following Algorithm 1: Consider a graph 
G = ⟨V, E⟩ and an arbitrary 2-coloring c of G. Then, search for a node with more mono-
chromatic edges than dichromatic ones. If such a node does not exist, we are done, and our 
initial coloring c is already a majority 2-coloring. If such a node does exist, swap its color. 
Even though this might make another node increase its number of monochromatic edges, 
the total number of monochromatic edges in the graph can only decrease by such a step. We 
can proceed with this until there is no node to swap color of anymore, i.e. all nodes have 
at least as many dichromatic edges as monochromatic ones. We can be sure that at some 
point this will be the case, since every step can only strictly decrease the total number of 
monochromatic edges in the graph, and this number has a lower bound.                             □ 
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Fig. 9  Algorithm 1 executed on an example network

 

Algorithm 1  Weak majority 2-coloring.See Fig. 9 for an illustration of the algorithm.

Appendix B: Algorithm for finding a k-regular graph with a majority-
majority illusion

B.1 Pseudocode

The pseudocode of the algorithm can be found in Algorithm 2. For an illustration of the 
algorithm, see Fig. 3. Note that this algorithm will not always return a connected graph. 
However, if required one can easily change the resulting graph in a connected graph by 
rewiring edges between red nodes: in every connected component break the a between two 
red nodes and then add links between the red nodes of different component. Proof that this 
always works is left as an exercise to the reader.
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Algorithm 2  Finding a Mm illusion coloring.
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Algorithm 3  add_initial_edges.

Algorithm 4  add_extra_blue_edges.
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Algorithm 5  add_regular_subgraph.

B.2: Proof of correctness of the algorithm

Proposition 15  If n and d are two integers such that d > 2  and d or n is even, which sat-
isfy the conditions of Propositions 7 and 8, Algorithm 2 finds a d-regular 2-colored graph 
C = ⟨V , E , c⟩ with |V | = n which is under Mm illusion.

Proof  We go by cases over the combinations of the possible parities of |V | = n and k.
n  and k  are even For the case where n and k are both even: Let there be nred = n

2 + 1 
red nodes and nblue = n

2 − 1 blue nodes. We assume that the requirements 
n − 4 ≥ k (and n ≥ 2(3k+2)

k−2 ) hold. We start by just connecting every red node 
to k+2

2  blue nodes, and do this as evenly spread out over the blue nodes as pos-
sible by just going in rounds over the red nodes and over the blue nodes until we 
are done. After this, all red nodes have enough blue neighbors to be in m illusion, 
and there are in total n+2

2
k+2

2  blue edges used, so there are k( n
2 − 1) − n+2

2
k+2

2  
blue edge-ends left over, evenly spread over the blue nodes. We can write this as 
k( n

2 − 1) − ( n
2 − 1 + 2) k+2

2 = ( n
2 − 1)(k − k+2

2 ) − (k + 2) = ( n
2 − 1)( k−2

2 ) − (k + 2). 
Hence, every blue node has k−2

2  edge-ends left over, but k + 2 of them have one 
less left over. But, k + 2 may exceed the number of blue nodes n

2 − 1, namely 
when n < 2k + 6, and then there must be some nodes that have two less (because 
we cannot spread out the k + 2 evenly over the n

2 − 1. However, k + 2 cannot 
be bigger than 2( n

2 − 1) (since then we would have k > n − 4, which is con-
tradicted by our first assumption), so there are no blue nodes with more than 2 
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less open ends than k−2
2 . We can therefore approach it from the other side, if 

we start with stating that every blue node has k−2
2 − 2 = k−6

2  edge-ends left 
open, then ( n

2 − 1)2 − (k + 2) = n − k − 4 have another extra left open (and if 
( n

2 − 1)2 − (k + 2) > n
2 − 1 some have two extra, that is, when n > 2k + 6). 

So, we have three kinds of open ends left over. (a)	 n
2 + 1 red nodes that all 

have kred = k
2 − 1 open ends;

(b)	 n
2 − 1 blue nodes that all have kblue = k−6

2 = k
2 − 3 open ends

(c)	 another n − k − 4 open ends evenly divided over the blue nodes (where each blue 
node has at most two ends of this kind). Now we can link those open edges to 
make a regular graph: i.	 we can tie the ends in (c) to each other (possible since 
n − k − 4 is even, and no blue is yet connected to another blue);

ii.	 if kblue = k
2 − 3 (and hence also kred = k

2 − 1) is even: 

(a)	 make a regular graph between the remaining blue edge ends ( n
2 − 1 nodes with 

all k
2 − 3 open ends);

(b)	 make a regular graph between the remaining red edge ends ( n
2 + 1 nodes with 

all k
2 − 1 open ends); Where 2 (a) is possible because any blue node is con-

nected to at most two other blue nodes as a result of 1, so there are at least 
( n

2 − 1) − 3 other blue nodes left over (also subtracting 1 for the node itself). 
Since n − 2 ≥ k, we also have ( n

2 − 1) − 3 ≥ k
2 − 3. If kblue < 0, we just skip 

this step, because then all blue nodes already have enough edges due to step (i). 
Clearly, 2(b) is always possible, since there are no edges between any red nodes 
yet.

iii.	 if kblue and hence also kred are odd, 
(a)	 make a regular graph between the remaining blue edge ends leaving one edge 

per node open ( n
2 − 1 nodes with all k

2 − 4 ends);
(b)	 make a regular graph between the remaining red edge ends, leaving one edge 

per node open ( n
2 + 1 nodes with all k

2 − 2 ends); Then we are left with exactly 
one open end for all nodes, but since everything so far was spread out as evenly 
as possible over the network, it is possible to divide the nodes into pairs that 
are not yet connected to each other. The cases where one of k and n is odd work 
very similar:

n  is even, k  is odd When n is even and k is odd, we still have nred = n
2 + 1 red 

nodes and nblue = n
2 − 1 blue. We assume that, as given in Proposition 7, 

k ≤ n − 3, and, as given in Proposition 8, n ≥ 2(3k+1)
k−1 . Then we proceed as in 

Algorithm 2 above: we tie every red node to k+1
2  blue nodes, as evenly as pos-

sible. Then, there are still k( n−2
2 ) − n+2

2
k+1

2 = k−1
2

n−2
2 − (k + 1) blue edge-

ends left over. Since these are as evenly spread over the blue nodes as possible, 
every blue node has at least k−1

2 − 2 = k−5
2  open ends, and then there are another 

n−2
2 · 2 − (k + 1) = n − k − 3 blue edge-ends left over. (if n − k − 3 > n

2 − 1, 
some blue nodes have two extra, otherwise those can be divided over n − k − 3 
blue nodes that all have one extra). Then, all red nodes have a m illusion, and we still 
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have the following open ends to fill the regular graph: a)	 n
2 + 1 red nodes, all with 

kred = k−1
2  open ends;

b)	 n
2 − 1 blue nodes, all with kblue = k−5

2  open ends to start with;
c)	 another n − k − 3 blue open ends, at most 2 per node. Since n − k − 3 is even, and 

no blue is yet connected to another blue, we can just connect the open ends in (c) to 
each other. Then, if k−1

2  and k−5
2  are even, just make two regular graphs between 

the two, otherwise leave one open and connect those, just as in the case with both n 
and k even.

n  is odd, k  is even When n is odd and k is even, we have nred = n+1
2  red nodes, 

nblue = n−1
2  blue nodes, and a node needs to be connected to k

2 + 1 blue 
nodes to have an illusion. We assume that k ≤ n − 3 conformingly to Propo-
sition 7, and that n ≥ 3k+2

k−2  conformingly to Proposition 8. Just as in the other 
cases, we start by tying every red node to k

2 + 1 blue nodes, which leaves us 
with k( n−1

2 ) − n+1
2

k+2
2 = k−2

2
n−1

2 − k+2
2  blue ends open. It is not possible 

that k+2
2 > n−1

2 , since that would imply that k > n − 3, so the remaining k+2
2  

can be divided over the blue nodes. What this means is that every blue node has 
k−2

2 − 1 = k
2 − 2 open ends at least, and n=−1

2 − k+2
2 = n−k−3

2  blue nodes have 
one more open end (so those have k−2

2 ). This means that we still have the following 
open ends to fill the regular graph: (a)	 n+1

2  red nodes, all with kred = k−2
2  open 

ends;
(b)	 n−1

2 − n−k−3
2 = k+2

2  blue nodes that have kblue = k
2 − 2 open ends; and

(c)	 n−k−3
2  blue nodes that have k

2 − 1 open end. If the number of nodes mentioned in 
(c) is even, we can connect them to each other and make regular graphs between the 
remaining red resp. blue nodes. If the number mentioned in (c) is odd, then either 
both n+1

2  (nred) and k−2
2  (kred) are even or both n−1

2  (nblue) and k
2 − 2 (kblue) are 

even, but not both. That means that we can make a regular graph of the remaining 
edges of either the blue nodes or the red nodes, but not both. However, of the one 
that cannot form a regular graph, we tie one node to one of the nodes in c, which 
makes the remaining number in c even, and of the rest, we make an almost regular 
graph.□

Faster algorithm (only for nice values of n and k)  If n ≡ 2 mod 4 and n ≤ 2k − 2, we 
can connect all red nodes to all blue nodes. Then all red nodes still have k − n

2 + 1 open 
ends, and all blue nodes still have k − n

2 − 1 open ends. Since n ≡ 2 mod 4 and k is even, 
both k − n

2 + 1 and k − n
2 − 1 are even. Hence, we can make two regular graphs with the 

remaining open ends, one between the red nodes, and one between the blue nodes. Note that 
if n ≡ 0 mod 4, both the numbers of open ends of each color and the number of nodes of 
each color is odd, so we cannot apply this algorithm.
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Appendix C: Proof of Proposition 9

	– Proposition 9 (p-q illusions on complete graphs). If G = ⟨V, E⟩ is a complete 
graph with |V | = n,a p-q illusion is possible in G iff there is an integer x, such that 
eitherq(n − 1) < x ≤ qn and q(n − 1) + 1 ≥ n − x and n − x > pn; or

	– q(n − 1) + 1 ≥ x > qn and qn ≥ n − x and x > pn.

	– A weak-p-q illusion is possible in G iff there is an integer x such that 
eitherq(n − 1) < x ≤ qn and q(n − 1) + 1 ≥ n − x and n − x ≥ pn; or

	– q(n − 1) + 1 ≥ x > qn and qn ≥ n − x and x ≥ pn.

	– A p-weak-q illusion is possible in G iff there is an integer x such that 
eitherq(n − 1) < x ≤ qn and n − x > pn; or

	– q(n − 1) + 1 ≥ x > qn and x > pn.

	– A weak-p-weak-q illusion is possible in G iff there is an integer x such that 
eitherq(n − 1) < x ≤ qn and n − x ≥ pn; or

	– q(n − 1) + 1 ≥ x > qn and x ≥ pn.If there exists such x, we can generate the 
respective illusions by coloring exactly x arbitrary nodes in the color of the illusion.

Proof  For a p-weak-q illusion to be possible in G, we need that for more than a p-fraction of 
the nodes, more than q · k of its neighbors has a color c, but that at the same time at most q · n 
of the set of all nodes has color c, which can only happen if the node itself does not have color 
c; or that at most qk of the neighbors has color c while more than qn of all nodes has color 
c, which can only happen if the node itself has color c. Hence, if we call the total number of 
c-colored nodes in the network x, we need to have that q(n − 1) < x ≤ qn (if the node is not 
c) or q(n − 1) + 1 ≥ x > qn (if the node is c). If there is x such that q(n − 1) < x ≤ qn, 
in fact all nodes that are not color c are under weak-q illusion, and if there is x such that 
q(n − 1) + 1 ≥ x > qn, all nodes that are color c are under weak-q illusion. Hence, since 
x represented the number of nodes of color c, there is a p-weak-q illusion iff there is an 
integer x such that q(n − 1) < x ≤ qn and n − x > pn (or n − x ≥ pn for weak-p-weak-q 
illusion), or there is an integer x such that q(n − 1) + 1 ≥ x > qn and x > pn (or x ≥ pn 
for weak-p-weak-q illusion).

For the strict q illusions the requirements are slightly more complicated. If a node i has 
color c and there are x nodes of color c, the only option for i to be under q illusion with 
color c is that c is a q-quota winner globally but not locally. Then the other color cannot be 
a q-quota winner globally, but it can either be or be not a q-quota winner locally. Therefore, 
we need that q(n − 1) + 1 ≥ x > qn (c is not a winner locally but it is a winner globally), 
and either q(n − 1) < n − x ≤ qn (the other color is a winner locally but not globally) or 
both q(n − 1) + 1 ≥ n − x and qn ≥ n − x (the other color is neither a winner locally nor 
globally). These requirements combine to the requirement

	 q(n − 1) + 1 ≥ x > qn and qn ≥ n − x.� (C1)
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If i has the other color than c, it can only be under q-illusion with color c if c is a q-quota win-
ner locally but not globally. Then the other color cannot be a q-quota winner locally, but it can 
either be or be not a q-quota winner globally. Therefore, we need that q(n − 1) < x ≤ qn (c 
is a winner locally but it is not a winner globally), and either q(n − 1) ≥ n − x > qn (the 
other color is not a winner locally but it is globally) or both q(n − 1) + 1 ≥ n − x and 
qn ≥ n − x (the other color is neither a winner locally nor globally). These requirements 
combine to the requirement

	 q(n − 1) < x ≤ qn and q(n − 1) + 1 ≥ n − x.� (C2)

If there is an x that satisfies (C1), all nodes of color c are under q illusion, so if (C1) and 
x > pn, there is a p-q illusion (and if (C1) and x ≥ pn, there is a weak-p-q illusion). If 
there is an x that satisfies (C2), all nodes that are not color c are under q illusion, so if (C2) 
and n − x > pn, there is a p-q illusion (and if (C2) and n − x ≥ pn, there is a weak-p-q 
illusion).                                                                                                                                □

Appendix D: Not necessarily irreflexive networks

In this appendix we study concisely the possibility of majority illusions on graphs that are 
not necessarily irreflexive: graphs in which nodes can have an edge to themselves. In this 
section, if we mention a graph G or a colored graph C, we do not assume that it is irreflexive 
as in the main paper. A self-loop counts as only one edge for a node, for example, a node 
with only an edge to itself has degree 1.

As mentioned in Section 6.3, adding reflexive loops to a graph only lightly influences 
the possibility of illusions on the graph. Here we give some formal statements displaying 
the size of this effect.

First, if we have a strict illusion, adding any number of reflexive loops to the network 
will preserve at least a weak illusion:

Proposition 16  If a Mm/Wm illusion is possible on an irreflexive network G′ = ⟨V , E ′⟩, then 
on the network G = ⟨V , E⟩ where E = E ′ ∪ R and R is a set of reflexive edges on G, a Mw/
Ww illusion is possible.

Proof  If a Mm/Wm illusion is possible on G′, then at least / more than half of the nodes in V 
are under m illusion. Assume without loss of generality that MV = red (it cannot be a tie, 
since there are nodes under m illusion). When we add only reflexive edges to G′ to obtain 
G, all the nodes i that were under m illusion in G′ (so that had Mi = blue), get at most one 
more red ‘neighbor’, so now Mi ∈ {blue, tie}, so they are all under w illusion.                    □

Note that this does not hold in the other direction: if a graph with reflexive edges is under 
Mw/Ww illusion and we remove the reflexive edges, the graph is not necessarily under Mm/
Wm illusion.

For nodes with a high degree, intuitively adding an extra edge does not have a large influ-
ence on whether or not the node is under illusion. A node does not need many more than half 
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of its neighbors to be of the minority color, to still be under illusion once a reflexive edge is 
added. This idea is captured in the following proposition.
Proposition 17  Let C ′ = ⟨V , E ′, c⟩ be an irreflexive 2-colored graph where MV ̸= tie. 
If a node i with degree d ′

i  has more than a q-fraction of neighbors of the global minority 
color for q = 1

2 + 1
d′

i
 if d ′

i  is even or q = 1
2 + 3

2d′
i
 if d ′

i  is odd, then on any colored graph 
C = ⟨V , E , c⟩ where E is E ′ with any number of reflexive edges added, i is under m illusion.

Proof  Take any irreflexive colored graph C ′ = ⟨V, E′, c⟩, and consider any node i with even 
degree d′

i that has more than q neighbors of the global minority color for q = 1
2 + 1

d′
i
 if d′

i 

is even or q = 1
2 + 3

2d′
i
 if d′

i is odd.

	● Case d′
i is even: In C ′, i has more than a fraction of 1

2 + 1
d′

i
 neighbors of the global 

minority color, assume w.l.o.g. this is red. Now consider a graph C = ⟨V, E, c⟩ where E 
is E′ with any number of reflexive edges added. Clearly, the total number of red nodes 
has not changed, so also in C, red is the minority color. In this graph, i can have a loop 
to itself, so it’s degree di is either d′

i or d′
i + 1. We do not know whether i itself is red or 

not, but we do know that its neighbors have the same colors as in C ′, so i has more than 
d′

i

2 + d′
i

d′
i

= d′
i

2 + 1 red neighbors. If di = d′
i, then di is even and i has more than di

2 + 1 
red neighbors while less than half of all nodes in C are red: i is under m/w illusion. If 
di = d′

i + 1, then di is odd and i has more than di−1
2 + 1 = di+1

2  red neighbors while 
less than half of all nodes in C are red: i is under m illusion.

	● Case d′
i is odd: In C ′, more than a fraction of 1

2 + 3
2d′

i
 of i’s neighbors are of the global 

minority color, assume w.l.o.g. this is red. Now consider a graph C = ⟨V, E, c⟩ where E 
is E′ with any number of reflexive edges added. Clearly, the total number of red nodes 
has not changed, so also in C, red is the minority color. In this graph, i can have a loop 
to itself, so it’s degree di is either d′

i or d′
i + 1. We do not know whether i itself is red 

or not, but we do know that its neighbors have the same colors as in C ′, so i has more 
than d′

i

2 + 3d′
i

2d′
i

= d′
i

2 + 3
2  red neighbors. If di = d′

i, then di is odd and i has more than 
di

2 + 3
2 = di+1

2 + 1 red neighbors while less than half of all nodes in C are red: i is 
under m illusion. If di = d′

i + 1, then di is even and i has more than di−1
2 + 3

2 = di+2
2  

red neighbors while less than half of all nodes in C are red: i is under m illusion.         □

The same intuition works for w illusions:
Corollary 2  Let C ′ = ⟨V , E ′, c⟩ be an irreflexive 2-colored graph, let i be a node with 
degree d ′

i  and let q be a fraction such that q = 1
2 + 1

d′
i
 if d ′

i  is even and q = 1
2 + 3

2d′
i
 if d ′

i  
is odd. If i has more than a q-fraction of neighbors of a color that is a tied global winner, 
or, if MV ̸= tie, at least a q-fraction of neighbors of the minority color, then on any colored 
graph C = ⟨V , E , c⟩ where E is E ′ with any number of reflexive edges added, i is under w 
illusion.

Proof sketch. Analogously to the proof of Proposition 17, but with weak instead of strict 
inequalities.
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If nodes can have reflexive edges, there is the possibility that a node sees all nodes in the 
graph, and therefore cannot be under any kind of illusion. In general, we can define precisely 
when nodes see too much to be under m/w illusion (Proposition 18), and when the fact that a 
node can be under illusion does not leave enough nodes for the majority color to be majority 
(Proposition 19).

Proposition 18  Let G = ⟨V , E , c⟩ be a 2-colored graph where MV ̸= tie, and let 
Nmin ⊆ V = {i ∈ V : ci ̸= MV } be the set of nodes in the minority color. Then, if for 
more than half of the nodes i ∈ V , di ≥ 2 · |Nmin | + 1 , the graph cannot be under Mm/
Mw/Wm/Ww illusion. If for at least half of the nodes i ∈ V , di ≥ 2 · |Nmin | + 1 , the graph 
cannot be under Mm/Mw illusion.

Proof  Any node i with degree di ≥ 2 · |Nmin| + 1 has at most |Nmin| neighbors in the 
minority color, so at least |Nmin| + 1 neighbors in the majority color, and therefore cannot 
be under m/w illusion. If this is the case for more than half of the nodes, the graph cannot 
be under Wm/Ww illusion. If this is the case for at least half of the nodes, the graph cannot 
be under Mm/Mw illusion.                                                                                                      □

Proposition 19  On a graph G = ⟨V , E⟩ where for at least half of the nodes i, ⌈ di+1
2 ⌉ > ⌈ |V |

2 ⌉, 
a Mm/Mw illusion is not possible.

Proof  Take any graph G = ⟨V, E, ⟩ with a subset of the nodes V ′ ⊆ V  such that |V ′| ≥ |V |
2  

and for all i ∈ |V ′|, ⌈ di+1
2 ⌉ > ⌈ |V |

2 ⌉, and suppose for a contradiction that there exists a col-
oring c of G with which G is in Mw illusion. This means that there is a set of nodes I ⊆ V  
with |I| > |V |

2  such that all the nodes in I are under w illusion. There are two cases:
	● MV ̸= tie. W.l.o.g. assume that MV = red. Then all the nodes j ∈ I  have 

MNj ∈ {blue, tie}, so for all j ∈ I , at least ⌈ dj+1
2 ⌉ of j’s neighbors are blue, so there 

are at least ⌈ dj+1
2 ⌉ blue nodes in the graph. Since |I| > |V |

2  and |V ′| ≥ |V |
2 , there is at 

least one node i′ ∈ I ∩ V ′, so ⌈ di′ +1
2 ⌉ > ⌈ |V |

2 ⌉ and there are at least ⌈ di′ +1
2 ⌉ blue nodes 

in the graph. Therefore, there are at least ⌈ |V |
2 ⌉ blue nodes in the graph, which is a con-

tradiction with the assumption that MV = red.
	● MV = tie. Then all the nodes i under w illusion have MNi ∈ {blue, red}, so for all 

j ∈ I , at least ⌊ dj+2
2 ⌋ of j’s neighbors are blue or at least ⌊ dj+2

2 ⌋ of j’s neighbors are red. 
Again, since |I| > |V |

2  and |V ′| ≥ |V |
2 , there is at least one node i′ ∈ I ∩ V ′. For this 

node i′, ⌈ di′ +1
2 ⌉ > ⌈ |V |

2 ⌉ and there are either at least ⌊ di′ +2
2 ⌋ blue nodes in the graph or 

at least ⌊ di′ +2
2 ⌋ red nodes in the graph. Since ⌊ di′ +2

2 ⌋ ≥ ⌈ di′ +1
2 ⌉, either the total numer 

of red nodes in the graph or the total number of blue nodes in the graph is greater than 
⌈ |V |

2 ⌉, which is a contradiction with the assumption that MV = tie.                             □
Even though Proposition 19 seems rather general, it is only applicable to some specific 

cases. Let us consider what ⌈ di+1
2 ⌉ > ⌈ |V |

2 ⌉ means for the possible parities of di and |V|.

	● di is even and |V| is even: ⌈ di+1
2 ⌉ > ⌈ |V |

2 ⌉ becomes di+2
2 > |V |

2 , so di + 2 > |V |. Since 
di and |V| are both even, this can only happen if di = |V |.
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	● di is even and |V| is odd: ⌈ di+1
2 ⌉ > ⌈ |V |

2 ⌉ becomes di+2
2 > |V |+1

2 , so di + 1 > |V |, 
which implies di = |V |. This is not possible, since one of them is odd and one is even.

	● di is odd and |V| is even: ⌈ di+1
2 ⌉ > ⌈ |V |

2 ⌉ becomes di+1
2 > |V |

2 , so di + 1 > |V |, which 
implies di = |V |. This is not possible, since one of them is odd and one is even.

	● di is odd and |V| is odd: ⌈ di+1
2 ⌉ > ⌈ |V |

2 ⌉ becomes di+1
2 > |V |+1

2 , so di > |V |, which is 
clearly impossible.

Hence, the only possibility for ⌈ di+1
2 ⌉ > ⌈ |V |

2 ⌉ is that both di and |V| are even, and they are 
equal: i is connected to all nodes. This is also true in the other direction, if for more than half 
of the nodes i, di = |V | and they are both even, a Mm/Mw illusion is not possible. On this 
idea and the idea expressed in Proposition 18 is the following proposition based, however, 
it is slightly more general (not just about even degrees and not only about cases where there 
is no tie). We can prove the proposition in an easier way without both previous propositions:

Proposition 20  On a graph G = ⟨V , E⟩ where at least half of the nodes are connected to 
all nodes, a Mm/Mw illusion is not possible.

Proof  Take a graph G where at least half of the nodes are connected to all nodes. Any node 
i that is connected to all nodes cannot be under m/w illusion, since it sees exactly the cor-
rect proportion of red and blue nodes, so G cannot be in Mm/Mw illusion.                          □

We observe something more specific about the edge cases where exactly half or just less 
than half nodes are connected to all nodes:

Proposition 21  If exactly |V |
2  nodes are connected to all nodes (|V| is even), a Wm illusion 

is possible, and if exactly |V |−1
2  nodes are connected to all nodes (|V| is odd), a Mw illusion 

is possible.

Proof  In both cases, color all the nodes that are connected to all nodes blue and all other 
nodes red: then all red nodes are connected to all blue nodes but not to all red nodes, so 
more than / at least half of their neighbors are blue: they are under illusion.                       □

Remark 8  Proposition 21 might seem to contradict Proposition 20 but it does not: in the 
even case, the illusion here is a Wm illusion, while Proposition 20 is about Mw illusions. In 
the odd case, the number of nodes here is just below half, while in Proposition 20 it is just 
more than half.

As mentioned in Section 6.3, some results on irreflexive graphs still hold on graphs that 
can have reflexive edges, but some do not. In Table 5, a summary is given of the classes of 
graphs on which majority illusions are possible and on which they are not.
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Class of graphs Mw 
illusion

Wm 
illusion

Mm 
illusion

Irreflexive graphs ✓(Thm. 
1)

✓/ ✗
2-colorable graphs with |V| odd ✓ (Prop. 2)

2-colorable graphs 
withi ∈ V : ∀j ∈ Ni : dj > 2

✓ (Prop. 
3)

✓/ ✗

Irr. 2-regular graphs ✗ (Prop. 4)
Irr. complete graphs ✗ (Prop. 5)

2-regular graphs ✓/✗ ✗ (Prop. 4)
complete graphs ✗

Graphs with at least |V |
2 nodes con-

nected to all nodes
✗(Prop. 
20)

✓/✗ ✗(Prop. 
20)

Graphs with exactly |V |
2 nodes con-

nected to all nodes

✓/✗ ✓(Prop. 
21)

✓/✗

Graphs with exactly |V |−1
2 nodes 

connected to all nodes

✓(Prop. 
21)

✓/✗

✓ indicates that the illusion is possible on all graphs of the class, ✗ 
indicates that the illusion is not possible on any graph in the class,✓/ ✗ 
indicates that the illusion is possible on some but not all graphs of the 
class. References to the relevant results are given. We do not assume 
that graphs are irreflexive here. Note that for irreflexive graphs 
with only odd-degree nodes and 2-colorable graphs the Mw illusion 
is always either a Mm illusion or Uw illusion, conform Proposition 1 
and Lemma 2, and that for irreflexive complete graphs with an even 
number of nodes |V |, the Mw illusion is always a Uw illusion, conform 
Proposition 6

Table 5  The (im)-possibility of 
majority illusions (using two 
colors) on different classes of 
graphs

 

Appendix E: Additional plots of the experiments in Section 5

This appendix gives some extra plots on the experiments in Section 5. The full data can be 
found on ​h​t​t​p​s​:​​/​/​g​i​t​​h​u​b​.​c​o​​m​/​M​a​​a​i​k​e​L​​o​s​/​M​a​​j​o​r​i​t​y​​_​I​l​l​​u​s​i​o​n​s, as well as the R code to ​g​e​n​e​r​
a​t​e the plots in this section and more plots to study the effect of the different parameters in 
detail.

First, we give the full Pearson correlation matrices for Erdős-Rényi graphs, Holme-Kim 
graphs, and the Facebook network in respectively Figs. 10, 11, and 12.

Figures 13 and 14 show the median fraction of nodes under illusion (with the interquar-
tile range) in Erdős-Rényi (respectively Holme-Kim) graphs with different input param-
eters, which allows us to see the interaction effects between the different parameters. Figure 
15 shows the mean squared error of nodes in Holme-Kim graphs with different input param-
eters. Similar plots for Erdős-Rényi graphs and for the fraction of networks under Mm/Mw/
Wm/Ww illusion can be obtained using the R code on Github.

Figure 16 (a) shows the median fraction of nodes under illusion (and the interquartile 
range) versus degree assortativity in Erdős-Rényi graphs. Figure 16 (b) shows the mean 
squared error of nodes versus degree assortativity in Erdős-Rényi graphs.
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Figure 17 (a) shows the median fraction of nodes under illusion (and the interquartile 
range) versus homophily in Holme-Kim graphs. Figure 17 (b) shows the mean squared error 
of nodes versus the homophily in Holme-Kim graphs.
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Fig. 10  Correlation matrix for Erdős-Rényi graphs. Blue shades correspond to positive correlation, red 
shades to negative correlation, the intensity of the color indicates the strength of the correlation
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Fig. 15  Mean squared error in Holme-Kim graphs with different parameters
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Fig. 16  Median fraction of nodes under illusion / mean squared error versus degree assortativity in 
Erdős-Rényi graphs. In (a) in grey bars in the background the distribution of the datapoints
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Fig. 17  Median fraction of nodes under illusion / mean squared error versus homophily in Holme-Kim 
graphs. In (a) in the background in grey bars the distribution of the datapoints
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