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Chapterr 4 

THEE DESIGN OF CONTROL CHARTS 

4.1.. INTRODUCTION 

Whetherr or not a process is functioning normally is evaluated with control 
charts.. Control charts show whether the variation is only due to common 
causess or whether there is extra variation due to special causes. Variation due 
too common causes is inevitable; the design and standard operations of the 
processs determine it. The process is said to be in statistical control when only 
commonn causes are responsible for the variation. A desirable characteristic of 
suchh a process is that it is predictable, in the sense that it is stable within known 
limits.. Special causes of process variation may be due to e.g. extraordinary 
events,, incidents, or a new batch of incoming material. They may appear any 
moment,, but for a controlled process it is necessary to find such causes as 
soonn as possible and prevent them from occurring again. Fortunately, several 
typess of special causes are almost immediately recognised by control charts. 
Thee power of the control chart is partly due to its simplicity: a graph of a quality 
characteristicc plotted in time. Some well-chosen lines in the graph, the so-called 
controll limits, provide easy checks on the stability of the process. These control 
limitss are defined as the limits of the common cause variation. The concept of 
controll charts originates from Shewhart (1931), and has been extensively 
discussedd and extended in numerous textbooks (see e.g. Duncan, 1974; 
Wetherilll and Brown, 1991; Wheeler and Chambers, 1992; Montgomery, 1996). 
Ann example of a control chart is given in Figure 4.1; LCL and UCL are the 
Lowerr Control Limit and the Upper Control Limit respectively. 
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FIGUREFIGURE 4.1. An example of a control chart 
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Inn the standard situation initially 20-30 samples of about five units are taken to 
constructt a control chart. When chosen rationally (i.e. from rational subgroups; 
Nelson,, 1988) these samples are supposed to arise from pure random 
sampling.. All items in a rational subgroup are produced under sufficiently similar 
conditions.. This ensures that only random effects are responsible for the 
observedd variation. The variation within a sample is supposed to represent all 
variationn attributable to common causes, and the within-subgroup variation can 
bee used to determine the variability of subgroup statistics (e.g. sample mean or 
range).. The control limits of the interesting statistic are calculated to be the 
grandd average of the statistic plus/minus three times the corresponding within-
subgroupp standard deviation (see e.g. Duncan, 1974). 

AA thorough treatment of statistical aspects of control charts in this standard 
situationn is given by Does and Schriever (1992). Nelson (1988) discusses the 
carefull choice of subgroups to obtain effective control charts within this 
framework,, but does not consider adjustment of the control chart construction. 
AA major drawback, however, is that the standard charts are applicable only 
underr rather restrictive assumptions, as has been described in Porter and 
Caulcuttt (1992). Often these cannot be fulfilled in practice. Therefore control 
chartss have to be tailored to the nature of the process at hand. The actually 
presentt components of process variation need to be identified and quantified. 
Theyy form the basis on which a useful distinction between special and common 
causess can be made. Control charts should then be designed to control all 
relevantt components of the common cause system. Such a tailored design, 
however,, implies a thorough process evaluation. For subsequent process 
controll it will generally result in a sampling plan that is purposely not random, 
aimedd at describing the important variance components (rational sampling; 
Palm,, 1992). One type of example is sampling from several (fixed) positions on 
aa mould, several (fixed) products from a jig, and several (fixed) positions on a 
siliconn wafer. Another type of example is sampling from (chemical) batches, 
wheree there may be extra between-batch variation. Many industrial processes 
havee to be controlled on the basis of more complicated rational sampling plans. 
Thee thus created subgroups often show systematic within-subgroup variation 
andd occasionally additional between-subgroup variation. 

Thee methodology to determine control limits for subgroup statistics can be more 
involved,, but simple alternatives are available. The simple approach is to treat 
subgroupp statistics as individual observations (Wetherill and Brown, 1991; Palm, 
1992;; Porter and Caulcutt, 1992; Wheeler and Chambers, 1992). Control limits 
forr these statistics are then determined using (standard) methods for individuals 
chartss (see e.g. Roes, Does and Schurink, 1993). More complicated methods, in 
whichh separate random variance components are monitored using control charts, 
weree reviewed by Woodall and Thomas (1995). Yashchin (1994) discussed 
cumulativee sum control schemes for variance components, using basically the 
samee nested random effects model as described by Woodall and Thomas. A 
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modell of nested random effects, however, generally does not fit the process 
inherentt variation adequately. Instead, a mixed model including one or more fixed 
effectss in addition to the nested random effects is more appropriate. In Roes and 
Doess (1995) a general approach is given to deal with these more complicated 
samplingg plans. 

Thee performance of a process often depends on several quality characteristics, 
whichh may have interactions. Hoteiling (1947) first proposed a multivariate 
approachh to SPC. He introduced the T2 control chart as a technique for 
monitoringg the mean of a multivariate process. Many researchers have examined 
thiss statistic and demonstrated its usefulness as a charting statistic for 
multivariatee SPC (cf. Jackson, 1985). Among other popular multivariate control 
statisticss are the multivariate cumulative sum (MCUSUM) chart and the 
multivariatee exponentially weighted moving average (MEWMA) chart. For a 
revieww of these and other multivariate control charts, see Wierda (1994) or Mason 
ett al. (1997). In multivariate SPC a signal can be caused by a variety of 
situations;; one of the characteristics may be out of control, but it may also be that 
aa combined problem of two or more characteristics is responsible. It is a 
persistentt problem in multivariate control charts procedures to interpret a signal. 
Too determine which characteristic or group of characteristics contributes to the 
signall is often rather involved (certainly for operators). Several procedures have 
beenn developed for interpreting the multivariate control statistic. The most popular 
involvess utilising an orthogonal decomposition and then attempting to interpret 
thee newly created orthogonal components. The principal components 
decompositionn (cf. Jackson, 1991) is a possibility. Principal Components Analysis 
(PCA)) is popular in the chemical industry, where the number of quality 
characteristicss is often very high. Kourti and MacGregor (1996) provide an 
overvieww of several diagnostics that can point to assignable causes for a flagged 
event.. The discussion in Mason et al. (1997) is also of interest to practitioners. 
Implementationn and interpretation issues are examined, and some open 
problemss are discussed. 

Thiss chapter discusses a general set-up for designing control charts (Section 
4.2),, based on an example from Philips Semiconductors in Stadskanaal. Different 
wayss to analyse the data are given, based on the univariate and multivariate 
approachess indicated above (Section 4.3). Finally these methods are discussed 
andd recommendations for practical use are given (Section 4.4). 

4.2.. A GENERAL SET-UP FOR DESIGNING CONTROL CHARTS 

Forr the design of control charts the straightforward methods described in 
standardd textbooks on SPC often produce control charts that are obviously wrong 
andd generally of little use. To an inexperienced and unknowing organisation this 
mayy lead to frustration about the use of control charts in particular and with SPC 
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inn general. As mentioned in Section 4.1 the standard control charts are applicable 
underr rather restrictive assumptions: samples are supposed to arise from pure 
randomm sampling and only random effects are responsible for the observed 
variation.. The variation within the sample is supposed to represent all variation 
attributablee to common causes. Roes and Does (1995) offer a sound and helpful 
approachh by adding a mixed model formulation to the nested random effects 
modelss of Yashchin (1994), and Woodall and Thomas (1995). The method is a 
naturall extension of Yashchin, but has the additional advantage of employing 
Shewhart-typee charts rather than cumulative sum charts. Shewhart-type charts 
aree much simpler to use, and supplementary run rules (e.g. Nelson, 1984; Does 
andd Schriever, 1992) can also be judiciously added to improve sensitivity (see 
alsoo Chapter 5). We have encountered many situations in which a mixed model 
includingg one or more fixed effects in addition to the nested random effects was 
appropriate.. An illustrative example from Philips Semiconductors in Stadskanaal 
iss discussed in this section. Additional examples are briefly discussed in Section 
4.4. . 

AA general procedure to design control charts for a quality characteristic of a 
processs consists of the following steps. 

 Monitor the process long enough to learn to know the sources of variation. 
 Construct an appropriate model in which the important sources of variation 

aree represented. The model should be based on the nature of the process 
andd be supported by the data. 

 Decide on the sampling plan and frequency. 
 Define the subgroup statistics (the parameters) to be controlled. 
 Design control charts, using appropriate estimators of location and spread of 

eachh parameter. The resulting charts should be easy to construct and to 
interpret. . 

Too demonstrate these steps we describe the mixed model in more detail and 
turnn to a case study which was already examined extensively in Roes and Does 
(1995),, both by the authors and by discussants, as well as by Wierda (1994). 
Thee case study concerns grinding of silicon wafers, a key process in 
manufacturingg semiconductor crystals. The crystals form the heart of diodes, 
whichh are produced in billions by Philips Semiconductors in Stadskanaal. The 
thicknesss of the wafer determines the dimensions of the crystals, and therefore 
alsoo the electrical characteristics of the diodes. Typical target values for the 
waferr thickness are in the range 200-300 Mm. A batch of 31 wafers is ground 
simultaneously,, on a machine where the wafers are positioned under the 
grindstonee according to Figure 4.2 
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FIGUREFIGURE 4.2. Positions of silicon wafers on the grinder 

Thee grinder always stops turning in the same position and then a protective cap 
coverss half of the circle with wafers. Hence for routine sampling it is practical to 
takee the sample from the uncovered half of the grinding table. For further 
conveniencee the sample should preferably be taken from the corner within 
easiestt reach of the operator. We acknowledge that both from statistical and 
engineeringg points of view this sampling scheme is flawed. But a compromise 
betweenn what is necessary for methodological reasons and what is possible from 
aa practical viewpoint is sometimes unavoidable. It was not feasible to introduce a 
moree appropriate sampling scheme on the shop floor (nor was it really mandatory 
inn this case). So it was decided to monitor the grinding process by measuring 
thicknesss of a rational sample from each batch, containing the wafers on 
positionss 1 and 2 (outer circle), 18 and 19 (middle circle) and 28 (inner circle). 
Reall data of 30 successive batches (with a target thickness of 244 urn) are 
displayedd in Table 4.1. 

Beforee this sampling scheme was decided upon, however, the process was 
closelyy examined for a while: during a two-week period the thickness of every 
processedd wafer was measured. Then, in order to investigate patterns within the 
sampless and to determine the minimally required sample size, the data were 
subjectedd to a principal components analysis, using the batches as observations 
andd the thickness of the 31 wafers within a batch as variables. The analysis 
showedd that about 90% of the variation in thickness could be explained by only 
threee components: the mean thickness of the batch and two specified differences 
betweenn circles on the grinder. Analysis of variance (ANOVA) showed 
furthermoree that the differences within batches consisted mainly of fixed 
differencess between positions. There is also some additional batch-to-batch 
variation.. Based on this information it was decided that the rational samples of 
thee previous paragraph would suffice for monitoring the grinding process, 
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providedd that once in a while some complete batches were measured in order to 
checkk the assumptions regarding the fixed differences between positions. 

batch h 
1 1 
2 2 
3 3 
4 4 
5 5 
6 6 
7 7 
8 8 
9 9 
10 0 
11 1 
12 2 
13 3 
14 4 
15 5 

1 1 
240 0 
238 8 
239 9 
235 5 
240 0 
240 0 
240 0 
245 5 
238 8 
240 0 
240 0 
241 1 
247 7 
237 7 
242 2 

2 2 
243 3 
242 2 
242 2 
237 7 
241 1 
243 3 
243 3 
250 0 
240 0 
242 2 
243 3 
245 5 
245 5 
239 9 
244 4 

position n 
18 8 
250 0 
245 5 
246 6 
246 6 
246 6 
244 4 
244 4 
250 0 
245 5 
246 6 
246 6 
243 3 
255 5 
243 3 
245 5 

19 9 
253 3 
251 1 
250 0 
249 9 
247 7 
248 8 
249 9 
247 7 
248 8 
249 9 
250 0 
247 7 
250 0 
247 7 
248 8 

28 8 
248 8 
247 7 
248 8 
246 6 
249 9 
245 5 
246 6 
248 8 
246 6 
248 8 
248 8 
245 5 
249 9 
246 6 
245 5 

batch h 

16 6 
17 7 
18 8 
19 9 
20 0 
21 1 
22 2 
23 3 
24 4 
25 5 
26 6 
27 7 
28 8 
29 9 
30 0 

1 1 
237 7 
242 2 
243 3 
243 3 
244 4 
241 1 
242 2 
242 2 
241 1 
236 6 
243 3 
241 1 
239 9 
239 9 
241 1 

2 2 
239 9 
244 4 
245 5 
245 5 
246 6 
239 9 
245 5 
245 5 
244 4 
239 9 
246 6 
243 3 
240 0 
240 0 
243 3 

position n 
18 8 
242 2 
246 6 
247 7 
248 8 
246 6 
244 4 
248 8 
248 8 
245 5 
241 1 
247 7 
245 5 
242 2 
250 0 
249 9 

19 9 
247 7 
251 1 
252 2 
251 1 
250 0 
250 0 
251 1 
243 3 
249 9 
246 6 
252 2 
248 8 
243 3 
252 2 
255 5 

28 8 
245 5 
248 8 
249 9 
250 0 
246 6 
246 6 
249 9 
246 6 
247 7 
242 2 
247 7 
246 6 
244 4 
250 0 
253 3 

TABLETABLE 4.1. Thickness measurements (in pm) 

Thee commonly used model for industrial processes is that observations taken 
overr time are independent and identically distributed. In the case under 
examinationn this model does not fit the sample data, but should additionally 
includee components for common cause variation due to fixed differences. We 
recommendd the use of a multi-vari chart (cf. Seder, 1990; Bhote, 1991) for 
visualisingg the relative magnitudes of the levels of variability in a process. In 
Figuree 4.3 the multi-vari chart of the sample of 30 batches is shown; for every 
batchh the data of positions 1, 2, 18, 19 and 28 are shown in the graph from left 
too right. The chart clearly supports results of the analysis that systematic 
differencess between positions exist, and systematic differences between circles 
onn the machine. Instead of the ANOVA approach (combined with the multi-vari 
chart)) a graphical alternative called ANalysis Of Main Effects (ANOME; Schilling, 
1973)) can be used. 

Thee wafer grinding case is quite instructive, and we have seen similar situations 
inn other industries (one can think of different operators, suppliers of raw material, 
productionn lines, machines, etc.). It suggests the following general model for an 
in-controll process, in which fixed differences within a batch as well as random 
between-batchh variation are to be considered as common cause variation: 

X,, = M+wj + B, + Etj, (t=1 k;j=1 n) (4.1) 

withh Xq the measurement of sample t (batch) of within-sample product j (the wafer 
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W0 W0 
235235 i i 

Batch h 

FIGUREFIGURE 4.3. Multi-vari chart of thickness measurements 

inn the batch). On the right hand side, (j + Wj is the fixed mean level of product j 
(IjWjj = 0), Bt is the random overall batch effect and Ev models the remaining 
randomm variation. It is assumed that the B, are independent of the Etj and 
normallyy distributed with mean zero and variance ob

2. The vector Et = (Et1 ... Etn)
T 

iss also normally distributed with mean vector 0 and variance-covariance matrix 2 
== (cJijXp, n; the Et are assumed to be independent. Roes and Does (1995) 
assumedd that 2 = ae

2l (with I the identity matrix), but then a principal components 
analysiss would not have made sense. 

4.3.. FOUR ALTERNATIVE S FOR THE ANALYSI S OF THE WAFERS DATA 

Inn this section we will give four different ways to analyse the data of the 
samples.. The first approach is to decompose the multivariate data in the mean 
valuee and some simple orthogonal contrasts, and then use univariate control 
chartss (Roes and Does, 1995). The second approach (Sullivan, Woodall and 
Gardner,, in a discussion of Roes and Does) starts with a multivariate statistic to 
checkk for outliers and drift, and then uses principal components analysis to 
decomposee into univariate statistics, that are monitored by univariate control 
charts.. Then an analysis will be given (Wierda, 1994) which uses only 
Hotelling'ss T2 charts, but based on the contrasts of Roes and Does. Finally, a 
trulyy multivariate approach (Nijhuis, 1999) will be outlined. 
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4.3.1.. Univariat e contro l chart s based on orthogona l contrast s 

Roess and Does (1995) analysed the data of Table 4.1 using model (4.1), with 
u+Wjj the average wafer thickness on position j (j=1,..,5), and B, the overall batch 
effect.. Process monitoring was focused on batch means and certain differences 
betweenn positions within a batch. These differences need to be linked with well 
knownn characteristics of the process, in order to understand out-of-control 
situations,, and remove or correct the corresponding special cause of variation. 
Manyy situations that can be modelled with (4.1) allow this approach; in Section 
4.44 some other examples from Philips in Stadskanaal are given. 

Thee above approach implies that the sample mean u and specific linear contrasts 
yy of the fixed effects Wj in the model are to be controlled: 

Y ^ C j W , .. w i t h £ C j = 0 . (4.2) 

Iff there is more than one linear contrast, they are preferably chosen orthogonal, 
i.e. . 

nn n n 

ifyy = ^ c j w j and ö ^ d j W j , t h e n ^ C j d ^ O . (4.3) 
j=ii  1=1 j=i 

Thee sample estimates of orthogonal contrasts are both mutually independent 
andd independent from the sample mean, which greatly simplifies interpretation. 

ControlControl  chart  for  the  mean 

Thee sample mean of batch t (Xt.= Zj X /̂n) is an unbiased estimator of u; the 
variancee of X,. is ab

2 + ZjE^n2 . From the theory of analysis of variance it is 
knownn that this variance is estimated optimally (i.e. minimum variance unbiased) 
byy the sample variance of the sample means: 

s;=Ai(*.-x . . ) 22 (4.4) 
KK — 1 |= i 

withh X = Zt X,/k the overall mean (k is the total number of batches; k=30 in Table 
4.1).. A disadvantage of this estimator is that it is sensitive to outliers, shifts and 
trendss in the sample means. An alternative to Sb is the mean of the moving 
ranges: : 

MRR = - 1 - £ | X , - X < M ) . | . (4.5) 
kk  - 1 1 = 2 

Thenn MR/d2 is an unbiased estimator of V(ab
2 + Zj Zj a/n2), where the constant d2 

== 1.128 is the expected value of the range of two independent standard normal 
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variabless (Pearson and Hartley, 1954; Table 20). The relative efficiency of MR/d2 

iss approximately 61% (Roes et al., 1993) when the model is true. But this 
estimatorr is also more resistant to outliers, shifts and trends, as Harding et al. 
(1992)) showed. For many practical situations, the gain in robustness is good 
compensationn for the loss in efficiency. 

ControlControl  chart  for  a linear  contrast 

Ann unbiased estimator of the linear contrast y (equation 4.2) is 

Ctt = XCjX, (4.6) 

orr in matrix notation: Ct = 0%. This is the appropriate statistic to use in a control 
chart.. To determine the control limits, the variance of this statistic (cTSc) must be 
estimated. . 

Forr the special case S = ae
2l Roes and Does (1995) studied four statistics for 

estimatingg the standard deviation of the contrast: 
(1)) the root mean squared error from the analysis of variance; 
(2)) an alternative based on moving ranges; 
(3)) the moving range applied to each contrast separately; and 
(4)) the pooled moving range of all contrasts monitored. 

Underr the conditions of model (4.1) the first statistic is most efficient. The second 
statisticc has a relative large sample efficiency of 61% when the model is true. The 
efficiencyy of the third statistic is rather poor, although the robustness is much 
better.. The last statistic combines the robustness of the third statistic, but has 
betterr effciency than the latter. With the simplicity of this statistic kept in mind, it is 
thee one preferred by Roes and Does. 

Theree are essentially only two directions for estimating the standard deviation of a 
contrastt in the general situation ( I unknown): 

(1)) estimate I directly, e.g. by the sample variance-covariance matrix S; 
(2)) estimate the standard deviation (V cT£c ) of a contrast directly. 

Solutionn (1) will be quickly discarded, however, because it requires estimation 
off V2n(n+1) unknown parameters. Estimating the variation of a contrast directly 
bringss us back to the familiar case of a control chart for individuals; for reasons 
off robustness we prefer the moving range method. 
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CaseCase illustration 

Too illustrate these control charts, control limits were calculated from the data of 
Tablee 4.1. The basic assumptions of model (4.1) were checked by means of a 
normall probability plot of the residuals. The parameters of interest are: 

(a)) the mean u, to control the average thickness of a batch; 
(b)) the difference between inner and outer circle: y, = - V^w, - 1/2W2 + w5; 
(c)) the difference on the middle circle: y2 = w3 - w4. 

Itt is easily verified that y, and y2 are indeed orthogonal contrasts. As described in 
Sectionn 4.2 both contrasts are the result of a principal components analysis of 
twoo weeks measurements of full batches, and physical explanations for these 
components. . 

Thee batch mean Xt. measures whether or not the average thickness is constant. 
Out-of-controll conditions on the mean can be resolved by adjustment through a 
controlcontrol knob, regulating the resulting average thickness. Figure 4.1 is actually the 
controll chart of the batch means of the data from Table 4.1. 

Thee investigation period of two weeks indicated a large and persistent difference 
betweenn the inner and outer circles. The reason for this is a small but 
unavoidablee displacement of the grindstone relative to the grinding table, and 
smalll differences in horizontal positions of the wafers. Out-of-control conditions 
mayy be caused by a change in this displacement, but more likely by the 
accumulationn of dirt which, as a result of grinding many batches, deposits on the 
grindstonee and/or the plane were the wafers are positioned. The control chart for 
thee contrast y, is a graph of the statistic C1t = - !4Xt1 - ViX^ + Xt6 versus t, and the 
controll limits are based upon the mean moving range (Figure 4.4). 

o o 

L--
u u 
k. . 

o o 
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s s 

u u = = 
<u <u 
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12 2 
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6 6 

i i 

0 0 

-3 3 
11 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 

Batch h 

FIGUREFIGURE 4.4. Control chart for difference between inner and outer circle 

Thee final important contrast turned out to represent the differences within the 
middlee circle, although these differences contributed only a relatively small part of 
thee total variation. Out-of-control conditions on this difference are harder to 
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pinpoint,, but they do lead quite often to different technical adjustments of the 
grinderr (such as adjustments of spin speed, or oil pressure). The control chart of 
Figuree 4.5 obviously monitors contrast y2 through the statistic C^ = Xt3 - X,4. 

o o 
1--

TJ J 

B B 
a a 

J5 5 

? ? 
O O 
u u 
s s 
i --

la a 
Q Q 

6 6 

< < 
00 -

-1 1 

-6 6 

-99 . 

-1? ? 

UCL L 

LCL L 

11 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 

Batch h 

FIGUREFIGURE 4.5. Control chart for difference within middle circle 

Sincee the mean and contrasts are constructed to be orthogonal, the charts are 
independentt and can be judged simultaneously. Moreover, each chart is linked to 
specificc out-of-control conditions, as described above, which provides a good 
guidee in identifying the causes. The control chart of Figure 4.1 indicates a stable 
meann thickness. From Figure 4.4 we suspect an out-of-control situation in the 
finall batches. This will be confirmed when a well-known complementary run rule 
iss applied, that a signal is issued when two out of three measurements are close 
too the control limit (see Chapter 5 for more details). The difference between the 
innerr and outer circle appears to have been increased by a special cause. It 
turnedd out that grindings kept sticking to the grindstone at this point. This leads, 
ass it usually does, to a sudden shift in the difference between inner and outer 
circle.. Either dressing the grindstone or replacing it (if dressing is not sufficient 
anymore)) can solve this problem. From the control chart of Figure 4.5 we 
concludee that the difference within the middle circle apparently went out of control 
att batches 13 and 23, and nearly so at batch 8. In these batches the wafer from 
positionn 18 was thicker than the wafer from position 19, which is usually not true. 
Thiss might well be an accidental interchange of the two wafers - which happens 
easily.. But it can also point to more serious problems, such as changed horizontal 
positionss of the wafers due to dirt. Then a clean up of the system is called for. 

4.3.2.. Contro l chart s of principa l component s 
Thee data from Table 4.1 can also be viewed as 30 individual five-dimensional 
observations,, with each observation corresponding to a batch. Following the 
approachh of Sullivan, Woodall, and Gardner (in their discussion of Roes and 
Does,, 1995), the first step is to check for the presence of scattered outliers, and 
forr shifts and trends in the underlying mean vector. For the detection of 
multivariatee outliers a stalactite chart, introduced by Atkinson and Mulira (1993), 
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wass highly recommended. The stalactite chart is an iterative procedure that uses 
thee Mahalanobis distances of observations. For detecting a shift or a drift in the 
meann vector, Sullivan et al. make use of a multivariate cumulative sum 
(MCUSUM)) test (Sullivan, 1994), which is much more useful for this purpose than 
thee more familiar Hotelling's T2 chart (Sullivan and Woodall, 1996). The 
retrospectivee MCUSUM chart plots for each observation the squared 
Mahalanobiss distance of the accumulated deviation from the overall mean vector. 
Thee covariance matrix is estimated by one-half times the covariance matrix of 
differencess of pairs of successive observations, an idea that was initially 
suggestedd by Holmes and Mergen (1993). From the MCUSUM chart it follows 
thatt there is no sustained shift or drift in the mean vector (which is confirmed by 
thee lack of such a pattern in the multi-van' chart in Figure 4.3). And the stalactite 
chartt detected observations 8,13,21,23 and 30 as possible outliers. 

Thee second step in the approach of Sullivan et al. is the determination of the 
principall components to be charted. Since they want to base the components on 
aa stable process, the potential outliers are omitted from these estimates. The first 
threee principal components correspond closely to the three variables Roes and 
Doess used for monitoring the process. The remaining two principal components 
weree also considered, even though these contributed less than 3% to the total 
variation.. The final step of Sullivan et al. is to make control charts of all estimated 
principall components, with control limits based on the familiar moving range 
methodd for individual observations (with the data of the five potential outliers 
againn omitted); see Figure 4.6. 

Thee first three charts closely resemble the control charts of Figures 4.1, 4.4 and 
4.5.. The last two charts capture most of the unusual nature of the (potential) 
outliers.. The interpretation of the corresponding components is a problem, 
however,, as Roes and Does (1995) demonstrated in their reply to the analysis of 
Sullivann et al. Moreover, the operators on the shop floor have no tool to react 
adequatelyy on an out-of-control signal. It is interesting, however, that the outliers 
showw up so clearly in the components that contribute only a few percent to the 
totall variation of a stable process. In the next section we will discuss this further. 

Sullivann et al. concluded that their method provides a reasonable alternative to 
thee method of Roes and Does, with similar interpretability. Furthermore, they 
arguedd that their method has additional advantages of simplicity and familiarity. 
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FIGUREFIGURE 4.6. Control charts of five principal components 

4.3.3.. A multivariat e contro l char t based on the contrast s 

Wierdaa (1994) provided yet another analysis of the data of Table 4.1. He 
acceptedd the results of the initial study of Does and Roes that only three 
parameterss are of interest: (1) the overall average thickness, (2) the difference 
betweenn the inner circle and the outer circle, and (3) the difference on the middle 
circle.. He especially recognises the importance of the interpretability of these 
parameters.. The above three variables constitute a three-dimensional vector. To 
testt the hypothesis that the mean vector is constant over the 30 batches, Wierda 
usedd Hotelling's T2 chart. To estimate the covariance matrix and to obtain the 
upperr control limit, he created 15 rational subgroups of two successive batches. 
Thee within-rational-subgroup variation was used to estimate the covariance 
matrix.. The resulting T2 chart (Figure 4.7) clearly indicates a signal for the 15th 

newlyy created rational subgroup, corresponding to batches 29 and 30. 

Thee univariate approach of Subsection 4.3.1 led us also to the conclusion that the 
processs went out of control at one of the last two batches. Dust that kept sticking 
too the grindstone was responsible for a signal in the chart of the difference 
betweenn the inner and outer circles. Consequently, Wierda repeated the 
proceduree with batches 29 and 30 omitted, but now based on the common 
covariancee estimator S. The corrected T2 control chart indicates that batch 13 is 
outt of control, while the value of batch 23 is rather high. A problem remains that 
furtherr analysis is necessary before an operator knows which variable (or 
combinationn of variables) is responsible for the signal, and how an out-of-control 
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situationn might be resolved. However, several diagnostics - normalised error plots 
andd contribution plots - have been developed to guide engineers and operators in 
assigningg causes (see e.g. Kourti and MacGregor, 1996). Based on the fact that 
thee three variables have only small correlation coefficients, the conclusion of 
Wierdaa was that the use of three univariate control charts (as in Subsection 4.3.1) 
wouldd be sufficient in this particular case. 

Batch h 

FIGUREFIGURE 4.7. T control chart based on contrasts 

4.3.4.. A multivariat e contro l char t based on all data 

Ann alternative to Wierda's approach is (see e.g. Kourti and MacGregor, 1996) to 
startt with a principal components analysis; the significant components are 
retainedd to obtain Hotelling's T2 statistic. The space defined by the corresponding 
eigenvectorss is called the projection space. The squared perpendicular distance 
off an observation from the projection space, the squared prediction error (SPE) 
measuress the contribution of the components that have not been utilised. 
Multivariatee SPC consists of two charts, the T2 chart to monitor whether the 
processs is still within the normal operating region in the projection space, and the 
SPEE chart to check whether the distance from the projection space is still 
acceptable.. In the discussion of the paper of Does et al. (1999b) Nijhuis (1999) 
usedd this approach on the data of Table 4.1. He decided that a two-dimensional 
subspacee is sufficient to describe the variation adequately. His T2 chart gives no 
signals,, but the V SPE chart signals eight out-of-control measurements: apart 
fromm the well-known batches 8, 13, 21, 23 and 30, also the batches 2, 5 and 28 
aree flagged. 
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4.4.. DISCUSSION 

4.4.1.. A compariso n of the fou r method s 

Thee use of the univariate charts and corresponding OCAPs has accomplished 
thatt the mean thickness of the wafer grinding process is now on target, and that 
thee variability of the three important variables has been considerably reduced (by 
aboutt 30%). Not only are the control limits tighter, but the mean levels of both 
contrastss are also consistently closer to zero, reflecting that several 
improvementss resulted in a better process. The reject rate decreased from 3% to 
0.1%,, which is equivalent to cost savings of 500,000 Dutch guilders per year. The 
remarkablee fact is that no new equipment was needed to accomplish this result. 
Inn the old situation the standard textbook X-R-chart was used, but owing to the 
systematicc within-sample variation the limits in the X-chart were too wide, so 
operatorss reacted too late. Moreover, the R-chart hardly ever signalled too much 
variation.. Finally, since the process variation appeared to be so high, the 
operatorss steered on thickness above the target, because too thick wafers can be 
repaired. . 

Thiss huge improvement was made possible by the use of the simple but correct 
controll charts of Roes and Does (Section 4.3.1). However, any other method 
incorporatingg the within-sample correlation of the sample data might have given 
betterr results. The main advantage of the univariate control charts is that an 
operatorr can immediately address out-of-control situations; all other methods lack 
thiss feature. The characteristics we monitor are firmly rooted in the physical 
naturee of the process, and signals in the control charts can be linked to special 
causess of variation. The corresponding OCAPs lead then to the way to solve the 
problemm as quickly as possible. Both the charts of the principal components of 
Sullivann et al. and especially the multivariate charts of Wierda and Nijhuis need 
furtherr analysis when an out-of-control signal is given. The strength of Does and 
Roes'' method is that this analysis has already been done in a process 
characterisationn phase, a combined effort of process engineers and operators, 
andd that the results are reflected in specific control charts and OCAPs, which are 
instantaneouslyy applicable by operators. 

Inn the case of the grinding process the univariate approach gives out-of-control 
signalss at batches 13, 23 and 30. Sullivan et al. get additional signals at batches 
88 and 21; for these signals the last two principal components are responsible. 
Theirr first three components closely resemble the three contrasts of Roes and 
Does,, and the same batches are flagged. Wierda confines his T2 chart to the 
threee contrasts of Roes and Does, and gets signals at batches 13 and 29/30. It 
appearss that the simple univariate charts are at least as sensitive as Wierda's 
multivariatee chart. This result is not really surprising, because Wierda based his 
chartt on the three orthogonal variables from the initial principal components 
analysiss of Roes and Does. If all measurements of a sample were included, 
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however,, then the "P statistic would have been badly influenced by the strong 
collinearityy in the covariance matrix. The reduction of the dimensionality solved 
thiss well-known problem. The many signals from Nijhuis' "residuals" chart (as the 
VV SPE chart might be seen) are a strong indication that his model is limited. 

Thee five charts of the principal components add some extra power. This extra 
powerr needs some more investigation, as Roes and Does (1995) did in their 
replyy to Sullivan et al. (note that Roes and Does' alternative 4th component is not 
orthogonall to the component estimating parameter y,). Rather than investigating 
thee meaning of the identified components, we prefer to use one more chart for 
additionall variation. 

4.4.2.. A contro l char t for the remainin g within-subgrou p variatio n 

Assumee that the n-dimensional vectors C i , . . . , ^ constitute a set of orthogonal 
contrasts.. Then {l.c , c^} is an orthogonal n-dimensional set of vectors (1 is 
thee unit vector). Any n-dimensional vector X can uniquely be written in the form: 

XX = p01+p1c1 + ... + pn.1c,,1 (4.7) 

withh the p's satisfying: 

p00 = 1TX / n and § = c / X / c / c , 0=1 n-1) (4.8) 

Noww suppose that only the unit vector and the first p contrasts would be used for 
describingg X. Then the difference between the X and the projection of X would be 
pp^Cp^^ + ... + P^c^ and the squared perpendicular distance of X from the 
projectionn space is 

(«V/Cpn)) P^2 + ... + ( C p / O p^2 = 

( c ^ VV « W X)2 + - + (c . , /0- 1 (c„-i T X)2 (4.9) 

Thiss is in fact the squared prediction error (SPE), mentioned in Subsection 4.3.3. 
Iff the vectors 1 and c1t...fcp are the significant eigenvectors of the variance-
covariancee matrix of X, then it may be assumed that the averages of p ^ Pn., 
willl be zero. The contrasts of Roes and Does (1995) will in general not fulfil this 
condition,, however, and the averages of p ^ , . . . ^ may be systematically 
differentt from zero. A suitable alternative to (4.9) is therefore the following 
expression: : 

( V / c ^ )) ( p^ - Pp.,0)2 + ... + ( C O (ft* - P.,0)2 (4.10) 

withh p^V-Pn-i0 the in-control values of Pp., p^. Expression (4.10) is invariant 
forr the particular choice of the contrasts c ^ c^ (as long as they span the 
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samee subspace - a proof of this elementary result from linear algebra is given in 
thee Appendix). The expected value of (4.10) is: 

V / E c ^^ / v / c ^ +... + c^/Sc,, / c / c , * (4.11) 

Underr model (4.1) with I = ae
2l the expression in (4.10) has a c^Vn-p-i-distribution 

andd the expectation of (4.11) reduces to (n-p-1)<Te
2. The distribution of (4.10) is 

veryy complicated in the general situation. We advise therefore to chart the square 
rootroot of the expression in (4.10) in a control chart for individuals, and use the 
movingg range method to calculate the control limits. For retrospective control 
chartss fy0 might be replaced with its observed average in expression (4.10). 

Insteadd of (4.10) Does et al. (1999b) suggested a chart based on 

V(<ViTCp«)) IPPM " l + - + ^ „ . / O |pfr1 - (V,0! (4.12) 

AA major disadvantage of this statistic (designed as a kind of analogue to the 
statisticc for the conventional R-chart) is that it depends on the choice of the set of 
contrasts.. This is clearly not desirable. 

Forr the wafer grinding case Roes and Does (1995) defined two contrasts to 
describee the interesting within-sample structure: y, = - 1/£w., - !4w2 + w5 and y2 = w3 

-- w4 (Subsection 4.3.1). With two other orthogonal contrasts the residual within-
samplee structure can be described. Two simple contrasts are p, = w^ - w2 and p2 

== w: + w2 - 1.5 w3 - 1.5 w4 + w5. Contrast p1 describes the difference within the 
outerr circle, while contrast p2 denotes the difference between the middle circle 
andd the combination of outer and inner circle. The estimates of these contrasts 
aree R1t = X,, - X^ and Ra = X^+ X^ - 1.5 X^ - 1.5 X,4 + X^. In expression (4.10) 
wee substitute the in-control values of the fy's with their estimates from Table 4.1: 
(R,, =-2.20 and R2 =-12.42). 

SPEtt = (R,, - RJ72 + (Rs - R2)
2/7.5 (4.13) 

Thee control chart of V SPE is shown in Figure 4.8 (with control limits based on the 
movingg ranges). It does not give out-of-control signals. This might be further 
evidencee of the fact that Sullivan et al. are too sensitive in employing the least 
importantt principal components as well, but the fact is that we don't know whether 
orr not the process was out-of-control. We do know, however, that from an 
engineeringg point of view the signalled samples are hard to link to a special 
cause. . 
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FIGUREFIGURE 4.8. Control chart for random within-sample variation 

4.4.3.. Other case studie s 

Modell (4.1) is valid in several multivariate problems. In this subsection we very 
brieflyy give two other examples, both from Philips Semiconductors in 
Stadskanaal.. The first example deals with the process of glass deposition and is 
describedd in more detail in Does, Roes and Trip (1995). So-called glass bead 
diodesdiodes are passivated (or isolated) by glass beads, that are deposited on 48 
productss simultaneously. The products are placed in a holder, and once per shift 
aa rational sample of products from one holder is used for process control: two 
productss are taken from the left-hand side of the holder, two from the right-hand 
sidee and three from the middle. A thorough investigation of the correlation 
betweenn the measurements showed that three components were sufficient to 
describee the data, because most of the variation was known if one knew the 
averagee of groups of products on the left, in the middle and on the right. This was 
translatedd into an average diameter, the difference between left and right and the 
differencee between the outer positions and the middle. Each of these 
componentss corresponds with specific special causes. The variation within these 
groupss could then be used to control the random within-sample variation. 

Thee second example is described in more detail in Does, Roes and Trip (1999a) 
andd deals with the process of silver evaporation. One of the components of a 
diodee is a molybdenum stud. This stud needs a small silver layer for two reasons: 
(1)) to be able to solder the stud to the copper lead; (2) to improve the electrical 
characteristicss of the diode. The thickness of the layer is critical, and therefore the 
processs of silver evaporation is controlled by SPC. In every evaporation batch, 
twoo copper slices are included, one near the bottom of the evaporation system, 
thee other near the top. The thickness of the silver layer is measured through an 
X-rayy spectrometer. Owing to poor measurement accuracy, each measurement is 
repeated.. Thus for each batch a rational sample of four measurements is 
obtained.. Two components describe in this situation most of the variation, 
essentiallyy the layer thickness at the top of the system and the thickness at the 
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bottom.. This was translated into two components: the average thickness and the 
differencee between top and bottom. The remaining within-sample variation, to 
whichh measurement variation contributes heavily, is controlled by a statistic 
representingg the variation within the repeated measurements. 

Inn our practice we encountered the model defined by equation (4.1) very often. It 
mustt surely be more common than the situation described in the standard 
textbooks.. We therefore strongly recommend the use of the methods that are 
describedd in Section 4.2 and Subsections 4.3.1 and 4.4.2 to set up a system of 
controll charts. These control charts are easy to use and lend themselves to 
immediatee problem solving if an out-of-control signal is issued. The other 
methodss we reviewed defy this very important feature. Our strong preference is 
thereforee to characterise the process extensively before setting up control charts, 
inn order to simplify the diagnosis once an out-of-control signal is given, and 
immediatee correction is called for. 

Theree will occur situations, however, not lending themselves to a description in 
thee form of model (4.1). Principal components that cannot be directly linked to 
speciall causes are not suitable on the shop floor. Thus, if engineering diagnostics 
iss absolutely unavoidable after a signal, then a multivariate control chart with 
diagnosticc tools to pinpoint the cause of the disturbance is preferable. This 
methodd has the additional advantage that the type I error will be better controlled. 
However,, we do not consider this a major point, since the 3a limits of control 
chartss have more an economic than probabilistic character. 

APPENDIX X 

Thee proof that expression (4.10) is invariant for the particular choice of the set of 
contrastss requires a little bit of algebra. 

Considerr an alternative set of orthogonal contrasts {d(H.1,...,dn.1}, spanning the 
samee subspace as the orthogonal set {c^,...,cn..,}. Then d, = E^c^i = p+1 n-
1).. Because d, and dj are orthogonal (i # j), the following condition on the t,( holds: 

d,Tdjj  = {SAA)T(Z,Vc,) = SEfcWc . = IMP** = 0- (4-14) 

Iff p  = CjTX  / c,TCj (for some vector ) then expression (4.10) can be rewritten 
as: : 

(«Wvi )) ((Vi - 2 + - + ( C n / o (ft * - p.;) 2= 
Eii c^X-OC'HX-Xyc, / c,Tc,. (4.15) 

Forr the set of contrasts { d ^ d^} this expression would have been: 
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££ d^X-X^X-XTd , / d,Td, = Z, CB.WpCJCXX-^q , / Itfc TcJ . (4.16) 

Usingg (4.14) it can be shown that the right hand side of (4.16) equals zero when 
jj * k, and that it equals (4.15) when j = k. 
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