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Chapterr 6 

Randomm Walks 

Inn this chapter we will introduce the basic random walk. The stereotypical exam-
plee of a random walk is that of the Drunkard's Walk, where a drunken vagrant, 
startingg from Times Square, wanders the streets of Manhattan aimlessly and to-
tallyy at random. The behavior of this famous alcoholic has been studied in many 
paperss [25. 32]. One of the mort*  interesting aspects of this stochastic process is 
thatt it lias the property of recurrence. It can be shown that, given enough time. 
thee drunkard is certain to return to Times Square eventually. Indeed, even if we 
extendd Manhattan to some hypothetical infinite city (preserving the characteris-
ticc street pattern, of course), not only is the drunkard certain to return to Times 
Square,, but eventually he wil l visit each and every corner of the city infinitely 
often.. Or to be exact, the probability of his doing so is equal to 1. 
Wee wil l start this chapter by reviewing notat tonal conventions, defining the non-
reinforcedd random walk and giving several characterizations of recurrence for this 
walk.. Next we will introduce such basic concepts as martingales, stopping times 
andd harmonic functions, and show how martingales naturally arise from random 
walks.. Finally, we wil l characterize recurrence of non-reinforced random walks on 
graphss in terms of the existence of certain superharmonic functions on the vertices 
off  these graphs, and give several examples of the application of these theorems 
too specific graphs. This chapter presumes some basic knowledge of graph theory 
andd probability theory, but an effort has been made to make it as self-contained 
ass possible. 

6.11 The Non-Reinforced Random Walk 

6.1.1.. REMARK. In this dissertation, random walks are always considered to 
liee walks on the edges of weighted graphs with finitely or count ably infinitely 
manyy vertices. We will assume that any given graph is connected, that there are 
noo " edges of weight {), and that each vertex has only finitely many 
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neighbors.. To avoid needless notational complications we will also assume that 
anyy given graph is countably infinite, and simple (i.e. without loops or parallel 
edges)) unless explicitly stated otherwise. 

Thee reader is invited to verify for him- or herself that all definitions, proofs and 
resultss in these chapters can easily be extended to non-simple graphs. Indeed, the 
generalizationn to non-simple graphs of Lemma 8.3.4 will be used in the proof of 
Theoremm 8,3.9. However, since this extension does not add anything conceptually, 
andd since it is convenient to be able to denote edges and arcs by their endpoints. 
wee will concern ourselves with simple graphs, and postulate generalizations to 
non-simplee graphs when necessary. 

NOTATION.. We denote a weighted graph G as G = (V. E. w), where T and E are 
thee sets of vertices and edges of G. and w : E —> #?>o is its weight function. Edges 
aree denoted by their endpoints. as in 'the edge uc'. Note that ue and vu denote 
thee same edge. Whenever the order of the vertices is important (for instance, 
whenn we want to indicate the direction in which an edge has been traversed), we 
usee arcs (oriented edges), denoted as in 'the arc 1É'. instead of edges, y and v 
aree called the tail and head of ïït. respectively. 
Somee other notational conventions: 

 and v are used for vertices. 

 Nc(v) denotes the neighbor set of a vertex v in a graph G — (V. E, w), i.e. 
thee set of vertices u such that uv £ E. 

 wc(v) denotes the total weight £MeAr(«) w(vu) of the edges adjacent to v. 

 pc(t') denotes the degree of v in G, i.e. the number of adjacent edges. 

 da{v- u) denotes the distance in G between the vertex v and the vertex u 
(i.e.. the number of edges contained in the shortest v — u path in G). 

 da(v. F) denotes the distance in G between a vertex v and a vertex-set F. 

Thee index G is omitted when no confusion is possible. 

AA random walk is a stochastic process of traversing the edges of a graph, where, 
eachh time a vertex is reached, the random walk continues over a randomly se-
lectedd adjacent edge. Specifically, the non-reinforced random walk on a graph 
GG — (V*. E, u') starting at a vertex v0 e V'. is the following stochastic process: 

 We start with the vertex v0. 

 Next, we randomly pick an edge r0*'i £ E that connects CQ with some 
otherr vertex rj € V'. All candidate edges have a probability of being picked 
proportionall  to their weight. The random walk is said to traverse the edge 
VQV\.VQV\. and to visit the vertex (*] at time 1. 



6.1.6.1. The Non-Reinforced Random Walk 55 5 

Figuree 6.1: The first few steps of a random walk on the square lattice on Z1. 

 Next, we randomly pick an edge V\V2 € E that connects V\ with some other 
vertexx > € T. in the same manner as in the previous step. 

 Continuing in this manner, we obtain a path VQV\V-2.V$ . . .. 

Moree formally. 

6.1.2.. D E F I N I T I O N. A non-reinforced random, walk on a weighted graph G = 
(V.. E, w) is a series of stochastic variables r0. V\.... € \' such that for any time 
tt e IN. 

mm *ueN(vt) 
00 otherwise 

P{vP{vt+1t+1 = u I T{) = (6.i; ; 

wheree Ti denotes the rr-algebra of the history up to time t. Xote that by our 
assumptionss on graphs. N(v) > 0 for all v € V. 

NOTATION.. VI always denotes the location of the random walk at time t. Some-
timess we write VQI^VO... for the random walk itself. Throughout these chapters 
.$$ and / are used for (integer) times, and the use of / as a subscript indicates a 
(stochastic)) variable whose contents changes over time (such as vt). 

6.1.3.. DEF IN IT ION. A realization of a random walk is said to be recurrent if 
everyy vertex is visited infinitely often, and transient if every vertex is visited only 
finitelyfinitely  many times. 

Thee question we are mainly concerned with in these chapters . is under what 
conditionss a random walk is recurrent almost surely (i.e. with probability 1). For 
non-reinforcedd random walks we have the following observations: 

6.1.4.. LEMMA . Let G = {V,E,w) be a weighted graph, and consider the non-
reinforcedreinforced random, walk on G starting in a vertex UQ. Then, depending on G. the 
randomrandom walk is either almost surely recurrent or almost surely transient. 
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Proof f 
Wheneverr the random walk is at t'o. there is a probability p that v0 is revisited at 
somee later time. The probability that the random walk will revisit i'0 at least n 
timess is exactly pn. Hence, if p — 1 then almost surely i'0 will be visited infinitely 
often,, and if p < 1 then almost surely v0 will be visited only finitely often. 
Iff  two vertices u. u' €. V are neighbors in G', then whenever u is visited, there is 
aa probability p' > 0 that the next, vertex visited will be u'. It follows that 

P(uP(u is visited infinitely often and a' only finitely often) = 0 (6.2) 

Byy induction on dc(u. u') we can show that the same holds for any two vertices 
u.u'u.u' e V'. The result follows. 

D D 

6.1.5.. LEMMA . Let G — (V.E.w) be a weighted graph. F C V a finite set. of 
verticesvertices ofG. and v £ F. Then the following are equivalent: 

(i)(i)  Any non-reinforced random walk on G is almost surely recurrent. 

(ii)(ii)  The non-reinforced random walk on G starting in v is almost surely recur-
rent. rent. 

(in)(in) The non-reinforced random walk on G starting in v returns to v almost 
surely. surely. 

(iv)(iv) Any non-reinforced random walk on G visits F almost surely. 

Proof f 
)) => (('/) and (ii) =>  (Hi) are obvious. 

Iff  we assume {iv) does not hold, then for some u € V, the non-reinforced random 
walkk starting in u will not almost surely visit F. Since there is a path between 
vv and u. the non-reinforced random walk starting in r will visit u with positive 
probability,, and hence will not almost surely return to t\ and fiii ) fails. 
Finallyy assume (iv) holds. Then starting at any vertex u € V. F is visited almost 
surely.. After this first visit F is almost surely visited again, and repeating this 
processs we find that F is almost surely visited infinitely often. Therefore the non-
reinforcedd random walk starting in u is almost surely not transient, and hence by 
Lemmaa 6.1.4 almost surely recurrent, proving (i). 

D D 

6.22 Random Walks and Martingales 

Ourr major tools for showing recurrence of random walks will be the concept of 
martingalesmartingales and the Optional Stopping Theorem. 
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6.2.1.. DEF IN IT ION. A series of stochastic variables (A/ f) /eA- is called a martin-
galegale if for all t € A \ 

MMtt = E{Mt+l  | ƒ-,) (6.3) 

wheree £ ( : l ^+ 1 | T{) denotes the expectation, at time t. of the value of Mt+\. 

6.2.2.. DEF IN IT ION. A series of stochastic variables (JU,)feZV is called a super-
martingalemartingale [submartingale] if for all t £ A'. 

MMtt>[<]E(M>[<]E(M t+lt+l  \Tt) (6.4) 

It.. is easy to see that if M is a martingale, then E(Mt) — M0 for any time t e A \ 
Thee Optional Stopping Theorem for Martingales basically states that the same 
holdss for the expectation of the value of the martingale at times which are defined 
inn terms of states or conditions, such as the first time at which the value of the 
martingalee is < 0 or > 100. To state the theorem, we need the concept of stopping 
times. times. 

6.2.3.. D E F I N I T I O N. A stopping time is a stochastic variable r. taking values in 
iVV u {oc} , such that for all t € A r. {r  = t]  e Tt. 

Stoppingg times are usually defined in the manner of  Llet r be the first time at 
whichh some condition holds'. Often we are only interested in the course of a 
randomm walk up to a certain event, such as its first visit to some given vertex. In 
thatt case we write 'the random walk which stops at time r \ or sometimes simply 
'thee random walk which stops as soon as some condition holds'. 

6.2.4.. T H E O R EM ( O P T I O N AL S T O P P I NG T H E O R EM FOR MARTINGALES). Let 

MMtt be a martingale [supermartingale. submartingale] and r a stopping time such 
thatthat r < oc almost surely. If Mt is bounded [bounded from below, bounded from 
above]above] for t < r. then 

\k\k = [>.<]E(\I T) (6.5) 

andand more generally 

Mt,Mt, = \>,<\E{M T | ƒ"(„) (6.6) 

ifh<r. ifh<r. 

Kakutani[26]]  found that random walks give rise to martingales naturally, if we can 
findd a function on the vertex-set of the graph with the property of harmomcity: 

6.2.5.. DEF IN IT ION. Let G — (V.E. w) be a weighted graph, and let h : V' -> R 
bee a function. We say that h is harmonic [super harm.omc:. subharmonic] on a 
vertex-sett V' C V' if for all v € V'. 

Mr )) = [>.<] Z M « J ^  (6.7) 
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or.. equivalently. 
Y.Y. tr(ru)j\h(iii) = ) (G.8) 

u€.V(>.) ) 

wheree ,\h(cfi) denotes hlu) — h(r). 

6.2.6.. LEMMA . Let G - (\\ E. ir) be a weighted graph, and let h : \' —> JR be a 
harmonicharmonic [superharmonic.siibharmonic] function on a. subset V C V. Consider 
aa non-retnforced random walk on G. and define 

^^  = é( Ah{v]) ^; ,,er'  (6.9) 
^-^^ U otherwise 
r=or=o  < 

forfor t € A'. Then M i.s a martingale [superrnartrngah'. subrnartrngale]. Further-
more,more, as long as V -]''  has not yet been visited. 

M,M, = hi'-t) - h(vu) (6.10) 

Proof f 
Iff  i', G T - V then .V,-] = Mt. otherwise 

UtUt  A/, + —!—  E tu)uivtu) (6.11) 

==  M > + E P(vt+i=u\F t)*L h(vtu) (6.12) 

-- E(Mt+l  \Tt) (6.13) 

D D 
Thee proof of the final statement is trivial. 

Moree about martingales may he found in [24]. 

6.33 Recurrence and Superharmonic Functions 

Now.. if h is a superharmonic function on (a subset of) the vertex-set \' of a 
graphh G then the Optional Stopping Theorem for Martingales places bounds 
onn the expected values of h(i't). We can use this to characterize recurrence of 
randomm walks in terms of the existence of superharmonic functions with certain 
properties. . 

6.3.1.. DEF IN IT ION. Let G = (V. E, LV) be a weighted graph, and let h : V -> JR. 
bee a function. We say that h(r) goes to infinity if v goes to infinity if 

yr€JR3n&JXyr€JR3n&JX V r eV (do(c0. c)> n => h{r)>r)  (6.14) 

Forr the graphs we are concerned about, in which no vertex has infinitely many 
neighbors,, this is equivalent to the condition that 

forr each r e I?, { r G V ] h(v) < r]  is finite (6.15) 



6.3.6.3. Recurrence and Superharrnonic Functions 59 9 

6.3.2.. THEOREM. Let G — (X'.E.w) be a weighted graph. Then non-reinforced 
randomrandom walks on G are almost surely recurrent if there exists a function h : V ~^ 
J7?? satisfying 

1.1. h is superharrnonic everywhere except on some finite set F. 

2.2. h[v) goes to infinity if v goes to infinity. 

Conversely,Conversely, if non-reinforced random walks onG are almost surely recurrent, then 
aa function h as above exists, and F may be chosen to be an arbitrary non-empty 
finitefinite set. 

Proof f 
Firstt assume such a function h exists. Then h is bounded from below. We may 
assumee without loss of generality that h > 0. So consider the random walk, 
startingg at an arbitrary point VQ £ V". By Lemma 6.1.5. it suffices to show that 
FF wil l be visited almost surely. Let Mf be the martingale from Lemma 6,2.6. and 
let.. for r > 0 the stopping time rr be the first time at which the random walk 
leavess the finite set of vertices {v e V \ v £ F A h(v) < r}. 

Byy Lemma 6.1.4, almost surely the random walk is either transient or recurrent. 
andd in both cases the random wralk visits infinitely many vertices. It follows that 
rr rr < OG almost surely. Furthermore. Mt — h(vt) > 0 for / < T. Hence we can use 
thee Optional Stopping Time Theorem to obtain 

MMQQ > E(MTr) > (1 - P(vTr £ F))r (6.16) 

andd hence P(vTr € F) > 1 - MQ/r for all r > 0. We conclude that P(3t : vt e 
F)F) > 1 - e for arbitrarily small e > 0. and hence the random walk is almost surely 
recurrent. . 
Forr the converse implication. let F C V' be a non-empty finite set of vertices, and 
assumee random walks on G almost surely visit F. Let. for any vertex v e V', rt. 
bee the time that the random walk starting from v first visits F. Then for any 
vertexx v £ V*. rv < oc almost surely. Now set h{v) — E(f{rv)). where ƒ : IV —> 2F? 
iss such that such that ƒ monotonely diverges to infinity and E(f(rv)) is finite for 
alll  r € V.]i  Then h is well-defined, and by the monotonicity of ƒ we have that 
forr veY - F 

h(v)h(v) > E(/(TV~1)) (6.17) 

== £ ^ { / ( r , . - l j | r 1 = t t ) ^  (6.18) 

== L E(f{r„ }]  (6.19) 

13Forr example. f(n) = ininvev (d(i\F) + {P(rv > n ) )- 1 ' 2) can he shown to have these prop-
erties.. Unfortunately E(rv) is not generally finite, or we would not need f. 



60 0 ChapterChapter 6. Random Walks 

== E h(u)-W <6- 2° ) 

Soo /) is superharmonic on V' - F. Furthermore, since starting from a vertex v F 
cannott be reached before time t — d(i\ F). 

h(c)h(c) = E(f(rr)) > f(d(v. F)) - j . oc if v -> oc (6.21) 

D D 

6.3.3.. E X A M P L E. The random walk on the square lattice graph on Z2 with unit 
weightss is almost surely recurrent. 

Proof f 
Lett h:Z'2->]R  be defined by 

ff  log(l/12) if(.r.y) = (0.0) 
h{x,h{x, y) = I log(l/4) if (x. y) = (0. ) or ( j , y) = . 0) (6.22) 

[[  log(x2 + y2 - 1) otherwise 

Thenn h satisfies the conditions of theorem 6.3.2. with F = {(0.0)} . 
D D 

6.3.4.. E X A M P L E. For any n e AT
>0- the random walks on the square lattice 

graphss o n ^ x {1 n}  and Z x (%'jn%) with unit weights are almost surely 
recurrent. . 

Proof f 
Lett h : {% x { 1 . . . n\) -  ̂ lR.be defined by 

h(x.y)h(x.y) = \x\ (6.23) 

Thenn h satisfies the conditions of theorem 6.3.2, writh F = {(0, y) | 1 < y < n}. 
Thee proof for the cylinder lattice Z x (Z/n%) is completely analogous. 

D D 
Interestinglyy enough, the non-recurrence of random walks on a graph can also be 
characterizedd in terms of the existence of certain superharmonic functions. 

6.3.5.. THEOREM. Let G — (V.E.w) be a weighted graph. Then non-reinforced 
random,random, walks on G are not almost surely recurrent if and only if there exists a 
boundedbounded non-constant function h : V" —> 1R that is superharmonic on V. 

http://lR.be
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Proof f 
Firstt assume that such a function h exists. Let t'o, u € V' be vertices with h(vQ) < 
h{u).h{u). By Lemma 6.1.5. it suffices to prove that the random walk starting at the 
vertexx VQ does not almost surely visit u. So consider the random walk, starting 
att the vertex r0. which halts on visiting the vertex u, and assume that it does so 
almostt surely. Then the stopping time r — min{f > 1 | vt. = u} is finite almost 
surely.. By Lemma 6.2.6. the stochastic process \lt — h(vt) is a supermartingale. 
andd by our initial assumption it is bounded. Hence we can use the Optional 
Stoppingg Times Theorem to obtain 

h{vh{v00)) = Mo>E(MT) = h(u) (6.24) 

contradictingg our choice of v and u. 
Noww assume that random walks on G are not almost, surely recurrent. Then there 
aree vertices v0.u € V such that starting at v0. the random walk wil l not almost 
surelyy visit u. Define the function h by 

h(v)h(v) = P{the random walk starting at v wil l reach u) (6.25) 

Thenn h : V —>  [0,1] is bounded, h(vQ) < h(u) — 1. h is harmonic on V' — {u} and 
hh is superharmonic on {«} . 

G G 

6.3.6.. EXAMPLE. The random walk on the cubic lattice graph on 2Z:i is not 
almostt surely recurrent. 

Proof f 
Lett h : Z* -)  [0, 6~1/2]  be defined by 

ftft((JJ"-"-  y< c> = i 2 + 2 ^ u r W 2 ( 6 ' 2 6) 

{x{x11 + yz + zl + b)[/z 

Usingg a truncated Taylor series expansion of ft. we can show that for all x,y, z e 

h(xh(x + \.y,z) + h(x - l.y^z) < 2h(x>y.z) +  J ~ƒ ~ *  /2 (6.27) 
[x[x  + y + z + o J ' 

Analogouss inequalities hold for h(x. y + 1. z) + h(x. y — 1. z) and h(x, y.z + 1) + 
h(x.h(x. y.z — 1). Taking the sum of these inequalities yields the superharmonicity 
inequality. . 

D D 

6.3.7.. E X A M P L E. Let G — {V.E.w) be a weighted graph with V" = {i ,Tl j n e 
%},%}, and E = {vnvn+l \ n e ^ } . 1 4 Then random walks on G are almost surely 
recurrentt if and only if E ^ ^ U / i t ' t ^ ' " * 1 ) ) and ££Lo( l / " ;0-, ni , n + l)) both di-
verge. . 

, 4Thee superscript index vn is used here to avoid confusion with the temporal index i: t. 
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Proof f 
Iff  T,1t=o(l/u:(vnvn + l)) converges to c e IR. then define h : V" -  [0. c] by setting 
h(vh(vnn)) = max(c,'Zf=n{l/uivkvk+1))) for n e %. It is easily verified that h is 
non-constant,, harmonic on V' — {v0} and superharmonic on {v0}. fulfillin g the 
conditionss of Theorem 6.3.5. Likewise for the case that £~ir_:c.(l/

u-'('t'nt,l,+ 1)) 
converges. . 
Noww suppose E ^ - o o O M ^ ' ^1 ) ) and E ^= 0 ( l M ^ ' " + 1 ) ) b o th diverge to DO. 
Thenn define h : V -+ M>0 by setting h(vn) = £ t= i ( l / ï r ( i 'V + 1) ) for n > 0 
andd /;(t;") — Efci-n(l/t(,(t'fc'l 'fe+1)) ^or " < 0- Again it is easily verified that h is 
non-constant.. h(vn) -> ocif n —>  oc or n—> — oc. and ft is harmonic on V' — {v0}. 
fulfillin gg the conditions of Theorem 6.3.2 

D D 
Thee next Theorem is included because it will be used in a later chapter. The 
proof,, unfortunately, is beyond the scope of these pages. A beautiful proof was 
givenn by Doyle and Snell in [25]. 

6.3.8.. THEOREM. Let G — {V. E, w) be a weighted graph such that non-reinforced 
randomrandom walks on G are almost surely recurrent. If G' — (V. E'. w') is a connected 
subgraphsubgraph of G. possibly with lesser weights (i.e. V' c V\ E' C E and for all 
ee £ E'. w'{e) < w(e)), then random, walks on G' are almost, surely recurrent. 


