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In this paper, we consider a dynamic version of the Chung-Lu random graph in which the edges alternate
between being present and absent. The main contribution concerns a technique by which one can estimate the
underlying dynamics from partial information, in particular from snapshots of the total number of edges present.
The efficacy of our inference method is demonstrated through a series of numerical experiments.
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I. INTRODUCTION

Owing to their capability of modeling a broad spectrum of
real-life systems, random graphs have become a key concept
in complex network theory. In various application domains,
they are intensively used, prime examples including physical,
social, economic, biological, communication, and transporta-
tion networks. Arguably, the most fundamental random graph
model is the Erdős-Rényi type, in which each of the vertex
pairs is connected with a given probability, independently of
any other vertex pair being connected.

Classical random graph models represent static objects,
while in many real-life situations the network under study
changes in time. This has motivated the recent interest in
developing dynamic versions of static random graph models,
i.e., random graph models that stochastically evolve over time;
see, e.g., the methodology-oriented contributions [1–6] and
[7–10] for papers in specific application domains. In [11],
various dynamic versions of the classical Erdős-Rényi random
graph are proposed, the most basic one being a mechanism
in which each edge independently alternates between being
present and absent, and where the corresponding on- and off-
times are exponentially distributed. More precisely, in a graph
with N vertices, the edge between each of the N (N − 1)/2
vertex-pairs is alternatingly present for an exponentially dis-
tributed time with mean μ and absent for an exponentially
distributed time with mean λ, where it is assumed that these
N (N − 1)/2 processes are independent.

Another pioneering paper on dynamic random graphs is
[12], considering dynamic counterparts of several static ran-
dom graph models, including the Chung-Lu random graph
[13] and the stochastic block model [14]. The latter two
models have an important modeling advantage: While in the
Erdős-Rényi framework all edges behave statistically iden-
tically, and hence one cannot enforce that there is more

*Also at Korteweg-de Vries Institute for Mathematics, University
of Amsterdam, The Netherlands.

‘clustering’ around specific vertices, the Chung-Lu random
graph and the stochastic block model naturally incorporate
such a heterogeneity. For a more detailed account of the lit-
erature on dynamic versions of existing static random graph
models, we refer to ([12], Sec. 1).

The objective of this paper is to devise, for a dynamic
version of the Chung-Lu random graph, a technique by which
one can estimate the underlying dynamics from partial infor-
mation, in particular from snapshots of the total number of
edges present.

A. Existing literature

In recent literature, there has been an increasing inter-
est in the probabilistic analysis of various types of dynamic
random graph models. Without attempting to give an exhaus-
tive account, we mention a few examples here. In [15], a
theory of graphon-valued stochastic processes is developed,
which lends itself to analyzing specific processes arising from
population genetics. Reference [16] establishes a functional
large deviations principle for the model proposed in [11].
This result facilitates the assessment of the probability of the
dynamic Erdős-Rényi random graph process attaining rare
configurations—the paper [16] thus extends the seminal work
[17] for the static setting to its dynamic counterpart. For ex-
ample, the functional large deviations principle can be used
to quantify the likelihood of observing an unusually large
number of triangles at a given time T ; as a by-product, it
also reveals the most likely evolution of the dynamic graph
leading to this rare event. In [18], a broad class of stochastic
process models for dynamic networks is studied under mini-
mal regularity conditions. We finally mention [19], modeling a
SIR-type epidemic on a dynamic Erdös-Rényi random graph,
with a focus on establishing a law of large numbers.

Another branch in the literature focuses on the estimation
of the underlying stochastic mechanism, based on obser-
vations of the network. As our work primarily pertains to
the Chung-Lu model, we provide a brief overview of such
statistical techniques that are specifically designed for that
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subclass of random graph models. In the Chung-Lu model,
a central role is played by the degree sequence: for any vertex
i = 1, . . . , N there is a target degree di. In the static case,
this concretely means that the random graph is sampled such
that each of these N degree conditions is met in expectation.
In [20], a technique is developed to estimate these di by
observing the per-vertex degrees, one of the key contributions
being asymptotic normality (as N → ∞) of the estimator.
Reference [12] considers parameter estimation in the dynamic
counterpart of the Chung-Lu model. By observing each of the
N (N − 1)/2 edge processes over time, a maximum likelihood
method is developed to infer the parameters underlying the
per-edge dynamics. It is noted that in practice, di is often a
parametrized sequence, i.e., the di are given functions of a
lower-dimensional parameter vector. The quintessential ex-
ample of this is the sequence di = θ (i/N )−1/(γ−1), where the
parameters θ > 0 and γ > 1 define the level of clustering,
and are specific for the network at hand. Notably, this choice
leads to the degree distribution having power-law decay ([21],
page 185). Evidently, other parametrized sequences di can be
thought of as well.

B. Contributions

We proceed by detailing this paper’s main contributions.
As mentioned, the goal of this work is to estimate parameters
pertaining to the mechanism underlying the dynamic Chung-
Lu random graph. We assume that the degree sequences we
work with have a given (parametric) form. At a more detailed
level, the key novelties are:

(1) Our estimator uses a ‘low amount of information,’ in
that we are just given snapshots of the number of edges at K
points in time. We obtain an estimator of the model parame-
ters, based on the method of moments, that we systematically
test through a series of numerical experiments. We empirically
assess whether the estimator is asymptotically normal as the
number of snapshots K grows large; for the specific case of
exponentially distributed on- and off-times and equidistant
sampling, we point out how the parameters of the underlying
multivariate normal distribution are identified (in terms of the
model parameters).

(2) Importantly, our setup has two significant advantages
over the one proposed in [12]. First, whereas we rely solely on
snapshots of the number of edges, [12] requires more detailed
information, specifically the continuous observation of each
individual edge process. (Here, we note that in [12] it was not
assumed that the di followed a specific parametric form.)

Second, while in the mechanism studied in [12] the times
that edges are present and absent are assumed to be exponen-
tially distributed, our techniques can deal with, in principle,
any on- and off-time distributions (from parametric families,
that is). The key observation is that when the snapshots corre-
spond to observations of the total number of edges at Poisson
times, the joint expectation of the number of edges at different
inspection times can be explicitly evaluated, thus facilitating
setting up a method-of-moments-based estimator.

The approach follows, to some extent, the lines of the
one recently developed in [22] for the dynamic Erdős-Rényi
random graph; here it is noted that (i) the underlying dynam-
ics in [22] were substantially simpler, namely corresponding

to a dynamic random graph of the Erdős-Rényi type, and
that (ii) [22] has the simplifying assumption of discrete time
(having the convenient feature that between two subsequent
observations edges cannot change arbitrarily often from being
present to being absent and vice versa). In our work, as was
the case in [22], we assess asymptotic normality as the number
of observations K is sent to ∞, while we do not impose any
conditions on the regime that the number of vertices N is in;
this is in contrast with [20], considering a static Chung-Lu
random graph in the regime that N → ∞.

C. Organization

We conclude this introduction by describing the structure
of the remainder of this paper. First, we present in Sec. II our
construction of the dynamic Chung-Lu random graph model,
and introduce some useful notation. Section III considers
the case that the individual per-edge processes are of on/off
type with exponentially distributed on- and off-times. For
that mechanism, we succeed in setting up an asymptotically
normal estimator for the model parameters for the case that the
number of edges in the graph is observed equidistantly in time.
This procedure breaks down for general on- and off-times. We
consider in Sec. IV an observation scheme in which the num-
ber of edges is recorded at Poisson epochs, under which we
again identify an asymptotically normal estimator. In Sec. V,
we point out how one can distinguish between dynamic ran-
dom graphs with different on- or off-time distributions (but
the same mean). Throughout the paper, all proposed method-
ology is validated through numerical experiments. Section VII
provides a discussion and concluding remarks.

II. MODEL

The (static) Chung-Lu model is characterized as follows.
Suppose a collection of N vertices that are potentially con-
nected by (directed) edges, where we also allow self-loops.
Let the ‘target out-degree’ of vertex i be di > 0, for i =
1, . . . , N , meaning that the expected number of edges out of
vertex i should be di, and assume for now that it equals the
corresponding ‘target in-degree’, i.e., the expected number of
edges into vertex i; in Sec. VI, we point out how one can deal
with the situation that the target in- and out-degrees differ.
One can enforce the target in- and out-degree to equal di by
making sure that the expected number of edges from vertex i
to vertex j equals

ei j := did j

m
, (1)

where m := ∑N
i=1 di is the expected total number of edges in

the graph, and where it is assumed that the di are such that
ei j � 1 for all i, j ∈ {1, . . . , N}. It is directly verified from (1)
that

N∑
j=1

ei j = di

m

N∑
j=1

d j = di = d j

m

N∑
i=1

di =
N∑

j=1

e ji,

as desired.
In this paper, we in particular consider the case that the de-

gree sequence takes the parametric form di = θ (i/N )−1/(γ−1)
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for θ > 0 and γ > 1. Then

N∑
j=1

ei j = di,

N∑
j=1

e ji = di.

It can be argued that the probability of an arbitrarily se-
lected vertex having degree k decays proportionally to k−γ

(as k → ∞); cf. ([21], page 185). Importantly, however, our
methodology can be applied to the degree sequence di having
any other parametric form.

In order to set up a dynamic version of this Chung-Lu
model, the following proposal was made by Zhang et al. [12].
In their mechanism, pertaining to the undirected case, edges
between vertices i and j are added according to a Poisson pro-
cess of rate λi j , while each of them disappears independently
of each other after a time that is distributed according to a
general cumulative distribution function Fi j (·) = Fji(·) such
that its mean obeys

fi j :=
∫ ∞

0
(1 − Fi j (t )) dt = 1

λi j

did j

2m
; (2)

observe that this mechanism entails that the mean time that
the link is not present is 1/λi j (because after an exponentially
distributed time with parameter λi j it switches from ‘off’ to
‘on’), and likewise the mean time that it is present is 1/μi j .
Observe that the number of edges between vertices i and j
is following an M/G/∞ queue [23], which is in stationarity,
Poisson distributed with mean (as well as variance) equal to

λi j × 1

λi j

did j

2m
= ei j,

as desired. An example that we will discuss in great detail
is the one in which the edges have exponentially distributed
lifetimes, i.e., Fi j (t ) = 1 − e−νi j t , for rates νi j = ν ji > 0; then
we should pick

λi j

νi j
= did j

2m
.

This approach, as proposed in Zhang et al. [12], has two
conceptual issues. In the first place, one cannot prove that
the total number of edges necessarily equals m, because the
definition of ei j does not allow the calculation of

N∑
i=1

i∑
j=1

ei j,

(or
∑N

i=1

∑i−1
j=1 ei j in the case self-loops are not allowed). In

the second place, in many applications, one does not want to
work with random graph models with multilinks, in that one
would prefer a construction in which links either exist or do
not exist.

The above considerations led us to the following alternative
model, pertaining to the case of directed edges. Each of the
edges alternates, in an independent manner, between being
present and being absent, where the per-edge on-times and
off-times form two mutually independent sequences of inde-
pendent and identically distributed random variables. Let the
edge from vertex i to vertex j exist for a time that is distributed
as the non-negative random variable Xi j with cumulative

distribution function Fi j (·), density fi j (·), Laplace-Stieltjes
transform Fi j (·), and mean fi j < ∞; then the edge is absent
for a time that is distributed as the non-negative random vari-
able Yi j with cumulative distribution function Gi j (·), density
gi j (·), Laplace-Stieltjes transform Gi j (·), and mean gi j < ∞.
Now, choose the distributions of Xi j and Yi j such that, cf. (1),

ei j = did j

m
= fi j

fi j + gi j
;

as a consequence, in stationarity, each edge has the desired
on-probability. We assume that the random graph process is
in equilibrium.

In the next sections, we subsequently consider two cases:
exponential on- and off-times with equidistant inspections of
the total number of edges, and general on- and off-times with
Poisson inspections of the total number of edges.

III. EXPONENTIAL ON- AND OFF- TIMES

Supposing that ei j ∈ [0, 1] for all i, j ∈ {1, . . . , N}, in this
section, the edges independently alternate between on and off,
with off-times that are exponentially distributed with param-
eter λi j and on-times that are exponentially distributed with
parameter μi j . Following the mechanism proposed in Sec. II,
one should have that

fi j

fi j + gi j
=

1
μi j

1
μi j

+ 1
λi j

= λi j

λi j + μi j
= did j

m
, (3)

where the first equality in (3) is because the mean of an
exponentially distributed random variable equals the inverse
of its parameter; see also the remark below display (2).

Let 1i j (t ) be the indicator function of the edge between i
and j being present at time t . Define

�i j (t ) := Cov(1i j (0), 1i j (t )).

Then, in stationarity,

�i j (t ) = P (1i j (0) = 1i j (t ) = 1) − P (1i j (0) = 1)2.

Using [[12], Eqs. (4) and (5)], we have that

P (1i j (t ) =1|1i j (0) = 1) = λi j

λi j + μi j
+ μi j

λi j + μi j
e−(λi j+μi j ) t .

Noting that

P (1i j (0) = 1) = λi j

λi j + μi j
,

we directly find that

�i j (t ) = λi j

λi j + μi j

μi j

λi j + μi j
e−(λi j+μi j ) t

= did j

m

(
1 − did j

m

)
exp

(
−mλi j

did j
t

)
. (4)

The observations consist of the total number of edges
present in the dynamic Chung-Lu graph, recorded at equidis-
tant points in time. More concretely, we observe the total
number of edges S(t ) at times t ∈ {�, 2�, . . . K�} for some
inter-inspection time � > 0. Figure 1 provides an example of
the graph process at three points in time. In our estimation
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v1

v2

v3 v4

v5

v1

v2

v3 v4

v5

v1

v2

v3 v4

v5

FIG. 1. Dynamic graph at times t = 1, 2, 3, with N = 5; here,
S(1) = S(2) = 5 and S(3) = 4.

procedure, the only information we are given is the values of
S(t ), i.e., we do not know which edges are on.

Recalling that we consider the dynamic random graph in
stationarity, we evidently have that, for any t � 0,

s := ES(t ) =
N∑

i=1

N∑
j=1

did j

m
= m. (5)

In addition, for any t � 0 and � � 0, by (6),

�[�] := Cov(S(t ), S(t + �))

=
N∑

i=1

N∑
j=1

did j

m

(
1 − did j

m

)
exp

(
−mλi j

did j
�

)
. (6)

In the remainder of this section, we consider the case of
homogeneous per-edge on-times, in that μi j = μ. This is done
to make sure that in our experiments the instances have a
relatively low number of parameters; it is readily checked that
the proposed estimator extends to the more general framework
of heterogeneous μi j . In addition, we consider the specific
case that di = θ (i/N )−1/(γ−1), as this reproduces the power
law decay discussed above; again, any other parametric form
could have been chosen.

The next goal is to rewrite (5) and (6) in a more convenient
form. To this end, we define

Hi j (γ , N ) :=
(

i j

N2

)−1/(γ−1)

.

Then observe that the relations (5) and (6) become, after
inserting di = θ (i/N )−1/(γ−1),

A(θ, γ ) :=
N∑

i=1

N∑
j=1

θ2 Hi j (γ , N ) = s2,

B(θ, γ , μ,�) :=
N∑

i=1

N∑
j=1

θ2 Hi j (γ , N )(s − θ2Hi j (γ , N ))

× exp

(
− μs

s − θ2Hi j (θ, N )
�

)
= s2 �[�],

(7)

We now point out how the three parameters, θ , γ , and μ, can
be estimated. To this end, we introduce the following three
estimators for s, �[�], and �[2�], respectively:

ŝK := 1

K

K∑
k=1

S(k�),

�̂K [�] := 1

K − 1

K−1∑
k=1

S(k�)S((k + 1)�) − ŝ2
K ,

�̂K [2�] := 1

K − 2

K−2∑
k=1

S(k�)S((k + 2)�) − ŝ2
K .

In the sequel, we use the following compact notation, with
�i := �[i�]:

x1(θ, γ , μ) := A(θ, γ ), y1(s, �1, �2) := s2,

x2(θ, γ , μ) := B(θ, γ , μ,�), y2(s, �1, �2) := s2 �1,

x3(θ, γ , μ) := B(θ, γ , μ, 2�), y3(s, �1, �2) := s2 �2.

Then the estimators θ̂K , γ̂K , and μ̂K are defined by the moment
conditions, i.e., by equating

x1(θ, γ , μ) = y1(ŝK , �̂K [�], �̂K [2�]),

x2(θ, γ , μ) = y2(ŝK , �̂K [�], �̂K [2�]),

x3(θ, γ , μ) = y3(ŝK , �̂K [�], �̂K [2�]),

(i.e., the estimators θ̂K , γ̂K and μ̂K are the solutions to these
three equations). The next goal is to study the asymptotic
normality of these estimators, applying the celebrated delta
method [24]. In this context, the starting point is that the vector

√
K (ŝK − s, �̂K [�] − �1, �̂K [2�] − �2])�,

converges (as K → ∞) to a zero mean trivariate Gaus-
sian vector, say (Z1, Z2, Z3), having covariance matrix � =
(σi j )3

i, j=1. The objective is to quantify how this convergence
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translates into asymptotic normality of
√

K (θ̂K − θ, γ̂K − γ , μ̂K − μ)�. (8)

To this end, define, for i = 1, 2, 3,

ui1 = ∂xi

∂θ
, ui2 = ∂xi

∂γ
, ui3 = ∂xi

∂μ
,

evaluated in the ‘true parameter vector’ (θ, γ , μ), and

vi1 = ∂yi

∂s
, vi2 = ∂yi

∂�1
, vi3 = ∂yi

∂�2
,

evaluated in (s, �1, �2). Defining the matrices U := (ui j )3
i, j=1

and V := (vi j )3
i, j=1, after some rewriting and applying

straightforward Taylor expansions, we obtain that the moment
equations reduce to

U

⎛
⎝ θ̂K − θ

γ̂K − γ

μ̂K − μ

⎞
⎠ = V

⎛
⎝ ŝK − s

�̂K [�] − �1

�̂K [2�] − �2

⎞
⎠,

(neglecting higher-order terms). We thus conclude that (8)
converges (as K → ∞) to a zero-mean trivariate Gaussian
vector with covariance matrix

�◦ := U −1V � (U −1V )�. (9)

We conclude this section by assessing the performance of
our estimation procedure with the following numerical exper-
iments. For every parameter instance considered, we perform
L runs, each run corresponding to K snapshots of the total
number of edges. Let θ̂�, γ̂�, μ̂� be the estimates produced in
the �-th run, with � ∈ {1, . . . , L}. We, in addition, define

θ̄L =
∑L

�=1 θ̂�

L
, σ [θ̄L] =

∑L
�=1(θ̂� − θ̄L )2

L − 1
,

as the mean and standard deviation pertaining to the estimates
of θ as resulting from our L runs, respectively. Similar nota-
tions also apply to estimates of the other unknown parameters
γ and μ. In the rest of the paper, we summarize our numerical
results as

ML[θ ] = (θ̄L, σ [θ̄L]),

i.e., a vector with the mean of the L estimates and the corre-
sponding standard deviation.

Figure 2 presents the output from L = 1000 runs, with the
true parameter vector being given by

θ = 1, γ = 3, μ = 0.5.

The histogram confirms asymptotic normality around the cor-
rect values. The estimates are

ML[θ ] = (1.0059, 0.0538),

ML[γ ] = (3.0324, 0.1812),

ML[μ] = (0.5001, 0.0047).

Moreover, we replace � in Eq. (9) by the empirical covariance
matrix �̂, so as to obtain

�̂◦ = U −1V �̂ (U −1V )�.

The black lines in Fig. 2 are densities of the normal distri-
bution with means 1, 3, and 0.5, respectively (i.e., the true

FIG. 2. Exponential on- and off-times: estimation using the
methodology developed in Sec. III with � = 0.2, where K = 105,
L = 1000, and N = 20. The histograms display the empirical density
function of the estimates. The black lines are densities of the normal
distribution with (a) the empirical means and (b) variances equal to
the diagonal entries of �̂◦.

values of the three parameters) and variances equal to the
diagonal entries of �̂◦. The densities show good agreement
with the histograms, in particular those corresponding to θ and
μ. The asymptotic normality around the true parameter values
is further assessed by the corresponding QQ-plots displayed
in Fig. 3. Although the QQ-plot for γ deviates from normality
in the tails, the KS test does not reject the null hypothesis of
normality. These QQ-plots indicate that, in particular for θ and
μ, the bulk of the distributions have the same shape as that of
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FIG. 3. QQ-plots for estimates in Fig. 2.

a normally distributed random variable, but that their tails are
somewhat thicker.

We remark that in the specific parametrization considered,
i.e., di = θ (i/N )−1/(γ−1), we can conveniently eliminate one
of the moment conditions. Indeed, applying the first moment
equation (7), one has θ̂K = �(ŝK , γ̂K ), with

�(x, y) := x

(
N∑

k=1

(k/N )−1/(y−1)

)−1

,

so that we are left with solving just two equations:

x2(�(ŝK , γ̂K ), γ̂K , μ̂K ) = y2(ŝK , �̂K [�], �̂K [2�]),

x3(�(ŝK , γ̂K ), γ̂K , μ̂K ) = y3(ŝK , �̂K [�], �̂K [2�]).

IV. GENERAL ON- AND OFF-TIMES

In case the on- and off-times are not exponentially dis-
tributed, the computation of �[�] cannot be performed, the
reason being that there is generally no closed-form formula
for the covariance �i j (t ) for a given t � 0. What is possible,
though, is the evaluation of

�i j (Tξ ) :=
∫ ∞

0
ξe−ξ t �i j (t ) dt,

i.e., the covariance over an exponentially distributed time Tξ

with parameter ξ (and hence expectation ξ−1). This opens
up the opportunity to estimate the model parameters using a
method of moments, akin to the procedure proposed in the
previous section, if the sampling is done at Poisson moments
(i.e., with exponentially distributed inter-inspection times)
rather than at a deterministic grid (i.e., with equidistant inter-
inspection times).

We proceed by demonstrating how �i j (Tξ ) can be evalu-
ated. To this end, we first observe that, because we consider
the process in stationarity, when observing at time 0 that the
edge is on, it remains on for a time that has the ‘residual
lifetime’ density ([23], Chap. V)

f (res)
i j (t ) := 1 − Fi j (t )

fi j
;

the density of the residual off-time has an analogous form.
We start by computing pi j[ξ,++], i.e., the probability that
edge i j is on at Tξ given a fresh on-time start at time 0, and
let the probabilities pi j[ξ,+−], pi j[ξ,−+], and pi j[ξ,−−]
be defined analogously. By the memoryless property of the
exponential distribution,

pi j[ξ,++] =
∫ ∞

0

∫ y

0
fi j (x) ξe−ξy pi j[ξ,−+] dx dy

+
∫ ∞

0

∫ ∞

y
fi j (x) ξe−ξy dx dy

= 1 − pi j[ξ,−−] Fi j (ξ ),

where in the second equality, we have used pi j[ξ,−+] = 1 −
pi j[ξ,−−]. Along the same lines, we find that

pi j[ξ,−−] = 1 − pi j[ξ,++] Gi j (ξ ).

Upon combining these two relations, we conclude that

pi j[ξ,++] = 1 − Fi j (ξ )

1 − Fi j (ξ ) Gi j (ξ )
,

pi j[ξ,−−] = 1 − Gi j (ξ )

1 − Fi j (ξ ) Gi j (ξ )
.

We proceed by calculating p(res)
i j [ξ,++], being the counter-

part of pi j[ξ,++], but then starting with a residual on-time
(rather than a fresh on-time). We find

p(res)
i j [ξ,++] = 1 − pi j[ξ,−−] F (res)

i j (ξ ), (10)

with

F (res)
i j (ξ ) =

∫ ∞

0
e−ξx f (res)

i j (x) dx = 1 − Fi j (ξ )

ξ fi j
.
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Collecting the above findings, we obtain that the covariance
�i j (Tξ ) can be written as

�i j (Tξ ) = fi j

fi j + gi j

(
p(res)

i j [ξ,++] − fi j

fi j + gi j

)
, (11)

with p(res)
i j [ξ,++] given by (10); to understand (11), realize

that

fi j

fi j + gi j
p(res)

i j [ξ,++],

is to be interpreted as the probability that edge i j exists at both
time 0 and time Tξ .

We proceed by discussing a number of frequently used
distributions, that in the sequel of this section serve to model
the edges’ on- and off-times.

(1) In the previous section, we already encountered the
exponential distribution; we write Z ∼ Exp(λ) to denote that,
for λ > 0,

P (Z > t ) = e−λt , t > 0,

so that EZ = λ−1 and

Z (s) := Ee−sZ = s

s + λ
.

(2) In the second place, we have the Weibull distribution;
here, Z ∼ W (λ, α) when, for λ, α > 0,

P (Z > t ) = e−λtα

, t > 0,

so that EZ = λ�(1 + 1/α). If α � 1, then

Z (s) =
∞∑

n=0

(−λs)n

n!
�(1 + n/α),

whereas for α < 1 (in which case all moments exist but do not
uniquely define the transform Z (s) through a power series),
one has to work with a numerical evaluation of

Z (s) =
∫ ∞

0
e−st λαtα−1 e−λtα

dt .

Note that for α < 1 the tail of the Weibull distribution is
heavier than exponential.

(3) Third, we consider a class of Pareto-type distributions;
we write, for C > 0 and α > 1, Z ∼ Par(C, α) when

P (Z > t ) = Cα

(C + t )α
, t > 0.

In this case, EZ = C/(α − 1) and

Z (s) = αCα esC sα+1 �(Cs,−α),

with �(x, δ) := ∫ ∞
x yδ−1e−y dy denoting the upper incomplete

gamma function.
As in Sec. III, we may want to estimate the underlying

parameters from observations of the number of edges, but with
the distinguishing element that we now have Poisson (rather
than equidistant) inspection times. For the sake of exposition,
we again consider the case that di = θ (i/N )−1/(γ−1) and we
let the off-times Xi j stem from the same distribution for any
edge from i to j, and that this distribution is characterized by

a single parameter. This means that we have three parameters,
entailing that we have to generate three moment equations;
recall that the sampling rate ξ is known. The first moment
equation is obvious: with τk the time of the k-th observation,
we work with the moment equation

ŝK := 1

K

K∑
k=1

S(τk ) = m,

where K is now the number of Poisson observations. Defining

�̂[Tξ ] := 1

K − 1

K−1∑
k=1

S(τk )S(τk+1) − ŝ2
K ,

the second moment equation is

�̂[Tξ ] =
N∑

i=1

N∑
j=1

�i j (Tξ ).

To obtain the third moment equation, observe that the time
between inspections k and k + 2 is distributed as an Erlang-
2 random variable, say Eξ,2, characterized by the density
ξ 2t e−ξ t . As a consequence, defining

�̂[Eξ,2] := 1

K − 2

K−2∑
k=1

S(τk )S(τk+2) − ŝ2
K ,

the third moment equation becomes

�̂[Eξ,2] =
N∑

i=1

N∑
j=1

�i j (Eξ,2),

where

�i j (Eξ,2) =
∫ ∞

0
ξ 2t e−ξ t �i j (t ) dt . (12)

We are left with computing the expression on the right-hand
side of (12). The idea is ([25], Sec. 5) to express �i j (Eξ,2) in
terms of �i j (Tξ ). To this end, note that

d

dξ
�i j (Tξ ) = d

dξ

∫ ∞

0
ξe−ξ t �i j (t ) dt

=
∫ ∞

0
e−ξ t �i j (t ) dt −

∫ ∞

0
ξ t e−ξ t �i j (t ) dt,

so that

�i j (Eξ,2) = �i j (Tξ ) − ξ
d

dξ
�i j (Tξ ). (13)

We conclude this section with a series of numerical exam-
ples.

Exponential off-times. The first example concerns the same
instance as the one contained in Sec. III: the on-times are
exponentially distributed with parameter μi j = μ, whereas
the off-times are exponentially distributed with parameter λi j

chosen such that

λi j

λi j + μ
= did j

m
= θ

(i j)−1/(γ−1)∑N
k=1 k−1/(γ−1)

N1/(γ−1).
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From (10) we now find that

p(res)
i j [ξ,++] = 1 − (λi j + ξ )(μ + ξ ) − λi j (μ + ξ )

(λi j + ξ )(μ + ξ ) − λi jμ

μ

μ + ξ

= λi j + ξ

λi j + μ + ξ
.

Using this expression, it takes a straightforward computation
to verify that

�i j (Tξ ) = λi jμ

(λi j + μ)2

ξ

λi j + μ + ξ
.

Here, we remark that this expression for �i j (Tξ ), correspond-
ing to the exponentially distributed time epoch Tξ , is in line
with the expression for �i j (t ), corresponding with a determin-
istic time t , that we previously found in (6). Indeed,∫ ∞

0
ξe−ξ t did j

m

(
1 − did j

m

)
exp

(
−mλi j

did j
t

)
dt

=
(

ξ

/(
ξ + mλi j

did j

))
did j

m

(
1 − did j

m

)

= λi jμ

(λi j + μ)2

ξ

λi j + μ + ξ
.

Now, we consider how the above expressions have to be
adapted when considering Erlang-2 inter-inspection times. By
(13),

�i j (Eξ,2) = λi jμ

(λi j + μ)2

(
ξ

λi j + μ + ξ

)2

.

Using the same methodology as before, we can argue that
√

K (θ̂K − θ, γ̂K − γ , μ̂K − μ)�, (14)

converges in distribution, as K → ∞, to a zero-mean trivari-
ate Gaussian vector. We proceed by pointing out how the
associated covariance matrix can be identified. To this end,
we define

�̃1 :=
N∑

i=1

N∑
j=1

�i j (Tξ ), �̃2 :=
N∑

i=1

N∑
j=1

�i j (Eξ,2),

and, with x̃i ≡ x̃i(θ, γ , μ),

x̃1 := A(θ, γ ), y1(s, �1, �2) := s2,

x̃2 :=
N∑

i=1

N∑
i=1

Ci j (1 − Ci j )2ξ

μ + (1 − Ci j )ξ
, y2(s, �1, �2) := �̃1,

x̃3 :=
N∑

i=1

N∑
i=1

Ci j (1 − Ci j )3ξ 2

(μ + (1 − Ci j )ξ )2
, y3(s, �1, �2) := �̃2,

where

Ci j ≡ Ci j (θ, γ ) := θ
(i j)−1/(γ−1)∑N
k=1 k−1/(γ−1)

N1/(γ−1).

Define Ũ and Ṽ in the same way that U and V were defined in
Sec. III. Then, following a reasoning analogous to that leading
to Eq. (9), we find that (14) converges in distribution, as

K → ∞, to a zero-mean trivariate Gaussian vector with co-
variance matrix

�̃◦ := Ũ −1Ṽ �̃ (Ũ −1Ṽ )�, (15)

where �̃ is the covariance matrix of
√

K (ŝK − s, �̂[Tξ ] − �̃1, �̂[Eξ,2] − �̃2])�,

as K → ∞.
Figure 4 presents a histogram of the L estimates of each of

the three parameters. It corresponds to the instance

θ = 1, γ = 3, μ = 0.5;

we have worked with sampling rate ξ = 5. The histograms
display asymptotic normality around the correct values, in
particular for θ and μ (which is further confirmed by cor-
responding QQ-plots in Fig. 5). As before, even though the
QQ-plot for γ shows tail deviations from normality, the
KS test does not reject normality. The black lines repre-
sent the densities of normal distributions with the empirical
means, and with the variances being calculated using Eq. (15)
with �̃ replaced by the empirical covariance matrix. The
estimates are

ML[θ ] = (1.0089, 0.0553),

ML[γ ] = (3.0428, 0.1869),

ML[μ] = (0.4993, 0.0060).

Weibull off-times. In the second case, we consider the situa-
tion where, for all i and j, Xi j ∼ Exp(μi j ) and Yi j ∼ W (1, α).
It follows from (11) that

d

dξ
�i j (Tξ ) = μ − μGi j (ξ ) + μξ G ′

i j (ξ )

(μ + ξ − μGi j (ξ ))2
.

Note that when α � 1,

G ′
i j (ξ ) =

∞∑
n=0

(−λξ )n

n!
�(1 + (n + 1)/α),

while for α < 1, we have to rely on numerical evaluation. As
before, �i j (Eξ,2) is calculated applying (13). Figure 6 presents
a histogram visualizing the L estimates of each of the three
parameters, with the parameter vector given by

θ = 1, γ = 3, α = 1,

where we have again worked with the sampling rate ξ = 5.

The histograms are now more skewed than in previous ex-
amples, in particular the one related to the parameter γ . The
estimates are

ML[θ ] = (0.9891, 0.1220),

ML[γ ] = (3.0346, 0.4282),

ML[α] = (1.0260, 0.1011).

Pareto off-times. The third case corresponds to Xi j ∼
Exp(μi j ) and Yi j ∼ Par(1, α). Since

d

dξ
Gi j (ξ ) = Gi j (ξ ) + α

ξ
Gi j (ξ ) − α

ξ
,
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FIG. 4. Exponential on- and off-times: estimation using the
methodology developed in Sec. IV with ξ = 5, where K = 105,
L = 1000, and N = 20. The histograms show the empirical density
of the estimates. The black lines represent the densities of normal dis-
tributions with (a) the empirical means and (b) variances calculated
by Eq. (15) with �̃ replaced by the empirical covariance matrix.

it follows from (11) that

d

dξ
�i j (Tξ ) = μ − μGi j (ξ ) + μξGi j (ξ ) + μαGi j (ξ ) − μα

(μ + ξ − μGi j (ξ ))2
.

The value of �i j (Eξ,2) is again found from (13). Figure 7
presents the estimates for the parameter vector

θ = 1, γ = 3, α = 2,

FIG. 5. QQ-plots for estimates in Fig. 4.

where, as before, the sampling rate equals ξ = 5. The esti-
mates are

ML[θ ] = (0.9990, 0.1124),

ML[γ ] = (3.0527, 0.3889),

ML[α] = (1.9941, 0.0684).

Again, the histogram related to the parameter γ is relatively
skewed.

V. DISTRIBUTION EQUALITY TEST

This section focuses on the following distribution equal-
ity test: Is it possible to distinguish, from our edge count
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FIG. 6. Exponential on-times and Weibull off-times: estimation
using the methodology developed in Sec. IV with ξ = 5, where K =
104, L = 1000, and N = 20. The histograms display the empirical
density of the estimates.

observations, two dynamic random graph processes having
different on-time distributions (or off-time distributions) but
identical means?

The expression (3) indicates that the two dynamic random
graph models cannot be distinguished based on ŝK , either for
equidistant inspection times or for Poisson inspection times.
The expressions of �i j[�] and �i j[Tξ ], however, reveal that
distinction based on the covariance should be possible. In
this section, we provide a pragmatic procedure to distinguish
between such dynamic random graph models.

To demonstrate our procedure, we consider a concrete ex-
ample. We simulate two Chung-Lu models:

FIG. 7. Exponential on-times and Pareto off-times: estimation
using the methodology developed in Sec. IV with ξ = 5, where K =
104, L = 1000, and N = 20. The histograms display the empirical
density of the estimates.

(1) the first has off-times Yi j ∼ Exp(λ),
(2) and the second has off-times Yi j ∼ Par(α),

where we chose θ = 1, γ = 3. Here, one should impose
α = λ + 1 to make sure both off-times have the same means.
Both models have on-times Xi j ∼ Exp(μij ) where μi j satis-
fies λ/μi j = did j/(2m) in the first model and (α − 1)/μi j =
did j/(2m) in the second model. Specifically, we set

θ = 1, γ = 3, λ = 1, α = 2,

where the sampling again takes place according to a Poisson
process with rate ξ = 5. We ran the simulation L = 1000
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FIG. 8. The histogram of ŝK and �̂[Tξ ] for Exp/Exp (with λ = 1)
and Exp/Par (with α = 2) from L = 1000 runs, where θ = 1, γ =
3. We chose K = 104 and N = 20. The histograms display the em-
pirical density of the estimates.

times for each model; as before, we chose K = 104 and
N = 20.

In Fig. 8 we plotted histograms of the resulting values of
ŝK and �̂[Tξ ]. These histograms show that, for (in evident
notation) the model Exp/Exp and Exp/Par, the mean values
of ŝK are essentially the same (33.97 versus 33.99), but that
the values of �̂[Tξ ] differ.

Still, one can distinguish the models based on the values
of ŝK only: The top histogram convincingly shows that the
estimate resulting from Exp/Par has a larger variance than its
counterpart from Exp/Exp (and is a bit right-skewed). Thus,
we propose to distinguish the two models by testing whether
the realizations of ŝK stem from the same distribution. This
is a standard procedure in statistics that can be performed in
various ways; we decided to adopt the function ‘kstest2’ in
MATLAB to conduct the test. It returns a test decision for the
null hypothesis that the data of the two sets are from the same
continuous distribution, using the two-sample Kolmogorov-
Smirnov test. In our case, it rejects the null hypothesis at the
5% significance level.

While the procedure above serves as a test for distributional
equality, we conclude this section with a few brief remarks
on model selection, focusing on the task of identifying the

best-fitting model from a set of candidates. When estimation
is performed using maximum likelihood, there are straightfor-
ward ways to perform model selection. For example, one can
use the Akaike information criterion (AIC), which compares
the log-likelihoods of candidate models, where to each log-
likelihood a penalty term has been added that accounts for the
number of parameters (intended to avoid overfitting). In our
setup, however, we estimated parameters using the method of
moments, which does not naturally lend itself to developing
standard model selection criteria.

One potential remedy is to apply maximum likelihood esti-
mation, but with the likelihood being approximated using the
saddle-point method. However, this approach presents compu-
tational challenges, as discussed in detail in ([22], Sec. 2.2).
Notably, even when the on- and off-times follow exponential
distributions, the resulting edge count is not Markovian.

VI. DISTINCT IN- AND OUT-DEGREE

As pointed out in Sec. II, so far we have assumed that
for each vertex i ∈ {1, . . . , N} the target in-degree and out-
degree coincide. It is, however, straightforward to generalize
our framework to the setting in which these sequences are
distinct. Let d+

i the target out-degree of vertex i, and d−
i the

corresponding target in-degree; here, for evident reasons, we
impose the assumption that

N∑
i=1

d−
i =

N∑
i=1

d+
i = m.

Now replace (1) by

ei j := d+
i d−

j

m
,

where it is assumed that the d+
i and d−

i are such that ei j � 1
for all i, j ∈ {1, . . . , N}. It follows that

N∑
j=1

ei j = d+
i ,

N∑
j=1

e ji = d−
i ,

as desired.
The method of moments also applies well to this more

general setting. We illustrate how it works via a numerical
example. Consider a dynamic Chung-Lu model with

d+
i = θ1

(
i

N

)−1/(γ1−1)

, d−
j = θ2

(
j

N

)−1/(γ2−1)

.

The on-times are exponentially distributed with parameter
μi j = μ, whereas the off-times are exponentially distributed
with parameter λi j . Our observations are snapshots of the
number of edges at Poisson times, i.e., the inter-sampling
times are exponentially distributed with rate ξ .

We consider an instance in which θ1 is known, but the
parameters γ1, γ2, μ are unknown and to be estimated. Then
θ2 and λi j can be determined by

N∑
i=1

d−
i =

N∑
i=1

d+
i ,
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and

λi j

λi j + μ
= d+

i d−
j

m
.

Observe that in our setup there are three unknown parameters
(namely, γ1, γ2, and μ), so we need three moment equations to
identify these.

Under Poisson sampling, the moment equations are

1

K

K∑
k=1

S(τk ) = m

1

K −1

K−1∑
k=1

S(τk )S(τk+1) −
(

1

K

K∑
k=1

S(τk )

)2

=
N∑

i=1

N∑
j=1

�i j (Tξ ),

(16)

and

1

K − 2

K−2∑
k=1

S(τk )S(τk+2) − ŝ2
K −

(
1

K

K∑
k=1

S(τk )

)2

=
N∑

i=1

N∑
j=1

�i j (Eξ,2), (17)

where m in the first equation can be expressed in terms of γ1

or γ2 because of the identity

N∑
i=1

d+
i =

N∑
i=1

d−
i = m.

Observe that all quantities in the right-hand sides of (16) and
(17) can be evaluated in terms of the model parameters, as
pointed out in Sec. IV.

Figure 9 presents a histogram of the estimates from L =
1000 runs with θ1 = 1, and the parameter vector being γ1 =
4, γ2 = 2, μ = 1. As before, the estimates are rather precise:

ML[γ1] = (4.0002, 0.0186),

ML[γ2] = (1.9790, 0.1744),

ML[μ] = (0.9966, 0.0521),

with the histograms again showing the familiar bell shape.

VII. DISCUSSION AND CONCLUDING REMARKS

This paper has illustrated how the method of moments can
be applied for purposes of parametric inference in the context
of a dynamic Chung-Lu random graph model. Our estimators
are based on snapshots of the aggregate number of edges. An
important observation is that the method of moments does not
require full access to a likelihood function. In other words, as
long as the stationary mean and covariance of the observed
quantity can be expressed in terms of the unknown parame-
ters, in principle, the method of moments can be used.

In the remainder of this section, we discuss a number of
extensions, generalizations, and ideas for follow-up research.
An obvious next goal could be to extend our methodology
to other types of dynamic random graph models, such as
the dynamic counterparts of the Norros-Reittu model ([21],
Sec. 6.8.2) or the stochastic block model ([26], Sec. 9.3.1).

FIG. 9. Exponential on- and off-times with different in-degree
and out-degree: Estimation using the methodology developed in
Sec. VI with ξ = 5, where K = 104, L = 1000, and N = 20. The
histograms display the empirical density of the estimates.

Another generalization pertains to Markov modulation; then
the model parameters are affected by an independently evolv-
ing, typically unobservable, Markovian background process.
The inference problem thus also encompasses the estimation
of the parameters of the background process.

In our setup, we only relied on observations of the total
number of edges. An interesting extension could relate to
a setup in which we have access to the number of other
subgraphs (triangles, wedges, etc.); see, e.g., [22]. Another
direction for follow-up research concerns dynamic random
graphs on which a population process evolves. A key question
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is then: By observing the number of individuals at each vertex,
can we infer the parameters underlying the dynamic graph
process?
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