
1 
 

SUPPORTING INFORMATION 

 

Arterial arcades and collaterals regress under hemodynamics-based diameter 

adaptation: a computational and mathematical analysis 
 

Vivi Rottschäfer2,3* , Willem  G.N. Kuppers1*, Jiao Chen1,  Ed van Bavel1   

 

1 Dept of Biomedical Engineering and Physics, Amsterdam University Medical Center, The 

Netherlands 
2  Mathematical Institute, Leiden University, The Netherlands 
3 Korteweg de Vries Institute for Mathematics, University of Amsterdam, The Netherlands 
*both authors contributed equally to the work 

 

CONTENTS: 
 

Table S1 

Table S2 

Movie description 

Mathematical analysis 

 



2 
 

Table S1: Small network model parameters for the default simulations and for the examples of Fig. 3.  

parameter dimension meaning Default value Example value 

𝐾1 [-] Balance between source 
conductances and network 
conductances 

1 1 

𝐾2 [-] Balance of the pressure drive and 
reference for adaptation 

Triangle: 10 
Pentagon: 20 

Triangle: 10 
Pentagon: 10 

𝑃̃𝑠,𝑖  [-] Source pressures rescaled to the 
maximal source pressure 

Triangle: [1, 0.5, 0] 
Pentagon: [1, 0.75, 0.50, 
0.25, 0] 

Triangle: [1, 0.75, 0] 
Pentagon: [1 0.75 0.40 0.20 0] 

𝐺̃𝑠,𝑖  [-] Source conductances rescaled to 
the sum of source conductances.  

Triangle: [1/3, 1/3, 1/3] 
Pentagon: [ 0.2, 0.2, 0.2, 
0.2, 0.2] 

Triangle: [ 0.35 0.2 0.45] 
Pentagon: [ 0.2, 0.2, 0.2, 0.2, 0.2] 

𝐿̃𝑗  [-] Segment lengths rescaled to the 
total length. See Fig. 3 for the 
numbering.  

Triangle: [0.27, 0.33, 0.40] 
Pentagon: [0.12 0.14 0.15 
0.17 0.20 0.22] 

Triangle: [0.4 0.4 0.2] 
Pentagon: [0.2 0.1 0.1 0.2 0.2 0.2] 

𝑟̃0/𝑠 [-] Initial radii, relative to the results of 
the simplex search for an 
equilibrium state.  

1.01  1.01 

𝑡̃𝑒𝑛𝑑  [-]  Simulation time, rescaled to the 
adaptation dynamics, 𝐾3 

30 30 
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Table S2: Simulation results. Parameters are at default values unless otherwise indicated. 𝑟̃0/𝑠: initial relative 

deviations of radii from results of the simplex search for an equilibrium. All indicated combinations of  𝑟̃0/𝑠 for 

the adapting segments were simulated, e.g in simulation set 3, for 𝑟̃0/𝑠 : [0.3, 1.01, 3], 27 combinations of 

initial states were simulated. This set of initial conditions was used for each variation in the other parameters.  

Parameter sweeps were done by varying each of the indicated parameters, for each segment where relevant, 

while keeping the others at their default value. For the dynamic parameters, the choices for initial states and 

several time-averaged values for parameters were combined with a range of sine-wave oscillations of 

amplitude 0.5. For the direction-dependent adaptation rates 𝐾3  we changed the values for the rate of 

outward growth (𝐾3,𝑈𝑃), while keeping the rate of inward adaptation or shrinkage at the default value of 

𝐾3,𝐷𝑂𝑊𝑁 = 1. The results are summarized as the number of simulations that rendered a specific number of 

remaining segments, and as the number of remaining loops observed in these simulations.  

Sim 
set 

Description Topology Initial conditions, 
Non-default 
parameters, 
Parameter sweep 
Dynamic parameters 
 

Number 
of 
sims 

Distribution of 
number of  
remaining segments 

Number 
of sims 
with 
remaining 
loops 

     Number 
of 

remaining 
segments 

Number  
of sims  

 

1 Variation of 
initial state 

Triangle Example parameters  
(Table S1) 
𝑟̃0/𝑠 : 

 [0.05 0.10 0.15 0.25 
0.5 0.99 1.01 2.0 4.0] 

729 0 42 0 

1 134 

2 563 

3 0 

2 Variation of 
initial state 

Pentagon Example parameters  
(Table S1) 
𝑟̃0/𝑠 : [0.3, 1.01, 3] 

 

729 0 0 0 

1 0 

2 0 

3 361 

4 368 

5 0 

6 0 

3 Parameter 
variation 

Triangle 𝑟̃0/𝑠 : [0.3 1.01 3] 

𝐾1 , 𝐾2 :  
  [0.1 0.3 1 3 10] 
times default 

𝑃̃𝑠,2 , each 𝐺̃𝑠 , each L̃: 

  [0.05 0.25 0.5 0.75 
0.95] 
 

1,215 0 47 0 

1 472 

2 696 

3 0 

4 Parameter 
variation 

Pentagon 𝑟̃0/𝑠 : [1.01 3] 

𝐾1 , 𝐾2 :  
  [0.2 1 5] times 
default 

𝑃̃𝑠,2 , each 𝐺̃𝑠 , each L̃: 

  [0.25 0.5 0.75] 
 

3,072 0 1 0 

1 35 

2 1 

3 984 

4 2051 

5 0 

6 0 

5 Time-varying 
parameters 

Triangle 𝑟̃0/𝑠 : [1.01]  

𝐾1 , 𝐾2 :  
  [0.2 1 5] times 
default 

𝑃̃𝑠,2 , each 𝐺̃𝑠 , each L̃: 

  [0.25 0.5 0.75] 

486 0 18 0 

1 147 

2 321 

3 0 
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Dynamic: 

   𝐾1 , 𝐾2 , 𝑃̃𝑠,2,  each  

𝐺̃𝑠 
   Freq: [ 0.02 0.2 2],  
   Ampl: 0.95   

6 Time-varying 
parameters 

Pentagon 𝑟̃0/𝑠 : [1.01]  

𝐾1 , 𝐾2 :  
  [0.2 1 5] times 
default 

𝑃̃𝑠,2 , each 𝐺̃𝑠 , each L̃: 

  [0.25 0.5 0.75] 
Dynamic: 

   𝐾1 , 𝐾2 , 𝑃̃𝑠,2−4, 

each  𝐺̃𝑠 
   Freq: [ 0.02 0.2 2],  
   Ampl: 0.95 

1,440 0 0 0 

1 28 

2 7 

3 253 

4 1152 

5 0 

6 0 

7 Direction-
dependent 
adaptation rate 

Triangle 𝑟̃0/𝑠 : [0.3 1.01 3] 

𝑡̃𝑒𝑛𝑑: 300 
(𝐾3,𝐷𝑂𝑊𝑁 =  1, 

default) 
𝐾3,𝑈𝑃 :  

  [0.1 0.3 1 3 10] 
 

135 0 1 0 

1 73 

2 61 

3 0 

8 Direction-
dependent 
adaptation rate 

Pentagon 𝑟̃0/𝑠 : [1.01 3] 

𝑡̃𝑒𝑛𝑑: 300 
(𝐾3,𝐷𝑂𝑊𝑁 =  1, 

default) 
𝐾3,𝑈𝑃 :  

  [0.2 1 5] 
 

192 0 0 0 

1 0 

2 0 

3 96 

4 96 

5 0 

6 0 

9 General 
hemodynamic 
adaptation 
model 

Triangle 𝑟̃0/𝑠 : [0.3 1.01 3] 

𝐾2 = 20 
α: [0.5 1 1.5 2 3 4] 
β: [0.5 1 1.5 2 3 4] 
 

324 0 31 0 

1 146 

2 147 

3 0 

10 General 
hemodynamic 
adaptation 
model 

Pentagon 𝑟̃0/𝑠 : [1.01 3] 

α: [0.5 1 1.5 2 3 4] 
β: [0.5 1 1.5 2 3 4] 
 

768 0 37 0 

1 44 

2 5 

3 315 

4 367 

5 0 

6 0 

11 Dissipation 
model 

Triangle 𝑟̃0/𝑠 : [0.3 1.01 3] 

𝐾2 = 50 
α=4  
β=2 
 

27 0 5 0 

1 13 

2 9 

3 0 

12 Dissipation 
model 

Pentagon 𝑟̃0/𝑠 : [1.01 3] 

𝐾2 = 50 
α=4  
β=2 
 

64 0 0 0 

1 21 

2 0 

3 18 

4 25 

5 0 

6 0 

13 Triangle 405 0 5 0 
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Supporting movie Coronary adaptation: Regression of coronary segments for increasing levels of 

WSSref. Distal conductance in these simulations was taken equal to the published values. Shown are 

steady state topologies for increasing WSSref in each frame. For clarity, segmental diameters are not 

shown. Panel A: 3D view. B-D: 1 cm transverse sections, taken at respectively 6.21-7.21 cm (B), 4.29-

5.29 cm (C) and 2.37-3.37 cm (D) above the apex of the heart. Blue: open segments; red: segments 

that have regressed at the indicated WSSref. Circles: entrance points (left anterior descending and 

circumflex arteries) of the left coronary circulation. The right coronary circulation was not included 

in the data.  

Heterogeneous 
reference WSS 

𝑟̃0/𝑠 : [0.3 1.01 3] 

Each 𝜏𝑟𝑒𝑓  :  

  [0.1 0.3 1 3 10] 

1 217 

2 188 

3 0 

14 Heterogeneous 
reference WSS 

Pentagon 𝑟̃0/𝑠 : [1.01 3] 

Each 𝜏𝑟𝑒𝑓  :   

  [0.2 1 5] 

1,152 0 0 0 

1 0 

2 0 

3 516 

4 636 

5 0 

6 0 

15 Heterogeneous 
adaptation rate 

Triangle 𝑟̃0/𝑠 : [0.3 1.01 3] 

Each 𝐾3 :  
  [1 2 5 10] 

324 0 0 0 

1 179 

2 145 

3 0 

16 Heterogeneous 
adaptation rate 

Pentagon 𝑟̃0/𝑠 : [1.01 3] 

Each 𝐾3 :   
  [1 3 10] 

1,152 0 0 0 

1 0 

2 0 

3 529 

4 623 

5 0 

6 0 

   Total number of 
simulations: 

12,214    



SI 1 Prove of the loss of loops in models for vascular

adaptation

In this Section, we study the various models that were presented in the main text an-
alytically. In these proofs we study the system presented in equation (2) in the main
manuscript:

drjk
dt

= kregrjk(
rαjk

2Lβ
jk

|Pjk|β − τref ). (SI 1.1)

In this analysis the fact that this system is in the dimensionfull setting does not influence
it; it does make the dependence on the parameters clearer. In order to analyse the stability
of the equilibria, we need to differentiate |Pjk|, thus, we need to be careful because of the
absolute value. Therefore, we introduce the sign of Pjk as sjk = sign (Pjk).

SI 2 Wall shear stress dependent vascular adaptation

for the triangular topology

First, we assume adaptation to wall shear stress and take α = β = 1 and analyse the
model for a triangular topology. The pentagon setting studied in the main manuscript can
be treated in an analogous way, see also Section SI 5 for a very general network topology.
The model for a triangular setting of vessels and α = β = 1 is given by

dr12
dt

= kregr12(
r12
2L12

|P12| − τref ) =: F1

dr23
dt

= kregr23(
r23
2L23

|P23| − τref ) =: F2

dr31
dt

= kregr31(
r31
2L31

|P31| − τref ) =: F3. (SI 2.1)

where P12 + P23 + P31 = 0.
Then, the fixed points need to satisfy

r12
2L12

|P12| − τref = 0

r23
2L23

|P23| − τref = 0 (SI 2.2)

r31
2L31

|P31| − τref = 0.

Now, we assume that the parameters are such that there exists at least 1 fixed point for
which all ri ̸= 0 and study that point from now onward. In case system (SI 2.1) does not
have a fixed point with all rjk ̸= 0 then we conclude that a loop is not present.

The stability of the fixed point can be determined by linearizing around the point,
then we obtain

dZ

dt
= DF|ststZ, (SI 2.3)
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where Z = (z12, z23, z31) and DF|stst is the Jacobian evaluated at the fixed point. and

DF|stst =


∂F1

∂r12
∂F1

∂r23
∂F1

∂r31
∂F2

∂r12
∂F2

∂r23
∂F2

∂r31
∂F3

∂r12
∂F3

∂r23
∂F3

∂r31



=


kreg
2L12

r12(|P12|+ r12
∂|P12|
∂r12

) kreg
2L12

r212
∂|P12|
∂r23

kreg
2L12

r212
∂|P12|
∂r31

kreg
2L23

r223
∂|P23|
∂r12

kreg
2L23

r23(|P23|+ r23
∂|P23|
∂r23

) kreg
2L23

r223
∂|P23|
∂r31

kreg
2L31

r231
∂|P31|
∂r12

kreg
2L31

r231
∂|P31|
∂r23

kreg
2L31

r31(|P31|+ r31
∂|P31|
∂r31

)



=


kreg(τref +

s12r212
2L12

∂P12

∂r12
) kreg

s12r212
2L12

∂P12

∂r23
kreg

s12r212
2L12

∂P12

∂r31

kreg
s23r223
2L23

∂P23

∂r12
kreg(τref +

s23r223
2L23

∂P23

∂r23
) kreg

s23r223
2L23

∂P23

∂r31

kreg
s31r231
2L31

∂P31

∂r12
kreg

s31r231
2L31

∂P31

∂r23
kreg(τref +

s31r231
2L31

∂P31

∂r31
)

 ,

where the matrix is evaluated at the fixed point that satisfies (SI 2.2). In the last step
we use that (SI 2.2) is satisfied. There are two methods to show that the fixed point is
unstable.

SI 2.1 First method

Using, equation (SI 2.3), we determine

s12L12r
2
23r

2
31

dz1
dt

+ s23L23r
2
12r

2
31

dz2
dt

+ s31L31r
2
12r

2
23

dz3
dt

= kregτref (s12L12r
2
23r

2
31z1 + s23L23r

2
12r

2
31z2 + s31L31r

2
12r

2
23z3)

+
1

2
kregr

2
12r

2
23r

2
31

{
(
∂P12

∂r12
+

∂P23

∂r12
+

∂P31

∂r12
)z1 + (

∂P12

∂r23
+

∂P23

∂r23
+

∂P31

∂r23
)z2

+(
∂P12

∂r31
+

∂P23

∂r31
+

∂P31

∂r31
)z3

}
= kregτref (s12L12r

2
23r

2
31z1 + s23L23r

2
12r

2
31z2 + s31L31r

2
12r

2
23z3),

where the rij satisfy (SI 2.2). In the last step we use that P12 + P23 + P31 = 0 such that
differentiating this sum also yields zero. Next, we define

Y = s12L12r
2
23r

2
31z1 + s23L23r

2
12r

2
31z2 + s31L31r

2
12r

2
23z3, (SI 2.4)

and obtain that
dY

dt
= kregτrefY.

Solving this equation results in
Y (t) = cekregτref t,

where c = Y (0) is a constant. Thus, for t > 0 and increasing t we find that Y also
increases and we conclude that the combination

s12L12r
2
23r

2
31z1 + s23L23r

2
12r

2
31z2 + s31L31r

2
12r

2
23z3
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always increases. Moreover, we conclude that λ = kregτref is an eigenvalue and that it
is positive. Therefore, we conclude that the fixed point Z = 0 in equation (SI 2.3) is
unstable which corresponds to the fixed point (SI 2.2) being unstable for the linearized
system. This also implies that the fixed point is unstable for the full nonlinear system (SI
2.1), see [2]. Hence, when a fixed point exists for which all ri ̸= 0, it is unstable.

SI 2.2 Second method

In this section, we will use another method to determine the stability of the fixed point (SI
2.2) namely by studying the eigenvalues of the matrixDF|stst. To obtain these eigenvalues,
we need to determine the characteristic polynomial by analysing

det(DF|stst − λI) = det


kreg(τref +

s12r212
2L12

∂P12

∂r12
)− λ kreg

s12r212
2L12

∂P12

∂r23
kreg

s12r212
2L12

∂P12

∂r31

kreg
s23r223
2L23

∂P23

∂r12
kreg(τref +

s23r223
2L23

∂P23

∂r23
)− λ kreg

s23r223
2L23

∂P23

∂r31

kreg
s31r231
2L31

∂P31

∂r12
kreg

s31r231
2L31

∂P31

∂r23
kreg(τref +

s31r231
2L31

∂P31

∂r31
)− λ

 ,

= det


 kregτref − λ 0 0

0 kregτref − λ 0
0 0 kregτref − λ



+


kreg

s12r212
2L12

∂P12

∂r12
kreg

s12r212
2L12

∂P12

∂r23
kreg

s12r212
2L12

∂P12

∂r31

kreg
s23r223
2L23

∂P23

∂r12
kreg

s23r223
2L23

∂P23

∂r23
kreg

s23r223
2L23

∂P23

∂r31

kreg
s31r231
2L31

∂P31

∂r12
kreg

s31r231
2L31

∂P31

∂r23
kreg

s31r231
2L31

∂P31

∂r31




= det


 kregτref − λ 0 0

0 kregτref − λ 0
0 0 kregτref − λ

+ C

 .

Here, C is a matrix of which the rows are linearly dependent since P12 + P23 + P31 = 0.
We will use this fact to determine the above determinant.

Remark SI 2.1 Note that in general it is not true that det(A + B) = det(A) + det(B)
for 2 matrices A and B and so we do not use that here.

If we write out the determinant we find that

det(DF|stst − λI) = (kregτref − λ)H(λ),

where H can be determined explicitly in terms of all above expressions. Next, we look at
the solution of the characteristic polynomial

det(DF|stst − λI) = 0,

and conclude that one of the eigenvalues is given by λ = kregτref > 0. Therefore, one of
the eigenvalues is positive, and thus, the fixed point is unstable also for the full nonlinear
system (SI 2.1).
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SI 3 Loss of loopiness by local hemodynamic adap-

tation occurs in a wide variety of models

The above analysis can be used for a wide variety of models for hemodynamic adaptation
which were also considered in the main text.

SI 3.1 Generalized adaptation to hemodynamic conditions

In this section, we look at a generalized system for hemodynamic adaptation and still
focus on the triangular setting. Thus, we analyse the system

dr12
dt

= kregr12(
rα12
2Lβ

12

|P12|β − τ
(1)
ref ) =: F1

dr23
dt

= kregr23(
rα23
2Lβ

23

|P23|β − τ
(2)
ref ) =: F2

dr31
dt

= kregr31(
rα31
2Lβ

31

|P31|β − τ
(3)
ref ) =: F3, (SI 3.1)

where P12 + P23 + P31 = 0, α > 0 and β > 0. Then, the fixed point for which all ri ̸= 0 is
given by the point that satisfies

rα12
2Lβ

12

|P12|β − x
(1)
ref = 0,

rα23
2Lβ

23

|P23|β − x
(2)
ref = 0,

rα31
2Lβ

31

|P31|β − x
(3)
ref = 0. (SI 3.2)

The stability of this point can be determined by linearizing around the point, then we
obtain

dZ

dt
= DF|ststZ, (SI 3.3)

where Z = (z12, z23, z31) and

DF|stst =


kreg

2Lβ
12

rα12(α|P12|β + r12
∂|P12|β
∂r12

) kreg

2Lβ
12

rα+1
12

∂|P12|β
∂r23

kreg

2Lβ
12

rα+1
12

∂|P12|β
∂r31

kreg

2Lβ
23

rα+1
23

∂|P23|β
∂r12

kreg

2Lβ
23

rα23(α|P23|β + r23
∂|P23|β
∂r23

) kreg

2Lβ
23

rα+1
23

∂|P23|β
∂r31

kreg

2Lβ
31

rα+1
31

∂|P31|β
∂r12

kreg

2Lβ
31

rα+1
31

∂|P31|β
∂r23

kreg

2Lβ
31

rα31(α|P31|β + r31
∂|P31|β
∂r31

)



=


kreg(ατ

(1)
ref +

βPβ−1
12 sβ12r

α+1
12

2Lβ
12

∂P12

∂r12
) kreg

βPβ−1
12 sβ12r

α+1
12

2Lβ
12

∂P12

∂r23
kreg

βPβ−1
12 sβ12r

α+1
12

2Lβ
12

∂P12

∂r31

kreg
βPβ−1

23 sβ23r
α+1
23

2Lβ
23

∂P23

∂r12
kreg(αx

(2)
ref +

βPβ−1
23 sβ23r

α+1
23

2Lβ
23

∂P23

∂r23
) kreg

βPβ−1
23 sβ23r

α+1
23

2Lβ
23

∂P23

∂r31

kreg
βPβ−1

31 sβ31r
α+1
31

2Lβ
31

∂P31

∂r12
kreg

βPβ−1
31 sβ31r

α+1
31

2Lβ
31

∂P31

∂r23
kreg(ατ

(3)
ref +

βPβ−1
31 sβ31r

α+1
31

2Lβ
31

∂P31

∂r31
)

 ,
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where the matrix is evaluated at the fixed point that satisfies (SI 3.2) and we again use
this in the last step.

Here, we analyse the case where all the τ
(ij)
ref are the same so τ

(ij)
ref = τref for (ij) =

(12), (23), (31). We use method 1 from Section SI 2.1 to prove that the fixed point is
unstable. Method 2 from Section SI 2.2 could also be applied and results in the eigenvalue
λ = αkregτref > 0, we refrain from showing that here.

To apply method 1, we determine

P β−1
23 P β−1

31 sβ12L
β
12r

α+1
23 rα+1

31

dz1
dt

+ P β−1
12 P β−1

31 sβ23L
β
23r

α+1
12 rα+1

31

dz2
dt

+ P β−1
23 P β−1

12 sβ13L
β
31r

α+1
12 rα+1

23

dz3
dt

= kregτrefα(s
β
12L

β
12(P23P31)

β−1(r23r31)
α+1z1 + sβ23L

β
23(P12P31)

β−1(r12r31)
α+1z2

+sβ13L
β
31(P23P12)

β−1(r12r23)
α+1z3)

+
1

2
kregβ(P12P23P31)

β−1(r12r23r31)
α+1(

∂P12

∂r12
+

∂P23

∂r23
+

∂P31

∂r31
)(z1 + z2 + z3)

= kregτrefα(s
β
12L

β
12(P23P31)

β−1(r23r31)
α+1z1 + sβ23L

β
23(P12P31)

β−1(r12r31)
α+1z2

+sβ13L
β
31(P23P12)

β−1(r12r23)
α+1z3)

where the rjk and Pjk are evaluated at the fixed point. In the last step we use that
P12 + P23 + P31 = 0. Then, we find for

Y = sβ12L
β
12(P23P31)

β−1(r23r31)
α+1z1+sβ23L

β
23(P12P31)

β−1(r12r31)
α+1z2+sβ31L

β
31(P23P12)

β−1(r12r23)
α+1z3,

that
dY

dt
= αkregτrefY.

Solving this equation gives that

Y (t) = ceαkregτref t,

where c = Y (0) is a constant. Thus, for t > 0 and increasing we find that Y also increases
and we conclude that the combination

sβ12L
β
12(P23P31)

β−1(r23r31)
α+1z1+sβ23L

β
23(P12P31)

β−1(r12r31)
α+1z2+sβ31L

β
31(P23P12)

β−1(r12r23)
α+1z3

always increases. Similar to before this also results in the eigenvalue α = αkregτref .
Therefore, we conclude that the fixed point Z = 0 in expression (SI 3.3) is unstable
corresponding to the fixed point (SI 3.2) being unstable for the linearized system and also
for the full system (SI 3.1).

SI 3.2 Different τref among adapting segments

Here, we assume that the reference wall shear stress τref are different for the various

vessels and denote these by τ
(ij)
ref . We can extend method 1 in section SI 2.1 to this case.

10



Analogous to before, we determine the linearized system and get that

s12L12r
2
23r

2
31

dz1
dt

+ s23L23r
2
12r

2
31

dz2
dt

+ s31L31r
2
12r

2
23

dz3
dt

= kreg(s12τ
(1)
refL12r

2
23r

2
31z1 + s23τ

(2)
refL23r

2
12r

2
31z2 + s31τ

(3)
refL31r

2
12r

2
23z3) +

+
1

2
kregr

2
12r

2
23r

2
31

{
(
∂P12

∂r12
+

∂P23

∂r12
+

∂P31

∂r12
)z1 + (

∂P12

∂r23
+

∂P23

∂r23
+

∂P31

∂r23
)z2

+(
∂P12

∂r31
+

∂P23

∂r31
+

∂P31

∂r31
)z3

}

= kreg(s12τ
(1)
refL12r

2
23r

2
31z1 + s23τ

(2)
refL23r

2
12r

2
31z2 + s31τ

(3)
refL31r

2
12r

2
23z3)

where the rij are evaluated at the fixed point. In the last step we again use that P12 +
P23 + P31 = 0.

Now, we assume without loss of generality that s12 = s23 = 1 and s31 = −1 then there
are three distinct possibilities:

(A1) τ
(1)
ref , τ

(2)
ref ≥ τ

(3)
ref

(A2) τ
(1)
ref , τ

(2)
ref ≤ τ

(3)
ref

(A3) τ
(1)
ref ≤ τ

(3)
ref ≤ τ

(2)
ref ,

others are similar. We study case (A1) and assume, again without loss of generality, that

τ
(1)
ref ≥ τ

(2)
ref ≥ τ

(3)
ref .

Then, we define

Y = s12L12r
2
23r

2
31z1 + s23L23r

2
12r

2
31z2 + s31L31r

2
12r

2
23z3,

and find that

dY

dt
= kreg(s12τ

(1)
refL12r

2
23r

2
31z1 + s23τ

(2)
refL23r

2
12r

2
31z2 + s31τ

(3)
refL31r

2
12r

2
23z3)

≥
(
kreg(s12τ

(2)
refL12r

2
23r

2
31z1 + s23τ

(2)
refL23r

2
12r

2
31z2 + s31τ

(2)
refL31r

2
12r

2
23z3)

)
≥ kregτ

(2)
refY.

To determine an estimate for Y in this inequality, we can use a theorem by Petrovitch
[3], see Appendix A for the precise statement. Applying the theorem, we conclude that

Y (t) ≥ cekregτ
(2)
ref

t,

where c = Y (0) is a constant. Thus, for t > 0 and increasing t we find that Y also
increases and we conclude that the combination

s12L12r
2
23r

2
31z1 + s23L23r

2
12r

2
31z2 + s31L31r

2
12r

2
23z3

always increases. Therefore, we conclude that the fixed point Z = 0 in equation (SI 2.3)
is unstable which corresponds to the fixed point (SI 2.2) being unstable, also for the full
nonlinear system.

11



For possibility (A2), a proof analogous to the above proof can be given so we refrain
for doing that here. When (A3) holds, we redefine the |Pjk|’s in the system such that
s23 = s31 = 1 and s12 = −1 and then a similar argument holds.

To summarise, the fixed point (SI 2.2) is always unstable in the case of different τref ’s.

SI 3.3 Different adaptation speed between the adjacent segments

Here, we take a different adaptation speed for the segments, hence, the kreg in the expres-
sions for the Fi are taken different namely as k(i)

reg. We can extend method 1 in section SI
2.1 to this case. Again, we determine the linearized system which is

dZ

dt
= DF|ststZ, (SI 3.4)

where Z = (z12, z23, z31) and DF|stst is the Jacobian evaluated at the fixed point. and

DF|stst =


k(1)
reg(τref +

s12r212
2L12

∂P12

∂r12
) k(1)

reg
s12r212
2L12

∂P12

∂r23
k(1)
reg

s12r212
2L12

∂P12

∂r31

k(2)
reg

s23r223
2L23

∂P23

∂r12
k(2)
reg(τref +

s23r223
2L23

∂P23

∂r23
) k(2)

reg
s23r223
2L23

∂P23

∂r31

k(3)
reg

s31r231
2L31

∂P31

∂r12
k(3)
reg

s31r231
2L31

∂P31

∂r23
k(3)
reg(τref +

s31r231
2L31

∂P31

∂r31
)

 ,

Using this, we determine

s12k
(2)
regk

(3)
regL12r

2
23r

2
31

dz1
dt

+ s23k
(1)
regk

(3)
regL23r

2
12r

2
31

dz2
dt

+ s31k
(1)
regk

(2)
regL31r

2
12r

2
23

dz3
dt

= k(1)
regk

(2)
regk

(3)
regτref (s12L12r

2
23r

2
31z1 + s23L23r

2
12r

2
31z2 + s31L31r

2
12r

2
23z3)

+
1

2
k(1)
regk

(2)
regk

(3)
regr

2
12r

2
23r

2
31

{
(
∂P12

∂r12
+

∂P23

∂r12
+

∂P31

∂r12
)z1 + (

∂P12

∂r23
+

∂P23

∂r23
+

∂P31

∂r23
)z2

+
∂P12

∂r31
+

∂P23

∂r31
+

∂P31

∂r31
)z3

}
= k(1)

regk
(2)
regk

(3)
regτref (s12L12r

2
23r

2
31z1 + s23L23r

2
12r

2
31z2 + s31L31r

2
12r

2
23z3),

where the rij satisfy (SI 2.2). In the last step we again use that P12 + P23 + P31 = 0.

Now, we assume without loss of generality that s12 = s23 = 1 and s31 = −1 then there
are three distinct possibilities:

(P1) k(1)
reg ≥ k(2)

reg, k
(3)
reg

(P2) k(1)
reg ≤ k(3)

reg, k
(2)
reg

(P3) k(3)
reg ≥ k(1)

reg ≥ k(2)
reg,

others are similar. We study case (P1) and assume, again without loss of generality, that
k(1)
reg ≥ k(2)

reg ≥ k(3)
reg.

First, we study possibility (P3) then we find for

Y = s12L12r
2
23r

2
31z1 + s23L23r

2
12r

2
31z2 + s31L31r

2
12r

2
23z3

12



that

k(1)
regk

(2)
reg

dY

dt
≥ s12k

(2)
regk

(3)
regL12r

2
23r

2
31

dz1
dt

+ s23k
(1)
regk

(3)
regL23r

2
12r

2
31

dz2
dt

+ s31k
(1)
regk

(2)
regL31r

2
12r

2
23

dz3
dt

= k(1)
regk

(2)
regk

(3)
regτrefY.

To determine an estimate for Y in this inequality, we use a theorem by Petrovitch [3], see
Appendix A for the precise statement. Applying the theorem, we conclude that

Y (t) ≥ cek
(3)
regτref t,

where c = Y (0) is a constant. Thus, for t > 0 and increasing t we find that Y also
increases. Therefore, we conclude that the fixed point Z = 0 in equation (SI 2.3) is
unstable which corresponds to the fixed point (SI 2.2) being unstable for the linearized
system and also for the nonlinear problem. For the other possibilities we have to redefine
the Pjk’s again, similar to Section SI 3.2.

SI 3.4 Direction dependent adaptation

Here, we analyse the case when the vessel radius increases slower and decreases faster
than default. Hence

kreg =

 k1 when
rjk
2Ljk

|Pjk| − τref > 0,

k2 when
rjk
2Ljk

|Pjk| − τref < 0,
(SI 3.5)

where 0 < k1 < k2 and we again choose α = β = 1.
In Section SI 3.3, we already showed that when the kreg are all different (or when

they are the same) that the equilibrium with all the rjk ̸= 0 is unstable. Therefore, in
that case, there exists at least one orbit which starts close to the fixed point but does
not stay close to the fixed point for all time. More precisely, there exists an ε > 0 such
that for every δ > 0 there exist initial conditions r0 = r(t0), t0 such that |rssjk − r0| ≥ δ
and |rssjk − r(t0)| ≥ ε for all t ≥ t0 where rssjk is the fixed point and r(t) is a solution
of the system. Now, we assume that we start on this orbit. Then, the only possibility
for the fixed point to become stable is when this orbit moves towards the fixed point.
Hence, when it crosses one of the nullplanes

rjk
2Ljk

|Pjk| − τref = 0 so that and the sign of
rjk
2Ljk

|Pjk| − τref changes. However, that does not follow from the above assumption (SI

3.5) so we conclude that the fixed point remains unstable.

SI 4 Adaptation under dynamic conditions

Next, we analyse time dependent periodic variations of the parameters. We denote the
vector of all parameters Gs,i, Ps,i and Ljk by µ. When we take parameters to depend on
time this implies that

µ(ωt) = µb + g(ωt),

13



where µb is the vector of the constant input parameters and g is a periodic function with
period ωT .

Moreover, we denote the vector of all radii rjk by R and the corresponding system as

dR

dt
= F (R, µ(t)). (SI 4.1)

We analyse two choices namely when the periodic variation is slow and when it is
fast. For the fast periodic variation we choose ω ≫ kregτref whereas for the slow periodic
variation we take ω ≪ kregτref .

Note that this system is the same as in the main manuscript since there we study the
dimensionless system whereas we still analyse the system with dimensions.

SI 4.1 Fast periodic variation of parameters

In the case when the perturbation is fast we assume that ω ≫ kregτref and introduce

ε =
kregτref

ω
where 0 < ε ≪ 1. Then, we rescale system (SI 4.1) by introducing τ = t

ε
and

obtain
dR

dτ
= εF̃ (R, µ(τ)). (SI 4.2)

We will analyse this system by using the averaging method and introduce the associated
averaged system

dy

dτ
= εF̄ (y) (SI 4.3)

where

F̄ (y) =
1

T

∫ T

0
F̃ (y, µ(u))du. (SI 4.4)

This system is of the same form as the system studied in Section SI 2, so with constant
parameters. When we assume that there exists a fixed point (with all rjk ̸= 0) then we
already showed that for this system the fixed point is unstable.

To study the full perturbed system (SI 4.2), we can use the Averaging Theorem which
can be found in for example [1], Theorem 4.1.1. Here we use that F is at least C2

and bounded on bounded sets, and of period T in τ . Then there exists a C2 change of
coordinates R = y + εw(y, τ) under which (SI 4.2) becomes

dy

dτ
= εF̄ (y) + ε2F1(y, µ(τ)). (SI 4.5)

where F1 is of period T in τ . Moreover

(i) if R(t) and y(t) are solutions of (SI 4.2) and (SI 4.5) with R(0) = R0 , and y(0) = y0,
respectively, and |R0 − y0| = O(ε), then |R(t)− y(t)| = O(ε) on a time scale 1/ε.

(ii) If p0 is a hyperbolic fixed point of (SI 4.3) then there exists ε0 > 0 such that, for all
0 < ε < ε0 , (SI 4.2) possesses a unique hyperbolic periodic orbit γε(t) = p0 +O(ε)
of the same stability type as p0.
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Hence, we conclude from (ii) that in case the system (SI 4.5) has a fixed point with rjk ̸= 0
that system (SI 4.1) has a periodic solution for sufficiently small. Moreover, since the fixed
point is unstable and hyperbolic (no eigenvalues with real part zero), the corresponding
periodic solution is also unstable.

SI 4.2 Slow periodic variation of parameters

In this section, we study the case when the parameters are perturbed by a periodic
function that is slow, in other words, we choose ω ≪ kregτref . Then, the system is slaved
to the original system.

We now set ε = ω
kregτref

with 0 < ε ≪ 1. Then, by using a Taylor expansion, we know

that there exists a function g1 such that

µ(t) = µb + g(εt) = µb + g(0) + εg1(t).

Substituting this in system (SI 4.1) and again using a Taylor expansion this reduces to

dR

dt
= F (R, µb) + εF2(t). (SI 4.6)

with F2 a function.
Now, for ε = 0 the system (SI 4.6) reduces to a system with constant parameters.

Again we know from Section SI 2.1 that if there exists a fixed point with rjk ̸= 0 it is
unstable. Next, we use the Implicit Function Theorem in a similar way as in the proof of
Lemma 4.5.1 in [1] to conclude that for ε sufficiently small, system (SI 4.6) has a periodic
orbit. Moreover, we conclude that since the fixed point that exists for ε = 0 is unstable,
the corresponding periodic orbit is also unstable.

SI 5 General network that contains loops

The above can be generalised to a network that contains a loop. We assume that the
network has n nodes, K in- or out-pressures denoted by Ps,i, i = 1, · · ·K, and contains a
loop that consists of m nodes (m < n). Then, |Pjk| = |Pk − Pj| for two adjacent nodes
and k ̸= j, otherwise (for non-adjacent nodes) |Pjk| = 0. The system is still given by (SI
1.1) and here we study α = β = 1 but the analysis could also be extended to all the cases
analyzed above. For the loop we use the notation j1, · · · , jm for the connecting nodes. So,
j1 connects to j2 and so on, and jm back to j1.

We find that the sum of all pressures differences within the loop is zero so

Pjmj1 +
m−1∑
i=1

Pjiji+1
= 0.

Again, we assume that the system (SI 1.1) has a fixed point were rjk ̸= 0 for all
adjacent nodes. Such fixed point exists depending on the choice of the parameters.
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Linearising around the fixed point we obtain

dZ

dt
= DF|ststZ, (SI 5.1)

where Z is the vector over all nodes zjk and DF|stst is the Jacobian evaluated at the fixed
point. Then, we define

Y = sjmj1Ljmj1zjmj1

m−1∏
k=1

r2jkjk+1
+

m−1∑
i=1

sjiji+1
Ljiji+1

zjiji+1
(r2jmj1

m−1∏
k=1,k ̸=i

r2jkjk+1
). (SI 5.2)

So we define an expression similar to (SI 2.4) but only take into account the vessels of the
loop. Then, we find that

dY

dt
= kregτrefY.

Solving this equation results in
Y (t) = cekregτref t,

where c = Y (0) is a constant. Thus, for t > 0 and increasing t we find that Y also increases
and we conclude that the sum (SI 5.2) over the zjk in the loop increases. Therefore, we
conclude that the fixed point Z = 0 is unstable which corresponds to the fixed point being
unstable. Hence, the loop is unstable for the linearized and also for the full nonlinear
system, and therefore, it will disappear.

Remark SI 5.1 In the case when there are more loops present in the network we can
generalize the above and can conclude that all these loops are unstable and will disappear.
This case relates to the eigenvalue λ = kregτref having a higher (algebraic) multiplicity
and more eigenvectors so a higher geometric multiplicity.

Remark SI 5.2 The above proof for a general network for 1 or multiple loops can also
be extended to be applied to the other models that we studied in Sections SI 3 and SI 4.
We refrain from giving those proofs here.

A Theorem of Petrovitch

The Theorem proved by Petrovitch [3] states that
if u satisfies the differential inequality

du(t)

dt
≥ f(u(t), t),

and y is the solution to the ODE

dy(t)

dt
= f(y(t), t)

under the boundary condition u(t0) = y(t0), then: for t < t0, u(t) ≤ y(t) and t >
t0, u(t) ≥ y(t)
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