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in the case of punctured surfaces.
The starting point is the noncommutative mirror equivalence

gzg)l:;r:‘:ién theory GtlQ = mf(Jac Q,Z) for a punctured surface Q. We pick a
Mirror symmetry deformation Gtly @ which captures a large part of the de-
Gentle algebras formation theory and includes the relative Fukaya category.
Dimers To find the corresponding deformation of mf(Jac Q,K), we
Derived categories deform work of Cho-Hong-Lau which interprets mirror sym-
Homotopy transfer metry as Koszul duality. As result we explicitly obtain the
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Kadeishvili theorem

corresponding deformation mf(Jac, Q, £q) together with a de-
formed mirror functor Gtl, Q = mf(Jac, Q,£,).

Fukaya categories The bottleneck is to verify that the algebra Jac, Q is indeed
Matrix factorizations a (flat) deformation of Jac@. We achieve this by deploying
Central elements a result of Berger-Ginzburg-Taillefer on deformations of CY3
Flatness

algebras, which however requires the relations to be homoge-
neous. We show how to replace this homogeneity requirement
Hochschild cohomology by a Vsimple boundedness condition and obtain flatness of
Landau- Ginzburg models Jacg @ for almost all Q.

Superpotentials We finish the paper with examples, including a full treatment
of the 3-punctured sphere and 4-punctured torus. With the
help of our computations in [24], we describe Jac, Q explicitly.
It turns out that the deformed potential ¢, is still central in
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1. Introduction

Mirror symmetry is the quest for equivalences between Fukaya categories and cate-
gories of coherent sheaves. Noncommutative mirror symmetry is the quest for equiva-
lences between Fukaya categories and categories of sheaves on noncommutative spaces. In
the present paper, our starting point is noncommutative mirror symmetry for punctured

surfaces:
Gentle algebra ~ Matrix factorizations
- o
GtlQ [12] mf(Jac @, )

In the present paper, we pick one specific deformation Gtl, @ of Gtl@ and find the
corresponding deformation of mf(Jac Q, £). The result is a deformed mirror equivalence:

Deformed gentle algebra ~ Deformed matrix factorizations
Gtl, Q mf (Jac, Q, ;)

In what follows, we explain our quest from different perspectives. We explain the
philosophy of the specific deformation Gtl, ), comment on the source of mirror functors
from the construction of Cho, Hong and Lau [17], and explain a bottleneck concerning
the question whether the deformed Jacobi algebra Jac, Q is indeed a deformation of
Jac Q.

Deformation theory In As.-deformation theory one studies possible modifications of
a given A.-structure which keep the A,-relations intact. One possible line of study
consists of formal (infinitesimally) curved Ao.-deformations. The base ring for such de-
formations is a local algebra B with a few additional properties.

An interesting question arises when one is given two equivalent A..-categories C, D
and tries to transfer a deformation from C to D. As a starting point, one is given a
quasi-equivalence F': C — D and a deformation D,. Transferring the deformation C, via
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F then entails finding a deformation D, of D together with a deformation F; of F' such
that F, : C; — D, is a functor of deformed A..-categories.

The difficulty in transferring A..-deformations lies in the character of A..-theory.
Indeed, both the A,,-products of C and D and the functor F' have higher components,
which make it impossible to quickly to write down the corresponding deformation D,.

Nevertheless, it is known that a transfer of deformations along quasi-equivalences al-
ways exists. The clue is to interpret A..-deformations of C as Maurer-Cartan elements
of the Hochschild DGLA HC(C). The quasi-equivalence F' : C — D then gives rise to a
non-canonical Lo,-morphism F, : HC(C) — HC(D). By applying F} to a given deforma-
tion Cg4, viewed as Maurer-Cartan element, one obtains the corresponding deformation
D,. While this abstract interpretation does make D, computable, it sets the stage for
the systematic quest of deformed mirror symmetry.

Gentle algebras A popular way of modeling wrapped Fukaya categories of punctured
surfaces deploys gentle algebras [12]. In this framework, one starts from an oriented
closed surface S with a finite set of punctures M C S. One chooses a system A of arcs
which connect the punctures and divide the surface into polygons. To an arc system,
one can associate a so-called gentle algebra Gtl A, reminiscent of the classical associative
gentle algebras of [2]. The gentle algebra Gtl A is actually an A..-category whose higher
products detect the topology of the punctured surface S\ M. It was shown in [12] that
it accurately models the wrapped Fukaya category of (S, M).

Dimers are specific kinds of arc systems which suit the purposes of mirror symmetry.
We shall consider the specific mirror symmetry of punctured surfaces, built in [12]. This
statement of mirror symmetry entails a quasi-isomorphism F : GtlQ — mf(Jac QJ).
The dimer Q is the so-called dual dimer of @) and can be built from @ in a combinatorical
way. In contrast, the mirror functor F itself is only given non-constructively and built
in an inductive way by solving cocycle equations. Whenever we are given a deforma-
tion Gtl, @, it would be very hard to explicitly find the corresponding deformation of
mf(Jac @, £).

Deformed Fukaya categories Seidel [33] has introduced the idea of deforming Fukaya
categories relative to a divisor. The idea is to introduce a formal parameter ¢ and weight
every pseudoholomorphic disk by ¢° where s counts the number of intersections of the
disk with the divisor. In [13], we have transported this concept to the world of gentle
algebras. The result is a deformation Gtl, @, in which every puncture comes with its own
deformation parameter. Whenever a disk covers the punctures ¢y, . . ., gx, the contribution
of this disk is weighted by the product ¢; ... qx.

We raised the hope that our candidate deformation Gtl, @ would be the correct way
to implement Seidel’s idea on the side of gentle algebras. In [24], we examined this ex-
pectation and computed a part of the A-structure of the derived category H Tw Gtl, Q.
Very specifically, it concerns the subcategory HL, C HTw Gtl,; Q given by the zigzag
paths in @. The result is an explicit description of the As-structure of HL, in terms
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of certain types of immersed disks. While it is hard to determine values for products of
non-transversal sequences in the relative Fukaya category, our description of HIL, de-
termines their values very accurately. Although our calculation is limited to the zigzag
paths, we consider [24] a crude verification that Gtl, @ is the correct transport of Seidel’s
vision to gentle algebras and can be considered a “relative wrapped Fukaya category”.

Relative Fukaya categories have already served as A-side of mirror symmetry before.
For instance, Lekili and Perutz [25] find a commutative mirror for the relative Fukaya
category of the 1-punctured torus, apparently the first use of a relative Fukaya category
in mirror symmetry. In [26], Lekili and Polishchuk generalize this result to the case of
the n-punctured torus. They depart from a finite collection of split-generators of the
Fukaya category and compute part of their deformed products in the relative Fukaya
category. Their mirror is then obtained by guessing the correct deformation on the B-
side. Complete knowledge of the products in the relative Fukaya category or even a
relative wrapped Fukaya category are not required in their approach.

Mirror functors A rich source of mirror functors is the recent construction of Cho, Hong
and Lau [17]. Their construction associates to a given A..-category C with a suitable
subcategory L. C C a Landau-Ginzburg model (Jac Q¥, ¢) together with an A,.-functor

F :C — MF(JacQY, 0).

The Cho-Hong-Lau construction can be applied to the category C = HTw GtlQ by
choosing IL to be the subcategory given by so-called zigzag paths. This application yields
back the original mirror symmetry for punctured surfaces Gtl@Q = mf(Jac Q,E) from
[12].

In the present paper, it is our aim to produce a deformation of mf(Jac @, ¢) which
corresponds to Gtl; Q. Thanks to the Cho-Hong-Lau construction, this task becomes
straightforward: The first step is to deform the Cho-Hong-Lau construction. The result
is a procedure which generates mirror functors of the kind C, — MF(Jac, QL,Eq). The
second step is to apply this deformed construction to the case of C; = HTw Gtl, Q). The
result is a quasi-isomorphism of deformed A..-categories

F, : Gtl, Q@ = mf(Jac, Q, ).

In particular, the deformation mf(Jac, @, ¢,) is the desired deformation of mf(Jac @, ¢)
corresponding to Gtl, @. It is possible to describe the algebra Jac, Q, the potential
¢, and the mirror objects Fy(a) explicitly. This requires heavy computations in the
minimal model HTw Gtl, @ which we have performed in [24]. Thanks to these earlier
computations, we offer in the present paper an explicit description of Jac, Q, {, and
F,(a) in terms of combinatorics in Q.

Flatness of superpotential deformations A bottleneck in this paper is the question
whether Jach is a (flat) deformation of JacQ as an algebra. Indeed, our deformed
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Cho-Hong-Lau construction leads to a definition of Jac, Q as a mere quotient of CQ[QO]]
by certain deformed relations. A quotient by deformed relations however need not be an
algebra deformation in general. The question is whether the specific case of Jac, Q isa
deformation of Jac Q nevertheless. To resolve this question, we prove a flatness result for
superpotential deformations of CY3 algebras.

Our flatness result is a culmination of a long sequence of improvements in the lit-
erature. Our starting point is the work of Berger, Ginzburg and Taillefer [6,7] which
concerns PBW deformations of CY3 algebras. Like all previous results, their work re-
quires the superpotential W to be homogeneous. We translate their work to the setting of
formal deformations and show that the homogeneity condition is superfluous and can be
replaced by a mild boundedness condition. We obtain a flatness result for formal defor-
mations of CY3 algebras with nonhomogeneous superpotential. In particular, it follows
from this result that Jac, Q is a flat deformation of Jac @ for almost all dimers Q.

Ultimately, our flatness result renders the category mf(Jac, Q,Eq) a deformation of
mf(Jac Q, ¢) and F, an equivalence of deformations. This proves noncommutative mirror
symmetry for punctured surfaces.

Assembling deformed mirror symmetry The present paper is the final one in a series of
three. We explain here the purpose of this series, which results have been obtained in
the first papers and how we build on them in the present paper.

Our original motivation was to transport Seidel’s idea of relative Fukaya categories to
the world of gentle algebras and to use it as A-side in a deformed mirror symmetry for
punctured surfaces. We realized that an effective way of constructing the deformation
of mf(Jac Q, ) was to follow the Cho-Hong-Lau construction, inserting the deformation
Gtly @ as an input instead of Gtl(Q). This approach requires an explicit and lengthy
minimal model calculation, which is the reason we distributed the material into a series
of three papers.

The first paper in the series is [13] and concerns the deformation theory of the gentle
algebras Gtl A under certain assumptions on the arc system A. One of the main results
is a complete classification of the deformations of Gtl.A.

The second paper in the series is [24] and conducts all the necessary computations
for applying the Cho-Hong-Lau construction. It focuses on the case of the specific de-
formation Gtl, @ and defines the category of deformed zigzag paths L,. By means of
the deformed Kadeishvili construction from our auxiliary paper [23], it builds a minimal
model HL, for L,. The main result is an explicit description of the deformed A..-
structure of HIL, in terms of four types of immersed disks. These four types are labeled
CR, ID, DS and DW disks and they agree precisely with the immersed disks one expects
from the relative Fukaya category.

In the present paper, we tie the previous calculations together. We start by deforming
the Cho-Hong-Lau construction in general. Then, we apply this deformed construction to
the special case of Gtl, Q and obtain a deformed Jacobi algebra Jac, Q and a deformed
central element /,. Thanks to the second paper, we have an explicit description of the
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Axo-structure on HIL,, giving an explicit description of Jac, Q and £,. This description
is theoretically given in terms of the CR, ID, DS and DW disks from [24], but simplifies a
bit in the present paper because mostly products of transversal sequences are regarded.
Apart from proving that Jac, Q is indeed a deformation of Jac Q, simply plugging in the
results of [24] already finishes deformed mirror symmetry.

Structure of the paper In section 2, we review A..-categories and their deformations.
We also introduce notation and terminology for treating algebra deformations, including
the m-adic topology and flatness conditions. In section 3, we present Koszul duality and
the relationship between cyclic A-algebras and Calabi-Yau dg algebras. We show how
to tweak Koszul duality in order to obtain A.-functors similar to the Cho-Hong-Lau
construction. In section 4, we review dimers, gentle algebras and mirror symmetry of
punctured surfaces. In section 5, we review the definition of the category of deformed
zigzag paths L, and description of its minimal model HL, from [24]. In section 6, we
investigate deformations of Jacobi algebras given by deformations of the superpotential.
We also consider the specific case JacQ of Jacobi algebras of dimers. In section 7, we
motivate and review the Cho-Hong-Lau construction. We provide an explicit deformed
construction and resolve a few technicalities. In section 8, we apply the deformed Cho-
Hong-Lau construction to the specific case of Gtl, Q). We provide explicit descriptions
of the deformed Jacobi algebra Jac, Q, the central element ¢, and the deformed matrix
factorizations Fy(a). In Appendix A, we work out deformed mirror symmetry for the
examples of the 3-punctured sphere and a 4-punctured torus.

Acknowledgments
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2. Preliminaries on A, -categories

In this section, we recollect background material on A, -categories and fix nota-
tion. In section 2.1, we recall A..-categories, their functors, twisted completion and
minimal models. In section 2.2, we recall completed tensor products, deformations of
Ao-categories and their functors. We very briefly comment on the construction of twisted
completion and minimal model for A.-deformations from [23]. In section 2.3, we intro-
duce specific terminology and properties for submodules of B&X as preparation for
section 6. In section 2.4, we recall m-adically free modules. In section 2.5, we examine
variants of our flatness condition for ideals.
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2.1. Ayo-categories

In this section we recall A..-categories, completed tensor products, A.,-deformations
and functors between A..-deformations. The material is standard and can for instance
be found in [10]. Throughout we work over an algebraically closed field of characteristic
zero and write C.

Definition 2.1. A (Z- or Z/2Z-graded, strictly unital) A,.-category C consists of a collec-
tion of objects together with Z- or Z/2Z-graded hom spaces Hom(X,Y"), distinguished
identity morphisms idx € Hom" (X, X) for all X € C, together with multilinear higher
products

1 - Hom(Xy, Xpp1) ® ... @ Hom(X1, Xo) — Hom(X1, Xpy1), k>1

of degree 2 — k such that the A.-relations and strict unitality axioms hold: For every
compatible morphisms aq,...,a; we have

Z (—=)llanlitetllanllyyap o ou(as, ... a501), a4, a1) =0,
0<j<i<k

p?(a,idx) = a, p2(idy,a) = (=1)%a, p23(... idx,...) = 0.

Next we recall the additive completion AddC of an A,.-category C. This category
consists of formal sums of shifted objects. The hom space between two objects consists
of matrices of morphisms between the summands.

Definition 2.2. Let C be an A, category with product pc. The additive completion Add C
of C is the category of formal sums of shifted objects of C:

Ak @ ... ALk
The hom space between two such objects X = € A;[k;] and Y = @ B;[m,] is

Homaaac(X,Y) = @) Home (A;, B;)[m; — kil.

4,3

Here [—] denotes the right-shift. The products on AddC are given by multilinear exten-
sions of

1 aelan, . ar) = (D) s llaillls kg, o ay).

Here each a; lies in some Hom(X;[k;], X;11[ki+1]). The integer I; denotes the differ-
ence k;11 — k; between the shifts and the degree ||a;|| is the degree of a; as element of
HOH]C (X“ Xi+1)~
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Next we recall the twisted completion Tw C of an A,.-category C. The objects of this
category are virtual chain complexes of objects of C:

Definition 2.3. A twisted complex in C is an object X € AddC together with a morphism
§ € Homj g (X, X) of degree 1 such that § is strictly upper triangular and satisfies the
Maurer-Cartan equation:

MC(0) = p'(8) + p*(5,6) +... = 0.

We may refer to the morphism ¢ as the twisted differential. Note that the upper tri-
angularity ensures that this sum is well-defined. The twisted completion of C is the
A-category Tw C whose objects are twisted complexes. Its hom spaces are the same as
for the additive completion:

Homry¢(X,Y) = Homaqqe(X,Y).

The products on TwC of C are given by embracing with §’s:

pholan, ... a1) = Z padde (0, ..., 0,ak,...,01,0,...,0).
S—— ——

N0,y >0 n no

A functor between two A..-categories is a mapping which matches the products of
the two categories:

Definition 2.4. Let C and D be A..-categories. Then a functor F' : C — D of A..-
categories consists of a map F' : Ob(C) — Ob(D) together with for every k > 1 a degree
1 — k& multilinear map

F* : Home(Xp, Xp11) @ ... @ Home (X1, Xo) — Home (F X1, FXpy1)

such that the A..-functor relations hold:

Z (_1)“61]'”"!‘---"1‘”(11HF(ak’ BERE) ai+l7/’[/(aia s 7aj+1)7 Ay -y al)
0<j<i<k

= Z p(F(ag,....a5),....F(...,a;), F(...,a;5)).
1>0
1=j1<...<5 <k

The functor F is an isomorphism if /' : Ob(C) — Ob(D) is a bijection and F! :
Home(X,Y) — Homp(FX,FY) is an isomorphism for all X, Y € C. The functor F

is a quasi-isomorphism if F' : Ob(C) — Ob(D) is a bijection and F! : Hom¢(X,Y) —
Homp(FX, FY) is a quasi-isomorphism of complexes for every X,Y € C.
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Definition 2.5. When F' : C — D and G : D — &£ are Ay -functors, then their composition
is given by GF : Ob(C) — Ob(E) on objects and

(GF)(ak,...,a1) =Y _ G(F(ag,...),....,F(...,a1)).
Let us recall minimal models and their notation as follows:

Definition 2.6. An A..-category C is minimal if x> = 0. A minimal model of C is any
minimal A-category D together with a quasi-isomorphism F : D — C. A minimal
model of C is generically denoted HC.

By the famous Kadeishvili theorem, every A,.-category has a minimal model. In fact,
a minimal model can be constructed semi-explicitly by sums over trees.

2.2. Deformations of As-categories

In this section, we recall deformations of A..-categories. We follow [23] where also more
detail can be found. We start by recalling completed tensor products. Then we recall
Ao-deformations and their functors. We comment very briefly on the construction of
the twisted completion and minimal models for A.,-deformations from [23].

We recall now completed tensor products B®X with B a local ring and X a vector
space. The letter B will always denote a local ring with extra properties. We have decided
to give this a name:

Definition 2.7. A deformation base is a complete local Noetherian unital C-algebra B
with residue field B/m = C. The maximal ideal is always denoted m.

Remark 2.8. By the Cohen structure theorem, every deformation base is of the form
Clz1,...,2,])/I with I denoting some ideal.

If X is a vector space, then B®X = lim(B/m* @ X) denotes the completed tensor
product over C. For simplicity, we write m*X to denote the infinitesimal part m*X =
mF®X C BR®X. Recall that B®X is a B-module and comes with the m-adic topology,
which turns B&X into a sequential Hausdorff space. For convenience, we may from time
to time use expressions like z = O(m*) to indicate * € m*X.

Definition 2.9. A map ¢ : B& X — B®Y is continuous if it is continuous with respect
to the m-adic topologies. A map ¢ : (B&X;) ® ... ® (B®X,) — BXY is continuous if
for every 1 < i < k and every sequence of elements x1,...,Z;, ...,z the map

(... —, ..., x1) : BRX; — BRY

is continuous.
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Remark 2.10. Every element in B®X can be written as a series Z;’io m;x;. Here m; is

a sequence of elements m; € m—~>°

and z; is a sequence of elements z; € X. We have
used the notation m; € m™> to indicate that m; € m* for some sequence (k;) C N

Remark 2.11. Every B-linecar map B®X — BQRY is automatically continuous (see
[23] for the argument), so is every B-multilinear map (B&X;)®...® (B®X,) — BRY.
Linear maps X — B®Y can be uniquely extended to B-linear maps B&X — BRY
and multilinear maps X ®...® X; — B®Y can be uniquely extended to B-multilinear
maps (B&X};) ® ... ® (B&X,) — BRY (see [23]).

Remark 2.12. The leading term of a B-linear map ¢ : B&X — B®Y is the map gy :
X — Y given by the composition ¢y = m¢|x, where 7 : BRY — Y denotes the standard
projection. If the leading term (g is injective or surjective, then ¢ is injective or surjective
itself (see [23] for the argument).

We recall now A,,-deformations. When C is an A,-category, the idea is to model
its As-deformations on the collection of enlarged hom spaces { B® Home (X, Y)}x vec.
Any B-multilinear product on these hom spaces is automatically continuous. Similarly,
functors of A..-deformations will be defined as maps between tensor products of the
enlarged hom spaces and will be automatically continuous as well.

Aso-deformations of C will always be allowed to have infinitesimal curvature. The
reason is that only this way we get a homologically sensible notion: Whenever p, is an
(infinitesimally) curved deformation, then v = pu — p, is a Maurer-Cartan element of the
Hochschild DGLA HC(C). We comment on this in more detail in [23].

Definition 2.13. Let C be an A, category with products p and B a deformation base.
An A-deformation of C; of C consists of

e The same objects as C,
» Hom spaces Home, (X,Y) = B® Home(X,Y) for X,Y €C,
e B-multilinear products of degree 2 — k

pl : Home, (Xy, Xi41) ® ... ® Home, (X1, X2) — Home, (X1, Xp41), k> 1
o Curvature of degree 2 for every object X € C
,u27X € mHomgq(X,X)7

such that p, reduces to p once the maximal ideal m is divided out, and p, satisfies the
curved Ao (cAs) relations

Z (—llamlittlaly ap, .o pg(ar, .. ), am, ... a1) = 0.
k>1>m>0
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The deformation is unital if the deformed higher products still satisfy the unitality axioms
p(a,idx) = a, pg(idy,a) = (=1)lelq, ung(. coidx,...)=0.

It sometimes comes handy to work with deformations that include more objects than
C does. We fix terminology as follows:

Definition 2.14. Let C be an A.,-category. Let O be an arbitrary set of objects and
F : O — Ob(C) a map. Then the object-cloned version F*C of C is the A.-category
given by object set O, hom spaces

Homp+c(X,Y) = Home(F(X),F(Y)), X,Y €O,
and products simply given by the same composition as in C.

An A,.-deformation of C always gives an induced deformation of F*C. This provides
a map of Maurer-Cartan elements MC(HC(C), B) — MC(HC(F*C), B). In case F is
surjective, the categories C and F*C are equivalent and the map of Maurer-Cartan el-
ements becomes a bijection after dividing out gauge equivalence. However, the map on
raw Maurer-Cartan elements is not a bijection itself. After these comments, we are ready
for the following terminology:

Definition 2.15. Let C be an A, -category and B a deformation base. Let O be an arbi-
trary set and F': O — ObC a map. An object-cloning deformation is a deformation D,
of D = F*C. The object-cloning deformation is essentially surjective if ' : ObD — ObC
reaches all objects of C up to isomorphism.

We are now ready to explain the natural extension of A..-functors to the deformed
case.

Definition 2.16. Let C,D be two A,-categories and C4, Dy deformations. A functor of
deformed A..-categories consists of a map Fy, : Ob(C) — Ob(D) together with for every
k > 1 a B-multilinear degree 1 — k map

FY¥ : Home, (Xk, Xp41) ® ... ® Home, (X1, X2) — Homp, (Fy X1, FyXj11)

and infinitesimal curvature F(?’X € mHom}, (F, X, F,X) for every X € C, such that the
curved A,.-functor relations hold:

Z (—1)”“1”""“"’”C“”Fq(ak7 cos Qi1 Pg(@iy -y a541), 05, . A1)
0<j<i<k

= S ng(Fylars-az,)s- . Fylag,), Fylo. o ag,).
>0
1=j1<..<5i<k
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If C4 and D, are strictly unital, then we say Fj is strictly unital if Fq1 (idx) = idp,x for
every X € C and FZ2(...,idx,...) = 0.

Remark 2.17. Note that the functor F} itself is allowed to have a curvature component.
The first two curved A..-functor relations read

F2+F1( ) Mlpq(FgX>
Fy(ue, (@) + (=D)VVFF(ug, v a) + F}(a, g, x) up, (Fy (@) + pip, (Fyy, Fy(a))
+up, (Fy(a),Fyx), Ya:X =Y.
If F, : C; — Dy is a functor of A,-deformations, then its leading term F' : C — D is
automatically a functor of A..-categories.

Twisted completions of A.,-deformations exist. When C, is a deformation of C, we can
form a twisted completion Tw C,, as we have elaborated in [23]. This category TwC, is a
deformation of Tw C. The objects of Tw C are defined in terms of twisted differentials as
well, but the twisted differentials do not satisfy the Maurer-Cartan equation with respect
to the deformed product pc, . Instead, the failure to satisfy the Maurer-Cartan equation
is captured in the object’s curvature. For more details we refer to [23].

Minimal models of A..-deformations exist. When C, is a deformation of C, we can
form a minimal model HC,. This category HC, is a deformation of HC. The differential
and curvature of HC, need not vanish. Instead, HC, carries an infinitesimal residue
differential and curvature. For more details we refer to [23].

2.8. Submodules of completed tensor products

We introduce here the notions of pseudoclosed and quasi-flat submodules of BRX
which we use in section 6. We also comment on intersections between submodules.

Let us start by introducing pseudoclosed submodules. The rationale is that not all B-
submodules of B&X are created equal: Some are closed under taking power series with
increasing powers of m, some are not. As preparation, we define the following notation:

Definition 2.18. Let X be a vector space and Y C B&X a subspace. Then we put

BY = Im(B®Y — B®X),
m"Y = Im(m*®Y — B&X).

Here, the maps B®Y — B®X and m*®Y — B®X denote the multiplication maps
which send for instance b ® y — by and m ® y — my.

Remark 2.19. Explicitly, the spaces BY and m*Y are given by elements of B&X that
can be written respectively as
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o0
T = Zmiyi € BRX, mem”® y €Y,
i=0

o)
T = Zmiyi € BRX, m;emzF7® 4 eV,
i=0
Here we use the notation m; € m—~> to indicate that there is a sequence (k;) C N
converging to oo such that m; € m¥:. The notation m; € mZ¥=° indicates that we shall
have k; > k.

Remark 2.20. We warn that the notation BY is suggestive but should not be misun-
derstood. The rationale behind the notation is that BY should contain any B-linear
multiples of Y and power series of such elements in growing m-order. We emphasize that
BY is not the same as the linear span of products b-y for b € B and y € Y. Similarly,
BY is not the same as the m-adic closure of this span. The analogous warning holds for
m*Y . The intention of the notation is to provide foundations for section 6.

Definition 2.21. An B-submodule M C B®X is pseudoclosed if BM C M.

Example 2.22. If Y C X is a linear subspace, then BRY C B®X is pseudoclosed.
In contrast, the B-submodule B ® X C B®X is not pseudoclosed if X is infinite-
dimensional, since B(B ® X) = B®X.

Denote by B-Y C B®X the space (finitely) spanned by elements of the form by with
be Bandy €Y. Denote by m*-Y the space (finitely) spanned by elements of the form
my with m € m* and y € Y. In general, the spaces BY and mFY are not the same as
B .Y and m* - Y. Pseudoclosed submodules are an exception:

Lemma 2.23. Let Y C B®X be a pseudoclosed B-submodule. Then BY = B -Y and
mFY =mF . Y.

Proof. The first statement is obvious since BY CY C B -Y. For the second statement,
the idea is to exploit the Cohen structure theorem. Write B = Clqu,...,¢,]/I, and
regard the maximal ideal m = (g, ..., ¢, ). With this in mind, we can write any element
r € BY as a series

o0
T = g MY
i=0

Here m; is a monomial of degree k in the variables q1,...,q,, the letter m; denotes a
sequence m; € m > and y; € Y. We conclude

monomials M >0
of degree k mi=M
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The outer sum is finite. For every monomial M of degree k, the inner sum is an element
of Y since Y is pseudoclosed by assumption. In conclusion, every summand of the outer
sum lies in m* - Y, and hence z € m* - Y. We have shown that m*Y C m*-Y". The inverse
inclusion is obvious. We conclude m*Y = m* - Y, finishing the proof. O

Example 2.24. A simple application is the case of the pseudoclosed submodule ¥ =
BX = B®&X. In this case, the lemma states m*X = m*(BX) = m* - (BX) as subsets of
BRX.

Remark 2.25. We interpret Lemma 2.23 as follows: The space m*-Y makes only reference
to the B-module structure, while the space m*Y references a mixture of the B-module
structure with the topology of the ambient space B&X. For pseudoclosed modules, the
topological part is already captured by the algebraic structure.

We introduce now a flatness condition for B-submodules of B®X . This flatness condi-
tion is particularly relevant in section 6. To distinguish the notion from existing notions
of flatness, we have chosen to name it quasi-flatness.

Definition 2.26. A B-submodule M C B&X is quasi-flat if M "mX C mM.

Remark 2.27. The inverse inclusion mM C M N mX holds automatically if M is pseu-
doclosed.

Lemma 2.28. Let M C B®X be a B-submodule. Assume M is quasi-flat and pseudo-
closed. Let ¢ : m(M) — M be a linear section of the projection map w : M — w(M).
Then the B-linear extension @ : B&mw(M) — M is a B-linear isomorphism.

Proof. Injectivity follows from Remark 2.12, since the leading term is the identity. For
surjectivity, let © € M. We construct sequences (x) and (yx) such that ¢ =1 + ... +
xn +yn for every N € N and x5, € p(m*mr(M)) and y, € m*+1 N M.

To start with, write © = ¢(x1) + y1 for some z; € m(M) and y; € M NmX. For
induction hypothesis, assume the sequences are given until index k. Then note y; €
M NmFT1X . By quasi-flatness, we get 3, € mFT1M. We can then write ¥, = 41 +Yr i1
with 741 € o(mFr(M)) and yx11 € MNmFT1 X This finishes the inductive construction
of the sequences.

Finally, we have z = 377 | 2, € p(B®m(M)). We have shown that ¢ is surjective.
This finishes the proof. O

The following is a useful criterion to find quasi-flat modules:

Proposition 2.29. Let B be a deformation base and X a vector space. Let My, ..., My C
B&X be B-submodules. Then the following are equivalent:
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e We have BOX =M @ ... ® M.
o The modules M; are all pseudoclosed and quasi-flat, and X = 7(M7) ® ... ® w(My).

Here 7 : B&X — X denotes the canonical projection map.

Proof. We first show that B&X = M; @ ...® M, implies that all M; are quasi-flat and
X =7n(M)®...®n(My). After that, we show the converse.

For the first part, assume B®X = M@ ...0 M. Let 1 <i < n. We first show that
M; is closed. Indeed, regard the projection p; : B&X — B®X to the component M;.
This map is clearly B-linear, hence id —p; is B-linear. By Remark 2.11, the map id —p; is
continuous. The kernel of id — p; is M; and we conclude that M; is closed. In particular,
M; is pseudoclosed.

Next, we show that every M; is quasi-flat. Pick any £ € mX N M;. Since z € mX
and B&X = M + ... + M;, we can write z = y; + ... + y; with y; € mM;. By
pseudoclosedness we have y; € mM; C M;. Since the sum M; © ... ® My, is direct and
x € M;, we get y; = 0 for j # i. We conclude © = y; € mM;. This proves every M;
quasi-flat.

Let us show that X = 7(My)+ ...+ 7(My). Pick any « € X. Since x then also lies in
B®X, write = y1 + ...+ yx with y; € M;. We conclude z = 7(z) = n(y1) +. .. +7(yx),
therefore x € w(M7) +...+7(Mjy). Since z was arbitrary, this shows X = (M) +...+
W(Mk).

Let us show that the sum 7(My)+. ..+ 7 (M) is direct. Assume by contradiction there
is a sequence y1, ..., Yy, with y; € M; and w(y1) + ...+ 7(yx) = 0. Then 7(>_y;) =0, in
other words Y y; € mX. By assumption we have B®X = M + ...+ My, in particular
mX C m(M; +...4+ My). Therefore we can write > y; = > z; with z; € mM;. Since the
sum M; & ... & My is direct, we have y; = z; for all i. We conclude y; = z; € mX and
therefore 7(y;) = 0 for all i. This shows that the sum 7(M;)+ ...+ 7(Mjy) is direct. The
first implication is proven, finishing the first part of the proof.

For the second part of the proof, assume every M; is pseudoclosed and quasi-flat
and X = 7w(M;1) @ ... ® w(My). Choose a linear section m(M;) — M; of the projection
7w M; = w(M;). According to Lemma 2.28, the B-linear extension ¢, : B@w(Mi) — M;
is an isomorphism. Add up all ¢; to arrive at the map

¢:BR(r(M) @ ...®n(My)) - BOX,
(@15 ak) = e1(@) + ..+ gr(an).

Note we view 7(M7) @ ... @ w(My) simply as vector space decomposition of X. The
map ¢ is B-linear and continuous. Its leading term is by construction the identity on X.
Therefore ¢ is an isomorphism.

Using the auxiliary map ¢, we get that M; + ...+ M), = BRX: By definition of ¢, its
image is necessarily contained in M7 + ...+ My and we conclude that My + ...+ My =
BX.
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Let us now show that the sum M; + ...+ M} is direct. Pick any sequence z1, ..., Tg
such that z; € M; and x1 + ...+ xx = 0. Since ¢; surjects on M;, write z; = ;(y;)
with y; € B&n(M;). We get that ¢(y; + ... + yx) = 0. Since ¢ is injective, we get
1+ ...+ yr =0, hence y; = 0 for all i. This shows z; = ¢;(y;) = 0 and we conclude
that the sum My & ... ® My is direct. This finishes the proof. O

We finish this section by explaining a property regarding intersections of B-
submodules. Whenever X,Y C B®A are two subspaces, we may ask: Does it hold
that

mXNmY =m(XNY)?

This inclusion does not hold in general, but we shall give here the best possible variant
in case one of the spaces X, Y is not deformed. Let us start with an example where the
inclusion fails, as well as the example B = C[q].

Example 2.30. Regard B = C[p,¢] and A = C[X]. Let X = span(pz) C BRA and
Y = span(gz) € B®A. Then pgx lies in mX NmY, but not in m(X NY).

Example 2.31. Regard B = C[q] and arbitrary A. Let X,Y C B®A be pseudoclosed.
We claim that (¢)X N (¢)Y C (¢)(X NY). Indeed, pick z € (¢)X N (¢)Y. By definition
of (¢)X, we can write

2= e =q) ¢, 2=y 7Ty =4 a7y

Since X and Y are pseudoclosed, the two sums > ¢7z; and Y ¢ 7*®y; lie in X and
Y, respectively. Write z = ¢z’. Then both sums are equal to z’, hence 2’ lies in the
intersection of X and Y. We conclude z = ¢z’ € ¢(X NY’). This shows (¢)X N (q)Y C
(X NY).

Let us now make a more general statement. The idea is to keep one of the spaces
X,Y non-deformed. In other words, one of them is simply of the form BV for some
subspace V' C A. Let us make this precise as follows:

Proposition 2.32. Let X be a vector space and B a deformation base. Let V. C X be a
subspace and M C B®X a pseudoclosed B-submodule. Then

w* M NPV 4+ mF LX) CmP (M N (V4 mX)) +mP T

Proof. In the first part of the proof, we illustrate the statement in case of B = C[q¢]. In
the second part, we build a commutative diagram which allows us to deduce the shape
of elements of m* M Nm*V without choice of basis for B. In the third part, we conclude
the desired statement.
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For the first step, let us illustrate the case of B = C[q]. Let ¢*z € (¢)*M N ((¢)*V +
()*T1X). In particular, we have ¢*z € (¢)* M, hence 2 € M since M is pseudoclosed.
We also have ¢*z € (¢)*V + (¢)**1X, hence z € C[q]V + (q)X. Together this shows
"z € ¢*(M N (V + (¢)X)). We conclude that in case B = C[q] the claimed statement
holds.

For the second step, we build the following commutative diagram of linear maps:

kD ¢ = m@(mwyomg) mk X
m QM 5T ®
Toc %
mkX
mEk+t1 X tmkV

Let us explain the maps. The horizontal map ¢ performs a projection to m*/mF*! on
the first tensor factor and an inclusion of M into BRX followed by projection to X and
projection to X/V on the second tensor factor. The left vertical map 7 o ¢ consists of the
inclusion M C B&X on the second tensor factor, followed by multiplication with the
first tensor factor and projection to the quotient by m**1X + m*V. The right vertical
map 7 is induced from the multiplication map.

We claim that the diagram is commutative and % is an isomorphism. To see commu-
tativity, pick an element m ® x with m € m* and 2 € M. Under ¢ it is sent to [m] ® [z],
which under ¢ is sent to [mz]. Under 7 o ¢, the element m ® x is also sent to [mzx].
This demonstrates commutativity. To see that 1) is an isomorphism, recall that m*X
and m*&X are isomorphic by means of the splitting map m*¥X — m*®X. This splitting
map induces a map

mFX mF X

mE+1X + mkyV - mk+1 ® Vv

This map is an inverse of . This shows that ¢ is an isomorphism.
For the third part of the proof, we conclude the desired inclusion. Let us start with
the remark that the kernel of ¢ is equal to

Ker(p) = mF &M + mF&(M N (V + mX)). (2.1)

Let now Y oo g m;z; € mPM N (mFV + m*+H1X) with m; € m=%7° and x; € M. Then

(moc) (Zmz & %) = Zmﬂo(xz‘) =0.

Since 7o ¢ = 1 and 1 is injective, we get (> m; ® x;) = 0. Therefore > m; ® x; lies
in the kernel of ¢, which explicitly reads

Zmi @ z; € mM"TIOM + mFR(M N (V +mX)).
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Contracting the tensors gives

> mz; € mFTIM 4+ mF (M N0 (V + mX)).
Since Y m;x; was arbitrarily chosen, this finishes the proof. O
2.4. m-adically free modules

In this section, we recall the notion of m-adically free modules and their use in
Ao-deformations. The reason is that in section 7, it comes very handy to use A..-
deformations modeled on B-modules which are only noncanonically isomorphic to
B® Home(X,Y). In this section, we first recall the definition of m-adically free mod-
ules, then tie it back to quasi-flat and pseudoclosed modules. After that, we provide the
definition of A..-deformations that makes use of m-adically free modules.

We start by recalling the notion of m-adically free modules. We pick the following
definition, as in [35]:

Definition 2.33. A B-module M is m-adically free if there is a vector space X such that
M = B®X as B-modules.

An abstract B-module M enjoys an m-adic topology given by the neighborhood basis
z+mF . M for every z € M and k € N. We claim that when M = B®X, then this
topology is automatically compatible with the m-adic topology on B&X:

Lemma 2.34. Let M be a B-module and ¢ : M — B®X be a B-linear isomorphism.
Then ¢ is a homeomorphism.

Proof. By bijectivity and B-linearity of ¢ we have p(m* - M) = mF . (B®X). By
Lemma 2.23, we have m”* - (B®X) = m* X . This shows that ¢ is a homeomorphism. 0O

Lemma 2.35. Let M, N be m-adically free B-modules and ¢ : M — N a B-linear map.
Then ¢ is automatically continuous.

Proof. Since ¢ is B-linear, we have p(mF - M) C m* - N. This proves ¢ continuous. O

The ad-hoc quasi-flatness condition M N mX C mM is related to m-adic freeness.
While the former is a condition that makes explicit reference to the ambient space, the
latter depends only on the abstract B-module structure. Both are not equivalent, but

we provide here the closest tie we can get.

Proposition 2.36. Let M C B&X be a B-submodule. Then the following are equivalent:
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o M is quasi-flat and pseudoclosed.
e There is a B-linear isomorphism BRY — M with injective leading term Y — X.

Proof. Assume M is quasi-flat and pseudoclosed. Then according to lemma we get a
B-linear isomorphism B&m (M) = M with leading term the identity. This shows the
claim, in particular M is m-adically free.

Conversely, assume M is m-adically free, presented by an injective leading term. Then
we have an isomorphism ¢ : B®Y — M C B&X. The map is automatically continuous.
We show that M is pseudoclosed: Let Y m;x; be a series with m; € m™* and x; € M.
Then write z; = ¢(y;). We get Y. m;y; € BRY and o(3 my;) = S map(ys) = S myx;.
This shows > m;z; € Im(p) = M. Hence M is pseudoclosed.

To show that M is quasi-flat, pick an element of M NmX, written in the form ¢(z) €
M NmX with z € BRY. We claim = € mY. Write z = y 4+ z with y € Y and z € mY.
Then ¢(z) = ¢(y) + ¢(z). Hence ¢(y) € mX. In particular y vanishes under the leading
term mp : Y — X. By assumption, the leading term is injective and we get y = 0. This
shows ¢(x) = ¢(z) € mM. This shows M NmX CmM. O

Remark 2.37. It is not true that M C B®X is quasi-flat and pseudoclosed if and only
if it is m-adically free. For instance, let X = span(zy,22) and B = C[q]. Regard the
space M = (q)z1 + C[g]x2. The module M is m-adically free through the isomorphism
B®X - M given by z1 — gx; and zo — xo. However M is not quasi-flat since qz; €
(X N M)\ (q)M.

One can use m-adically free modules to model A,.-deformations. To be more pre-
cise, we have so far defined A,-deformations as (infinitesimally curved) A.-structures
on the completed tensor product B& Home(X,Y). It is possible to also allow arbi-
trary m-adically free B-modules instead, under the condition that the quotient by m
is Hom¢ (X,Y). We greatly profit from this variant in section 7.

Definition 2.38. Let C be a Z-graded (or Z/2Z-graded) Aoc-category. A loose Aoo-
deformation of C is a collection of m-adically free Z-graded (or Z/2Z-graded) B-modules
{Home, (X,Y)}x,yec together with B-multilinear maps uszo of degree 2 — k satisfying
the curved A..-relations, together with linear isomorphisms x y : Home, (X,Y)/(m -
Home, (X,Y)) = Home(X,Y) for every X,Y, such that C is obtained by dividing out
m and identification via {¢x v }.

Definition 2.39. Let C,D be two A.-categories and C,, D, be loose A.-deformations.
A functor of loose A..-deformations F, : C, — D, consists of maps F, : ObC — ObD
together with B-multilinear maps thzo such that [, satisfies the curved A..-functor
relations and F(?,X € m-Home, (Fy(X), Fy(X)) for every X € C. The leading term of F,
is the functor F' : C — D obtained by dividing out m and identification via {¢x y}. We
may also say that Fy is a deformation of F' in this case.
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Remark 2.40. In contrast to Au-deformations modeled on B® Home(X,Y), a loose
A-deformation does not directly give a Maurer-Cartan element of the Hochschild
DGLA HC(C). Instead, one first needs to make a choice of B-linear identification
oxy : Home (X,Y) = B&Home(X,Y) for every X,Y € C. Of course, the identifi-
cation needs to be compatible with 1 x y in the sense that its leading term must be the
identity when identifying Home, (X,Y")/(m-Home, (X,Y)) via ¢ x y. In yet other words,
the following diagram needs to commute:

Home, (X,Y) ———"— B& Hom¢(X,Y)

Home, (X,Y)/(m - Home, (X,Y)) — Home(X, V).

Once choices have been made, one obtains a Maurer-Cartan element g, €
MC(HC(C), B). Let us explain why two different choices ¢, ¢’ yield gauge-equivalent
Maurer-Cartan elements: Both ¢xy and <pfx7y have leading term the identity when
identified via 1 x,y, hence the composition

¢xy opy'y : B&Home(X,Y) — B® Home(X,Y)

has leading term the identity (without any identification). This shows that the two
Maurer-Cartan elements jiq , and p - are related by the strict gauge functor ¢’ o ol

(BRC, pig,p) = (BRC, pig,pr)-

In analogy to Definition 2.15, we fix the following terminology:
Definition 2.41. Let C be an A -category and B a deformation base. Let O be an ar-
bitrary set and F' : O — ObC(C a map. A loose object-cloning deformation is a loose

deformation D, of D = F*C. The loose object-cloning deformation is essentially surjec-
tive if F': ObD — ObC( reaches all objects of C up to isomorphism.

2.5. On the quasi-flatness condition

In this section, we present two alternative ways to formulate the quasi-flatness condi-
tion that we studied in section 2.3. This serves as a preparation for later use in section 6.
The two alternatives for the quasi-flatness inclusion M NmA C mM read as follows:

Definition 2.42. Let M C B®X be a B-submodule. Then M satisfies the

« weak quasi-flatness inclusion if for every k > 1 we have M Nm*X C mFM + mFH1 X,
« strong quasi-flatness inclusion if for every k > 1 we have M Nm*X C mFM.



434 R. Bocklandt, J. van de Kreeke / Journal of Algebra 672 (2025) 413-602

We claim these alternative inclusions are indeed equivalent to quasi-flatness and more-
over that any quasi-flat B-submodule M C B®X is automatically a closed subspace of
B&X:

Proposition 2.43. Let X be a vector space and B a deformation base. Let M C B&X be
a B-submodule. If M is pseudoclosed, then the following are equivalent:

e M is quasi-flat.

o M is quasi-flat and closed.

o M satisfies the weak quasi-flatness inclusion.
o M satisfies the strong quasi-flatness inclusion.

In the following lemmas, we provide a proof of Proposition 2.43.

Remark 2.44. The proofs are easier to understand if one has the example of B = C[¢] in
mind. This case has the practical property that any element x € mX can automatically
be written as qy for some y € X. If for example it now becomes known that z € mM,
then it is immediate that y € M. To see this, write x € (¢)M as a power series in
elements of M and divide by ¢:

o0 oo oo
qy=1x = Z ¢, =q- Z q~>®x,, hence y= Z q"x, € M.
n=0 n=0

n=0

Lemma 2.45. Let M C B&X be a pseudoclosed B-submodule. If M satisfies the weak
quasi-flatness inclusion, then M is quasi-flat.

Proof. It is our task to show M NmX C mM. Pick x € M NmX. Iterating the weak
quasi-flatness inclusion in combination with pseudoclosedness gives

€ MNmX C mM+MnNnm?X C mM+m®?M+MnNm3X C ...

More precisely, write © = x; + y; with z; € mM and y; € M Nm2X. Then write
Y1 = To + yp with o € m®M and 3y, € M N m3X. Continuing this way, we obtain
sequences (z) and (yg) with the property that

xz(:c1+...+xN)+yN, xkemkM, ykEMﬂmk"’lX.

Letting N — co we get within B®X that

0o
Tr = E Tk
k=1

In principle, the right-hand side converges within the completion of M. Since we assumed
that M is pseudoclosed, we can however do better: Every summand z;, lies in m* M and
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summation starts at £k = 1. Therefore the infinite sum lies in mM. We conclude that
xr € mM. This shows M NmX CmM. O

Lemma 2.46. Let M C BRX be a quasi-flat B-submodule. Then M satisfies the strong
quasi-flatness inclusion.

Proof. The proof consists of two parts: We first prove the auxiliary inclusion m*M N
mFH1 X C m*T1M for every k > 1. Second, we derive the strong quasi-flatness inclusion
by iterating the auxiliary inclusion.

First, let us prove the auxiliary inclusion. Denoting by 7 : B&X — X the standard
projection, regard the subspace w(M) C X. We can choose a B-linear continuous map
¢ : B®&m(M) — M with leading term the identity. Then any z € M can be written as
xr=p(y)+zwithze MNmCmM.

Let z € m*M N m**1X. Then we can write z = ¢(y) + z with y € m*x(M) and
z € mFTIM. We get that y — ¢(y) € m* X and ¢(y) = 2 — z € m**1X. Summing
up, we get y € mFTIX N mPr(M), hence y € mFTix(M). In consequence, we have
o(y) € m* 1M, Finally, we get z = ¢(y) + z € mF*IM. This proves the auxiliary
inclusion.

Finally, we combine quasi-flatness with iterated applications of the auxiliary inclusion:

MNw*X = (MNmX)Nnm*x

- (mMﬂmQX) NmFX

N

(m*M Nm*X)Nm*X

...gmkM.

N

This finishes the proof. O

Lemma 2.47. Let M C B&X be a pseudoclosed and quasi-flat B-submodule. Then M is
closed.

Proof. Let > x, be a series of elements x,, € M that converges in B®X. Then z,, €
m~°X N M. By the strong quasi-flatness inclusion, we get z,, € m M. The limit of
the series hence lies in BM. Since M is pseudoclosed, the limit lies in M. We conclude
that M is closed. O

The combination of the above lemmas proves Proposition 2.43. For B-submodules,
pseudoclosed and quasi-flat implies closed, and closed implies pseudoclosed. However
closed does not imply quasi-flat, for instance the submodule M = C[g]a; + (¢)z2 C
C[q]® span(z1, x2) is closed but not quasi-flat.
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3. Preliminaries on Koszul duality

In the present section, we present Koszul duality as a preparation for section 7. Koszul
duality is a phenomenon which provides a rich source of nontrivial A.-functors by
matching A..-algebras and dg algebras. Classical Koszul duality involves only ordinary
(associative, non-dg) algebras and makes best-effort statements on their homological
properties. Modern Koszul duality concerns A.-algebras and dg algebras and largely
recovers classical Koszul duality from a more elegant description.

A-side B-side

Augmented A-algebra DG algebra
A=(Cid®oCX1®...0CX,,pa) A = (CxY, YN, ml)
Cyclic A -structure Calabi-Yau dg structure
Degree n Dimension n
A-codeliivation B Linear map

m:T(A[1]))® M — T(A[1]) ® N mY: M- Ng A
A-module Twisted complex

(M, piar) F(M) = (M® A", iy o)

Technically, modern Koszul duality consists of dualizing the A..-axioms on vector
space level. The results can be described both abstractly in terms of dual vector spaces
and the bar construction, as well as concretely by means of a choice of basis and a
construction of dg structure on a power series algebra. In the present section, we follow
the works of Ginzburg [19], Van den Bergh [34,8], Lu-Wu-Palmieri-Zhang [28] and [9].

In section 3.1, we recall A.,-modules and their categories. In section 3.2, we recall
Koszul duality between augmented A.-algebras and dg algebras and the Koszul dual-
ity functor. In section 3.3, we recall several classical properties of Koszul duality and
explain how they survive in modern Koszul duality. In section 3.4, we recall Calabi-
Yau dg algebras. In section 3.5, we focus on ordinary (non-dg) Calabi-Yau algebras. In
section 3.6, we focus on the special case of ordinary Calabi-Yau algebras of dimension
n = 3. In section 3.7, we recall the notion of cyclic A.-algebras and explain the corre-
spondence between cyclic A,.-algebras and dg Calabi-Yau algebras via Koszul duality. In
section 3.8, we tweak Koszul duality statements in order to motivate the Cho-Hong-Lau
construction.

Remark 3.1. In this section, we partially follow the dg sign convention rather than the
Ao-sign convention:

PP (f,9)) = (' (), 9) + (DY, 1 (9)),
12 (f 12 (9, ) = 12 (12 (f, 9), h).
The precise distribution is as follows: The A.-algebra A follows A..-signs. The dg alge-

bra A', the dg categories Modf‘iight Aand Tw A' as well as the dg functor F : Modi?ght A—
Tw A' follow dg signs. We amend all signs to the A,-setting in section 7.
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3.1. Modules

In this section, we recall modules over A,-algebras. We start by recalling the in-
terpretation of A..-structures as coderivations on the bar construction. Then we recall
Ao-modules and categories of A.,-modules.

We start by recalling the tensor coalgebra construction. We denote by [1] the left-shift.

Definition 3.2. Let A be an A,-algebra. Regard the tensor algebra
T(AlL) = @ A[)=".
neN
The canonical coproduct A : T(A[1]) — T(A[1]) ® T'(A[1]) is given by
Alarp®..®a)= Y (4®..0a0)®(@0...0a11) (3.1)

0<i<k

A coderivation m : T(A[1]) — T(A[1]) is a linear map satisfying the co-Leibniz rule
Aom=(m®id+id®m)o A.
Here the maps m ® id and id ® m bear the sign given by the Koszul sign rule:

meid) (e ®...0a1) L1 ®...0b))=m(er®..Qa1)® (L ®...Qb)
([dem)((axr®...®a1)® (b ®...® b))
= (=)llaal+AHlanlg, @ ... @a)@mb ... b).

Remark 3.3. The A, .-product p on A can be interpreted as a coderivation pa
T(A[l]) — T(A[1]) given by

/LA(ak®-~-®al) = Z (71)”“1H+“'+H“J’”ak®...®u(ai,...,aj+1)®...®a1.
0<j<i<k

The Ao.-relations for u are equivalent to the condition y% = 0. One easily checks that 4
is indeed a coderivation with respect to the coproduct A. This check explains the awk-
ward flip used in (3.1). If one uses “Polish notation” u(aq, . .., ax) instead of u(ag, ..., a1),
one can avoid this flip (see [32,17]).

Definition 3.4. Let A be an A..-algebra. Then the bar construction B A is the dg
coalgebra structure on T(A[1]) given by the canonical coproduct A together with the
coderivation pi4.

Modules over dg algebras come with only an action map A ® M — A and a differ-
ential M — M. When A is an A, .-algebra, one allows the action maps to have higher
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components. For sake of section 3.2, we restrict here to defining right A-modules. Left
A-modules are defined analogously.

Definition 3.5. Let A be an A.-algebra. Then a right A-module is a graded vector space
M together with a degree 1 map p: M ® T'(A[1]) — M of satisfying the A, -relations
when combined with the product p of A in a suitable way:

Z (71)”al”++”a1“:u(,u(mv Ay - -y ai+1)7a’ia BRRE) al)
0<i<k

+ Z (_1)Ha1”+m+”ajH:u’(m7a//w"'aai-‘rl,/’é(aiw"aaj+1)7a/ja"'aa/1) =0.
0<j<i<k

We shall only regard unital A-modules, in the sense that p(m,id) = m and p=3(m,...,
id,...)=0.

An A-module can be captured elegantly as a coderivation, comparable to the way
that the A.-product on A can be captured via a coderivation:

Definition 3.6. Let A be an A, ,-algebra and M a graded vector space. Then we regard
the comodule map Ay : M @ T(A[1]) — T(A[1]) @ (M ® T(A[1]) given by

Aym@ar®...0a;) = Z (i ®..0a1)Q (MO ar ®...® aip1).

0<i<k

Amap f: M ®T(A[1]) = N @ T(A[1]) is a coderivation if
Ayof=(>1d® f)o Ap.

In the context of coderivations, we denote by p 4 also the map MT(A[1]) — MRT (A[1])
given by

pa(ae®. .. @aem)= Y (Dot neae. . @uae.. ®00)0.. 0.
0<j<i<k

Remark 3.7. Whenever f : M ® T(A[1]) - N ® T(A[1]) is a coderivation, we can
consider its projection to N which we denote by fo : M ® T(A[1]) — N. Conversely,
if fo : M ®T(A[l]) — N is a graded linear map, we can turn it into a coderivation
f:M®T(A[1l]) = N @ T(A[1]). The precise correspondence between f and f; reads

fmea®.. . @a)= Y (—plellalt-Alabfmeae.. ©an)eae... 0a.
0<i<k

In terms of Definition 3.6, a right A-module is simply a coderivation uyr : MQT(A[1]) —
M @ T(A[1]) of degree 1 such that (uar + pa)? = 0. The use of the letter 4 is clearly
an abuse of notation, but we expect no confusion to arise.
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Capturing an A-module in terms of a coderivation p,s makes it particularly straight-
forward to define a category of A-modules:

Definition 3.8. Let A be an A.-algebra. Then Modf?ght A is the dg category of finite-
dimensional right A-modules, with structure specified as follows:

e The hom space HomMOdﬁigmA(M, N) is the space of coderivations M ® T(A[1]) —
N @ T(A[1]).

2
o The product g, A, A

e The differential measures failure to be a module morphism:

is ordinary composition.

'ull\/lodf?ghtA(f) = (na+pn) o f— (=D f o (ua+ par).
Remark 3.9. It is readily checked by hand that '“11\/10 gfd A( f) is a coderivation if f is a
right

coderivation.

Bimodules are another important tool in homological algebra. They can be defined
in a way analogous to left or right A-modules, see for instance [32, Section 2]. We come
back to bimodules in the dg case in section 3.4.

3.2. Koszul duality

In this section, we recapitulate Koszul duality as a preparation to the Cho-Hong-Lau
construction. Koszul duality is a construction connecting an A..-algebra A with a dg
algebra A', its Koszul dual. Surprisingly, this construction also induces a correspondence
between A..-modules over A and twisted complexes over A':

F:Modd, A — TwA"

right

Our aim is to recall as fast as possible that Koszul duality produces functors. For further
details we refer to [28] and [10, Section 12.5].

Definition 3.10. An augmented A..-algebra is an A, .-algebra A with a decomposition
A = A® Cid such that u(ay,...,a;) € A whenever ay,...,a, € A.

Remark 3.11. If A is an augmented A..-algebra, many constructions for A can be carried

out by working with the “augmented” tensor coalgebra T'(A[1]) instead of the full tensor
coalgebra T'(A[1]). For instance, to define an A-module it suffices to provide the map
T(A[1])® M — M instead of T(A[1])® M — M since we only work with unital modules.

The canonical coproduct A : T(A[1]) — T(A[1]) ® T(A[1]) and for a graded vector

space M the comodule map Ay : T(A[l])) @ M — T(A[1]) @ T(A[1]) ® M are defined as

in the non-augmented case, this time restricting to T (A[1]) instead of T'(A[1]).
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Remark 3.12. If M is a graded vector space, we denote its graded dual vector space by

MV. The dual of T'(A[1]) is equal to

o0

T(AL)" = [ A" ).

n=0

Here we make the identification that reverses the order of tensor components:

VWe. oV ——We...0Wn)",
(3.2)
010 ... 0 pp — (=) Zass<esi o[z @ @) = @1(21) ... or(Tr)].

The dual of a map m : T(A[1]) — T(A[1]) has the shape m" : T(f_l[l])v — T(f_l[l])v.

Definition 3.13. Let A be a finite-dimensional augmented A..-algebra. Then its Koszul
dual A' is the dg algebra given by

A'=T(A[))".

Upon the identification of (3.2), the product on A' is defined as the standard product

—

on T(/_l[l]v). The differential on A' is given by
dv = (=1)""lyopa, Voe T(A[L])" = Home(T(A[1]),C).
Here 14 : T(A[1]) — T(A[1]) denotes the product of A.

Example 3.14. Pick a basis z1, ...,z for A. Then we have the dual elements z of degree
interpret this element as element of T'(A[1]) , we have to apply the sign flip from (3.2):

|z)'| = 1 — || Multiplication within A' can be performed simply as x) - 2 = z}xz. To

7 = (D)1 2y 9 0.

Here we have written (z; ® xi)v for the element of A' which sends the element T; QT4
to 1 and all other basis tensors to zero. Now write the product of A as

ul(:cil,...,mil): Z CZL,..‘,ilxj'

1<j<k

Then

v )
dy(z)) = (Dl Nl (@@ @)Y
>1
1<iy,.,i1<k

_ zY|+1 j > =y ||z | Vv v
= ()3Tl e R

1>1
1<y, i1<k
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Remark 3.15. The Koszul dual A' is indeed a dg algebra. Abstractly speaking, the dual of
the operator A is the ordinary product AV : T(A[l])v ®T(A[1])v — T(/_l[l])v. Dualizing
u% =0 gives (1Y)? = 0 and dualizing the co-Leibniz rule for p4 with respect to A gives
the Leibniz rule for pu4 with respect to AY. The signs can be checked by hand.

Definition 3.16. Let A be an augmented A..-algebra. Let M and N be graded vector

spaces and f : M ® T(A[1]) — N a linear map. Then the Koszul transform of f is
the partial dual map fY : M — N ® A'. It is a graded linear map with characterizing

property
Yme M, ac T(A[1]):  {(f¥(m),a) = f(m ®a).

Here (—, —) liberally denotes the standard pairing between T(f_l[l])v and T(A[1]), in this
case as map

Y -
(= =) (NeT(Al]) ) © T(A[l]) — N.
We copy Definition 2.2 and adapt it slightly to the dg case.

Definition 3.17. Let D be a dg algebra. Then the category Add D is the category of formal
shifted sums of copies of D with hom spaces given as spaces of matrices with entries
D. The differential p1} 44 p and product u3 44 p are the linear and bilinear extension of
differential and product of D, with a sign change. On single matrix entries, the sign
change is as follows:

fthaa p(a) = (-1)*'dpa, Va: D[k] — DI,

pAqq pla,b) = (=D)2E=Dab Vo : D] = D[m], b: D[k] — D[I].

Definition 3.18. Let D be a dg algebra. Then a twisted complex over D is an element
X € Add D together with an element § € End} 4 p(X) such that § is upper triangular
and satisfies the Maurer-Cartan equation:

fhda p(8) + faaa p(8,8) = 0.
The differential and product on Tw D follow the sign rule
15 p(f) = haa p(f) + #iaa p (0 ) + (=D 3 aa p (£, 6),
/"Lg,[‘WD(fﬂ g9) = :U’?\ddD(fv 9)

The product p34,p is comparable to a matrix product and similarly ph,,p acts
as entry-wise differential. As preparation for the Koszul duality functor, we prove a
few properties regarding the Koszul transform. We show that the Koszul transform of
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[ o g agrees with the matrix product u34qp of f¥ and g¥ and that taking the Koszul
transform of f o us amounts to taking the entry-wise differential u}qp of fY. The
precise statement is as follows:

Lemma 3.19. Let A be a finite-dimensional augmented Aso-algebra. Let f : M ®
T(A[1])) = N®T(A[l]) and g : L@ T(A[1]) - M ® T(A[1]) be coderivations. Then
ﬂiddD(f(}/ag(\)/) =(f Og)ov (3:3)
M/lxcidD(fS/) = (—1)|f|+1(f ° MA)OV- (3.4)
Proof. The simplest way to evaluate both statements is by choosing bases for A, L, M
and N. Let X,Y € T(A[1]) be basis elements homogeneous with respect to both tensor
degree and ||-|| 4;5)- Let e, € Land ey € M and ey € N be further basis elements. Let f
and g be given coderivations. They are determined solely by their first component f, and
go- Since the statement is linear in f and g, we may assume that go(er, ® X) = e and
foem ®Y) = en and that fo and go vanish on all other basis elements for L @ T(A[1])
and M ® T(A[1]). The Koszul transforms of f, g read
fY(em)=en@Y,
g'(er) =ep @ XV,

Let us now show (3.3). We note that (f o g)o vanishes on all basis elements, except
(Fegoer®X@Y)=(~)slMf(gler © X)@Y) = (1) ley.

Therefore (f o g)v and fV - ¢V vanish on all basis elements of L, except

(-1

=(-1

=(-1

(fog)v(EL)

gl HXYIYY o g YV XY

)
)
)(IEL\ MDYy @ YV XY
= (—1)Uezl= \EMI)IYV\(f - gV)(er)
:NAddD(f ,9") (L)

In the third row we have used that |g| + |er| = |X V| + |XY|. This proves (3.3).

We now prove (3.4). Tt is our aim to compute the composition (f o pa)o = fo o pa.
Since fj vanishes on all basis elements except )y ® Y and (3.4) is linear in p 4 itself, we
may simply assume that pa(epy ® Z) = ) @Y for some basis element Z € T(A[1]) and
14 vanishes on all other basis elements. Then (f o f14)o vanishes on all basis elements of
L ® T(A[1]), except

(foua)olem®Z) = folem®@Y) =en.
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We see that (fou A)Ov vanishes on all basis elements of M, except

(foua)' (em) =en®2¥
= (- ey @ ayV

= (_1)‘f|+1,u11%ddD(fv)(EM)'
In the last row, we have used that |epr| + |f] = |en| + |YV]. This finishes the proof. O

Remark 3.20. In Lemma 3.19, it is essential that f and g be coderivations. For instance,

pa: M@T(A[1]) = M ®T(A[1]) is not a coderivation on its own and in fact its zeroth
component pro vanishes, while a composition f o 4 may again have nonvanishing
zeroth component and therefore nonvanishing Koszul transform.

In Corollary 3.21, we recall the Koszul duality functor between modules over A and
twisted complexes over A'. The idea is to apply “Koszul transform” the action map of
every module. The construction is functorial, therefore gives rise to a dg functor.

Corollary 3.21. Let A be a finite-dimensional augmented Ao-algebra. Then the following
defines a dg functor:

F:Modd A — 5 TwA

right

We call F' the Koszul duality functor of A.

Proof. There are three items to check. First, we show that jy; , satisfies the Maurer-
Cartan equation. Then, we check that F' preserves differential and product. We start
with the Maurer-Cartan equation:

\ \
Mjl;dd Al (MX/[,O) + MZAdd A! (:u]\\/4,07 vaw,o) = (MM,O o MA) + (HM,O o MM)

= (a0 pa + par o pins +ﬂA°HM)0V:0-

In the second row, we have used that (ua o pupr)o = 0. Next, for every coderivation

f:M®T(A[1l]) - N @ T(A[1]) we have

F(M(f)) = ((uw + pa) o f — (=11 f 0 (uar + pa))o”
= (uv o f)o” = (“DYI(f o par)e” — (~D)VI(f 0 pa)o
= ﬂiddA’ (MX,O» fov) - (_1)|f‘/u'2AddA!(f(}/’ #\1(/1,0) + /‘}deA’(f(}/)
= (e a1 (F(f)).
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If additionally ¢ : L ® T(A[1]) — M ® T(A[1]) is a coderivation, then

F(p?(f,9) = F(fog)=(fog)’ =pRaan(f".9") =ty 4 (F(f), F(9)).
This shows that F' is a dg functor and finishes the proof. O

Remark 3.22. Strictly speaking, the object F(M) = (M ® A!,,uX/[,o) only becomes a
twisted complex upon choice of a graded basis for M. Furthermore, :U’X/I,O need not be an
upper triangular matrix. However, if A is concentrated in positive degrees, then sorting
the basis elements of M in order of descending degree makes /LXLO upper triangular.

3.83. Classical Koszual duals

In this section, we comment on the relations of the modern with the classical Koszul
dual construction. Classical Koszul duality is namely a phenomenon known for ordinary
algebras and we recall here its typical properties: First, the double Koszul dual (A")" is
A again. Second, the Koszul dual algebra is formal. Third, the Koszul algebra is the Ext
algebra of its simple module C = A/ A. In the present section, we recall these statements
in the classical context and recall how they translate to modern Koszul duality. A valuable
source is [28].

Koszul duality has classically been a correspondence between Koszul algebras, a class
of ordinary algebras with quadratic relations:

Ordinary algebra Koszul Ordinary algebra
vev _ _C(XY) VYevy _ Cx,Y)
R~ (XY-vX) RI  ~ (XZYZXY+YX)

The relations on either side are the “orthogonal complement” of the relations on the
other side along the pairing (V @ V) ® (VY ® VV) — C. In particular, classical Koszul
duality is an involution from the beginning.

Koszul duality for A,.-algebras is not a one-way street either. If A is an augmented
finite-dimensional A..-algebra, we regard the double dual (A')'. It is possible that this
dg algebra is quasi-isomorphic to A itself. However, the double Koszul dual construction
applies vector space duals twice so that finiteness conditions are required to match A
exactly with (A4')".

A sufficient finiteness criterion can be formulated if one assumes that the A..-algebra
A has an additional grading, also referred to as Adams grading. The direct sum decom-
position A = Cid @ A is supposed to be compatible and the products p* are assumed
to be homogeneous with respect to the Adams grading. One then says that A is Adams
connected if the homogeneous part of A with respect to any Adams degree j € Z is
finite-dimensional and vanishes either for all j < 0 or all j > 0 [28]. This connectedness

assumption is a sufficient finiteness criterion and ensures that the double Koszul (A')" is

quasi-isomorphic to A again:
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Theorem 3.23 (/28]). Let A be an augmented A -algebra. If A is Adams connected, then
(A" and A are quasi-isomorphic as A -algebras.

The classical Koszul dual is automatically an ordinary graded algebra, without the
need to pass to cohomology. From a modern perspective, Koszul duals are dg algebras
and only passing to cohomology HA' and forgetting the A.-structure gives an ordi-
nary graded algebra. Koszul algebras are certain types of algebras distinguished by the
property that their Koszul dual A' tends to be a formal dg algebra. This way, one can
forget the higher structure on H A' and recover classical Koszul duality. For sake of
completeness, we recall the definition here:

Definition 3.24 ([;]). A graded associative algebra A is Koszul if it is positively graded
A=@,5(A", we have A’ = Cid and C = A/ P
of graded A-modules

>0 A as an A-module has a resolution

=P 5P' PP 5 A0
in which every P* is generated by its degree i component: P* = AP},
In [28] a precise criterion was given for formality:

Theorem 3.25 (/28, Corollary 2.7]). Let A be an (a,b)-generated Koszul algebra in the
sense of [28, Definition 2.6]. Then we have an Ao -quasi-isomorphism A' = HO A

Remark 3.26. Classical Koszul duality is full of correspondences between types of alge-
bras. Folklore statements include that Koszul algebras correspond to Koszul algebras,
Gorenstein corresponds to Gorenstein, Artin-Schelter regular corresponds to Frobenius
[28, Corollary D, EJ.

Remark 3.27. The classical analog of TwH" A' is Perf H® A'. This is the reason why
Koszul duality is classically formulated as triangulated equivalence between categories
of the form D Mod A and Perf H? A', see for instance [28, Theorem B]. These classical
Koszul duality functors are typically complicated for the reason that they do not take the
possible higher structures on H A' into account. In the classical world, this is “solved” by
restricting to Koszul algebras. Thanks to modern Koszul duality, it is possible to recover
classical Koszul duality from the functor Mod® A — Tw A'. The idea is to replace
A' by its zeroth cohomology, which is an ordinary algebra. Abstractly, we aim for a
functor Tw A' — TwH" A' in order to precompose it with the Koszul duality functor
Mod™ A — Tw A'. We follow this route in section 3.8.

Another classical statement of Koszul duality is that A' can be interpreted as Ext
algebra of the simple module C = A/A of A. As we recall in Lemma 3.28, this is also the
case if A is an As.-algebra. One can alternatively use this description of A' as defining
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property. With regards to notation, let A be an augmented A.-algebra. Then we denote
by C the simple right A-module C = A/A. Tts action map C ® T(A[1]) — C is simply
zero. In these terms, A' is just the dg algebra Hom, pro4ra4(C, C):

Lemma 3.28. Let A be an augmented Aso-algebra. Then we have an isomorphism of dg
algebras

Al Homyoqta 4 (C, C).

Proof. This follows easily from Corollary 3.21. Indeed, the Koszul duality functor F'
sends the simple module C to the twisted complex (A',0) € Tw A' and therefore estab-
lishes a map between the two dg endomorphism algebras. It is easy to see that F is fully
faithful. Since the endomorphism algebra of (A',0) is just A', we are done. O

Remark 3.29. Similar to Lemma 3.28, let (M, ups) be a finite-dimensional right A-
module. Then we have an isomorphism of right A'-modules

I~
M ® A = HomMOdf?ght (C’ M).

The differential on M ® A' is induced from Modfflght A and the action of A' is by (signed)
right-multiplication. The action of A' on Homyjogra (€, M) is by composing with Al
Homygoqr (C,C) on the right.

3.4. Calabi-Yau algebras

In this section, we recall Calabi-Yau algebras. This class of algebras is now widely
recognized as a noncommutative analog of Calabi-Yau manifolds. The definition brings
several technical difficulties and correspondingly a wide range of adaptations and variants
have been introduced in the literature. In the present section, we follow the original
definition of Ginzburg [19], in particular we focus on the dg case.

We start by recalling opposite and enveloping algebras.

Definition 3.30. Let A be a dg algebra. Then the opposite algebra A°P of A is obtained
by setting A°P = A as vector space and defining

daov(a) = —da(a), a-por b= (—1)""pq,

The enveloping algebra A° = A ® AP is the tensor product of A and A°P. It is an dg
algebra itself with product (a ® b)(c ® d) = (—1)I"!I{lac @ bd and differential d(a ® b) =
da®b+ (—1)l%a @ db.

Definition 3.31. Let A be a dg algebra. Then an A-bimodule is the same as an A°-module.
The space A becomes naturally a bimodule over A by putting (a ® b)z = (—1)"Pl1#lazb
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for a @b € A°? and © € A. The space A€ is also an A-bimodule, but in two different
ways. The default action is the outer action given by

(a@b).(zoy) = (D)l eyh, axbe A% zyc A°
The alternative is the inner action given by
(a@b).(x@y) = (—1)blelFlalbltlallelyy @ a0y a@be A%z 0y e A°.

The dg category of dg modules over a dg algebra can be defined similar to the module
category over an A.-algebra. If D is a dg algebra, we denote this dg category by Mod D.
It is not the same as the ordinary category with hom spaces the morphisms of dg modules,
but rather the differential measures failure to be a dg morphism. To define Mod D, one
turns the dg algebra into an honest A, by means of the sign flip u!(a) = (—1)l°
and p2(a,b) = (—=1)I’lab and then forms Mod D according to the recipe presented in
section 3.1. One may express the result more explicitly which we will not attempt here.

In particular, we can form the category Mod A°. When M € Mod 4., we can regard
the hom space

MP = Homypoq ae (M, A°).

For us, it is most important that MP is again a dg A°-module, often called the dual
bimodule of M. Its differential is the differential yi}; 4 4 and the A°-action on MP is
the inner action on the codomain A°. It is elementary to check that MP is indeed a dg
module. According to Kontsevich and Soibelman, the bimodule AP is to be viewed as
“inverse dualizing bibundle” F' — F @ K;(l[— dim X] of the noncommutative manifold
defined by A [22, Definition 8.1.6].

When M is a dg module, the n-th left shift M[n] also becomes an object of Mod A°.
Reflecting the definition of Calabi-Yau manifolds in the commutative world, the dg al-
gebra A is called Calabi-Yau if the dual bimodule AP is quasi-isomorphic to a shift of
A:

Definition 3.32. Let A be a dg algebra. Then A is Calabi-Yau of dimension n > 1 (CYn)
if AP[n] and A are quasi-isomorphic in the category Mod A°.

Remark 3.33. The original definition [19, Definition 3.2.3] requires that the quasi-
isomorphism is a self-dual morphism. Van den Bergh has shown in [34, Proposition
C.1] that this condition is typically automatic.

The definition of the hom space Hom 4. (A, A®) takes the degrees of the chosen reso-
lution of A and the degrees of A® into account. In particular, requiring Hom 4 (A4, A®)
and A[n] to be quasi-isomorphic cannot be easily translated into a property regarding
resolutions on A. If A is however an ordinary algebra (concentrated in degree zero), then
the definition simplifies as follows:
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Lemma 3.34 (/19, (3.2.5)]). Let A be an associative algebra which has a finite projective
A-bimodule resolution of finitely generated bimodules. Then A is Calabi- Yau of dimension
n > 1 if and only if

HHF (A4, A°) = {A ifk=n, (3.5)

0 else.

Here HHk(A,Ae) is equipped again with the inner A-bimodule action and the isomor-
phism is meant as A-bimodules.

Proof. By definition HH" (A, A°) is the cohomology of Hom 4 (A, A®), together with the
additional A-bimodule action. We now prove both directions.

If Ais CYn then Hom e (A, A®) and A[n] are quasi-isomorphic as objects of Mod A°.
There exist closed morphisms f and g between them and a morphism A of degree —1 such
that fg =id 4+ d(h). In particular f and g define quasi-inverse morphisms of complexes
and we conclude the cohomology of Hom 4¢ (A, A®) is A, concentrated in degree n.

Conversely, assume (3.5) holds. The conclusion is a general statement regarding com-
plexes. Let P® be a complex with homology concentrated in a single degree, namely
¢ : A = HF P. Then there is a quasi-isomorphism ¢ : A — P* of complexes given
by a — ¢(a) € H* P C Pk, This map is indeed a map of chain complexes since the
differential on A and on the image 1)(A) vanishes. The map is a quasi-isomorphism since
on cohomology this map is just ¢. This finishes the proof. O

Remark 3.35. In contrast to dg algebras, two A,-algebras can not be tensored easily to
form a tensor A,-algebra. Instead, the construction is difficult and has attracted various
literature [27,29]. This includes an advanced construction of the tensor product A ® A°P
as Aoo-algebra.

This way, A ® A°P itself becomes an A-bimodule. This construction should not be
confused with the naive bimodule action of A mentioned in [30, Theorem 1.8]. In this
naive action, A acts on the two tensor components of the graded vector space A ® A°P
separately. In the present section, we avoid all difficulties by restricting to the case of A
being a dg algebra whenever we need the algebra A° or A ® A°P as A-bimodule.

In the definition of a category of modules Mod A, one is not limited to choosing the
specific resolution T'(A[1]) ® M of M. Instead one may choose an arbitrary “projective
replacement”. In case A is an A..-algebra, this is a topic of research, but if A4 is a dg
algebra, then the correct notion of “projective replacement” is to be K-projective:

Definition 3.36 (/28, Section 4.2]). Let A be a dg algebra. Then a dg module P is K-
projective if the dg hom space Homypoq 4 (P, Q) is acyclic whenever @ is an acyclic dg
module. A K-projective replacement of M € Mod™ 4 is a K-projective dg module P
together with a quasi-isomorphism P — M.
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Remark 3.37. Keller shows in [21, Section 3.2] that K-projective replacements can be
found by resolving a module into a complex of so-called dg-projective modules. A module
P is called dg-projective if it is a cofibrant object with respect to the projective model
structure on the category of dg categories. Explicitly, P is dg-projective if for every
surjective quasi-isomorphism L — M, every morphism P — M factors through L.

Remark 3.38. The hom spaces in Mod® A enjoy various names in the literature, thanks
to the fact that their cohomology can also be built as derived hom functor. Generally,
the cohomology hom spaces H® Homy gta 4 (M, N) may be denoted RHom? (M, N) or
Ext% (M, N). When M = N, the dg hom space Homy,qta 4 (M, M) is actually a dg alge-
bra itself and its minimal model becomes an A.-algebra. This A..-algebra is commonly
denoted RHom® (M, M) as well, despite the fact that classical derived hom functors do
not retain homotopy information.

Remark 3.39. If A is a dg algebra, then the Hochschild cohomology HH®*(A, M) with
coefficients in an A-bimodule M is by definition equal to H®* Homyjoq a< (A4, M).

3.5. Van den Bergh and Serre duality

In this section, we recall Van den Bergh and Serre duality for ordinary (non-dg)
Calabi-Yau algebras. As it turns out, the Calabi-Yau property for ordinary algebras is
closely related to having a self-dual bimodule resolution. This fact has been observed
and exploited in [9].

Definition 3.40 (/9]). Let A be an algebra and 0 — P™ — ... — P% — A be a projective
A-bimodule resolution of A by finitely generated bimodules. Then P*® is a self-dual
resolution if Hom 4. (P*®, A°) = P"~* as complexes of A-bimodules:

0 —— Homge(P%, A°) —— ... —— Home(P", A°) —— 0

I L

0 pr P 0

Lemma 3.41. If A has a selfdual projective bimodule resolution of length n > 1 then A is
CYn.

Proof. Let P*® be a selfdual bimodule resolution. By definition, the Hochschild coho-
mology HHk(A,Ae) is the homology in degree k of the complex Hom 4 (P®, A®). By
selfduality, this homology is just the homology in degree n — k of P®, which is Aif k =n
and zero otherwise. This shows that A is CYn. O

A bimodule resolution of A gives rise to resolutions for all left and right A-modules.
The idea is to tensor the resolution on the right or left side with M, respectively:
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Lemma 3.42 ([7, Lemma 2.4]). Let A be an algebra and P* — A a projective bimodule
resolution. Let M be a left A-module. Then P®* ® 4 M — M 1is a resolution for M.

Van den Bergh duality is a Poincaré-style theorem for Hochschild homology and co-
homology of CYn algebras. This duality was first observed in [8] and we recall it as
follows:

Theorem 3.43 ([8]). Let A be a CYn algebra. If A has a finite projective resolution of
finitely generated bimodules, then

HHF (A, M) =~ HH, (A, M).

Proof. We recall here the proof in the easy case where A has a selfdual resolution P°.
We compute

HH* (A, M) = H* Hom 4 (P*, M)
= H* (Hom e (P®*, A°) ® 4 M)
=H¥(P"* @4 M) =HH,_(A,M). O

As we recapitulate in Lemma 3.44, a CYn algebra has the property that the n-th shift
is a Serre functor for its derived category. In [9], CYn algebras were precisely defined by
this characteristic property. It is unclear to which extent the definitions are equivalent.

Lemma 3.44 ([7, Proposition 2.3]). Let A be an algebra with a finite projective resolution
of finitely generated bimodules. If A is CYn, then for all finite-dimensional A-modules
M, N there are natural isomorphisms of graded vector spaces

Ext® (M, N)" = Ext"~*(N, M).

Proof. We recall here the proof from [7]. The first step of the proof is to re-
alize that thanks to Lemma 3.42, Eth(M, N) equals the Hochschild cohomology
HH* (A, Homc (M, N)):

Ext¥ (M, N) = H* Hom 4 (P* ® M, N) = H* Hom 4. (P*, Homc (M, N))
= HH* (A, Homc (M, N)).

Here Hom¢ (M, N) is the A-bimodule with the left factor acting on N and the right
factor acting on M: (apb)(m) = ap(bm).

The second step is to show HH¥(A, M) = HHy(A, M)" for finite-dimensional A-
bimodules M. Here the vector space dual MV is also an A-bimodule by letting the left
factor act from the right on M and the right factor act from the left on M, explicitly
(apb)(m) = p(bma). We compute
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HH* (A, M) = H* Hom 4. (P*, Homc (M, C)) = Home (P* ®4e M,C) = HH, (A, M)".
Combining the first two steps with Van den Berg duality, we conclude

Ext¥ (M, N) = HH* (A, Homc (M, N))
= HH" (A, Homc¢ (N, M)Y)
>~ HH, (A, Home (N, M))”
~ HH"*(A, Home (N, M))"
e v
=~ Ext’y (N, M) .
This finishes the proof. O
Remark 3.45. The duality between the two Ext spaces can also be interpreted as a pairing

(=, —) : Ext® (M, N) x Ext"*(N, M) — C.

This pairing can also be expressed by means of the traces Trps, Try on Ext% (M, M)
and Ext% (N, N) as

(@,y) =Ten(zoy) = (=)W Try(yow), € Exty(M,N), yeExt] *(N,M).

Here o denotes the composition of extensions, equivalently the product of H Mod A.
The trace Try; : Ext%(M,M) — C is induced from the trace on the complex
Hom 4 (P* ® M, P* ® M) which computes Ext® (M, M). The correct signs were computed
in [9, Appendix].

3.6. Jacobi algebras

In this section, we recall characterizations of ordinary (non-dg) CY3 algebras. The core
idea is that most CY3 algebras are the Jacobi algebra of a quiver with superpotential.
Conversely, most quivers with superpotential give rise to a CY3 algebra. In the present
section, we recall the precise criteria from [9]. In particular, we recall superpotentials and
their associated Jacobi algebras as well as a candidate bimodule resolution for Jacobi
algebras. This section serves as a direct preparation for section 6.

We start by fixing terminology for cyclic elements of quiver algebras as follows:

Definition 3.46. Let @ be a quiver. A path in Q) is a cycle if it starts and ends at the same
vertex. If p is a cycle in @), we denote by pcy. € CQ the sum of its cyclic permutations.
We extend this assignment linearly to CQ and denote it by p — pcyc as well. An element
W e CQ is cyclic if it lies in the image of this map. Explicitly, W is cyclic if it is a linear
combination of cycles whose coefficients are invariant under cyclic permutation:
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W = E Aag.ar Gk ---a1, with Vi=1,....k: Ay oy = Aai 1 aiiras-
cycles ag...a1

A superpotential on a quiver @ is defined as a cyclic element W € CQ which is a
linear combination of paths of length at least two:

Definition 3.47. A superpotential is a cyclic element W € CQ>s. Its relations are the
elements

O W = Z Aag..ar@k—1---a1, a€ Q.

paths ag...a1
with ar=a

Its Jacobi algebra is given by

cQ
(0 W)

Jac(Q, W) =

Here (0,W) denotes the two-sided ideal generated by the partial derivatives 9, W for
a < Ql-

Remark 3.48. A typical assumption in the literature is that the paths are of length at
least three. In fact, length two term gives rise to a single arrow being contained in one
relation J,W. The effect is that this arrow is killed in the Jacobi algebra.

The original paper of Ginzburg [9] formulated the expectation that all CY3 algebras
“appearing in nature” are Jacobi algebras of quivers with superpotential. This expecta-
tion was largely verified in [9], with the core result that a quiver algebra with graded
relations which is CY3 is necessarily of the form Jac(Q, W):

Theorem 3.49 ([9, Theorem 3.1]). Let Q be a quiver and let A = CQ/I be the quotient by
a finitely generated graded ideal I C CQ>o. If A is C'Y3, then there exists a superpotential
W such that CQ/I = Jac(Q,W).

The idea of the proof is to explore the structure of I in terms of resolutions for the
simple modules of A. These first bits of these resolutions are standard and do not depend
on the ideal I. In contrast, the last bits depend on I but can be guessed by consideration
on the dimension of the Ext spaces based on the assumption that A is CY3.

Conversely, not every Jacobi algebra is CY3. There is however a precise criterion due
to [9] as well. The criterion is formulated in terms of a “candidate” bimodule resolution
for A. We start with the following notation:

Definition 3.50. Let W € C(Q>» be a superpotential. Then the CQo-bimodule generated
by W in C(Q is denoted
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W =CQoWQo= P CoWv C CQ.

vEQRo

The relations space is denoted
R = span{d,W | a € Q1 }.

To introduce the candidate bimodule resolution, let ) be a quiver, W € CQ>3 a
superpotential. Let us temporarily write A = Jac(Q, W) for the Jacobi algebra. The
candidate bimodule resolution has the shape

0-A W @ ABARR® ABA2CQ @ ABA ® A—A—0. (3.6)
CQo CQo CQo CQo CQo CQo CQo

Remark 3.51. The maps in the sequence (6.1) are described as follows:
e For the map g1, let w = ZieI Tia; = ZjeJ bir; € W, where all a; an b; are arrows
and the r;,7; € R are compatible elements. The map g; sends the element 1 @ w ® 1
to

g1(1®w®1)=ZI®ri®ai—ij®rj®1.
el jer

e For the map go, let » € R and for d > 0 write r = Zleld pgd) 5 )qu) € R, where pgd)
(d)

are arrows. The map g» sends the element 1 ® r to

21erel)=> > pPed?eq?.
d>01i€ly

are paths of length d and a;

e Themap gsisgivenby 1®a®1—a®1—-1Ra.
e The fourth map is simply the contraction map.

The sequence (6.1) is clearly a chain complex. Whether or not it is exact is an indicator
on whether A is CY3 or not:

Theorem 3.52 (/9, Theorem 4.3]). Let Q be a quiver and W € CQx>3 a superpoten-
tial. Then the algebra Jac(Q, W) is CY3 if and only if the sequence (3.6) is a bimodule
resolution for A.

3.7. Cyclic Ax-algebras
In this section, we recall the correspondence of cyclic A, ,-algebras and Calabi-Yau

dg algebras via Koszul duality. In Lemma 3.44 and 3.28, we have already seen that A'
is the endomorphism algebra of the simple module C and that modules over a CYn
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algebra enjoy Serre duality of degree n. This is a strong indication that H A' has a cyclic
structure of degree n. As we recall in this section, this is the norm and cyclic A,.-algebras
correspond to Calabi-Yau algebras under Koszul duality:

A Koszul A
Cyclic Calabi-Yau

In this section, we start by recalling the notion of cyclic A.-algebras. Then we ex-
plain that their Koszul duals are so-called deformed dg-preprojective algebras, which are
Calabi-Yau. This explains the correspondence of cyclic Ay.-algebras and Calabi-Yau dg
algebras via Koszul duality. Our primary reference is [34]. We start by recalling cyclic
Ao-algebras, a generalization of Frobenius algebras:

Definition 3.53. Let A be an A,.-algebra. Then A is cyclic of degree n if it is equipped
with a bilinear nondegenerate pairing (—,—) : A x A — C of degree —n such that

(@,y) = (=1)/"W/{y, z) and
<uk(ak+1’ .yag),a1) = (_1)”‘lk+1|‘(Hak‘|+~'-+“al|‘)<Mk5(a}k7 1), Geg)

Remark 3.54. The pairing is a noncommutative and categorical manifestation of a sym-
plectic form. This is one of the reasons that cyclic A.-algebras are dominant in the
theory of Fukaya categories. In our context, the notion of cyclic Fukaya categories is
reserved for the A-side of mirror symmetry, while Calabi-Yau algebras are reserved for
the B-side of mirror symmetry.

When discussing Koszul duality for cyclic Ao,-algebras, we frequently need to choose a
basis compatible with the pairing (—, —). We recall this piece of linear algebra as follows:

Lemma 3.55. Let V' be a finite-dimensional graded vector space over C and (—,—) :
V xV — C a nondegenerate bilinear form of degree —n with (x,y) = (—1)I#I¥l(y, z).
Then there is a graded basis for V in which (—, —) takes the form

Iy,
+1;
(—,—) = I , (3.7)
I,

I,
+1;, = diag((—1)( V=l (1) Dleely

Here k = dim V., /5 and the first k basis elements x1,...,x) can be freely chosen. The
matriz I; appears only if n is even and n/2 is even. The symplectic part consisting of I,
and —1I,, only appears if n is even and n/2 is odd. In these cases we have | = dim 'V, /
and m = dim V,, /5/2, respectively.
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Proof. Let x1,..., 2 be a given graded basis for V,, /5. The restricted pairing (—, —) :

Vensz X Vanye — C gives an isomorphism ¢ : Vs, /o = V<\’n/2 and the basis z1,...,zg
gives rise to a dual basis zY,...,z) € V<Vn/2. Pick x} € V5,5 such that p(x}) = =Y.
Then

*

(@i, af) = (@) (@) = o) (@) = 63, (2], @) = (1) "7 1# DGy = (—1)tDlnds,;

Picking 1, ..., z, 27, ..., 2} as first part of the basis sets up the first diagonal block of
the matrix. If n is odd, then V' = V_,, ;5 ® V<, /2 and we are done. If n is even and n/2 is
even, then (—, —) is a nondegenerate symmetric bilinear form on V;,/» and we can find

a basis in which (—, —) : V,, /2 x V}, /o — C is the identity matrix. If n is even and n/2 is
odd, then (—, —): Va2 X V2 — C is a symplectic form on V,, /5 and we can choose a
symplectic basis. This finishes the proof. O

Definition 3.56. Let V' be a finite-dimensional graded vector space over C and (—,—) :
V x V — C a nondegenerate bilinear form of degree —n. Choose a basis for V' in which
(—, —) takes the shape (3.7):

Tlyeooy Thy TTyen e, Tp if n odd,
* * .

Tlyeey Thy Ty ey Ty Tht Ly - - oy Thotl if n even, n/2 even,
* * * * .

Tlyee oy Ty BTy oo s Ty Tl s - - o> L Thp 15 - - - Lo if n even, n/2 odd.

Then we call the pair of sequences

*

T1,..., Tk and z7,...,x} if n odd,

* * * . * .
Tlyeo s Thy Thg 1y -+ Ty ANd TY, .00 TR, Ty g = Thgl, - Tpyy = Thopy
if n even, n/2 even,

Tlyeoy Ty Th s+ Thgrn aDd BT, .0, Ty 0 if n even, n/2 odd
a basis with dual basis for V' via (—, —).
Remark 3.57. For any ¢ we have |z| = n — |x;|, regardless of whether n is odd or even.

Van den Bergh investigated the correspondence between cyclic Aso-algebras and
Calabi-Yau dg algebras via Koszul duality in [34]. The technical core result is a structure
characterization of Calabi-Yau dg algebras. Roughly speaking, a dg algebra is CYn if
it is weakly equivalent to a so-called deformed dg-preprojective algebra II(Q,n, W) for
some quiver ) and superpotential W € CQ>3. Here W is required to satisfy {W, W} =0
with respect to the so-called necklace bracket {—, —}, on which we will not elaborate
here. We recall the construction of the algebras II(Q, n, W) as follows:
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Definition 3.58. Let () be a graded quiver, n > 3 an integer and W € CQ >3 a superpo-
tential homogeneous of degree —n + 3 with respect to the grading on Q). Assume that W
is “graded cyclic”, instead of cyclic. Assume {W, W} = 0 with respect to the necklace
bracket. Let Q be the double quiver, obtained from @ by inserting for every arrow a an
arrow a* in opposite direction. The arrow a* is assigned degree —n + 2 — |a|g. In the
special case where an arrow a is a loop with odd degree |a|g = (2 — n)/2, no arrow a*
is adjoined and one puts a* = a. Let Q be the quiver obtained from Q by additionally
inserting on every vertex a loop z; of degree 1 —n. Then the deformed dg-preprojective
algebra

H(Qa n, W) = ((CQ7 dH)
is the dg algebra modeled on CQ with the following differential:

_q)llalDla’lg, 1w,
)|a|+13 W,
dn(z) = [a,a”].

h(a)=i

We recall Van den Bergh’s structure result as follows:

Theorem 3.59 (/34, Theorem 10.2.2]). Let Q be a graded quiver, n > 3 an integer and
W e Cng a superpotential with {W, W} = 0. Assume W is homogeneous of degree

—n+3 with respect to the grading on Q and all arrows in Q lie in degree range [—n+2,0].
Then II(Q,n, W) is CYn.

Van den Bergh also shows the converse statement that every CYn dg algebra under
suitable finiteness conditions is equivalent to some deformed dg-preprojective algebra
II(Q,n, W). It is an easy consequence of Theorem 3.59 that the Koszul dual of a minimal
cyclic Ay -category is CYn:

Corollary 3.60. Let A be a finite-dimensional augmented minimal As-algebra concen-
trated in non-negative degrees with A° = Cid. Assume A is cyclic of degree n. Then A’
is a deformed dg-preprojective algebra and is therefore C'Yn.

Proof. The idea is to represent A' as a deformed dg-preprojective algebra II1(Q,n, W)
by letting the arrows of @) stand for basis elements of A and letting the superpotential
W record the product . We ignore signs.

The first step is to choose a basis for A by means of Lemma 3.55. Since A° = Cid, we
can include the element id in the basis and obtain a basis with dual basis of the following
form:
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A = Cid @ span{zy,..., 2} ®span{z],...,z;} ¢ Cid™.

Of course, we have to make adaptations in case n is even: There may be self-dual basis
elements of degree n/2. This is not a problem and is adequately reflected in the definition
of II(Q,n, W) by the intricate extra condition on loops. We shall for simplicity proceed
with the assumption that n is odd.

We define the quiver @ to be a single vertex with k arrows, such that the double
quiver Q and the extended quiver Q satisfy

CQ=Cfay,.. o, (@), (@)
(CQ = C«x\l/a e aIZ:/a (:L.T)V7 R <x2)v’ (ld*)v>>
In these graded algebras, the variables ) and (z)" have degrees 1 — |z;| and 1 — |27,

respectively. The variable (id*)" has degree 1 — n.

We define the superpotential W € CQ by Koszul transforming the As-structure on

W
_ [+] <y 0% [y Y (o Y
W = Z (u(xil peeen T )y Tt ) - () (%) (%)
1<ig,i1,..., 1<k ~
2!*1 star options eC eCq
Here we sum over choices of indices ig, ..., 7; as well as choices of starred or non-starred

basis elements and variables. Minimality of A ensures that W lies in CQ >3 and cyclicity
of A ensures that W is graded cyclic. The A, -relations for A ensure that {W, W} = 0.

The quiver @, the cyclicity degree n and the superpotential W now yield a deformed
dg-projective algebra II(Q, n, W). Explicitly, its differential reads

dnay = (-1 HEVIED g oW,

dn(z}) = (-1l 19, W,

k
du(id*)" =" af (@7)” — () "2y
i=1
In the remainder of the proof, we check that II(Q,n, W) equals A'. In fact, we have
already named all the variables 2k + 1 variables in @ precisely the way in which
variables for A' are named.

To see that also the differentials diy and dy: agree, note that the derivative 0,,v W
precisely records the x} coeflicient of all possible products p(...) of which the input is
not the identity id or the co-identity id*. In principle, the differential of A' also records
those products p(...) which contain a co-identity, however those products vanish:

i e s e - ) Fn=nt

Qi
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Here we have used the assumption that A is concentrated in non-negative degrees and
the co-identity is in degree n. We draw the conclusion that such products vanish because
A is limited to degrees at most n. Ultimately, d(z} )v = 0,y agrees with the differential
of ()" in A"

Also on the variable (id*)v, the differentials of II(Q,n, W) and A' agree. Indeed,
the differential of A' records appearances of id* as result of products s(...). Thanks to
cyclicity, we have

('=3(ay, ..., a1),id) =0,
(1*(a,b),id) + (u*(b,1d), a) + (u*(id, a),b) = 0.

When plugging in @ = x; and b = x, we precisely obtain d g ((d*)Y) = di((Gd*)Y).
Ultimately, we conclude that A' = II(Q,n, W). Thanks to Theorem 3.59, the algebra
(Q,n, W) is CYn and therefore A' is CYn itself. This finishes the proof. O

3.8. Cho-Hong-Lau roadmap

In this section, we motivate the Cho-Hong-Lau construction from the perspective
of Koszul duality. The idea is to pass the dg algebra A' to cohomology. Regarded as
ordinary algebra, the cohomology H? A' need not be a Calabi-Yau algebra itself. Under
grading assumptions on A, it is however a Jacobi algebra and therefore a candidate to
be CY3. We explain how to drop the grading requirements so that one can start from A
being Z /2Z-graded. The Koszul duality functor only survives this drop of requirements
when we replace the actual cohomology H® A' by a surrogate. At the end of the section,
we provide this tweaked Koszul duality functor which comes close to the Cho-Hong-Lau
construction.

Our first starting point is an A..-category A which is cyclic of degree n, concentrated
in non-negative degree and has degree zero part A° = Cid:

A=Cido A'®...e A" 1o Cid*.

Our interest lies in the Koszul duality functor Modfidght A — Tw A" which we recalled
in section 3.2. The essential step leading to the Cho-Hong-Lau construction consists
of replacing the dg algebra A' by its zeroth cohomology H® A', which is an ordinary
associative algebra. In this section, we provide a simple explanation why this works
particularly well if A is cyclic of degree 3.

We start with the observation that passing to the minimal model is unproblematic
if A is concentrated in non-negative degree. We denote the minimal model of the dg
algebra A' by H A'. Its degree zero part is H® A%

Lemma 3.61. Let A be a non-negatively graded augmented Au.-algebra such that A° =
Cid. Then there is an Aoo-morphism A' — H° A'.
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Proof. By definition of the minimal model H A', there is an A..-quasi-isomorphism A' —
H A" In the remainder of the proof, we show that the projection my : HA' — H® A' is
an As-morphism. Regard homogeneous elements ay,...,a, € HA'. Writing out the
definition of pgo 41 (moay, ..., mea1), it is our task to show

‘LLHA!(’]T()CLQ,Woal) if k=2

0 if k2. (38)

oty (ks .o ya1) = {

The basic observation is that A' is concentrated in non-positive degrees because A is
concentrated in positive degrees. The cohomology H A' is then also concentrated in non-
positive degrees. To check (3.8), we distinguish four cases according to the value of k
and the degrees of the input elements aq, ..., ax.

If kK = 1, both sides vanish. If k¥ = 2 and a1, as are both of degree zero and (3.8)
holds. If £ = 2 and one of ay,az is of negative degree, then pg 41 (asz,a1) is of negative
degree and both sides of (3.8) vanish. If k£ > 3, then uy 4:(ag, . ..,a1) has degree at most
2 — k < —1 and therefore both sides vanish as well. This finishes the proof. 0O

We borrow the following notation from Definition 6.32.

Definition 3.62. Let V' be a vector space and R C V be a subspace. Then I(R)T/(V\) is

the ideal of T/(17) given by the image of the map m@R@m — T/(?) Explicitly,

I (R)T/(V\) consists of all elements that can be written as a series

o0
meqz', p; EVOT®  p e R, g eVET™,
i=0

Lemma 3.63. Let A be an augmented A,.-algebra concentrated in non-negative degrees
with A° = Cid. Then we have an algebra identification

o —

T((AY)")

T({daw | 7 € (A0 N o)

HA' =

Proof. Since A is concentrated in positive degrees, its left-shift A[1] is concentrated in
non-negative degrees. We can write

i Y Y 13
A =Tl &%) @..)°
=0 deg 0 deg —1

In the remainder of the proof, we determine the degree zero cocycles and degree zero
coboundaries of A'.
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For the degree zero cocycles, we note that the degree zero part of A' is (Al)v and the
degree one part of A' is zero. Together, the degree zero cocycles of A' are just T(Al)v.
For the degree zero coboundaries, we determine first the degree —1 part of A'. In fact,
the part of degree —1 consists of products of degree zero elements with precisely one

degree —1 element, more precisely

[I>- ()" e (4% @ (ah e,

i=0 j=0

Now the degree zero coboundaries of A' are precisely the differentials of elements in this
space. Since d 2 = 0 for z € (AY)", we immediately see that for z1,...,2; € (A')" and
y € (A2)" we have

dA!(CI?Z‘®...®{Ei,j+1 ®y®$17]®®$1) :$i®...®l‘i,j+1®dA!y®.’Ei,1®...®1’1.

We conclude that the degree zero coboundaries of A' are precisely elements of
I({day | y € (A%)"}). This finishes the proof. O

We shall continue writing I for the ideal defined in Lemma 3.63:

Definition 3.64. Let A be an augmented Z-graded finite-dimensional A..-algebra cyclic
of degree n > 3. Denote by A! and A? the homogeneous subspaces of degree 1 and 2,
respectively. Then we denote by I the ideal

—

I=I({dye |2 € (A} me € T(AYY).

It is in fact possible to say more about the ideal in case A is cyclic of degree 3:

Lemma 3.65. Let A be an augmented finite-dimensional A -algebra. Assume A is cyclic
of degree 3 and concentrated in non-negative degrees with A = Cid:

A=Cido A' ® A* ® Cid*.
Then we have a Koszul duality functor Modf?ghtA — TwH" A'. Upon choosing a ba-

sis 1, ...,z for AL, the algebra H® A' can be written as a Jacobi-type algebra and is
naturally a candidate to be CY3:

C{ay,...,z))

HO A! — '
H(0uyW)C (2 ....x})

(3.9)

Proof. We divide the proof into three steps. In the first step, we explain the Koszul
duality functor. In the second step, we examine the algebra H® A'. In the third step, we
comment on CY3-ness.
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For the first step, pick the Koszul duality functor Modmg}lt A — TwA' from
Corollary 3.21. Thanks to Lemma 3.61, we have an additional morphism of A..-algebras
A' — H° A', which induces an A..-functor Tw A' — Tw H A'. Composing these two, we
obtain the des1red Koszul duality functor

Modff,, A — Tw A' — TwH" A",

For the second step of the proof, the starting point is the description H® A' = T((Al) )/ 1

from Lemma 3.63. It is our task to examine the ideal I. Choose a basis z1, ..., z, for A
and denote by z%,...,z} the corresponding dual basis for A2 via (—, —). We construct

the superpotential W € T((A!)") as follows:

W= Z (@i, ooy wiy), mig )l al o a)

1<,k t0 <N

This specific pairing has the chance of not vanishing only because n = 3. In fact, the
degree of p(...) is 2 while the degree of x;, is 1. The superpotential W is cyclic since p
is assumed to be cyclic. We now claim that sz_vOW =dy (a:jo)v. Indeed,

Ooy W= > (i, oomiy), i)z, ), = da(a),)”.

1<iy, ., ig<n

This proves the desired description of H® A'. For the third part of the proof, we comment
on the non-technical statement regarding the claimed CY3 candidate status of H° A",
As we have shown in the second part of the proof, the algebra H A' is the quotient of a
noncommutative power series ring by derivatives of a superpotential. This does techni-
cally not imply that H A' is CY3. However, it is known that if the number of variables
and the degree of the superpotential are high enough, then the typical superpotential
does turn the quotient into a CY3 algebra [9, Corollary 4.4]. This finishes the proof. O

Remark 3.66. It is essential that the cyclicity degree of A is 3: Assume A is cyclic oﬁgree
n instead. In order to represent dz" as derivative of a superpotential W € T((A1)"),
the only natural way is by dz" being either the derivative d,v W or 9, v W. However,
the variable " has degree —1 and the variable (z*)" has degree 1 — (n —2) = 3 — n.
We conclude that only for n = 3 any of the variables, namely (x*)v, has a chance of
appearing in . This shows that cyclicity in degree n = 3 is favorable for passing A' to
cohomology.

The reduction of the Koszul dual to zeroth cohomology in Lemma 3.65 makes room
for further weakening of the assumptions on the side of the A .-algebra A. As we show
in Lemma 3.68, we can drop the requirement that A be Z-graded and concentrated in
non-negative degrees. The idea is to circumvent A' and work directly with the quotient
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algebra displayed on the right-hand side of (3.9). When we restrict g or pas to T(A%),
we shall use the letter m instead of u:

Definition 3.67. Let A = Cid @ A' ® A? @ Cid* be an augmented Z/2Z-graded finite-
dimensional A..-algebra cyclic of odd degree. We denote the restriction to T'(A!) of the

map pa: M QT(A) — M ®T(A) and its partial dual py by

ma: MT(AY) = M@ T(AY),
my o M — M®T(A1)v.

Let M € Modf?ghtA be a finite-dimensional right A-module with action map pas :
M @ T(A[1]) - M ® T(A[1]). Then we denote the restriction to T(A') of up and uY,
by

my 2 MT(AY) - M @ T(AY),
OITE M — MeT(AY.

We now formulate the Koszul duality where A is not required to be Z-graded. From
the standpoint of Koszul duality, this statement is the closest to the Cho-Hong-Lau
construction that lies within the framework of finite-dimensional modules and twisted
complexes:

Lemma 3.68. Let A = Cid @ A' @ A% @ Cid* be an augmented 7./27.-graded finite-

dimensional As-algebra cyclic of odd degree. Write J = T((AY)")/I. Then we have a
Koszul duality functor
F : Modf,,, A ——— Tw J,

(M, par) ——— (M @ J,mjy ),

fr—1f"

Proof. We only provide a glimpse of the proof here, since the more general version is
treated in section 7. For instance, it is instructive to explain why (M, my; ;) is a twisted
complex over J.

In order to recognize (M, mX/[,O) as twisted complex over J, we have to check its
Maurer-Cartan identity. Since M is a module over A, we have (mpr o ma)o + (mar o
mar)o = 0. The image of (mp o mA)ov lies in M ® I. This means that modulo M ® I,
we have

Mide(va,o,mL,o) = (maro mM)ov =0.

This shows that mjy, , satisfies the Maurer-Cartan equation in Add J and (M ® J,mjy; ,)
is indeed a twisted complex. O
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Remark 3.69. The functor F' in Lemma 3.68 can be made explicit upon choice of basis

for A. Choose a basis of a consisting of elements x; in odd degree and the dual elements

¥

7 in even degree:

A = Cid @ span{z1,...,zt} ®span{z],...,z;} & Cid"* .

even odd even odd

The algebra J takes on the form

Cllay, .oy
Oey W)cay.....ay)

J =
I

Formulated in terms of the basis, the fact that mj}, squares to zero is based on the
observation that

0= E (u'u)(mazil7"'7xi1)
>0
1<it,..., 51 <k

= E u(m,xil7"'7“(xi'r‘""’xis+l)"")
1>0
1<i1, i<k
0<s<r<l

+ E M(:U’(m,xim"~7xir+1)7"'7x1)'
1>0
1<iy,...,u<k
0<r<l

Note that there are no signs since all x; are odd. When dualizing the above equality, the
first summand on the second row lands in the ideal I(aziv W)C({ml,...,mk» and vanishes in
J. Meanwhile, the second summand on the second row dualizes to (m}y; ,)*. We conclude
that (my,)* = 0, in other words (M ® J,mj,) is a twisted complex.

The construction of Lemma 3.68 leads directly to the Cho-Hong-Lau construction.
The idea is to extend the construction of the Koszul duality functor Modffijg}lt A—TwJ
to the case of non-augmented algebras. On the side of the Koszul dual, the required
adaption consists of passing from the twisted completion to matrix factorizations. In
section 7, we recall this Cho-Hong-Lau construction and in particular amend all signs to
the rules for A..-categories.

4. Preliminaries on mirror symmetry

In this section, we recollect preliminaries on mirror symmetry of punctured surfaces
from [12].
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4.1. Gentle algebras

In this section, we recall the A,.-gentle algebra from [12] and its deformed version
from [13]. In particular, we explain the philosophy of Gtl, @ as a discrete relative Fukaya
category.

Definition 4.1. A punctured surface is a closed oriented surface S with a finite set of
punctures M C S. We assume that |M| > 1, or |M| > 3 if S is a sphere.

The assumptions on |M| are cosmetical and explained in [24].

Definition 4.2. Let (S, M) be a punctured surface. An arc in S is a not necessarily
closed curve « : [0,1] — S running from one puncture to another. An arc system on a
punctured surface is a finite collection of arcs such that the arcs meet only at the set M
of punctures. Intersections and self-intersections are not allowed. The arc system satisfies
the no monogons or digons condition [NMD] if

o No arc is a contractible loop in S\ M.
o No pair of distinct arcs is homotopic in S\ M.

The arc system satisfies the no monogons or digons in the closed surface condition
[NMDC] if

e No arc is a contractible loop in S.
e No pair of distinct arcs is homotopic in S.

An arc system is full if the arcs cut the surface into contractible pieces, which we call
polygons.

Definition 4.3. A dimer @ is a full arc system on a punctured surface such that every
polygon is bounded by at least three arcs and the arcs along the boundary of a polygon
are all oriented in the same direction. The letter @y denotes the set of punctures of the
dimer, the letter ()1 denotes the set of arcs, and |Q| denotes the closed surface.

Remark 4.4. All polygons in a dimer are either bounded entirely clockwise, or entirely
anticlockwise. A polygon neighboring a clockwise polygon is anticlockwise, and the other
way around. A dimer can be interpreted as a quiver embedded in a surface, therefore
quiver terminology applies and we may for instance refer to paths of Q).

The gentle algebra Gtl @ is an A,-category defined as follows: Its objects are the arcs
a € Q1. A basis for the hom space Homgy g(a, b) is given by the set of all angles around
punctures from a to b. This includes empty angles, which are the identities on the arcs.
The hom spaces of Gtl@Q are not finite-dimensional, in contrast to what is classically
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3 2

(a) Standard polygon Ps (b) Assigning curvature to an arc (¢) Deformed product uS

Fig. 4.1. Illustration for Gt1Q and Gtl,; Q.

called a gentle algebra. The Z/2Z-grading on GtlQ is given by declaring all interior
angles of polygons to have odd degree. The differential p! is plainly set to zero, and the
product u?(a, 8) of two angles «, 3 is defined as the concatenation a3 of a and f3 if both
angles wind around the same puncture and « starts where 8 ends:

ph=0, p*(a,p) = (-1)"lap.

The higher products p=3 on GtlQ are defined in terms of what we will call discrete
immersed disks. Roughly speaking, a discrete immersed disk may either be a polygon, or
a sequence of polygons stitched together. We make this precise by regarding immersions
of the standard polygon Py, depicted in Fig. 4.1a:

Definition 4.5. Let @ be dimer. A discrete immersed disk in ) consists of an oriented
immersion D : P, — |Q| of a standard polygon Py into the surface, such that

e The edges of the polygon are mapped to a sequence of arcs.
e The immersion does not cover any punctures.

The immersion mapping itself is only taken up to reparametrization. The sequence of
interior angles of D is the sequence of angles in ) given as images of the interior angles
of P, under the map D. An angle sequence aq,...,qy is a disk sequence if it is the
sequence of interior angles of some discrete immersed disk.

We can now describe the higher products ;=3 on GtlQ as follows:

Definition 4.6. Let @@ be a dimer. Then the gentle algebra Gtl Q of ) is the A-category
with objects the arcs a € @1, hom spaces spanned by angles, and A..-product p defined
by p' = 0 and p?(a, ) = (=1)lap. To define #23, let ay, ..., oy be any disk sequence,
let 8 be an angle composable with a1, i.e. Sy # 0, and let v be an angle post-composable
with ay, i.e. agy # 0. Then

/’Lk(/galw .. -aal) = ﬁa /’Lk<ak}7 .. ;alr}/) = (_l)hl’y
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al ag as a4 as Qg aq

Fig. 4.2. A zigzag path L.

The higher products vanish on all angle sequences other than these.

In [13] we defined a deformation Gtl, @ of Gtl @, hoping it to provide a discrete relative
Fukaya category. In [24], we confirmed this hope. The starting point for the definition
of Gtl, @ is a dimer which satisfies the [NMDC] condition. The category Gtl, @ is a
curved A -deformation of Gtl@Q over the deformation base B = C[Qq], which has one
deformation parameter per puncture. We denote the maximal ideal by m = (Qo) C
ClQo].

The curvature ug of Gtl, @ is defined as follows: For every puncture g € @y, denote by
£, the sum of all full turns around ¢, summed over all arc ends at g. The total curvature
ug of Gtl, Q is defined as the sum over all puncture contributions:

,ug = Z qly.

4€Qo

The product ,ué still vanishes and the product ,u3 = p? is not deformed. The higher
products qu?’ however count discrete immersed disks which are now also allowed to
cover punctures, weighting the result of every disk with the product € C[Qq] of the
punctures covered. The definition of 4 and pZ3 is depicted in Fig. 4.1.

4.2. Zigzag paths

In this section, we recall the notions of zigzag paths and geometric consistency for
dimers. An exhaustive reference is [11]. More information is also found in [24].

Definition 4.7. Let @ be a dimer. A zigzag path L is an infinite path . ..asa100a_1a_o ...
of arcs in @ together with an alternating choice of “left” or “right” for every ¢ € N such
that

e a;+10; lies in a clockwise polygon if ¢ is assigned “right”,
e a;+10; lies in a counterclockwise polygon if 4 is assigned “left”.

We also say that L turns left at a; if i is assigned “left” and turns right if a; is assigned
“right”. Two zigzag paths are identified if their paths including left/right indications
differ only by integer shift.

Slightly simplified, a zigzag path L is a path in @) that turns alternatingly maximally
right and maximally left in (). The typical shape of a zigzag path is drawn in Fig. 4.2. If
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(a) Zigzag rays starting at a € Q1 (b) Not geometrically consistent

Fig. 4.3. On consistency.

every puncture of @) has valence at least 4, then the left/right indication is a superfluous
datum. In this case, the left/right indication for zigzag paths is a superfluous part of
the datum of a zigzag path. For other dimers @, the left /right indication is very impor-
tant. An example is the M-punctured sphere @Q,; which we will recall in section 5. Our
definition deviates slightly from the definition of [12].

Geometric consistency is a specific instance of various consistency conditions which
can be imposed on dimers. To define it, we denote by Q the lift of the arc system Q
to the universal cover of the closed surface |@Q|. We define the auxiliary notion of zigzag
rays as follows, depicted in Fig. 4.3a:

Definition 4.8. Let a € Q1 be an arc. Then the four zigzag rays starting at a are the
sequences of arcs (a})i>o, (a?)i>0, (a2)i>0 and (a})i>o in Q determined by a} = a? =

a3 = aj = a and the following properties:

1/2 1/2

i/ ) = t(ai—ﬁ/-l)‘
3 4 : 3/4 3/4

 The sequences (a;) and (a;) satisfy t(a;"") = h(a;} ;).

1
e The path a}ﬁa; /% lies in the boundary of a counterclockwise polygon when i is

o The sequences (a}) and (a?) satisfy h(a

odd/even, and clockwise when i is even/odd.
e The path af/ 4a?ﬁ lies in the boundary of a counterclockwise polygon when ¢ is

odd/even, and clockwise when i is even/odd.

A dimer is geometrically consistent if the zigzag rays starting with an arc a in the
universal cover intersect nowhere, except at a itself. The precise definition reads as
follows:

Definition 4.9. Let Q be a dimer. Then Q is geometrically consistent if for every a € Q4
the four zigzag rays (a}), (a?), (a?) and (af}) satisfy the following property: Whenever
E

a; :aé,thenizjandkzhori:jzo.

Remark 4.10. Many dimers are geometrically consistent. In contrast, a dimer on a
sphere is never geometrically consistent. A dimer which contains the pattern sketched in
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Fig. 4.3b is also not geometrically consistent. A geometrically consistent dimer satisfies
the [NMDC] condition.

4.8. Matriz factorizations

In this section, we recall the notion of matrix factorizations. After recalling the defi-
nition, we focus on matrix factorization categories. Matrix factorizations serve as B-side
in mirror symmetry. As such, our standard reference is [12].

Matrix factorizations go back to 20th century work of Buchweitz and others. In a
nutshell, the observation is as follows: Let A be an algebra and ¢ € Z(A) a central
element. Such a pair (A,¢) is also called a Landau-Ginzburg model. If ¢ is prime in
A, there is no nontrivial factorization ¢ = ab in A. However, there may be modules
M,N € Mod A with maps f: M — N and g : N — M such that both go f: M — M
and fog : N — N are multiplication by £. In other words, for typical ¢ there are
more factorizations on the module level than in the algebra itself. This gives rise to the
following definition:

Definition 4.11. Let A be an associative algebra and ¢ € A a central element. A matrix
factorization of (A, ¢) is a pair of finitely generated projective A-modules (P, Q) together
with A-module morphisms f : P = @ and g : Q@ — P such that fog = fidg and
go f=/lidp.

Remark 4.12. There is an alternative definition: A matrix factorization is a Z/2Z-graded
projective A-module M together with an odd A-module map § : M — M such that
6% = fidys. This definition is equivalent to Definition 4.11. Given (M, J), simply put
P = M°* and Q = M°d. The odd map § then automatically splits into two maps
f:P—>Qandg:Q — P. Conversely given f:Pz7=—Q :g, put

M=PaQ[l], 6= (2 g)

The set of matrix factorizations of (A4, ¢) can be turned into a Z /2Z-graded dg category
MF(A, ¢). The intuition behind the dg structure is to interpret every matrix factorization
(M, ¢) as an almost chain complex, more precisely a twisted complex over the curved A..-
category (A, £). We use the notation 4 to denote the tweaked version &(m) = (—1)I"!§(m)
of §.

Definition 4.13. Let (A, ¢) be a Landau-Ginzburg model. The category of matrix factor-
izations MF (A, ¢) is defined as follows:

o Objects are the matrix factorizations (M, §) of (A, 7).
o Hom spaces are given by Hom((M,das), (N,dn)) = Homy (M, N), naturally Z/27-
graded.
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« The differential is given by u!'(f) = dx o f — (=11 f 0 65 for f € Hom((M,dxr),
(N,dn)).
« The product is given by p2(f,g) = (=1)I7llgl f o g.

More explicitly, regard two matrix factorizations f:P—=Q:g and

f': PP == @' : ¢ . Then their hom space is

Hom(P, P') ® Hom(Q, Q") ® Hom(P, Q") ® Hom(Q, P’) .

even odd

A morphism can be presented as a 2-by-2 matrix (é g), where A : P — P’ and

B :Q — P’ and so on. In these terms, we can write

1 A B\ [(—¢C+Bf —¢D+ Ag
tvran\c D)=\ ffA-Df fB-Cg )"

The product ,uidF( A0 is simply given by signed matrix multiplication

2 A B A B _ (AA"+ BC'" —AB' + BD'
HMF(A,¢€) C DJ)'\cC" D ~\CA-DC" CB +DD" |-
4.4. Jacobi algebras of dimers

In this section, we recollect the Jacobi algebras of dimers, together with their associ-
ated categories of matrix factorizations. We also fix some notation in this section. For
example, the Jacobi algebra of a dimer will be denoted Jac @, its special central element
will be denoted ¢ € Jac@. We would like to remind the reader that the full category
of matrix factorizations is denoted MF(Jac Q, ¢). Meanwhile, we recall in this section a
specific small subcategory, denoted by lowercase letters mf(Jac @, ¢) C MF(Jac @, ¢).

Let us start by fixing terminology and notation for cyclicity:

Definition 4.14. Let @ be a quiver. If p is a path in @), we denote by pcye € CQ the sum
of its cyclic permutations. We extend this assignment linearly to CQ and denote it by
D = Deye as well. An element W € CQ is cyclic if it is a linear combination of cyclic
paths in @ whose coefficients are invariant under cyclic permutation:

W= > DAgpa@r...a, with Vi=1...k: Ao, =X arpia;

cycles ag...a1

We recall that superpotentials are defined as cyclic elements of length at least two:

Definition 4.15. A superpotential is a cyclic element W € C(Q>2. Its relations are the

elements
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/]
' Z

(a) An F-term flip (b) These 3 paths are equivalent.

N \J

A

ANANAN
ANANANA

Fig. 4.4. F-term equivalence.

0uW = Z Aag.ar@k—1-..0a1, @€ Q1.

paths ag...a1
with ar=a

Its Jacobi algebra is given by

cQ

Jac(Q, W) = AR

Here (0,W) denotes the two-sided ideal generated by the partial derivatives 9,W for
a € Ql.

A dimer @ is nothing else than a specific type of quiver embedded in a surface.
In particular it comes with an associated path algebra C(@. The dimer structure of
provides us with an additional central element W € CQ, given by the difference of the
clockwise polygons of @@ and the counterclockwise polygons, cyclically permuted:

W = Z (a1 ce ak)cyc — Z (a1 ce ak)cyc.

ay,...,ak ay,...,0k

clockwise counterclockwise
Definition 4.16. Let @Q be a dimer. Then its Jacobi algebra is the associative algebra
JacQ = CQ/ (9, W).

The relations J,W equate two neighboring polygons: Flipping a path over an arc a
is possible if the path follows all arcs of a neighboring polygon apart from a. These flip
moves are known as F-term moves and the equivalence relation on the set of paths in @ is
known as F-term equivalence. The terminology is depicted in Fig. 4.4. A good reference
is [18].

Regard the set of paths in Q modulo F-term equivalence. The set contains a special
element /¢, for each vertex v € @)y, given by the boundary of a chosen polygon incident
at v. All boundaries of polygons incident at v are F-term equivalent, hence ¢, does not
depend on the choice. In other words, it can be rotated around v. We may drop the
subscript from £, if it is clear from the context. The element ¢ commutes with all paths,
that is, uf ~ fu. Davison [18] introduced the following consistency condition for dimers:



R. Bocklandt, J. van de Kreeke / Journal of Algebra 672 (2025) 413-602 471

Definition 4.17 (/18]). A dimer Q is cancellation consistent if it has the following can-
cellation property:

pl~agl = p~gq.

The Jacobi algebra contains a special element which we denote by £ as well and which
is called the potential. It is given by the sum of the elements £, over v € Qq:

=" 1, € JacQ.

vEQRo

The relations of Jac @) ensure that £ is central and as an element of Jac () is independent
of the choices of incident polygons.

We are ready to discuss matrix factorizations of the Landau-Ginzburg model
(Jac @, ?). For every vertex v € Qq, the module (Jac Q)v is projective. There are many
further projectives, for instance given by taking direct sums of these elementary projec-
tives. The hom space Homyac ¢ ((Jac Q)v, (Jac Q)w) between two standard projectives is
naturally identified with v(Jac Q)w, the subspace of paths in Jac @ starting at w and
ending at v. A matrix factorization between two such projectives can be visualized as
a bipartite graph consisting of vertices in (), connected by paths in @, such that all
products sum up to 4.

There is a special subcategory mf(Jac@,?) C MF(Jac@,¥). The idea is that every
polygon boundary can be factorized as the product of a single boundary arrow and all the
other boundary arrows. More precisely, let a € ()1 be an arrow. There are precisely two
polygons neighboring a. The complements of their boundary are paths r; and r, . Within
Jac (), these two paths are identified and we simply denote them by a = r; =r; € Jac Q.
Since aa = {(,) and aa = {y(4), we can build matrix factorizations from a and a:

Definition 4.18. Let @ be a dimer and a € Q1. Then mf(Jac @, ¢) C MF(JacQ,¢) is the
subcategory given by the matrix factorizations

M, = (JacQ)h(a) == (JacQ)t(a) , a € Q1.

Remark 4.19. These matrix factorizations M, are no factorizations of ¢ as element of
Jac Q. Instead their behavior is “local”. We expect that the collection { M, }qeq, already
generates H Tw MF(Jac @, ¢) under shifts and cones. Such a result might be obtained by
a local analysis or re-interpretation in terms of the commutative model of [20] or [31].

4.5. Mirror symmetry for punctured surfaces

In this section, we recall mirror symmetry for punctured surfaces from [12]. We start
with an overview of the ingredients and the original proof. In particular, we exhibit A-
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b b

o= = T//T T//T S o

a b

Fig. 4.5. Three-punctured sphere and its mirror dimer.

and B-side of this mirror equivalence, explain the equivalence on object level and on
hom spaces. Regarding terminology, we recall here the construction of the dual dimer
Q attached to Q. To prepare the reader for the rest of the paper, we explain why the
original setup makes it so hard to deform mirror symmetry and how the more recent
Cho-Hong-Lau construction solves this issue.

The basic ingredient for mirror symmetry for punctured surfaces is a dimer ) and its
dual dimer @, defined as follows:

Definition 4.20. Let @ be a dimer. Then its dual dimer Q is the dimer obtained by
cutting @ into its polygons, flipping over the counterclockwise polygons and inverting
their arrows, and gluing everything together again along the arrows.

Example 4.21. In Fig. 4.5, we have depicted the example of @) being the three-punctured
sphere. Its mirror dimer Q is a one-punctured torus. In this example, we have Jac@ =
Cla,b,c] and ¢ = abc.

Remark 4.22. A basic observation is that punctures in @) correspond to zigzag paths in
Q. Moreover, let a : @ — b be an angle in Q. Denote by k& > 0 its “length”; or the number
of indecomposable angles contained in a. Then « can be reinterpreted in the mirror as
a zigzag segment Z, given by a = zg, z1, - .., zx = b between the arcs a¢ and b in Q, with
the property that h(z;) = t(zi41)-

In the remainder of this section, we explain the following mirror symmetry of punc-
tured surfaces:

Theorem 4.23 ([12]). Let Q be a dimer such that the dual dimer Q is cancellation con-
sistent. Then there exists an isomorphism of Z /27.-graded Ao -categories

F:GtlQ — Hmf(JacQ, ().

Let us recollect this functor F' on object level. The objects of Gtl@Q are the arcs of Q.
The arcs of Q are in bijection with those of Q. The category Hmf (Jac Q, £) is the minimal
model of mf(Jac @, £) and as such has the same objects as mf(Jac Q, £). Combining these
three observations, it is easy to grasp the functor F' on object level: It simply maps
a € @ to the matrix factorization M, € Hmf(JacQ,¥).

We can also grasp F on the level of morphisms. Recall that the hom space
Homgyig(a,b) is spanned by angles starting on a and ending on b, rotating around
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opp; Oopp2
T >~ T~ T~
W W
~_ ~_ T~ "~
oppy Oopp;
(a) Odd k=5 (b) Even k =6

Fig. 4.6. Opposite paths for even and odd k.

a common puncture. The corresponding basis for HHom, ¢ JacQ,l)(MC” My,) was deter-
mined in [12, Lemma 8.3]. Let o : @ — b be an angle in Q. By Remark 4.22 the angle
a comes with an associated zigzag segment Z, in Q Define opp; to be the path from
t(b) to t(a) and opp, the path from A(b) to h(a) along Z,. This definition is depicted
in Fig. 4.6. Denote by ((Z,) the morphism of matrix factorizations ((Z,) : M, — M,
given by

_(oppy O
Zy) = .
o2)= (B opm,)
In case k is odd, let opp; be the path from h(b) to t(a) and opp, the path from ¢(b) to
h(a). Denote by ((Z,) the morphism of matrix factorizations ((Z) : M, — M, given by

Z) = (oppy ¥')-

Tt is an easy check that for any parity of & the morphism ((Z,) is a closed morphism in
mf(Jac @, /) in the sense that “inf(JacQ /)(C(Z)) = 0. In terms of ((Z,), the functor F
on level of objects and on the level F' on hom spaces is given by

F(a) =M,, VYaeQ,
FYa) =((Z,), Va:a—b.

Remark 4.24. This minimal model Hmf(Jac@,¢) is by no means canonical. It can be
calculated by the Kadeishvili construction, which however depends on the choice of a
so-called homological splitting for all hom spaces in mf(Jac Q, £). In [12], it was observed
that whatever splitting is chosen, the map F'' alone is never an A-functor. Instead, it
is necessary to include higher components F=2.

The higher products F=2 have been constructed in [12, Appendix A]. The idea is to
construct F¥*1 inductively from F!,... F*. A first important ingredient is knowledge
of the products

’ull-Imf(Jach,E) (Fl(ak)’ T F1<041)),
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at least for sequences asq, ..., a; which are consecutive interior angles of some polygon.
The second ingredient is a temporary restriction to the case that @ is large enough to
force certain unknown terms to vanish. With these two premises the component F*+!
can be constructed inductively.

Remark 4.25. The construction of F**! consists of solving a Hochschild cocycle equa-
tion, which of course has no unique solution. Correspondingly, the functor F' cannot be
computed explicitly from [12].

The lack of explicit functor F' seemed to make it very difficult to deform mirror
symmetry: Once we deform GtlQ to Gtl, @, there must be a deformation mf,(Jac Q, )
of mf(Jac Q, ?) such that Gtl; @ and Hmf,(Jac Q, ¢) are still isomorphic. Actually finding
this mirror deformation is a nontrivial task. The most basic approach is to write down
the A..-functor equations and find manually a collection of deformed A..-products on
Hmf(Jac Q, £) which still keep F' a functor. This is impossible if F itself is unknown.

Fortunately, a modern explicit construction of a mirror functor F : GtlQ —
mf(Jac@Q, () is available due to Cho, Hong and Lau [17]. We shall explain here what
makes this Cho-Hong-Lau construction so suited for deformations. The idea can be for-
mulated in more generality: Let C be an A.-category and I C C an subcategory. Then
the Cho-Hong-Lau construction produces from the structure of the endomorphism alge-
bra of L a mirror Landau-Ginzburg model (J,¢) and a functor F': C — MF(J, ¢):

LCC C — mf(J,¢)
A-category with subcategory mirror functor

Remark 4.26. Let C = HTw Gtl1Q and . C HTw Gt1 Q be the category of zigzag paths
in @, which we recall in section 5.1. Then the mirror (J, ¢) is precisely (Jac Q, ¢) and the
construction gives an explicit functor F' : Gt1Q — MF(Jac Q, ¢). We recall this fact in
more detail in section 8.1.

In the context of deformations, the Cho-Hong-Lau construction is extraordinarily
useful. Simply speaking, applying the construction to the deformed category Gtl, @ yields
a deformed Landau-Ginzburg model (Jac, Q, ¢,) and a deformed functor Fy : Gtl, Q —
MF (Jac, Q, ¢4). In the rest of this paper, we make this rigorous. One bottleneck consists
of proving that Jac, Q is actually a deformation of Jac Q.

5. Preliminaries on the category of zigzag paths

In this section, we recollect the description of the deformed category of zigzag paths
from [24]. The aim is to translate the material in such a way that it becomes directly
usable in section 8.
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Table 5.1

Translation between discrete and smooth.
Gadget Discrete Smooth
Input datum Q Q| \ Qo
(deformed) Q (IQl, Qo)
Wrapped category  GtlQ wFuk(|Q|\ Qo)
(deformed) Gtl, Q nonexistent
Zigzag object L I:/ C|QI\ Qo
(deformed) L LC|Q|
Zigzag category HL «Ly
(deformed) HL, “Lg”

Basis morphisms h € Homgy, (L1, L2) p€LinLs
A o-products CR/ID/DS/DW disks  Morse-Bott disks

(a) Qs with its single zigzag curve (b) Q¢ with its two zigzag curves

Fig. 5.2. The sphere dimers and their zigzag curves.

In section 5.1, we recall the three ways of thinking about zigzag paths: as zigzag paths
in the dimer @), as zigzag curves in the surface |Q|, and as twisted complexes lying in
Tw Gtl Q. In particular, we recall the interpretation of intersection points between two
zigzag curves as basis of cohomology hom space of the corresponding twisted complexes.
We recall the definition of the A..-category IL of zigzag paths. In section 5.2, we recall
the deformed counterpart L, of L. In section 5.3, we review the deformed Aso-structure
on HL, in terms of CR, ID, DS and DW disks. Overall, we try to introduce the reader
to the translation presented in Table 5.1. In section 5.4, we review another class of A.-
products on the minimal model HTw Gtl; Q.

Throughout this section, @) denotes a fixed geometrically consistent dimer or a stan-
dard sphere dimer Qs with M > 3, depicted in Fig. 5.2a and 5.2b. For section 5.3 and
5.4, we assume additionally Convention 5.1.

5.1. Category of zigzag paths

In this section, we review the category L of zigzag paths from [24]. Throughout, @ is
a geometrically consistent dimer or one of the standard sphere dimers Qj; with M > 3.
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AV — T

zigzag path zigzag curve

L=(a1®as®... DarDayD...DH ag,J) with
(—1)#1qy 0 0 (—1)#*2k gy,
_1)F2q —_1)#as 0 0
— (=1) 2 ( )#m%
0 (=1)#F>ay ... 0 0
0
0 0 s (mD)Femesag, g 0
twisted 0 0 (_1)#O¢2k—2a2k72 (_1)#(’4%—1&2]‘771
wiste: 0 ‘ 0

complex

Fig. 5.3. Three descriptions of a zigzag path.

There is a triad correspondence between zigzag paths, zigzag curves and corresponding
twisted complexes. We have depicted this in Fig. 5.3. Let us explain their relation as
follows:

e Zigzag paths are combinatorial gadgets in Q.

o Zigzag curves are defined as their smoothed analogs in the surface |Q)|.

e A zigzag path L comes with a canonical twisted complex presentation also denoted
L € TwGtl Q. The datum of L € Tw Gtl@Q includes a d-matrix consisting of angles
between the arcs lying on the zigzag path.

In our setting, we allow additional signs in the entries of the J-matrix of the twisted
complex. Once a specific choice of signs has been selected for every zigzag path, the sets of
zigzag paths, zigzag curves and their twisted complexes are in one-to-one correspondence.
We therefore allow ourselves to switch liberally between the three corresponding objects.
For additional clarity, we may denote zigzag paths or their twisted complexes by letters
L,L,...and associated zigzag curves by L, L1, . ...

Interpreting a zigzag curve as object in the wrapped Fukaya category or as a twisted
complex in Tw Gtl Q) requires two more pieces of data. The first datum is the choice
of spin structure. Choosing simultaneous spin structures for all zigzag paths in @Q is
equivalent to associating a sign (—1)#“ to every internal angle of every polygon in Q.
Once the spin structure is chosen, we can form the twisted complex L € Tw GtlQ for
every zigzag path L, depicted with signs in Fig. 5.3. For the purpose of the present paper,
we choose the # signs in a very specific way, described in Convention 5.1.

The second piece of data required is the choice of location for the identity and co-
identity on every zigzag path. More precisely, this choice entails a choice of one indexed
arc ag on L and the selection of one single angle o out of all angles present in the
d-matrix of L. In the twisted complex presentation, the choice of identity and co-identity
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location are not visible. They are however needed as a choice to compute the products in
the minimal model of Tw Gtl, @, just like the products in the wrapped Fukaya category
also depend on these choices.

We codify the convention on these choices as follows:

Convention 5.1. The dimer @ is a geometrically consistent dimer or standard sphere
dimer Qp; with M > 3. Each zigzag path is supposed to come with a choice of an
identity location ap and a co-identity location ag. The co-identity «ag shall be chosen
to lie in a counterclockwise polygon. The spin structure is given by assigning to every
interior angle « of a clockwise polygon the # sign #a = 0 and to every interior angle «
of a counterclockwise polygon the # sign #a = 1.

Definition 5.2. The category of zigzag paths is the category . C Tw Gtl @ given by the
twisted complexes associated with all zigzag paths of @, each with its single associated
choice of spin structure.

In [24], we have investigated the minimal model H Tw Gt1 Q. The objects of this min-
imal model are the same as those of Tw Gtl Q. In particular, this category contains
all twisted complexes associated with zigzag paths. However, the hom spaces are com-
pressed in comparison to Tw Gtl ). We have provided explicit basis elements for these
hom spaces Hompy 1w gt1o(L1, L2) in [24]. The basis elements can be identified with in-
tersection points of le and f;g:

Lemma 5.3. Let Ly and Lo be two zigzag paths. Then the intersection points between Ly
and Ly naturally provide a basis for the hom space Homyry, (L1, Ls). In case Ly = Lo,
this concerns only the transversal self-intersection points, which count double, plus the
identity and co-identity points.

Remark 5.4. The description of the hom spaces by means of intersection points between
Ly and L is expected from the derived equivalence of Gt1Q and the wrapped Fukaya
category [12]. Under this equivalence, the zigzag path L corresponds to the zigzag curve
L. As such, the hom space Homyruk(|o|,Q0) (L1, L2) has basis given by intersections be-
tween L, and L. Since zigzag curves bound no digons in the punctured surface Q] \ Qo,
the differential on Homypuk(|ql,Q0) (IN/l, I~/2) vanishes and consequently intersection points
also provide a basis for the cohomology HH0mwFuk(|Q|,Qo)(f/1,E2)~ In summary, this
identifies intersections between L; and Ly as hom space Hompy tw au (L1, L2).

Every basis morphism p : Ly — Lo comes with a degree |p| € Z/2Z assigned. The
degree depends on the orientation of the intersection between L; and Ls. The precise
convention is depicted in Fig. 5.4.

Remark 5.5. The basis of the hom space Hompy 1w g (L1, L2) is special in case L1 = L.
Its basis is then given by transversal intersections plus two special morphisms, namely
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L2 Ll L2 Ll

(a) Even (b) Odd

Fig. 5.4. Intersection degree.

the identity and co-identity. The transversal intersections are self-intersections, and they
give in fact two morphisms in HTw Gtl @, of which one is odd and the other is even.
Whenever we refer to self-intersections of a zigzag curve, it is understood that the datum
of a self-intersection shall include the choice of whether we mean the odd or the even
morphism. For more details we refer to [24] or [10, Chapter 9].

5.2. Deformed category of zigzag paths

In this section, we recall the deformation L, of L from [24]. First, we recall the use of
the deformed gentle algebra Gtl, Q). We then explain that the zigzag curves survive upon
deforming Gtl @ to Gtly Q. Finally, we recall how the process of “uncurving” produces
the deformed, yet curvature-free category L.

We are interested in the minimal model of Tw Gtl, ). For our purposes, it suffices in
fact to look at the subcategory of Tw Gtl, () given by zigzag paths:

Definition 5.6. The category LI C Tw Gtl, @ is the subcategory consisting of the
twisted complexes of all zigzag paths of @), each with their chosen spin structure.

In [23], we showed how to compute a minimal model of a deformed A..-category
Cq. The first step in the procedure consists of optimizing curvature according to a
well-defined prescription. The result of the curvature optimization procedure is an A,o-
deformation that is gauge equivalent to C,.

In the specific case of LI, we can explicitly describe the result L, of the curvature
optimization procedure:

Definition 5.7. Let L be a zigzag path of @), with associated twisted complex

L:(alEBU@,@...EBG,]C@GQEB...@(IQ]C,(S)

as in Fig. 5.3. Then the corresponding deformed zigzag path is the following object of
Tw Gtlg, still denoted L:

L=(1®a3P.. DarDas® ... Das,9J),
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0 | ditto
(—1)#%gq ] (—1)#%2¢g5a) 0 0
5= 0 (—1)#2gzal, (=1)#*qual ... 0
0 0 0 coe (=D Feme2go sal,
(=172 gapaiy, 0 0 coo (mD)Femigay qab,

Here “ditto” denotes the same matrix entries as in Fig. 5.3. The letter ¢; denotes the
puncture around which «; winds. The angle « is defined as the complementary angle
to a;. In other words, the angle o is such that aja; comprises a single full turn around
a puncture.

The category of deformed zigzag paths is the subcategory L, C Tw' Gtl, @ consisting
of the deformed zigzag paths.

Remark 5.8. The definition of the deformed zigzag path is a specific application of the
“complementary angle trick” laid out in [24]. On the level of twisted complexes, the
complementary angle trick infinitesimally changes the d-matrices of the zigzag paths. The
resulting 6-matrices are not upper triangular anymore, whence the notation Tw’ Gtl; Q.
On the level of the category L' itself, the complementary angle trick consists of a
specific gauge transformation.

Remark 5.9. The category L, of deformed zigzag paths is a deformation of the category
L of zigzag paths. In [24], we proved that L, has “optimal curvature” in the sense of
the deformed Kadeishvili theorem. In fact, if () is geometrically consistent, then L, is
curvature-free. If Q = Qp for M odd, then L, is curvature-free as well (due to choice
of spin structure). If Q = Qs for M even, then the curvature of the two zigzag paths in
L, is an infinitesimal multiple of their identity morphisms.

5.8. Minimal model structure

In this section, we recall the deformed As-products on HL, from [24]. As it turns
out, these products have striking similarity with the products of the relative Fukaya
category. Although we do not need Fukaya categories here, it is helpful to recall that
their products are enumerated in terms of what we may call smooth immersed disks. In
the present section, we recall that also the products of HIL; can be enumerated in terms
of certain types of smooth immersed disks. We recollect their precise rules.

The category L, is a deformed A.-category and as such has no classical minimal
model. In [23], we define a notion of minimal models for deformed A..-categories and
show that every deformed A, has a minimal model. Moreover, we show how to compute
minimal models by means of a deformed Kadeishvili construction. In [24], we compute
the minimal model HL, of L, in its entirety.

Remark 5.10. The aim of our minimal model computation in [24] was to identify the
higher products of HIL, as higher products of the relative Fukaya category. Here is a
sketch of this computation: We provided an explicit homological splitting as well as
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corresponding deformed codifferential h, and deformed projection 7, in terms of “tails
of morphisms”. It remained to evaluate all Kadeishvili trees. The essential step was to
analyze Kadeishvili trees by what we called “result components” It turned out that
every result component can be matched with a disk between the zigzag curves. Finally,
we classified the disks that appeared this way into the types CR, ID, DS and DW. In
other words, the minimal model HIL is given by intersection points of the zigzag curves,
together with a deformed A..-structure which counts disks.

The minimal model HIL,; can be expressed by means of counting CR, ID, DS and DW
disks. The first step in this section is to recall these four types of disks. We give a verbal
and visual characterization of these disks. As auxiliary disk type we recall the SL disks
(shapeless disks), with a slightly abridged definition.

For the definition of these disk types, let Ly, ..., Ly+1 be a fixed sequence of N+1 > 1
zigzag paths and h; : L; — L; 41 for i = 1,..., N some basis morphisms. Since identities
among the inputs h; yield well-known products pnr, (hx, ..., h1) by the unitality prop-
erty of HIL,, we assume that none of the inputs h; is an identity. Note that co-identities
are however allowed. Let ¢ : L1 — Ly 41 be another intersection point, the letter standing
for “target candidate”.

Definition 5.11. An SL disk (shapeless disk) with inputs A1, ..., hy and output ¢ consists
of an oriented immersion D : Py11 — |Q] of the standard (N + 1)-gon Px41 such that

e the i-th edge of D is mapped to a segment of L;, for i =1,...,N +1,

e the i-th corner of D is mapped to the intersection point corresponding with h;, for
i=1,...,N,

e the N + 1-th corner of D is mapped to the intersection point corresponding with ¢,

« all corners of D are convex.

The immersion D itself is taken up to reparametrization.

Remark 5.12. SL disks are allowed to be monogons (N = 0) or digons (N = 1). All
the L;-segments are allowed to be empty. We can also imagine these empty segments as
being infinitesimally short.

The standard polygon Ppy41 together with its numbering of corners and edges is
depicted in Fig. 4.1a. Note that disk inputs are numbered in opposite direction as they
would be in the standard definition [1]. The difference is necessary in order to match
with the convention for gentle algebras [12]. With the definition of SL disks in mind, we
are ready to recall the CR, ID, DS and DW disk types. Among these four disk types,
only CR and ID disks are relevant for this paper and we have depicted their schematic
in Fig. 5.5 and 5.6. For DS and DW disks we give an abridged definition and explain
what makes them irrelevant.
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Fig. 5.5. This picture depicts a typical CR disk. The disk has twelve inputs of which eight are co-identities.
There are two groups of co-identities, each consisting of four co-identities stacked together. By definition,
the zigzag curves on which the two stacks of co-identities lie are required to run clockwise, as indicated by
the arrows.

Definition 5.13. A CR disk (co-identity rule disk) is an SL disk all of whose segments are
of non-empty, with the exception that multiple stacked co-identity inputs with empty
segments in between are allowed, as long as their zigzag curve is oriented clockwise with
the disk. We denote by Diskcr the set of all CR disks, taking the union over arbitrary
input sequence hq,...,hy and output t.

Definition 5.14. A ID disk (identity degenerate disk) is an SL disk satisfying the following
conditions:

e The output is an identity,

o Precisely one input, the degenerate input, is infinitesimally close to the output,

o The degenerate input is an odd or even transversal intersection,

e The disk becomes CR upon excision of the output and substitution of the output
mark by the degenerate input,

o In case the degenerate input is odd, it precedes respectively succeeds the output mark
if Ly is oriented clockwise respectively counterclockwise with the disk,

e In case the degenerate input is even, then the source zigzag curve of the degener-
ate input is counterclockwise and the target zigzag curve of the degenerate input is
clockwise.

We denote by Diskip the set of ID disks with arbitrary inputs and output.

DS and DW disks (degenerate strip disks, degenerate wedge disks) are immersed strips
fitting into one of the two digons bounded by a zigzag curve L and its Hamiltonian
deformation. It is possible to make this more precise. However, every DS and DW disk
necessarily includes at least one even input. This already renders DS and DW disks
irrelevant for the present paper. Even without recalling the precise definition, we denote
by Diskpg and Diskpw the set of DS and DW disks, respectively.

In order to give the description of the products pugp, in terms of disks, we have to
introduce two pieces of notation here: the Abouzaid sign and the deformation parameter
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(a) Clockwise odd input (b) Counterclockwise odd input (c) Even input

Fig. 5.6. These pictures depict typical ID disks, categorized according to the type of their degenerate input.
All depicted ID disks have nine inputs, of which four consist of a stack of co-identities and one is the degen-
erate input. The degenerate input is the input located directly next to the output mark. The orientations
of the zigzag curves near the output mark are enforced by the specific rules of ID disks. The orientation of
the zigzag curve carrying the co-identities is enforced by the requirement that the disk becomes CR upon
excision of the output mark.

attached to a disk. We have chosen to name this sign rule after Abouzaid for the reason
that it is the same as in [1].

Definition 5.15. Let D be an SL disk. Then its Abouzaid sign Abou(D) € Z/27Z is
the sum of all # signs on the boundary of D, plus the number of odd inputs h; :
L; — L;y; where Eiﬂ is oriented counterclockwise relative to D, plus one if the output
t: Ly — Lyyiisoddand L N+1 is oriented counterclockwise. The deformation parameter
Punc(D) € C[Qo] is the total product of all punctures covered by D, counted with
multiplicity.

We will now make the description of the product structure on HL, precise. The pro-
cedure is familiar: Let hy, ..., hy be a sequence of inputs. The product pur, (hn, .-, h1)
is given by enumerating all disks with inputs hq, ..., hxy and arbitrary output ¢ : Ly —
Ly41. In our specific case, the types of disks involved are the CR, ID, DS and DW
disks. The contribution from a disk D carries the Abouzaid sign (—1)2P°"(P) and is
weighted by the deformation parameter Punc(D) € C[Qo]. For a disk D, denote its
output ¢t : Ly — Lyy1 by t(D).

Theorem 5.16 ([24]). Let Q be a geometrically consistent dimer or standard sphere dimer
Qum with M > 3. The Ao -product HHL, 18 strictly unital. Let hy,...,hny be a sequence
of N > 0 non-identity basis morphisms with h; : L; — L;11. Then their product is given
by

Mqu (hn,..sha) = Z (—1)APou(D) Pune(D) (D).

DeDiskcr UDiskip UDiskps UDiskpw
D has inputs hi,...,hn

Remark 5.17. The description of Theorem 5.16 also describes curvature ,u%Lq and dif-
ferential ,uIl{]Lq of the minimal model accurately. Let us explain this as follows:
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In case @ is geometrically consistent, the curvature M%]Lq and the differential /hl{]Lq
vanish. This is witnessed by the fact that there are no monogons or digons in ) bounded
by zigzag curves.

In case Q = Q) for odd M, the curvature u% L, vanishes, but the differential N%{Lq
is nonzero. This vanishing of curvature is witnessed by the fact that there are monogons
in Qs bounded by zigzag curves, but they cancel each other due to the spin structure.
The differential is witnessed by the fact that there are digons in @, bounded by zigzag
curves.

In case Q = Qs for even M, both curvatures :“%]Lq and M%I]Lq are nonzero. This is
witnessed by the fact that there are both monogons and digons in @ 3; bounded by zigzag
paths.

5.4. Preparation for mirror objects

In this section we review further selected products in the category HTw Gtl, Q
from [24]. Namely, we regard products of the form u(m,hy,...,h1), where hy,... Ay
is a sequence of odd morphisms h; : L; — L;y; not containing co-identities and
m € Homy 1w au, @(Ln41,a) is a morphism to an arc a € Gtl, Q. Ultimately, knowledge
of these products serves the calculation of mirror objects in section 8.6.

We start with reviewing the hom space Homy 1w cuig(L, ). Here L € HTw GtlQ is
a zigzag path in Q and a € Gt1Q is an arc. The zigzag curve L and the arc a are both
curves in the surface |@Q|. While L is a closed curve, the arc a is an interval. The curves
L and a may be disjoint or intersect. If they intersect, they intersect in a single point,
namely the midpoint of a:

a 5 a a L
L Rﬁ
odd even L
The picture on the left depicts a single odd intersection L — a. The picture in the
middle depicts an even intersection L — a. It is also possible that L intersects the arc a
twice, depicted on the right. Given that HTw Gtl @ and the wrapped Fukaya category

are equivalent, we expect that intersections L — a provide a natural basis for the hom
space Hompy 1w g1 (L, a). We confirmed this in [24]:

Lemma 5.18. Let L be a zigzag path and a an arc in Q. Then a natural basis for the hom
space Homu tw gr10(L, a) is given by the intersections between a and L.

Every intersection point m : L1 — a comes with a partner m* : Ly — a. To see this,
let Ly be the zigzag path departing from a on the opposite side of L;. Then also Lo
intersects a at its midpoint. When m is even, its partner m* is odd, and vice versa. It is
possible that Ly = Ly, namely in case the two zigzag paths departing from a are equal.
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Apart from the zigzag paths L, and Lo, there is not a single other zigzag path in @ that
intersects a. Let us review an additional type of disk, depicted in Fig. 5.7:

Definition 5.19. An MD disk (mirror disk) is a CR disk whose

e inputs hi,...,hy are all odd and do not contain co-identities,
e output is even and not an identity,
o zigzag segments all run clockwise,

which has undergone the following surgery: The output mark, located at a certain arc a,
has been cut off. The odd morphism at a is added as final input, and the even morphism
at a is indicated as new output.

The Abouzaid sign Abou(D) and the deformation parameter Punc(D) of an MD disk
are defined in analogy to Abouzaid signs and deformation parameters for SL disks.
Given an arc a € @i, there are two zigzag paths departing from a. In particular,
there is one single odd basis morphism between these two zigzag paths located at a.
With this in mind, we are ready to recall the description of some products of the form
PH Tw Gtl, @(M, A, ..., ha) from [24]:

Lemma 5.20. Let hy,...,hny be a sequence of N > 0 odd cohomology basis elements
hi : L;y = L1 such that none of them is the co-identity. Let a be an arc. Let m €
Homp tw a1, @(Lny1,a) be an odd intersection. Then we have

HHTw Gtl, @ (M, s oo h) = Z (—1)APouD) Punc(D)m*.
MD disk D

with inputs hi,....,hn,m
Let m € Homurwan, (Lnt1,a) be an even intersection. Then the product p(m,hy,
..., h1) vanishes, except if N = 1 and hy is the odd intersection at a between the two
zigzag paths departing from a. In this case, we have

MHTw Gtl, @ (M, h1) = —m™.

Remark 5.21. In case @) is geometrically consistent, the differential ull{ Tw Gtl, Q(m) van-
ishes. This is also the case if Q = Qs for even M. In case of Q = Qs with M odd, the
differential is instead given by counting digons which lie on the clockwise face of Q.
By definition of MD disks, this, corner case is included in Lemma 5.20.

6. Flatness of superpotential deformations

In this section, we show that a superpotential deformation of a CY3 Jacobi algebra
is flat under assumption of a certain boundedness condition:
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hi1 hn
out m a
out m a
b
(a) MD disk for odd m (b) A triangle for even m
Fig. 5.7. Disks contributing to products u(m,b,...,b).
Jacobi algebf;:a boundedness condition Deformed Jacobi a}%%)ra
— Q _ B®
JaC(Q, W) = @) JaC(Q, Wq) = m

Deformation theory for algebras has historically followed the question when a defor-
mation of an ideal gives rise to a deformation of the algebra. The core indicators of this
development are the type of algebra studied, the degree |R| of the relations in the alge-
bra, and the degrees | R'| admitted for the deformation of the relations. Past development
shows a continuous improvement on these two degrees:

Year  Authors Type of algebra  Deformation |R| |R|
1994  Braverman and Gaitsgory [14]  Koszul PBW 2 2
2001  Berger [5] N-Koszul - N -
2006  Berger and Ginzburg [6] N-Koszul PBW N <N
2006  Berger and Taillefer [7] CY3 PBW N <N
2023  this paper CY3 formal bounded  any

In the present section, we examine this “flatness question” for the case of formal defor-
mations of CY3 Jacobi algebras. We build on the work of Ginzburg-Berger, which shows
that CY3-ness and homogeneity of the superpotential W with respect to a positive inte-
ger grading on () give rise to an inductive argument that ensures flatness. The proof can
however be continued without homogeneity requirement and we land in the completed
path algebra @ In this section, we construct a boundedness condition which allows us
to land back in CQ by means of a posteriori estimates. The result is a flatness theorem
that goes beyond the work of Berger and Ginzburg. Finally, we show that Jacobi algebras
of most dimers satisfy our boundedness condition.

The general context of our work is the theory of deformations of associative algebras.
The main question can be sketched as follows: Let A be an algebra and I C A an ideal,
then we have the quotient algebra A/I. Let now B be a deformation base, for instance
B = C[q]. Let now I, C B®A be an ideal, for instance I, C A[q]. We can then form
the quotient algebra (B®A)/I,, for instance A[q]/I,. The main question is:

How should I and I, be related so that (B®A)/I, is a deformation of A/I?

Our results are presented in section 6.11 and can be summarized as follows: Let A =
Jac(Q, W) be a CY3 algebra given by a quiver ) with superpotential W. The relations
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of this algebra are the derivatives 9,W of the superpotential. Let W’ € mCQ be a
deformation of the superpotential, that is, any additional cyclic terms lie in order m.
Then we can consider the deformed relations 9,(W + W') € B®CQ. We show that
if the relations 9,W satisfy a certain boundedness condition, then Jac(Q, W + W) is
automatically a deformation of Jac(Q, W).

The boundedness condition for the relations 9, is best described as follows: Each
relation J,W is a linear combination of paths in Q. We define an equivalence relation
on the set of paths in ) as follows:

e If p and g are paths appearing in the same relation 9,W, then p ~ q.
e If p ~ ¢, then apb ~ agb for arbitrary paths a,b.
e Take the transitive hull.

This equivalence relation partitions the set of paths in () into equivalence classes.
Our boundedness condition demands that the path length in every equivalence class
is bounded. In other words, we demand that path length cannot increase to infinity if
we apply (parts of) relations.

We have structured this section as follows: In section 6.1, we provide some intuition
and terminology regarding flatness. In section 6.2, we recollect the tools of Berger and
Ginzburg [6]. In section 6.3, we set up notation and formulate a stronger versions of the
tools of Berger and Ginzburg. In section 6.4, we introduce our boundedness argument
and demonstrate its strength, most of which can be read independent of the defor-
mations context. In section 6.5, we introduce more notation for ideal-like sets which
allows us to apply the boundedness argument to the flatness question. In section 6.6,
we prove a bounded version of the tools of Berger and Ginzburg. In section 6.7 we de-
rive our first flatness result which concerns quasi-flatness of a certain auxiliary ideal in
B@@ In section 6.8, we prove our second flatness result by tracing our way back to
the non-completed path algebra. In section 6.9, we provide an a posteriori interpretation
of the auxiliary ideal, which promotes our first flatness result to a flatness result for
completed ideals in (/TZ) In section 6.10, we provide criteria for the Jacobi algebra of a
dimer to satisfy our boundedness condition. In section 6.11, we streamline our flatness
theorems.

6.1. Flatness and quasi-flatness
In this section, we recapitulate flatness of algebra deformations and quasi-flatness of
ideal deformations. The core connection is that a quasi-flat ideal deformation typically

makes the quotient algebra a flat algebra deformation:

Quasi-flat ideal deformation Flat algebra deformation
I, CBRAofIC A (BRA)/I, of A/T
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It is our aim to study deformations of ideals. We deploy notation and terminology
from section 2.3, in particular the distinct notation m*Y # mF . Y. Let A be an algebra
and I C A an ideal. Regard a deformation base B and let I, C B®A be an ideal. The
question is in which cases (B®A)/I, can be identified with B&(A/I). A first observation
is that I, needs to be close enough to I. More precisely, we should have w(I;) = I, or
in other words I; + mA = I + mA. This condition is not strong enough however. The
basic problem is that I, may be too large in higher orders of m. Elements of A may
get unexpectedly annihilated in the quotient (B®A)/I, when multiplied by elements of
m. The further condition that I, therefore needs to satisfy is the quasi-flatness property
I,NmA Cml,.

We start by fixing terminology for deformations of algebras and ideals as follows:

Definition 6.1. Let A be an algebra and B a deformation base. Then a B-algebra A, is a
deformation of A if there is a B-linear algebra isomorphism ¢ : A, = (B®A, p,) where
g is a deformation of the product p: A® A — A.

Definition 6.2. Let A be an algebra and I C A an ideal. Let B be a deformation base
and I; C B®A an ideal. Then 1, is a deformation of [ if / + mA = [, + mA.

Remark 6.3. Our terminology is slightly confusing: We have decided to call I, a defor-
mation of I already if it is loosely related to I. In contrast, our notion for deformations
of algebras is very strict.

Recall from section 2.3 that I, is quasi-flat if [, "NmA C mi,. The ideal I, is pseu-
doclosed if BI, C I,. In the following, we present two sample deformations of the ideal
I =(X)C A=C[X]over B=C[g]. One of the deformations is quasi-flat and the other
is not:

Object Quasi-flat Not quasi-flat
Algebra A C[X] C[X]
Ideal I (X) (X)
Quotient A/T C C
Deformed ideal I, (X + q) (X) + (9)
I,NqgA qly qA
. C C
Quotient A[q]/I, ([)?{J]r%]] = CJq] (}y){ﬂ(‘flﬂ) =C

Not every deformation of an algebra A/I can be described through a deformation of
its ideal I. Conversely, not every deformation I gives rise to a deformation of A/I. We
recall here a classification of those deformations I, that give rise to deformations of A/I:

Proposition 6.4. Let A be an algebra and I C A an ideal. Let B be a deformation basis and
I, C B®A a deformation of I. Put A, = (B@)A)/Iq. Then the following are equivalent:

e I, is quasi-flat and pseudoclosed.
e A, is a deformation of A/I.
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In this case, the m-adic topology on Ay agrees with the quotient topology and any B-linear
isomorphism A, = B&(A/I) is automatically continuous.

Proof. We divide the proof into three parts: We first show that I, being quasi-flat and
pseudoclosed implies that A, is a deformation. Second we show the converse, and third
we draw the topological conclusions.

For the first part, assume I, is quasi-flat and pseudoclosed. It is our task to find an
isomorphism of B-algebras ¢ : (B&A)/I, = (B&(A/I), uq), where p, is a deformation
of the algebra structure of A/I. Pick a complement V' C A of I such that A=T& V.
Both I, C B®A and BV C B®&A are quasi-flat and pseudoclosed. By Proposition 2.29
we conclude that BRA = 1, ® BV. We obtain a B-linear isomorphism

BRA I,®BV . ~ BI®BV . __A
: = B . B®-.
1, I, — BV — 57 ®I

This already provides ¢ as B-linear map. It remains to check that the algebra structure
ty induced on B&(A/I) from (B®A)/I, via ¢ is a deformation of the natural algebra
structure p of A/I. Pick a,b € V C A. Writeab=a+m+v withaz+m € I, z € I,
m € mA, v € BV. Projecting ab to BV along I, & BV gives v. Projecting ab to BV
along BI @ BV instead gives v+ O(m). This shows that p4 is a deformation of p.

For the second part, assume there is an isomorphism of B-modules ¢ : (B@A)/Iq —
B®(A/I). Regard the B-linear projection map m : BRA — (B®A)/I,. The composition
o : BRA — B®(A/I) is B-linear and surjective. Pick a linear section A/I — B®A
of or and extend to a B-linear and continuous map 1 : B&(A/I) — B®A following
Remark 2.11. Thanks to continuity, 1 is a section of w7 in the sense that pmy = id.
In other words, we have the B-linear map ¢ : (B®A)/I, — BRA with m(vp) = id.
This shows that the projection 7 has a B-linear section, hence I, is a direct summand
of B®A. By Proposition 2.29, we conclude that 1, is quasi-flat and pseudoclosed.

For the third part, let ¢ : A, — B®(A/I) be any B-linear isomorphism. By
Lemma 2.34, this map is automatically continuous when A, is equipped with the m-adic
topology. By Remark 2.11, the composition B®A — A, = B@)(A/I) is automatically
continuous as well, and the universal property of the quotient topology renders ¢ con-
tinuous when A, is equipped with the quotient topology. This settles all claims. O

Remark 6.5. When A is unital, then the B-algebra isomorphism ¢ : (B@)A)/Iq —
(B@A, tq) can be chosen to preserve the unit. Indeed, one simply chooses the com-
plement V' to contain the unit.

Remark 6.6. The statement of Proposition 6.4 still holds true when A is an algebra over
a semisimple algebra A, for instance A = CQy with @ a quiver. The ideals I and I,
are automatically a A-submodule as well, and the complement V' C A can be chosen
as a A-submodule due to semisimplicity. The B-algebra isomorphism ¢ : (B®A)/I, —
(B®(A/I), iig) then becomes A-linear.
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Let us illustrate flatness in the case of deformations of a superpotential W on a
quiver @. Our typical starting point is a cyclic deformation W, € B&CQ of W. This
deformation gives rise to deformed relations d,W, for a € Q1. The question we try to
settle is when the ideal (9,W,) or its closure in B&CQ is quasi-flat. On an intuitive level
this means the following: We start from any element x € C@Q and continue adding up
deformed relations 9, W:

T+ plaal qu1 +p28a2 qu2 + ...

Here p;, q; are arbitrary paths in Q. If we arrive at some point at an element of the
form x + O(m), does the infinitesimal part necessarily vanish or have we incurred addi-
tional terms in higher order? If the infinitesimal part always vanishes, then the deformed
ideal (0,W,) contains no unexpected new relations. If the infinitesimal part consists of
higher-order multiples of relations, then the deformed ideal (9,W) still contains no new
relations. If the infinitesimal part consists of strictly more than m(9,Wj), then the de-
formed ideal (0,W,) contains new relations in higher order which cannot be made by
combining existing relations in lower order.

Relations in higher order which cannot be made from combining existing relations
in lower order indicate an ideal that is not quasi-flat. More precisely, these relations lie
in ((0,W,) NmCQ) \ m(9,W,). They kill more than expected in the higher-order part
of the quotient (BRCQ)/ (0.Wy) and prevent the quotient from being isomorphic to
BRCQ/(0.W).

6.2. Berger-Ginzburg inclusion

In this section we recall superpotentials, the CY3 property and the Berger-Ginzburg
inclusion. More precisely, we start by recalling superpotentials and their associated Jacobi
algebras. In terms of a bimodule resolution, we recall what it means for an algebra to
have the CY3 property. Jacobi algebras are sometimes CY3. If so, their superpotentials
satisfies a certain condition which appeared in [6]. The reformulation of the CY3 property
in terms of this condition is essential for us, and we shall refer to this condition as the
Berger-Ginzburg inclusion.

Remark 6.7. This section is meant as a motivational section. The reader who wishes
to take the origin of the Berger-Ginzburg inclusion for granted is advised to skip to
section 6.3. For instance, the original Berger-Ginzburg inclusion presented here is in fact
not sufficient for our purposes, so we will build a stronger Berger-Ginzburg inclusion
from scratch in section 6.3.

To start with, let @ be a quiver. Recall from section 3.6 that a superpotential on @
is a cyclic element of C@Q>2. Recall also that we may denote by W the CQp-bimodule
generated by W in CQ:



490 R. Bocklandt, J. van de Kreeke / Journal of Algebra 672 (2025) 413-602

W =CQoWQo= P CoWv C CQ.

vEQRo

Recall that we denote the relations space by
R = span{d,W | a € Q1}.

Remark 6.8. By abuse of notation, we have used the same notation for W € CQ>5 as
for its associated bimodule in the above definition. We shall stick to this notation. The
distinction should always be clear. In section 6.3, the terminology will be changed and
improved.

Recall that the Jacobi algebra associated with (@, W) is the algebra A = Jac(Q, W) =
CQR/(9,W). Let us temporarily keep the shorthand A for the Jacobi algebra. Recall from
section 3.6 the candidate resolution of A as A-bimodule:

0-A W ABA QR ® ABA @ CQL @ AB A ® A-A—0. (6.1)
CQo CQo CQo CQo CQo CQo CQo

We have described this sequence in Remark 3.51. As we recall in section 3.6, the Jacobi
algebra A = Jac(Q, W) is CY3 if and only if the sequence is exact:

Theorem 6.9 (/9, Theorem 4.3]). Let Q be a quiver and W € CQ>3 a superpotential.
Then the algebra Jac(Q, W) is CY3 if and only if the sequence (6.1) is exact.

Recall also from Lemma 3.42 that the exact sequence can be used to produce projec-
tive resolutions for all left and right modules of A. When tensoring the sequence on the
left with CQq over A, then we obtain a resolution of CQq as right A-modules:

0W @ AR © ABCQ ® ABA-CQ—o0. (6.2)
CQO (CQO (CQO

Remark 6.10. The maps fi, fo, f3 are described as follows: For f;, write an element w =
> ic1 Tia; in terms of relations r; € R and arrows a; € Q1, then map fi(w) = >, ri®a;.
ser @ip; with arrows a;, then map fo(r) = >, ./ a; ® p;.
The map f3 is the multiplication map and the fourth map is the projection onto the

For f,, write an element r =
quotient of A by all arrows.

Requiring an algebra to be CY3 is an algebro-geometric condition. Berger and
Ginzburg [6] translate this condition for A = Jac(Q,W) to a more tractable condi-
tion in terms of the superpotential and relations. More precisely, their approach is to
evaluate exactness of the sequence (6.2) at the module second from the left. The result
is an inclusion in terms of R and W:
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Lemma 6.11 (/6, Theorem 2.6]). If Jac(Q, W) is CYS3, then the Berger-Ginzburg inclu-
sion holds:

RCQNCQRCWCQ + RI(R). (6.3)

Remark 6.12. The inclusion (6.3) can be roughly interpreted as follows: Let p € CQ be a
path. Add any amount of ideal elements ry € RCQ and ar € CQ1 R to p. If we land at p
again after the addition, the additions of the two types have been equal and therefore lie
in the intersection RCQNCQ1 R. By the inclusion (6.3), the relations we have added are
equivalent to applying the entire set of relations 0,W around some vertices and terms
that “vanish quadratically” in A/I(R).

Berger and Taillefer [7] use the intermediate results of Berger and Ginzburg [6] to
deduce flatness of PBW deformations. Apart from the CY3 condition in the form of the
Berger-Ginzburg inclusion, their core assumption is that the superpotential W € CQ>2
is homogeneous in path length. Translated to the setting of formal deformations, their
statement would read as follows:

Proposition 6.13. Let Q@ be a quiver and W € CQ>2 a homogeneous superpotential. If
(B,m) is a deformation base and W' € mCQ>q is a cyclic element, then the deformed
ideal B(O,W + 0,W') is quasi-flat. In other words, the “deformed Jacobi algebra”

B®CQ
(0aW + 0.W)

Jac(Q, W + W') == B

is a deformation of Jac(Q,W).

We shall not prove Lemma 6.11 and Proposition 6.13 here. Namely, the core assump-
tion that W is homogeneous is too restrictive for our purposes. We will prove stronger
versions of both.

6.3. Notation and conventions

In this section, we define the setup in which we prove flatness properties. As a first
step, we start from relation spaces instead of superpotentials. Second, we introduce a
stronger version of the Berger-Ginzburg inclusion. We fix both items in a notational
framework, which does not make explicit reference to superpotentials. Finally, we show
that relations coming from CY3 superpotentials fall within the framework.

It may happen that one is interested in checking flatness of Calabi-Yau like algebras
where the relation space R is given, without the relations coming from a single superpo-
tential W. In this case, one may form the space W = CQ;R N RCQ; which serves as a
replacement for the superpotential:
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WecC R= OuW
CY3 viewpoint QZ? ~ SPan( aW)
superpotential relation space
RCC W =CQ:RNRC
Deformation viewpoint T @ ~ @ . @
relation space superpotential space

The approach of starting with a relation space R is also the context used in [6]. We
will codify the setup in Convention 6.14. During the remainder of section 6, we stick to
this convention.

Convention 6.14. The letter ) denotes a quiver. The space R C C(@>; is a finite-
dimensional CQg-bimodule of relations. We write W := CQ; RNRCQ;. When regarding
deformations, (B, m) is a deformation base and ¢ : R — m@ is a CQp-bimodule map.
The ideal generated by R is denoted I(R) = CQRCQ C CQ. The space of deformed
relations is denoted P := (Id +¢)(R) C B&CQ. Two additional properties may be as-
sumed:

[BG] The strong Berger-Ginzburg inclusion
RCQNc HCQI(R) C f(W®CQ)+ R®I(R). (6.4)

Here, ¢ : R ® CQ — RCQ denotes the contraction map and f : W @ CQ —
R ® CQ1CQ denotes the map that splits W into relations and arrows.
[CP] The property (CQ1P + PCQ;) NmCQ = 0.

Remark 6.15. We drop subscripts from the tensor product ®. When the two tensorands
come from quiver algebras, the tensor product always refers to the tensor product over

CQoi
R®CQ=R®cq, CQ, R®I(R)=Roco, [(R), WoCQ=W ®cq, CQ,

In the remainder of the section, we illustrate which algebras fall under the framework
of Convention 6.14. In particular, we show that Jacobi algebras with the CY3 property
satisfy the conditions [BG] and [CP].

Example 6.16. The algebra C(A, B,C)/(BC,CA,AB) falls into the framework of
Convention 6.14. Its relations are given by R = span(BC,CA, AB) and by definition
we have

W =CQ1RN RCQ; =span(ABC, BCA,CAB).

This space is three-dimensional and not spanned by a single superpotential on CQ. The
algebra is not CY3. However the strong Berger-Ginzburg inclusion is satisfied:
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R®CQnNc Y (CQI(R)) = BC® ACQ+ CA® BCQ+ AB® CCQ = f(W ® CQ).

The algebra therefore falls within our framework Convention 6.14 and can therefore be
treated with our approach.

For this specific algebra another approach to deformations is possible: In [3], Barmeier
and Wang study quiver algebras whose relations are defined by so-called reduction sys-
tems. The deformations of these algebras are in combinatorial correspondence with
deformations of their reduction system. The specific relations BC = CA = AB =0
constitute a reduction system, therefore this specific algebra falls under the framework
of [3].

Next, we show that the case of superpotentials falls within the framework of
Convention 6.14. As a preparation, we need the following lemma, modeled after [6].

Lemma 6.17. Assume [CP]. Then the two replacement maps

wO W — m(CQl@, Z a;r; — Zaﬂb(?“i),

el i€l
’(/}1 W — m@(CQl, Zrial— — Z?/)(’f'i)ai,
i€l el

are well-defined and equal.

Proof. For well-definedness, it suffices to note that ¢° and ' are nothing else than the
splitting maps W C RCQ; - R®CQ, and W C CQ1R — CQ; ® R, composed with
1 acting either on the left or right factor. Now let us explain why " = ¢!, Let w € W,
then

P0(w) = ¥ (w) = (w+ % (w)) — (w+ ' (w)) € PCQ1 + CQLP.

The left-hand side simultaneously lies in mCQ. By [CP], the difference 1°(w) — ! (w)
vanishes. This proves ¢° = ¢'. O

We are now ready to see how the case of relations coming from a superpotential fits
into the framework of Convention 6.14. Let W be a superpotential and W’ € mCQ a
deformation. We simply put R = span{d, W} and (9, W) = 9,W’. To make these
definitions work, one needs to check that the relations 9, are linearly independent
and that CQ1R N RCQ; is indeed the CQy-bimodule generated by the superpotential
W e CQ. We verify this in the following lemma. Note that W is required to consist of
paths of length > 3 this time:

Lemma 6.18. Let Q be a quiver with superpotential W € CQ>3. Assume Jac(Q, W) is
CY3. Then the relations O, W for a € Q1 are linearly independent. Put R = span{0,W}.
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Then CQ1 RN RCQ1 is equal to the CQo-bimodule generated by W. The property [BG]
holds.

Moreover, let W' € m@ be a (cyclic) deformation. Define v : R — m@ by
Y(0,W) = 0,W'. Then [CP] holds.

Proof. We prove all four statements one after another. For sake of simplicity, we use
the notation W to mean both the superpotential and the CQy-bimodule CQyWCQyq
generated by the superpotential. In an expression like W C CQ1 R or w € W, the letter
W is to be interpreted as the CQy-bimodule CQyW CQy. This way, no confusion should
arise.

The first statement on linear independence of the relations 9, W is now widely known,
due to Ginzburg, Bocklandt, Berger, Taillefer and others. For example, the CY3 property
implies by [9, Section 4.2] that the sequence (6.1) is a self-dual resolution of Jac(Q, W).
Hence R and C(@Q; are equal in dimension and the relations are linearly independent.

For the second part of the proof, we show that CQ;R N RCQ is the CQy-bimodule
generated by W. The inclusion W C CQ;R N RCQ; is easy and follows from cyclicity:
Indeed for any vertex v € @)y we have

vWo = Z a0, W = Z I, Wa.

h(a)=v t(a)=v

The first sum lies in CQ1 R and the second sum lies in RCQ1, hence vWw lies in their
intersection.

The converse inclusion CQ;R N RCQ; C W follows from inspection of the exact
sequence (6.2). To see this, pick an element Y r;a; with 7, € R and a; € @3 that
simultaneously lies in CQqR. We claim that > r; ® a; goes to zero under f; : R ®
Jac(Q, W) — CQ1 ® Jac(Q, W). Indeed, the assumption that > r;a; € CQ1 R implies

CaCQ
f2 (Z r; @ ai) Zrzaz =0¢ (CQ;I( ) CQl X JaC(Qa W)

By exactness of (6.2), we deduce that Y r; ® a; lies in the image of f;. Therefore within
R® Jac(Q, W) we can write > r; ® a; = f1 (D w; ® p;), where w; € W and p; are paths.
We shall now try to lift this equality to R ® CQ. As a first step, recall that

R®CQ

R® Jac(Q, W) = RolR)

In consequence there exists a z € R ® I(R) such that within R ® CQ we have

Zn@ai:f(Zwi@pi) + z.

Here f : W CQ — R ® CQ1CQ denotes the map that splits W into relations and
arrows. The terms w; ®p; and z € R®I(R) look wild, but in reality we can vastly reduce
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the complexity: Collect in an index set S all indices ¢ where the path p; is not a vertex.
For such indices i € S, we have that all terms in f(w; ® p;) have right tensor component
of length at least 2. Note that all terms in R® I(R) also have right tensor length at least
2. Nevertheless, the left-hand side > r; ® a; has terms only with right tensor length 1,
since a; are arrows. We deduce that f (27’¢ s w; @ p;) 4+ z = 0. Finally, we conclude

Zn@ai:f(Zwi@l).

€S

Contracting the tensors on both sides gives > r;a; € W as desired. This proves the
second statement.

For the third statement, it is our task to prove that the strong Berger-Ginzburg
inclusion holds. We note that

cQ . WecCQ
I(R) ~ W&I(R)’

CQ . ReCQ
I(R) ~ R®I(R)

CQ , CQ.CQ
I(R) ~ CQI(R)

W ® R® CO1®

Inserting this into the exact sequence (6.2), we get the exact sequence

WeCQ [ﬁ R CQ [il CQ.CQ
W ® I(R) R®I(R) CQ:1I(R)

Evaluating Ker C Im on this sequence yields the strong Berger-Ginzburg inclusion.

The fourth statement follows again from cyclicity. Any element in CQ P+ PC(@Q; can
be written as x +1%(z) +y+ 1! (y), where € RCQ; and y € CQ1 R. If such an element
additionally lies in mCQ, we get & +y = 0, since 9° and 9! only give terms in mCQ.
Hence r = —y € CQ1 RN RCQ, = W. Without loss of generality, we can assume x and
y are in the form

T = Z O Wa = Z a0, W = —y.

t(a)=v h(a)=v

We deduce

YO(z) = Z O W'a = Z ad W' = =t (y).

t(a)=v h(a)=v

In total, x + ¢°(x) 4+ y + 1! (y) vanishes. This demonstrates the fourth statement and
finishes the proof. 0O

We have seen that the case of a CY3 superpotential is covered by Convention 6.14.
From here on, we proceed in the context of Convention 6.14. We finish the present
section with remarks on the difference between our strong Berger-Ginzburg inclusion
and the original Berger-Ginzburg inclusion, as well as an explanation on how Berger and
Ginzburg proceed in case of a homogeneous superpotential.
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Remark 6.19. Let us compare the standard Berger-Ginzburg inclusion (6.3) and strong
Berger-Ginzburg inclusion (6.4). We claim that the strong inclusion implies the standard
inclusion and the converse holds if W € C() is homogeneous. To show the strong-to-weak
implication, lift any element x € RCQNCQ1 R to the tensor product R® CQ, apply the
strong inclusion and contract again. To prove the weak-to-strong implication, assume W
is homogeneous. Let x € R®@ CQ N (CQ1I(R)), then

c(z) € RCQNCQI(R) C WCQ + RI(R) = c(f(W ® CQ) + R® I(R)).

Homogeneity makes the contraction map c injective and hence z € f(WRCQ)+RRI(R).
This proves the weak-to-strong implication.

The work of Berger and Ginzburg [6] takes place in the context of PBW deformations.
We have translated their result to the case of formal deformations in Proposition 6.13.
Now that we have introduced better terminology, we are ready to explain how Berger
and Ginzburg prove their result. Translated again to formal deformations, their core
lemma is the following:

Lemma 6.20 (Berger-Ginzburg). Assume the standard Berger-Ginzburg inclusion and
[CP]. Then

I(P)coNmCQ C CQy(I(P)cg NmCQ) + mI(P)cg. (6.5)

After proving this lemma, Berger and Ginzburg assume that ) has a grading in which
every arrow is positive and W is homogeneous. They continue as follows: Pick an element
x on the left-hand side of homogeneous degree in zeroth order. By the lemma we can
write © = y + z, where y € CQ1(I(P)cg N mCQ) and z already lies in mI(P)cg. In
y, we can split off arrows on the left. This results in reducing the degree and we can
assume by induction that the part with an arrow less already lies in mI(P)cg, hence
y € CQmI(P)cg € mI(P)cg. It follows that I(P)co NmCQ € mI(P)cq. This proves
flatness in the setting of Berger and Ginzburg where W is homogeneous.

6.4. Relations of bounded type

In this section, we show how to circumvent the homogeneity requirement of Berger
and Ginzburg. Our substitution for the homogeneity requirement is a simple yet pow-
erful boundedness condition. In the present section, we first introduce the boundedness
argument in high generality. Then we demonstrate its strength in a sequence of applica-
tions. In section 6.6, we tailor it specifically to the case of deformed relations and derive
a bounded version of the strong Berger-Ginzburg inclusion. The boundedness condition
allows us in section 6.7 to continue the proof of flatness without homogeneity assumption.

In the most general way, our boundedness argument is stated as follows:
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Lemma 6.21. Let V be a vector space with basis Vy and an equivalence relation ~ on Vj.
Let X CV be a subspace with spanning set X such that the Vy-constituents of every
xo € Xg are ~-related. Then for every set C C Vi closed under ~ we have

X Nspan(C) C span(Xo Nspan(C)).

Proof. The strategy is to write an element on the left-hand side in terms of the spanning
set Xy and then realize that the terms not related to C' vanish collectively. Indeed, let

T = Z/\ixi € X Nnspan(C), z; € Xo, |I| < 0.
iel
Now let S C I be the set of indices ¢« € I where the constituents of x; lie in C'. Regard
the decomposition

x = Z AiTi + Z Ai;.

€S igS

The Vj-constituents of the first summand all lie in C, while the constituents of the
second summand all lie outside of C. Since the left-hand side z lies in span(C), the
second summand necessarily vanishes. Since z; € Xy N span(C) for ¢ € S, this finishes
the proof. O

We have a specific application to quiver algebras with relations R in mind: Declare
paths pcq and pdq related if ¢ and d appear in a relation of R together. Let us make this
precise.

Definition 6.22. Let @ be a quiver and R C CQ a finite-dimensional CQo-bimodule.
Assume a basis F' for R is given. For each ¢ € F, decompose ¢ = Y \;¢; as linear
combination of paths (\; # 0), then set pc;q ~ pc;q for any paths p,q and indices i, j.
Denote by ~ the transitive hull of this relation. Two paths p and ¢ are F-related if p ~ gq.
For N € N denote the supremum of all lengths of paths related to paths of lengths < NV
by

h(N) =sup{lg| | p: [p| < N, p ~ ¢} € N U{oo}.
The basis F' is of bounded type if h(N) < oo for all N € N.

Remark 6.23. The basis F' is always assumed to be a basis for R as CQg-bimodule.
Simply speaking, for every ¢ € I there shall be vertices v, w € Qg such that every path
in ¢ runs from v to w.

During the present section, we provide applications of the bounded type condition.
Typically, we will work with the basis F' explicitly. In later sections it is only relevant
that there exists a basis of bounded type. We therefore set up the following terminology:



498 R. Bocklandt, J. van de Kreeke / Journal of Algebra 672 (2025) 413-602

Definition 6.24. Let @ be a quiver and R C CQ a finite-dimensional CQy-bimodule of
relations. Then R is of bounded type if it has a basis F' of bounded type. A superpotential
W is of bounded type if its relation space R = span{d, W} is of bounded type.

Example 6.25. If R C CQ is graded space with respect to path length or any other
grading that is positive on the arrows, then any homogeneous basis for R is of bounded
type: Degree is then an invariant under F-relatedness and length becomes bounded by a
multiple of the degree. Here are three easy instances for the algebra CQ = C(A4, B,C):

e Regard R = span(AB — BA, BC — CB,CA — AC) with basis F = {AB — BA, BC' —
CB,CA — AC}. We claim that F' is of bounded type. Indeed, two paths p,q in @
are F-related if and only if they differ by reordering of A, B and C. For instance,
ABAC ~ AACB. In particular, any two F-related paths are of equal length and
h(N) = N. This shows that F is of bounded type.

o Regard R = span(AB — C* BA— C?B) and F = {AB — C*, BA — C?B}. This gives
for instance BC* ~ BAB ~ C?B?. To see that F is of bounded type, give A, B degree
2 and C degree 1. Then F-related paths are equal in degree. We have h(0) = 0 and
h(1) =1 and h(N) = 2N for N > 2.

o Regard R = span(AB, ABC). The basis F' = {AB, ABC} is of bounded type and
h(N) = N. The basis F = {AB+ ABC, AB — ABC'} is however not of bounded type,
because AB ~ ABC ~ ABCC etc.

Remark 6.26. Given a basis F' C R and an integer N € N, denote by [(N) the minimal
length of paths F-related to paths of length > N:

I(N)=min{lq| | Ip: |[p| > N, p ~q}.

Then h(I(N)) > N. Indeed, pick a path of length I(N). Then it is F-related to a path
of length > N and hence the supremum h(I(N)) is at least N.

Assume F' is of bounded type. Then h is finite on every integer. The inequality
h(I(N)) > N ensures that [(N) converges to infinity as N — oo. Simply speaking,
if [(N) stays small, this means there are short paths equivalent to longer and longer
paths, precisely the opposite of the assumption. In total, we conclude that the interval
[L(M), h(N)] goes to infinity as [M, N| goes to infinity. Moreover, we can say

p~g gl € [M,N] = |p[ € [[(M), h(N)].

To demonstrate the strength of the boundedness assumption, we apply Lemma 6.21
to relations of bounded type. For instance, the next lemma brings elements x € X known
to satisfy length bounds back to a bounded part of the spanning set. We write ;. CQ
for the subspace of C@Q spanned by paths of length between M and N. S



R. Bocklandt, J. van de Kreeke / Journal of Algebra 672 (2025) 413-602 499

T support of x M U/[IITITITITN

Y related paths (M) T | h(N)

+

z unrelated paths T = z2=0 [/ - path length

Fig. 6.1. Decomposition into related and unrelated paths.

Lemma 6.27. Let Q be a quiver and R C CQ a CQq-bimodule with basis F'. Let X C CQ
be a subspace with spanning set Xy such that for every xo € Xy all paths appearing in
xo are F-related. Then

Proof. We apply Lemma 6.21. As ambient space use V = C(Q), as spanning set Vj use
the set of paths in @, as relation ~ uses F-relatedness, and as restriction C use the set
of paths in Q) that are F-related to paths of length between M and N. Lemma 6.21 now
yields X Nspan(C) C span(Xy Nspan(C)).

The desired inclusion (6.6) is slightly weaker than this. Let us check. The left side
of (6.6) is contained in X N span(C), since C includes in particular all paths of length
between M and N. Finally span(X, N span(C)) is contained in the right side of (6.6),
since paths in C always have length at least [(M) and at most h(N). See Fig. 6.1. O

We provide a further example of path length analysis, a toy version of our later flatness
results.

Lemma 6.28. Let QQ be a quiver and R C CQ a CQo-bimodule with basis F. Let (B, m)
be a deformation base. Let X C BRCQ be a subspace with spanning set Xo such that
for every xo € Xg all zeroth-order paths in x¢ are F-related. Then

X N(CQ<n +mCQ) C span(Xp N (CQ<pn) + mCQ)) + X NmCQ.

Proof. It is possible to build on Lemma 6.27, but we deploy Lemma 6.21 instead. Denote
by 7 : X — CQ the projection to zeroth order. Define Yy := 7(Xjp). It is a spanning set
for m(X). Now let € X N (CQ<n +mCQ). Then

m(xz) € m1(X)NCQ<«n C span(Yo N CQ<p(ny) € span(m(Xo N (CQ<pn) +mCQ))).

Hence we can choose 2’ € span(Xo N (CQ<pny +mCQ)) such that 7(x) = 7(2). In
particular, we have z — 2/ € X N mCQ. We finish the proof with the observation that
r=a'+(x—-2'). O

Lemma 6.28 is best summarized as follows: When forming a large sum x over Xy
elements, once their zeroth-order length surpasses h(N) they cannot contribute anymore
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to x, up to higher order terms. In other words, summands of zeroth-order length > h(N)
contribute only to higher order terms.

Remark 6.29. The original idea behind our boundedness condition is best explained as
follows: We are given an element z € CQy (/(P)coNmCQ) and are supposed to improve
on this. Berger and Ginzburg proceed by splitting off arrows on the left and thereby
reducing degree. Our idea is to iterate the inclusion instead which increases degree. The
resulting elements z; lie in higher an higher path length. If we can show that the terms
in very high path length are not related at all with the low length terms we started with,
then the x; must vanish. This insight led to the boundedness condition presented in this
section.

6.5. Ideals tailored to boundedness

In this section, we collect and introduce notation for many ideal-like sets. For instance,
we have already used the notation I(R) earlier to denote ideals generated by the relation
space R. In the present section, we define new ideal-like sets that are tailored to our
boundedness argument of section 6.4.

The setting of this section is Convention 6.14. The ideal-like sets we define here are
depicted in Table 6.2. In Definition 6.30, we start with simple subspaces of CQ where
the lengths are bounded. In Definition 6.31, we define ideal-like spaces in which length
bounds are imposed on the paths embracing a relation:

Definition 6.30. We define the following four subspaces of CQ and CQ ®cq, CQ:

e The spaces

m<CQ<n, CO>n, CQ<«n

are the subspaces of CQ spanned by paths of length in [M, N], [N,o00) or [0, N],
respectively.
e The spaces

u<(CR®CQ) .y, (CQRCQ)>N, (CRRCQ)<N

are the subspaces of CQ ®c g, CQ spanned by pure tensors p® p’ where p and p’ are
paths with length bound [pp’| € [M, N], |pp’| > N or |pp’| < N, respectively.

Definition 6.31. We define the following six subspaces of CQ and B@@:

e The spaces

JVIS((CQR(CQ)SNa (CQR(CQ)zMa ((CQR(CQ)SN
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Table 6.2

Ideal-like sets with their definitions, typical elements and requirements. For sake of legibility, we have
omitted double indices in the description of the typical elements. For instance p; in double sums should
read p;, ;.

Notation Definition Typical element Requirement
K
I(R) = CQRCQ Z PiTiqi finite sum
— 00
(R)eo = ImEagiece Eopmql pil + lgs| = o0
== Te = K
CQRCQ = [ImEogiece 2 ( z Xipi)ri( z m5a;)  Ipil, sl = o0
P) = ImConrece PEACE v [pi] + lai] = oo
1(P) - B(P) = my &t viria S
j=0 i=0
oo
I(P)co = BCQPCQ 20 pi(ri +(ri))a m; € m—>
K
M<(CQ<N = span p > pi M < |pi| <N
= = M<|p|<N i=0
K
m<(CQRCQ) x = span - prq > PiTidi M < |pirigi| < N
- - M<|prqg|<N =0
K
m<(CQRPCQ) = span  p(r +1(r))q Z i(ri +¥(ri))a M < |piriqi| < N

M<|prq|<N

o

are the subspaces of CQ consisting of elements that can be written in the form
T = Z piTiqi,
finite

where p;, q; are paths in Q and r; € R are relations such that for all ¢ every path
contained in p;r;q; € CQ has length in [M, N] or [M, 00) or [0, N], respectively.
e The spaces

u<(CRPCQ) ., (CRPCQ)>m, (CRPCQ)<n

are the subspaces of BQA@@ consisting of elements that can be written in the form

r=Y pi(ri+0))a,

finite

where p;,q; are paths in @) and r; € R are relations such that for all ¢ every path
contained in p;r;q¢; € CQ has length in [M, N] or [M, 00) or [0, N], respectively.

We finally define several ideal-like spaces which are finely tuned to the purpose of
bounding path lengths:

Definition 6.32. We define the spaces I(R), I(R)gg, CQRCQ, (P), I(P) and I(P)cq
as follows:
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The space I(R) = CQRCQ C CQ is the ideal generated by R. In other words, it

contains elements of the form

K
= Z pirig;-
i=0

Here r; € R and p;, g; are paths in Q.
The space [ (R)EZ) C CQ is defined as the image of the multiplication map

@@R@@ — B@@ In other words, its elements are of the form

o0
= Z pirig;-
i=0

Here r; € R and i, Gi are paths with |p;| + |¢i] — 00.
The space CcO QRCQ is the ideal generated by R in CcQ Q. In other words, its elements
are of the form

oo

Ai ,me 74,5 E :77wqw
0

j:O i=

Here r; € R and p; j,q;,; are paths in @ such that for every j € N the lengths |p; ;|
and |g; ;| converge to oo as i — oo.

The space (P) C B@@ is image of the multiplication map @@P@@ — B@@
In other words, it contains elements of the form

T = Zpi(ﬁ +9(ri))gi-

=0

Here r; € R, and p;, ¢; are paths in @ with combined length |p;| + |¢;| — oc.
The space I(P) € B&CQ is defined as I(P) = B (P). In other words, it contains
elements of the form

2= my Y pi(ri;+ (i)
i=0 =0

Here m; € m™* and for every j € N the combined length |p; ;| + |gi ;| of p;; and
qi,; is supposed to converge to oo as i — o0.

If Im(¢p) € mCQ, then the space I(P)cq C B®CQ is defined as B(CQPCQ) C
B&CQ. In other words, it contains elements of the form

T = Zmipi(ri + (1)) -

=0

Here m; € m™° and r; € R. The elements p;, q; are paths in Q.



R. Bocklandt, J. van de Kreeke / Journal of Algebra 672 (2025) 413-602 503

Remark 6.33. In Definition 6.32, we have done our best to give both an abstract and a
practical definition of all ideal-like sets. The abstract definitions come with the following
two peculiarities: First, the notation B(P) in the definition of I(P) makes use of the
shorthand notation of Definition 2.18. Second, the given abstract definition of (P) makes
use of the completed tensor product @@P@@ The completion here is taken with
respect to the Krull topology, which we actually only explain in section 6.9. Just like
B®X consists of formal power series in elements of X, the space @@P@@ consists of
formal two-sided power series of paths embracing elements of P. For the present context,
it suffices to accept the explicit description of the elements of (P) in terms of series.

Remark 6.34. The individual definitions are tedious to memorize, but the hidden struc-
ture becomes apparent once we compare the definitions:

R P
formed in CQ I(R) I(P)cq
formed in CQ I(R)Cb I(P)

The default objects are I(R) and I(P). The ideals I(R)@ and I(P)cq only appear
in section 6.8 and 6.9.

Remark 6.35. We list here a few warnings:

« I(R) co is an ideal in @, but not the ideal generated by R and not its closure either.

o I(P)isanidealin B ®CQ, but not the ideal generated by P and not its closure either.
¢ u<(CQRPCQ)_y is not the same as CQPCQ N 5, CQy.

For instance, closedness of I(P) in the m-adic topology would entail roughly the following:
Whenever a sequence (r,) C I(P) becomes concentrated in high powers of m¥, the

k as a whole, but can be written as

differences x,, — x,,+1 are not only concentrated in m
a sum over m;p;(r;+1(r;))q; where every single coefficient m; lies in m*. This observation
visualizes that I(P) is not necessarily closed. Once we prove I(P) quasi-flat however, it

is also closed in the m-adic topology according to Proposition 2.43.

We have depicted abbreviated descriptions of the various sets in Table 6.2.
6.6. Bounded strong Berger-Ginzburg inclusion

In this section, we prove a bounded version of the strong Berger-Ginzburg inclusion.
The necessity of this bounded version is illustrated by the large amount of path length
estimates we need to deploy in section 6.7. Indeed, the lack of homogeneity for W makes it
necessary to estimate lengths of virtually every vector involved in the flatness argument.
One of the sources of vectors in the flatness argument is the strong Berger-Ginzburg
inclusion. As such, we need a version of the strong Berger-Ginzburg inclusion that is
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suited for the bounded world. The present section is meant to provide this bounded
version. It is surprising that the bounded version follows directly from the ordinary
strong Berger-Ginzburg inclusion. It is a kind of a posteriori estimate and works without
additional assumptions on @ or W:

Bounded strong Berger-Ginzburg

Strong Berger-Ginzburg . R®CQ N ¢ (CQI(R))
a posteriori
R®CQNc HCQ1I(R)) N u<(CQO®CQ)y
CfIWRCQR)+R®I(R) CIW® 1y jw1<CQRcnw))

+ R® - 1r1<(CRRCQ) ()

Since the strong Berger-Ginzburg inclusion works with tensors instead of paths, our
first step in this section is to introduce a notion of F-relatedness for tensors:

Definition 6.36. Let I be a basis for R. Then two pure tensors of paths p®p’ and ¢ ® ¢’
are I-related if pp’ and qq’ are F-related.

We shall now construct a spanning set Wy for W with the property that for ev-
ery w € Wy all pure tensors of paths appearing in f(w) are F-related. Recall from
Convention 6.14 that f : W ® CQ — R ® CQ1CQ is the map which splits W into
relations and arrows. When w € W, then we have f(w) € R® CQs.

Lemma 6.37. Let F' be a basis for R. Then W = CQ1 RN RCQ1 has a spanning set Wy
such that for every w € Wy the constituents of f(w) € R® CQ1 are F-related.

Proof. The strategy is to decompose an arbitrary w € W into a sum ) w, such that
the constituents of f(w,) are F-related. Pick w € W. Since W = CQ1R N RCQ1, we
can write w in two ways as finite sums

/
w = g a;r; = g rjbj.

iel jeJ

Here a; and b; are scalar multiples of arrows and r; and 7";» lie in F'. Note that in both sums
the constituents of every individual summand are F-related. Denote by P the finite set
of paths appearing anywhere in these sums, modulo F-relatedness. Now P splits both
I and J into classes. Namely for p € P, let I, C I be the set of indices ¢ where the
constituents of a;r; are F-related to p. Similarly, let J, C J be the set of indices where
the constituents of r;-bj are F-related to p. For every p € P, both sums

_ . I ay
wy = a;ri, W, = ;b;

i€l jETp
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have path support lying in the equivalence class of p. Since the index sets (Ip),ep and
(Jp)pep both exhaust disjointly I and J, we conclude w, = wj, for every p € P. Fur-
thermore w, € CQ1R and w; € RCQ1, hence w, = w]'g € W. By construction, all
constituents in

flwp) =) 1@,

jed,

contract to paths F-related to p. In particular, all constituents of f(w,) are related
to each other. We have decomposed w € W into summands w, € W such that all
constituents in f(w,) are F-related to each other. Running this algorithm for every
w € W provides a spanning set W, with the desired property. Naturally one can extract
a finite one from it. 0O

Remark 6.38. The statement of Lemma 6.37 is obvious in case R is the space of relations
R = span(9,W) coming from a CY3 superpotential. Indeed, simply use the spanning set

Wo=¢ > 0.Wa

t(a)=v

RS QO . (67)

Let us check that the spanning set W, satisfies the claimed condition. For w =
Zt(a):v 0.Wa, we simply have f(w) = Zt(a):v 0,W ® a. By cyclicity of W, all con-
stituents of this sum are related. This makes that Wy satisfies the requirements of
Lemma 6.37.

Before we devote ourselves to the bounded version of the strong Berger-Ginzburg
inclusion, we need length bounds for the paths in R and W. While R and W are not ho-
mogeneous, any element r € R or w € W can still be decomposed as a linear combination
of paths in Q:

r=Mp1+...\epr Or w=e¢e1q1+...+€q.

The paths p1,...,pr Or q1,...,q1 are typically not of the same length. However, R
and W are finite-dimensional by Convention 6.14. This implies that the path lengths
encountered in R and W are bounded. We therefore fix the following notation:

Definition 6.39. The maximum path length encountered in R and W is denoted by |R| €
N and |W| € N.

We are ready to prove our bounded version of the strong Berger-Ginzburg inclusion:

Lemma 6.40. Assume R is of bounded type. If the strong Berger-Ginzburg inclusion [BG]
holds, then it also holds in the bounded form
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RoCQ N C_I(CQII(R)) N MS(CQ@)CQ)gN
CFW® 10w i<CRwhw) + B® - r<(CQRCQ)<pny (6:8)

Here N, M € N are arbitrary integers. The inclusion also holds when two-sided bounds
are replaced by one-sided bounds from above or below.

Proof. The proof boils down to applying Lemma 6.27 to the right side of the Berger-
Ginzburg inclusion. Pick a spanning set Wy C W as in Lemma 6.37. Put X = f(W ®
CQ)+ R® I(R) and use splits f(w ® p) and products r ® pr'q as spanning set Xg C X,
where w € Wy, r,7’ € F, and p, ¢ are paths. Regard the ambient space V = CQ ® CQ
and its basis V| consisting of pure tensors of paths.

By construction, all constituents in a split f(w®p) are F-related. Namely they consist
of F-related tensors, with additional p on the right side. Also all constituents in a product
r @ pr'q are F-related. Indeed, decomposing r = > A;¢; and 7 = > N¢, into scalar
multiples of paths, we have

Vio, Jos 1,010 Cip @ PCjoq ~ iy @ pclq ~ ¢y @ pcs q.

Further choose C' C Vj as the set of path tensors p ® p’ whose contraction pp’ is related
to a path of length at least M and at most N. This set is closed under ~. Finally, all
assumptions of Lemma 6.21 are satisfied and we obtain

(f(W®CQ)+ R®I(R)) Nspan(C) C span(Xo Nspan(C)). (6.9)

It remains to interpret both sides of this inclusion. Let us start with the right side.
Tensors in span(C) have length between {(M) and A(N). If an element f(w ® p) lies
in span(C), then p has length [(M) — |[W/| < |p| < h(N). If an element r ® pr'q lies in
span(C), then all paths ¢ in pr'q have length I(M) — |R| < |¢| < h(N). We conclude that
the right side of (6.9) is contained in the right side of (6.8).

We finish the proof with the remark that the left side of (6.8) is contained in the
left side of (6.9), since the strong Berger-Ginzburg inclusion holds by assumption and
tensors of length between M and N lie in span(C). O

6.7. Quasi-flatness in the completed path algebra

In this section, we prove our first quasi-flatness result. The idea is to use our bound-
edness condition from section 6.4 to continue the line of Berger and Ginzburg with-
out homogeneity assumption. The flatness result in this section deals with the ideals
I(P) C B@@ in the completed quiver algebra. In section 6.8 we will reduce the result
of the present section to the case of the non-completed quiver algebra.

For convenience of the reader, we have sketched in Lemma 6.20 the core idea of Berger
and Ginzburg. It is however not necessary to be aware of the statement. Rather, we
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prove from scratch a bounded version of their statement. Before we proceed, recall from
Definition 6.39 that |R| and |WW| denote the maximum path length encountered in R and
w.

Lemma 6.41. Assume R is of bounded type and [BG] and [CP] hold. Then

(CQPCQ)sy NmCQ C CQ1(CQRPCQ)>yny—r|-1 +WI(P)sin)_or]  (6.10)

Proof. By assumption, R has a basis F' of bounded type. Now pick an element

= Zl%(ri + ’(/J(Ti))qi S ((CQPCQ)ZN ﬂm@.

i€l

By definition of (CQPCQ)>n, we can assume p; and ¢; are scalar multiples of paths,
r; lies in F" and all paths in p;r;q; have length at least INV. Let us inspect the sum. The
terms where p; € CQ>1 already lie on the right-hand side of (6.10) and do not need
further treatment. The terms where p; is a vertex are nasty. Denote by Iy C I the set of
these nasty indices. Put

T = Zpﬂ"i@“h e R CQ.
i€ly
Since T is supposed to vanish on zeroth order, we have

c(z) = Zpﬂ"iqz' = - Z pirigi € CQ1I(R).

i€lg ISTAV )

At the same time, z lies in (CQ®CQ)>n and hence on the left-hand side of the bounded
strong Berger-Ginzburg inclusion (6.8), using N for the lower bound and dropping the
upper bound. We conclude

z € f(W&CQxiny—jw)) + R® (CQRCQ)>y(n)-|R)-

Split = y + 2z according to this decomposition. We want to determine ¢ (z) = ¥(y) +
1¥(z), where ¥ here acts on the left tensor factor of R ® CQ. Let us regard y first. We
can write y as a finite sum

y=Y_ flw;®p))

€K

with w; lying in W and p} scalar multiples of paths with |p}| > I(N) — |W|. By
Lemma 6.17, we have ¢° = 1! on W. Therefore we can swap 1" (w;) over:

cly +v°(y) =D (wi+ 0 (wi))p; = Y (w; + ¥ (wi))p}.

iceK 1114
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Note that w; + ¢! (w;) € CQ1 P by nature. We obtain the first intermediate result

ey +v°(y)) € CQIPCQsi(n)—w|-

Now regard z. We can write

/ 1
z = g r; ® ;15 Ly,
i€L

where r,r/ € F and s;,t; are scalar multiples of paths, and all paths in s;r/'t; have

length at least I(V) — |R|. We get

oz +(2)) = Y (r + () sirl't;

ieL
=D risi(r! 0!t + Y b)) s + ()t
i€L i€l

= > (o)) (] )t

el
€ CQL(CQPCQ)>in)—|r| + mI(P)>y(n)—2|R|-

In the last row, we have used that r; € R C CQ>1. In total, we get

=Y pilri +0(r))a = cly + () +clz + () + Y pilri +$(rs))as

il ieI\Io

€ CQ1(CQPCQ) >y N)—|r)—1 + M (P)>1(N)-2|R|-
We have used that [W| < |R|+1. O
The following is a continuation of the line of Berger and Ginzburg.
Lemma 6.42. Assume R is of bounded type and [BG] and [CP] holds. Then
I(P)NnmCQ C CQ:(I(P) nmCQ) + mI(P).

Proof. The strategy is to divide an element x on the left-hand side into chunks z that
individually lie in (CQPCQ)>n N m. We estimate that the lengths of the ideal paths
used in z converge to co, so that summing up the chunks again lands on the right-hand
side and not in completion of I(P).

Since mI(P) already lies on the right side, it suffices to regard elements of (P) on the
left-hand side. Regard such an element

o0

z = pilri+ (1) € (P) nmCQ.

=0



R. Bocklandt, J. van de Kreeke / Journal of Algebra 672 (2025) 413-602 509

For N > 0, let Sy C N be the set of indices i where all paths in p;r;q; are related to a
path of length < N. All sets Sy are finite and together exhaust N. In order to rewrite
x, let us make these sets disjoint by setting S = Sy \ Sy—1 for N > 1 and S}, := Sp.
Put

an = D pilri+0(r))as.

1€SyN

Then we get = Y v_ 2n. We show that each chunk zy lies in m@. Let M < N and
i€ S%,7 € S%. Then paths in p;r;q; are related to paths of length < M, while paths
in p;r;q; are not related to paths of length < M, since j ¢ Sys. This implies that the
zeroth order path supports of all chunks z 5 are pairwise disjoint. However we know that
T € m@, hence = vanishes on zeroth order. We conclude zny € CQPCQ N m@.

Now note that for i € S the term p;r;q; has length at least N, for otherwise ¢ would
be contained in Sy_1. We conclude that

2y € (CQPCQ)sy NmCQ.
Using Lemma 6.41, we deduce
ry € CQ1(CQPCQ)>iny—|r|-1 + M (P)>y(N)—2|R|-

Since R is of bounded type, we have [(N) — oo as N — co. When summing up xy over
N € N, this estimate on path lengths embracing P ensures that we get two well-defined
sums in I(P) and not e.g. in the completion of I(P):

N=0

Since zx lies in m@ by assumption, we obtain
z € (CQUI(P)NmCQ) + mI(P) = CQ1(I(P) NmCQ) + mI(P).
This finishes the proof. 0O

We now arrive at our first flatness result. Recall that quasi-flatness for I(P) refers to
the inclusion I(P) NmCQ C mI(P).

Proposition 6.43 (Quasi-flatness I). Assume R is of bounded type and [BG] and [CP]
hold. Then I(P) is quasi-flat.

Proof. Iterating the statement of Lemma 6.42, we get
I(P)NmCQ C CQL(I(P) N mCQ) + mI(P)
C CQ(CQ(I(P)NmCQ) +mI(P)) +mI(P)C ....
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In other words, pick z € I(P) N m@. Then we get a sequence of elements zy €
(CQN(I(P) NmCQ) and yy € m(CQN,lf(P) with

VNeN: z=zy+y1+...+yn.

Now the series 5 _, yn defines an element in mI(P), since its summands yx contain
only paths of higher and higher length. We claim that this element is precisely z. Indeed,
disregard all paths longer than an arbitrary number. Then the series stabilizes to x after
finitely many summands and does not change anymore thereafter. Finally, we conclude
2 is the sum of the series, which we already know lies in mI(P). O

6.8. Quasi-flatness in the path algebra

In this section, we build our second quasi-flatness result. Namely, we show that I(P)cq
is quasi-flat if R is of bounded type and the conditions [BG] and [CP] hold. In section 6.7
we have already seen that I(P) is quasi-flat. The idea of the present section is to use the
boundedness argument to bring quasi-flatness from I(P) to I(P)cq-

The first step is to refine the Berger-Ginzburg lemma Lemma 6.20. We deploy the
bounded version of the Berger-Ginzburg inclusion, sticking to the lower bounds and
forgetting the upper bounds.

Lemma 6.44. Let R be of bounded type. Then for any natural numbers M < N we have

I(P)N (<CQ<y +mCQ) C l(M)g(CQP(CQ)gh(N) +mCQNI(P).
The inclusion also holds once the upper bound or lower bound is dropped.

Proof. Since mI(P) already lies on the right-hand side, it suffices to prove the inclusion
of

(P)N (3y<CQcy +mCQ).

Pick an element

z =Y pilri +9(r:))a € (P) N (1y<CQcy +mCQ).
1=0

We can assume |p;| + |¢;| — oo. Our strategy is to decompose z into two parts. Let
S C N be the set of indices ¢ where the constituents of p;r;q; are related to paths of
length in the interval [M, N] C N. Then for ¢ € S all paths in p;r;q; are related to paths
of length in [M, N] and are hence of length in [[(M), h(NN)] themselves. In particular S
is finite. Meanwhile for ¢ ¢ .S no paths in p;r;q; are related to paths of length in [M, N]
and we conclude that
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Z piriqi = 0.

iEN\S

In other words, we have

TN\S = Z pi(ri + (i) € (P) NmCQ,
iEN\S

while

Tg = Zpi(m + QZJ(Ti))CIi € l(M)g((CQP(CQ)Sh(N)'

€S

Recalling 2 = x5 + o\ gives that x lies in the right-hand side of the desired inclu-
sion. O

We seek to apply Lemma 6.44 iteratively. As we pull out more and more powers of
the maximal ideal, we need to ensure that the remainder is still bounded in length at
zeroth order. We can achieve this if we require from the very beginning that an element
2 € I(P) has bounded length at order of m. For B = C[gq] we would require that the
path lengths at every ¢ power ¢* are bounded. For general deformation basis B, we shall
require that the path lengths in « shall be bounded if we project to B/m¥. This gives rise
to a subset of B&CQ, namely the space of elements with length at most Nj, at m-order
< k. Let us record this in the following definition:

Definition 6.45. Let Ny, N1, ... be an increasing sequence of integers. Then we set

CQ<(No,N:,..) = {x € BRCQ | mi(x) € (B/m*) @ CQ<n, Vk € N}
=CQx<n, + M'CQ<y, + M*CQcn, + ...

Here 7, : BRCQ — (B/m*) ® CQ denotes the standard projection.

Example 6.46. For B = C[q] the space CQ<(n,,n,,...) is simply the space of CQ-valued
power series in ¢ where the paths at order ¢* are of length < N},.

We are now getting closer to proving quasi-flatness of I(P)cq. As we shall see, el-
ements of I(P)cqg are namely distinguished elements of I(P) in the sense that they
simultaneously lie in CQ<(n;,,..) for some sequence Ny < N; < .... To exploit this
property, let us prove the following lemma.

Lemma 6.47. Assume R is of bounded type and I(P) is quasi-flat. Let Ny < No < ... be
a sequence. Then there exists a sequence N{ < N4 < ... such that
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I(P)NCQ<(on,.... > m(CQPCQ)<y;
k=1

=m'(CQPCQ)<n; + m*(CQPCQ)<ny + - ..

Proof. The idea is to iterate Proposition 2.32 in combination with Lemma 6.44 and
quasi-flatness of I(P). In the first part of the proof, we construct the desired sequence
(NY). In the second part, we construct the desired decomposition for individual elements
r € I(P)NCQ<(,n,,...)- In the third part, we wrap up and prove the desired inclusion.

For the first part of the proof, let us construct the sequence (Ny). Given arbitrary
k € N, let M}, be the maximum path length encountered in the image of Tov : R —
B/mF @ CQ. We construct an auxiliary sequence as

N// — N17
N3 = max(M; + h(N7), Na),
Ni = max (M, + h(NY'), N3),

The sequence (N}/) is increasing, since h(N;) > N;. We construct the final desired
sequence as

N, = h(N]").

For the second part of the proof, we prove a finite version of the desired inclusion
by iterating Lemma 6.44. Pick an arbitrary element x € I(P) NCQ<(,n;,,...). We shall
inductively construct sequences (yx)k>1, (k)k>0 such that

VE>0: xz=wy1+...+yr + x,
VE>0: xp€mbtI(P), (6.11)
VE>1: y, €m"(CQPCQ)<pny)-

Our induction starts at £ = 0. Note that we are not required to construct an element
1o- For the induction base k = 0, note that quasi-flatness gives

T € I(P) QCQS(O,leu) - mI(P)

We simply put xy = 2. This satisfies the requirement (6.11) for the induction base k = 0.

Towards the induction step, let £ > 0 and assume that xg, ...,z and y1, ..., yx have
been constructed with property (6.11). Regard the element xy, =z —y; — ... — yg. Since
z € CQco,n,..) and y; € m(CQPCQ)<p(ny), the total length in zy at level m**! is
less or equal to
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maX(NkJrh My, + h(N{/), M1+ h(]\/vél)7 oMy + h(ng)) < max(NkH, M;, + h(N]g))
= llc/+1

In the above inequality, the term My, +h(N}/) in the second maximum only appears when
k > 1. In either case, the bound by N4 is valid. In combination with Proposition 2.32,
Lemma 6.44 and quasi-flatness we conclude

oy, € mHUI(P) Nm* T (CQ< (v, ) +mCQ)

., +mCQ)) + mH21(P)

k+1

- karl(I(P) N (CQSN

C m*((CQPCQ)<p(ny, ) + mI(P)) + mFT2I(P)

k+1
C m*HH(CQPCQ)<niny, ) +m2I(P).

According to this sum decomposition, write xy, = ygt1 + k1. This finishes the induction
step. Ultimately, we have constructed the sequences (zx)r>0 and (yx)r>1 with property
(6.11).

For the third part of the proof, we wrap up and prove the desired inclusion. Regard
an element x € I(P) N CQ<(o,n,,...) together with its sequences (xj) and (yx). With
respect to the m-adic topology on B®A, we have the converging series

oo
Tr = Zyk.
k=1

Indeed, the summands lie in increasingly high powers of m. The limit is z, since the
difference between y; + ...+ yx and x is xp which lies in increasingly high powers of m.
Even better, we conclude

WS ka((CQPCQ)gh(N,’C’)
k=1

Since x was arbitrary and Nj, is defined as h(NN}/), this proves the claim. 0O

We are ready to prove quasi-flatness of I(P)cq. The requirement is that I(P) is
already quasi-flat. By Proposition 6.43, this happens for example R is of finite type and
[BG] and [CP] hold.

Proposition 6.48 (Quasi-flatness II). Assume R is of bounded type and v maps to mCQ.
If I(P) is quasi-flat, then I(P)cq is quasi-flat.

Proof. It is our task to show I(P)cqNmCQ C mI(P)cq. Pick an element € I(P)cgN
mC(Q. Start with the observation that the relation space R is finite-dimensional, the
image of 1 lies in mCQ instead of mCQ and in I(P)cq only finitely many paths are
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multiplied to P at order < k. We see that x has bounded path length at order < k
for every k € N. In other words, there is a sequence N = (Ny, Ny,...) such that = €
CQ<(o,Ny,...)- In total, we have x € I(P) N CQ<(,ny,...). According to Lemma 6.47, we
get

ey mF(CQPCQ)<n;-

k=1

This shows = € I(P)cq and finishes the proof. O
6.9. Closedness results

In this section, we prove additional closedness results. The idea is that a quotient of
an algebra by an ideal can always be taken. However, if the algebra enjoys topological
properties, they can be lost in the quotient if the ideal is not good enough. In the present
section we devote ourselves to the study of this problem in the case of the deformed ideals
I(P) C @ Essentially, we show that I(P) is good enough for the “Krull topology” on
@ if R is of bounded type.

Let us start by recalling the classical topology on @

Definition 6.49. The Krull topology on CQ (or (EZ)) is the topology generated by the
neighborhood basis

x4+ CQ>n or $+@2N7 forz € CQ, N € N.

Remark 6.50. With the Krull topology, the space CQ is first countable and sequential.
A sequence x,, € CQ converges to some x € CQ if x,, — x,41 is concentrated in higher
and higher path length. The space CQ is not complete: The space @ is in fact its
completion.

Remark 6.51. A standard setup in algebra is as follows: Given is a path algebra CQ
of a quiver and one is interested in dividing out an ideal I C C@. One accepts the
quotient algebra CQ/I without questioning its topological properties. If I, is a quasi-
flat deformation of I, then (B@(CQ)/LI is a deformation of CQ/I. For path algebras of
quivers, this is all one typically desires.

In contrast, consider an ideal I C @ in the completed path algebra. Then one can
still form the quotient @ /I, but one is interested in the Krull topology on the quotient.
Therefore one typically requires that I C @ is closed with respect to the Krull topology.

Remark 6.52. Let us use the standard notation @R@ for the ideal generated by R in
CQ. We claim that

CQRTQ C I(R)g € 1(R).



R. Bocklandt, J. van de Kreeke / Journal of Algebra 672 (2025) 413-602 515

Indeed, the left-hand side is the finite span of elements of the form prq where r € R and
p,q € @ A reordering, or counting argument, for the constituents of p and ¢ shows
that prq € I(R)@. On the other hand, pick an element x € I(R)@, presented as a
series Definition 6.32. Truncating the series at high indices immediately shows that x
lies in the closure of I(R).

We arrive at the following inclusion:

R C I(R) € CQRCQ C I(R)gy < I(R).
In case R is of bounded type, we can improve on these inclusions: We shall see that
1 (R)@ is the closure of I(R) and thereby also the closure of CQRCQ.
Remark 6.53. At this point, we shall comment on the stark difference with the commu-
tative case. In fact, @R@ is not necessarily closed with respect to the Krull topology,
while this would hold if A = (EZ) were commutative. Indeed, let A be a commutative local
ring with maximal ideal m,4. Then (A4, my4) is a Zariski ring and hence any ideal I C A
is automatically closed with respect to the m4-adic topology. If @ were commutative,
this would imply that (CQR(C Q is closed with respect to the Krull topology
We shall here give an example of a quiver ) and a space R where (CQR(CQ is clearly

C @LO A R =span(B).

We note that the series > 2 A'B(C" lies in the closure of CQRCQ, and claim that it
does not lie in CQBCQ. The clue is to analyze the structure of infinite sums of paths.

not closed:

For any element Z;x}:o i jA'BCY let us call ()\; ;) its coefficient matrix. An element of
the form

<§: )\Z—Ai> B f:njcj
i=0 j=0

has a coefficient matrix of column rank at most one, since all columns are multiples of
each other. Any element in the ideal @B@ is a finite sum of elements of this form
and therefore has coefficient matrix with finite column rank. The coefficient matrix of
the element z = Y ;- A’"BC" is however an infinite diagonal matrix which has infinite
rank. We conclude = ¢ @B@ This illustrates a difference with the commutative case
and shows how intricate closedness can be.

Lemma 6.54. Let R be of bounded type. Then I(R)
topology.

co is the closure of I(R) in the Krull
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Proof. It is clear that I(R)@ is contained in the closure of I(R). Conversely, I(R) is
naturally a subset of 1 (R)@ It remains to be shown that I (R)@é is closed.

Regard a sequence (z,,) C I(R)(&\2 with @, — 2 € CQ. It is our task to show that

can be written as a series

o0
x = Zpiriqi where r; € R, |pi| + |q:| = 0.
i=0

We can assume that z,+1 — z, € CQ>, for a sequence (k,) C N with &k, — co. The
standard boundedness argument shows that

Tp — Tpy1 € [(R)N @21% C (CQRCQ)>i(k,)-

Summing up over n > 0, we get that x is indeed an element of I(R)zp

Q.D

Next, we shall prove that I (R)@ has a closed complement in @

Example 6.55. The existence of closed complements is intricate. It is not true that a
complement of an ideal I C CQ gives rise to a closed complement of its closure I C @
More precisely, if CQQ = I + V, then it does not necessarily hold that @ =1+ V. For
instance, pick CQ = C(A) and regard

I=(1+A)=span(l+ A, A+ A% ..),
V = span(1).
We have C(A) =1 @ V. Wehave 1 — A" € I, hence 1 € INV.

Lemma 6.56. Let R be of bounded type. Then I(R)EZ) has a closed complement.

Proof. It is our task to find a closed subspace V' C @ such that @ =1 (R)(sz DV.
The naive idea is to fill V by picking paths of increasing length which complement I(R).
However, the closure of the space spanned by these paths need not have vanishing inter-
section with I (R)@
which allows us to reduce the vanishing intersection property to checking it on finite

in general. The remedy is provided by the boundedness condition,

lengths of paths. We divide the proof into three steps: In the first part of the proof, we
construct the space V. In the second part, we show I(R)EZ) NV = 0. In the third part,
we show CQ = I(R)gg + V.

For the first part of the proof, we construct the space V. Pick for every N € N a set
Vi of paths of length N such that all paths in V;, for n < N are linearly independent of
I(R), but span CQ<y when combined with I(R):

CQ<n Cspan(VoU...UVy) @ I(R).
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Our candidate space for the closed complement is

V= H span Vi C @
N=0

This is the subspace consisting of elements of @ which are supported on paths lying in
the union UnyenVa. The space V is closed with respect to the Krull topology. Indeed,
sticking to our sequential viewpoint, whenever (x,) C V converges in @, then coeffi-
cients of x,, on paths in low path length stabilize. From a purely topological viewpoint, if
T e @\V, then x has support on some path p ¢ Uyen V. Any element y € 2+CQ
then also has support on this path p and therefore y ¢ V. This shows V is closed.

For the second part of the proof, we show I(R)@ NV = 0. Pick any element = €
I(R)CAQ N V. We shall prove that x € CQ~y for every N € N. Indeed, let N € N. Then
decompose x = x1 + x2 into path support related to length < N and path support not
related to length < N. Since z lies in V' and V is built from pure paths, we have that
x1,x9 € V. More specifically, since all paths related to length < N are of length < h(N),
we have x; € span(Vo U...U Vi)

We claim that z; € I(R). Indeed, write

o0
T = Zpﬂ"iqz', i € R, |pi| +[qi| — oo.
i=0
Let S C N be the set of indices where all paths in p;r;q; are related to paths of length
< N. Then

T = Zpﬂ“i(h =+ Z PiTiqs-

= iEN\S

In the first summand, all paths are related to paths of length < N. In the second
summand, no paths are related to length < N. In conclusion, we have

x = meqz‘, Tg = Z DiTis-

i€S ieN\S

We obtain z; € I(R). In conclusion z; € I(R) Nspan(Vp, ..., V). However by con-
struction of the sets V;,, the sum I(R) +span(Vp, ..., Vy(ny) is actually direct and hence
x1 = 0. We conclude x = z5. Since all paths in the support of x5 are not related to
length < N, they are of length > N. We conclude x € @> - Since N was arbitrary,
we conclude x = 0. This shows I(R)@ NV =0.

For the third part of the proof, we show that @ = I(R)CZ) + V. The idea is to break

down an element of @ into pieces which individually lie in the two spaces and make
sure the pieces sum up appropriately. Let now z € CQ. Split x into pieces according to
path length:
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o
x = Zmn, |z, | = n.
n=0

We claim that for every n € N we have z,, € I(R)>y) + span(Vi,y) U ... V). To
prove this, fix n € N. By construction, we can write * = y,, + 2, with y,, € I(R) and
zn € span(Vp U ... UV,). Write

Yn = Zpﬂ"z‘%, r; € R,|I| < o0.
icl

Let S C I be the set of indices i € I where all paths in p;r;q; are related to a path of

length n. We have y,, = yr(}) + yg) with

uD =Y pirig, yP =D pirigi.

€S i€I\S

For i € S, all paths in p;r;q; are of length > [(n). This implies y§}) € I(R)>(n)-
Next, split z, = z,(}) (2) with 27(1 ),z,(L) € span(Vp U ...UV,) such that z,(Ll) only
contains paths related to paths of length n and z,(f) only contains paths not related to

paths of length n. Since all paths related to paths of length n have length at least I(n),

we have z&l) € span(Vjm) U... U Vy).
(2) (2)

(1) (1)

+ zn
are not related to length n. Since z,, itself has

We argue that y,, = 0. Indeed, all paths in yy, are related to paths of

@ , @
@ _g

length n, while all paths in yy,
length n, we conclude y(2) + zn
Finally, we get z,, = yg) 12U Since yfl ) ¢ I(R)>(n) and 2V e span(Vy,yU...UV,)

and l(n) — oo, we get

x = Zy,(ll) + 2 = Zyﬁf) + 227(11) € I(R)@?2 +V.
n=0 n=0 n=0

This proves that CQ = I(R)@ + V. Together with the fact I(R)@ NV = 0 proven

before, this proves the direct sum decomposition @ =1 (R)C’@ @ V and finishes the
proof. O

In the remainder of this section, we devote ourselves to the study of P and its asso-
ciated ideal-like spaces. Let us give an indication of the additional topology we want to
regard As we recalled in Remark 6.51, for a quotient (CQ /I one typlcally demands that
I1C (CQ be closed with respect to the Krull topology The quotient C Q/ I then inherits
a quotient topology. The tensor product B®((C Q/I) then obtains a combination of the
Krull and m-adic topology. We define this topology as follows:

Definition 6.57. Let B be a deformation base. Then the tensor topology on B@(EC\Q is
the limit topology induced from
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B&CQ = lim(B/m* @ CQ)

Here the individual spaces B/m*® (CQ are equipped with the Krull topology An expllclt
nelghborhood basis for the topology is given by the subspaces = + mk(CQ + BCQ> N for
S B®(CQ.

Remark 6.58. With respect to the tensor topology, a sequence z, C @ converges if
for every k € N, the path lengths of the differences z,, — z,,4+1 go to infinity once m* is
divided out.

We have the following chain of inclusions for P and its associated ideal-like spaces:

(P) - -

P C CQPCQ CCQPCQ I(P) € I(P) € I(P)

_ . C
(BRCQ)P(B&CQ) ~

Here (B@@)P(B@@) denotes the ideal generated by P in B®CQ. If R is of
bounded type and I(P) is quasi-flat, the inclusions simplify: We shall see that I(P) is
the closure of (B®CQ)P(B&CQ).

Lemma 6.59. Let R be of bounded type and 1(P) quasi-flat. Write [(N) = I(N) — |R| for
N € N. Then for k> 1 and N > 0 we have

I(P) N (BCQs y + m*CQ)
k—1

C Y ' (CQPCQ)sy iy +m ' I(P)
=0

= (CQPCQ)i(n) + M(CQPCQ)s i ny + M (CQPCQ)yii(nyy + - - - + m*I(P).

Proof. The proof is very similar to the proof of Lemma 6.47. The idea is to iterate
Proposition 2.32 in combination with Lemma 6.44 and quasi-flatness of I(P).
Let # € I(P) N (BCQsy + m*CQ). Then in particular

z € I(P)N(CQsy +mCQ) C (CQPTQ)sy(w) + mI(P).

Accordlng to this sum decomp0s1t10n wrlte x = y; + x1. We clearly have y; €
BCQ>Z(N) \r|- Since z € B(CQ>N +mkCQ, we conclude z; € mI(P)N (B(CQZZ(N) +

kCQ). We now continue this way, using Proposition 2.32:

z1 € mI(P) N (mCQs 7y, +m*TQ)

S m(I(P) N (CQsyy) +mCQ)) +m*I(P)
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€ m((CQPCQ) iy +™I(P)) +mI(P)
C M(CQPCQ)s gy +mI(P).

Split 1 = yo + x2 according to this sum decomposition and continue. The result is
immediate. O

Proposition 6.60. Assume R is of bounded type and I(P) is quasi-flat. Then I(P) is the
closure of the ideal (BRCQ)P(BRCQ) with respect to the tensor topology.

Proof. Tt is clear that (B@@)P(B@@) is contained in I(P) and that I(P) is con-
tained in the closure of (B®CQ)P(B®CQ). It remains to show that I(P) is closed.
To prove I(P) closed, regard a series of (x,,) C I(P) converging in B&CQ:

oo
T = E Ty,
n=0

We now explain how to prove x € I(P). It entails inspecting every z,, and dividing it
into chunks in such a way it becomes evident that a reordering of the chunks sums up
to an element of I(P). The reordering is unproblematic, keeping x intact as element of
B&CQ.

In order to define the chunks, we shall build a sequence (ng)r>1 € N. Let k& > 1.
Since we assume the series Y x,, converges in the tensor topology, there exists for every
n € N a (maximally chosen) Nﬁk) € N such that z,, € B(CQ>N,,§’“> + m’%@. We have

that N\*) — oo as n — o0o. In particular, we have l(lNk_l(Ny(Lk))) — 00 as n — oo0. Choose
ng € N so high that 1(1*~( ,(Lk))) > k for all n > ny. Of course, we can enforce that ny
is an increasing sequence: ny > ni_1. We have now built the sequence (ny),>1 which is
essential in the construction of the chunks.

Let now n € N and assume n > nj;. Then there is a unique & € N such that
nEg < n < ngt1. We get

n € I(P) N [BCQ, v +m"TQ)

k—1
C Zmi(CQPCQ)Zl([i(Nﬁ))) +mkI(P)
i=0
C B(CQPCQ)> +m"I(P).
In the second row, we have applied Lemma 6.59. In the third row, we have used that

1(T( flk))) > l(lNk_l(Ny(Lk))) > k minding n > nj. With respect to the two summands,
write now

z, =z +22 ) 2V e BCQPCQ)sr, 2P emFI(P).

n
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We can now write

nlfl n271 7L371 ’ﬂ271 ’I’L371
x:an—i— Zx%l) + ng) +...+Zx£})+2xg)+... e I(P).
n=0 n=ni n=ng n=ni n=ns
~—— ~—— —_—
€B(CQRPCQ)>1 €EB(CQRPCQ)>2 emlI(P) em2I(P)

The top row is a finite sum. The second row adds up to an element of I(P) since the path
lengths increase. The third summand adds up to an element of I(P) since the powers of
m increase. This finally shows x € I(P) and we conclude I(P) is closed with respect to
the tensor topology. O

We finish this section by commenting on deformations of algebras where the Krull
topology is taken into account. Recall from Proposition 6.4 that B A /1, is a deformation
of A/I if I, is a quasi-flat deformation of I. It would be delightful to have a version of this
statement which takes into account the Krull topology in case A = @ This requires
two steps: First we shall define what it means for a deformation to be tensor continuous.
Second we shall prove that B@@ /I, is a tensor continuous deformation in case I, is
quasi-flat and closed with respect to the tensor topology. Let us start as follows:

Definition 6.61. Let I C @ be a closed ideal and I, a deformation closed with respect
to the tensor topology. Then (B@@) /1, is a (tensor continuous) deformation of cQ /1
if there exists a deformation i, of the product p : (@/I) ® (@/I) — (@/I) together
with a B-linear algebra isomorphism

which is a homeomorphism with respect to the tensor topology.

Lemma 6.62. Let Q be a quiver, I C @ a closed ideal which has a closed complement in
(CQ Let 1, be a deformation closed with respect to the tensor topology If 1, is quasi-flat,
then (B®(CQ)/I is a (tensor continuous) deformation of (CQ/I

Proof. The proof proceeds as in Proposition 6.4, with minor adaptions. The first step
is to choose a complement V C @ such that @ = I @& V. In comparison with
Proposition 6.4, we can choose V' to be closed. As in Proposition 6.4, we obtain the
direct sum decompositions

CQ=IaV, B&CQ=I,oBV.

The difference in our case is that the first is not only a direct sum of vector spaces and
the second not only a direct sum of m-adically closed subspaces. Instead, the direct sum-
mands of the first sum are closed with respect to the Krull topology and the summands



522 R. Bocklandt, J. van de Kreeke / Journal of Algebra 672 (2025) 413-602

of the second sum are closed with respect to the tensor topology. As in Proposition 6.4,
we define the map

.C V&l ~ ~ ~ I,&#BV B&CQ
o BeY _paV ol ~ pay ~, LO BV BECQ

I I 1, 1,
This map is immediately a homeomorphism with respect to the tensor topology. One
then transfers the product of (B®CQ)/I, onto a deformed product p, on B&(CQ/I).
This finishes the proof. 0O

6.10. Dimers of bounded type

In this section, we introduce a boundedness condition of dimers. Our motivation comes
from Jacobi algebras of dimers, which are a special case of Jacobi algebras of quivers with
superpotential. It is our interest to show that a deformation of the superpotential leads to
a flat deformation of the Jacobi algebra. Fortunately, Jacobi algebras of most dimers are
CY3. In other words, a Jacobi algebra of a dimer falls under the framework developed
in the past sections. The only question remaining is whether the superpotential is of
bounded type.

In the present section, we show that the superpotential of a Jacobi algebra of a dimer
is of bounded type in the following cases:

o All polygons in @ have equal number of edges (obvious),
e ( is cancellation consistent and sits in a torus (Lemma 6.66),
o () is cancellation consistent and has no triangles (Theorem 6.72).

To start our investigation, let us recall the construction of this Jacobi algebra and the
meaning of consistency. Let @) be a dimer. Then its superpotential W € CQ is given
by the difference of the clockwise polygons of ) and the counterclockwise polygons,
cyclically permuted:

W = Z (@1...aK)cyc — Z (@1 ... ak)cyc-

a1 ak a1yra
clockwise counterclockwise

The relations 9,W equate two neighboring polygons: Flipping a path over an arc a is

possible if the path follows all arcs of a neighboring polygon apart from a. These flip

moves are known as F-term moves and the equivalence relation on the set of paths in @ is

known as F-term equivalence. The terminology is depicted in Fig. 6.3. A good reference

is [18].

Regard the set of paths in Q modulo F-term equivalence. The set contains a special
element ¢, for each vertex v € @y, given by the boundary of a chosen polygon at v. All
boundaries of polygons incident at v are F-term equivalent, hence ¢, does not depend
on the choice. In other words, it can be rotated around v. We may drop the subscript
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(a) An F-term flip (b) These 3 paths are equivalent. (¢) Longer and longer?
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Fig. 6.3. Intuition on F-term equivalence.

from ¢, if it is clear from the context. The element ¢ commutes with all paths, that is,
ul ~ fu. Davison [18] introduced the following consistency condition for dimers:

Definition 6.63 (/18]). A dimer @ is cancellation consistent if it has the following can-
cellation property:

plt~agl = p~gq.

Remark 6.64. An equivalent requirement is pr ~ qr = p ~ ¢ for all compatible paths
p,q,7. Indeed assume pr ~ gr. Then pick an “inverse” path ’ in @ such that rr’ ~ ¢*
for some k € N, and observe pl* ~ prr’ ~ qrr’ ~ qf*, hence p ~ q.

The Jacobi algebra of @ is given by Jac(Q) = CQ/(9,W). It has a special central
element ¢ € Jac(Q), given by the sum of the ¢, at all vertices v € Qo:

0= 1, € Jac(Q),

vEQo

The set of paths in @ modulo F-term equivalence is a basis for Jac(Q). Davison shows in
[18, Theorem 8.1] that Jac(Q) is CY3 if @ is cancellation consistent. A complete survey
of consistency conditions can be found in [11]. For example, zigzag consistency implies
cancellation consistency.

The previous sections of this paper establish that CY3 algebras with relations of
bounded type have favorable deformation theory: Whenever we deform their superpo-
tential in a cyclic way, the deformation is flat. We want to apply this to Jacobi algebras
of dimers. Since Jac(Q) is already known to be CY3 if @ is cancellation consistent, it
remains to ask if the relations 9, W are of bounded type. This is the case for some dimers,
but not for all. In the present section, we provide criteria for this to happen. Let us give
this notion a name.

Definition 6.65. A dimer () is of bounded type if all F-term equivalence classes are
bounded in path length. Equivalently, all F-term equivalence classes are finite sets.
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(a) Initial flip always has an £  (b) Zigzag paths act as cage (c) Crossing a zigzag path

Fig. 6.4. Zigzag intuition.

In this new terminology, the Jacobi algebra of a dimer ) has favorable deformation
theory if @ is cancellation consistent and of bounded type. Which dimers are of bounded
type? An easy example is the dimers whose polygons are all of equal length. Indeed, in
such case an F-term move preserves length. A more intricate case is the following;:

Lemma 6.66. Let QQ be a cancellation consistent torus dimer. Then @ is of bounded type.

Proof. In [11, Theorem 7.6] it is shown that a cancellation consistent torus dimer has
a so-called “consistent R-grading”, or “anomaly-free R-symmetry”. Broomhead shows
in [15, Section 2.3] that the existence of an anomaly-free R-symmetry implies that for
every arc there exists a perfect matching P : @y — {0,1} that is positive on that arc.
Summing up all the perfect matching gradings, we obtain a positive integer grading d on
CQ in which W is homogeneous. The degree d of a path is then preserved under F-term
equivalence. Since length of a path p is bounded by its total degree d(p), we conclude
that any cancellation consistent dimer on a torus is of bounded type. O

In this section, we give another wide class of cancellation consistent dimers of bounded
type: those where all polygons are of length at least 4. The core observation is that
whenever a path flips over a zigzag path for the first time, it includes a cycle ¢ right
there, see Fig. 6.4a. In short, this gives rise to the following line of proof: It suffices to
regard paths equivalent to £¥ and proceed by induction over k € N. Once F-term moves
bring a path p ~ £* to cross a zigzag path for the first time, it includes a cycle ¢ right
there. Stripping away ¢ from the path makes it equivalent to £*~! and by induction
hypothesis such a path is bounded in length. In other words, zigzag paths at sufficient
distance provide a “cage” for F-term equivalence classes, see Fig. 6.4b.

The problem with this “cage proof” is that construction of an effective cage requires
topological arguments and geometric consistency. We derive a more refined proof, focus-
ing on the crossings between p and individual zigzag paths.

Definition 6.67. A crossing of p over a zigzag path Z is a sequence of k > 1 consecutive
arcs in p that follow Z, such that p leaves Z to the left or right before the sequence, and
the right resp. left after the sequence (Fig. 6.4c).

Paths containing a full cycle ¢ around a polygon are easy to bound in length by
induction. We therefore regard mainly paths that are ¢-free, that is, do not contain a full
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Fig. 6.5. Triangles ruin our invariant.

cycle £ around some polygon. In other words, a path is ¢-free if it is not of the form pfq.
Note this is not the same as being a minimal path, since minimality refers to F-term
equivalence: A path is minimal if it is not F-term equivalent to a path of the form fq.
We are now ready to prove that crossings with zigzag paths are a partial invariant.

Lemma 6.68. Let QQ be a dimer without triangles and let Z be a zigzag path. Let p and q
be two closed {-free paths differing only by an F-term move. Then p and q have the same
number of crossings with Z.

Proof. The strategy is to inspect the crossings of p and g over Z, and match them up.
It is essential that @) has no triangles, because triangles bordering Z make it possible to
create new crossings, see Fig. 6.5.

Let us inspect a crossing of p over Z. Without loss of generality we can assume that
p turns right at the end of the sequence and left at the beginning. We show that the
crossing is preserved when p flips to q. We scrutinize this by a case distinction on where
the flip happens. Recall that a flip always involves precisely one polygon minus an arc.

Regard the sequence a, by, ..., by, c of arcs on p crossing over Z. Regard the case that
the arcs involved in the flip are all before a. Then a, by, . .., bg, ¢ stay entirely part of the
path and the crossing is preserved.

Regard the case that k£ > 2. Then no three consecutive b; arcs can be involved in the
flip, because they follow a zigzag and do not circle around a polygon. Two consecutive
b; arcs are not enough for a flip, since all polygons are assumed to consist of at least 4
arcs. Hence arcs before a, a itself, b; and by remain as possible arcs involved in the flip.
In all cases we check that a crossing at the same point still exists in q. The case where
arcs by_1, bk, ¢, ... on the other side of the crossing are involved follows similarly.

We distinguish 4 cases, depicted in Fig. 6.6. In cases 1-3, only arcs before a and a itself
are involved in the flipping. Case 1 depicts the situation where a lies maximally left, case
2 depicts an average situation, case 3 depicts the situation where a lies maximally right.
Due to arrow directions, case 1 and 3 differ in appearance.

It turns out in case 1 that there is a new arc, indicated by a checkmark in the figure,
that leaves Z and everything between that arc and b; follows Z. In other words ¢ still
has a crossing at the same location. In case 2, the arc leaving Z also changes through the
flip, but the crossing as a whole remains. Case 3 is actually impossible: By assumption a
leaves Z, and in order to conclude a polygon P minus an arc, p needs to continue turning
around P. It ends precisely at the head of b1, concluding an ¢-cycle ..., a, b;.

Case 4 is the situation where arcs before a, the arc a itself and by are involved in the
flipping. Since a and by are supposed to be part of the flipping, the polygon to be flipped
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‘ impossible \/
NN N
(a) Case 1 (b) Case 2 (c) Case 3 (d) Case 4

Fig. 6.6. F-term moves of ¢-free paths preserve zigzag crossings.

is necessarily the one lying in the corner of the zigzag path at by, by. The first arc of
p involved in the flip starts at the head of by (or the corresponding vertex of Z in case
k = 1). What comes before that arc in p? The arc by following by on Z, which we also
label this way by abuse if £k = 1, cannot come before it, because p is ¢-free. By arrow
directions, it can also not concern the arc b3, similarly labeled by abuse if £ < 2. Hence
it must concern an arc that turns left of the zigzag path. In the figure this arc is depicted
again by a checkmark. This demonstrates that also in case 4 the crossing is preserved.

Finally it is also easy to see that the crossing is preserved in case where paths before
a, a itself and by and by are involved in the flip. Moreover, no flip is possible that includes
a, by and cif k = 1.

Let us scrutinize the conclusion. We have associated to each crossing of p over Z, let us
call it x, a crossing () of ¢ over Z. Is this map x — ¢(x) a one-to-one correspondence?
Swapping the roles of p and ¢, we also have a map v from crossings of q over Z to crossings
of p over Z. Inspecting the case distinction Fig. 6.6 again, it becomes apparent that
has no other choice than associating to ¢(x) back x again. For example, a crossing x
and its image p(x) always have an arc on Z in common, and similarly y and ¥(x) do.
In other words ¢ o9 = Id and similarly ¥ o ¢ = Id. We conclude that p and ¢ have the
same number of crossings over Z. O

Given a path p, recall our plan is to utilize the crossings of p over arbitrary zigzag
paths as a partial invariant to bound the length of p. As announced, we do not construct
an explicit cage, but rather argue as follows: The only way to avoid crossing zigzag
paths is to follow the boundary of a polygon. If we assume p is ¢-free, then following
the boundary of a polygon is possible for at most K consecutive arcs, where K is the
maximum length of polygons in Q. We conclude that p necessarily crosses a zigzag path
at least once every K arcs. Let us make this precise.

Lemma 6.69. Let Q@ be a cancellation consistent dimer. If p is an {-free path having C
crossings with zigzag paths, then its length is bounded by K(C + 1).

Proof. The strategy is to show that p necessarily crosses a zigzag path at least once
every K arcs, and then apply Lemma 6.68.
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We claim that a path cba of length 3 either crosses a zigzag path at b or is part of
a polygon. To check this, we take on the perspective of b, allowing us to find words for
where a and c¢ turn at head and tail of b. The generic case is when a and ¢ are neither
left-most nor right-most. Then, the path cba crosses both zigzag paths starting at b.

Let us treat the special cases. If ¢ is the left-most (resp. right-most) at the head
of b and a is the right-most (resp. left-most) at the tail of a, then cba is part of a
counterclockwise (resp. clockwise) polygon. If ¢ is the left-most (resp. right-most), but
a is not the right-most (resp. left-most), then the zigzag path starting at b and turning
right (resp. left) crosses p at b. Similarly if a is the right-most (resp. left-most), but ¢ is
not the left-most (resp. right-most), then the zigzag path starting at b and turning left
(resp. right) crosses p at b.

Either way, we conclude a path cba of length 3 either crosses a zigzag path at b or
is part of a polygon. Now regard a path longer than 3 arrows. How many consecutive
arcs are possible without crossing a zigzag path? By consistency, there are at least
four polygons incident at every vertex. Hence if dcb lies in a polygon and cba lies in a
polygon, then both lie in the same polygon. We conclude that after K arcs, a path has
either completed a cycle around a polygon or crossed a zigzag path. If a path p contains
no cycle at all, then it has crossed at least ||p|/K| many zigzag paths. Reading this
inequality the other way around gives the desired bound. O

We recall some notions, before diving into the proof. Let p be a path in Q. By con-
sistency, p is equivalent to a composition £*¢ of a cycle power ¢¥ and a minimal path ¢.
That is, ¢ cannot be written as a multiple of £. This decomposition p = ¢*¢ is unique up
to equivalence of q. Let us call k the “looseness” of p.

Remark 6.70. If p = pofp; is a path containing a cycle, then pofp; ~ popil. If Q is
cancellation consistent, it satisfies the cancellation condition: If p is equivalent to ¢*,

ékfl

then pop; is equivalent to . Once established that paths equivalent to £*~! have

bounded length, then pop; and hence pafp; are also bounded.

Lemma 6.71. Let Q) be a cancellation consistent dimer without triangles. For any vertex
v and integer k, the paths equivalent to (* at v are of bounded length.

Proof. We have a partial invariant at hand: the number of times a given pass crosses
a zigzag path. This number is not preserved under F-term equivalence in general, but
becomes an invariant once we restrict to closed /-free paths.

We proceed by induction. Assume all closed paths equivalent to £¥~1 starting at vertex
v have length < N. Let p be a path equivalent to ¢£*. If p contains a cycle ¢, then we
can bound |p| < N + K by Remark 6.70 and we are done. Therefore we can assume p is
(-free.

Pick a sequence /¥ = py,...,p, = p of paths, each related to its successor by an
F-term move. Let m < n be the maximal number where p,,, still contains a cycle £. Then
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|pm| < N + K by the induction hypothesis. An F-move changes length by at most K,
hence |py+1] < N + 2K. By Lemma 6.68, the path p,,+1 has the same total number of
crossings with zigzag paths as py,49,...,p, do.

Since |pm+1| < N + 2K, the path p,,11 has at most 2N + 4K crossings with zigzag
paths. We have seen this number stays constant and hence also p,, has at most 2N + 4K
crossings with zigzag paths. By Lemma 6.69 its length is bounded by K (2N + 4K + 1).
This finishes the induction. O

Theorem 6.72. Any cancellation consistent dimer without triangles is of bounded type.

Proof. Lemma 6.71 already establishes the claim for the paths p = ¢¥. We deduce from
this the general case where p is an arbitrary path. Fix some path p’ from the end of p
to the start of p, such that p’p is contractible. Then p'p ~ £*0 for some ky. Now let ¢ be
an arbitrary path equivalent to p. We get

g~p = pg~pp~Lr.

By Lemma 6.71, the length of p’q is bounded. In particular, the length of ¢ is
bounded. O

Remark 6.73. The bound of Lemma 6.71 is exponential in k:
g~ 1" = gl < O((2K)").

The bound is also exponential if we fix p and regard paths g ~ p¢*. Indeed, let p and p’
be fixed paths with p’p ~ £¥0, then

g~ = gl < |p'ql < O(2K)"),

since p'q ~ ¥tk These bounds are far from sharp. Regard for example a relatively
straight dimer like the one in Fig. 6.3b. This figure convinces us that the expected bound
is actually linear in k.

6.11. Main theorems on flatness

In this section, we collect our main theorems on flatness. In particular, we return to the
case where the relations come from a superpotential. For the statement of our theorem,
the deformed relations are supposed to come from a deformation of the superpotential
and the algebra is supposed to be CY3.

Let us state our flatness result first in the most general way, taking the setup from
Convention 6.14.
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Remark 6.74. Recall that I(R) is the ideal generated by R in CQ. The spaces I (R)@,
I(P)cg and I(P) are a bit more complicated. We defined them in an intricate way in
section 6.5. Under the assumptions of Proposition 6.75, the definitions however simplify:
The space I(P) C B@@ is quasi-flat by Proposition 6.43 and I(P)cq € B&®CQ is
quasi-flat if ¥ only maps to mC@Q by Proposition 6.48.

In simplified terms, the space I(R) co s the closure of the ideal generated by R in @
by Lemma 6.54. The space I(P)cq is the closure of the ideal generated by P in B&CQ
if 4 only maps to mCQ), since I(P)c¢ is quasi-flat and hence closed. The space I(P) is
the closure of the ideal generated by P in B@@ with respect to the tensor topology
by Proposition 6.60. Written out, we have

I(R) = CQRCQ C CQ,
I(R)g, = CQRCQ ¢ CQ,

I(P)cq = (B®CQ)P(BECQ) € BRCQ, if Y(R) C mCQ,

I(P) = (B&CQ)P(BECQ) < BECQ.

With these preparations, we are ready to state our flatness result in the most general
way.

Proposition 6.75. Under Convention 0.1/, assume R is of bounded type and [BG] and
[CP] hold. Then we have:

. BIQ(Qg)Q is a (tensor continuous) deformation of %

B®CQ

cQ
* TPy is a deformation of % if ¥ only maps to mCQ.

Proof. This is a culmination of what we have proved in the preceding sections. Regard
the first statement. Since R is of bounded type and [BG] and [CP] hold, Proposition 6.43
implies that I(P) is quasi-flat. By Lemma 6.54, we have that I(R)@ is closed and by

Lemma 6.56 it has a closed complement. Invoking Lemma 6.62 gives that (B@@)/](P)
is a deformation of @/I(R)@

Regard the second statement. By Proposition 6.48, also I(P)c¢ is quasi-flat. Invoking
Proposition 6.4 proves the second statement. This finishes the proof. O

Let us restate this proposition in case the relations come from a superpotential. Recall
that a superpotential W gives a relation space R = span{J, W} and a deformation W’ of
the superpotential gives a deformed relation space P = span{d, (W + W')}. All details
are taken care of by Lemma 6.18. Let us use the following notation:

CQ
AN

Jac(Q, W) =
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- TQ
JaC(Qv W) - (8aW) 9
Jac(Q, W + W) = —— BeCQ iwremco,
(BRCQ)(0a(W + W) (BRCQ)
B&CQ

Jac(Q,W + W') =

(BCQ)(@a(W + W))(BTQ)

With these considerations, the following theorem is an immediate consequence of
Proposition 6.75.

Theorem 6.76. Let Q be a quiver, W € CQ>3 a superpotential and W' € m@ be cyclic.
If Jac(Q, W) is CY3 and W is of bounded type, then

. Jac(@, W + W') is a deformation of Jac(@, w).
e Jac(Q,W +W') is a deformation of Jac(Q, W) if W' € mCQ.

The theorem also applies to the standard Jacobi algebra Jac@ of a dimer. Here
cancellation consistency of @ already implies that Jac @ is CY3 [18, Theorem 8.1]. We
have investigated the specific superpotential W = Wj}‘,c — Wy In section 6.10. It is the
difference of the clockwise and the counterclockwise polygons in Q. If all polygons in @
have equal length or @ sits in a torus or has no triangles, then the superpotential W is

of bounded type.

Theorem 6.77. Let Q be a cancellation consistent dimer of bounded type. Denote by W
the superpotential of Q and let W € mCQ be cyclic. Then

. Jac(@, W + W') is a deformation of Jac(@, w).
e Jac(Q, W +W') is a deformation of Jac(Q, W) if W' € mCQ.

7. A deformed Cho-Hong-Lau construction

In this section, we recapitulate the mirror construction of Cho, Hong and Lau [17] and
formulate a deformed version. Let us sketch this procedure: The construction of Cho,
Hong and Lau starts from a pair (IL,C) consisting of an A.-category C together with
a designated subcategory I C C whose Ay-products are cyclic. From this pair (IL, C)
they construct a Landau-Ginzburg model: an algebra Jac(QY, W) with a central element
¢ € Jac(QY, W). They also construct a functor F : C — MF(Jac(QY, W), ):

Cyclic subcategory Mirror functor
LCcC F :C — MF(Jac(QY, W), ()
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The idea to deform this construction is as easy as it can get: Once we change C
to a deformation C,4, the relations of Jac(QT, W) deform and the central element /
changes. As long as the subcategory L, C C, is still cyclic, this gives a deformed
Landau-Ginzburg model (Jac(QY,W,),#,) together with a deformed functor F, : C, —
MF (Jac(Q%, W,),¢,):

Cyclic deformed subcategory Deformed mirror functor
L, C¢, F:C, — MF(Jac(Q%, W,),¢,)

In section 7.1, we motivate the Cho-Hong-Lau construction via Koszul duality. In
section 7.2, we recall the construction and fix notation. In section 7.3, we start deforming
the construction by building a deformed Landau-Ginzburg model. In section 7.4, we
prepare a category of projective modules for deformed algebras. In section 7.5, we define
categories of deformed matrix factorizations. In section 7.6, we construct the deformed
mirror functor.

After discussing the Cho-Hong-Lau construction in section 7.2, we will assume
Convention 7.6 throughout the rest of the section. From section 7.3 onwards, we as-
sume its deformed version Convention 7.22. In text and lemmas, we may typically omit
mentioning the conventions, while for the actual results we will always remind the reader.
We may refer to the non-deformed Cho-Hong-Lau construction as the “classical construc-
tion” and to the deformed version as the “deformed construction”.

7.1. Perspective from Koszul duality

In this section, we motivate the construction of Cho, Hong and Lau from the perspec-
tive of Koszul duality. In fact, the Cho-Hong-Lau construction is a specialized variant of
Koszul duality adapted to the case that C is not an augmented A..-category. In section 3
we have already recalled Koszul duality and the connection between cyclic A,.-algebras
and Calabi-Yau algebras. We have also provided a series of direct tweaks to Koszul du-
ality which motivate the Cho-Hong-Lau construction. In the present section, we compile
explicitly a roadmap from Koszul duality to the Cho-Hong-Lau construction:

Starting from arbitrary C: Koszul duality departs from an augmented finite-dimensional
Aoc-algebra A and yields a functor 1\/Iod£(ilght A — Tw A'. Cho, Hong and Lau instead
depart from an A..-category C and subcategory of reference objects L C C. They form
the Ao-algebra A = Hom(IL,L). Their mirror functor is then roughly the composition

Foc 2 Nodd A Ko iy 41

Multiple reference objects: The Koszul dual A' is always an algebra of noncommutative
power series. When departing from a category IL with multiple objects, the algebra A
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becomes structured over the semisimple ring CQgy. The Koszul dual A' inherits the
structuring and becomes a quiver algebra with vertex set Qo. The dual element z
runs in the opposite direction of x;.

Passing to cohomology: The Koszul dual of an A.-algebra is a dg algebra. Cho, Hong
and Lau forget the dg algebra and pass to cohomology. The root cause for the success
of this procedure consists of an A..-morphism A' — HY A'. As we demonstrate in
Lemma 3.61, this A,.-morphism exists naturally if A is positively graded.

Restriction to odd morphisms: The Koszul dual of an A..-algebra A spanned by

\%
n

x1,...,%, is generated by dual variables xy,...,z) of degree |z)| = 1 — |x;|. Cho,
Hong and Lau take the even part of A into account, but restrict the mirror H° A' to
the degree zero generators only. The only relations divided out are d 41z for x € A2.
As we demonstrate in Lemma 3.63, this approach comes completely naturally if A is
positively graded.

Relaxing the grading: Z-gradedness of A is not a necessity for Koszul duality. As we
demonstrate in Lemma 3.65, it is however essential for using H” A' as codomain of
Koszul duality. Cho, Hong and Lau admit A to be Z/2Z-graded. To obtain a func-
tioning Koszul duality in this case, the codomain of the functor is not based on the
actual cohomology H® A' but deploys a surrogate. As we demonstrate in Lemma 3.68,
the functioning surrogate for H® A' is a quotient of the tensor algebra generated by
xy for x; odd. The surrogate ideal is generated by the restrictions of d yzy € A' to
T(A°4[1]) C T(A[1]) for z; even.

Cyclicity of relations: Cyclicity of the A..-algebra A typically makes its Koszul dual A'
a Calabi-Yau dg algebra. While its cohomology H® A' is not necessarily a Calabi-Yau,
the surrogate algebra used instead of HY A' is always the Jacobi algebra Jac(Q™, W)
of a quiver with superpotential. It is a candidate for being a Calabi-Yau algebra of
dimension 3.

Non-augmented C: Koszul duality requires that the algebra A is augmented in the sense
that A.-products of non-identities never yield identities. Cho, Hong and Lau solve
this by accumulating all products that yield identities in an element ¢ € A'. The
element ¢ is central in A' and therefore forms a curved dg algebra (A', ).

Matrix factorizations: Together with the curvature mentioned above, the result is a
Landau-Ginzburg model (Jacy Q¥, £) consisting of the Jacobi algebra of a quiver with
superpotential, together with the additional potential £ as curvature. The suitable ana-
log of the codomain Tw Jac(Q™, W) in this curved setting is category MF (Jacy Q¥ ¢)
of matrix factorizations.

Opposite construction: Koszul duality yields a strictly defined Koszul dual A' and a
functor to Tw A'. Cho, Hong and Lau instead construct a Jacobi algebra based on
the opposite algebra of A'. In this algebra, generator x} points in the same direction
as x;. The codomain of the functor never has to be written Tw(A')°P, because Tw is
replaced by MF. While Tw is naturally a category of right modules, the category MF
is by definition a category of left modules and therefore already takes the opposite
into account.
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The most important ingredients of the Cho-Hong-Lau construction are the category
C and a choice of subcategory L. = {L1,..., Ly} C C which is largely cyclic with respect
to a non-degenerate odd graded-symmetric pairing (—, —). We shall fix this terminology
as follows:

Definition 7.1. Let C be an Z/2Z-graded A..-category. An odd non-degenerate graded-
symmetric pairing on C consists of a family of non-degenerate odd bilinear pairings
(—, —)L,,L, indexed by all pairs of objects L1, Ly € C, with

(—,—)p1,L, : Hom(Lq, Ly) x Hom(Lg, L) — C, (x,y) = (—1)|x“y‘<y,x>.

Remark 7.2. We simply write (—, —) instead of (—, =), ,. We set (x,y) = 0 whenever
x,y lie in incompatible hom spaces.

When choosing a basis for the odd part of the hom spaces of I, one obtains a dual
basis for the even part of the hom spaces of L as in Definition 3.56. We shall prepare here
terminology for the precise type of basis that the Cho-Hong-Lau construction requires:
Definition 7.3. Let L = {Ly,..., Ly} be a unital A-category with non-degenerate odd

graded-symmetric pairing (—, —). Let E;; be disjoint index sets for every 1 < 4,5 < N
and let

{Xc}eer,, € Hom®Y(L;, L), {Ye}eer, € Hom®*(L;, L;), id}, € Hom*'Y(L;, L;)
for every 1 <4,j < N. Then the triple {X.}, {Yc}, {id},} is a CHL basis for L if

1. These families of morphisms form a basis for the hom spaces of . when combined
with the identities idy,,:

Hom(L;, Lj) = span{X,}ecr,, @ span{Y,}eer,, [ ®span{id,,idy,} if i = j].
2. We have the pairing identities

<}/;,Xf> <Xf, > = §ef, <id*Li,idL].> <ldL 7ldL >
(Xe, Xp) = (Yo, Yp) =0,  (idy,idp,) = (id} ,id} ) = (7.1)
(Xe,idp,) = (Xe,id7,) =0, (Ye,idr,) = <Ye,1dLi) =0.

The element id7,, is the co-identity of L; in L.
Remark 7.4. In contrast to the case of cyclic Ay-algebras, the pairing pairs the opposite

hom spaces Hom(L;, L;) and Hom(L;, L;). The dual basis element for X, € Hom(L;, L,)
is therefore an element Y, € Hom(L;, L;). This is the reason why the basis elements Y,
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for Hom®**"*(L;, L;) are indexed by the index set Ej;; borrowed from the basis of the

opposite hom space Hom‘)dd(Lj7 L,).

Remark 7.5. A Cho-Hong-Lau basis for L. always exists if the hom spaces of L. are
finite-dimensional. This is a simple consequence of Definition 3.56 which we shall briefly
explain. First, the identity id;, determines a dual odd element id} € Hom°% (Li, L;).
One now freely chooses further odd elements X, € HomOdd(Ll-, L;), where the index e
ranges over an arbitrary set E;; for every 1 <14, j < N. Together with the co-identities,
the elements X, are supposed to form a basis for the odd part of the hom spaces of C:

HOHlOdd(Li, Lj) — SpaD{Xe}eeEij [@Cldil if i = j]

According to Definition 3.56, we obtain a unique dual basis for the even hom spaces. It
is of the form

Hom®*"(L;, Lj) = span{Ye}ecp,, [©Cidg, if i = j].

By construction, the triple {X.}, {Yc} and {id} } now satisfies the pairing identities
(7.1) and forms a CHL basis according to Definition 7.3.

7.2. The Cho-Hong-Lau construction

In this section, we recall the construction of the noncommutative mirror functor due
to Cho, Hong and Lau [17]. The aim is to define the mirror functor as fast as possible.
The mirror functor recalled here serves as leading term of the deformed mirror functor
which we construct in the next sections. The present section also serves to fix notation
and terminology as well as to fix sign conventions.

In Convention 7.6, we record the complete list of input data and assumptions for
the Cho-Hong-Lau construction. The input data include a category C and a chosen
subcategory . C C. The input data also include a choice of CHL basis for .. The
assumptions include that L is “cyclic on the odd augmented part” of L. The precise list
reads as follows:

Convention 7.6. The A -category C is Z/27Z-graded and unital. A subset of reference
objects L. = {Lq,...,Ly} C C is provided. The category L is supposed to come with an
odd non-degenerate graded-symmetric pairing (—, —). A CHL basis {X,}cer,;,1<ij<N,
{Ye}eer,; 1<ij<n, {id}, }1<i<n for L is provided. The category L is required to be cyclic
on the odd part with respect to (—, —):

<M(X€k+1a s aX62)7X61> = <lu(X8k7 s ’X€1)7X€k+1>'

The hom spaces Hom(L;, X) are assumed to be finite-dimensional for 1 < i < N and
X elC.
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The construction of mirror and mirror functor proceeds by Koszul transforming the
Ao-structure of L. In classical Koszul duality, one transforms the A..-structure of an
Ao-algebra by looking at which sequences of basis input elements produce a given basis
element as output. In the construction of Cho, Hong and Lau, the role of the input
sequences is played by sequences of basis elements X, ,..., X, , ranging over all hom
spaces in LL. To record the products on these sequences, one introduces a formal variable
z. for every e € F;; and 1 < 4,7 < N. The variables are subject to constraints on
composition, coming from a quiver structure:

Definition 7.7. The CHL quiver Q' has one vertex L; for every reference object L; and
an arrow z. : Ly — L; for every e € Ejj and 1 <4,5 < N.

With the definition of Q¥ in mind, we build the auxiliary formal element

N
b=> Y zX. (7.2)

7,7=1 eEEij

In principle, the basis morphisms X, lie in different hom spaces. If we view g\as a
direct sum of its elements Li,...,Ly, we can interpret b as an element of CQL ®
Hom(L,L). Our convention is that product of the type u(mg, ..., my,b,...,b) is always
to be understood as multilinear expansions of the product under use of the sum (7.2).
More background can be found in [17, Chapter 2].

Summing up products of the type p(mg,...,my,b,...,b) over increasing number of
b-insertions gives an infinite series. The summands consist of paths in Q¥ multiplied
by basis elements X., Y, or (co)identities. The coefficients series of a basis element X,
need not converge in CQY, but generally only in the completed path algebra C/@J. The
special case where the coefficient series terminate is however relevant, as it allows one
to obtain a Landau-Ginzburg model building on the quiver algebra CQ instead of its
completion. We shall give this case a name:

Definition 7.8. IL is of bounded growth if for all morphisms my,...,m; in C there is an
lp € N such that

VIi>lo:  pF(mg,...,my,b,...,b) =0.

With this in mind, we can define all relevant intermediates of the Cho-Hong-Lau
construction as follows:

Definition 7.9. The relations R, € (C/Q\]L and the potential ¢ (C/Q\]L are defined by

N
S uFd,. b)) =tdp+ Y > RY.. (7.3)

k>1 i,j=1ecE;;
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The superpotential is defined as

W= (3" 45 b,....b),b) € CQL.

E>1
The Jacobi algebra is defined as
o &
Jac(QL, W) = ——. 7.4
@)= = (7.4

The Landau-Ginzburg model is the pair (Jac(é]\L7 W), 0). If L is of bounded growth, then
Re, £, W are regarded as elements of CQY, the Jacobi algebra is defined as Jac(Q™, W) =
CQ/(8,, W), and the Landau-Ginzburg model is (Jac(QY, W), ).

Remark 7.10. The element W € (C/Q\]L is cyclic, as we recall in Lemma 7.16. Its derivative
0., W is defined by stripping off . from the front (or rear) side of all terms in W that
start (or end) with z,.

Remark 7.11. The description of ¢ and R, in (7.3) is to be interpreted as follows: All
the products u(b,...,b) are even and can hence be written as a sum of the even basis
elements. The even basis elements are by assumption of the form Y, and idz,. The
element R, is formed by recording the coefficient of Y, and the element £ is formed by
recording the coeflicients of the identities id, and summing up.

Remark 7.12. We have used the notation X for the closure of a set X C CQL with
respect to the Krull topology on CQL. More information on the Krull topology can be
found in section 6.9.

Remark 7.13. In Definition 7.9, the two uses of the symbol (9, W) differ slightly. Namely
n (7.4), the expression (9,, W) denotes the ideal @span(@ze)e@ generated by
the relations d,, W in C/@J, while in the case of bounded growth it denotes the ideal
generated in CQY. Alternatively, the shared definition (9,, W) = C Q™ span(9,, W)CQW
can be used in both cases since in (7.4) closure is taken. The notation for the two ideals

also differs slightly from the notation of section 6.

Remark 7.14. We have decided to treat the case that L is of bounded growth in parallel
with the general case. In contrast, Cho, Hong and Lau [17] specialize to the case of
bounded growth only in Chapter 10. In fact, their construction departs from the even
more general situation involving the Novikov ring. We shall try to make explicit every
time whether we regard the general construction which uses the completed path algebra
and the closure of the ideal, or the specific construction which uses the ordinary path
algebra and ideal.
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Remark 7.15. Unfortunately the calculations of [17] and [16] appear to contain at least
two independent sign issues. We have therefore decided to repeat the calculations here
and repair the signs. We shall here trace back the signs: The first dubious sign can be
found in [16, Theorem 2.19]: The expressions (2.10), (2.12), (2.14) indeed add up to
zero due to the Ao-relation for C, but we need to show that the difference +(2.10) —
(2.12) — (2.14) vanishes. This issue breaks the functor equations for F, even if the matrix
factorizations under consideration have vanishing §. The second dubious sign can be
found in the combination of [17, Definition 4.3] and [17, Definition 4.4]. The specific
combination of sign conventions for pi;e and for the endomorphism & of F seems to
break the functor equations for F. A third issue is that even without regarding the
functor relations the definition of F immediately renders F(id) = —id, while it would
be desirable to have F' (id) = id. We have tried to repair all issues, even though it makes

~

the sign convention for F' slightly unesthetic.

From now on, the element ¢ is typically regarded as an element in the quotient
JaC(QL,W). Its significance in the quotient and the relation between R, and W is
explained as follows:

Lemma 7.16. The superpotential W € CQY is cyclic and we have R, = 0,,W. The

potential ¢ € Jac(QY, W) is central. The analogous statements hold if L is of bounded
growth.

Proof. We divide the proof into the four obvious parts. The first part of the proof is to
check cyclicity of W. To show this, regard the sum decomposition

<,U,k(b,...,b),b> = Z <Mk(X€k+1a'~',X62)7X€1>x6k+1 s Tey e (75)

€150,k +1

We will group the collection of all summands into cyclic orbits. Namely, regard any
term Awe, ., ... %, appearing in this sum. Recall that by the cyclicity assumption of
Convention 7.6 we have

>\ = <p“k(X€k+1’ e ’X€2)7X€1> = </uk(X€k’ e ’X€1)7X€k+1>' (76)

This means the permuted version Az, ...ZTe, T¢,,, also appears in the sum (7.5), with
equal coefficient A. This renders (u*(b,...,b),b) cyclic. Summing over k > 1, we derive
that the entire superpotential W is cyclic.

The second part of the proof is to check that R, = 0, W. Usually, derivatives of a
cyclic superpotential are written in terms of those paths starting with the given variable
Ze. Since W is already cyclic, it suffices to extract all paths which instead end on z..
To avoid double indexing by e, we will write z; in the expansion of (u*(b,...,b),b).

Ultimately, we calculate within CQT that
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s, W = 0, <Z pF (b, ..., b), foxf>
f

k>1

= Oy, <€id]L + ZRfo,foXf> = Oy, ZRfl‘f = R..
f

f !

The third part of the proof is to check that £ € Jac(éi, W) is central. In this part of
the proof, we shall regard ¢ interchangeably as element of CQ™ or J ac(@, W). We start
with the observation that within CQ™ @ Hom(L, L) we have

N
0= uF,... . pb,...,b), . 0) =D pF(b,..)> lidy, + Y ReYe,...,b)
=1

k>11>1 k>1

We have essentially performed a reordering of the double sum which is legitimate since
the path lengths regarding Q™ encountered in p(b, . .., b) increase as the number of inputs
increases. We now claim that apart from p?(b, ;idr,) and p?(¢;idy,,b), the entire sum
on the right-hand side of the equation lies in (9,, W)®Hom(L,L). Indeed, all terms with
identities vanish for k£ > 3 and k = 1 and the products 1nvolv1ng Y, all embrace relatlons

R.. We caution that the expression does in general not lie in (CQ]L span(a w)C Q]L see
Remark 6.53 for an illustration. Ultimately, we conclude within Jauc(Q]L W)®Hom(L, L)
that

0 = p?(b, fidy) + p? (4idy, b).

Let 1 <1,5 < N and e € E;;. Then extracting the X.-component gives

0 = z.f — {z, within Jac(C/ﬁ‘, Ww).

We conclude that ¢ commutes with all arrows in QU and hence with all finite paths.
Let now z € @ be an arbltrary element. If one wants to take Krull-continuity of the
projection T : (CQL — Jac(Q]L W) for granted, simply choose a sequence (z,,) € CQ
with x,, — «, then 0 = 7(x, )¢ — ¢n(x,) — 7(x)¢ — ¢m(x), hence xf = fx. If not, write
x =) >0k where x; is homogeneous of length k. Then

Zﬂ(ﬂ%) {=m ka (]l = Zwkf =7 fok—i—zk

k>0 k>0 k>0 k>0

=/ Z’]T({,Ck)

k>0
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Here 2z, € (0., W) denotes the difference of 3¢ and fx), when regarded as elements of
(C/Q\]L. Note that z;, has length at least k since 2, does, hence 3" 2, € (9,.W). We con-
clude that ¢ commutes with any element x € Jac(éi7 W) and hence ¢ € Z(Jac(éi, W)).
The fourth part of the proof consists of observing that the calculations still hold, even

simplify, in case L is of bounded growth. This finishes the proof. O

It is time to demonstrate how one calculates in the Jacobi algebra. For instance, within
Jac(QL, W) @ Hom(LL, L) the expression (7.3) simplifies to

N
> kb, b) =D tidy, € Jac(QY, W) ® Hom(L,L).
k>1 i=1

We are ready to recall the construction of the mirror functor of Cho, Hong and Lau.
The idea is to tweak the Koszul duality functor for the A-algebra A = End(IL). We shall
construct two functors I and F', where F serves the general case and F' the case where
L is of bounded growth. The domain of both functors is C and the codomains are the
matrix factorization categories MF (Jac(QL, W), £) and MF (Jac(QY, W), ¢), respectively.
We start with the explicit descriptions on the level of objects:

N
F(X) = | @ Jac(QF, W)L; ® Hom(Li, X),  §(m) = > (~1)!™ 5 (m,b,....0) | |

i=1 E>1
(7.7)
N
F(X) = | @ Jac(Q", W)L; @ Hom(L;, X), d(m) =Y _(=)I™lu*(m,b, ... b)
i=1 E>1
(7.8)

Let us explain how to interpret these expressions as matrix factorizations. Recall from
Remark 4.12 that a matrix factorization can be defined as a Z/2Z-graded module which
together with an odd endomorphism which squares to the desired central element. In
our case, the Jac(QL, W)-module Jac(QY, W)L; @ Hom(L;, X) shall have Z /2Z-grading
inherited from Hom(L;, X). Since b is odd, the map ¢ itself becomes odd. The module is
projective and finitely generated since Hom(L;, X) is finite-dimensional by assumption.
If we check that § squares to ¢, then ﬁ(X ) is indeed a matrix factorization.

Lemma 7.17. For X € C the object ﬁ(X) is indeed a matriz factorization of (Jac(éi,
W), 0). If L is of bounded growth, then F(X) is a matriz factorization of (Jac(QY, W), £).

Proof. We merely check the case of F (X). It is our task to show that 6% equates to
multiplying by £. Calculating in Jac(QL, W) ® Hom(L, X), we get
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6(6(m)) = 5(2(_1)Hm”ﬂk(mv b,..., b))

E>1
= > (=)l m =tk (b, L b), b, b)
1>1 k>1
== (@)™ (myb, b)Y pF(myb, (b, D), )
n>1 E>21>1

= p?(m, fidy,) = Im € Jac(@“, W) ® Hom(L, X).

Here we have used the Ao-relation p-pp=0and 7,5, pt(b, ..., b) = fidy. We conclude
that 62 = ¢. This shows that ﬁ(X ) is a matrix factorization. The analogous calculations
show that F'(X) is a matrix factorization when L is of bounded growth. O

We are finally ready to write down the functors F and F. On objects, these functors
map X € C to their associated matrix factorizations F(X) and F(X) defined in (7.7).
On morphisms, the functors are intuitively constructed through viewing Hom(L;, X) as
a module over End(LL) and composing with the Koszul duality functors. We explain the
origin of the functors in more detail in Remark 7.21.

Definition 7.18. The CHL functor F is the mapping

F:C ——— MF(Jac(QL, W), 0), (7.9)
X — F(X), (7.10)
ﬁ(mka ceey ml)(m) = (71)(Hm1”++”mk”)”m‘|+1 Z .uk+l+1(mk7 sy My, M, b7 SRR b)
1>0
(7.11)
for m; : X; — X1, mEﬁ(Xl). (7.12)

In case L is of bounded growth, the functor F : C — MF(Jac(Q™, W), /) is defined
analogously.

Remark 7.19. Let us elaborate and make sense of the definition of f(mk, ...,m1). To
start with, the sequence my,...,my is an arbitrary sequence of morphisms m; : X; —

X411 in C. The morphism ﬁ(mk, ...,my1) is supposed to be a Jac(QL, W)-module map
F(X1) = F(Xg+1). Let us make sense of its definition: The element m used to define
this map lies in the direct sum

F(x1) = @ Jac(QL, W)L; ® Hom(Ly, X1).

iEQY

Its image ﬁ(mk, ...,mq)(m) is defined by the products pu(mg, ..., my,m,b,...,b), with
an arbitrary amount of b-insertions. The result of each of these products lives in
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F\(Xk;Jr]) = @ JaC(QL,W)Lj & HOIIl(Lj7Xk+1).
JeQf
To see this, recall that the formal parameters x. in b simply get multiplied up as we

evaluate the product. Simply speaking, a product where the right-most b-summand
z. X, is consumed lands in Jac(Q¥, W)t(e) ® Hom(Ly(), Xpt1). Finally, note that

F(myg, ...,my) is indeed a module map: If a € Jac(éi, W), then F(mg,...,m1)(am) =
aF(mg, ..., mq)(m) since the factor a can be pulled to the front.

The main algebraic result of Cho, Hong and Lau entails that F indeed defines an
A o-functor:

Lemma 7.20. The CHL functor is a unital A -functor F : C — MF(Jac(Q/)E,W),E). In
case I is of bounded growth, then F' is a unital A -functor as well.

Proof. We have that F(id)(m) = (—1)I™I+142(id,m) = m, therefore F(id) = id. Sim-
ilarly, we have F(myg,...,m1) = 0 whenever k > 1 and one m; is an identity. For the
functor relations, we need to check

S (=l Imal E iy, p(ma, - mgga), . ma)

.9

= (3 (F(m, ... migr), Fma, ... oma)) + e (B (my, ... ,ma)).

Both sides are homomorphisms F(X) — F(Y) of certain Jac(@, W)-modules. In order
to equate both sides, we plug in an arbitrary element m € F(X) and start evaluating
from the left-hand side. Minding the notation 6(m) = (—1)I"™§(m), we get:

Z (_1)Hm1H++”mJHﬁ(mk7 s 7/,[,(7’7’1,7;7 s amj-‘rl)’ Ty ml)(m)
0<i<j<k

— Z (_1)Hm1|\+~~+llm]‘IH(HmlH+~~+Hmkll+1)\|m|\+1

0<i<j<k
0<l
k+1
X pE (Mg, p(m, oo, mgga), ..o, ma,my b, D)
= Z (=)l Clmall -l 1) [ mll
1<i<k—1
J,1=0
k—i+l+1 i+141
X ’ (mka "a/J'Z (miv"'vmlvmvba'"7b)7ba""b)
4 Z HmIH lmall+...+llme I+ [m|l Hl(ukHJrl(mk,...,ml,m,b,...,b),b,...,b)
4,520
1 kit j+1
4 Z \|m|\+(||m1\|+ Allmell+ ”lm“u +i+ (m k7~-~7m17MJ+ (m,b,...,b),b,...,b)

1,720



542 R. Bocklandt, J. van de Kreeke / Journal of Algebra 672 (2025) 413-602

Z F(my, ... ,mi)(F(mi,...,m1)(m))

1<i

(-1 )|mn+ sl tllmal Dl e D105 B g )(m))

+ (- )HMIH lmall+- A llmell+ D) [mll+1+(Ima |+ +H7nk|\)|\5(m)|\+1F( “7m1)(5(m))

= |m|| + (fmal + ... 4 lme]] + D)llm]| + (|l + - ..+ [l Im]] + 1+ ([magal + ...+ [|ml]) (HF mi,...,m1)(m)|) +

= Z (_1)(Hmi+1H+---+HmkH)(HmlH+---+Hmi|\+1)ﬁ(mk’_..,mHl)(ﬁ(mi’.__’ml)(m))

1<i<k—1
+ 5 (F(mp, ... ,ma)(m)) — (=1)F@meemDl By my)(3(m))

= 13 (F(mus - . mis1), F(ma, ..., ma))(m) + e (F(mu, - .. ,ma))(m).

This calculation deserves a few comments. In the first equality, we have unraveled the
definition of F. In the second equality, we have used the A..-relations for C, which adds
an absolute flip to the sign. In the third equality, we have reinterpreted the inner and
outer p applications as For 5, using that é(m) = — > s1 #i(m,b, ..., b). In the fourth
equality, we have rewritten the expressions in terms of the products pyp. Since m was
arbitrary, we conclude that the A,.-functor relations hold. The very same calculations
apply for F in case L is of bounded growth. 0O

Remark 7.21. The approach of Cho, Hong and Lau seems to originate from Yoneda
functors instead of Koszul duality. We sketch here their line of reasoning [16,17], focusing
on the case of a single reference object, L = {L}. Let Ch denote the dg category of chain
complexes.

A typical Yoneda functor in the A,-world takes the shape F' = Hom(L,—) : C — Ch
and sends X € C to the chain complex (Hom(L, X), u'). The functor F is not strict, but
has higher components FZ! given by F(my,...,m;)(m) = +u(my, ..., my,m).

Twisting an A,-category C by any element b gives a new possibly curved A..-category.
Cho, Hong and Lau simply decided to enlarge the category C by introducing formal
variables z. for every odd basis element X, of the hom space Hom(L, L). Their twist
is given by the element b = > x.X,.. This gives an enlarged and twisted category Cp =
(C{ze)),b). Its products pf are given by twisting y with b. This category in principle has
a Yoneda functor Fy : C, — Ch itself, given by

Fb(X) = (Hom(L’X),Mb)v (7.13)
Fy(mg,...,m1)(m) = pp(mg,...,my,m).

At this point, adaptations have to be made. For instance the map u}, explicitly puf(m) =
w(b,...,m,...,b), is not a differential anymore because C, has curvature u(b,...,b).
Before we proceed, simplify Fj slightly by inserting b only at the right-most positions in
(7.13).
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To make pi a differential and restore the functor Fj, the crucial idea is to enforce
relations among the variables x. to at least render the curvature a multiple of the identity.
This precisely explains the choice of the relations R.. It is noted that ,u; is still not a
differential since p(b, . .., b) may contain an identity term ¢idy,. This in mind, ui however
squares to ¢ and we are in the realm of matrix factorizations. The functor Fj can be
adapted accordingly. This explains the original motivation of Cho, Hong and Lau.

7.8. Deformed Landau-Ginzburg model

In this section, we start deforming the construction of Cho, Hong and Lau. The idea
is as easy as it can get: We apply the Cho-Hong-Lau construction formally to the whole
formal family of categories (C,). Intuitively, we obtain a family of matrix factorization
categories. More precisely, we get a new algebra JaC(@‘,Wq), a new central element
l, € Z(Jac(éi,Wq)), a deformation MF(JaC(@,Wq),Eq) of MF(JaC(C/ﬁJ,W)E) and a
functor ﬁq running from C, to MF(Jac(Cﬁ,Wq),Zq). In other words: Thanks to the
generality the Cho-Hong-Lau construction, the mirror gets deformed when the input
category C gets deformed.

In the present section, we devote ourselves to the construction of Wy, ¢, and the
Jacobi algebra Jac(éi, W,). In section 7.5, we define the deformed matrix factorizations
category and in section 7.6 we construct our deformed mirror functor. We document our
setup in the following convention:

Convention 7.22. The category C, the reference objects L. = {L;,...,Ly}, the basis
elements X, Y, idy and the pairing (—, —) are as in Convention 7.6. Let C, be a
deformation of C over a deformation base (B, m). We assume C, is (deformed) cyclic on
odd elements:

<:LLQ(XCJC+17 . '3X62)7X€1> = <,Uq(Xeka e 7X61)7Xek+1>'

We assume that C, is strictly unital with the same identities idx as in C:

:u;(ldX) :07 Mg(ayldX) = a, Mg(ldx,&) = (_1)|a|a7 ,qud(,ldX,) =0.
The letter I, denotes the subcategory of C, given by the objects Lq,..., Ly € L.

In overview, our construction of the deformed Landau-Ginzburg model (Jac(éi, W,),
¢,) proceeds as follows: We model the algebra Jac(C/ﬁ‘, W,) still via the CHL quiver Q"
and relations. More precisely, we regard the enlarged version B<§>C/Q\]L 1nstead of C/Q\]L
The deformed superpotentlal W, lives in this enlarged algebra 1nstead of C Q]L The
deformed Jacobi algebra Jac(Q]L, W, ) is defined as quotient of B®C Q]L instead of (CQ]L
The deformed potential ¢, lives in the center of JaC(QL,Wq). We develop in parallel
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Table 7.1

Terminology of deformed Cho-Hong-Lau construction.
Gadget Classical Deformed
Completed quiver algebra (C/C.Q\]L B@(C/é\]L
(slow growth) cQv BRCQY
Superpotential W e (C/Q\LL Wy € BQAQ(C/Q\lL
(slow growth) w e cQl Wy € BRCQL
Relations R, € C/Q\L Ry, € B@EQ\]L
(slow growth) R. € CQY Rg.e € B&CQ-

; . oL _ _Cot or — _BBQL
Jacobi algebra Jac(QL, W) = G Jac(QL, Wy) = & °
L = L

(slow growth) Jac(QY, W) = (g(icQW) Jac(QY, W,) = I(B(SG:CV?)
Potential ¢ € Jac(QL, W) Ly € Jac(QL, Wy)
(slow growth) £ € Jac(Q%, W) £, € Jac(QY, W,)

a variant in case LL is of bounded type. For the variant in case of bounded type, we
need an additional condition on the deformed products j,. We refer to this condition as
being of slow growth, and the condition already implies that LL is of bounded growth.
All terminology is collected in Table 7.1.

Definition 7.23. L, is of slow growth if for all morphisms my, ..., my in C and for every
n € N there exists an [y € N such that

Vi>lo: pit(my,...,mi,b,...,b) € m" Hom(L, Xji1).
Remark 7.24. If IL, is of slow growth, then IL is automatically of bounded growth.

We are now ready to define the deformed relations R, . and potential £,. As the reader
may expect, these are simply read off from p4(b, ..., b).

Definition 7.25. The deformed relations R, . € B&CQL and the deformed potential are
defined by

N
> pkd, b)) =Lid+ Y > RCYe. (7.14)
k20 i,j=1e€E;;

The deformed superpotential is defined as

W, = (3 uk(b,....b),b) € BECQE.
k>0

The deformed Jacobi algebra is defined as
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B&CQL

Jac(éi, W,) =
(0, W)

The deformed Landau-Ginzburg model is the pair (Jac(@,Wq),Eq). If L, is of slow
growth, then Ry ., {;, W, are regarded as elements of B&CQY, the deformed Jacobi
algebra is defined as Jac(Q¥,W,) = (B®CQY)/(d,.W), and the deformed Landau-
Ginzburg model is (Jac(éi, Wq), Lq).

Remark 7.26. The element W, € B @662\”“ is cyclic, as we shall see in Lemma 7.30.
Cyclicity for W is to be understood in the sense that W, € B@@ where (CQ]L
C/Q\]L is the subspace of elements invariant under cyclic permutation. More explicitly, W,
is of the form > m;p; with m; € m™> and p; € @4
W, is cyclic.

The derivatives 0, W, are elements of B@@. More precisely, the derivative 9, W,
— B/m*®
then

cyc? cyc =

cyc- This explains the sense in which

is defined as limy, 0, 7, (W,) where m;, denotes the projection my, : BRCQL

CQL.,c. More explicitly, if W, = > mgpy with m, € m™> and p, € CQE
Op, Wy =3 mp0y,pi. This explains how to understand d,, W,,.

cyc

cyc)

Remark 7.27. The definition of the relations R, . is understood as follows: The chunk of
Ry . reads off from u’;(b, ...,b) for a certain k > 0 consists of paths in Q" of length k,
weighted with deformation parameters. More precisely, this chunk lies in B@(CQH,;. The
total relation Ry . is the sum of these chunks over k > 0. As such, the deformed relations
R, all lie in B@@. As in the classical case, the relation R, . only contains paths
running from h(e) to t(e) for every e € E;;.

Similarly, the potential ¢, lies in B@(C/Q\L. We shall from now on typically denote by
¢, its projection to Jauc(C/)i7 W,). As in the classical case, the only paths contained in ¢,
are loops of QL.

Remark 7.28. In contrast to the classical case, the category C, may also have infinitesimal
curvature. This is not a problem. We simply start counting from k = 0 instead of k =1
n (7.14).

Remark 7.29. Within the present section 7, we have decided to stick to the following
closure notatlons If X C (C‘/Q\]L then X is the closure with respect to the Krull topology.
If X C B®C QL or X C B@JCQ]L then X denotes the closure with respect to the m-
adic topology. If X C B®C Q]L then X° denotes the closure with respect to the tensor
topology. For more information on the tensor topology, we refer to section 6.9.

In the rest of this section, we check properties of the deformed Landau-Ginzburg
model. Our first milestone is a deformed version of Lemma 7.16:
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Lemma 7.30. Assume Convention 7.22. Then the superpotential W, € B®RCQL is cyclic

and we have Ry . = 0, ,W,. The potential {, € Jac(éi,Wq) is central. The analogous
statements hold if Lq is of slow growth.

Proof. The proof is analogous to the proof of the classical version Lemma 7.16. Cautious
is due when working with the completed ideals. We shall therefore spell out a few details.
By comparison, the fact that C, is allowed to have curvature is technically unproblematic.

Cyclicity of W, and the property that R,. = 0. W, follow immediately from the
cyclicity assumption in/C\onvention 7.22 and are unproblematic in the sense that these
properties hold in BRCQL.

We shall rather comment in detail on the centrality of the deformed potential £:
Within B&CQL  Hom(L, L), we have

O—Z Z ph (b, (b, b))

k>0 0<I<k
=00 pkd,. . ph(b, ), D)
k>11>0 (7.15)
N
= phb,..) Leidr, > ReYe,....b)
E>1 i=1

In the first row, we have used the curved A..-relations. In the second row, we have applied
a reordering of the double sum with increasing path length. In the third row, we have
reproduced (7.14). We claim that up to the two terms p2(b, £yidr,) and p2(£qidg,,b),
the entire sum lies in span(d,, VVq)® ® Hom(L,L). Indeed, for every k > 3 and for
k = 1 the summand lies in the intersection of BR&C QL span(R, ) CQY and B(@i)(CQIg,C 1"

Therefore the series converges, apart from the two special summands, to an element of
span (0, W, ) ® Hom(LL,L). Within Jac(Q]L W,) ® Hom(L, L), we conclude that

0 = pa(b, Lgid) + p2(€gid, b).

Let 1 <4,j < N and e € E;;. Then extracting the X.-component gives

0 =z.ly — lyx. Within Jac(éi, We).

We conclude that ¢ commutes with all arrows in Q¥, hence with all finite paths and the
image of B® CQY. Let now z € B®(C QL be an arbitrary element. We shall prove that
m(x)l = ¢r(x), where 7 B®(CQ]L — Jac(Q]L W,) is the projection. The easiest way
to achieve this is by approximating = by finite paths via the tensor topology. Pick any
sequence (z,) C B ® CQF such that 2, — = in the tensor topology. Since (9., W,)
closed with respect to the tensor topology, the projection 7 is continuous. We obtain
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0 =m(xp)l — lr(xy) — w(x)l — {r(z) within Jac(QL, W,).

We conclude that ¢ commutes with any element x € J ac(éi, W,) and hence ¢ €
Z(Jac(QE, W,)). This finishes the third part.

The fourth part of the proof consists of observing that the calculations still hold in
case L, is of slow growth. Indeed, in this case the double sums in the calculation (7.15)
all become finite and apart from the two special terms lie in span(d,, Wy ), noting that the
closure is taken this time only with respect to the m-adic topology. The approximation of
z € B®CQL happens by a sequence z,, € B® CQF which converges to z in the m-adic
topology. This proves the fourth step and finishes the proof. O

7.4. Projectives of deformed algebras
In this section, we show that projectives of an algebra and any deformation are in
one-to-one correspondence. The purpose of this section is to build a rigorous foundation

for our deformed category of matrix factorizations.

Projectives of A, Projectives of A

The core idea of matching projectives is as follows: Projectives of A are direct A-
module summands of a free A-module. Given such a decomposition A®" = P, @ ... P
into projectives, intuition says that the modules P; can be extended to A,-modules P ;
such that AP™ = P, @ ... ® P,. The extensions P,; are direct summands of AS™
and therefore automatically projective. This procedure allows us to turn projectives of
A into projectives of A,. Conversely, our expectation is that a projective module P, of
A, gives rise to a projective P of A by merely setting P = P,/mP,. This allows us to
match projectives of A, with projectives of A.

If P is a projective of A, then BRP is not a projective of Ay Instead, the module needs
to be tweaked a little. This is best accomplished by realizing P as image of an A-linear
idempotent p : A®™ — A®" and lifting p to an A,-linear idempotent p, : A" — AP".
We achieve this by an adaption of the classical idempotent lifting argument to the case
of formal deformations:

Lemma 7.31. Let A be an algebra and A, = (B@A,uq) a deformation. Let p : A®" —
A®" be an A-linear idempotent in the sense that p*> = p. Then there exists an A,-linear
idempotent py : AP™ — AP™ with leading term p.

Proof. The idea is to lift p to an arbitrary A,-module map and then turn it iteratively
into a projection. As a first step, let pg : A?” — A?" be any Ag-linear continuous lift
of p, for instance given by setting po(e;) = p(e;) € A¥™ C AP™ where ey, ..., e, are the
basis vectors of AP™.
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As a second step, we construct a sequence of Agz-module maps py, : AZB" — A?” such
that p? — py € m?2" End(A$") and pri1 — pr € m?2" End(A$"). The first item in the
sequence is the already constructed map pg. Assume for induction that the sequence
has already been constructed up to px. Then put € = p? — pi. By induction hypothesis,
£: AP — AP" is an Aj-module map which lies in m?2* End(A$").

The trick is to set ppy+1 = pr £ € in order to render pﬁ_H — pr+t1 of lesser order than
p% — pr = €. The correct sign is neither plus or minus in general, but differs for two parts
of €. More precisely, we split ¢ into a part mapping to the image of p; and a part almost
mapping to the kernel of pg:

e=proe+(pp—id)oe.

The right sign for the first part is —1, while the sign for the second part is +1. In
consequence, we put

Pk+1 =Pk —Proe+ (id —py)oe.

Since py, is a Ag-linear, so is p,+1. Noting that € commutes with py by definition, we get

Prs1 — Perr = (pk — pre + (id — pr)e)® — (p — pre + (id — pr)e)
= (P — pr) — 2pie + 2(pr — PR)e + pre — (id — pr)e + O(?)
= pre + (id — pr)e — 2pie + 2(pr — pi)e + pre — (id — pi)e + O(e?)
= 4(px — pP)e + O(e?) = O(e?),

In the calculation, we have written O(g?) for any expressions containing an &2 factor.
We conclude that ppiq € (m2")2 End(AZ") = m2"" End(A$"). This finishes the con-
struction of pgy1 and thereby the inductive construction of the sequence (py).

Finally, the sequence (p) converges to a limit map p, : A?" — A;e". It can be
explicitly described as limit of py in every matrix entry, where matrix representation is
taken with respect to the direct sum description A?”. We conclude that p, is an Ag4-
linear map with pg = pq. Since Ty41 — Tk € mEnd(AjIe”) for k£ > 0, the map p, reduces
to p modulo m. This finishes the proof. O

Let P C A?” be a submodule, not necessarily projective. Regard the projection map
7 : BRA — A. Then 7(P) C A®™ is an A-submodule of A®™. To avoid confusion, let
us write p, for the deformed product of A, and p for the product of A. In these terms,
we have for a € A and @ € BRA®™ that p(a,n(x)) = 7(1y(a,z)). Now if x € P, then
pqla,z) € P and we get p(a,m(x)) = w(uqg(a,z)) € n(P). This shows that m(P) is an
A-submodule. With this observation in mind, we can make the following statement:

Lemma 7.32. Let P C A;e" be a projective module. Then the A-module w(P) is projective.
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Proof. Write A?” = P @ Q for some A,-module ). As kernels of projections, both are
automatically closed with respect to the m-adic topology, in particular pseudoclosed.
According to Proposition 2.29, we get that AY" = 7(P) @ m(Q) as vector spaces. As
observed before, both 7(P) and m(Q) are actually A-submodules of A®™. We conclude
that w(P) is a projective A-module. This finishes the proof. O

The endomorphism space Hom 4, (A", AP™) is the same as AP" = BRA®" as B-
module. If A?” =P ®...® Py is a decomposition into A,-submodules, then every hom
space Homy, (P;, P;) can be naturally interpreted as B-linear subspace of B®A®". In
fact, BRA®™ is their direct sum.

Lemma 7.33. Let ASB” = P ® ... 0 P; be a decomposition as Ag-module. Then
Homu, (P, Pj) C BRA®" s pseudoclosed and quasi-flat, and we have m(Homy, (P,
Pj)) = Hom(m(Py), 7(F;)).

Proof. We have A?”Q = Homy, (Af‘f", A?") = @” Hom 4, (P;, Pj). By Proposition 2.29,
we conclude that every Homy, (P, P;) is quasi-flat and pseudoclosed.

It remains to show that m(Homa,(P;, Pj)) = Homa (7 (P;), m(P;)) C A?"z. Pick any
Ag-linear morphism ¢ : P; — P;. We claim that 7(p) : 7(P;) — m(P;) is an A-module
map. Indeed, for a € A and = € P; we have

m(p)(u(a, m(2))) = 7(p(uq(a, x))) = w(pg(a, p(2))) = pla, 7(p(x))) = pla, 7(p)(x)).

Conversely, let ¢ : m(P;) — ©(P;) be an A-module morphism. We shall construct an
A -module map ¢, : P; — P; such that m(¢,) = ¢. The idea is to view the composition
@ : A®" = (P,) — m(P;) < A®". We can write $ as an element of A®"" . In particular,
we obtain a map of A,-modules ¢, : P; — Aff”z — A?”z — Pj with 7(pq) = ¢. This
shows m(Homy, (P, Pj)) = Homa (7 (P;), n(P;)) and finishes the proof. O

Let us set up more terminology. We denote by Proj A the category of finitely generated
projective A-modules and by Proj A, the category of finitely generated A,-modules. Both
are ordinary unital C-linear categories. We use the terminology of A.,-deformations for
these two categories, even though the only product of both is an ordinary associative
composition with different sign rule. In terms of Definition 2.41, we shall prove that
Proj A, is a loose object-cloning deformation of Proj A.

The first step is to define the mapping F' : ObProjA, — ObProjA as given by
F(P) = P/(m - P). Obviously, the quotient P/(m - P) carries a natural action of A =
A,/mA,, rendering it an A-module. This mapping F' is the generalization of the mapping
P — 7(P) to projectives not presented as submodules of free modules. We shall now
prove that F'(P) is actually projective:

Lemma 7.34. Let P € Proj A,. Then the A-module F(P) = P/(m - P) is projective.
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Proof. It suffices to regard the case of a submodule P € AP". We claim that P/(m-P) =
m(P) as A-modules. Regard the A-linear projection map m : P — w(P). The map is
surjective. Its kernel is PNmA®". Since P is a direct summand of BRA®" as B-module,
P C BRA®" is quasi-flat and pseudoclosed. In particular we have PNmA®" = mP = m.
P. We obtain an isomorphism of A-modules P/(m-P) = 7(P). By Lemma 7.32, w(P) is
a projective A-module and we finish the proof by concluding that P/(m-P) € ProjA. O

Proposition 7.35. The category Proj A, is an essentially surjective loose object-cloning
deformation of Proj A over B wvia the mapping F': ObProj A, — ObProj A.

Proof. The proof consists of two steps: First we show that F' is essentially surjective.
Second, we show that Proj A, becomes an object cloning deformation of Proj A.

To see that F' is essentially surjective, let P € Proj A be any finitely generated projec-
tive A module. There exists an isomorphic module P’ and a decomposition A®" = P'¢Q
for some n € N and some module Q. Pick a lift A?" = P/ @ Q,. Then P,/(m- P;) = P,
since mPé =m-: Pé. This shows that P is reached by F up to isomorphism. In other
words, F' is essentially surjective.

To see that Proj A, is a loose object-cloning deformation of Proj A, we have to provide
linear isomorphisms

Ypq : Homa, (P,Q)/(m-Homu, (P, Q)) = Homy (F(P), F(Q)) for P,Q € Proj A,

Let ¢ € Homy, (P, Q). Then ¢ descends to a map F(P) — F(Q). We define 1p q(p) as
this descended map. We need to check that ¥ p g is an isomorphism. For this, we note
that 1 p¢ is defined purely in terms of the module structure of P and Q. It therefore
suffices to show bijectivity of 1p g only in case P and ) are embedded as submodules
of a free module A?". In this case, the hom space Hom, (P, Q) has an interpretation
as pseudoclosed quasi-flat B-submodule of B®A®™ . The map Yp,q is in this case the
map Homu, (P, Q)/(m - Homy, (P,Q)) — Homa(7m(P),n(Q)) simply induced from the
projection to zeroth order Homy (P, Q) — Homa(n(P),n(Q)). The map ¢pq is sur-
jective since Hom4 (7(P), 7(Q)) = m(Hom 4, (P, Q)) by Lemma 7.33, and injective since
Hom 4, (P, Q) is quasi-flat. This shows that 1p g is an isomorphism.

Finally, we have to check that composition in the category Proj A, reduces to compo-
sition in Proj A via {¢)pg}p,g once m is divided out. This is however immediate, since
composition commutes with descending to the quotient by m. This finishes the proof. O

Remark 7.36. The correspondence between projectives of A, and A can typically be
made more explicit. Assume for instance, an element v € A is an idempotent in the
sense that v2 = v. Then Av is a projective of A since Av is the image of the A-linear
idempotent map (—)v : A — A. Moreover, if v? = v within A,, then A,v is a projective
of Ay, since it is the image of the idempotent A,-linear map (—)v: Ay = Aq.

The A-projective F(A,v) = Aqv/(m - Ayv) can be naturally identified with Av via
the map ¢ : A,v/(m- Ajv) = Av given by ¢(a) = n(a)v for a € Ajv C B®A, where
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m : BRA — A is the standard projection. Since ttq is a deformation of p, we have
o(pq(a, b)) = m(pq(a,b))v = p(m(a), 7(b))v and conclude that ¢ is A-linear. The map ¢
is surjective since for a € A we have ¢(a) = av. The map ¢ is injective, since m(a)v = 0
for a € A v implies 7(p14(a,v)) = 0, hence p,(a,v) € mNAw C m-Ayv, since A;v C BRA
is quasi-flat.

Hom spaces between projectives can also be identified. Let v, w be two idempotents
of A still idempotent in A;. Then we have the natural identification

Hom 4, (Aqv, Aqw)
m - Homy, (Agv, Aqw)

= Homa (F(Agv), F(Aqw)) = Hom 4 (Av, Aw).

7.5. Deformed matriz factorizations

In this section, we define deformed categories of matrix factorizations. There are
several issues on the road to their definition. In order to satisfy our demand to serve as
mirror model in the deformed Cho-Hong-Lau construction, the definition furthermore
needs to deviate from what one expects. The first step in this section is to explain these
issues. We then provide a successful construction of the deformed category of matrix
factorizations for any deformed Landau-Ginzburg model. We finish this section with
an explanation how this category becomes an deformation of the ordinary category of
matrix factorizations.

Our starting point is a pair (A, ) consisting of an associative algebra A with a cen-
tral element ¢ € A. Recall from section 4.4 that the category of matrix factorizations
MF (A, ) is a dg category which has as objects pairs of finitely generated projective A-
modules M, N together with A-module morphisms f: M — N and g : N — M such
that fog=/{idy and go f = fidy,.

The starting point for the deformed setup is a pair (Aq, ¢,) of a deformation A, of
A and a deformed central element ¢, € Z(A,). More precisely, 4, = (B®A, ,) shall
be an associative deformation of the algebra A over a deformation base B, in the sense
that p, : (B®A) ® (BRA) — B®A is a B-linear associative product that reduces to the
product p: A® A — A once m is divided out. The element ¢, € Z(A,) is required to be
a deformation of ¢ in the sense that ¢, — £ € mA. We fix this terminology as follows:

Definition 7.37. A Landau-Ginzburg model (A, /) is a pair of an associative algebra and
a central element. A deformation (A,,¢,;) of (A,¢) consists of an algebra deformation
A, = (B®A, j14) of A together with a central element £, € Z(A,) which is a deformation
of £. Disregarding the reference to (A,¢), we may call (Ag,¢;) a deformed Landau-
Ginzburg model.

The following is a naive candidate for a deformed matrix factorization category: Ob-
jects are projective Ag-modules M, N together with A;-module maps f: M — N and
g : N — M such that fog = {;idy and go f = ¢,idps. The hom space of two such
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matrix factorizations f: M == N:g and f': M’ == N’:g would be defined as
Homu, (M, M') & ... similar to the classical case. The differential x* on this category
would be given by commuting a morphism with f, g and f, ¢’ as in the classical case. The
product 2 would be given by standard matrix composition. This defines a dg category
and a naive candidate for a deformed category of matrix factorizations.

Let us now sketch the issues associated with this naive definition. The leading question
is how to interpret this category as a deformation of MF(A, ), both on object and
morphism level.

The first issue consists of matching projective modules of A, with projective modules
of A. Even more, we also need that the hom spaces between projective modules of the
two kinds match. We have resolved this in section 7.4.

The second issue consists of matching the factorization morphisms f, g for ¢, with
factorization morphisms for ¢. In fact, multiple matrix factorizations of (A4, ¢,) reduce
to the same matrix factorization of (A, ¢). A simple example is to multiply f by an
element 1 + ¢ with ¢ € m and multiply g by (1 4+ ¢)~! = Y (—¢)%. Conversely, it is
unclear whether every matrix factorization of (A4, ¢) extends to a matrix factorization
of (Aq,¢,). This makes a precise correspondence between matrix factorizations of (A4, ¢)
and of (A, £,) impossible. We resolve this by building MF(A,, ¢;) as an object-cloning
deformation of MF (A, ).

The third issue consists of liberalizing the category MF(Ag, ;) enough so that it can
serve as codomain of the deformed mirror functor. As we shall see, our deformed mirror
functor does not map to objects (M, N, f, g) where all compositions f o g and g o f are
equal to each other. Instead, the compositions will only agree with the predefined central
element ¢, on zeroth order and differ per object. This phenomenon is inevitable when
starting form a curved A..-deformation. It requires us to admit objects very liberally
into the category MF(Ag, £y).

We resolve the third issue as follows: The objects of MF(Ag, £,) are pairs (M, N, f, g)
of projective modules and module maps, but f o g and go f need only equal ¢, up to
zeroth order. The difference of f o g and ¢,, and of g o f and /,, serves as curvature of
MF (Aq, £q). Since our deformed mirror functor typically requires the codomain to carry
curvature as well, this resolves the third issue sufficiently.

At this point, we stress the crucial importance of A, being a deformation of A in the
sense of Definition 6.1. Intuitively, if A, is smaller than B®&A, then its modules have
smaller hom spaces as well, which breaks all chances to make the category of matrix
factorizations of (A4, ¢,) a deformation of MF(A,¢).

Definition 7.38. Let (A, ¢;) be a deformed Landau-Ginzburg model. A deformed matrix
factorization of (A,,¢,) consists of two finitely generated projective A,-modules P, Q
together with A,-module maps f: P — @ and g : Q — P such that fog— {,idg €
m - Homy, (Q,Q) and go f — £4idp € m - Homy, (P, P).
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Example 7.39. Let A = C[X,Y] and regard the trivial deformation A, = (A[q], ).
Regard the central element £ = XY and the deformed central element ¢, = XY +
g. The object (A, A, X,Y) is a matrix factorization of (4,¢). Both (A4, A4, X,Y) and
(Aq, Ag, X +5¢,Y +¢X) are deformed matrix factorizations of (A, £4). Both however do
not factor to £, precisely, but only on zeroth order. In fact, there are no single elements
f,9 € Ay such that fg= XY +qgand f — X € (¢) and g — Y € (¢). To see this, assume
f=X+qzand g=Y + quw, then fg = XY + q(2Y + Xw) + ¢?2w. In order for this to
be equal to £; = XY + ¢, we need that zY + Xw is 1 on first order, which is impossible.
This shows that matrix factorizations need not have strict lifts, but deformed matrix
factorizations are rather abundant.

Remark 7.40. As in the classical case, the pair of modules (P, Q) can also be described
as a Z/2Z-graded module M = P @ Q[1] (where both graded parts are projective). The
pair of morphisms (f, g) can be described as an odd morphism § : P ® Q[1] — P @ QI1].
We shall liberally switch between the two kinds of notation, identifying

We are now ready to define MF(A,, ¢,). As in the classical case, if (M,J) is a de-

formed matrix factorization, we denote by & the tweaked differential given by & (m) =

(—1)!™I5(m).

Definition 7.41. Let (A4, ¢,) be a deformed Landau-Ginzburg model. The deformed cat-
egory of matrix factorizations MF (A, ¢,) is defined as follows:

o Objects are the deformed matrix factorizations (M, d) of (Ay,¥y)-

« Hom spaces are given by Hom((M,dxr), (N, dn)) = Homa, (M, N), naturally Z/27Z-
graded.

e The curvature of an object (M, d) is~given by /L((JM75) = ~éqidM — 62,

o The differential is given by pu'(f) = dn o f — (=1)/¥1f 0 5ps for f € Hom((M, d11), (N,
on)).

« The product is given by p?(f,g) = (—=1)IFllglf o g.

Remark 7.42. In writing MF(A,, {,), we have abused notation: The category MF(A,, ¢,)
is not the same as (classical) matrix factorizations of the pair (A4, ;).

We aim at showing that MF(A,, ¢,) is an object-cloning deformation of MF(A, £). To
make this true, we provide a map ObMF(A4,,¢,) — ObMF(A, ¢). The construction of
this map is easy and consists of taking the leading term of any matrix factorization:
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Definition 7.43. Let (Aq,¢;) be a deformed Landau-Ginzburg model. Let (M,d) be a
deformed matrix factorization of (A4, ¢). Then the leading term of (M, §) is the matrix
factorization O(M,§) of (A, ¢) given by

O(M. ) = (M/(m - M), x(5)).

In this definition, 7(d) denotes the induced map M/(m - M) — M/(m - M) and is
automatically an A-module map. The quotient M /(m- M) is understood to be performed
in even and odd degree separately. We are now ready to show that MF(A,, ¢,) is an
object-cloning deformation of MF (A, ¢).

Proposition 7.44. The category MF (A4, L,) is a loose object-cloning deformation of
MF(A,¢) along the map O : ObMF(A,,¢,) — ObMF(A4,Y).

Proof. We divide the proof into three steps: The first step is to show that MF(A,, ¢,)
satisfies the (curved) A..-axioms, merely regarding its hom spaces as Z /2Z-graded vector
spaces instead of B-modules. The second step is to investigate the B-linear structure on
its hom spaces and the shape of the products. The third step is to draw the conclusion
that MF (A, {,) is indeed an object-cloning deformation of MF(A, ¢).

For the first step, we check all curved A.o-relations for MF (A, ¢,) one after another.
The first relation reads

Nl(N?M,é)) =0 (Lqidar — %) — (£gidar — §%) o 5 =0.
Note we have used that 62 = —42 and {4 is central. The second relation reads

P () + (02, £) + 6 (f, 1)
=d0(0of—(=1)lfod)

— (=D G o f— (=) fo0d)o0d

+ (=)W g idps — 6%) o f 4 f o (Lgidps — 62)
=820 f+fod®—byf+fly+*of—fod?=0.

We have used again that ¢, is central. The third relation is analogous to the classical
case and reads

w2 (f:9)) + (DIt (1), 9) + 12 (f, 1 (9))
— (_1)\|f|\|g|(5 ofog— (_1)|fg\f 0go g)

+ (71)|ng|+HgH(g of— (,1)|f|f o 5) og

+ (_1)Hf|\|lg||f ° (gog _ (_1)|g\g ° 5) —=0.

The fourth relation is associativity and all other relations vanish.
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For the second part of the proof, we give MF(A,, ;) the structure of loose object-
cloning deformation. This entails providing for every two deformed matrix factorizations
(M, ép), (N,dn) alinear Z/27Z-graded isomorphism

y _ Homyp(a, ) (M, 6nr), (N, 6n))
(M,6n),(N,6N) 'm . HomMF(Aq,Eq)((M7 (5M); (N7 (SN))

:—) HOIHMF(A,Z)(O(M, 5M)7 O(N, 5]\/))

The hom space Homyp(a, ¢,y ((M,d1r), (N, dn)) merely consists of the direct sum of four
hom spaces from the category Proj A,. Thanks to Proposition 7.35, every of these four
hom spaces, quotiented by m, comes with a natural isomorphism to the corresponding
hom space from the category Proj A. We now construct the isomorphism ¥as,5,,),(~v,5x)
by simply combining these four isomorphisms on their respective domains.

For the third part of the proof, we explain why MF(A,, ¢,) is a loose object-cloning
deformation of MF(A,¢) via O. Indeed, composition in MF(Ay, ¢,) is merely given by
matrix composition and we have seen in Proposition 7.35 that it is compatible via ¢ with
composition in Proj A. Similarly, the differential in MF (A, ¢;) is defined via commuting
with 0, which reduces via 1 to commuting with the induced § in Proj A and hence to the
differential of MF (A4, ¢). Finally, the curvature in MF(A,, ¢,) is infinitesimal and reduces
to zero after dividing out m. This proves MF (A, {;) a loose object-cloning deformation
of MF(A, ¢) via O and finishes the proof. O

7.6. Deformed mirror functor

In this section, we construct our deformed mirror functor. The idea is to simply
repeat the Cho-Hong-Lau construction using the deformed category C, as input instead
of C. As we have seen in section 7.3, we obtain a deformed Landau-Ginzburg model
(Jac(QL, W,),4,). The target of the mirror functor is then the deformed category of
matrix factorizations MF(JaC(éE, Wy),£4q). We deploy notation and assumptions from
Convention 7.22. As in the classical case, we construct functors in the general case and
the case of slow growth in parallel.

The first step of this section is to define the deformed functors ﬁq Cy —
MF(Jac(C/ﬁ*,Wq),Eq) and F, : C; — MF(Jac(QY, W), £,) on object level. The second
step is to define them on morphism level. Finally we check that F\q and Fy satisfy the
deformed A.-functor relations and their leading terms are the classical Cho-Hong-Lau
functors F and F. e

An important assumption in this section is that Jac(QL,W,) be a deformation
of Jac(éi,W), or Jac(QL,Wq) be a deformation of Jac(QY, W), in the sense of
Definition 6.1. As such, these algebras come with B-linear algebra isomorphisms

@Jac : JaC(Q]L, Wq) = (B® Jac(Q]L’ W), MJ&C,q)7
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DJac Jac(QL7Wq) = (B® JaC(Q]L7W),/,LJaC,q).

We fix these isomorphisms and will always view Jac(éi,Wq) and Jac(QY,W,) as
deformations of Jac(QL, W) and Jac(QY, W).

Remark 7.45. By Remark 6.6, the isomorphisms @j.. and ¢j,. can be assumed to/lze uni-
tal and be CQY-bimodule morphisms. For instance, any vertex element L; € Jac(QL, W,)
is mapped to the vertex L; € Jac(éi,W)7 without getting deformed. We also have
L? = L; in Jac(@7Wq) and Jac(QY,W,), since the same holds in Jac(C/Qi,W)
and Jac(QY,W). The two module maps (—)L; : JaC(C/ﬁJ,Wq) — Jac(éi,Wq) and
(=)L; : Jac(Q%,W,) — Jac(Q",W,) are therefore idempotents. We conclude that
Jac(C/ﬁ‘7 W,)L; and Jac(QY, W,)L; are projectives.

We start with the explicit description of ﬁq and F, on object level.

N
F\Q(X) = @JaC(QLan)Li®HOmC(LiaX)> 6(m) = Z(_l)”m‘lug(mabvvb) )
i=1 k>1

N
Fy(X) = | @ Jac(Q"™, Wy)L; ® Home(Li, X),  6(m) = > (=D)I™Iul(m,b,....0)
i=1 k>1

Note that each map § is well-defined since L is of slow growth.

Lemma 7.46. For X € C the object ﬁq(X) is indeed a deformed matriz factorization of
(Jac(QL, Wy), £y). If L, is of slow growth, then Fy(X) is a deformed matriz factorization
of (Jac(QL, We),Ly)-

Proof. We merely check the case of ﬁq(X). It is our task to show that £,id 62 is

infinitesimal. Calculating in Jac(C/ﬁ‘, W,) @ Hom(L, X), we find

Fy(x) ™~

Lym — 6%(m) = Lym — 5% (m)

=Lym+ > pit () (myb. . b)b, D)

i,7>0
=Lgm— > pg(m,b,... bg(b,....b),b,...,b)
i,5,k>0 Y ; %
= (=) 2 (g, m, b, . b)
i>0

= (=) i (g, m,b, ., b)
i>0
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€ m - (Jac(QL, W,) ® Hom(L, X)).

Here we have used the curved Aoc-relation for y, and ;5 ph (b, ..., b) = Loidy,. We

conclude that £4id ) —02 is infinitesimal and ﬁq(X ) is a deformed matrix factorization.

The analogous calculations show that F,(X) is a matrix factorization when L, is of
bounded growth. O

Remark 7.47. Explicitly, the curvature of the object ﬁq (X) is the endomorphism of ﬁq (X)
given by

0 = 2 — 1+2/,0
Fare 7, (x) (M) = bgm — 6°(m) = (1)l ;Nq (119, m;b, ..., b).

We now define the deformed CHL functor in analogy to the classical CHL functor:

Definition 7.48. The deformed CHL functor ﬁq is the mapping

F,:C, —— MF(Jac(QL,W,), 4,),
X ﬁQ(X)a

Fy(mp, ... yma)(m) = (—1)rmlltlbmal Dm0 bbb gy oy om, b, )
>0

for m; : X; — Xi+17 m < ﬁq(Xl)

In case L, is of slow growth, the functor F, : C; — MF(Jac(Q¥, W,),£,) is defined
analogously.

Remark 7.49. Note that we put F) = 0, as opposed to F}) = Y-, pht (=, b, ..., b).

We shall now prove that F, ; and Fy are actually functors. We shall also show that their
leading terms are the classical functors F and F. The categories MF(Jac(C/QE, Wy). 4yq)
and MF (Jac(Q¥, W,),¢,) are only object-cloning deformations of MF(Jac(C/QE,W),E)
and MF(Jac(QY, W), /), so making the statement on leading terms rigorous we need
to provide an identification map on object level. In Definition 7.43, we have already
provided such identification maps

—

O : ObMF(Jac(QL, W,), £,) — Ob MF (Jac(QL, W), ),
O : ObMF(Jac(QY, W,), £,) — ObMF(Jac(QY, W), ).

The map O sends ﬁq(X) and F,(X) to
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O(F,(X)) =

N L ;
( Jac(QY, W,)L; ® Home (L, X),

=1 M- JaC(éi‘, Wq)Ll

o(m) = Z(—l)”m‘l(ﬂ' ® id)(ug(m, b,...,0) |,

E>1

L Jac(QE, W,) L,
OF(X)) = (G? Tt @ HomelLo X),

5(m) = 3 (=1 (x @ id) (uf (m, b, ... )

k>1

Here 7 denotes the projection from the Jacobi algebra to its quotient by m. Meanwhile,
the object F'(X) is given by a sum of projectives of the form Jac(QL, W)L,. As discussed
in Remark 7.36, the difference is entirely cosmetic and we shall naturally identify

(7.16)

A similar statement holds for the hom spaces. Regard a hom space between two image
objects ﬁq(X) and ﬁq(Y), divide out m, and identify the quotient via the map v from
section 7.4. According to Remark 7.36, the result can further be identified naturally with
the hom space in MF(Jac(QL, W), £) or MF(Jac(Q™, W), £):

H;”%%iﬁ?» Y Hom( ﬁqgg{) ﬁqﬁ(’& )>:+Hom<ﬁ<x>,ﬁ<y>>,
m - Hom(F,(X), Fy ~ m- Ly m- Ly

Hom (Fy(X), Fy(Y)) Y Fy(X) Fy(Y) ~
om0 10 = 1 (0 gy ) = B0, F0),

(7.17)
We claim that with respect to this identification, the leading terms of the two functors

ﬁq and F, are the classical Cho-Hong-Lau functors F and F:

Theorem 7.50. Assume Convention 7.22 and that Jac(éi‘,Wq) is a deformation of

Jac(QL, W). Then the mapping ﬁq defines a functor of loose object-cloning Aso-
deformations

F,: Cy — MF(Jac(QE, W,), £,).

The leading term of ﬁq via the identifications (7.16) and (7.17) is the classical Cho-Hong-
Lau functor F.
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Assume instead Convention 7.22, that L is of slow growth and that Jac(QF, W,) is
a deformation of Jac(Q™,W). Then the mapping F, defines a functor of loose object-
cloning A -deformations

E,: Cy — MF(Jac(QY, W,), £,).

The leading term of F, via the identifications (7.16) and (7.17) is the classical Cho-Hong-
Lau functor F.

Proof. First we check the A..-functor relations, then we comment on the leading term.
To start with, for the functor relations it is our task to check that

Z (_1)HMI”++”mJHFq(mka AR /u’q(miv s 7mj+1)7 s 7m1)
0<j<i<k

= pipe (Fo(mu, ..y miga), Fy(mi, ... om)) + e (Fy(my, ..., ma)).

Checking these relations is similar to the classical case Lemma 7.20. The calculation
does not use explicitly that 62 vanishes, therefore remains intact. However, due to the
possible curvature of C, a few new terms appear on one side of the A -functor equation.
We shall check these terms in more detail.

Assume there are k > 1 input morphisms my, ..., mg. Comparing with the calculation
in Lemma 7.20, the new terms on the left-hand side of the functor relation are

Z (—1)”““”*---Jf”m"”Fq(mk,...,mn+1,u2,mn,..-,m1)(m)
0<n<k
= Z (_1)Hm1H+~~-+HmnH+Hm|\(|\m1H+--~+Hmk\|+1)+1

0<n<k
0<1

k4141

0
X fg (Ms ey M g1s flgs M+« ;MM b, D).

There are no new terms on the right-hand side of the functor relation. When applying

the curved A..-relation as in the proof of Lemma 7.20, the terms on the left-hand side

disappear and the terms pq(mg,...,mi,m,b,... ,uqzo(b, ...y b),...,b) come in, which

still vanish since ) piq(b, ..., b) = £,4idr, . This proves the functor relations for k > 1.
Also for k = 0 the functor relation is still satisfied:

Fy(uS)(m) = (=)IHEY T2 (ug,m b, 0) = i )
>0

The computations for F, are analogous. This finishes the checks of the functor relations.
Finally, let us now comment on the leading terms of F;, and Fj. Indeed, every functor
component F} or F} is constructed via the deformed products of C,.
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We need to check the Jac(éi, W, )-linear map ﬁf(mk, ce,my) ﬁq(Xl) — ﬁq(XkH).
Up to terms of m - ﬁq (Xk+1), this map is equal to

Z:ukJrlJrl(mka s, M, 7ab7 .. 7b) : F\Q(Xl) — ﬁq(Xk+l)'
>0

Passing along ¥ gives

Do gy = by b)  Fy(X) /(me By (X)) = Fy(Xpe)/(m Fy (X))
>0

This map is not the same as F¥(my,...,m1) yet. But now identify ﬁq(Xl)/(m-
ﬁq(Xl)) ~ F(X;) and similarly for Xj;1. Recalling Remark 7.36, the induced map
ﬁ(Xl) — ﬁ(XkH) is merely given by the composition ﬁ(Xl) — ﬁq(Xl)/(nLﬁq(Xl)) —
Fy(Xgi1)/(m- Fy(Xg41)) = F(Xp41), vielding the map

> g, g, = b, D) F(X1) = F(Xp11).

1>0
This is precisely bk (mg,...,m1). We have shown that the leading term of ﬁq is F. The
same argument holds for F;. This finishes the proof. O

8. Deformed mirror symmetry

In this section, we collect all preliminary results and prove deformed mirror symmetry,
our main theorem. The procedure is as follows: We start with a geometrically consistent
dimer @ under Convention 5.1. By section 5, the deformed category of zigzag curves
HL, € HTw Gtl; Q is deformed cyclic. By section 7, we obtain an algebra Jac, Q plus
central element ¢, € Jac, Q together with a deformed functor

F,: Gtl,Q — mf(Jac, Q,,).
Because of the slow growth requirements, this functor is restricted to the domain category
Gtlg instead of H Tw Gtl, Q. By section 6, the algebra Jac, Q is a deformation of Jac Q
The necessary requirement for this last step is that Q is cancellation consistent and of
bounded type. Finally, we interpret the category mf(Jac, Q, 4,) as a deformation of the
classical mirror mf(Jac Q,K), and the functor Fj as a deformation of the classical Ao
mirror quasi-isomorphism

F: GtlQ — mf(JacQ, ().

In particular, we conclude that Fj itself is a quasi-isomorphism.
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8.1. Mirror symmetry by Cho-Hong-Lau

In this section, we recollect how a gentle algebra as specific instance of the Cho-
Hong-Lau construction yields mirror symmetry for punctured surfaces. The first step
in this section is to provide some details on this specific instance. Second, we read off
the specific properties for the Cho-Hong-Lau construction. Third, we realize that the
resulting mirror functor indeed recovers mirror symmetry for punctured surfaces. This
section is an integrated summary of [17, Chapter 10].

Remark 8.1. Cho, Hong and Lau depart from a folklore version of wrapped Fukaya
category, where the complete set of products is unclear. We have opted in the present
paper to use the very rigorous description of HTw Gtl @ and HTw Gtl, @ from [24]. In
particular, we restrict to the case that @) is geometrically consistent or a standard sphere
dimer.

Our starting point is a dimer ) whose zigzag paths are equipped with a specific choice
of spin structure, which we have codified in Convention 5.1. We shall start describing
the specific instance of the Cho-Hong-Lau construction needed for mirror symmetry. The
first step is to choose C = H Tw Gtl Q. The subcategory of reference objects, denoted IL
in section 7, is the category of zigzag paths HIL. C H Tw Gtl Q.

As a second step, we describe the CHL basis that needs to be chosen. The right
choice of basis elements {X.} for Homgy (L1, Lo) is the collection of all transversal
intersection points of L; and Lo which are odd as morphisms L; — Lo. In other words,
every single transversal intersection points between two arbitrary zigzag curves appear
as basis element for precisely one hom space, namely the one in which it is odd. The set
of transversal intersection points between zigzag curves in () is precisely the same as the
set of arcs Q1. We shall therefore fix notation as follows:

Definition 8.2. For every arc a € 1, we denote by X, the odd morphism in I which is
located at the midpoint of a. Similarly, we denote by Y, the even morphism in L. which
is located at the midpoint of a.

Remark 8.3. Visually speaking, we have the correspondence (see Fig. 8.2)

odd morphisms even morphisms
— arrows a € (1

(transversal only) (transversal only)

With this in mind, let us describe the specific instance of the Cho-Hong-Lau con-
struction which yields mirror symmetry for punctured surfaces. The specific instance
consists of a specific pair (L,C), a specific choice of CHL basis and a specific choice of
odd pairing. These data are given as follows:
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Table 8.1
For every gadget involved in the Cho-Hong-Lau construction, this overview exhibits
the general definition and its specific shape in the case of the pair (HL, H Tw Gtl Q).

Gadget General Specific
Category C HTw Gtl Q
Reference objects L HL ={Lq,...,Ln}
Cohomology basis {Xec,Ye,idp,id}}  intersection points
Quiver Q" Q
Superpotential W (u(b,...,b),b) W = sz'yc — ngc
Relations R (u(by...,b), X.) ri—ry
Landau-Ginzburg model (Jac(QY, W), £) (Jac @, 2)
a
Matrix factorization F(a) (M, 8) (Jac Q)h(a) (773 (Jac Q)t(a)
a

e The category C is the derived category H Tw Gtl @) of the gentle algebra Gtl Q.

e The subcategory . C C is the subcategory HIL. C HTw Gtl1 Q of zigzag paths.

e The CHL basis consists of all odd cohomology basis elements X. between zigzag
paths, all even cohomology basis elements Y, between zigzag paths, and the co-identity
elements id7 .

o The odd pairing (—, —) on HL is defined by enforcing the pairing identities (7.1).
Explicitly, one sets (—, —) to zero on all pairs of basis elements except

<Xanf> = 5€fa <ldzlaldL]> = 51]

Application of the Cho-Hong-Lau construction to the pair (HL,HTw GtlQ) yields
precisely the dual dimer Q, which we have recalled in section 4.5:

Lemma 8.4. The CHL quiver of the pair (HL, HTw GtlQ) is the quiver Q¥ = Q.

Proof. By general definition, the vertices of the quiver QT are the reference objects
L; € L and the arrows from L; to L; are given by the index set Ej;. For the specific
case of the pair (HL, H Tw Gt1 Q), the reference objects are the zigzag paths of Q. Since
zigzag paths of @) are in correspondence with vertices of Q, this identifies the vertices
of Q¥ and Q For given vertices 1, j, the set of arrows E;; from ¢ to j is equal to the
set of odd transversal intersection points L; — L;. Every odd transversal intersection is
located at the midpoint of an arc a € Q1. The corresponding arc a € Ql runs from ¢ to
j as well, as illustrated in Fig. 8.2. We conclude that QT = Q O

Lemma 8.5 ([17, Lemma 10.13]). Application of the Cho-Hong-Lau construction to the
pair (HL, HTw Gtl Q) yields the familiar superpotential

W = Z (ak...al)cyc — Z (ak~~a1)cyc S ((CQ)Z3

ag...ay1 ag...ay1
clockwise counterclockwise

In particular, application yields the familiar relations R, = r} —r, and the familiar
Jacobi algebra Jac(Q, W) = Jac Q.
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inQ inQ

Fig. 8.2. This picture depicts the correspondence between odd intersections in @ and arrows in Q The odd
basis element X, : Ly — La, given by the intersectior} of L1 and L located at the midpoint of the arc a,
corresponds to an arrow L; — Lo in the dual dimer Q.

Proof. It is our task to determine the superpotential W. After that, the conclusion on
the relations R, and the Jacobi algebra is immediate.

The general superpotential is given by W = (u(b, ..., b),b). Specifically for the pair
(HLL,H Tw Gt1 Q) this description boils down to calculating the products

P Tw Gt Q(Xeyy - - oy Xey)

The result of such a product is a linear combination of the even basis elements Y, and
possibly an identity. It is our task to extract the coefficient of every Y, in the product.
We claim that this coefficient is precisely

(baTW 1 Q(Xegs -y Xey )y Xe)

+1 ifeg...ereis a clockwise polygon in Q
=< —1 ifey...ereis a counterclockwise polygon in Q . (8.1)

0 else

To compute the product, we use our explicit description of the minimal model HL,
see section 5.3. Recall that section 5.3 actually describes the deformed version HIL, of
HL. The Ay -structure HL is obtained from the deformed A.-structure of HL, by
extracting the leading terms of every product. Spelling this out, the higher products in
HL are simply determined by only those CR, ID, DS and DW disks that do not cover
any punctures.

With this in mind, we are ready to calculate the products (8.1). Let D be a (CR, ID,
DS or DW) disk contributing to the product. Note that all input morphisms X, are odd
and the output is not an identity, so D is necessarily a CR disk.

We claim that the disk D precisely bounds the interior of an (elementary) polygon,
as depicted in Fig. 8.3a. Indeed, the zigzag curves of @ split D into pieces of two types:
the first type comprises an interior of a polygon of @, and the second type comprises a
polygonal neighborhood of a puncture bounded by neighboring zigzag curves. Two pieces
of D bounding each other are of opposite type. An example of this checkerboard coloring
is depicted in Fig. 8.3b. Since the specific disk D is supposed to cover no puncture, it only
consists of pieces of the first type. In fact, there it consists of only one such piece, since
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o XPRPIPRX
4 o
nana XX
z cla'e'e'a
(a) The two disks contributing to 9. W (b) Checkerboard coloring

Fig. 8.3. One can put a checkerboard coloring on the area of the dimer Q. The checkerboard coloring makes
it easy to check that there are only two disks which contribute to 9. W.

any second bordering piece would be of the second type. This shows that D precisely
fits a polygon of Q.

Let us conclude the product formula (8.1). If e ...eje is a clockwise polygon in Q,
then the same path forms a clockwise polygon in (. As we have just seen, there is a
single disk D contributing the product, and we conclude

W Xepyo ooy Xey) =Ye.

The sign is positive because all inputs of D are odd and run clockwise with the disk,
the output is odd, and no # signs appear on the zigzag curve segments. If ey ...eje is
a counterclockwise polygon in Q, then the path e ...ege is a counterclockwise polygon
in Q. As we have just seen, there is a single disk D contributing to the product, and we
conclude

H‘(Xekw' '7'X€1) = _Y;-

The sign is negative because D has k odd inputs running counterclockwise with D, while
there is also a #-sign in every of the k + 1 corners of the polygon.

If ex...e1e is a path in Q that is not a polygon, there is no disk D with inputs
Xeyy- ooy Xe, and output Y, at all. In summary, we have shown (8.1). Ultimately, the
superpotential is given by

W = <NHTth1Q(b7 . .,b)7b>

= > er...ere(p(Xey, .o X)), Ye)

€fy..,€1,€
= E (ak al)cyc - § (ak al)cyc~
ap...a1 af...a1
clockwise counterclockwise

This finishes the calculation of the superpotential W. The final statement on R, and
Jac(Q™, W) is now immediate: By Lemma 7.16, we have R, = 0,W which simplifies to
R, =7 —r; . In particular, we have Jac(Q™, W) = Jac Q. This finishes the proof. 0O

Remark 8.6. As preparation for the proof of Lemma 8.7, let us fix some terminology
regarding the identity location of a zigzag path. Let L; € L be one of the zigzag paths of
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Q. The identity location of L; is a certain arc ag. This arc borders precisely two polygons
in Q. One of the two is clockwise, the other counterclockwise. The special polygon P; of
L; is the one lying on the left or right side of the arc ag, depending on whether where
L; turns left or right at the head of ag, respectively. If () has no punctures of valence 2,
this condition can also be expressed as follows: P is the polygon which has the identity
arc ag and its successor within L; as part of the boundary.

In case P; is clockwise, we denote by p1, ..., p; be the boundary arcs of P;, in clockwise
order and ending with the identity arc p; = ag. In case P; is counterclockwise, let
P1,--.,p; be the boundary arcs of P;, in clockwise order and starting with p; = ag. We

may call py,...,p; the special polygon sequence of L;. Note that p;...p; is only a path
in @ if P; is clockwise, while it is always a path in Q.

Lemma 8.7 ([17, Lemma 10.21]). Application of the Cho-Hong-Lau construction to the
pair (HIL, HTw Gt1 Q) yields the familiar potential £ = ¢, € Jac Q Altogether, appli-
cation yields the familiar Landau-Ginzburg model (Jac Q, 0).

Proof. The general potential ¢ = ZieQ% l; is given by

éi = </.t(b, .. .,b),idLi>.

Specifically for the pair (HL,H Tw Gtl Q) this description boils down to extracting the
identities from the products

L Tw Gt Q(Xegy - - oy Xey)-

Denote by p1,...,p; the special polygon sequence of L;, defined in Remark 8.6. We
claim the coefficient of idy, in the product pu(Xe,,...,X.,) is precisely

+1 ife ... € —p...p
b ! ! ! (8.2)
O else.

(patwct @(Xey, -y Xe,),id7 ) = {
As in the proof of Lemma 8.5, we use our explicit description of the minimal model HIL.
Again, the only disks that count are those not covering any punctures. Let D be a (CR,
ID, DS or DW) disk contributing to the product (8.2). Note that all input morphisms
X, are odd and the output is an identity, so D is necessarily a CR or ID disk. Similar
to the case of the products presented in the proof of Lemma 8.5, we conclude that D
precisely bounds a certain polygon P. More precisely, the length [ of the polygon is equal
to the number & of inputs of D, and the boundary arcs of P are equal to eq,..., e in
this order.
Let us analyze the properties of D. By assumption, the output of D is the identity
of L;. This identity is therefore located on one of the boundary arcs of P. Since every
single odd intersection located at arcs of the polygon is used as input of D, the identity
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location necessarily of L; necessarily lies infinitesimally close to one of the inputs of D.
We conclude that D is necessarily an ID disk.

We claim that P is the special polygon P; of L;. To show this, assume P is clockwise.
By the definition of ID disks, the input lying close to the output precedes the output.
In other words, the identity arc is e; and the zigzag path L; is the one turning right at
the head of eg. Assume now P is counterclockwise. By definition of ID disks, the input
lying close to the output succeeds the output. In other words, the identity arc is e; and
the zigzag path L; is the one turning left at the head of e;. In both cases we conclude
that P is precisely the special polygon P;.

We are ready to conclude the product formula (8.2). In case e1,...,ex = p1,...,Pk
within @ is the boundary of the special polygon P;, then there is a single disk contributing
to the product as we have just seen. We conclude

</’L(X€k7 ) X61>7id2i> =+L

The sign is always positive. Indeed, if D lies in a clockwise polygon, then all of its k
inputs are odd but clockwise with D and no # signs appear on the boundary of D. If D
lies in a counterclockwise polygon, then all of its k inputs are odd and counterclockwise,
while there is also a #-sign in every of the k corners of the polygon

In case e1,...,er is not py,...,pk, then there is no disk contributing to the product
as we have just seen. We conclude

(W Xeps -y Xey),idy ) = 0.

Ultimately, the potential reads
t= Z (tuTwet (b, ..., b),idy,)
i€Qo

= Z l; € JacQ.

i€Qo

Here for every 7 the letter ¢; denotes an arbitrary boundary cycle of a polygon starting
at vertex i € Qo. This finishes the proof. O

Lemma 8.8 (/17, Proposition 10.30]). Application of the Cho-Hong-Lau construction to
the pair (HL, HTw Gt1 Q) yields the familiar matriz factorizations

F(a) = a: (JacQ)h(a) == (JacQ)t(a) : @ for a € ObGtlQ = Q1.

Proof. By definition, the matrix factorization F'(a) is given by (M, d) with module given
by



R. Bocklandt, J. van de Kreeke / Journal of Algebra 672 (2025) 413-602 567

M= (Jac Q) L; ® Homg 1 10 (Li, a),
Li€Qo

and differential given by

5(m) = (_1)||m|\ ZﬂHT\NthQM(ma b7 BERE} b)

Let us evaluate the module. As seen earlier, there are precisely two indices 4, j whose
hom space Hompy 1w g1 @ (Li, @) is non-empty. These indices correspond to the two zigzag
paths that cross the arc a. Of course, the two zigzag paths leaving a might actually be
equal, in which case we set ¢ = j. If we set i to be the zigzag path with the even
intersection and j the zigzag path with the odd intersection, we have i = h(a) and
j = t(a). This already gives the shape

(M,8) = x: (JacQ)h(a) == (JacQ)t(a) : * -

It remains to evaluate the differential §. Denote the even intersection point by p €
HomH Tw thQ(Lh(a)7 a) and the odd intersection pOiIlt by qeE HomH Tw thQ(Lt(a)7 a). As
we have seen earlier, the two products purTwauQ(p,b,...,b) and parwcuo(g,bd,...,b)
are computed by MT and MD disks, respectively. For the present non-deformed case,
this description boils down to the equations

5(h(a) @ p) = (-1)"lpgrwcug(m,b, ..., b) = (-1)' a®q,
5(t(a) ® q) = (D) g1y cio(g, b, ..., b) = +a @ p.

This shows that the module map (Jac Q)h(a) — (Jac Q)t(a) is given by left multiplication
with @ and the module map (JacQ)t(a) — (JacQ)h(a) is given by left multiplication
with a. O

We are now ready to grasp the mirror functor associated with the specific case of the
pair (HL, HTw Gtl Q). Indeed, we have computed the specific Landau-Ginzburg model
and the mirror objects. The functor itself is not a quasi-equivalence, but it becomes one
if we restrict to domain Gtl Q@ C H Tw Gtl @ and codomain mf(Jac Q, £) € MF(Jac Q, 0).

Corollary 8.9 (/17, Proposition 10.32]). If Q is zigzag consistent, the CHL functor F :
GtlQ — mf(Jac Q,Z) is a quasi-isomorphism.

Proof. On the level of objects, F' maps an arc a € ()1 to the matrix factorization F(a)
which is bijective on the level of objects. On the level of hom spaces, we are forced to
cheat a little and believe the following fact: Let Li,..., Lys1 be a sequence of N +
1 > 1 zigzag paths and let a,b € @1 be arcs. Let hq,...,hxy be odd morphisms with
h; € Hompy,(L;, Li+1) not containing co-identities, let m € Hompy tw gu@(Ln+1,a) and
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a € Homp twati g(a, b) be further morphisms. Then we shall assume without proof that
the product

paTw Gt Qo m, hn, ... hy)

is computed by smooth immersed disks with Abouzaid sign. A good illustration of these
disks can be found in [17, Figure 20]. This illustration makes it easy to check that F'
sends an angle @ € Homgy g(a,b) to its associated morphism of matrix factorizations

4 0 —oppr) .4 (opp2 O
Oppy 0 0 oppy )’

depending on whether « is odd or even. It was shown in [12] that these morphisms of
matrix factorizations provide a basis for HHom, ;5,5 ¢ (F(a), F'(b)). This proves the
functor F' a quasi-isomorphism. O

The original mirror functor for punctured surfaces [12] was defined in a nonconstruc-
tive and nonunique way. Its properties known precisely are its values on objects and
the first component F. All higher components F=? are defined nonconstructively. In
contrast, the CHL functor F : Gt1Q — mf(Jac @, ¢) has explicitly defined higher com-
ponents, at least if one counts the involved higher products of HTw GtlQ as explicit.
The CHL functor should therefore be viewed as a modern constructive incarnation of
the original mirror functor.

Remark 8.10. Cho, Hong and Lau use a different convention for Fukaya categories: In
their convention, a disk D contributing to a product p(hy,..., k1) is supposed to hit
the intersection points hi, ...,y in counterclockwise order. We have decided to stick
with the original definition of gentle algebras and let products be given by counting disks
hitting the intersection points in clockwise order.

Correspondingly, the conventions for the dual dimer Q also differ: In their convention,
the dual dimer Q is obtained from @ by flipping over the clockwise faces. In our conven-
tion, the dual dimer Q is obtained by flipping over the counterclockwise faces instead.

The results differ by a flip of orientation and an inversion of the arrows.
8.2. Midpoint polygons

In this section, we introduce an auxiliary tool for the description of the deformed
superpotential and deformed potential in section 8.4 and 8.5. The deformed Cho-Hong-
Lau construction namely expresses superpotential and potential in term of the products
on HIL, which are in turn enumerated in terms of CR, ID, DS and DW disks. In the
present section, we overhaul this description and provide one single type of disks, which
we call midpoint polygons.
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€2

elvw \/&83

(a) Midpoint polygon (b) Lengths and signs of zigzag segments

Fig. 8.4. These pictures illustrate midpoint polygons and how we measure the lengths of their boundary
segments. In the midpoint polygon on the left, the intersection points are located at arcs e, es, e3 of Q. To
this midpoint polygon D, we assign the path recording Arcs(D) = egeze; and the sign |D| =3-(7—1)/2 =
1€ Z/2Z.

Definition 8.11. A midpoint polygon is an immersion of the standard polygon D : Py —
|Q| with N > 1, such that

o The boundary of Py is mapped to (nonempty) zigzag curve segments.
e The corners are convex and lie on intersections points of zigzag curves.
e The corners point into the interior of a polygon.

The map D itself is taken only up to reparametrization. The corners hy,...,hyx of
D lie on intersection points of zigzag curves, in other words on the midpoints of arcs
ai,...,any € Q1. We refer to the sequence of arcs as the arc sequence of D. The midpoint
polygon starts at arc a; and ends at arc ay. It starts at the left /right side of a; if the
interior of D at ay lies at the left/right of the arc a; in the arc’s natural orientation. It
ends at the left/right side of ay if the interior of D lies at the left/right of the arc ay in
the arc’s natural orientation. A arc crossing of D is the datum of a single (indexed) arc
crossed by one of the zigzag segments of D, not counting the corner arcs. Arc crossings
are always supposed to come with the datum of their location on the boundary of D.

Midpoint polygons are our most general container format for enumerating products
in HL,. Midpoint polygons with specific properties or specific additional data can be
used to enumerate specific products. By requiring that the corners point into the interior
of a polygon, we have incarnated the fact that we only regard disks with odd inputs.

Definition 8.12. Let D be a midpoint polygon with sides lengths nq,...,ng. Then the
sign of D is |D| = 3" (n;—1)/2 € Z/2Z. The deformation parameter Punc(D) € C[Q] is
the product of the punctures covered by D, counting multiplicities. Let eq, ..., e be the
arc sequence of D. Then the path recording of D is the path Arcs(D) =ej...e1 € (CQ.

A sample midpoint polygon is depicted in Fig. 8.4a.
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8.3. Cyclicity and slow growth

In this section, we check that HIL, is deformed cyclic and of slow growth. These
two properties are technical requirements for the deformed Cho-Hong-Lau construction
according to Theorem 7.50. We check the cyclicity property directly in terms of mid-
point polygons. By contrast, the slow growth property makes reference also to products
between arcs and zigzag paths in HTw Gtl, Q and must therefore be dealt with from
scratch. We do not prove slow growth with respect to the entire category, but restrict to
arcs and zigzag paths.

Lemma 8.13. The A -deformation HIL, is deformed cyclic on odd sequences containing
no co-identities.

Proof. Rotating a midpoint polygon contributing to (uxrL,(Xe, ;- -, Xe,), Ye,) gives a
midpoint polygon contributing to (unrL,(Xe,, ..., Xe,), Xe,). Their Abouzaid signs and
deformation parameters agree. We conclude that both pairings agree, which finishes the
proof. O

Let us now check the slow growth requirement property. The requirement is
slightly problematic in that we are supposed to evaluate products of the form
PH Tw Gtl, @(Mk, - .., ma,b,...,b). Here my,...,my are morphisms between arbitrary
objects of HTw Gtl, Q and we do not have these products under control. However,
for our purposes it suffices to construct the mirror functor merely on the subcate-
gory Gtl, @ C HTwGtl, Q. Inspecting the construction of the functor Fj, and the
proof of Lemma 7.46 and Theorem 7.50, we conclude that for constructing the functor
F,: Gtl,Q — MF(Jac(QL,Wq),Zq) it suffices to check the slow growth property of
Definition 7.23 only for morphisms with m; : L — a; and m; : a;—1 — a; with L € L,
and aq,...,a; € Gtl; Q). We record this as follows:

Lemma 8.14. Let k > 0 and ai,...,a; € Gtl;Q. Let L € L, and my : L — a; and
m; i ai—1 — a; fori=2,..., k. Then for every n € N there exists an lo € N such that
Vi>lg: uIIfI"'TlWGﬂq o(my,...,m1,b,....b) € m" Hom(L, ay).

Proof. The intuition is that the number of b insertions is a lower bound for the size of a
disk contributing to the product. In other words, the number of punctures covered by a
disk is at least as large as the number of b insertions, up to a multiplicative constant. If
one is willing to assume that the product pptwal, @(Mk, ..., m1,b,...,b) is computed
by counting disks (which we have not shown), this argument should suffice.

Otherwise, the property can be checked rigorously as follows: According to the minimal
model calculation procedure detailed in [23], the product can be computed by summing
over Kadeishvili trees. In [24], we also provide a description of the applicable codifferential
hq for hom spaces between zigzag paths and for hom spaces from zigzag paths to arcs.
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The idea is to measure subtrees containing purely b inputs separately. Thanks to
the dedicated subdisk construction in [24], we see that result components of h-trees
only consisting of b inputs immediately lie in order > n as soon as they have a certain
amount of K € N inputs. The h-trees consisting only of b inputs only yield 8 (A) result
components of order > 1. Apart from the fact that this already establishes the claim in
case k = 0, this observation is important for what follows.

If m is any morphism between zigzag paths or arcs, then we call the maximum length
of angles contained in m simply the length of m. Let I be the sum of the lengths of
mi,...,mg. Let F' the maximum length of a full turn around a puncture in Q.

Pick a result component of the product p(mg,...,my,b,...,b) of order < n. Let T
be the Kadeishvili m-tree which the result component is derived from. We call a node
of T pure if its subtree purely consumes b inputs (instead of m;) and if it is maximal
with this property T (in that its parent does not have this property). We view a subtree
at a pure node of T as an indecomposable unit. We call all nodes of T typical that are
non-leaf and not contained in a pure subtree.

Regard a typical node N € T. We claim the result at N has length at most one less
than its total inputs including outer § insertions and excluding inner § inputs and direct
b inputs. Indeed, the result component at the node is a morphism from a zigzag path to
an arc by construction. When m is an H or R basis morphism from a zigzag path to an
arc, it can be checked easily that the following products vanish:

hqlﬁxdd Gtl, Q(mv as/as), th2Add Gtl, Q(ma B(A)),

7Tq:u2Add Gtl, Q(m7 asz/ay), TFqM?Add Gtl, Q(ma B(A)).

Therefore the node N is necessarily decorated with th%Sd G, @ OF unfgd Gtl, @ A
first-out or final-out disk definitely reduces the length of the inputs. This shows the
claim.

According to the claim just proven, the total length of the output of a typical node
N € T is at most I + nF — s, where s is the number of typical nodes in the subtree at
N. This bounds the number of typical nodes in T by I 4+ nF'. The subtree at every pure
node has at most K nodes by assumption. Since there are at most n pure nodes, the tree
T in total has at most I + nF + nK nodes. This bounds the total number of nodes in T'.

Regard a typical node N. Among the child nodes of N, there are at most k typical
children and at most n pure children. Moreover, N may have at most n direct outer ¢
insertions. This gives rise to already 2n+k inputs of the hqpaad Gtl, @ at N. Every string
of direct b and ¢ insertions between these 2n + k inputs is limited to at most F' items,
since otherwise no discrete immersed disk can be made. This means that N consumes
at most (2n 4+ k 4+ 1)F many direct b inputs. This number is bounded.

The total number of direct b inputs at typical nodes is therefore bounded by (2n+ &+
1)F(I +nF). The total number of b inputs used for pure trees is at most nK. Therefore
the total number of b inputs in the tree T is bounded by (2n + k + 1)F(I +nF) + nkK.
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We have shown that the product uHNthqQ(mk,...,ml,b,...,b) can only have
nonzero result components of order < n if the number of b insertions is bounded. In
consequence, once the number of b insertions exceeds this bound, all result components
are necessarily of order > n. This finishes the proof. O

Remark 8.15. The construction of the deformed CHL functor F, : HTwGtl,Q —
MF (Jac, @, £,) along the procedure of section 7 is impossible in the specific case of
the pair (HL,, HTw Gtl, Q). Indeed, we need to restrict the domain of the functor to
the subcategory Gtl, @ due to the slow-growth requirements. Let us explain this in a
slightly more elaborate fashion.

If the slow-growth property held for the entire category HTw Gtl, @, then we could
build a CHL functor F, : HTw Gtl, Q@ — MF(Jac, Q,éq) and restrict afterwards to the
subcategory Gtl, @ € HTw Gtl; Q. The construction and subsequent restriction would
be analogous to the process described in section 8.1 in case of the undeformed pair
(HL,HTw Gtl Q).

In reality, the slow-growth property is not guaranteed for the entire category
HTw Gtl,; Q. For this reason, we cannot define the deformed mirror functor with domain
HTw Gtl,; Q. Fortunately, we have proven a restricted slow-growth property Lemma 8.14.
With this help, the construction of the deformed mirror functor succeeds if from its
very beginning we restrict the domain of the functor to consist only of the subcategory
Gtl, Q € HTw Gtl; Q.

8.4. Deformed superpotential

In this section, we start applying the deformed Cho-Hong-Lau construction to the spe-
cific pair (HL,, H Tw Gtl; Q). The result is a deformed superpotential W, € CQ[[QO]],
which we describe explicitly in terms of midpoint polygons. After that, we describe
the resulting deformed Jacobi algebra. In order to obtain a mirror functor according to
Theorem 7.50, we are required to show that the deformed Jacobi algebra is a deforma-
tion of the classical Jacobi algebra. In the present section, we invoke the flatness result
Theorem 6.77 to show that this is the case. Recall that we work under Convention 5.1.

Lemma 8.16. The deformed superpotential W, € CQ[[QO]] can be expressed as

W, = Z (—=1)!PI' Punc(D) Arcs(D)

D clockwise
midpoint polygon

_ Z (—1)!P! Punc(D) Arcs(D).

D counterclockwise
midpoint polygon

€k—1

.., Xe,) and extract the coefficient of Y., . By our explicit description of the products

Proof. Let us digest the statement. It is our task to evaluate the products ppr, (X,
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from section 5.3, these products boil down to counting CR, ID, DS and DW disks. Since
ID disks have identity outputs and DS and DW disks are already irrelevant, we are left
with the task of counting CR disks.

Let D be a CR disk with inputs X, ,...,X., , and output Y, . Since D is CR and its
inputs contain no co-identities, all of the zigzag segments of D are actually non-empty.
This immediately renders D a midpoint polygon. More precisely, we associate with D
the midpoint polygon given by the one with the same shape as D and arc sequence

e1,...,er. Note that this sets up a bijection

{CR disks with inputs X.,,...,X.,_, and output Y, }

+— {midpoint polygons with arc sequence ey, ..., ex}.

We can therefore write

<M(X€k—1? s aXe1)7 Yek> = Z (_I)Abou(D) PUHC(D)

CR disks D
with inputs Xe,,...,

and output Ye,

= Z (—1)Abou®) punc(D).

midpoint polygons D
with arc sequence ey,...,ex

€k—1

Here we have already anticipated that the Abouzaid sign of a CR disk D with inputs
Xeyy- ., Xe, , and output Y;, is equal to the Abouzaid sign attached to its associated
midpoint polygon by Definition 8.12.

In the remainder of the proof, we check that these two signs are indeed equal. Regard
one of the CR disks. Its boundary cuts a number of angles of clockwise and counter-
clockwise polygons of Q. Let nq,...,n; denote the lengths of the zigzag segments, as
depicted in Fig. 8.4b. The # signs alternate along the zigzag segments and the individual
lengths n; are all odd. At every corner X,,, the two neighboring signs are equal and in
fact determined by whether D is clockwise or counterclockwise.

If D is clockwise, the sign at every corner is 0 € Z/2Z and it alternates n; times until
the next corner. This gives a sign contribution of (n; — 1)/2. The total sign becomes

TLZ'—].

€ Z)2L. (8.3)

k
=1
Since all zigzag curves lie clockwise with D, this is already the Abouzaid sign of D. If D
is counterclockwise, the sign at every corner is 1 € Z/2Z. In comparison with (8.3), we
incur a sign flip for all n; + ...+ ny angles that L runs through. Since every n; is odd,
this changes the sign by k € Z/2Z. Since all zigzag paths are counterclockwise relative
to D, the Abouzaid sign also incurs an increase by k — 1 € Z/27Z. This makes the sign
precisely opposite to (8.3) and finishes the proof. O
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The deformed Cho-Hong-Lau construction proceeds by defining the deformed Jacobi
algebra. The construction comes in two variants, depending on whether the category of
reference objects L is of slow growth with respect to C or not. In the case of the specific
pair (HL,, HTw Gtl, @), we have seen in Lemma 8.14 that HLL, is of slow growth, at
least in a way sufficient for the Cho-Hong-Lau construction. We can therefore apply the
slow growth variant of the deformed Cho-Hong-Lau construction and obtain a deformed
Jacobi algebra Jac(Q, W,) according to Definition 7.25. We shall abbreviate this algebra

v

by Jacy @:
Definition 8.17. We denote the deformed Jacobi algebra by

Jacy Q= Jac(Q, W,) = %.
eWq

e€Q1

Remark 8.18. Recall that the closure refers to the m-adic topology on CQ[[QOH.

Let us now explain that the deformed Jacobi algebra Jac, Q is a deformation of the
classical Jacobi algebra Jac@Q in the sense of Definition 6.1. We have investigated this
question in detail during section 6 in the general context of superpotential deformations
of CY3 Jacobi algebras. We record the specific case of Jac, Q as follows:

Corollary 8.19. If Q is cancellation consistent and of bounded type, then JvaQ s a
deformation of Jac Q.

Proof. The goal is to invoke Theorem 6.77. We have to check two conditions. First, W,
and therefore also W’ = W, —W is indeed cyclic as shown in Lemma 8.13 or equivalently

8.16. Second, W, indeed lies in CQ[Qo] instead of only CQ[Qo], since HL, is of slow
growth by Lemma 8.14. Finally, we conclude that Theorem 6.77 applies and Jac, Qis a
deformation of Jac Q. This finishes the proof. O

Remark 8.20. The dual dimer QM of the standard sphere dimer QQp; is cancellation
consistent. The dimer Q M is also of bounded type because its two polygons have the same
length, namely M. Therefore Corollary 8.19 particularly applies to the case Q = Q.

8.5. Deformed potential

In this section, we compute the deformed potential. More precisely, we evaluate the
definition of the deformed potential from the deformed Cho-Hong-Lau construction in
the case of HIL,. The result is an element £, € Q[Qo]. We describe this element in terms
of midpoint polygons. Recall that we work under Convention 5.1.

Recall that the deformed Cho-Hong-Lau construction in general requires us to com-
pute a deformed potential ¢, € B®QY, given by counting identity outputs of products
of the form p(Xe,,..., X.,). More precisely, the definition reads
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€3 €1 €2

€2 ; ag’= e ag = é?) €2 eq o\/ L es
(a) First type (b) Second type (¢) Third type

Fig. 8.5. These pictures illustrate L-polygons of all three types. According to the definition, the midpoint
polygon underlying an L-polygon of the first type starts on the left side of ag. In the first picture, we
have depicted this by writing e; = ag. The midpoint polygon underlying an L-polygon of the second type
ends on the right side of ag. We have depicted the ending in the second picture as es = ag. The midpoint
polygon underlying an L-polygon of the third type requires that the zigzag segment between the first and
the last arc is L and comes with the datum of a crossing with ag. In the third picture, we have indicated
this crossing by a thick cross.

Go=S"(u,....b),id).

ieQl

It is our task to evaluate this deformed potential for the specific pair (HL4, H Tw Gtl, Q).
In this specific case, the products unr, (b,...,b) are given by an enumeration of CR,
ID, DS and DW disks. As announced, DS and DW disks are irrelevant. In fact, the
enumeration boils down to counting midpoint polygons of specific type.

Regard a midpoint polygon. Its boundary crosses many arcs. Indeed, it consists of
segments of zigzag curves, which run between midpoints of arcs. The longer the segments,
the more arcs are crossed. A midpoint polygon may or may not cross arcs that are identity
arcs ag of zigzag paths. If a midpoint polygon starts at, ends at or crosses an arc that is
the identity arc ag of a zigzag path, then the midpoint polygon together with the datum
of this crossing determines an identity contribution to the product of the intersection
points associated with the polygon’s corners. To make this precise, we set up the following
terminology:

Definition 8.21. Let L be a zigzag path in @ with identity location ag. An L-polygon is
one of the following:

e If L turns left at the head of ag: a midpoint polygon starting at the left side of ag.

e If L turns right at the head of ag: a midpoint polygon ending on the right side of ag.

e A midpoint polygon D whose segment between the last and first arc is an L segment,
together with the datum of a crossing of this L-segment with the arc ag € L.

We have illustrated L-polygons in Fig. 8.5. With this in mind, we can express the
potential £, € (CQ[[QO]] in terms of L-polygons:
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Lemma 8.22. The deformed potential lg =3, 5 {q,i € CQ[Qo] can be expressed as

lyi= Z (—=1)!P! Punc(D) Arcs(D).

)

L;-polygons D

Proof. It is our task to evaluate identity terms in the products upr, (b,...,b) and match
them with L-polygons of the three types.

According to the description recapitulated in section 5.3, the products pny, (b, .. .,b)
are computed by enumerating CR and ID disks. More precisely, a counterclockwise
CR disk with inputs X.,,...,X,, and output idj, corresponds precisely to an L;-
polygon with arc sequence e, ..., e of the first type. A clockwise CR disk with inputs
Xeyy..., X, and output idy, corresponds precisely to an L;-polygon with arc sequence
€1,...,ex of the second type. An ID disk with inputs X.,,..., X, and output idy, cor-
responds precisely to an L;-polygon with arc sequence ey, ..., e of the third type. This
already matches all identity terms in the products pny, (b, ..., b) with L-polygons.

It remains to check the signs. More precisely, we have to check that the Abouzaid sign
of a CR or ID disk contributing to unr,(b,...,b) is equal to the sign |D| € Z/27Z of
its associated midpoint polygon D. To see that both are equal, we distinguish whether
D is clockwise or counterclockwise. If the disk is clockwise, its Abouzaid sign is simply
the sum of the # signs along D, which by the proof of Lemma 8.16 is equal to |D|. If D
is counterclockwise and has k corners, its Abouzaid sign is the sum of the # signs plus
k, which by the proof of Lemma 8.16 is still | D|. This shows that the Abouzaid sign of
a disk is equal to the sign |D| of the associated midpoint polygon D. This proves the
desired formula for ¢, ;. O

The deformed potential ¢, € (CQ[QO]] depends on the choice of identity locations.
However, we claim that it becomes independent of this choice when we pass to the

v

deformed Jacobi algebra Jac, Q:

Lemma 8.23. The deformed potential £, € Jac, Q= (CQ[[QO]]/(E)an) is independent of
the choice of identity locations.

Proof. The idea is to describe the difference of two possible choices explicitly in terms
of the relations 9,W,. Denote by Li,...,Ly the zigzag paths of Q). Recall that the
element ¢, is the sum of elements ¢,; over all 1 < ¢ < N. The identity location on a
certain zigzag path L; only impacts the element £, ; and no other summands. It therefore
suffices to study only a single element ¢, ;. It also suffices to assume that the two choices
of identity locations to be studied are arcs which are neighbors along L;. The strategy
is to enumerate L;-polygons with respect to the two choices.

Let us denote the two neighboring arcs are by and be, such that h(by) = ¢(b2) and
L; turns left at the head of b; and right at the head of by. The situation is depicted
in Fig. 8.6. We claim that L;-polygons with respect to ag = b; and L;-polygons with
respect to ag = by are almost the same. Indeed, the typical L;-polygon with respect to
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by ; - L= b0, W

by

Fig. 8.6. The difference between two choices of £, is a relation.

ao = by has a very long L;-segment and many crossings with b;. Since b, is the neighbor
of by, all these L;-polygons can be interpreted alternatively as L;-polygons with respect
to ag = bs. The only difference lies in the corner cases.

To be very precise, the only L;-polygons with respect to ag = b; which cannot be
interpreted as L;-polygons with respect to ag = by are those which start at b; and end
at by, with just the shortest possible L;-segment in between, consisting of a single angle.
The only L;-polygons with respect to ag = bs which cannot be interpreted as L;-polygons
with respect to ap = b; are those which end at bs. Let us denote by Egl?;) and Egl?f) the
two potentials in C Q[Qoﬂ obtained from the two choices of identity locations. In these
terms, we conclude

b b
Zé f) - Ef] ;) = E Punc(D) Arcs(D) — E Punc(D) Arcs(D)
clockwise counterclockwise
midpoint polygons D midpoint polygons D
ending at bg ending at bg
= by, W,

This shows that the difference of E((;f;) and K((:f) is a relation in the deformed Jacobi

algebra. In conclusion, the potential is independent of the choice of identity locations. O
8.6. Deformed mirror objects

In this section, we compute the deformed mirror objects. More precisely, we eval-
uate the definition of the deformed mirror functor for the arc objects a € Gtl; @ C
HTw Gtl; Q. We describe these objects Fy(a) € MF(Jac, Q,Eq) in terms of midpoint
polygons. Recall that we work under Convention 5.1. As we have seen in section 8.1, the
mirror functor F' : HTw Gtl Q — MF(Jac Q,E) sends the arcs a € Q1 to very explicit
matrix factorizations F(a). We provide in this section an explicit computation of the
deformed matrix factorizations Fy(a), which is in fact likewise explicit:

arcac ObGHQ = Q,  ——s (Jac O)h(a) == (Jac O)t(a)
a

arc a € ObGtl, Q = Q, |L> (Jacy Q)h(a) dé (JacQ)t(a)
q

To compute the object Fy(X) for X € C4, we are in general required to find for
every L; € L the hom space Home, (L, X). We also need to compute the products
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pg(m, b, ..., b) where m € Home, (L;, X) is a morphism from one of the reference objects
to X.

For the specific instance HIL, € HTw Gtl, @ of the deformed Cho-Hong-Lau construc-
tion, we have described the hom spaces and the relevant products already section 5.4.
Computing the mirror objects Fy(a) for a € Gtly @ now boils down to evaluating the
products pntwail, @(m,b,...,b), where m € Homprwau, @(L,a) is an even or odd
intersection point between L and a. Recall that the products for even m are easy to
express, while the products for odd m are computed by MD disks. We shall simplify the
description of these products here in terms of midpoint polygons.

Definition 8.24. Let a € (1 be an arc. Define the deformed complement of a as

Qg = Z Punc(D) 8, Arcs(D) € Jac, Q.
clockwise

midpoint polygons D
ending at a

Corollary 8.25. The deformed mirror objects are the deformed matriz factorizations given

by
“ a “
Fy(a) = (Jac, Q)h(a) == (Jac, Q)t(a) -
Qq
Proof. It is our task to evaluate the products puntw G, o(m,b,...,b). Here m is an even

or odd intersection point between a zigzag path and an arc. We shall regard the two
cases separately and explain the relevant products.

First of all, fix an arc a € Q1. Let L be the zigzag path turning left at the head
of a and L’ the zigzag path turning right at the head of a. Let m : L — a be the odd
intersection point and m* : L’ — a the even intersection point. Regard the odd morphism
Xo: L — L' of zigzag paths. According to Lemma 5.20, the product un 1w a1, @(m*, Xa)
is equal to —m and it is the only nonvanishing term in u(m*,b,...,b). We conclude

§(m*) = (=1)lm “Z#E‘leml o(m*,b,...,b) = am.
1>0

Regard now the odd intersection point m : L — a and regard a sequence X.,,..., Xcy
of odd basis morphisms with X, : L; = L;y1 and Ly41 = L. According to Lemma 5.20,
we can describe the product pmTwat, @(m, Xe,, ..., Xe,) by means of MD disks with
output m*:

PHTw Gtl, @My Xeyy ooy Xey ) = Z Punc(D)m*.
D MD disk

with inputs Xe,,..., g MM

Unraveling the definition, an MD disk with inputs X,,...,X.,,m is the same as a

€L
midpoint polygon with arc sequence ey, ..., e, a. We can therefore write
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b
/>. b
Ic=a
) uq iyou
b
Fig. 8.7. The picture depicts the products p(ug, m,b,...,b), which determine the curvature of F;(a). The

products can be interpreted as smooth immersed disks between odd intersections of zigzag curves, with a
small embayment given by intermediately tracing an arc. The longer a disk, the more arcs can be embayed
and the more it contributes to curvature of mirror objects. The less punctures a disk is supposed to cover,
the shorter it is, which shows nicely why the classical mirror objects F'(a) are curvature-free.

6(m) = (_1)Hm” Z ng_jl“w Gtl, Q(m, by...,b)
1>0
= Z Punc(D) 9, Arcs(D)m™ = a,m™.
clockwise
midpoint polygons D

ending at a
In summary, we have computed the map d both on the odd hom space Hom(L,a) and
the even hom space Hom(L’, a). This finishes the proof. O

Remark 8.26. The mirror objects Fy,(a) € mf(Jac, Q, £,) have curvature. Explicitly, their
curvature reads

:U'g/[F,Fq(a)(m) ={gm — 52(7”) = (‘Ulm\ Zﬂﬁr%weth Q(M?—ITWthq Q:mb, ... ,0).

1>0

In Fig. 8.7, we have depicted how to interpret this curvature geometrically.
8.7. Main result

In this section, we state our main result. It consists of a wide range of deformed mirror
equivalences for punctured surfaces. The A-side is the deformed gentle algebra Gtl, @
and the B-side is the deformed category of matrix factorizations mf(Jac, Q, £,). When
dividing out the maximal ideal, one recovers the classical mirror symmetry originally
described in [12]. More specifically, one recovers the classical mirror functor of Cho,
Hong and Lau defined in [17, Chapter 10].

Remark 8.27. For sake of completeness, we provide here a brief overview of the setting.
The starting point is a dimer ¢ which is geometrically consistent or a standard sphere
dimer Qp; with M > 3. We assume that the dual dimer Q is zigzag consistent and of
bounded type. The bounded type requirement for dimers is detailed in section 6.10. For
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instance, a cancellation consistent dimer on a torus or without triangles is automatically
of bounded type.

Our mirror functor is a specific instance of the deformed Cho-Hong-Lau construc-
tion of section 7. The input pair (HL,, H Tw Gtl, Q) for this specific instance consists of
derived category H Tw Gtl,; @ of the deformed gentle algebra together with the minimal
model HIL, of the deformed category of zigzag paths. In section 8.4, we have started eval-
uating the deformed Cho-Hong-Lau construction for this specific instance and obtained
an explicit description of the deformed superpotential W, and deformed Jacobi algebra
Jacy Q In section 8.5, we have obtained an explicit description of the deformed poten-
tial ¢;. The general deformed Cho-Hong-Lau construction of section 7.6 together with
Remark 8.15 about the restriction to the subcategory Gtl, Q C HTw Gtl, Q) provides us
with a functor

F, : Gtl, Q — MF(Jac, Q, £,).

In section 8.6, we have computed explicitly the mirror objects F,(a) for a € Q1. We
denote by mf(Jac, Q,Eq) the subcategory consisting of these objects:

mf(Jacy Q, €y) = {Fy(a)} e, € MF(Jac, @, £,).

Remark 8.28. In our main result, we wish to present a mirror functor of A..-deformations.
At the present point, both the Jacobi algebra Jac, Q and the category MF(Jac, Q,éq)
however do not come with a canonical identification as completed tensor product of Jac Q
and MF(Jac Q,E) with B. We amend this by the following procedure:

o The algebra Jac, Q is a deformation of Jac@ in the sense that there exists a defor-
mation fijac,q of the product of JaCQ and a C[Qo]-linear algebra isomorphism

PJac,q * Jva Q = ((C HQOH® Jac QHU/JaC,q)-

This identification is not canonical and depends on choice. For sake of the construc-
tion, we shall fix one identification and view Jac, @ as (C[Qo]&® Jac Q, fiyac.q)-

o The category MF(Jac, Q,fq) is by construction only a loose object-cloning deforma-
tion of the category MF(Jac Q, £). This means that its objects are not the same as the
objects of MF(Jac Q,E) and its hom spaces cannot be naturally identified with the
completed tensor product of the hom spaces of MF(Jac Q,Z). Instead, such identifi-
cation depends on choice. We have elaborated on this phenomenon in section 7.6. We
amend this by regarding the subcategory mf(Jac, Q, ¢,) instead of MF (Jac, Q. ly).

o The category mf(Jac, Q, ¢4) is by construction only a loose deformation of mf(Jac Q,
¢). This entails that the objects Fy(a) are in correspondence with the objects F'(a), but
the hom spaces have not been identified. We amend this by noting that the specific
projective modules contained in F,(a) are of the form (Jac, Q)L;. These projective
modules come with natural isomorphisms
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Hom,,,. o((Jacy Q)Ls, (Jacy Q)L;) = Li(Jac, @)L; = BOLi(JacQ)L;.
We can therefore identify the hom spaces of mf(Jac, Q, l,) as
Hom, ¢ (5ac, 6.0,) (F,(a), F,(b)) = B® Hom, ¢ 50c 0.0) (F(a), F(b)). (8.4)

This way, we can view mf(Jac, Q,£,) as an actual A.,-deformation of mf(JacQ, ).

o The mirror functor F, : Gtl, @ — MF(Jac, Q,Eq) is by construction only a functor
of loose A,.-deformations. This means that it does not have a naturally defined lead-
ing term. However, once we interpret mf(Jac, Q, ¢,) as an actual A,-deformation of
mf(Jac Q,E), the functor Fy : Gtly @ — mf(Jac, Q,Eq) becomes a functor of actual
Ao-deformations and does have a well-defined leading term.

In Theorem 8.29 we present the main result. It is a specific instance of Theorem 7.50
and yields a wide range of deformed mirror equivalences. In the statement of the result,
we have already applied the reinterpretation of mf(Jac, Q, ¢,) as actual A.-deformation
of mf(Jac @, ¢), according to Remark 8.28.

Theorem 8.29. Let QQ be a geometrically consistent dimer or standard sphere dimer Qs
with M > 3. Assume that the dual dimer Q is zigzag consistent and of bounded type.
Denote by (Jacy Q,Eq) the deformed Landau-Ginzburg model associated with Q. Then:

1. The algebra Jac, Q is a deformation of Jac Q

2. The category mf(Jac, Q, L) is an Aso-deformation of mf(Jac Q, 0).

3. The deformed Cho-Hong-Lau functor provides a quasi-isomorphism of deformed Ao-
categories

F,: Gtl,Q —~— mf(Jac, Q, £,).

4. The leading term of Fy is the classical Cho-Hong-Lau functor F : GtlQ —
mf(Jac Q, £).

Proof. This is essentially a restatement of Theorem 7.50, applied to the specific pair
(HL,, HTw Gtl, Q) under the help of Remark 8.15. Although we have already worked
with the functor Fj in section 8.6, we shall recapitulate here why the conditions of
Theorem 7.50 are satisfied. After that, we comment on the first, second, fourth and
third claimed statement, in this order.

Let us explain that all requirements of Theorem 7.50 are satisfied. To start with, we
briefly trace the requirements according to Convention 7.22. The category HL, is strictly
unital with the same identities as HIL. It comes with a non-degenerate odd pairing and
a choice of CHL basis. As shown in Lemma 8.13, the deformed A,.-structure is cyclic
on the odd part. As we explained in Remark 8.15, we restrict the construction of the



582 R. Bocklandt, J. van de Kreeke / Journal of Algebra 672 (2025) 413-602

deformed Cho-Hong-Lau functor to the domain Gtl, Q. We have seen in section 5 that
the hom spaces between zigzag paths and arcs are finite-dimensional. This establishes
all requirements of Convention 7.22, adapted to the restriction of the functor to Gtl; Q.

The other requirements of Theorem 7.50 are that HL, is of slow growth and that
Jacy Q is a deformation of Jac Q In Lemma 8.14 we have indeed verified that HIL, is of
slow growth, at least to an extent sufficient for application of the deformed Cho-Hong-Lau
construction when restricting the functor to Gtly @. In Corollary 8.19, we have verified
that Jac, Q is a deformation of Jac Q This already proves the first claimed statement.

We see that all requirements of Theorem 7.50 are satisfied, adapted to the restriction of
the functor to Gtl, Q. Invoke the slow growth version of Theorem 7.50 and conclude that
the large category MF(Jac, Q, 4,) is a loose object-cloning deformation of MF(Jac Q.0).
Furthermore, the deformed Cho-Hong-Lau functor defines a functor of loose object-
cloning deformations

F, : Gtl, Q — MF(Jac, Q, ).

Note that the functor is restricted to Gtl, @ € HTw Gtl, @ because we have only par-
tially verified that HIL, is of slow growth. We now explain the second, third and fourth
claimed statements of the theorem.

For the second statement of the theorem, we explain why mf(Jac, Q, 4y) is a deforma-
tion of mf(Jac Q, £). Indeed, the subcategory mf(Jac, Q, £,) consists of the objects Fy(a).
As such, it is a loose object-cloning deformation of mf(Jac Q,E) via the object-cloning
map

O : Ob(mf(Jacy @, 4,)) — Ob(mf(JacQ, 1)),

Fy(a) — F(a).

Since the object-cloning map O is in fact a bijection, we can call mf(Jac, Q, ¢,) simply a
loose deformation of mf(Jac @, £) instead of a loose object-cloning deformation. Upon the
further identification (8.4), we can naturally view mf(Jac, Q, £,) as an actual deformation
of mf(JacQ, ¢).

For the fourth statement, regard the deformed Cho-Hong-Lau functor Fj provided
to us by Theorem 7.50. We merely restrict the codomain of Fj to the subcategory
mf(Jacy Q,4,) € MF(Jac, @, ¢,):

F, : Gtl, Q — mf(Jac, Q,£,).

This restriction is a bijection on object level. In Theorem 7.50, we have investigated
its leading term. By definition, the leading term entails dividing out m on hom spaces
on both sides. We have shown the leading term is F' when the following subsequent
identification is applied:
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Homyp(yac, 0.2, (Fy(a), Fy(b))
(Qo) - Homyp(yac, ¢.¢,) (Fa(a), Fy(b))

= HomMF(Jac Q.0 (F'(a), F(b)). (8.5)

Under the present interpretation of mf(Jac, Q, ¢,) as actual deformation of mf(Jac Q,0),
we can go a step further. Indeed, passing Fj, to the quotient by m and subsequently apply-
ing (8.5) is equivalent to interpreting mf(Jac, Q, £,) as actual deformation of mf(Jac Q, £)
by means of (8.4) and taking the leading term of the functor of actual A,-deformations
F, : Gtl; Q — mf(Jac, Q,Eq). This shows that F' is the leading term of the functor F
of actual deformed A..-categories. This proves the fourth statement.

For the third statement, recall from Corollary 8.9 that the classical Cho-Hong-Lau
functor F : Gtl Q — mf(Jac @, ¢) is a quasi-isomorphism. Since F' is the leading term of
F,, the functor Fy, is then also a quasi-isomorphism in the sense of [23]. This finishes the
proof. O

Remark 8.30. The classical mirror functor F' : HTw Gtl Q — MF(Jac Q, ) is not quasi-
fully-faithful on the entire category HTw Gtl Q. For instance, a narrow loop around a
puncture is mapped to the zero object, because the loop does not intersect any zigzag
curves. While we have formally not verified the slow growth condition for HL, with
respect to the entire category H Tw Gtl, @), suppose we obtain a deformed Cho-Hong-Lau
functor F, : H Tw Gtl, Q — MF(Jac, Q, £,). This functor would then not be quasi-fully-
faithful either, in the sense of [23].

Remark 8.31. We can build another functor Fq : HTw Gtl, @ — HTw MF(Jac, Q,éq)
by extending the deformed Cho-Hong-Lau functor Fj : Gtl, Q — MF(Jac, Q, £g) to the
deformed twisted completion and passing to the deformed minimal model, in the sense
of [23]. In contrast to F,, the functor F is quasi-fully-faithful.

Appendix A. Examples

In this section, we present two examples of deformed mirror symmetry. We consider the
3-punctured sphere and a 4-punctured torus. In both cases we determine the deformed
Jacobi algebra Jac, Q and the deformed potential ¢, explicitly.

A.1. 3-punctured sphere

In this section, we exhibit mirror symmetry and deformed mirror symmetry for the
3-punctured sphere. We start by explaining the dimer involved together with its zigzag
curve. Then we turn to the Jacobi algebra and the mirror objects. We explain all midpoint
polygons and compute the deformed Landau-Ginzburg model and the deformed matrix
factorizations.
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(a) 3-punctured sphere (b) @ (c) Q@

Fig. A.1. The 3-punctured sphere and its mirror.

The dimer and its mirror The sphere we regard is depicted in Fig. A.la. The figures
depict the three punctures qq, ¢», qc, the three arcs a, b, ¢ and the zigzag curve. The zigzag
curve, as an object of the Fukaya category, is also known as the Seidel Lagrangian.

The mirror dimer Q is a 1-punctured torus depicted in Fig. A.lc. The superpotential
W € CQ equals W = (abc)eye — (cha)eye. The Jacobi algebra is Jac Q = C(a, b, c)/(ab —
ba, ca — ac,bc — cb) = Cla, b, c]. The potential is £ = abc € Jac Q. The mirror objects are
the matrix factorizations

. a . . . . C “
M, = JachﬁJaCQa M, = JacQT—a’JacQ, M, = JacQ<:b>JacQ-
c a

The deformed superpotential The deformed gentle algebra Gtl, () has three deformation
parameters q,, ¢, and q.. To compute the deformed superpotential, we have to enumerate
all midpoint polygons in @). There are in total 12 midpoint polygons contributing to W,
depicted in Fig. A.2 and A.3. They fall into the following four groups: Three of them
are 3-gons on the front side and have arc sequences abe, bea and cab (sign +1). They are
depicted in Fig. A.2a. Three of them are 3-gons on the rear side and have arc sequences
cba, bac and acb (sign —1). They are depicted in Fig. A.2b. Three of them are monogons
mainly lying on the front side with arc sequences a, b, ¢ (sign +1, g-parameters g,
b, Ge, respectively). They are depicted in Fig. A.3a, A.3b and A.3c. Three of them are
monogons mainly lying on the rear side with arc sequences a, b, ¢ (sign —1, g-parameters
das Qb, ge, respectively). They are depicted in Fig. A.3d, A.3e and A.3f. We conclude that
the deformed terms cancel each other and we are left with

Wy =W = (abc)eye — (cba)eye € Cla, b, c).
The deformed Jacobi algebra is Jac, Q = Cla, b, [qa, g, 4c].

The deformed potential The expression for the deformed potential depends on the choice
of identity location for the zigzag path L. Let us choose the identity to lie on the copy
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@

(a) Arcs(D) = abe, bea, cab (b) Arcs(D) = cba, bac, ach

Fig. A.2. Six midpoint polygons contributing to W.

(a) Arcs(D) = a (b) Arcs(D) =10 (c) Arcs(D) =c¢
(d) Arcs(D) =a (e) Arcs(D) =b (f) Arcs(D) = ¢

Fig. A.3. Six canceling midpoint polygons contributing to Wj.

of a which turns right at head and tail of a. This choice is depicted in Fig. A.4. The
deformed potential ¢, is determined by enumerating L-polygons. The specific choice of
ag gives the following four L-polygons. We list these polygons here and recapitulate in
technical terms from which part of the minimal model HL, they come from:

e One L-polygon is a 3-gon lying on the front side and ending at the right side of a.
The underlying midpoint polygon is the same as the one depicted in Fig. A.2a. Its
contribution to ¢, is abc. In terms of HIL,, it concerns an ID disk.
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Fig. A.4. Identity location ag.

¢ One L-polygon is a monogon mainly lying on the front side and ending at the right side
of a. The underlying midpoint polygon is the same as the one depicted in Fig. A.3a.
Its contribution to ¢, is —g,a. In terms of HIL4, it concerns an ID disk.

¢ One L-polygon is a monogon mainly lying on the rear side and having a crossing with
ag. The underlying midpoint polygon is the same as the one depicted in Fig. A.3e.
Its contribution to ¢, is —gb. In terms of HIL,, it concerns a CR disk.

e One L-polygon is a monogon mainly lying on the front side and having a crossing with
ag. The underlying midpoint polygon is the same as the one depicted in Fig. A.3c.
Its contribution to ¢, is —g.c. In terms of HL,, it concerns a CR disk.

The total deformed potential amounts to

v

Ly = abc — gga — @b — g.c € Jac, Q.
We immediately see that ¢, € Jac, Q= Cla, b, d|[qa, gv, g.] is still central.

The deformed mirror objects The deformed mirror objects Fy(a), Fy(b), Fy(c) can be
determined by enumerating clockwise midpoint polygons ending at a, b and ¢, respec-
tively. For the arc a, there are two such midpoint polygons. The first is a 3-gon and
has 9, Arcs(D) = be, sign +1 and no g-parameters. The second is a monogon and has
04 Arcs(D) = 1, sign —1 and g-parameter g,. Both add up to a contribution of bc — g,.
The deformed mirror object is therefore

. a v
Fy(a) = Jac, Q == Jac, Q -
bc_(.Za

Similar considerations hold for F,(b) and F,(c). The deformed mirror objects are listed
in Table A.5. Note that none of the “factors” actually factor to £,. Instead, the failure to
factor ¢, is infinitesimal and serves as curvature of the deformed matrix factorizations.

A.2. j-punctured torus

In this section, we exhibit mirror symmetry and deformed mirror symmetry for a
4-punctured torus dimer. We start by explaining the dimer involved together with its
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Table A.5
The deformed mirror objects.
Object  Description Curvature
a
Fy(a) Jacy Q T Jac, Q —qpb — qcc
bc — qq
L b »
Fy(b) Jacq Q 4”; Jacg Q —qa@ — qcC
ca — qp
c
Fy(c) Jac, Q 4”; Jacg Q —qa@ — qvb
ab — qc
- T . N P I VIV AL VIR VIR VIR Y
by b bs| b by A
. o o as XX
3 4 3 3 4 3
b b b| b by bl SIS
. . @ o XPLEEEX
1 2 1 1 2 1 7 AN, S e S e 3
(a) Four-punctured torus Q (b) Its mirror Q (¢) A few midpoint polygons

Fig. A.6. Illustration of 4-punctured torus.

zigzag curve. Then we turn to the Jacobi algebra and the mirror objects. We explain all
midpoint polygons and compute the deformed Landau-Ginzburg model and the deformed
matrix factorizations. Centrality of the deformed Landau-Ginzburg potential obtained
is not obvious, and we provide a manual check.

The dimer and its mirror The torus dimer we regard is depicted in Fig. A.6a. The dimer
has four punctures q1, ¢o2, ¢3, g4, €ight arcs a1, ..., a4 and by,...,bs and four elementary
polygons. It has four zigzag paths and is geometrically consistent. The associated zigzag
curves are depicted in Fig. A.6c. The figure also depicts a few sample midpoint polygons
of different sizes (without indication which is the first and the last midpoint).

The mirror dimer @ is a 4-punctured torus as well, depicted in Fig. A.6b. In the
numbering of the figure, the correspondence between the punctures 1,2,3,4 of Q and
zigzag paths of @) is as follows:

1 €Q0<—)L1 :...,bl,ag,b4,a3,...
2EQ0<—>L2:...,bg,a3,b3,a27...
3€Q0<—>L3:...,al,bg,a47b37...

46Q0<—>L4:...,al,b4,a4,b1,...
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For instance, the two associated zigzag curves Ly and Lo are depicted in Fig. A.8a. The
superpotential W € CQ equals

W = (b1a4b2a2)cyc + (baaibsasz)cyc — (b2a3b1a1)cye — (b3a2baas)cye.
The Jacobi algebra JacQ = CQ/(9,W)acq, is a noncommutative quiver algebra with

relations. The dimer Q is zigzag consistent and therefore Jac Q is CY3. Its 12 relations
read

asbaas = aibaas,

asbias = asbiay,

The potential ¢ € Jac Q) reads

= (b1a4b2a2)cyc.

The mirror objects are the eight matrix factorizations

« ai . « az v
M., = (JacQ)Ls == (JacQ)Ly » Ma, = (Jac Q)L == (JacQ)L; -
bsazby brasbs
a1 a4
M., = (Jac Q)Lg (Jac Q) » Mo, = (Jac Q)L3 (Jac Q)L4 )
4a163 bQCLle
bl b2
My, = (JacQ)Ll (JacQ) , My, = (JacQ)L4 (JaCQ)LQ )
a4b2a2 a/2b1a4
b3 b4
My, = (JacQ)Ly = (JacQ)Ly » My, = (JacQ)L, == (JacQ)Ls
a3b4a1 a1b3a3

The deformed superpotential The deformed gentle algebra Gtl, @ has four deformation
parameters qi, gz, g3, ga. To compute the deformed superpotential W, we have to enu-
merate all midpoint polygons in (). As can be seen from Fig. A.6c, there are infinitely
many midpoint polygons. All midpoint polygons are rectangular, in particular for the
sign |D| we have |D| = 0 € Z/2Z for every midpoint polygon D. The midpoint polygons
can be classified into 64 different types according to their arc sequence, or 16 if one takes
arc sequences up to cyclic permutation. All 16 types are listed in Table A.7.

The midpoint polygons of any type are a family indexed by natural numbers k,l € N,
standing for the width and height of the polygon. More precisely, define side lengths of
a midpoint polygon to be the number of angles cut by the zigzag segments. In these
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Table A.7

Enumeration of midpoint polygons.

Orientation

g-parameter Punc(D)

arc sequence Arcs(D)

clockwise
clockwise
clockwise
clockwise

clockwise
clockwise
clockwise
clockwise

counterclockwise
counterclockwise
counterclockwise
counterclockwise

counterclockwise
counterclockwise
counterclockwise
counterclockwise

Ik 2kl
q23‘l114q
43933 (%;M}k -
94(9239)" 4749

q(q239)" (q120)" ¢**

)kq2kl

Ik 2kl
‘123lq14q
q2433 (Chthk ol
q1(q239)' ¢¥,0°

q(q239)" (q149)* ¢**

)kq2kl

in’z“zq%l
q4q14(qzaq
qg(qmq) a55q
a(q149)" (q2390) " ¢**

)kq2lcl
2kl

Ik 2kl
9149239

qlqh(qusqqu;Z
qz(qmql) LT,
4(q149)" (¢239)" ¢*

1

l

l

l

l

biagbzaz
biaibzaz
biaibzaz
biasbzas

bsaibzas
biasbzas
biagbzas
biaibzas

baazbiay
bzazbiay
baaszbsay
b3a3b4a1

bsazbsas
b2 as b4(14
bsazbiay
bg a2 bl Qaq
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terms, every family comes with a minimally small midpoint polygon and all larger mid-

point polygons in the family are derived from this minimal version by extending side

lengths by multiples of 4. For every of the 16 types, we have indicated in Table A.7

the g-parameters of the midpoint polygon of size (k,1). This way, we have efficiently

enumerated all midpoint polygons and their properties in 16 types and two parameters.

We use the following abbreviations:

q = 419293494, 414 = 4144, G23 = 4243

With this in mind, the deformed superpotential can be expressed as a sum over sixteen

terms, eight of which actually cancel out due to symmetry of the 4-punctured torus:

Z Z Punc(D

8 counterclockwise k,[>0
types

Wy = Z Z Punc(D) Ares(D)cyc —

8 clockwise k,l1>0

types
= Z P3q1aq”" — Z 9(149) (4239)" ¢*"'

k,1>0 k,1>0

D alas0) (@a0) ™ = D dlagbse®™

k,1>0 k,1>0
[ dhadhid®™ = > a(0149) (q230)

k,1>0

k,1>0

(baagbias)cye

(b3a2 by @4)cyc

(b3a3b4a1 )cyc

) Arcs(D)eye
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+ q(q230)" (q140)* ™" — Z 0140530 | (b2asb1a1)eye-
k,1>0 k,1>0
The deformed Jacobi algebra is JvaQ = (CQ[[ql,qz,qg,Q4]]/(8an)aEQvl. Here

(0aWq) e, denotes the closure of the ideal generated by the derivatives 0,W, €
CQla1, d2: g3, 9a] with respect to the (g1, d2. g3, ga)-adic topology.

The deformed potential The deformed potential ¢, as element of CQ[[ql,qg,qg,q4]] is
the sum of four potentials, one for each of the four zigzag paths:

&1 = gq,l + éq,2 + €q73 + €q74~

The expression for the deformed potential ¢, ; as element of (CQ[[ql, 42, g3, q4] depends
on the choice of identity location for the zigzag path L;. For instance, let us choose
the identity of the zigzag path Ly = ...,a9,b1,a3,bys,... to be the arc as. Then the
summands £, 1 and £, 2 read

bor = | Y lghsalsq®™braaboas + D (14 1)q(q149) (q230)" ¢ | braabaas
k10 k10

+ Z 1ga(q230) a4 + D (14 1)qaqi4(q239) 6™ | brasbsay
k>0 k>0

D0 lasghs(@1a0)*a®™ + Y (14 1)q3(q140)' a3 | baarbaay
k>0 51>0

+ Z 19(q239) (q1a0)* ¢ + Z (I +1)q14453¢>"" | baasbzas
k>0 k>0

+ Z (1 + Dgadzs(q1aa)" ¢ + Z lg2(q149)' g53¢°"" | braabsas
k>0 k>0

+ Z G 1)Q(Q23Q)Z(Q14Q)kq2kl + Z lqhqégq?’“ braibaas
k,1>0 k,1>0

+ Z labsqraq”* + Z (L + 1)q(q149) (q239)" ¢**" | baaybsas
k>0 k>0

+ Z 191(q239) ¢4 + Z (1 + 1)q1414(g239)"¢**" | baaaboas
k>0 k,1>0
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and

g2 = Z (k + 1) aaadiag™ + Z kq(q149) (¢239) ¢ | azbrasbs
k>0 k,1>0

+ Z (k + 1)qa(q239) ¢¥1>"" + Z kqaqi4(a239)" ¢ | azbrarbs
k>0 k>0

[ D0 (k4 1)as(ges) (@a0)* ®™ + Y kas(q149) 53 q*™" | azbaarbs
k>0 k>0

+ [ D0 (B4 Dalges0) (q1a0) ™ + D katadhsa®™ | azbaasds
k,1>0 k,1>0

+ Z k(q2s) (q1)" ™ + Z (k +1)q(q149) (4239)* ¢°*" | asbsarbs
k>0 k,1>0

+ Z (k + D1 (g239) d¥4a>" + Z k1914 (¢239) ¢ | asbaasb
k>0 k>0

+ Z kqaghs(qraq)* ™ + Z (k + 1)g2(q149) 53> | asbiasbs
k>0 k>0

+ [ D0 (k4 1D)a(ges0) (0140) ' + > kaladhsa®™' | asbrasbe.
%,1>0 k,1>0

Centrality The general mirror construction guarantees that the deformed potential £,
is central in the deformed Jacobi algebra Jac, Q In what follows, we verify centrality
manually in the case of the 4-punctured torus. Our starting point is the explicit descrip-
tion of W, and /, in terms of midpoint polygons. It turns out that centrality is not as
obvious as in the classical case of £ € Jac Q The checks we present incarnate particular
cases of the A..-relations for HL4, in fact going beyond the transversal case. Checking
centrality therefore presents evidence that the description of HIL, in terms of CR, ID,
DS and DW disks is accurate and is therefore evidence for the correctness of [24].

To get started, recall that proving ¢, central entails finding for every arc a € Ql
an element z € (9,W,) such that al, + = f,a within CQ. In the classical case of
{ € Jac Q, this element x can be described as a sequence of F-term flips of the path
la € CQ, see section 6.10. In the deformed case of ¢, € Jac, Q7 the potential ¢, is much
more complicated and the element x can only be obtained by inspecting and Koszul
dualizing the A-relations of HL,.
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a1 ao a1 \
1 2 1 2 1

Fig. A.8. (a) The zigzag paths L; and Ly and the morphism X,, : L1 — Lo.

)

For symmetry reasons, it suffices to prove {,a — aly € (0,W,) for a single arc a € Q1.
which we choose to be the arc a = as. Recall that t(as) = Ly and h(ag) = La. The arrow
set Q; identifies with odd transversal intersections of zigzag paths in @, and we write
X, for the odd basis morphism whose corresponding intersection point is located at the
midpoint of the arc a. For instance, the two zigzag paths L; and Lo and the morphism
Xa, 1 L1 — Ly are depicted in Fig. A.8a. Recall that the element b is a formal sum of
the odd transversal intersections X,, weighted by their formal parameter a € Q1. In our
case, we have explicitly

4 4
b= ZaiXai + Zlebl
i=1 i=1

The first step to centrality is to obtain a candidate expression for x = £, 2a2 — a2041
in terms of the relations 9,W,. The idea is to inspect those A -relations which lead to
centrality in the proof of Lemma 7.30:

pa, (170 (b, b)) + pwe, (0, iy, (B - b))

(A.1)
+pmn, (70(b, - 0),0) + iy, (b 170(by D), b) = 0.

The expression on the left-hand side of (A.1) is a sum of multiple odd morphisms weighted
by paths in Q To guess x, we extract the coeflicient of the odd morphism X,,.
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(a7} id(C) oy
1 = oy
he = idy,
/
p? =y

Ty = Q3+ Qq

Fig. A.9. DS result component contributing to /.LS(XGZ ,Ya,, Xa,).

Let us inspect all four terms of (A.1). The first term vanishes in the case of the
4-punctured torus, since it is geometrically consistent. For the second and third term,
recall that u=%(b,...,b) is the sum of the identities of the zigzag paths L; weighted by
4., and the even intersections Y, weighted by the relations 0, Wj:

4 4 4
P00, b) = lgaidr, + Y 00, WoVa, + > 05, W, Ys,.
i=1 =1 i=1

We insert this expression into the second and third terms of (A.1) and extract the
coeflicient of X,,. Since there are no 3-gons among zigzag curves in @), the X, coefficient
of the second term is azf,,; and the X,, coefficient of the third term is —¢; 2as.

For the fourth term in (A.1), we have to count CR, ID, DS and DW disks with output
X,, and input sequence consisting of odd elements of the form X,, or X;,, mixed with
one single even input of the form Y,, or Y;,. The X, coefficient from every CR, ID, DS
or DW disk is then the path in Q given by the concatenation of the a; or b; symbols,
inserting the relation 9,, W, or 0y, W, instead at the even input.

It remains to enumerate all relevant CR, ID, DS and DW disks explicitly in the case
of the 4-punctured torus:

e CR disks are 4-gons, in fact rectangles due to the shape of ). CR disks contribute
both to the inner and to the outer /‘%I]Lq in (A.1).

o ID disks are 5-gons, in fact rectangles of which one side has an output marking on
the identity location ay. They are only relevant for the inner ugpp, since their output
is an identity and not X,,.

o DS disks are only relevant for the outer pupp, since they require at least one even input.
According to the intricate rules for DS disks, the only DS disk with output X,, is the
DS disk with infinitesimally small side lengths contributing to u3 L, (Xans Yoy, Xay)-
The existence of this DS disk is independent of the choice of co-identity location. In
terms of the Kadeishvili construction from [24], this DS disk corresponds to the w-tree
with associated DS result component depicted in Fig. A.9.
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e DW disks are irrelevant. In fact, a DW disk has at least one even input and has a co-
identity output and can therefore neither contribute to the inner gy, nor contribute
Xa, to the outer ugr, .

This finishes our evaluation of (A.1). All in all, the Aoo-relations for HL, claim that the
X, coefficients of (A.1) add up to zero. This provides us with a candidate expression
for x = ¢, 2a2 — azly,1 in terms of the relations 9,W,;. We record and verify this guess
as follows:

Lemma A.1. Regard the J-punctured torus @ with its zigzag paths Ly, Lo, L3, Ly. Denote
by Ly.1 and Lqo the potentials in (CQ[[ql, 42, qs3, q4] associated with Ly and Lo under the
choice of as as identity location. Then within (CQ[[qh 42, q3, q4] we have

quag - agfq,l = ag((')azW )a (AZ)

+ ( > addid - Q1q23ql(q23q)kq2“)a3b4(8b1Wq)
}.1>0 £.1>0

+ ( > aud® ™ = > qesag ((123Q)kq2kl>a2b1(ablwq)
k>0 k,1>0

+ ( Y 0192010 (0149)" ¢ = > 24 QQ3q2kl)@3b1(ab4WQ)
k,1>0 k>0

+ ( > 01490 (@140)* " = D a23q q23q2kl>azb4(5b4 )
k,0>0 k,[>0

n ( Y 0edd ™ - Y qnddt Zkl)ag(i')@Wq)ag
10 .1>0

+ < 2q2lq2kq2kl Z q2q2lq2kq2kl>a2(8a2wq)a2
%,1>0 %,1>0

+ ( Z qql 2k 2k‘l Z qql 2k 2kl>a3(aa3wq)a2
k,0>0 k,0>0

+ ( Z qul k le Z qq2l k 2kl>a2(aagwq)a3
k,0>0 k>0

+ ( Y 2014(0129)' "M = Y aod qkq%l)(c?b 2)bsas
k>0 k>0

+ ( Z 0149(0149) " — Z 02305397 2“)(&)2 q)b2a2
k,1>0 k,1>0

+ ( > adad" M = D a1ges(239)'a" 2“)(&3 4)b2a3

k,1>0 k,1>0
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+ < Z q144144°" " — Z 4239(4239)'¢** 2kl>(8bd q)bsaz.

k,1>0 k,1>0
In particular, we have £yas = axly within Jacy Q.

Proof. The strategy is to cancel terms on the right-hand side against each other. The
correct means of finding cancellation partners is by tracing back all terms to their respec-
tive geometric origins. More precisely, recall that the claimed identity (A.2) is supposed
to reflect the Aoo-relations for HIL,. The A -relations again reflect the geometric prop-
erty that nonconvex disks can be divided into convex disks in two different ways. Once
we trace back every term on the right-hand side of (A.2) to its nonconvex disk origin,
we find the correct cancellation partner. A few corner cases remain in which the disk is
actually convex, and these correspond to the left-hand side.

It might be tempting to cancel the eight middle terms on the right-hand side of
(A.2) first. However, the cancellation of these eight terms is specific to the case of the
4-punctured torus and we in fact need to preserve these terms in order to make the other
cancellations transparent.

To get started, note that the identity (A.2) consists of C[q1, ¢2, g3, q4]-linear combina-
tions of paths of length five. Checking the identity entails comparing coefficients of every
of the possible paths. In the remainder of the proof, we merely focus on two example
paths: asbiaibsas and asbiaiboas. Out of these two, the case of the first path is easily
settled because the right-hand side contains no such paths. The case of the second path
is much harder and truly illustrates the geometric reason for equality. The authors also
checked manually the coeflicients of all 14 other paths and used the results to eradicate
all errors in (A.2). For the present demonstration, we merely restrict to the two paths
mentioned.

Let us comment on the first path asbiaibzas. We determine the coefficient of this
path in all four entities of (A.2). The coefficient coming from the term ¢, 2a2 is

> (k+ 1)qa(q239) ataa™ + > kaaqta(g2aq) .
%,1>0 %,1>0

The coefficient coming from the term asf4; is

S laa(aesq) afs®™ + S (U + Daadha(a2s0) ¢,
£.1>0 I>0

The coefficient coming from the term as (04, Wy)as is

Z 0474 (q239) ¢ — Z 1q14(q239)"¢**" = 0.
k>0 k>0

Note that this vanishing is specific to the 4-punctured torus. The coeflicient in the rest
of the right-hand side of (A.2) vanishes because 0y, W, has vanishing ajbzay coefficient,
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because J,, W, has vanishing b;a;bs coeflicient, and because 0y, W, has vanishing asbiaq
coefficient. All in all, both the left-hand side and the right-hand side of (A.2) cancel out.
This proves the identity (A.2) on the level of agbiaibsas terms.

We now focus on the second path asbiaibsas € (CQ and prove that its coefficient in
(A.2) vanishes. Regarding the left-hand side, the coefficient in ¢, 2as vanishes and the
coefficient in —agly 1 consists of the two sums

= Y+ Dg(g280) (0149) ¢ = Y 1glag5a0°" (A.3)

k,1>0 k,1>0

Regarding the right-hand side, the coefficient in ag(0,,Wy)as vanishes. The relevant
contribution of the 24 remaining relation terms is

+ Z 019167 4407 a2b1 (0, W)

£.1>0
— ) 420344” (4230)" "M asbi (3, W)

k,0>0
_ Z 02 0 ¢ ag(0, W, )as

k,1>0

(A4)

+ 3 40245 ¢ 0 (0, Wy)ay

k,0>0
+ > 1dtaq" " (9, Wy)boas

k,1>0
- Z 01023(4239)' 4" ¢*" (0o, W) b2

.1>0

We count the a1b2as3 coeflicients in 9y, Wy, 0uy W4 and 0y, W, as follows:

_ 14142kl 20+1+k+2kl
O, Wylarbsas =+ E 414 423

k,1>0

_ 2 : l+2kl k+2kl

k>0

_ 2k+1+142k1 2l4+k+142k1
aa?, Wq|bla152 =+ E q14 da3
k,1>0

. § : H—Zkl k+2kl

k,0>0

kHl+2kl 2042kl
Oy |agbrar =+ E G414 423
k,1>0

k4-1+2kl 2k+2kl
- E qaqi4
k>0
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Plugging these expressions into (A.4), we get twelve terms which we name as follows:

k+1)(214+1)+ (2K +1)(I'+1) 2(k+1)I14+(K' +1) (21" +1
1A: 4 30 gFDEHD RN D 2 DR D)

E,l,k',1'>0
. (B+1)(21+1) -+ (2K +1)  2(k+1)I+k' (21" +1)
1B: - Z d14 da3
k,L,k",1'>0
k+1)(214+1)+(2k"+1) (' +1) _2(k+1)(1+1)+ (K +1)(21'+1
A~ 3 D@D DD 2D ()R D R
k,Lk",1'>0

k+1)(21+1)+(2k"+1)1" 2(k+1)(1+1)+E (2 +1
B: + S qEFDEEDHEE DY 2 ) (L)
k,Lk'1’>0
k+1)(214+1)+ (2K +1)(I'+1) (k+1)(214+1)+(k'+1) (21" +1
A — Z q§4 )( )+( ) )q§3 ) )+( ) )
k,lk",1'>0
k4+1)(214+1)+(2k"+1)1" (k+1)(20+1)+E (2 +1
8B: 4 3 girDEHDHEE DY D@D LD
kLK 1'>0
4A:  + Z (k+1) 2l+1)+(2k’+1)(l’+1)qél§+1)(21+1)+(k’+1)(2l/+1)
k,Lk',1'>0
k+1)(214+1)+(2k'+1)1" (k+1)(20+1)+E' (20 +1
4B: — Y DGR (e @Dk D
kLK 1'>0
11+ k42K 4+ (K" 1 +2k'T1)  k(21+1)+20 (K +1
5A:  + Z (+++ (K U+ )q2§+)+(+)

K1,k I'>0
. Z (L+1+k+2kD)+ (K" +1+2K'T)  k(21+1)+2K (I'+1)
5B: - q14 do3
kK1’ >0
GA: (L +1+k+2k0D)+ (K +U+2K"1)  (k+1)(2l1+1)+2(k"+1)I
L q14 da3
kK1’ >0

14+1+k4+2kD)+ (K" +142K'1)  (k+1)(214+1)+2k" (' +1
6B: + Z qh )+( )qég )( ) ( )

k1K' 1'>0

It is our task to sum up these twelve terms (1A-6B) and prove the sum equal to (A.3).
Again, note that 3A and 3B cancel with 4A and 4B. However, performing this easy
cancellation would obfuscate all other cancellations. Instead, we shall obtain the correct
cancellations by inspecting the geometric origin of every of these twelve terms.

We give a catalog of all cancellations below. To understand the reasons behind the
cancellations, we shall demonstrate here how one finds the correct cancellation for the
term 1A in case | > I’ + 1. Its geometric origin is depicted in Fig. A.10a. In short, this
figure depicts a pair of disks contributing to

MH]Lq(Xa27Xb17MH]Lq(Xa17Xb27XCL3))' (A'5)

More precisely, the disk labeled dp, W, contributes to the inner ppr,, while the disk
labeled “coeftf” contributes to the outer uyp,. The side lengths of the disk labeled Op, W,
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ay

A

=0

(a) The origin of 1A (b) The origin of 3A

Fig. A.10. Term 1A cancels with term 3A if I > 1’ + 1.

are 4k’ + 3 and 41’ + 3. Correspondingly, the example depicted has k' = I’ = 0. The side
lengths of the disk labeled “coeff” are 4k 4+ 4 and 4l 4+ 1. Correspondingly, the example
depicted has k = 0 and [ = 1. The nonconvex shape can be split into two other pieces,
depicted in Fig. A.10b. That figure depicts a pair of disks contributing to

/’LHLq(Xazi/’I’HLQ(XlH?Xal?XbQ)vXa:;)' (A'G)

The two individual contributions to (A.5) and (A.6) cover the same area and therefore
have the same deformation parameters. A quick check shows that they have equal sign.
Noting that 1A and 3A come with opposite overall signs, this makes 3A our candidate
for cancellation with 1A in case I >’ + 1.

The cancellation of 1A and 3A involves a change of indices. More precisely, the term
1A with indices (k,, k’,1") cancels with 3A with indices (k,{—1I'—1, k+k'+1,1"). To obtain
this correspondence between indices, let us understand the disks in Fig. A.10b. The disk
labeled 9,, W, contributes to the inner upp,, while the disk labeled “coeff” contributes
to the outer HIL,. The side lengths of the disk labeled 9,, W, are 4(k + k' 4+ 1) + 3 and
41" + 3. The side lengths of the disk labeled “coeff” are 4k + 4 and 4(I — I’ — 1) + 2. This
means we expect to find the partner of 1A with indices (k,,k’,l") in 3A with indices
(k=1 —-1,k+K+1,1).

Similar considerations for all other pairs of terms give rise to a list of cancellation
candidates. In what follows, we compile this list and check for every entry individually
that it indeed cancels out with its partner:

e 1A in case I > 1’ + 1 cancels with 3A with indices (k,l —1I' — 1,k + k' + 1,1'):

(qu4) : (k+1D)Q20+1)+ K+ +1)
=k+DU-V-D+ 1)+ Q2*+F+1)+1)(" +1),
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(qo3) : 2(k+ 1)+ (K +1)(20' + 1)
=k+D)RI-V-D)+1)+((k+K +1)+1)2 +1).

e 1A in case | <!’ cancels with 6A with indices (k',' — I,k + k' + 1,1):

(qua) : (E+1)20+1)+ 2K +1)(I' +1)
=A+U=D+E+2'0 -0))+ (E+K +1)+1+2(k+ K +1)0),
(q23) : 20k + 1)l + (K + 1)(20' + 1)

=K +1)U -+ +2((k+K +1)+ 1)

e 1B in case k > k' cancels with 5A with indices (K',l + ',k — k',1):

(q1a) : (k+1)20+1)+1'(2K' + 1)
=1+ +)+K+280+)+(k—=K)+14+2(k—K)),
(g23) : 2+ DI+ KQU+1) =KQI+U)+1)+20((k—K)+1).

o 1B in case k + 1 < k' cancels with 3B with indices (k,I + ',k — k — 1,1'):

(q14) : (k+1)20+1)+U'(2K +1)
=k+D)RI+)+1)+ 2K —k—-1)+ 1),
(q23) : 2+ DI+ K2 +1) =k+1D)QU+U)+1)+ (K —k—1)2' +1).

e 2A in case k + 1 < K’ cancels with 4A with indices (k,l+ '+ 1,k — k —1,1'):

(qr4) : (E+1)20+1)+ 2K +1)(I' +1)
=k+1D)I+U"+D)+)+ 2K —k-1)+1)("+1),

(q23) : 2+ 1)1+ 1)+ (K +1)(2I' +1)
=Ek+DRI+V+D)+1) 4+ (K —k—1)+1)(20" +1).

e 2A in case k > k' cancels with 6B with indices (K',I1+1U'+ 1,k — k',1):

(qr4) : (k+1)(20+ 1)+ 2K +1)(I" +1)
=(1+{+V4+1)+K+2E1+1U+1)+ ((k—K)+1+2(k—K))
(q23) : 2k + 1)1+ 1)+ (K +1)(21 +1)

= +1)RU+I+1)+1)+2(k—K)(I+1).
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e 2B in case I > 1’ cancels with 4B with indices (k,l — U,k + k' + 1,1'):

(q14) : (k+1)(20 + 1) + (2" + 1)l
=k+1)201-0")+1)+2FKk+KE+1)+ 1)
(go3) : 20k + 1)1+ 1)+ K20 +1)

=Ek+DRI-U)+1)+ (k+ K +1)(2I' +1).
e 2B in case [+ 1 <!’ cancels with 5B with indices (kK',I’ =1 — 1,k + k' + 1,1):

(qua) s (k+1)(20+ 1)+ 2K + 1)
=1+ —1l-1)4+K+2'0U -1-1)+ ((k+ K +1)+1+2(k+ K + 1)),
(g23): 2+ 1)U+ + K +1)=K2U -l-1D)+1)+2k+k +1)(+1).

e 3A in case k' < k cancels with 5A with indices (k — k', [, k', 1 +1' + 1):

(q14) : (k+1)2l+1)+ 2K +1)('+1)
=(A+i+Ek—-E)+2k—K))+ K + 1+ +1)+2E'1+ 1"+ 1)),
(q23) : (E+1)20+1)+ (K +1)2 +1)

=(k—K)2l+1)+2(l+1"+1)(K +1).
e 3B in case I’ > 1+ 1 cancels with 5B with indices (k+ k' + 1,1, k',l' — 1 —1):

(qua) = (E+1)(20+1) + (2K + 1)U
=(A+l+k+E+D)+2k+K+D)D)+ K+ —1-1)+2E'1 —1-1)),
(g23): (k+D)QI+D)+EQ +1)=(k+E+1)20+1)+26 (' —1-1)+1).

e 4A in case I’ > cancels with 6A with indices (kK + &'+ 1,1, k',I' —1):

(qua) : (k+1)20+1)+ (2K +1)(I' +1)
=Q+Il+k+E+D) 420+ +D))+ K+ =) +2E'1 =1)),
(q23) : (E+1)20+1)+ (K +1)(2 +1)

=((k+K+1)+1)20+1)+ 2"+ 1)(I" = 1).
e 4B in case k > k' cancels with 6B with indices (k — k', 1, k', 1 +1'):

(qua) : (k+1)(20 + 1) + (2K + 1)I/
=(1+1+k—-K)+2k—K))+ K +1+1)+2K'(1+1")),
(q23) : (k+1D)+1)+ KR +1)=((k—K)+1)20+1)+2E(1+1")+1).
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We have shown that most terms of (A.4) cancel out. It remains to analyze the corner
cases which did not cancel and match them with (A.3). In fact, the only remaining corner
terms are 6A with indices (k,l, k,1’) and 5B with indices (k,l, k,1’). We conclude that
the sum of the 12 terms (1A-6B) is

_ Z q1+(l+l')+2k+2k(l+l’) (1§+1)(2(z+z')+1)_ Z qii(l+l’)+2k+2k(l+l’)q;c?()2(l+l’)+3)

14 ds
1,1’ >0 k,1,1'>0
_ 1+s+2k+2ks 1+k+2s+2ks s+2ks k+2ks
= - E (s+1)qy4 da3 - E 5414 Q23 .
k,s>0 k,s>0

We recognize this expression as equal to (A.3). In other words, the coefficient of
asbiaibeas in the centrality identity (A.2) agrees on both sides. This finishes the checks
for the coefficients of asbya1b2a3, and thereby finishes our selected calculations aimed at
demonstrating (A.2). 0O

Data availability
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