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 A B S T R A C T

This paper studies a novel stochastic compartmental model for the dynamics of trust in society. 
The population is split into three compartments representing levels of trust in society: trusters, 
skeptics and cynics. The focus lies on assessing the long-term dynamics, under ‘bounded 
confidence’ (i.e., trusters and cynics do not communicate). We state and classify the stationary 
points of the system’s mean behavior. We find that in the model an increase in life-expectancy, 
and a greater population may increase the proportion of individuals who lose their trust 
completely. In addition, the relationship between the rate at which cynics convince skeptics to 
join their cause and the expected number of cynics is not monotonic — it does not always help to 
be more convincing to ensure the survival of your group. We numerically illustrate the workings 
of our analysis. Because the study of stochastic compartmental models for social dynamics is not 
common, we in particular shed light on the limitations of deterministic compartmental models. 
In our experiments we make use of fluid and diffusion approximation techniques as well as 
Gillespie simulation.

1. Introduction

Trust in the government is important for the healthy functioning of a society, yet a good amount of skepticism is important to 
ensure that this trust is not abused. This motivates our study of a new stochastic compartmental model for the dynamics of trust in 
society. A lack of trust in government and science has been linked to vaccine-hesitancy [1,2]. Meanwhile, the abundance of fake 
news during the COVID-19 pandemic [3] indicates that peer-to-peer influence may play a role in sowing distrust. In relation to such 
topics the populous may be rather divided and so peer-influence may in some cases give way to the concept of bounded confidence,
i.e., individuals whose views are too far apart no longer experience an assimilative force between them. Bounded confidence was 
introduced in the early 2000s [4–6], and still receives attention [7–9] (for reviews in the broader context of opinion dynamics 
models, we refer the reader to [10–14]).

In this paper we model the progression between individuals that trust fully (in the context of some institution e.g., a government), 
to those that have a healthy amount of skepticism, and finally those who have lost all trust. The model we present is a stochastic 
compartmental model that describes the three groups’ random dynamics, incorporating the idea of bounded confidence. We note 
there is an abundance of works in the social sciences literature on compartmental models pertaining to the deterministic setting, 
while the stochastic setting is studied considerably less intensively. In this paper we argue that there are gains to be had working 
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with stochastic compartmental models, as these provide insights beyond just the expected number of individuals in the individual 
compartments. This in particular opens up the option of studying probabilities of specific events (such as extinction, i.e., one of the 
compartments dying out) which do not happen in expectation yet with positive probability.

At a more detailed level, our three-group stochastic compartmental model has the following dynamics. There is interaction 
between the trusters and the skeptics as well as between the skeptics and cynics, who have lost trust. However, by bounded 
confidence, there is no interaction between those who have full trust and those who have lost it. By virtue of the idea that trust 
is much easier lost than gained we assume that the transition from skeptic to cynic is one-way, i.e., losing trust is permanent. 
We assume ‘deaths’ (or departures) from all groups at the same rate, while ‘births’ (or arrivals) occur only to the fully trusting 
compartment; birth and death rates are chosen such that the population remains roughly constant. Our choice that births lead to an 
increase of the trusting compartment corresponds to the situation in which the upbringing of the community assumes a high level 
of trust in society. This is an obvious simplification, but it is a reasonable starting point, reflecting that children learn to trust the 
government and society at school.

1.1. Related literature

We now present a non-exhaustive of the related literature, with a focus on papers from the social science literature (in the broad 
sense) on compartmental models for belief dynamics.

1.1.1. General overview
Models of epidemics à la Kermack and MacKendrick [15–17] describe the setting when individuals become infected with an 

idea and spread this to their neighbors. To model the spread of ideas in this way is not novel; in particular Daley and Kendall [18] 
model the stochastic spread of rumors through a workplace. A deterministic version of information spread has seen vast attention in 
the form of the Susceptible-Forwarding-Immune model and variations thereon [19–21] (see [22] for misinformation in particular). 
Bondesan et al. [23] take an integrated approach to jointly modeling vaccine-hesitancy and actual epidemic dynamics through a 
compartmental model. Departing from the idea of belief change, Kononovicius [24] addresses the movement of agents with a fixed 
opinion between electorates. This provides an explanation to voting outcome change without assuming change of opinions held by 
individuals.

The process of (de-)radicalization has been studied extensively using compartmental models [25–30]. A common thread in this 
branch of the literature is to model a general population and a core group. This core group consists of subclasses, viz. susceptible, 
indoctrinated and radical. It is found that curbing the entry to the core group is crucial to curbing the growth of the radicalized 
sub-population [25,29]. Recently Wang [31] put forth a compartmental model in which a rational and an irrational idea compete 
to gain new followers.

There is a line of literature [32–36] which addresses the intersection of beliefs and epidemics. In particular by modeling the effect 
of a belief model (usually done relying on agent-based models) on the spread of an epidemic model (which is of a compartmental 
nature). Dorso et al. [32] for instance, study the interplay of (anti-)vaccination behavior, public trust and the spread of measles. 
On the other hand, Zanella [36] studies a kinetic model coupling the spread of an epidemic with an opinion dynamics model. The 
epidemic model is compartmental while the opinion dynamics aspect is continuous (opinions are in [−1, 1]).

1.1.2. Directly related works
There is an abundance of studies on compartmental models of social dynamics. In essence, these derive systems of ordinary 

differential equations, thus characterizing the mean behavior of the number of individuals in each sub-population as a function 
of time. As pointed out earlier, to gain a detailed understanding of the system’s dynamic, one would like to incorporate its 
inherent random nature. In probabilistic terminology, the above-mentioned deterministic models effectively correspond to a fluid 
limit (sometimes also referred to as the thermodynamic limit) of the stochastic model. Importantly, these fluid limits provide good 
approximations only when the population is sufficiently large. They are less appropriate in the regime of medium and smaller 
populations however, where the stochastic effects become more pronounced. This justifies working with a stochastic model, thus 
also incorporating the process’ random behavior. Especially when the population size is far from the thermodynamic limit, the 
expected value of the dynamics tells a rather incomplete story.

The models that mostly resemble (the deterministic version of) the dynamics we present are those by Wang [31] and McCartney 
and Glass [37]. As mentioned, Wang [31] studies the dynamics by which individuals switch from not thinking much on a topic to 
either holding a rational or an irrational view on the topic. He incorporates bounded confidence by setting the influence between 
rational and irrational view holders to zero. The transition from holding an irrational view to holding the rational one thus takes 
place by first having a moment of self-realization which induces doubt in the irrationalist. The doubters may subsequently be 
influenced by individuals holding the rational view. McCartney and Glass [37] present a model in which individuals switch from 
being committed to a church, to non-committed and finally non-affiliated. They do not explicitly make use of bounded confidence, 
though upon fitting their model to data, they empirically find that the influence between the committed church goers and the 
non-affiliated individuals is close to zero. Though not mentioned explicitly, it is conceivable that the decisions individuals take to 
switch from one group to another in their model may also be heavily influenced by trust.

Recently Nugent et al. [9] illustrated, in the context of opinion dynamics with bounded confidence, how increasing the interaction 
rate while decreasing the impact of an interaction in agent-based models results in convergence of the random model dynamics to 
solutions of differential equations. Their work is related in the sense that they too explicitly discuss the connection between the 
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deterministic differential equation approach and their stochastic counterpart. While both their work and ours is concerned with the 
evolution of beliefs in a population, their results are not directly applicable to the model we consider because of a fundamental 
difference: the agents in our model fall into discrete compartments which describe their belief level, while their model considers 
the belief of each individual agent separately.

1.2. Contributions

A main contribution of our work concerns the new stochastic compartmental model for the dynamics by which individuals in a 
society transition between, high, moderate and no trust. In formulating this model we have taken care to incorporate the reasonable 
assumption of bounded confidence, as is typically used in the literature. The model we present is conceptually simple yet behaviorally 
rich. We identify and classify the three stationary points of the fluid limit of this model, resulting in a phase plane in the parameter 
space indicating which (unique) stationary point is stable.

We gain insights about the possible dynamics of trust in society if this were to unfold as described by our stylized model. We 
observe a surprising relationship between the rate at which those who have lost all trust convince others of their view on one hand, 
and the expected number of individuals who have lost all trust on the other hand. In particular this relationship is not monotonic; 
there is a point at which increasing the rate whereby cynics convince skeptics decreases the expected number of cynics. The model 
also predicts that a longer life-span and a larger population both increase the expected proportion of individuals who have lost trust. 
Because we study a stochastic model, we are also able to analyze the impact of the model parameters on the extinction probabilities 
of the individual groups.

Finally, our paper illustrates the application of computational methods used in the study of stochastic social compartmental 
models. As mentioned, substantial understanding can be gained by performing a stochastic analysis, rather than relying on the 
differential equations that underlie the model’s deterministic counterpart, in particular if the groups that are being modeled are 
not large. The method of diffusion approximation readily provides us with a quantification of relevant probabilities, such as the 
probability of reaching an unusually high value of individuals in a certain compartment. This is useful for instance when modeling 
extremism dynamics (a topic in which deterministic compartmental models have been readily applied), where having an extremist 
group of a critical size can have important implications for the activities of that group. In instances that the diffusion approximation 
runs into conceptual issues (as it cannot properly handle extinction of a critical compartment), we study the stochastic dynamics 
by means of a stochastic simulation algorithm.

1.3. Organization of paper

In this introductory section we have motivated the study of a stochastic compartmental model for the dynamics by which 
individuals lose and gain trust in institutions. In Section 2 we introduce the notation used. We present the methods of fluid and 
diffusion approximation in Section 3, as well as Doob-Gillespie simulation. In Section 4 we present the analysis of the model and 
conclude in Section 5 with a discussion of the results, as well as an account of the limitations of the model and possible future work.

2. General model notation

Because of the broad applicability of the techniques we use to study our compartmental model, we separate the presentation 
of the main example to which we apply those techniques and the presentation of the techniques themselves. A reader interested 
predominantly in the model and our analysis thereof may choose to skip Section 2.1 and Section 3, reading instead only Section 2.2 
(the presentation of the model), and from Section 4 onward.

2.1. General setup

We study a subclass of the population processes considered in Kurtz [38], and as such we have a substantial overlap in notation. 
Let, for some 𝑑 ∈ N, 𝑿(𝑡) = [𝑋1(𝑡), 𝑋2(𝑡),… , 𝑋𝑑 (𝑡)]⊤ denote a vector-valued stochastic population process in continuous time 
𝑡 ∈ [0,∞). The value 𝑋𝑖(𝑡) ∈ N0 denotes the number of individuals in compartment 𝑖 ∈ {1,… , 𝑑} at time 𝑡, where 𝑑 is the number 
of compartments in the model. In the following, we will make use of the notation 𝒆𝑖 to denote the vector with a one on position 𝑖
and zeroes elsewhere. The dynamics in the model are due to events which occur at Poisson times. There are three different types 
of events:

1. Arrival: The new individual arrives at a compartment, thus increasing the latter’s size by 1. If this concerns compartment 
𝑖 ∈ {1,… , 𝑑}, then the change is in direction 𝓵 = 𝒆𝑖.

2. Exit : An individual exits the system, thus decreasing the size of one compartment by 1. If this concerns compartment 
𝑖 ∈ {1,… , 𝑑}, then the change is in direction 𝓵 = −𝒆𝑖.

3. Jump: An individual moves from one compartment to another, thus decreasing and increasing the size of the two com-
partments in question by 1 respectively. If this concerns a transition from compartment 𝑖 ∈ {1,… , 𝑑} to compartment 
𝑗 ∈ {1,… , 𝑑} ⧵ {𝑖}, then the change is in direction 𝓵 = −𝒆𝑖 + 𝒆𝑗 .
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Observe that, evidently, in the cases of an exit or jump from compartment 𝑖, the number of individuals in compartment 𝑖 should be 
strictly positive. Hence, the set of possible directions is

𝖫 ∶=
𝑑
⋃

𝑖=1
{𝒆𝑖} ∪

𝑑
⋃

𝑖=1

⋃

𝑗≠𝑖
{−𝒆𝑖 + 𝒆𝑗} ∪

𝑑
⋃

𝑖=1
{−𝒆𝑖}.

We conclude that in this general setup there are 𝑑(𝑑 +1) possible transition directions. In the sequel, 𝑞𝓵(𝑿(𝑡)) denotes the transition 
rate of the underlying continuous time Markov chain if at time 𝑡 the system state is 𝑿(𝑡).

Transition rates may be either independent of, or proportional to the size of the compartments that they involve. As our 
compartmental model does not require the highest level of generality, we focus on the following specific case:

◦ The arrival rates are independent of the state of the process. An arrival to compartment 𝑖 ∈ {1,… , 𝑑} occurs at rate 𝜆𝑖. Hence 
the transition rate 𝑞𝓵 for 𝓵 = 𝒆𝑖 reads, with 𝑿(𝑡) the system state at time 𝑡, 

𝑞𝒆𝑖 (𝑿(𝑡)) = 𝜆𝑖, (1)

for 𝜆𝑖 ⩾ 0.
◦ The exit rates are dependent only on the size of the compartment from which the individual is exiting. An exit from 
compartment 𝑖 ∈ {1,… , 𝑑} occurs, per individual that is present, at rate 𝜇𝑖. Hence the transition rate 𝑞𝓵 for 𝓵 = −𝒆𝑖 reads, 
with 𝑿(𝑡) the system state at time 𝑡, 

𝑞−𝒆𝑖 (𝑿(𝑡)) = 𝜇𝑖𝑋𝑖(𝑡), (2)

for 𝜇𝑖 ⩾ 0. Observe that the individuals exit compartment 𝑖 independently of each other. If 𝑋𝑖(𝑡) = 0 this rate is automatically 
0, as desired.

◦ The jump rates are dependent on the size of the compartment from which the individual is exiting as well as the size of the 
compartment it is joining. A jump from compartment 𝑖 ∈ {1,… , 𝑑} to compartment 𝑗 ∈ {1,… , 𝑑} ⧵ {𝑖} occurs, per pair of 
individuals that is present in each of the two compartments, at rate 𝜈𝑖𝑗 . Hence the transition rate 𝑞𝓵 for 𝓵 = −𝒆𝑖 + 𝒆𝑗 reads, 
with 𝑿(𝑡) the system state at time 𝑡, 

𝑞−𝒆𝑖+𝒆𝑗 (𝑿(𝑡)) = 𝜈𝑖𝑗𝑋𝑖(𝑡)𝑋𝑗 (𝑡), (3)

for 𝜈𝑖𝑗 ⩾ 0. If 𝑋𝑖(𝑡) = 0 or 𝑋𝑗 (𝑡) = 0, then this rate is 0.

We have now set up our framework, in that for each event 𝓵 ∈ 𝖫 we can characterize the probability that it takes place in an 
interval of length 𝛥. Indeed, for 𝛥 small, 

P (𝑿(𝑡 + 𝛥) = 𝑿(𝑡) + 𝓵 ∣ 𝑿(𝑠), 𝑠 ⩽ 𝑡) = 𝑞𝓵(𝑿(𝑡))𝛥 + 𝑜(𝛥). (4)

The generator A  of the underlying Markov process is therefore given via 
A 𝑭 (𝒙) =

∑

𝓵∈𝖫
𝑞𝓵(𝒙)(𝑭 (𝒙 + 𝓵) − 𝑭 (𝒙)). (5)

2.2. Compartmental model

We now use the general model described in the previous subsection to introduce the compartment model of our interest. We 
study the stochastic population process given by the vector 𝑿(𝑡) = [𝑇 (𝑡), 𝑆(𝑡), 𝐶(𝑡)]⊤ ∈ N3

0 over continuous time 𝑡 ⩾ 0. We have 
divided the population into those who

◦ trust the institution, referred to as 𝑇 (𝑡) (trusters),
◦ are skeptical about the institution, referred to as 𝑆(𝑡) (skeptics), and
◦ have lost trust in the institution, referred to as 𝐶(𝑡) (cynics).

We assume that by random meetings trusters and skeptics may convince one another of their views. Similarly by a meeting between 
a skeptic and a cynic the skeptic may lose all trust and join the cynics. Thus transitions between times 𝑡 and 𝑡 + 𝛥 occur with 
probabilities proportional to 𝛥, as 𝛥 ↓ 0. Indeed, for 𝛥 small, if the current state is (𝑇 , 𝑆, 𝐶), we have

(𝑇 , 𝑆, 𝐶) → (𝑇 − 1, 𝑆 + 1, 𝐶), w.p. 𝛼 𝑇𝑆 𝛥 + 𝑜(𝛥) (sowing seeds of doubt), (6)

(𝑇 , 𝑆, 𝐶) → (𝑇 + 1, 𝑆 − 1, 𝐶), w.p. 𝛽 𝑇𝑆 𝛥 + 𝑜(𝛥) (reassurance), (7)

(𝑇 , 𝑆, 𝐶) → (𝑇 , 𝑆 − 1, 𝐶 + 1), w.p. 𝜇 𝑆𝐶 𝛥 + 𝑜(𝛥) (trust lost), (8)

with 𝛼, 𝛽, 𝜇 > 0.
Furthermore we let there be births only at the trusters compartment. The justification behind this choice lies in the fact that 

most individuals born to a population are subject to some kind of schooling where they would in general be exposed to the status 
quo which we assume to be trust in the institutions. The Poisson process by which new individuals are added to the population 
of trusters has a constant rate 𝛬 > 0. As motivated in the introduction, we have chosen to not have any external arrivals to the 
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Fig. 1. Stochastic flow diagram of the compartmental trust model.

classes 𝑆 and 𝐶. We also allow individuals from all compartments to leave the population (death), which happens at rate 𝜈𝑋 for 
each compartment 𝑋 ∈ {𝑇 , 𝑆, 𝐶}. The model is visualized in the stochastic flow diagram of Fig.  1, revealing that in our specific 
instance we have that |𝖫| = 7, and 

𝖫 =

⎧

⎪

⎨

⎪

⎩

⎛

⎜

⎜
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0
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⎝

0
0

−1

⎞

⎟

⎟

⎠

,
⎛

⎜

⎜

⎝

−1
1
0

⎞

⎟

⎟

⎠

,
⎛

⎜

⎜

⎝

1
−1
0

⎞

⎟

⎟

⎠

,
⎛

⎜

⎜

⎝

0
−1
1

⎞

⎟

⎟

⎠

⎫

⎪

⎬

⎪

⎭

. (9)

Note that we do not include a transition from cynic, having lost all trust, to either of the other compartments in the current 
model. This is in the vein of trust being easily lost and hard to regain [39,40]. This decision is motivated by empirical evidence,
e.g. in the findings of McCartney and Glass [37]. When fitting their models of church affiliation to census data of Northern Ireland, 
they found that the transition rate of those who had lost their faith back to the church was either zero or close to zero.

Recently empirical research has shifted to investigate the effectiveness of strategies aimed at repairing trust once it has been 
lost (see for example [41–43]). With active efforts it seems that trust may be repaired. Thus, inclusion of institutional efforts at 
rebuilding trust in the model is a promising direction of future work.

3. Methodology

In this section we discuss methodologies to assess the stochastic model defined in the previous section. Models of this kind admit 
both a fluid and a diffusion approximation. The fluid approximation can be considered as a law of large numbers at the process level: 
informally, under a scaling in which the number of individuals in the system grows large, the evolution of each of the components 
tends to a deterministic function, which can often be characterized as the solution to a set of ordinary differential equations. The 
diffusion approximation, on the other hand, concerns the fluctuations around the fluid limit and can be seen as a central limit 
theorem at the process level. In cases where these approximations fail the Doob-Gillespie stochastic simulation algorithm provides a 
means to sample statistically correct trajectories of the process, and can therefore be used to estimate any relevant quantity. The 
failure of the diffusion approximation relates to transitions out of absorbing states and is elaborated on in Section 4.3.2. In short, 
the diffusion approximation does not account for the fact that if at some point the 𝑆 (or the 𝐶) compartment is empty, that this 
stays true indefinitely. In the rest of this section we provide brief accounts of these three methods, which we will intensively apply 
in Section 4 to study our specific compartmental model.

3.1. Fluid approximation

In the fluid limit we scale the process 𝑿 by a factor 𝑁 , to be thought if as being on the order of the size of the total population. 
The process of interest is the proportion (or density) 

𝑿𝑁 (𝑡) ∶=
𝑿(𝑡)
𝑁

. (10)

In order to keep transitions occurring at an appropriate pace we also have to scale the transition rates, in that all of them are 
multiplied by a factor 𝑁 ; we refer to the rescaled rates by 𝛽𝓵(⋅). Then observe that this means that, as 𝛥 ↓ 0,

E[𝑇𝑁 (𝑡 + 𝛥) − 𝑇𝑁 (𝑡) ∣ 𝑿𝑁 (𝑡)]
𝛥

= 𝛬 − 𝜈 𝑇𝑁 (𝑡) + 𝛽 𝑇𝑁 (𝑡)𝑆𝑁 (𝑡) − 𝛼 𝑇𝑁 (𝑡)𝑆𝑁 (𝑡) + 𝑜(1),

E[𝑆𝑁 (𝑡 + 𝛥) − 𝑆𝑁 (𝑡) ∣ 𝑿𝑁 (𝑡)]
𝛥

= −𝜈 𝑆𝑁 (𝑡) − 𝛽 𝑇𝑁 (𝑡)𝑆𝑁 (𝑡) + 𝛼 𝑇𝑁 (𝑡)𝑆𝑁 (𝑡) − 𝜇 𝑆𝑁 (𝑡)𝐶𝑁 (𝑡) + 𝑜(1), (11)

E[𝐶𝑁 (𝑡 + 𝛥) − 𝐶𝑁 (𝑡) ∣ 𝑿𝑁 (𝑡)]
𝛥

= −𝜈 𝐶𝑁 (𝑡) + 𝜇 𝑆𝑁 (𝑡)𝐶𝑁 (𝑡) + 𝑜(1).

Sending 𝛥 ↓ 0 in these equations, the above display suggests that 𝑿𝑁 (𝑡) converges to the solution of a system of ordinary differential 
equations. In the remainder of this subsection we argue that this is indeed the case.

Following closely the procedure leading up to Kurtz [38, Theorem 8.1], and the proof thereof, we define 
𝑭 (𝒙) ∶=

∑

𝓵∈𝖫
𝓵 𝛽𝓵(𝒙), (12)
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which is a column vector of length 𝑑 with the rates corresponding to the transitions in the scaled model were it in state 𝑥 ∈ R𝑑
⩾0. 

We define the fluid path 𝒙(⋅) as the solution to the following 𝑑 coupled ordinary differential equations: 
d𝒙(𝑡)
d𝑡

= 𝑭 (𝒙(𝑡)), 𝒙(0) = 𝒙0; (13)

observe the similarity with the system (11). By the results in [38], the process 𝑿𝑁 (⋅) converges to the fluid path 𝒙(⋅) as 𝑁 → ∞. 
Formally, if the conditions

F.1 lim𝑁→∞ 𝑿𝑁 (0) = 𝒙0,
F.2 ∑

𝓵∈𝖫 sup𝒙∈𝑲 𝛽𝓵(𝒙) < ∞, for any compact subset 𝑲 of R𝑑 , and
F.3 there exists 𝑀𝐾 > 0 such that |𝑭 (𝒙) − 𝑭 (𝒚)| ⩽ 𝑀𝐾 |𝒙 − 𝒚|, for all 𝒙, 𝒚 ∈ 𝑲, for any compact subset 𝑲 of R𝑑

apply, then we have that, for all 𝑡 ⩾ 0, 
lim

𝑁→∞
sup
𝑠⩽𝑡

|𝑿𝑁 (𝑠) − 𝒙(𝑠)| = 0. (14)

We provide the verification of conditions F.1–F.3 in Appendix  A.1.
The resulting system of ordinary differential Eqs. (13) corresponds to the system that one would obtain when working with

deterministic flows of the same rates as in our stochastic compartment model. The added value of our stochastic model is that more 
refined objects, i.e., quantities that are more detailed than just the expectation, are also tractable. For this we turn to the diffusion 
approximation, shedding light on typical deviations from the mean, and later to stochastic simulation.

3.2. Diffusion approximation

We proceed by analyzing the typical fluctuations around the fluid path. To this end, we define by 𝑿̂𝑁 (𝑡) ∶=
√

𝑁(𝑿𝑁 (𝑡) − 𝒙(𝑡)), 
for 𝑡 ⩾ 0, the scaled difference between our scaled process and the associated fluid path. Furthermore we define the Jacobian matrix

∇𝑭 (𝒙) ∶=
⎡

⎢

⎢

⎢

⎣

𝜕𝑭 (𝒙)1
𝜕𝑥1

⋯ 𝜕𝑭 (𝒙)1
𝜕𝑥𝑑

⋮ ⋱ ⋮
𝜕𝑭 (𝒙)𝑑
𝜕𝑥1

⋯ 𝜕𝑭 (𝒙)𝑑
𝜕𝑥𝑑

⎤

⎥

⎥

⎥

⎦

(15)

of dimension 𝑑 × 𝑑. In addition there is the transition matrix 𝐻 , of dimension 𝑑 × |𝖫|, containing the possible transitions as columns, 
being the direct sum of all the transition vectors 

𝐻 ∶=
⨁

𝓵∈𝖫
𝓵. (16)

Finally we define the square rates matrix, 𝛴(𝒙), of dimension |𝖫| × |𝖫|, 

𝛴(𝒙) ∶= diag
(√

𝛽𝓵1
(𝒙),… ,

√

𝛽𝓵
|𝖫|
(𝒙)

)

, (17)

where we have written 𝖫 as 𝓵1,… ,𝓵
|𝖫|. Recall that 𝛽𝓵(⋅) refers to the transition rates 𝑞𝓵(⋅) scaled by a multiplication factor of 𝑁

which is necessary because we are working with 𝑿𝑵 (⋅) = 𝑿(⋅)∕𝑁 . In other words, 𝛽𝓵(⋅) = 𝑁𝑞𝓵(⋅). Furthermore, because the rates 
take one of the forms 𝜆, 𝜇𝑋𝑖(𝑡), or 𝜈𝑋𝑖(𝑡)𝑋𝑗 (𝑡) with 𝜆, 𝜇, 𝜈 ⩾ 0 (see Eqs. (1)–(3) for details), and 𝑋𝑖(⋅) ⩾ 0 by definition, we know 
that 𝛽𝓵(𝒙) ⩾ 0 for all 𝓵 ∈ 𝖫. In particular, it means that taking the square root is admissible.

The diffusion limit 𝑿̂(⋅) is a 𝑑-dimensional process that obeys the stochastic differential equation, with 𝒙(⋅) as before denoting 
the fluid path, 

d𝑿̂(𝑡) = ∇𝑭 (𝒙(𝑡)) 𝑿̂(𝑡)d𝑡 +𝐻𝛴(𝒙(𝑡))d𝑾 (𝑡), (18)

where 𝑾 (⋅) is an |𝖫|-dimensional process whose entries are independent standard Brownian motions. Then we can appeal to the 
diffusion limit result of Kurtz [38, Theorem 8.2] to conclude that 

𝑿̂𝑁 (⋅)
d
→ 𝑿̂(⋅), (19)

with ‘ d→’ denoting distributional convergence, if

D.1 lim𝑁→∞
√

𝑁|𝑿𝑁 (0) − 𝒙0| = 0 almost surely,
D.2 ∑

𝓵∈𝖫 |𝓵|
2 sup𝒙∈𝑲 𝛽𝓵(𝒙) < ∞, for all compact 𝑲 ⊂ R𝑑 and

D.3 ∇𝑭 (𝒙) is a bounded, continuous function of 𝒙.

We provide the verification of conditions D.1–D.3 in the context of our 3-dimensional compartmental model in Appendix  A.2. With 
the help of formulas derived in Karatzas and Shreve [44, §5.6], we can deduce the covariance matrix of an SDE with the form 
displayed in (18). Defining, for any 𝑠, 𝑡 ⩾ 0, by 𝜞 (𝑡, 𝑠) ∶= Cov[𝑿̂(𝑡), 𝑿̂(𝑠)] the 𝑑 × 𝑑 covariance matrix, we have 

𝜞 (𝑡, 𝑠) = 𝜱(𝑡)

[

𝜞 (0, 0) + ∫

min{𝑡,𝑠}

0
𝜱−1(𝑢)𝐻𝛴(𝒙(𝑢)) ×

(

𝜱−1(𝑢)𝐻𝛴(𝒙(𝑢))
)⊤ d𝑢

]

𝜱(𝑠)⊤, (20)
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where the 𝑑-dimensional function 𝜱(⋅) solves the system of coupled ordinary differential equations, with 𝑡 ⩾ 0, 
d𝜱(𝑡)
d𝑡

= ∇𝑭 (𝒙(𝑡))𝜱(𝑡), 𝜱(0) = 𝐼𝑑 , (21)

and 𝐼𝑑 denotes the 𝑑-dimensional identity matrix. A simpler solution, which is particularly useful when one wishes only to know 
covariances between compartments at the same point in time, results from the system of differential equations 

d𝑽 (𝑡)
d𝑡

= ∇𝑭 (𝒙(𝑡))𝑽 (𝑡) + 𝑽 (𝑡) (∇𝑭 (𝒙(𝑡)))⊤ +𝐻𝛴(𝒙(𝑡)) × (𝐻𝛴(𝒙(𝑡)))⊤ , (22)

where 𝑽 (𝑡) ∶= 𝜞 (𝑡, 𝑡).
Upon combining the above, the grand approximation for the scaled process is given by, for 𝑡 ⩾ 0, 

𝑿𝑁 (𝑡) ≈ 𝒙(𝑡) + 𝑿̂(𝑡)
√

𝑁
. (23)

Because the first term on the right-hand side is deterministic and the second term has mean 0, the mean of this process follows the 
fluid path, while the covariance between 𝑿𝑁 (𝑡) and 𝑿𝑁 (𝑠) is approximated by 𝛤 (𝑡, 𝑠)∕

√

𝑁 .

3.3. Gillespie simulation

By applying the diffusion approximation we can produce a proxy of the probability of our compartment process being in some 
set (for instance: the set of all paths such that 𝑆(𝑡) remains below a certain threshold 𝑆̄ for all 𝑠 ⩽ 𝑡, for a given 𝑡 > 0). The diffusion 
approach has its limitations, though, the most prominent one being related to the event of extinction. For instance, if 𝑆(𝑡) becomes 
0 for some 𝑡, it cannot become positive again, and also 𝐶(𝑡) will eventually die out; evidently, this effect cannot be incorporated in 
the diffusion scaling. To analyze this type of event, stochastic simulation is a more appropriate tool.

The Doob-Gillespie algorithm, also known as the stochastic simulation algorithm [45], provides a convenient procedure for sampling 
statistically correct trajectories of a system in which the rates at which events occur are known. It is particularly popular in the 
simulation of chemical reaction networks.

The algorithm depends on the following well-known result in the study of Poisson processes. Consider 𝑘 events occurring 
independently at exponentially distributed times 𝑇1,… , 𝑇𝑘, respectively, with 𝑞1,… , 𝑞𝑘 denoting the corresponding rates. Then it 
holds that the earliest of these events, i.e., 

𝑇 ∶= min{𝑇𝑖 ∶ 𝑖 = 1,… , 𝑘}, (24)

occurs at a time which is exponentially distributed with rate equal to the sum of the rates 𝑞 =
∑𝑘

𝑖=1 𝑞𝑖. The probability that event 𝑖
is this earliest event is 𝑞𝑖∕𝑞 for all 𝑖 ∈ {1,… , 𝑘}, independently of the value of 𝑇 . This is a fundamental result in the study of Poisson 
processes; for a formal statement and more background, see e.g. Norris [46, Theorem 2.3.3]. This result can be used to simulate our 
compartment process by repeatedly following the steps:

1. Sum all rates of the stochastic process based on the state of the system 𝑞 =
∑

𝓵 𝛽𝓵(𝒙(𝑡)).
2. Draw a time increment 𝜏 exponentially distributed at rate 𝑞.
3. Draw an event 𝓵 proportional to 𝛽𝓵∕𝑞.
4. Update the system according to the transition of event 𝓵: 𝒙 ← 𝒙(𝑡) + 𝓵, and update the time 𝑡 ← 𝑡 + 𝜏.

This simulation procedure simulates a number of transitions rather than a number of time steps. However, in order to aggregate 
simulation runs, the state of the system at specific points in simulated time need to be stored for comparison. To do this we run 
each iteration for 200×𝑁 transitions. During the iteration we capture the state of the system at time 𝑡 ∈ {1, 6, 11, 16,… , 296} as well 
as the final state. We run 500 iterations of each parameter setting we mention.

3.4. Alternative methods

We conclude this section by briefly discussing alternative methods which are potentially useful in the numerical evaluation of 
compartmental model, although we will not work with them in studying our model.

The method of moment closure approximations is commonly applied in the study of chemical reaction networks [47,48], and 
explored in greater detail by Kuehn [49]. The central idea in a moment closure approximation is to transform an infinite system of 
differential equations into a finite system by assuming that the process vector has a specified distributional form.

It is also possible to use the diffusion approximation in combination with simulation. The idea is that one approximates the system 
at hand via a diffusion limit (in the way we have demonstrated above), but then to use simulation tools to numerically assess it. In 
particular, when analyzing an SDE it is common to simulate trajectories thereof by means of the Euler–Maruyama method; extensive 
introductions to this method are available in e.g. [50,51]. This may offer advantages in terms of efficiency over the Doob-Gillespie 
simulation because instead of simulating individual changes of the state in the Markov process, one chooses a grid or discretization 
and simulates steps of the chosen size. However, care may be necessary to avoid facing issues similar to those in the direct diffusion 
approximation; as pointed out earlier, diffusion-based tools have the intrinsic problem of allowing transitioning out of an absorbing 
state.
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4. Model analysis

In this section we analyze the model presented in Section 2.2 by means of fluid and diffusion approximation as well as stochastic 
simulation. In particular we are interested in the interplay between the model parameters and the probability of long-term survival 
of the cynic group.

Throughout our study we consider the regime in which the total population remains essentially constant, which we enforce by 
taking 𝜈𝑁 = 𝜈(𝑇 + 𝑆 + 𝐶) = 𝛬. For simplicity we set 𝑁 = 1, so that 𝛬 = 𝜈. This results in the fluid path being characterized as the 
solution of the following system of ordinary differential equations: in our setting, (13) becomes

𝑇̇𝑓 = 𝛬 − 𝜈𝑇𝑓 − 𝛼𝑇𝑓𝑆𝑓 + 𝛽𝑇𝑓𝑆𝑓 (25)

𝑆̇𝑓 = 𝛼𝑆𝑓𝑇𝑓 − 𝛽𝑇𝑓𝑆𝑓 − 𝜈𝑆𝑓 − 𝜇𝑆𝑓𝐶𝑓 (26)

𝐶̇𝑓 = 𝜇𝑆𝑓𝐶𝑓 − 𝜈𝐶𝑓 . (27)

We introduce the subscript 𝑓 to indicate that we have taken the fluid limit, and dot notation for the time-derivative. Under the fluid 
limit we can somewhat simplify this system by defining 𝛾 ∶= 𝛼 − 𝛽. Upon inspecting the nature of these differential equations, we 
note that if 𝛾 < 0, then 𝑆𝑓  dies out: the rate at which individuals leave from this compartment exceeds the rate at which they enter. 
If 𝑆𝑓  dies out, so does 𝐶𝑓  eventually, because the 𝑆𝑓  compartment is the only one that feeds 𝐶𝑓 . Thus we proceed the analysis of 
the model assuming that 𝛾 > 0. Additionally we note that if 𝜈 > 𝛾, then 𝑆𝑓  and 𝐶𝑓  both die out because 𝛾𝑆𝑓𝑇𝑓 − 𝜈𝑆𝑓 < 0. Similarly 
we note that if 𝜇 < 𝜈, then 𝐶𝑓  dies out asymptotically because then 𝜇𝑆𝑓𝐶𝑓 − 𝜈𝐶𝑓 < 0 which implies that there is a drift toward 
𝐶𝑓 = 0.

We can make another simplification because we have set the arrival rate equal to the (total) exit rate. Thus, in this fluid limit 
regime, we may replace 𝐶𝑓  by 1 − 𝑆𝑓 − 𝑇𝑓 , so as to obtain the following simplified system of differential equations:

𝑇̇𝑓 = 𝜈 − 𝜈𝑇𝑓 − 𝛾𝑇𝑓𝑆𝑓 (28)

𝑆̇𝑓 = (𝛾 + 𝜇)𝑆𝑓𝑇𝑓 − (𝜈 + 𝜇)𝑆𝑓 + 𝜇𝑆2
𝑓 . (29)

4.1. Stationary point analysis

Setting 𝑿̇ to zero, and solving the resulting three equations simultaneously, we conclude there are three stationary points: 

𝑿1 = (1, 0, 0), 𝑿2 =
(

𝜈
𝛾
, 1 − 𝜈

𝛾
, 0
)

, 𝑿3 =
(

𝜇
𝛾 + 𝜇

, 𝜈
𝜇
,

𝛾
𝛾 + 𝜇

− 𝜈
𝜇

)

. (30)

With 

𝜅 ∶=
𝛾3∕2

√

𝜈 + 𝛾𝜈
2(𝛾 − 𝜈)

, (31)

and 𝜈, these can be classified as follows:

◦ 𝑿1 is saddle point when 𝜈 < 𝛾 and a stable node when 𝛾 > 𝜈.
◦ 𝑿2 is a saddle point when 𝛾 < 𝜈 or when 𝛾 > 𝜇𝜈

𝜇−𝜈 . It is a stable node or star in between the two.
◦ 𝑿3 is a saddle point when 𝜇 < 𝛾𝜈

𝛾−𝜈 , transitions into a stable node when 𝜇 > 𝛾𝜈
𝛾−𝜈  and transitions again into a stable spiral when 

𝜇 > 𝜅.

To show this we inspect the stability of these points in the linearized system. We provide more details of this in Appendix  B which 
closely follows the procedure outlined in [52, Chapter 4].

For a fixed value of 𝜈 < 0.5 and various values of 𝛾, 𝜇, the classification of the three stationary points is depicted in Fig.  2(a). 
We observe that there is only one stable stationary point per parameter configuration. Flow diagrams (in ternary projection) are 
depicted in Fig.  2(b)–2(e), illustrating the nature of the fixed points in each of the regions identified in the phase plane of Fig.  2(a). 
Along with the flow, trajectories are scatter plotted, thus illustrating the expected dynamics from three points near the extremes.

4.2. Numerical computation of fluid limit

We start by examining the fluid limit to identify which regions are of particular interest. The long-term expected number of 
𝑇𝑓 , 𝑆𝑓  and 𝐶𝑓  is plotted in Fig.  3 for a range of parameter values 𝛾, 𝜇 and 𝜈 ∈ {0.1, 0.3}. The values plotted correspond to the stable 
(as discussed in Section 4.1) point from the set {𝑿1,𝑿2𝑿3} under the parameter value combination.

We notice in the figure and by the dependence of stationary point 𝑿3 on the value of 𝜈 that a lower birth and death rate (greater 
life expectancy) facilitates the existence of the group who have lost their trust completely (𝐶𝑓 (𝑡) > 0 for all 𝑡 ⩾ 0).

We also see that as 𝛾 increases (the net rate of transition from trusting to skepticism), the expected number of trusters decreases, 
while the number of skeptics increases. If 𝜇 is great enough, then as 𝛾 increases, the expected proportion of the 𝐶𝑓  group also 
increases.
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Fig. 2. Phase plane for the stability and type of stationary points, assuming that 𝜈 < 0.5. In each region the stationary point in the label is the only stable point 
(its type is also noted), while the remaining stationary points are saddle points. Ternary flow diagrams are shown illustrating the flow in each of the regions of 
the phase plane (𝛬 = 𝜈 = 0.2).

Furthermore, in Fig.  3(c) we see that the relationship between 𝐶𝑓  and 𝜇 is not monotone. In particular, there is a point after 
which increasing 𝜇 (the rate at which group 𝐶𝑓  persuades individuals from group 𝑆𝑓 ), the expected number of 𝐶𝑓  in steady state
decreases. This result is somewhat counter-intuitive, though it may be explained as follows: If the rate at which cynics convince 
skeptics increases, it is possible that this reduces the size of the skeptics compartment too quickly and therewith decreases the 
number of trusters that can be convinced to be skeptics. This cuts the supply to the cynical compartment because their only source 
of new individuals is the skeptic compartment. This is similar to how, in bounded confidence opinion dynamics models, more 
interaction can lead to quicker fragmentation of the population and thus less agreement (see e.g. [8]).

Important to note is that the size of the 𝑆𝑓  group may be very small in steady state 𝑿3. The expression 𝑆𝑓 = 𝜈∕𝜇 may become 
small, because in order for 𝑿3 to be stable we require the denominator 𝜇 to be sufficiently large, or, more precisely,

𝜇 >
𝛾3∕2

√

𝜈 + 𝛾𝜈
2(𝛾 − 𝜈)

,

while at the same time the numerator 𝜈 should be sufficiently small in order to ensure 𝛾 > 𝜈. For the system in the fluid limit this 
is not an issue, while for the stochastic system in the pre-limit, a small 𝑆 group might die out by random fluctuation and therewith 
also ensure the extinction of the 𝐶 group. To investigate the size of this effect we consider the diffusion approximation as well as 
the Gillespie simulation of the pre-limit system in  Section 4.3. 
4.3. Pre-limit stochastic analysis

There are multiple ways to analyze the fluctuations of the stochastic model from the fluid path. In this subsection, we focus on 
the diffusion approximation as well as the Gillespie type simulation.

As pointed out, we are in the setting of [38, Theorem 8.2], thus we can approximate the stochastic system by its fluid limit mean 
plus a noise term which behaves as a multivariate Gaussian process. We recall that the covariances between the three components, 
at time 𝑡 ⩾ 0, are given by the solution to 

d𝑽 (𝑡)
d𝑡

= ∇𝑭 (𝒙(𝑡))𝑽 (𝑡) + 𝑽 (𝑡) (∇𝑭 (𝒙(𝑡)))⊤ +𝐻𝛴(𝒙(𝑡)) × (𝐻𝛴(𝒙(𝑡)))⊤ ; (32)
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Fig. 3. The fluid approximation results in heatmap format (𝜈 = 0.1, 0.3). The white lines indicate the phase transition between the stability of stationary points. 
We see that as 𝜈 increases the range of parameter values for which 𝐶 does not die out shrinks.

for our compartmental model, we have that the matrices 𝐻 and 𝛴(𝑡) are specified by 

𝐻 =
⎡

⎢

⎢

⎣

1 −1 1 0 −1 0 0
0 1 −1 −1 0 −1 0
0 0 0 1 0 0 −1

⎤

⎥

⎥

⎦

, (33)

and 
𝛴(𝑡) = diag

(
√

𝛬,
√

𝛼𝑇𝑓 (𝑡)𝑆𝑓 (𝑡),
√

𝛽𝑇𝑓 (𝑡)𝑆𝑓 (𝑡),
√

𝜇𝑆𝑓 (𝑡)𝐶𝑓 (𝑡),
√

𝜈𝑇𝑓 (𝑡),
√

𝜈𝑆𝑓 (𝑡),
√

𝜈𝐶𝑓 (𝑡)
)

. (34)

Notice that for the diffusion approximation, unlike the fluid approximation, we cannot track only 𝛾 = 𝛼− 𝛽, because 𝛼 and 𝛽 appear 
individually in (34).

For completeness we also specify ∇𝑭 (𝒙(𝑡)): 

∇𝑭 (𝒙(𝑡)) =
⎡

⎢

⎢

⎣

𝑆𝑓 (𝑡)(𝛽 − 𝛼) − 𝜈 𝑇𝑓 (𝑡)(𝛽 − 𝛼) 0
𝑆𝑓 (𝑡)(𝛼 − 𝛽) 𝑇𝑓 (𝑡)(𝛼 − 𝛽) − 𝐶𝑓 (𝑡)𝜇 − 𝜈 𝜇𝑆𝑓 (𝑡)

0 𝐶𝑓 (𝑡)𝜇 𝑆𝑓 (𝑡)𝜇 − 𝜈

⎤

⎥

⎥

⎦

. (35)

Given the result of the fluid path, being readily attained by a numerical initial value problem solver (such as those available in the 
Python packages SciPy and NumPy), Eq. (32) may be solved using by a standard routine such as odeintw [53] (a useful wrapper 
around the numerical solvers in SciPy).

It is possible to simulate the system using the ordinary differential Eq. (13) in combination with Gaussian noise generated by 
the stochastic differential Eq. (18), though when the system is stable this can be avoided by instead solving directly for expected 
values, variances and covariances. These may be combined with a Python3 (or similar) implementation of a multi-variate Gaussian 
distribution to determine quantities of interest, such as the probability of a compartment being empty (or close to it). In this section 
we present the results of Gillespie simulation as well as approximations based on the fluid/diffusion limit.

4.3.1. Expected outcome
In Figs.  4–6 we show the long-term expected proportion of individuals in each group for the fluid limit as well as the results 

obtained by Gillespie simulation using 𝑁 = 100, and 𝑁 = 1000 at 𝜈 = 0.2. In each plot, the 𝛾 and 𝜇 parameter values can be read 
off the 𝑥 and 𝑦 axis respectively, while the shading indicates the what percentage of the final population is in the compartment in 
question. For the simulated results we give the proportion of final individuals per group compared to the initial total number of 
individuals. This means that it is possible for the 𝑇  group to have more than 100% in 𝑿1 due to the intrinsic fluctuations of the 
stochastic system.

By comparing Figs.  6(a), 6(b), and 6(c) we can see that the simulations persistently predict a lower proportion of individuals who 
have lost their trust (in the region where this is not expected to die-out). This effect becomes less from 𝑁 = 100 to 𝑁 = 1000, and 
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Fig. 4. Proportion of individuals in the 𝑇  compartment in steady state for the fluid limit as well as expected value of 𝑇 ∕𝑁 at the termination of the simulation 
given by the Gillespie simulation with 𝜈 = 0.2. The white lines indicate the phase transition between the stability of stationary points.

Fig. 5. Proportion of individuals in the 𝑆 compartment in steady state for the fluid limit as well as expected value of 𝑆∕𝑁 at the termination of the simulation 
given by the Gillespie simulation with 𝜈 = 0.2. The white lines indicate the phase transition between the stability of stationary points.

Fig. 6. Proportion of individuals in the 𝐶 compartment in steady state for the fluid limit as well as expected value of 𝐶∕𝑁 at the termination of the simulation 
given by the Gillespie simulation with 𝜈 = 0.2. The white lines indicate the phase transition between the stability of stationary points.

by the convergence theorem of Kurtz [38], as 𝑁 → ∞ this discrepancy will disappear. Recall that if the 𝑆 or the 𝐶 compartment is 
empty at some time 𝑡0 then this stays true for all 𝑡 > 𝑡0. In the simulation this happens at positive probability (even when 𝐶𝑓 (𝑡) > 0
and 𝑆𝑓 (𝑡) > 0 for all 𝑡) which means there are simulation runs with dynamics far from their expectation in the fluid limit.

We also notice that in general the sharp phase transitions in the fluid limit are smoothed out in the stochastic system. In particular 
the transition between 𝑿1 and 𝑿2 is much less sharp. This is because if the expected size of the 𝑆 group is small, it is likely that 
the fluctuations in the pre-limit model are enough to empty the 𝑆 compartment.

4.3.2. Probability of skeptics and cynics dying out
We remind the reader that if the 𝑆 compartment dies out, so does the 𝐶 compartment. Thus we estimate the probability of 𝐶

dying out in the simulation by counting simulation runs in which only 𝐶 dies out, and adding this to the number of runs in which 
𝑆 dies out. By construction these events are mutually exclusive and so the sum of their probabilities is the probability of the event 
that 𝐶 dies out.

In Fig.  7 we plot an illustration of the dynamics over time for the fluid and diffusion approximation as well as confidence 
intervals for the Gillespie simulation. For the simulation we use 500 iterations and the parameter settings are 𝜈 = 0.2, 𝛼 = 0.45, 
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Fig. 7. Fluid and diffusion approximation with 𝜈 = 0.2, 𝜇 = 0.05, 𝛼 = 0.45, and 𝛽 = 0.1 (𝛾 = 0.35) over time. Confidence intervals for the simulated system are 
also plotted. The mean value of the simulation is omitted for the sake of legibility.

Fig. 8. Fluid and diffusion approximation with 𝜈 = 0.2, 𝜇 = 0.80, 𝛼 = 0.45, and 𝛽 = 0.1 (𝛾 = 0.35) over time. Confidence intervals for the simulated system are 
also plotted. The mean value of the simulation is omitted for the sake of legibility.

𝛽 = 0.1 (𝛾 = 0.35), 𝜇 = 0.05, and 𝑁 = 100, 1000. We see that the diffusion approximation gets better for greater 𝑁 (which is to be 
expected), but that even for 𝑁 = 100 this approximation is not far off. This is evident from the close proximity of the approximate 
confidence intervals to the confidence intervals derived from the Gillespie simulation. We note that in this parameter region, 𝐶 is 
expected to die out which means that this is also guaranteed in the stochastic model.

In Fig.  8 we plot the dynamics for the parameter settings 𝜈 = 0.2, 𝛼 = 0.45, 𝛽 = 0.1 (𝛾 = 0.35), 𝜇 = 0.80, and 𝑁 = 100, 1000. In 
this case we see that in both cases (𝑁 = 100, 1000) the diffusion approximation underestimates the likelihood of 𝐶 dying out which 
results in the difference between the confidence intervals for the approximation and the simulation. In fact for 𝑁 = 100 all 500 
simulation resulted in 𝐶 dying out.

The mean value of the simulation is omitted in Figs.  7 and 8, so as to avoid clutter in the plots; we know that it is halfway between 
the two confidence bounds. So if the confidence bounds of the diffusion approximation are close to the confidence bounds of the 
Gillespie simulation, we learn (a) that the diffusion approximation is a good approximation for the distribution of the simulated 
values, and (b) that the fluid approximation is a good approximation of the mean of the simulated system. However, for long-
time dynamics we see discrepancy between the confidence bounds of the Gillespie simulation and the diffusion approximation. 
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Fig. 9. Extinction probabilities computed by simulation of the system with 𝛽 = 0.1, 𝜈 = 0.2, for different values of 𝜇 and 𝛾. The number of individuals in the 
population is also varied, as noted in the sub-caption. The white lines indicate the phase transition between the stability of stationary points.

The discrepancy between the simulation and the approximation indicates that in order to investigate the probability of the group 
without trust (𝐶) dying out in the long run we are better served by the simulation than the approximation. To be clear, this is the 
case for finite populations. By chance, in the simulation one or both of the compartments 𝐶 or 𝑆 can become empty despite this 
not happening in expectation. At medium population sizes this happens often enough to result in a large discrepancy between the 
simulated values and the approximated values.

In Fig.  9 we depict the computed (by simulation) extinction probability for the 𝐶 and 𝑆 compartments for the system 
with 𝜈 = 0.2, and 𝛽 = 0.1. The remaining parameters were in the ranges: 𝛾 ∈ {0.01, 0.1, 0.25, 0.35, 0.5, 0.7, 0.75, 0.8}, and 𝜇 ∈
{0.05, 0.15, 0.3, 0.45, 0.6, 0.7, 0.75, 0.8}. Each set of parameters was iterated 500 times. We see a high chance of extinction of 𝐶 and 𝑆
for 𝑁 = 100 in parameter regions for which the fluid approximation predicts non-extinction. This effect decreases for 𝑁 = 1000.

We see that as the population size increases, the simulated dynamics behave more as predicted by the approximation 
(compartments not going extinct in regions where they are not expected to). This may be expected by the convergence of the diffusion 
approximation to the stochastic model as the population approaches infinity. Nonetheless, this indicates that for smaller populations 
(communities being modeled) individuals are less susceptible to losing trust. Note that this pertains mainly to the situation in which 
only a small proportion of them would have lost trust at a time, rather than situations in which a large proportion of the small 
population loses trust.

These results illustrate that the fluid and diffusion approximation become better as the population 𝑁 grows. For the finite 
population sizes 𝑁 = 100, and 𝑁 = 1000 we see that the accuracy of the approximation decreases in the long run for parameter 
settings in which 𝑆 and 𝐶 are not expected to die out. This to be expected as the model includes ‘death’ from all compartments and 
so there is (always) a positive chance that 𝑆 and/or 𝐶 die out. Because the transitions to these compartments depend on infection, 
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when such a compartment dies out, this is permanent. This behavior is something the fluid and diffusion approximation cannot 
capture in the way we use them and so they will inevitably underestimate the chance of extinction of these two compartments.

5. Discussion

In this final section we recapitulate the conclusions and insights gained from the analysis of our compartmental model. We also 
discuss the limitations of the setup chosen, as well as some directions for future work.

5.1. Recapitulation of model and evaluation methodologies

So as to explore the possible dynamics of trust in society, we have developed a compartmental model with which we attempt 
to describe the process of individuals gaining or losing trust in institutions like governments. In our stylized model, the population 
is split into three compartments: trusters (𝑇 ), skeptics (𝑆), and those having lost all trust, the cynics (𝐶). By social influence, 
individuals may switch between compartments, but the switching mechanism includes a degree of bounded confidence: individuals 
in compartment 𝑇  are not influenced directly by individuals in 𝐶 or vice-versa. Thus, from 𝑇  one can jump to 𝑆, and from 𝑆 to 
both 𝑇  and 𝐶. We exclude a transition from 𝐶 back to 𝑆, reflecting the adage that trust, once lost, is hard to regain.

In the literature, the norm is to analyze such compartmental models in the fluid regime, which in practice means that one captures 
the system’s mean behavior through a set of coupled differential equations. In our work we have the more ambitious objective to 
also shed light on the fluctuations around the fluid path. Being able to quantify the likelihood of such fluctuations, one can get a 
handle on e.g. the probability of the compartment 𝑆 or 𝐶 becoming extinct, which is a quantity that one cannot analyze at the fluid 
limit level. We also stress that fluid limits provide a suitable tool when the population is large, and the evolution of the underlying 
compartmental model is strongly concentrated around the fluid path; in situations that the population considered is moderately 
sized, fluctuations matter, making the diffusion limit (or stochastic simulation) a more appropriate tool.

5.2. Insights

Firstly, the model suggests that, if one could compare populations which differ only in life-expectancy (𝜈 and 𝛬), the population 
with a longer life-expectancy will have a greater proportion of individuals who have lost trust in their government. This is of course 
not straightforward to check on real world data because as life-expectancy increases in a country this may be related to the better 
operation of that country’s government, and thus likely to influence other parameters of the model. Though not sufficient evidence 
to conclude that this phenomenon is at play, we do see the trust in government in the US showing a downward trend [54] since 
1958, while the life expectancy has been steadily increasing since then. This insight is attainable from the fluid approximation.

Secondly, the model predicts that a larger population size is beneficial for cynics under parameter values for which 𝑿3 the mixed 
point is stable. In particular, as the population increases the probability of the cynic group dying out decreases and the expected 
proportion of the population in the cynic group increases. This happens because as the population size increases the stochastic 
system behaves more like the fluid limit approximation. Drawing this insight is not possible with only the fluid approximation but 
required our stochastic model. Importantly, we know a priori that a larger population behaves more like its fluid approximation but 
we require the stochastic model in order to determine how the pre-limit model differs from its expectation.

Thirdly, the model suggests that the relationship between the number cynics (𝐶) and the coefficient of the rate at which 
individuals transition to this group (𝜇) from the skeptics is not monotone. Thus from the perspective of a group of cynics (such 
as a conspiracy theorist group), there is an incentive not to be too convincing in winning people over. This risks diminishing the 
skeptic population too quickly and being completely cut-off from the mainstream trusters if the skeptics die out.

A final insight, which is not qualitative but rather methodological, is that studying the stochastic counterpart to the deterministic 
ODE models is not an overly complicated task. In particular the fluid and diffusion approximation to the stochastic model are useful 
in cases when the model predicts extinction of a compartment in expectation or when extinction is impossible (the techniques of 
fluid and diffusion approximation may be readily applied to the model studied by Wang [31] for instance). While for models which 
are susceptible to extinction of a compartment, Gillespie simulation is a useful tool which is relatively efficient and straightforward 
to implement.

5.3. Directions for future research

Like most belief dynamics models based on the analogy of epidemics [55], this model does not account for the effect of similarity 
between individuals on the likelihood of successful transmission of trust (or doubt). Based on the success of the epidemics analogy as 
well as its limitations, valuable future work might extended the model to include; an ‘immunized’ state from which trust can never 
be lost, a ‘backlash’ effect whereby the discussion between a skeptic and a cynic results in the skeptic transitioning back to the trust 
compartment, or indeed a sub-classification of compartments by which similarity between agents may be taken into account. These 
extensions fall outside the scope of the current paper,1 though the techniques applied to the current model are straightforward to 
implement to all of these extensions.

1 The scope of the current paper being a presentation and analysis of the simplest compartmental model for the dynamics of trust in society that includes 
bounded confidence. The inclusion of the extensions would add a host of variables whose effect would have to be disentangled from the baseline we present 
here.
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The model may be fitted to data should this be available. For instance the work of McCartney and Glass [37] (on the number 
of church goers in Northern Ireland) may be extended with more data, and by the dependence of the stochastic model on the 
population size. This may give insights beyond the expected value, and to questions related to the probability of certain events of 
interest. For instance, there may be a level of participation required to sustain the activities of an institution such as the church; 
then this model could predict the likelihood of participation dropping below that level by a specified date.

The current model relies on the assumption that all transitions are persuasive in nature. It may be interesting to investigate the 
possibility of self-induced transitions which model the possibility of individuals losing or gaining trust in their government based 
on reasoning (such as modeled in e.g. [56]) rather than social influence. This would bring the model closer to the one studied by 
Wang [31] on the spread of an irrational idea.
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Appendix A. Verification of conditions for fluid and diffusion approximation

In this section we verify the conditions for the fluid and diffusion approximation stated in Section 3. In general this is 
straightforward because the model we set up closely follows the template in Kurtz [38], though there are some issues that arise due 
to the introduction of a birth and death rate (making the population size variable and in fact unbounded).

A.1. Fluid approximation conditions

The first condition (F.1) for the fluid limit to hold states that lim𝑁 → ∞𝑿𝑁 (0) = 𝒙0. This condition is met for our analysis by 
choosing a deterministic initial condition 𝑿𝑁 (0) which implies 𝑿𝑁 (0) = 𝒙0 with probability 1.

The second condition (F.2) on the fluid limit approximation is ∑𝓵∈𝖫 sup𝒙∈𝑲 𝛽𝓵(𝒙) < ∞, for all compact 𝑲 ⊂ R𝑑 . The condition 
loosely translates to a requirement that the rates at which transitions occur be bounded for all possible states. Let 𝑲 be a compact 
set in R3 (we remind the reader of the scaling by 𝑁 taking the process from N3 to R3). Then each transition 𝛽𝓵 attains its (not 
unique) maximum rate on this set on its boundary. Observe that each transition occurs at either a constant rate or proportional to 
𝑋𝑖 or 𝑋𝑖𝑋𝑗 for some 𝑖 ≠ 𝑗 ∈ {1, 2, 3}. Thus the supremum is attained by maximizing the value of 𝑋𝑖 or 𝑋𝑖 and 𝑋𝑗 for the appropriate 
𝑖, 𝑗 ∈ {1, 2, 3}, and this supremum is finite. The finite sum (there are 7 transitions) of finite numbers is finite and so this condition 
is met.

The final condition (F.3) of the fluid limit ∃𝑀𝐾 > 0 ∶ |𝑭 (𝒙1) − 𝑭 (𝒙2)| ≤ 𝑀𝐾 |𝒙1 − 𝒙2|, 𝒙1,𝒙2 ∈ 𝑲 , for all compact 𝑲 ⊂ R3 implies 
continuity of sorts. The difference on the left hand side of the inequality can be written as follows, 

|𝑭 (𝒙1) − 𝑭 (𝒙2)| =
|

|

|

|

|

⎡

⎢

⎢

⎣

𝜈(𝑇2 − 𝑇1) + (𝛼 − 𝛽)(𝑇2𝑆2 − 𝑇1𝑆1)
−(𝛼 − 𝛽)(𝑇2𝑆2 − 𝑇1𝑆1) + 𝜈(𝑆2 − 𝑆1) + 𝜇(𝑆2𝐶2 − 𝑆1𝐶1)

−𝜇(𝑆2𝐶2 − 𝑆1𝐶1) + 𝜈(𝐶2 − 𝐶1)

⎤

⎥

⎥

⎦

|

|

|

|

|

. (36)

Meanwhile the right hand side is 

𝑀𝐾 |𝒙1 − 𝒙2| = 𝑀𝐾

√

(𝑇1 − 𝑇2)2 + (𝑆1 − 𝑆2)2 + (𝐶1 − 𝐶2)2. (37)

In the case of 𝒙1 = 𝒙2, the requirement is met for any 𝑀𝐾 because then both the left and right hand side of the condition are zero. 
We note that for specific 𝒙1 ≠ 𝒙2 ∈ 𝑲 we have equality |𝑭 (𝒙1) − 𝑭 (𝒙2)| = 𝑀𝐾 |𝒙1 − 𝒙2| when 

𝑀𝐾 (𝒙1,𝒙2) =
|𝑭 (𝒙1) − 𝑭 (𝒙2)|

√

(𝑇1 − 𝑇2)2 + (𝑆1 − 𝑆2)2 + (𝐶1 − 𝐶2)2
. (38)

Division is allowed because 𝒙1 ≠ 𝒙2 and so the denominator is positive. So for any compact 𝑲 ∈ R3 we simply choose the 𝑀𝐾
which maximizes (38) as long as we know that |𝑭 (𝒙1) − 𝑭 (𝒙2)| < ∞.
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A.2. Diffusion approximation conditions

Similarly to (F.1), the first condition (D.1) on the diffusion limit is verified immediately by starting the system from a 
deterministic state 𝑿𝑁 (0). Thus lim𝑁→∞

√

𝑁|𝑿𝑁 (0) − 𝑥0| = 0 almost surely as required.
The second condition (D.2) on the diffusion approximation is similar to the second condition of the fluid approximation with 

the addition of a multiplication of each term by |𝓵|2: ∑𝓵∈𝖫 |𝓵|
2 sup𝒙∈𝑲 𝛽𝓵(𝒙) < ∞, for all compact 𝑲 ⊂ R𝑑 . The transitions in our 

model are such that |𝓵|2 is at most 2 because either only one compartment increases/decreases by one (by an arrival or an exit), 
or one compartment increases by one while another decreases by one (by a transition). Thus the terms in the finite sum are still 
finite, and the condition is verified.

The condition D.3 is technically not met: there are the entries consisting of terms proportional to 𝑥1𝑥2 and 𝑥2𝑥3 in 𝑭 (𝒙), such that 
the matrix ∇𝑭 (𝒙) contains entries with terms proportional to 𝑥1, 𝑥2, and 𝑥3, which are continuous, but not bounded. This problem 
can be circumvented by truncating the state space at an appropriately high level, as follows.

• Let 𝑿̂𝑁,𝜅 (⋅) have the same generator as 𝑿̂𝑁 (⋅), but with the sum of the three components of 𝑿(⋅) truncated at level 𝑁𝜅, with 
𝜅 larger than the sum of the entries of 𝒙0 (below denoted by 𝑧). This process 𝑿̂𝑁,𝜅 (⋅) clearly satisfies the condition D.3, as 
any continuous function on a bounded domain is bounded. Define by 𝑿̂𝜅 (⋅) the counterpart of 𝑿̂(⋅), as defined through (18), 
in this truncated model.

• Let, for an arbitrarily chosen 𝑇 > 0, E𝑁  be the event that the total network population remains below 𝑁𝜅 for all 𝑡 ∈ [0, 𝑇 ], so 
that 

p𝑁,𝜅 ∶= P(E c
𝑁 ) = P(∃𝑡 ∈ [0, 𝑇 ] ∶ 𝑇 (𝑡) + 𝑆(𝑡) + 𝐶(𝑡) ⩾ 𝑁𝜅). (39)

In order to make sure that E c
𝑁  applies, a necessary condition is that, with 𝑃 (⋅) a Poisson process with rate 𝑁𝛬, that 

𝑃 (𝑇 ) ⩾ 𝑁(𝜅 − 𝑧). Hence, applying the Chernoff bound, for any 𝜅 ⩾ 𝑧 + 𝛬𝑇 , 

p𝑁,𝜅 =
∞
∑

𝑖=𝑁𝜅
𝑒−𝑁𝛬𝑇 (𝑁𝛬𝑇 )𝑖

𝑖!
⩽ 𝑒−𝑁𝐼(𝜅−𝑧), (40)

with 𝐼(⋅) the Legendre transform 𝐼(𝑎) ∶= 𝑎 log(𝑎) − 𝑎 log(𝛬𝑇 ) − 𝑎 + 𝛬𝑇 .
• It thus follows that, for any given set 𝐴 of paths on [0, 𝑇 ],

P
(

(𝑿̂𝑁 (𝑡))𝑡∈[0,𝑇 ] ∈ 𝐴,E𝑁
)

⩽ P
(

(𝑿̂𝑁 (𝑡))𝑡∈[0,𝑇 ] ∈ 𝐴
)

(41)

⩽ P
(

(𝑿̂𝑁 (𝑡))𝑡∈[0,𝑇 ] ∈ 𝐴,E𝑁
)

+ p𝑁,𝜅 , (42)

so that, by (40), 
lim

𝑁→∞
P
(

(𝑿̂𝑁 (𝑡))𝑡∈[0,𝑇 ] ∈ 𝐴,E𝑁
)

= lim
𝑁→∞

P
(

(𝑿̂𝑁 (𝑡))𝑡∈[0,𝑇 ] ∈ 𝐴
)

. (43)

• Now choose 𝜅 sufficiently large so that the full fluid path is such that, given it starts at 𝒙0, the sum of the entries stays below 
𝜅 during [0, 𝑇 ]. This means that

lim
𝑁→∞

P
(

(𝑿̂𝑁 (𝑡))𝑡∈[0,𝑇 ] ∈ 𝐴,E𝑁
)

= lim
𝑁→∞

P
(

(𝑿̂𝑁,𝜅 (𝑡))𝑡∈[0,𝑇 ] ∈ 𝐴
)

= P
(

(𝑿̂𝜅 (𝑡))𝑡∈[0,𝑇 ] ∈ 𝐴
)

= P
(

(𝑿̂(𝑡))𝑡∈[0,𝑇 ] ∈ 𝐴
)

;

the first equality is because on E𝑁  the processes 𝑿̂𝑁 (𝑡))𝑡∈[0,𝑇 ] and 𝑿̂𝑁,𝜅 (𝑡))𝑡∈[0,𝑇 ] coincide, the second equality because condition 
D.3 applies to 𝑿̂𝑁,𝜅 (⋅), and the third equality because 𝑿̂𝑁 (⋅) and 𝑿̂𝑁,𝜅 (⋅) have the same fluid paths.

Upon combining the above, we conclude, for any given set 𝐴 of paths on [0, 𝑇 ], 
lim

𝑁→∞
P
(

(𝑿̂𝑁 (𝑡))𝑡∈[0,𝑇 ] ∈ 𝐴
)

= P
(

(𝑿̂(𝑡))𝑡∈[0,𝑇 ] ∈ 𝐴
)

, (44)

as desired.

Appendix B. Stability analysis

The nonlinear system may be approximated close to the fixed points by the linearized system: 
𝑿̇ = 𝐴𝑿(𝑡), (45)

where 𝐴 is the Jacobian: 

𝐴 ∶=

[ 𝑑𝑿1
𝑑𝑇 , 𝑑𝑿1

𝑑𝑆
𝑑𝑿2
𝑑𝑇 , 𝑑𝑿2

𝑑𝑆

]

. (46)

In particular we get the matrices 

𝐴𝑖 =
[

−𝜈 − 𝛾𝑆𝑖, −𝛾𝑇𝑖
(𝛾 + 𝜇)𝑆𝑖, (𝛾 + 𝜇)𝑇𝑖 − (𝜈 + 𝜇) + 𝜇𝑆𝑖

]

, (47)

Physica A: Statistical Mechanics and its Applications 668 (2025) 130563 

16 



B.V. Meylahn et al.

Table 1
Trace and determinant at fixed points.
 𝑖 𝑿𝑖 𝜏𝑖 𝛥𝑖  
 1 (1, 0, 0) 𝛾 − 2𝜈 𝜈2 − 𝜈𝛾  
 2 (𝜈∕𝛾, 1 − 𝜈∕𝛾, 0) −𝛾 + 𝜇 − 𝜇𝜈∕𝛾 2𝜈𝜇 + 𝜈𝛾 − 𝜇𝛾 − 𝜈2(1 + 𝜇∕𝛾) 
 3 ( 𝜇

𝛾+𝜇
, 𝜈
𝜇
, 𝛾
𝛾+𝜇

− 𝜈
𝜇
) −𝛾𝜈∕𝜇 𝛾𝜈 − 𝜈2 − 𝛾𝜈2∕𝜇  

corresponding to the fixed points 𝑖 = 1, 2, 3. For each fixed point we proceed to compute the trace (𝜏𝑖) and the determinant (𝛥𝑖) 
(tabulated in Table  1). Following the procedure meticulously explained in the book by Strogatz [52] we can determine the stability 
and type of the fixed points by checking whether 𝜏𝑖 < 0 (stable if true) and 𝜏2𝑖 − 4𝛥𝑖 > 0 (node if true).

Intuitively speaking, a stable node is an attracting fixed point to which the solution of the dynamic system converges to as 𝑡 → ∞. 
The path toward the node may be straight or curved but is without oscillation (see for example Fig.  2(b)–2(d)). A stable spiral on 
the other hand involves damped oscillation during the convergence toward the attracting fixed point at the center of the oscillations 
(see Fig.  2(e)).

Note that on the boundaries between the regions where two fixed points are stable (as depicted in Fig.  2(a)), the fixed points on 
either side of the boundary are equal. That is when 𝜈 = 𝛾, then 𝑿1 = 𝑿2. Similarly, when 𝜇 = 𝜈𝛾∕(𝛾 − 𝜈), 𝑿3 = 𝑿2.

B.1. Fixed point 1

The first fixed point 𝑿1 = (1, 0, 0) is a stable node when 𝛾 ≤ 𝜈. To see this first note that 𝜏1 is negative for all 𝛾 < 2𝜈 which is 
also true when 𝛾 < 𝜈. Secondly, 𝛥1 is negative whenever 𝜈 < 𝛾. When 𝛥𝑖 < 0 this implies that fixed point 𝑖 is a saddle point, while 
𝜏𝑖 < 0 implies stability. Thus for 𝑿𝑖 to not be a saddle point, and stable, we require 𝜏1 < 0 and 𝛥1 > 0. This is true for 𝜈 < 𝛾. To see 
that 𝑿1 is a node we inspect 𝜏21 − 4𝛥1 ∶

𝜏21 − 4𝛥1 = (𝛾 − 2𝜈)2 − 4(𝜈2 − 𝜈𝛾) = 𝛾2.

This is positive whenever 𝛾 > 0 which is true by assumption. Thus 𝑿1 is a node rather than a spiral (which would have been the 
case if 𝜏21 − 4𝛥1 < 0).

B.2. Fixed point 2

The second fixed point 𝑿2 = (𝜈∕𝛾, 1 − 𝜈∕𝛾, 0) is a saddle point when 𝛾 < 𝜈 and when 𝜇 > 𝜈𝛾∕(𝛾 − 𝜈). On the contrary it is a stable 
node when 𝛾 > 𝜈 and 𝜇 < 𝜈𝛾∕(𝛾 − 𝜈).

By the assumption that the entry rate and the exit rate of the system are equal, and that we start with a total population of 1, 
we immediately see that 𝜈 > 𝛾 would imply that 𝑇 > 1 and 𝑆 < 0 which is not possible. Manipulating the expression for 𝜏2 < 0 we 
see that this is true when:

𝜇(1 − 𝜈∕𝛾) < 𝛾,

which requires,
𝜇 < 𝛾∕(1 − 𝜈∕𝛾).

This last expression can be simplified to 𝜇 < 𝛾2∕(𝛾 − 𝜈). However, we also see that 𝑿2 is a saddle point whenever 𝛥2 < 0. This is the 
case for

𝜇 >
−𝜈2 + 𝜈𝛾

𝛾 − 2𝜈 + 𝜈2∕𝛾
.

Taking out a factor of 𝜈 on the right hand side (numerator and denominator) we get
𝜇 >

𝛾 − 𝜈
𝛾∕𝜈 − 2 + 𝜈∕𝛾

.

Finally this can be rewritten to state that 𝑿2 is a saddle point (because 𝛥2 < 0) when 𝜇 > 𝜈𝛾∕(𝛾 − 𝜈). Conversely 𝛥2 > 0 when 
𝜇 < 𝜈𝛾∕(𝛾−𝜈), and because under this condition 𝜏2 < 0 (because 𝜈 < 𝛾 by assumption) 𝑿2 is a stable fixed point. It is straightforward 
to check that 𝜏22 − 4𝛥2 is positive under these conditions, meaning that the type of this fixed point is a node.

B.3. Fixed point 3

Fixed point 𝑿3 = (( 𝜇
𝛾+𝜇 ,

𝜈
𝜇 ,

𝛾
𝛾+𝜇 − 𝜈

𝜇 )) is stable when 𝜇 > 𝜈𝛾∕(𝛾 − 𝜈). To see that this is true observe that 𝜏3 = 𝛾𝜈∕𝜇 < 0 for all 
parameter values considered. This means that as soon as 𝛥3 > 0, 𝑿3 switches from a saddle point to a stable fixed point. Thus 𝑿3
is stable when: 

𝛾𝜈 − 𝜈2 − 𝛾𝜈2∕𝜇 > 0, (48)
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dividing all terms by 𝜈 does not change the sign of either side because 𝜈 > 0, thus we can rewrite this as: 
𝜇(𝛾 − 𝜈) − 𝛾𝜈 > 0. (49)

This in turn can be rearranged to get the stated inequality: 𝜇 > 𝛾𝜈∕(𝛾 − 𝜈).
To determine the type of fixed point we check the sign of 𝜏23 − 4𝛥3. If it is positive (negative) then 𝑿3 is a node (spiral). 

𝜏23 − 4𝛥3 < 0 ∶

𝛾2𝜈2

𝜇2
− 4𝛾𝜈 + 4𝜈2 +

4𝛾𝜈2

𝜇
< 0, (50)

multiplying through by 𝜇2∕𝜈 yields: 
𝛾2𝜈 − 4𝛾𝜇2 + 4𝜈𝜇2 + 4𝜇𝛾𝜈 < 0. (51)

By rearranging terms we notice that this is a quadratic polynomial in 𝜇: 
𝜇2(4𝜈 − 4𝛾) + 𝜇(4𝛾𝜈) + 𝛾2𝜈 < 0, (52)

which can readily be solved for roots using the quadratic formula: 

𝜇1 =
𝛾𝜈 − 𝛾3∕2

√

𝜈
2(𝛾 − 𝜈)

, 𝜇2 =
𝛾𝜈 + 𝛾3∕2

√

𝜈
2(𝛾 − 𝜈)

. (53)

Thus the condition under which 𝑿3 is a spiral is 
(𝜇 − 𝜇1)(𝜇 − 𝜇2) < 0. (54)

In the regime of interest where 𝛾 > 𝜈, it can be checked that 𝜇1 is always negative. Thus the sign of the entire expression is 
determined by 𝜇 − 𝜇2. Because 𝜇2 is always positive (again by 𝛾 > 𝜈) we get that 𝑿3 is a spiral when 𝜇 > 𝜇2, a node when 𝜇 < 𝜇2
and a star when 𝜇 = 𝜇2.

Data availability

Data will be made available on request.
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