Appendix A. Derivation of gradient and second-order derivative

We have the following loss function (Eq. (9)):
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First, note that L is a scalar, as we sum over all n°* X n’ elements of the matrix contained in the summation. We can
expand this summation as follows:
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with Y; ;, Y;; and (d**d"), ; denoting the i, j-th entry of the matrices Y, Y and (d°°d"), respectively. The derivative
of L with respect to the first element Yo is the standard squared error loss gradient divided by (d“°d"), ,, as all other
terms in the summation cancel out:
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The second derivative of L with respect to the first element ?0,0 then reads:
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We can then straightforwardly generalize the first and second derivative to the matrix case, such that the first and
second derivative of L with respect to the matrix Y read:
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with 1 denoting a matrix of ones of the same size as Y. As L is a scalar and Y € R*" *"* the derivative g—é is a
matrix of the same size as Y. Similarly, ﬁ(aZTL)Z is a matrix of the same size as Y, as we only consider the second-order

derivatives with respect to the same component in Y. To get to the gradient of L with respect to the bottom-level
forecasts Y, we need to collect every gradient component in % that contains a bottom-level forecast element. We
can achieve this by multiplying the derivatives by our summing matrices S and S:
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Appendix B. Derivation of gradient of toy example

We have the following hierarchical forecasting problem:
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which results in the following gradient:
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Appendix C. M5 Dataset

For each of the scenarios of our experiments in Section 5] we construct a set of features for the LightGBM model
as given in Table[C.8] Each model has the same features to facilitate the most “fair’ comparison across methods. We
construct the features taken over the aggregation for the time series aggregations in the hierarchy. We refer the reader
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to [24] for a detailed description of the dataset.

Appendix D. MS model training & optimization

We optimize the hyperparameters of our LightGBM models using Optuna [33], using the settings found in Ta-
ble[D.9] The validation is performed on a rolling-forward basis for three validation sets, where we use three years of
data to predict the next 28 days ahead. After the hyperparameter optimization procedure, we use the average number
of iterations at which the lowest validation loss was achieved across the three validation sets as the number of estima-
tors to use in our final model. The final model uses the last three years of data preceding the first day in the test set.

Appendix E. Experiments
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Table C.8: Features used for the M5 dataset in our experiments.

Feature Description

Aggregation Aggregation level in the hierarchy

Value Identifier of time series of this aggregation
sales_lagl-7 Lagged sales (target) (7 features)
sales_lag28 Sales 28 days ago

sales_lagh6 Sales 56 days ago

sales_lag364 Sales last year

sales_lagl mavg7 Moving average of sales last 7 days
sales_lagl mavg28 Moving average of sales last 28 days
sales_lagl_mavg56 Moving average of sales last 56 days

dayofweek Day of the week
dayofmonth Day of the month
weekofyear Week of year
monthofyear Month of year

sell price_avg  Sell price (average if aggregation)
sell_price_change Day-to-day change in sell price
weeks_on_sale_avg Weeks on sale

snap_CA State indicator for California
snap-TX State indicator for Texas
snap_WI State indicator for Wyoming

event_type_1_enc Encoded events
event_type_2_enc Encoded events

Table D.9: Key hyperparameters used in our experiments. The parameters with a search range included are optimized in a hyperparameter search.

Parameter Description Default value Search range
n_estimators Number of trees in each model 2000 Lowest validation loss
n_trials Number of optimization trials to run 100
learning rate Learning rate 0.05
n_validation_sets Number of validation sets 3
n_days_test Number of days in validation and test sets 28
max_levels_random Max. number of levels when using a random hierarchy 10
max_categories_per

_random_level  Max. categories per level in the random hierarchy 100
hier_freq Frequency of performing the randomized hierarchical aggregation 1 uniform(l, 10)
lambda 11 L1-regularization 0 log uniform(10~%, 10")
lambda_12 L2-regularization 0 log uniform(10~%, 10")
num_leaves Max. number of leaves per tree 31 uniform(2®, 2'0)
feature_fraction Fraction of features to use to build a tree 1.0 uniform(0.4, 1.0)
bagging fraction Fraction of training samples to use to build a tree 1.0 uniform(0.4, 1.0)
bagging freq Frequency at which to create a new bagging batch 1.0 uniform(l, 7)
min child_samples Minimum number of samples per leaf 20 log uniform(5, 5000)
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Table E.10: Forecasting results for all stores on the M5 dataset. We report mean RMSE scores across ten random seeds with standard deviation in brackets. Lower is better.

Store Product State
Scen./Obj.  Metric Reconciliation ~ Product Department Category Department ~ Category Total Store State Department ~ Category Total Total All series
Bottom-up
SL SL  None 2.11 (0.00) 580(3.95) 1096 (13.71) 110 (0.60) 207 (1.21) 416(2.07) 8.8(0.03)4.26 (0.01) 263 (1.30) 510 (3.81) 997 (8.44) 2086 (38.53)22.4 (0.16)
SL HL None 2.11 (0.00) 564 (5.58) 1039 (14.64) 107 (0.74) 200 (1.69) 408 (2.37) 8.76 (0.06) 4.25 (0.01) 256 (1.30) 490 (3.93) 983 (5.93) 2079 (33.46) 21.8 (0.15)
HL HL None 2.11(0.00) 511(8.93) 882(20.54) 102 (0.90) 185(1.48) 388 (4.21) 8.5(0.02)4.21(0.01) 233(2.42) 427(4.78) 878 (17.17) 1819 (78.42) 19.5 (0.38)
HL SL  None 2.11(0.00) 511(9.47) 886(24.67) 103 (1.08) 187 (2.12) 390 (3.80) 8.46(0.04)4.19 (0.01) 234 (3.15) 430(7.18) 881 (15.27) 1813 (64.6) 19.6 (0.36)
TL HL  None 2.11(0.00) 549 (9.21) 1055 (22.68) 109 (0.58) 207 (1.27) 415 (2.58) 8.73(0.03)4.25 (0.01) 256 (2.09) 502 (5.04) 978 (13.8) 2007 (63.57) 21.8 (0.34)
TL SL  None 2.11 (0.00) 544 (7.66) 1017 (25.23) 110 (0.40) 208 (1.20) 416 (2.41) 8.68 (0.04)4.25(0.01) 256 (1.55) 497 (5.23) 972 (7.67) 1943 (41.21)21.5 (0.25)
TL TL  None 2.46 (0.00) 1579 (9.71) 3075 (20.5) 193 (0.87) 379 (1.84) 717 (5.17) 13.41 (0.05) 5.68 (0.02) 566 (3.11) 1111 (6.42) 2074 (18.68) 5646 (60.40) 53.3 (0.39)
Sep. agg. o
SL SL  Base 2.11 (0.00) 835(23.47) 1417 (69.78) 130 (1.86) 236 (5.25) 474 (8.71) 8.88(0.02)4.23 (0.01) 322 (11.48) 682 (19.02) 1269 (47.11) 3339 (86.79) 30.1 (0.21}N
SL SL  OLS 2.11 (0.00) 804 (14.22) 1548 (22.24) 120 (1.49) 220(1.95) 443 (2.37) 8.77(0.02)4.25 (0.01) 315(4.15) 605(7.98)  1222(9.69) 3125 (24.25)29.1 (0.22)
SL SL  WLS-struct  2.10(0.00) 731 (8.55) 1505 (16.09) 113 (0.58) 217 (1.13) 426 (2.17) 8.71(0.02)4.23 (0.01) 291 (2.38) 591 (4.82) 1153 (7.53) 2909 (23.52) 27.6 (0.22)
SL SL  WLS-var 2.11(0.00) 647 (7.23) 1345 (18.95) 109 (0.51) 211(1.43) 411 (2.06) 8.72(0.03)4.24 (0.01) 272(2.06) 555(5.58) 1068 (8.77) 2541 (31.06) 25.1 (0.25)
SL SL  MinT-shrink 2.11 (0.00) 667 (18.15) 1397 (44.32) 106 (1.15) 206 (3.14) 405 (5.45) 8.76 (0.02) 4.24 (0.01) 272 (4.92) 558 (12.59) 1091 (22.52) 2706 (80.28) 25.8 (0.63)
SL SL ERM 2.58 (0.01) 728 (48.01) 1411 (118.36) 117 (3.66) 213 (8.73) 443 (20.5) 10.30 (0.10) 5.21 (0.04) 307 (14.61) 583 (33.15) 1215 (75.3) 3101 (258.29) 28.1 (1.83)
Global
SL SL  Base 2.16 (0.00) 771 (54.94) 1587 (256.06) 120 (2.11) 227 (8.81) 458 (18.45) 9.09 (0.05) 4.4 (0.01) 329 (18.51) 650 (31.09) 1807 (1203.62) 3273 (338.71) 32.8 (6.60)
SL SL  OLS 2.13 (0.01) 764 (58.91) 1524 (181.38) 117 (10.32) 227 (27.24) 484 (109.14) 8.99 (0.05) 4.34 (0.03) 316 (42.99) 637 (107.63) 1371 (417.84) 3114 (417.38) 29.9 (2.52)
SL SL  WLS-struct  2.13 (0.00) 800 (45.37) 1686 (103.86) 118 (2.52) 235(5.96) 463 (11.90) 9.09 (0.03) 4.35 (0.01) 314 (10.72) 651 (24.97) 1264 (55.94) 3231 (279.96) 30.4 (1.68)
SL SL  WLS-var 2.14 (0.01) 876 (43.62) 1867 (106.77) 130 (2.31) 263 (7.10) 508 (18.51) 9.10 (0.05)4.35 (0.01) 345 (11.71) 727 (30.30) 1374 (80.66) 3463 (283.05) 33.2 (1.84)
SL SL  MinT-shrink 2.18 (0.02) 730 (50.73) 1545 (155.65) 115(2.42) 228 (5.97) 478 (19.61) 9.29 (0.16) 4.46 (0.06) 293 (12.06) 599 (33.27) 1235 (89.41) 3211 (432.02) 29.1 (2.33)
SL SL ERM 2.56 (0.14) 923 (113.39) 1857 (271.23) 138 (16.52) 265 (34.54) 558 (105.87) 10.52 (0.62) 5.23 (0.34) 382 (56.45) 762 (118.54) 1607 (371.34) 3752 (669.36) 35.7 (3.74)
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