
Appendix A. Derivation of gradient and second-order derivative

We have the following loss function (Eq. (9)):

L =
∑[

1
2

((
Y − Ỹ
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First, note that L is a scalar, as we sum over all ncs × nte elements of the matrix contained in the summation. We can
expand this summation as follows:
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with Yi, j, Ỹi, j and
(
dcsdte)

i, j denoting the i, j-th entry of the matrices Y, Ỹ and
(
dcsdte), respectively. The derivative

of L with respect to the first element Ỹ0,0 is the standard squared error loss gradient divided by
(
dcsdte)

1,1, as all other
terms in the summation cancel out:
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The second derivative of L with respect to the first element Ỹ0,0 then reads:
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. (A.4)

We can then straightforwardly generalize the first and second derivative to the matrix case, such that the first and
second derivative of L with respect to the matrix Ỹ read:
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, (A.5)
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with 1 denoting a matrix of ones of the same size as Ỹ. As L is a scalar and Ỹ ∈ Rncs × nte
, the derivative ∂L

∂Ỹ is a

matrix of the same size as Ỹ. Similarly, ∂2L
∂(Ỹ)2 is a matrix of the same size as Ỹ, as we only consider the second-order

derivatives with respect to the same component in Ỹ. To get to the gradient of L with respect to the bottom-level
forecasts Ŷnb , we need to collect every gradient component in ∂L

∂Ỹ that contains a bottom-level forecast element. We
can achieve this by multiplying the derivatives by our summing matrices S cs and S te:
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Appendix B. Derivation of gradient of toy example

We have the following hierarchical forecasting problem:
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ŷ0,1 − y0,1
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Appendix C. M5 Dataset

For each of the scenarios of our experiments in Section 5, we construct a set of features for the LightGBM model
as given in Table C.8. Each model has the same features to facilitate the most ‘fair’ comparison across methods. We
construct the features taken over the aggregation for the time series aggregations in the hierarchy. We refer the reader
to [24] for a detailed description of the dataset.

Appendix D. M5 model training & optimization

We optimize the hyperparameters of our LightGBM models using Optuna [33], using the settings found in Ta-
ble D.9. The validation is performed on a rolling-forward basis for three validation sets, where we use three years of
data to predict the next 28 days ahead. After the hyperparameter optimization procedure, we use the average number
of iterations at which the lowest validation loss was achieved across the three validation sets as the number of estima-
tors to use in our final model. The final model uses the last three years of data preceding the first day in the test set.

Appendix E. Experiments
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Table C.8: Features used for the M5 dataset in our experiments.

Feature Description

Aggregation Aggregation level in the hierarchy
Value Identifier of time series of this aggregation
sales lag1-7 Lagged sales (target) (7 features)
sales lag28 Sales 28 days ago
sales lag56 Sales 56 days ago
sales lag364 Sales last year
sales lag1 mavg7 Moving average of sales last 7 days
sales lag1 mavg28 Moving average of sales last 28 days
sales lag1 mavg56 Moving average of sales last 56 days
dayofweek Day of the week
dayofmonth Day of the month
weekofyear Week of year
monthofyear Month of year
sell price avg Sell price (average if aggregation)
sell price change Day-to-day change in sell price
weeks on sale avg Weeks on sale
snap CA State indicator for California
snap TX State indicator for Texas
snap WI State indicator for Wyoming
event type 1 enc Encoded events
event type 2 enc Encoded events

Table D.9: Key hyperparameters used in our experiments. The parameters with a search range included are optimized in a hyperparameter search.

Parameter Description Default value Search range

n estimators Number of trees in each model 2000 Lowest validation loss
n trials Number of optimization trials to run 100
learning rate Learning rate 0.05
n validation sets Number of validation sets 3
n days test Number of days in validation and test sets 28
max levels random Max. number of levels when using a random hierarchy 10
max categories per

random level Max. categories per level in the random hierarchy 100
hier freq Frequency of performing the randomized hierarchical aggregation 1 uniform(1, 10)
lambda l1 L1-regularization 0 log uniform(10−8, 101)

lambda l2 L2-regularization 0 log uniform(10−8, 101)

num leaves Max. number of leaves per tree 31 uniform(23, 210)

feature fraction Fraction of features to use to build a tree 1.0 uniform(0.4, 1.0)
bagging fraction Fraction of training samples to use to build a tree 1.0 uniform(0.4, 1.0)
bagging freq Frequency at which to create a new bagging batch 1.0 uniform(1, 7)
min child samples Minimum number of samples per leaf 20 log uniform(5, 5000)
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