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Abstract
The Leitmann transformation is used to fully solve the non-discounted single state 
linear-quadratic regulator problem over an infinite time horizon. All steps of the 
computation are elementary. The only differential equation that has to be integrated 
is the necessary Euler–Lagrange equation.
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1  Introduction

The calculus of variations and its younger offspring, the theory of optimal control, 
has been and continues to be a rich source of problems generating new mathemati-
cal ideas and approaches. Necessary conditions for optima of calculus of variation 
problems were given in the 18th century by Euler and Lagrange. Finding sufficient 
conditions took much longer, as purely local considerations are insufficient to obtain 
these: Weierstraß and Hilbert developed field theory, which provided sufficient con-
ditions, at the end of the 19th century. Carathéodory’s ‘royal road’ (Carathéodory 
1935) simplified their approach: he observed that solving the Hamilton–Jacobi equa-
tion associated to the variational problem allows to find local and global extrema.

George Leitmann pointed out that it is possible to transform variational problems 
into a simpler form that can be solved ‘by inspection’, see Leitmann (2001a, b). His 
method obviates the solution of the Hamilton–Jacobi equation: all that  is needed 
is the integration of the Euler–Lagrange equation. Carlson  and Leitmann (2008) 
showed that this method is general; the connection to Carathéodory’s approach was 
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made explicit by Wagener (2009); modifications needed to take into account the 
occurrence of indifference points were discussed in Wagener (2010).

This note illustrates the Leitmann transformation, using the Carathéodory 
approach, in the case of a single state infinite horizon linear-quadratic regulator 
problem. It is shown how the Leitmann transform, by merely solving the necessary 
Euler–Lagrange equations, yields the global minimiser as well as the minimal regu-
lation costs.

2 � The linear‑quadratic regulator problem

A regulator wants to minimise

subject to

over the set of locally integrable controls a ∶ [0,∞) → ℝ . For the finite horizon 
problem ∞ is replaced by a finite terminal time T.

The objective is transformed to variational form by performing the substitution 
a = ẋ − bx , which results in

to be minimised over absolutely continuous state paths x ∶ [0, T] → ℝ for which 
x(0) = x0.

3 � The Leitmann transformation

The extremals of this problem are the solutions of the Euler–Lagrange equations

that satisfy the initial condition x(0) = x0 . The equation takes the form

and it is solved by

where � =
√

1 + b2 and where y is a constant of integration.

∫
∞

0

(

a2 + x2
)

dt

ẋ = a + bx, x(0) = x0,

∫
T

0

L(t, x, ẋ) dt = ∫
T

0

(

(ẋ + bx)2 + x2
)

dt,

d

dt

𝜕L

𝜕ẋ
(t, x, ẋ) −

𝜕L

𝜕x
(t, x, ẋ) = 0

ẍ −
(

1 + b2
)

x = 0

x(t) = x0e
−�t + y sinh(�t),
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The Leitmann transformation consists in replacing the constant y by a function y(t) 
in the expression for the extremals, and to perform the substitution

in the objective. The transformed problem requests to minimise

where the transformed Langrange function satisfies L̃(t, y, ẏ) = L(t, x, ẋ) for all t. 
This function takes the form

where

The functions s1 and s2 satisfy the integrability condition

and are consequently the partial derivatives �S
�t

 and �S
�y

 , respectively, of the function

In this function the free integration constant has been chosen to ensure that 
S(0, 0) = 0 . In fact S(0, y) = 0 for all y.

4 � Finding the minimiser

The transformed Langrange function reads as

It is the sum of the total derivative of S(t, y(t)) and a term positive definite in ẏ.
The objective can therefore be written as

x(t) = x0e
−�t + y(t) sinh(�t),

∫
T

0

L̃(t, y, ẏ) dt

L̃(t, y, ẏ) = s1(t, y) + s2(t, y)ẏ + sinh
2(𝜇t)ẏ2,

s1(t, y) = 2�(� − b)e−2�tx0(x0 − y) +
(

�2 cosh(2�t) + b� sinh(2�t)
)

y2,

s2(t, y) = −(� − b)(1 − e−2�t)x0 + (b cosh(2�t) − b + � sinh(2�t))y.

�s1

�y
= −2�(� − b)x0e

−2�t + 2
(

�2 cosh(2�t) + b� sinh(2�t)
)

y =
�s2

�t
,

S(t, y) = (� − b)(1 − e−2�t)x0(x0 − y) +
1

2
(b cosh(2�t) − b + � sinh(2�t))y2.

L̃(t, y, ẏ) =
𝜕S

𝜕t
(t, y) +

𝜕S

𝜕y
(t, y)ẏ + sinh

2(𝜇t)ẏ2 .

∫
T

0

L(t, x, ẋ) dt = ∫
T

0

L̃(t, y, ẏ) dt = ∫
T

0

(

d

dt
S(t, y(t)) + sinh

2(𝜇t)ẏ2
)

dt

= S(T , y(T)) + ∫
T

0

sinh
2(𝜇t)ẏ2 dt .
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The integral is always nonnegative; it vanishes if and only if y(t) is constant for 
all t. The objective for any absolutely continuous path y(t) is always at least as 
large as for the constant path with value y(T). It is therefore sufficient to con-
sider only constant paths y(t) = ȳ , for which the objective equals S(T , ȳ) . As this 
expression is convex and quadratic in ȳ , it is minimised by

To solve the regulator problem for infinite time, take the limit T → ∞ and obtain 
that ȳT → 0 and S(T , ȳT ) → (𝜇 − b)x2

0
 . Inverting the Leitmann transformation and 

replacing � by its value, the minimiser is given by

and the minimum by

5 � Final thoughts

It is worthwhile to reiterate that all computations are elementary: the hardest step 
is the solution of the Euler–Lagrange equation. The integrability condition is sat-
isfied necessarily, and the function S(t, y) is obtained by integrating the function 
s2(t, y) , which is linear in y, with respect to y. Yet the regulator problem is solved 
completely.
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ȳT =
(𝜇 − b)(1 − e−2𝜇T )x0

b cosh(2𝜇T) − b + 𝜇 sinh(2𝜇T)
.

x(t) = x0e
−
√

1+b2t,

∫
∞

0

L(t, x, ẋ) dt = (
√

1 + b2 − b)x2
0
.
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