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Abstract—Kolmogorov–Arnold –Moser theory started in the 1950s as the perturbation theory
for persistence of multi- or quasi-periodic motions in Hamiltonian systems. Since then the theory
obtained a branch where the persistent occurrence of quasi-periodicity is studied in various
classes of systems, which may depend on parameters. The view changed into the direction
of structural stability, concerning the occurrence of quasi-periodic tori on a set of positive
Hausdorff measure in a sub-manifold of the product of phase space and parameter space. This
paper contains an overview of this development with an emphasis on the world of dissipative
systems, where families of quasi-periodic tori occur and bifurcate in a persistent way. The
transition from orderly to chaotic dynamics here forms a leading thought.
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1. INTRODUCTION

At the International Mathematical Congress of 1954, held at Amsterdam, A.N. Kolmogorov
gave a closing lecture with the title “The General Theory of Dynamical Systems and Classical
Mechanics” [88], discussing the paper [89]. The event took place in the Amsterdam Concertgebouw
and initiated the development of what is now called Kolmogorov –Arnold –Moser (or KAM) theory.
In this lecture Kolmogorov discusses the occurrence of multi- or quasi-periodic motions, which
in the phase space are confined to invariant tori. He restricts to conservative (or Hamiltonian)
dynamical systems, as these are generally used for modeling in classical and celestial mechanics.
Invariant (Lagrangean) tori that carry quasi-periodic motions were well known to occur in
Liouville integrable systems, and Kolmogorov’s lecture deals with their persistence under small,
non-integrable perturbations of the Hamiltonian. The general message of KAM theory is that,
generically, in small perturbations of integrable systems the union of quasi-periodic Lagrangean
tori has positive (Liouville) measure both in the phase space and in the energy hypersurfaces. For
a note on these events, see [17].

The other classical references regarding the letters KAM are Arnold [1–3, 5, 6, 8] and Moser [99,
101–104]. The acronym KAM was coined in [84].
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Outside the conservative world. References [101, 102] play a major role in this paper.
Indeed, there a Lie algebra approach to KAM theory was initiated, where the occurrence of quasi-
periodicity was extended to other classes of dynamical systems. It turns out that in many cases
persistence parameters are needed. As examples we mention systems that preserve a given volume
form or that respect a given symmetry Lie group. In particular, however, the theory extends to all
possible systems, coined “dissipative”. This theory was further developed by the Groningen school,
starting with the work of Huitema [82] and [32]; in this respect also see Ruelle [112] who was one of
the first to speak of families of quasi-periodic attractors. For further reference we mention [31], [37,
Chapters 2 and 5] and [25].

Many systems already contain parameters by themselves: in particular this happens in
bifurcation theory. One of the first occurrences in KAM theory is the quasi-periodic Hopf
bifurcation [12, 13, 58, 59, 100] where a family of quasi-periodic n-tori branches off a family
of (n+ 1)-tori. Also see Chenciner and Iooss [46] and Flockerzi [57]. The quasi-periodic Hopf
bifurcation will be dealt with in greater detail later, also in view of the Hopf – Landau –Lifshitz
theory on the onset of turbulence [79–81, 92, 93]. As observed by Ruelle and Takens [113], it is of
interest that a flow on T

3 can have strange (i. e., chaotic) attractors, which is not the case on T
2.

In [13] a more general quasi-periodic bifurcation theory was initiated, apart from the Hopf case,
also related to the period doubling and the saddle-node bifurcations. In later work also quasi-
periodic bifurcations were studied in other Lie algebras of systems and we will touch upon this as
well.

Generic systems. One of the leading thoughts was how to incorporate quasi-periodicity
into the general theory of dynamical systems as initiated by Thom [127], Smale [124], also
see [108], based on the geometric approach, as inherited from Poincaré. The ensuing quasi-periodic
bifurcation theory then follows from connecting KAM theory with bifurcation and singularity
theory [9, 111, 127].

In the sequel we use the term typical for a property if it occurs on an open set of the space
of dynamical systems at hand. Regarding the topology on “function space”, one may think of
a (weak) Whitney topology for differentiable systems or of the compact-open topology for (real)
analytic systems; the latter corresponds to uniform convergence on compact sub-sets, compare with
Hirsch [77]. The typical property we have in mind is the occurrence of quasi-periodic invariant tori
with positive Hausdorff measure on some sub-manifold of the product of phase space and parameter
space.

Integrability is defined throughout as in- or equivariance with respect to a (locally) free torus
action. The general perturbation theory of quasi-periodic tori starts with an unperturbed system
that is integrable. This situation has infinite co-dimension, which means that no unfoldings with
finitely many parameters exist that capture all aspects of the nearby dynamics, compare with [36] for
similar phenomena regarding perturbations of normal forms with a toroidal symmetry. Nevertheless
we consider systems that are non-degenerate in an appropriate sense, thereby obtaining nearly-
integrable systems with a certain form of persistence. To be more precise, the perturbation
theory evolved to a conjugation theory, yielding a form of structural stability, coined quasi-
periodic stability [32], which means structural stability restricted to a union of quasi-periodic tori.
(Kolmogorov’s and other) non-degeneracy conditions thereby evolve into transversality properties
of frequency mappings. The theory often uses a lot of parameters, but in case only fewer parameters
are given, the versal theory is still of importance: one requires that the given family is a generic
sub-family of the versal one. Compare with the path formalism in [63, 64].

The concept of Whitney differentiability [131] has become central in the theory through the
work of Zehnder and Pöschel, cf. [34]. This amounts to differentiability of mappings defined on
closed sets, in particular, on nowhere dense closed sets. Whitney describes this differentiability
intrinsically in terms of the closed set, but the characterisation is equivalent to extendability to an
“ordinary” differentiable mapping on an open neighbourhood. In particular, the conjugations in
KAM theory turn out to be Whitney smooth, which means that they preserve both much of the
geometry and the typical property of quasi-periodicity having positive Hausdorff measure.
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KAM theory also exists in the reversible setting, cf. [34]. Less well-known are similar results in
the volume-preserving case [22, 32, 101, 102, 132]; also see [34]. There are many more contexts in
which similar results hold, in particular regarding equivariance with respect to a given symmetry
group or the non-holonomic context; also combinations of such structures can be of interest. This
development is covered by a Lie algebra approach, for examples see [21, 23, 31, 32, 101, 102] and
in the sequel.

Remarks.

– Several regularity issues exist. As already detailed by Pöschel [109] and in [32], KAM theory
also holds for finitely differentiable systems, but then the (Whitney) smooth conjugation loses
differentiability in a controlled way.

When starting with real analytic systems, the conjugations are Whitney C∞ and real analytic
in the toral directions. As shown in [130], in the other directions the regularity can be refined to
Gevrey.

Center manifolds are not C∞, see Van Strien [125]. Since all differentiability losses are
controllable, we always assume our systems to be real analytic. Obvious, but cumbersome,
adaptations exist to the finite differentiable world.

– We like to mention a few tutorials on KAM theory. One is Broer –Huitema – Sevryuk [31], with
a simple proof in Chapter 6. Also see Broer –Takens [37, Chapters 2 and 5], Ciocci, Litvak-
Hinenzon and Broer [50] and Pöschel [110]. For earlier introduction to KAM theory we refer to
Moser [103, 104]. For a historical overview, see [53].

2. LAGRANGEAN TORI AND FAMILIES OF TORUS ATTRACTORS

Here follows a brief exposition of the classical conservative KAM theory, starting with
Kolmogorov’s theorem [88] on Lagrangean invariant tori as this can be formulated nowadays, taking
into account Whitney differentiability; see the above references. Also see [5, 8].

The section concludes with the dissipative counterpart dealing with families of torus attractors.
This started off with Moser [101, 102] and was elaborated further in [31, 32] and [37, Chapters 2
and 5], again taking Whitney smoothness into account.

In KAM theory two conditions are of importance, the Diophantine conditions on the frequencies
of the invariant tori and a transversality condition on the variation of the frequencies with
parameters or spatial variables. We now start with the Diophantine conditions relevant for the
present section.

2.1. Diophantine Frequency Vectors

In the two cases of present concern, we deal with the standard n-dimensional torus T
n =

R
n/(2πZ)n with angular variables x = (x1, x2, . . . , xn) modulo 2πZn. On such a torus we have

a constant vector field

ẋ = ω,

where ω = (ω1, ω2, . . . , ωn) ∈ R
n is the vector of frequencies.

In this setting a resonance is given by any condition

〈k, ω〉 = 0,

where k ∈ Z
n \ {0} and where 〈·, ·〉 denotes the standard inner product on R

n. We note that in
the frequency space R

n = {ω} the union of all resonances forms a dense sub-set. Such internal
resonances recur in the sequel for their own sake, but of our present interest is the quasi-periodic
case where all resonances are avoided, so where we have that 〈k, ω〉 �= 0 for all k ∈ Z

n \ {0}.
For the KAM theory of invariant tori we need bounds away from resonance and therefore

introduce appropriate Diophantine conditions as follows.

REGULAR AND CHAOTIC DYNAMICS Vol. 30 No. 3 2025



PARAMETRISED KAM THEORY, AN OVERVIEW 411

Definition 1 (Diophantine vectors). Let τ > n− 1 and γ > 0. We say that the vector ω ∈ R
n

is (τ, γ)-Diophantine if for all integer vectors k ∈ Z
n \ {0}

|〈k, ω〉| � γ

|k|τ , (2.1)

where |k| =
∑n

j=1 |kj |. The sub-set of all (τ, γ)-Diophantine frequency vectors in R
n is denoted

by R
n
τ,γ .

The set of Diophantine frequency vectors has interesting measure-theoretical and topological
properties that we shall consider now.

Proposition (Properties of Diophantine vectors). The closed sub-set Rn
τ,γ ⊂ R

n has the fol-
lowing properties.

1) Whenever ω ∈ R
n
τ,γ and s � 1, then also sω ∈ R

n
τ,γ. We express this by saying that Rn

τ,γ has
the closed half-line property;

2) Let S
n−1 ⊂ R

n be the unit sphere, then S
n−1 ∩ R

n
τ,γ is the union of a Cantor set and a

countable set;

3) The complement Sn−1 \ Rn
τ,γ ⊂ S

n−1 has Lebesgue measure of order γ as γ ↓ 0.

We give a few comments on the closed (hence compact) set S
n−1 ∩ R

n
τ,γ. By the Cantor –

Bendixson theorem [76], such a set is the union of a countable and a perfect set. In the present
setting this perfect set is a Cantor set, since the resonant frequencies form a dense web in the
complement of S

n−1 ∩R
n
τ,γ . Recall that a Cantor set is characterised as compact, perfect and

totally disconnected. For details also see, e. g, [31].

We recall that Cantor sets are nowhere dense. Therefore, this same property holds for R
n
τ,γ .

Summarising we can say that R
n
τ,γ is a nowhere dense, uncountable union of closed half-lines of

positive measure; this and similar sets in the sequel are called Cantor bundles. In Fig. 1 we sketch
R
2
τ,γ ⊂ R

2 and its position with respect to the horizontal line ω2 = 1.

Remarks.

– The parameter γ is referred to as gap parameter since it forms an indication for the total gap
width; it is also a scale parameter. For sharp estimates on the measure, take γ as a suitable
decreasing function of the perturbation size.

– The above observations imply that the set Rn
τ,γ is topologically small and measure theoretically

large. This discrepancy between measure and topology, which we meet throughout, is discussed
to some detail in [37, Appendix A] and to great depth by Oxtoby [107].

2.2. Lagrangean Tori, Kolmogorov’s Theorem

In this section the state space is an open sub-set T
n × U ⊆ T

n × R
n = {x, y}, with symplectic

form ω = dx ∧ dy =
∑n

j=1 dxj ∧ dyj. A Hamiltonian system then generally is determined by a

Hamiltonian function H : Tn × U −→ R via

ẋ =
∂H

∂y

ẏ = −∂H

∂x
,
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Fig. 1. Sketch of the Diophantine set R2
τ,γ together with the horizontal line ω2 = 1. The intersections of R2

τ,γ

with this set contains a Cantor set of positive measure. Compare with [71].

where we denote this vector field by XH . A co-ordinate free way to formulate this is dH = ιXH
ω,

see [5]. We here consider a nearly integrable Hamiltonian Hε(x, y) = H0(y) + εH1(x, y, ε), leading
to the vector field XHε

given by

ẋ = ω(y) + εf(x, y, ε) (2.2)

ẏ = εg(x, y, ε),

where

ω(y) =
∂H0

∂y
(y), f(x, y, ε) =

∂H1

∂y
(x, y, ε), g(x, y, ε) = −∂H1

∂x
(x, y, ε).

The case ε = 0 is completely integrable in the sense of Liouville –Arnold [5], where n independent
and involutive integrals are given by y1, y2, . . . , yn and where the state space is fibrated by the
invariant tori Tn × {y} with frequency vector ω(y). These tori usually are called Lagrangean tori :
the tori are isotropic (the restriction of the symplectic form ω to T

n × {y} vanishes) and maximal
with this property. The general question is in how far the integrable dynamics is persistent under
small perturbation.

Note that now y = (y1, . . . , yn) is a distinguished multi-parameter. We introduce a non-
degeneracy condition, named Kolmogorov non-degeneracy, which requires that the frequency
mapping

U −→ R
n

y �→ ω(y)
(2.3)

is a (local) diffeomorphism. Locally this can be ensured by requiring that the derivative Dω at a
point y = y0 has maximal rank, which is equivalent to detD2H0(y0) = detDω(y0) �= 0. The Cantor
bundle R

n
τ,γ is pulled back by the frequency mapping ω : U → R

n into the phase space, preserving
all properties mentioned after Proposition 1.

We now can formulate the classical KAM theorem:
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Theorem 1 (Kolmogorov [2, 8, 32, 47, 88, 109]). Let the Hamiltonian system (2.2) be real
analytic and Kolmogorov non-degenerate at some value y = y0. Let τ > n− 1 and let γ > 0 be
sufficiently small. Then for |ε| sufficiently small there exists a neighbourhood U ⊆ R

n of y0 and a
C∞ near-identity diffeomorphism

Φε : T
n × U −→ T

n × R
n (2.4)

conjugating the restriction XH0
|Tn×(U∩ω−1(Rn

τ,γ))
to a (Diophantine) quasi-periodic sub-system

of XHε
.

Remarks.

– Since the union T
n × (U ∩ R

n
τ,γ) of unperturbed (Diophantine) quasi-periodic Lagrangean tori

has positive measure, the same holds for the union of their perturbations; this follows from the
fact that Φε is a near-identity diffeomorphism. As an important consequence, the property of
having a union of invariant Lagrangean tori that has positive measure in the state space is open
in the world of Hamiltonian systems, using the compact-open topology; as said before, this is a
typical property.

To get a sharp estimate on the measure of the union of quasi-periodic tori, one takes the gap
parameter γ → 0 as ε → 0. In the general case one takes γ =

√
ε, but when by normalising

techniques the non-integrable perturbation can be pushed to higher-order terms we take γ
accordingly smaller.

– The conjugation Φε between the integrable system XH0
and its nearly integrable perturba-

tion XHε
is generally not symplectic, compare with [32] .

For the more classical approach, e. g., see [109] and references therein, in which a Whitney-C∞

integrable normal form is given for XHε
on the Cantor bundle T

n ×
(
U ∩ ω−1(Rn

τ,γ)
)
.

– Observe that Theorem 1 provides a non-trivial class of counter-examples against the ergodic
hypothesis as it is assumed in the large systems of statistical mechanics. However, it seems, that
for fixed ε > 0 the measure of the union of KAM tori decreases rapidly with n, the number of
degrees of freedom, see [87] and references therein.

– The conjugation of the integrable with the perturbed system cannot be analytic because of the
uniqueness theorem and the occurrence of resonance gaps. But for analytic systems it can still
be C∞ in the sense of Gevrey. For comments on losses of differentiability and how to deal with
these we refer to the introductory section.

The Lagrangean tori of the integrable system, by the Kolmogorov non-degeneracy condi-
tion (2.3), are parametrised by their frequency vectors. For the nearly integrable system the
Diophantine tori persist, where these are Whitney-C∞ conjugate to their integrable counterparts. In
this sense Theorem 1 Cantorises the families of the Lagrangean tori of the unperturbed (integrable)
system.

Indeed, the conjugation being a near-identity Whitney-C∞ mapping Φε entails the following. On
the one hand, the geometry of the Cantor bundle that parametrises the invariant tori is preserved
by Φε, which amounts to the Cantorisation. On the other hand, the measure theoretic properties
are also preserved by Φε, which amounts to positive Lebesgue measure. Later on we consider
lower-dimensional tori of the integrable system, the frequencies of which form a lower-dimensional
space, usually a sub-manifold. The Diophantine tori form a Cantor sub-bundle of positive Hausdorff
measure and this setting is preserved by Φε.

2.3. A Simple Proof of the Iso-Energetic KAM Theorem

As an illustration of how the geometric considerations of Proposition 1 may be of help, we
consider the well-known iso-energetic version of Kolmogorov’s Theorem 1 [2, 8, 32, 109], roughly
stating that the KAM tori are also preserved per energy level. Indeed, our considerations allow for
a simple proof of the iso-energetic KAM theorem as we shall see now.
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Recall that the Kolmogorov non-degeneracy condition (2.3) locally reads

detDω �= 0. (2.5)

Next to this consider the iso-energetic non-degeneracy condition

det

⎛

⎝
Dω ω

ωT 0

⎞

⎠ �= 0. (2.6)

Since ω = ∂H0/∂y, it is easy to see that the latter condition means that locally the closed half-
lines are transverse to the energy levels of the Hamiltonian H0. Douady [52] showed that the
conditions (2.5) and (2.6) are independent.

Corollary ([30, 82]). Let the Hamiltonian system XH0 in (2.2) be real analytic and both Kol-
mogorov non-degenerate and iso-energetically non-degenerate at some value y = y0. Let E = H0(y0)
be the corresponding energy value. Then, in the level set H−1

ε (E) there exists an Xε-invariant union

of Diophantine n-tori, that is, a C∞-near diffeomorphic image of (Tn × (U ∩ R
n
τ,γ)) ∩H−1

0 (E).
The corresponding diffeomorphism is a Gevrey-C∞ equivalence from X0 to XHε that preserves the
frequency ratios.

Fig. 2. Adapting the Kolmogorov conjugation Φε, see (2.4), to the iso-energetic equivalence [30]. Note that
on each half-line the frequency ratio [ω1 : ω2 : . . . : ωn] is constant.

Proof. It is not an essential restriction to assume the set ω(U) to be convex. In that case, after
application of Kolmogorov’s Theorem 1, we are left with the levels

Φε

(
H−1

0 (E)
)

and H−1
ε (E)

and we aim to apply an extra transformation to make the former coincide with the latter. For this
purpose we move from phase space to the product of Tn and frequency space

(x, y) �→
(
x, ω(y)

)
.

Using the above transversality property, we can shift

ω
(
Φε(H

−1
0 (E))

)
to ω

(
H−1

ε (E)
)

along the half-lines in R
n
τ,γ , again keeping x fixed. Then we pull everything back to phase space.

For more details see [30]. �
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Remarks.

– We recall that an equivalence is a transformation that puts integral curves on integral curves,
without necessarily preserving the time parametrisation. An equivalence that does preserve the
time preservation is a conjugation [108].

– The equivalence preserves the frequency ratios and not necessarily the frequency vectors.

– Calleja, Celletti and de la Llave develop in [42] a KAM theory for some dissipative systems of
conformal symplectic type, i. e., systems that transform a symplectic form into multiples of itself.
In a somewhat different set-up several parameters in the system are being adjusted to find the
desired quasi-periodic solutions.

– Mutatis mutandis, the concluding remarks of Theorem 1 also apply here.

2.4. Families of Quasi-Periodic Attractors

Quasi-periodicity also occurs outside the world of conservative systems, for instance, see [11, 38,
95]; also see [34]. In the dissipative world of dynamical systems, the Lagrangean n-tori are replaced
by normally hyperbolic torus attractors [48, 54, 78]. Following [12, 13, 31, 32], we formulate
a KAM theorem for families of such tori, also compare with Ruelle [112]. The persistence of
normal hyperbolicity may well involve losses of differentiability, compare with Van Strien [125],
but KAM theory can deal with this, as detailed in [32].

Therefore, we restrict to the center manifold T
n × Γ and for simplicity we again assume the

initial integrable system to be real analytic with the result that we have a C∞-conjugation.
We recall that integrability is defined as Tn-equivariance under a (locally) free action.
Following [31, 32, 101, 102], we consider a family of vector fields

X = Xε(x, λ) = Xλ,ε(x)

on T
n × Γ = {x, λ}, of the following nearly-integrable form:

ẋ = ω(λ) + εf(x, λ), (2.7)

λ̇ = 0,

where the parameter space Γ ⊆ R
s is an open sub-set. The unperturbed vector fieldX0 by definition

is integrable since it is n-torus symmetric, i. e., x-independent. The question again is in how far the
non-resonant integrable dynamics is persistent under small perturbation.

Analogously to Kolmogorov non-degeneracy, we introduce the following non-degeneracy condi-
tion, which in Definition 2 will be generalised to Broer –Huitema –Takens (BHT) non-degeneracy
and which requires that the mapping

Γ −→ R
n

λ �→ ω(λ)
(2.8)

is a (local) submersion. This in turn can be ensured at λ = λ0 by requiring the derivative Dω(λ0) to
be surjective. Again the set of Diophantine frequency vectors Rn

τ,γ is pulled back along the frequency
mapping ω.

As the dissipative counterpart of Theorem 1 we now can formulate:

Theorem 2 ([31, 32, 101, 102]). Let the system (2.7) be real analytic and BHT non-degenerate
at some value λ = λ0. Given τ > n− 1 let γ > 0 be sufficiently small. Then for |ε| sufficiently
small there exists a neighbourhood Γ ⊆ R

s of λ0 and a C∞ near-identity skew diffeomorphism
Φε : T

n × Γ −→ T
n ×R

s conjugating the restricted family X0|
Tn×

(
Γ∩ω−1(Rn

τ,γ)
) to a (Diophantine)

quasi-periodic sub-system of the perturbed family Xε.

Remarks.

– We choose τ > n− 1 to ensure that Γ ∩ ω−1(Rn
τ,γ) has positive measure.

– As before, we can conclude that, if the n-dimensional torus is an attracting normally hyperbolic
invariant manifold, then Theorem 2 implies that the occurrence of a family of quasi-periodic
attractors, which projects to positive measure in parameter space, is a typical property.

REGULAR AND CHAOTIC DYNAMICS Vol. 30 No. 3 2025
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3. NORMAL LINEAR STABILITY

In this section we deal with invariant tori that are not necessarily normally hyperbolic, taking
the normal linear part into account. Unlike in the periodic case where one has Floquet theory,
in general the normal linear part at an invariant torus does not have to be constant, or even
be reducible to constant [118]. However, in the present context of nearly integrable systems, the
integrable approximation has toroidal symmetry, implying that the normal linear part is constant.

The entire theory can be formulated in terms of Lie algebras of vector fields, and therefore applies
to, for instance, Hamiltonian, volume-preserving, and equivariant systems; with some adaptations,
it also covers reversible systems [31, 32, 101, 102]. However, for simplicity we first restrict to the
general dissipative case, adding adjusting remarks for the other structure-preserving settings.

The set-up is as follows. Given is a family X̃ = X̃λ(x, z) of vector fields with system form

ẋ = ω(λ) + f̃(x, z, λ, ε), (3.1)

ż = Ω(λ)z + h̃(x, z, λ, ε),

λ̇ = 0,

where x ∈ T
n, z ∈ R

m and λ ∈ Γ, and where the parameter space Γ ⊂ R
s is an open sub-set. In

vector field notation this reads

X̃λ(x, z) =
(
ω(λ) + f̃(x, z, λ)

)
∂x +

(
Ω(λ)z + h̃(x, z, λ)

)
∂z.

This system is regarded as a small perturbation of the integrable system

Xλ(x, z) =
(
ω(λ) + f(z, λ)

)
∂x +

(
Ω(λ)z + h(z, λ)

)
∂z, (3.2)

where f(0, λ) ≡ 0, h(0, λ) ≡ 0 and Dzh(0, λ) ≡ 0.

3.1. Non-Degeneracy Revisited

In KAM Theorems 1 and 2 we already met with the Kolmogorov non-degeneracy condition.
In all cases this amounts to variation of the frequency vector with parameters or with state space
variables. We now introduce other non-degeneracy conditions, formulated in terms of transversality.
These are formulated in terms of the normally linear part at an invariant torus, which is the lowest-
order part of (3.2):

(LX)λ(x, z) = ω(λ)∂x +Ω(λ)z∂z , (3.3)

defined on T
n × R

m, where ω : Γ −→ R
n and Ω : Γ −→ gl(m,R) are smooth mappings. We need

sufficiently many parameters to obtain the non-degeneracy as desired. The parameters can be either
state space variables, used as distinguished parameters, or external parameters.

Remarks.

– In the integrable Hamiltonian case the state space has the form T
n × R

n × R
2p = {x, y, z}: the

y-variables, which are symplectically conjugate to the angular x-variables, play again the role of
distinguished parameters. Compare with [29, 31, 32, 69].

– Similarly, in the integrable reversible case with reversor R, after some normalisation the state
space becomes T

n × R
n × R

2p = {x, y, z}, where the y-variables parametrise the invariant tori.
In this way the two eigenspaces (with eigenvalues +1 and −1) of the reversor R normal to the
family of tori both have dimension p. Here y ∈ R

m takes the role of distinguished parameters,
see [19, 119].

3.2. Intermezzo on Versal Unfoldings

Versality and universality are central notions in the present approach. Appropriate versality
conditions generalize the non-degeneracy conditions met before. We present these notions in the
context of linear algebra.
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Matrices depending on parameters. In Arnold’s theory of matrices depending on param-
eters [4, 6] the adjoint action plays a central role. This action is defined by similarity as follows:

GL(m,R)× gl(m,R) −→ gl(m,R)

(S,Ω) �→ SΩS−1
(3.4)

where gl(m,R) is the space of all m×m-matrices and where GL(m,R) is the sub-set of all invertible
m×m-matrices. This is the adjoint action of the Lie group GL(m,R) on its Lie algebra gl(m,R),
see [83].

The orbits O(Ω) of the adjoint action are smooth sub-manifolds of gl(m,R), see, for in-
stance, [128]. The idea is to smoothly unfold, that is, embed in a parametrised family, a given
matrix Ω0 by

Γ −→ gl(m,R)

λ �→ Ω(λ)

with Ω0 = Ω(λ0), such that the image of this unfolding is transverse to the orbit O(Ω0), see Fig. 3.
Such transversal unfoldings are versal in the sense that the corresponding orbits saturate a full
neighbourhood of Ω0 in gl(m,R). Versal unfoldings with a minimal number of parameters are
called miniversal or universal. Moreover, the latter adjective expresses that any other unfolding of
Ω0 can be reduced to a universal one by parameter depending similarities and by reparametrisation.
This minimal number of parameters is called the similarity co-dimension of Ω0.

For S near the identity Id we can write S = etA for A ∈ gl(m,R) and t ∈ R with |t| small. Then

SΩS−1 = etAΩe−tA = Ω+ t[A,Ω] +O(t2), (3.5)

where

[A,Ω] = AΩ − ΩA (3.6)

denotes the bracket operator. From this we obtain

TΩO(Ω) = {[A,Ω] | A ∈ gl(m,R)} (3.7)

for the tangent space to the orbit of Ω. The formula (3.7) is convenient for constructing versal
unfoldings and for determining the similarity co-dimension.

Arnold’s theory, in particular, the formulae (3.4)–(3.7), works equally well for any Lie sub-
algebra g of gl(m,R) and the corresponding Lie subgroup G of GL(m,R), as long as the orbits

Fig. 3. The unfolding λ �→ Ω(λ) is transverse to the orbit O (Ω(λ0)) of Ω0 under the adjoint action of G on g.
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of the adjoint action (3.4) are smooth manifolds. A sufficient condition is that G is an algebraic
subgroup of GL(m,R), again see [128]. As examples we mention the pairs (g, G) with g = sp(2p,R)
and G = SP(2p,R) in the symplectic case, and g = sl(m,R) and G = SL(m,R) in the volume-
preserving case. This is relevant for structure-preserving versions of KAM theory developed below.
We briefly illustrate these concepts by a volume-preserving example.

That is, we consider the Lie algebra sl(2,R) = {Ω ∈ gl(2,R) | trace Ω = 0}, which forms a 3-
dimensional real vector space. The Lie group acting on sl(2,R) is SL(2,R) = {S ∈ GL(2,R) |
detΩ = 1}. The corresponding adjoint action reads

SL(2,R)× sl(2,R) −→ sl(2,R)

(S,Ω) �→ SΩS−1

and is the restriction of (3.4). We are interested in the orbits of this action and their similarity
co-dimension. A general element of sl(2,R) has the form

Ω =

⎛

⎝
a b

c −a

⎞

⎠ ,

with detΩ = −(a2 + bc). The nilpotent variety N = {Ω ∈ sl(2,R) | detΩ = 0} therefore is given by
the equation

a2 + bc = 0,

which forms a cone. The regular (smooth) part of N consists of the orbits of the matrices
⎛

⎝
0 1

0 0

⎞

⎠ and

⎛

⎝
0 −1

0 0

⎞

⎠ ,

while the semi-simple vertex 0 of the cone forms a separate orbit. The other orbits are one- and
two-sheeted hyperboloids surrounding N as shown in Fig. 4. Observe that all SL(2,R)-orbits have
similarity co-dimension 1 except for {0}, which has similarity co-dimension 3. For similar examples
see [4, 6, 25, 61].

Fig. 4. Stratification of sl(2,R) by orbits of the adjoint action.
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3.3. Toroidal Normal Linear Parts

We return to the context of the general system (3.1), its integrable approximation (3.2), and its
normally linear part (3.3).

Similarly to (2.3) and (2.8), here we develop a non-degeneracy condition for the full frequency
mapping

Γ −→ R
n × gl(m,R)

λ �→
(
ω(λ),Ω(λ)

)
.

This non-degeneracy condition requires submersivity of the full frequency mapping, which amounts
to simultaneous variation of the internal frequency vector ω and versality of Ω as a function of λ.

Let X denote the Lie algebra of smooth vector fields on T
n × R

m. We also consider the Lie
algebra gl(m,R) with Lie group GL(m,R).

Remarks.

– In order to model preservation of structure we shall consider Lie sub-algebras x of the general
Lie algebra X of smooth vector fields on T

n × R
m. As examples we have the Lie algebra of

Hamiltonian vector fields x = Xω, when dealing with Hamiltonian vector fields with respect to
the symplectic 2-form ω. Similarly we consider x = Xσ when dealing with vector fields that
preserve the volume form σ. For many more examples see [25].

– In appropriate co-ordinates at the normally linear level we have g = sl(m,R) and G = SL(m,R)
for volume-preserving systems; similarly for Hamiltonian systems with respect to a symplectic
form ω, where, in appropriate co-ordinates, g = sp(2p,R) with G = SP(2p,R), respectively. In a
similar way, systems that are equivariant with respect to a given symmetry group can be dealt
with. As said earlier, reversible cases allow a related approach, see [25, 32, 102].

We formulate the remainder of this section in terms of the Lie algebra x. We observe that the
operator L in (3.3) takes vector fields that leave T

n × {0} invariant into vector fields that leave
T
n × {0} invariant, preserving the Lie sub-algebra x. Then we introduce the space b of all vector

fields constant in the z-direction on T
n ×R

m, observing that b ⊂ x. Finally, for Y ∈ x we introduce
the adjoint operator

adY : x −→ x

Z �→ [Y,Z],
(3.8)

with [·, ·] the Lie bracket on x ⊆ X , where we remark that this definition fits with the bracket
operator (3.6) for matrices. For further background see [25].

Remarks.

– In the KAM results under consideration, a Newtonian iteration process occurs, where successive
transformations reduce the size of the perturbation away from integrability, see [25, 32, 102, 109].
These transformations all are infinitesimally generated from the Lie algebra x. One here also
speaks of “Lie series”.

– In the exact symplectic case one only has to deal with Hamiltonian functions, where the Lie
bracket is replaced by the Poisson bracket.

– Therefore, in each step vector fields of the form ad LX, see (3.3) and (3.8), play an important
role.
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An integrable normally linear vector field Y = LX acts on an integrable constant vector field
Z = σ∂z ∈ b as

ad LX(σ∂z) = −Ω(λ)σ∂z

and these are exactly the constant vector fields that can be transformed away. Note that

ad LX : b −→ b

is surjective if and only if it is injective. Where constant vector fields cannot be transformed away
these may push a torus out of invariance, the simplest example being the perturbed (integrable!)
vector field ω0∂x + ε∂z for which Ω ≡ ε vanishes at ε = 0. The following definition prevents this
from happening.

Definition 2 (Broer –Huitema –Takens non-degeneracy [32]). The smooth family

X = Xλ(x, z)

of vector fields on T
n ×R

m, with λ ∈ Γ ⊆ R
s and with normally linear part LX = ω(λ)∂x +Ω(λ)z∂z ,

is Broer –Huitema–Takens non-degenerate at λ = λ0 ∈ Γ if

BHT(i) ker(ad LX) ∩ b = {0};

BHT(ii) At λ = λ0 the mapping

(ω,Ω) : Γ −→ R
n × g

λ �→ (ω(λ),Ω(λ))

is transverse to the Cartesian product

{ω(λ0)} × O (Ω(λ0)) ⊂ R
n × g, (3.9)

where O (Ω(λ0)) denotes the orbit of Ω0 under the adjoint action of G on g.

Remarks.

– One abbreviates to BHT non-degeneracy. The two non-degeneracy conditions BHT(i) and BHT(ii)
generalize the condition that ad LX has to be invertible at λ = λ0.

– BHT(i) is certainly fulfilled if Ω(λ0) is invertible, i. e., when all eigenvalues are non-zero. BHT(ii)
is certainly fulfilled if all eigenvalues of Ω(λ0) are simple and if all eigenvalues of Ω(λ) vary
with λ. See Section 3.4 for a detailed exposition.

– In the case where Ω(λ0) is non-invertible the condition BHT(i) prevents that this affects constant
vector fields by ensuring that these still can all be transformed away.

– In [25] we go deeper into to Moser’s modifying terms formalism [102, 130], and we shall adapt
the condition BHT(i) of Definition 2.

3.4. The Case of Simple Eigenvalues and Diophanticity Extended

Let us focus on the invertible gl(m,R)-case of simple eigenvalues [32]: that is, such that
Ω0 = Ω(λ0) ∈ gl(m,R) is invertible and only has simple eigenvalues. Observe that the corresponding
set is open and dense in gl(m,R). Since we are working modulo similarity we can study all unfoldings
by just looking at the Jordan –Chevalley normal forms [83]. The blocks are

⎛

⎝
βj −αj

αj βj

⎞

⎠ and
(

δ�

)
,

for 1 � j � r and 2r + 1 � � � m. By the simpleness of the eigenvalues we moreover have

αj �= 0 and (αj , βj) �= (αj′ , βj′)

REGULAR AND CHAOTIC DYNAMICS Vol. 30 No. 3 2025



PARAMETRISED KAM THEORY, AN OVERVIEW 421

for all 1 � j �= j′ � r, while for all 2r + 1 � � �= �′ � m also

δ� �= 0 and δ� �= δ�′ ,

whence the condition BHT(i) is satisfied. Taking λ0 = 0, a universal unfolding of Ω0 can be given
by the mapping

(Rs, 0) −→
(
gl(m,R),Ω0

)

λ �→ Ω(λ)

where Ω(λ) has the Jordan blocks
⎛

⎝
βj + λ2j−1 −αj − λ2j

αj + λ2j βj + λ2j−1

⎞

⎠ and
(

δ� + λ�

)
,

for 1 � j � r and 2r + 1 � � � m. We conclude that here s = n+m suffices for BHT(ii) to be
satisfied. Notice that we projected a neighbourhood V of Ω0 in gl(m,R) along the orbits of the
adjoint action (3.4) onto the subspace of Jordan –Chevalley normal forms. In the neighbourhood V
this normal form is uniquely determined by the eigenvalues.

We distinguish between ω as the vector of internal frequencies and α the vector of normal
frequencies. In this setting we need to extend Definition 1 as follows.

Definition 3 (Extended Diophantine conditions). Let τ > n− 1 and γ > 0. A frequency
vector (ω,α) ∈ R

n × R
r is extended (τ, γ)-Diophantine if for all vectors k ∈ Z

n \ {0} and � ∈ Z
r

with |�| � 2 one has

|〈k, ω〉 + 〈�, α〉| � γ

|k|τ ,

where |k| =
∑n

j=1 |kj |.
The set of extended (τ, γ)-Diophantine vectors (ω,α) is denoted by (Rn × R

r)τ,γ . This set has
properties very similar to Proposition 1 and the other comments in Section 2.1.

3.5. Dissipative KAM Theory

In this section we extend KAM Theorem 2 regarding the quasi-periodic stability of “dissipative”
invariant tori. The main difference is that now, apart from internal resonances, also normal-internal
and normal resonances play a role.

To be precise, as before we consider a family (3.1) of systems X̃ = X̃λ(x, z), given by

ẋ = ω(λ) + f̃(x, z, λ), (3.10)

ż = Ω(λ)z + h̃(x, z, λ), (3.11)

λ̇ = 0,

with x ∈ T
n, z ∈ R

m and λ ∈ Γ ⊂ R
s. This family is regarded as a small perturbation of the

integrable system Xλ given in (3.2). Here f(0, λ) ≡ 0, h(0, λ) ≡ 0 and Dzh(0, λ) ≡ 0, which means
that the torus Tn × {0} ⊂ T

n × R
m is Xλ-invariant for all λ ∈ Γ with normally linear part (3.3).

Also we assume extended Diophanticity

|〈k, ω〉 + 〈�, α〉| � γ

|k|τ ,

in the sense of Definition 3. Recall that ω and α are the vectors of internal and normal frequencies
of the torus at hand, where α contains the imaginary parts of the complex eigenvalues of Ω.
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We assume that LX is BHT non-degenerate at λ0 in the sense of Definition 2. By taking Γ
sufficiently small, we have that Ω(λ) is invertible for all λ ∈ Γ and has only simple eigenvalues.
Using the notation of Section 3.4 we consider the mapping

Γ −→ R
n × R

r × R
r × R

m−2r

λ �→
(
ω(λ), α(λ), β(λ), δ(λ)

)

observing that BHT non-degeneracy here just amounts to submersivity of this mapping. To be
definite we reparametrise λ ↔ (ω,α, β, δ), considering Γ ⊂ R

n × R
m as the new parameter space.

Also, for simplicity, we take Γ to be a box with vertices parallel to the co-ordinate axes.

It turns out that the families of vector fields X = Xλ and X̃ = X̃λ are conjugated by a
diffeomorphism when restricting to a sub-set of the extendedly Diophantine tori that is parametrised
by Γ ∩ (Rn × R

m)τ,γ . For a precise formulation of the persistence property at hand we need the
following modification. First let

Γγ = {ω ∈ Γ | dist (ω, ∂(Γ)) � γ},
then we define

Γγ
τ,γ = Γγ ∩ (Rn × R

m)τ,γ . (3.12)

Theorem 3 (Normally Linear Stability, Dissipative Case). Let X and X̃ be real analytic
families of vector fields on T

n × R
m × Γ as above, with X integrable and Γ ⊂ R

n × R
m an open

box. Assume that Ω has only simple and non-zero eigenvalues and that X is BHT non-degenerate
according to Definition 2. Fixing constants τ > n− 1 and γ > 0, where γ is sufficiently small,

also take the perturbation X̃ −X sufficiently small in the compact-open topology. Then for a
neighbourhood U of 0 ∈ R

m there exists a C∞ diffeomorphism

Φ : T
n × U × Γ −→ imΦ ⊆ T

n × R
m × Γ, (3.13)

such that

1) The mapping Φ is skew in the sense that the diagram

T
n × U × Γ

Φ−→ T
n × R

m × Γ

↓ ↓

T
n × Γ −→ T

n × Γ

↓ ↓

Γ
φ−→ Γ

commutes. Here φ denotes the parameter transformation, vertical arrows denote the natural
projections, while horizontal arrows indicate the relevant components of Φ. Moreover, Φ is
real analytic in the x-variables and maps fibers in the R

m-direction affinely onto fibers.

2) Φ is C∞-near the identity in the C∞-topology. Since the system is real analytic, the mapping
Φ also is Gevrey regular.

3) Restricted to the Diophantine invariant tori Tn × {0} × Γγ
τ,γ ⊂ T

n × R
m × Γ the mapping Φ

conjugates X to X̃, i. e.,

Φ∗(X) = X̃. (3.14)

The restriction Φ|
Tn×{0}×Γγ

τ,γ
also preserves the normally linear behaviour of these invariant

tori.
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The notation Φ∗(X) = X̃ means that vectors at a point are mapped forward by the derivative

of Φ to vectors at the image point. That is, for any point p it holds that X̃(Φ(p)) = DpΦ
(
X(p)

)
,

where DpΦ denotes the derivative of Φ at p. This specifies the kind of conjugation already used in
Theorems 1 and 2.

Theorem 3 also holds for m = 0, in which case it reduces to a somewhat more precise formulation
of KAM Theorem 2. In accordance with the discussion in Section 2, we observe that the mapping Φ

conjugates the restriction X|Tn×{0}×Γγ
τ,γ

to a quasi-periodic sub-system of the perturbation X̃ , in

Section 2 coined as quasi-periodic stability. To stress that the normally linear behaviour is preserved,
we sometimes also speak of normally linear stability. The conclusion is that the existence of an
invariant Cantor bundle of quasi-periodic tori with positive measure is persistent. Moreover, the
“geometry” of the Diophantine set Γτ,γ is preserved by Φ as well. This is of importance when
discussing quasi-periodic bifurcation theory in the sequel. The formulation of Theorem 3 is the
model for KAM theory to be formulated from now on.

In the general Lie algebra case, the formulation needs almost no adaptation [32, 102]. In that
sense it covers all the structure-preserving applications to be made in the sequel. The Hamiltonian
version of isotropic invariant tori, however, needs a slightly adapted formulation [25, 32].

Remarks.

– Generally we shall use the term “skew” to indicate that a mapping preserves some kind of fibre
bundle. In some cases we shall specify the basis.

– Theorem 3 already covers the quasi-periodic stability result needed for the linear theory of the
quasi-periodic Hopf bifurcation. In that case we consider a matrix

Ω(λ) =

⎛

⎝
λ1 −α− λ2

α+ λ2 λ1

⎞

⎠ ,

with eigenvalues λ1 ± i(α + λ2). For more dynamical details we refer to Section 4.2, below.

– In the volume-preserving case the divergence is always zero. For the fold-Hopf bifurcation the
pair of eigenvalues λ1 ± iα is counterbalanced by the eigenvalue −2λ1.

– The case of Section 3.4 with only simple, non-zero eigenvalues was dealt with in [32, § 8a2]. The
extension to multiple eigenvalues was made in [29, 49], while the condition that det Ω(λ) �= 0 was
dropped in [130] for general structure-preserving systems.

With [130], cases where det Ω(λ) = 0 prevent the conclusion of Theorem 3 from being true,
became accessible. In particular, this allows one to cover the fold-Hopf bifurcation [25].

3.6. Fattening by Hyperbolicity

Theorem 3 provides us with the nowhere dense union of invariant n-tori Φ(Tn × {0} × Γγ
τ,γ).

Using normal hyperbolicity we are able to extend this domain of invariant n-tori, such that it
projects to an open domain in parameter space. We largely follow [24] and colloquially call this
extension “fattening”.

We explain this with help of Fig. 5. This figure deals with normally hyperbolic invariant tori that
undergo a bifurcation. In the (α, β)-parameter plane on the line β = 0 the tori lose hyperbolicity.

Indeed, observe that the X̃φ(λ)-invariant tori for λ ∈ Γγ
τ,γ are ∞-normally hyperbolic, since the

internal motion in these (perturbed) tori is quasi-periodic, compare with [48, 78]. Assuming that
Γ is bounded, it follows that the set Γγ

τ,γ is compact.
By normal hyperbolicity any λ ∈ Γγ

τ,γ is contained in a connected open neighbourhood in Γ,

such that X̃φ(λ) has a normally hyperbolic invariant n-torus. See [78, Theorem 4.1]. Since φ is a

diffeomorphism, these neighbourhoods form an open cover of Γγ
τ,γ . Their union forms a normally

hyperbolic fattening of the Diophantine invariant n-tori found by Theorem 3, compare with [50,
p. 339]. As Γγ

τ,γ is compact there exists a finite sub-cover, which consists of finitely many connected
components. The order of contact between the disk boundaries and the line β = 0 is infinite, since
the dynamics is infinitely normally hyperbolic: the dynamics inside the tori is parallel.
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Fig. 5. Fattening the light gray Cantor set of lines by hyperbolicity: Strings of dark grey blunt disks, the
boundaries of which are tangent of infinite order with the line β = 0 [24, Theorem 3]. The white complement
consists of “Chenciner” bubbles around the pure resonances.

Remarks.

– In the case where the number of parameters s = 2 we may use that the extended Diophantine
conditions of Definition 3 define a union of closed lines. In that case there locally is a 1-dimensional
Cantor direction dividing the complementary direction into countably many strips.

– The first results about fattening [58, 59] showed that the normally hyperbolic parameter set
included a set whose complement consisted of infinitely many circles in the (α, β)-plane around
the normally resonant frequencies, and whose two components at either side of the bifurcation
line meet in an infinite number of sharp cusps at the bifurcation line β = 0. Through each cusp
a line passes on which the extended Diophantine conditions hold.

– Actually, the Diophantine half-lines in the regions β > 0 and β < 0 are contained in disks of
normal hyperbolicity, the boundaries of which have flat contact with the bifurcation line, leaving
countably many small “Chenciner” bubbles around the resonances. See Fig. 5.

On a compact domain, normally hyperbolic fattening — for fixed β �= 0 — leaves only finitely
many strips in the complement.

– Quantitative estimates on the size of the Chenciner bubbles can be obtained using the fact that
the dependence on the parameters is Gevrey regular, see [24].

– In many cases, for instance, in the quasi-periodic saddle-node bifurcation, this manifold and
therefore this entire scenario sits in the product of phase space and parameter space [13, 25].
Accordingly, Fig. 5 gets folded along, e. g., a parabolic cylinder, compare with Fig. 10.

– Hamiltonian quasi-periodic bifurcations typically lead to invariant tori with some normal
ellipticity, in which case there is no fattening. Where the branching torus is purely hyperbolic,
fattening as in Fig. 5 still applies.

3.7. Scholium on Structure Preservation

What to take care of when reformulating Theorem 3 in Lie sub-algebras where structure is
preserved? For axiomatic approaches to define admissible Lie sub-algebras of X where versions of
Theorem 3 hold true, we refer to [25, 32, 102]. This theorem forms one of our main results and has
Lie algebra adaptations to structure-preserving settings: think of Hamiltonian, volume-preserving,
reversible settings: sometimes coming with an extra discrete symmetry.

As an example consider the changes we have to make to Section 3.4 when considering the
Hamiltonian case. When the eigenvalues come in doublets and quadruples, we just refrain from
counting double. This leads to direct adaptations at the level of the sub-algebra g of gl(m,R). See
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the above remarks. In the case of normally resonant tori we refine the above approach by evoking
the more general unfolding theory of Arnold [4]: see, for example, [29].

Quasi-periodicity occurs more frequently in dynamical systems than people tend to know. Next
to the well-known Hopf –Landau –Lifshitz road to turbulence by subsequent Hopf bifurcations (to
which we come back in Section 4.2), invariant tori can also branch off directly from equilibria. In the
volume-preserving case this already happens within 1-parameter families, see [22] and references
in [34]. This also happens in the reversible case, see [117]. Integrable Hamiltonian systems have
long been known to mainly consist of Lagrangean tori, for superintegrable systems the Cantor
family of Diophantine tori in the perturbed system have the “missing” frequencies added by the
perturbation, see [3, 55, 56, 68, 97]. Also, in reversible systems quasi-periodicity is commonplace,
see the work of Sevryuk [119–121].

4. QUASI-PERIODIC BIFURCATIONS

In this section we give an overview of quasi-periodic bifurcation theory, to begin with the
dissipative case. The general idea is the following.

The set-up of this section is a bit broader than Section 3, in that we now start with a family of

vector fields X̃ = X̃(x, z, λ) of the form

ẋ = ω(λ) + f̃(x, z, λ)

ż = σ(λ) + Ω(λ)z + h̃(x, z, λ)

λ̇ = 0

with x ∈ T
n, z ∈ R

m and λ ∈ R
s, which is a small perturbation of the integrable family X =

X(x, z, λ) given by

ẋ = ω(λ) + f(z, λ)

ż = σ(λ) + Ω(λ)z + h(z, λ) (4.1)

λ̇ = 0

with f(0, λ) ≡ 0, h(0, λ) ≡ 0 and Dzh(0, λ) ≡ 0.

In the latter system we reduce the T
n-symmetry, which leads to the reduced vector field

Rλ(z) = [σ(λ) + Ω(λ)z + h(z, λ)]∂z , (4.2)

with h(0, λ) ≡ 0 and Dzh(0, λ) ≡ 0.

So (relative) equilibria in the reduced vector field R in the integrable approximation X
correspond to invariant n-dimensional tori with conditionally periodic flow. Next, consider the
case where the equilibrium (or a closed orbit) in R undergoes bifurcation. The consequences for
the integrable family X then are clear, but the question is what can be said of the consequences

for the nearly integrable family X̃ . This question belongs to quasi-periodic bifurcation theory.

The Hopf –Landau –Lifshitz road to turbulence generated a large interest in Hopf bifurcations,
and this was the first bifurcation whose quasi-periodic counterpart was studied [46, 57, 118] — for a
more general point of view, cf. [85, 86]. The starting point of these early studies was a 1-parameter
unfolding of a vector field or a mapping having an invariant bifurcating Diophantine quasi-periodic
n-torus. They used repeated averaging to obtain normal forms around the bifurcating torus, and
appealed to the theory of normally hyperbolic manifolds to obtain a family of central invariant
n-tori and a branch of (n+ 1)-tori that bifurcates off the central branch. The central difficulty
with this approach is the lack of control over the interior dynamics of the torus: as quasi-periodic
dynamics are not structurally stable, a 1-parameter family generically passes through an infinity
of resonances in every neighbourhood of the bifurcating torus.

Chenciner’s study of the degenerate Hopf bifurcation of a mapping [43–45] necessitated the
analysis of a two-parameter family of maps that exhibited saddle-node bifurcations of quasi-periodic
1-tori: one parameter more than would be expected from the theory of saddle-node bifurcations of
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equilibria or fixed points. He was naturally led to consider the 1-dimensional sub-sets of parameters
for which the invariant torus has a fixed rotation number.

Using Pöschel’s results on the differentiable dependence, in the sense of Whitney, of Diophantine
invariant tori on parameters [109], in [12, 13] the step was made to unfold bifurcating tori in families
with sufficiently many parameters to have independent control of internal and normal frequencies
as well as bifurcation parameters. This permitted one to see families of Diophantine invariant
quasi-periodic tori as Cantor bundles over the parameter space.

Based on this approach, in [13] quasi-periodic versions of the Hopf, the period doubling and the
saddle-node bifurcation were analysed. The general scenario is that the bifurcation diagrams of the
reduced system R get complicated by having to take into account the Diophantine conditions of
Definition 3, a process colloquially coined Cantorisation, see e. g. Fig. 10 below. In these dissipative
cases, by appealing to normal hyperbolicity the domains of the invariant tori get fattened, compare
with the end of Section 3 .

Moreover, near the bifurcation set, the fattening leads to the string of blunt disks as shown in
Fig. 5. Below more details on this are given in the case of the quasi-periodic Hopf bifurcation.

Remarks.

– The saddle-node bifurcation as part of the family of cuspoid bifurcations is dealt with later in
greater generality [25, 129]. Here the curve from Fig. 5 sits in the product of phase space and
parameter space. In Section 7 we discuss the cuspoids.

– The same holds for the period-doubling bifurcation, which can be approached in greater generality
by means of coverings and covering spaces. For the latter see Section 6.

– González, Haro and de la Llave [65] develop a similar theory in the context of the loss of twist.

4.1. The Zero Set of the Reduced System R

Let us discuss the consequences of the matrix Ω(λ) ∈ gl(m,R) being invertible or not. In case
Ω(λ) is invertible, for all λ ∈ R

s we can apply the implicit mapping theorem to achieve that σ(λ) ≡ 0
by a parameter dependent translation. It then follows that the family

T
n × E ⊆ T

n × R
m × R

s,

where E denotes the zero-set {R = 0} = {0} ×R
s, is a branch of (relative) equilibria of R and of X-

invariant n-tori. These invariant tori are in Floquet form and normal hyperbolicity of an invariant
torus T

n × {0} × {λ} is expressed by the fact that the eigenvalues of Ω(λ) are off the imaginary
axis. Bifurcations occur when eigenvalues of the matrix family Ω(λ) pass through the imaginary
axis. This case recurs when discussing the quasi-periodic Hopf bifurcation.

In particular, bifurcations of relative equilibria and, therefore, invariant tori occur when
eigenvalues of Ω(λ) are 0 and the matrix is not invertible. In the saddle-node case, the reduced
system R has a branch of equilibria of the form z2 = λ (here m = 1, s = 1). Near (z, λ) = (0, 0) it
is not possible to move this branch into the λ-axis {0} × R by a parameter-dependent translation.
This characterises a very general situation that typically occurs when Ω has an eigenvalue 0.

In the example of the saddle-node bifurcation this means that E = {(z, λ) ∈ R
2 | z2 = λ}.

Accordingly, it is still possible to achieve the form (4.1) with σ(λ) = 0 at a single parameter value
λ, say at λ = 0, but not for all λ simultaneously.

In general we define the zero-set as

E = {(z, λ) ∈ R
m × R

s | σ(λ) + Ω(λ)z + h(z, λ) = 0} (4.3)

of equilibria of the reduced vector field R, see (4.2), which correspond to invariant n-tori of the
integrable vector field X, see (4.1). Granted that the mapping

σ̄ : R
m × R

s −→ R
m

(z, λ) �→ σ(λ) + Ω(λ)z + h(z, λ)
(4.4)

REGULAR AND CHAOTIC DYNAMICS Vol. 30 No. 3 2025



PARAMETRISED KAM THEORY, AN OVERVIEW 427

is a submersion, the zero-set E is an s-dimensional sub-manifold of Rm+s. Locally this manifold
projects diffeomorphically to the span of a well-chosen set of co-ordinate axes. In case Ω is invertible,
all co-ordinates can be chosen as λ-co-ordinates, see above. When Ω is not invertible, we aim to
parametrise E by as many λ-co-ordinates as possible. The number of necessary z-co-ordinates is
given by d = dim(ker Ω). See [25] for further details.

Remarks.

– Cases of normal and normal-internal resonance allow the same approach after passing to a suitable
covering. See below.

– Also, internal resonances can lead to bifurcations; for a case study in the Hamiltonian setting see
Section 5 and [27] where we discuss the fate of resonant Lagrangean tori and the bifurcations to
which these lead.

4.2. The Quasi-Periodic Hopf Bifurcation

Starting from equilibrium dynamics, one scenario leading to complicated dynamics is “frequency
adding”. We begin with a supercritical Hopf bifurcation [79–81] to obtain periodic dynamics taking
place in a normally hyperbolic attracting closed orbit. Next, a supercritical Hopf –Nĕımark – Sacker
(HNS) bifurcation [105, 116] produces a 2-dimensional torus attractor.

Remarks.

– The HNS bifurcation amounts to a Hopf bifurcation at the level of Poincaré mappings.

– The Hopf bifurcation for mappings already is met within generic 1-parameter families (or arcs)
of diffeomorphisms [106]. However, the central bifurcation has similarity codimension 2, and we
get far more information on the dynamics by considering two parameters. The extra information
concerns, in particular, Arnold resonance tongues [5]; in fact, a generic arc would cut through
the tongue boundaries in a transverse way. For more details on Arnold tongues, see Section 6.2
below.

The bifurcation from a 2-dimensional to a 3-dimensional torus attractor is already far more
involved and is discussed in a general theory of bifurcations from n-dimensional to (n+ 1)-
dimensional tori, the quasi-periodic Hopf bifurcation [12, 13].

This sequence of “frequency adding” bifurcations is of special interest to the onset of turbulence
in fluid dynamics. The mathematical description of this scenario goes with the names Hopf –
Landau –Lifshitz [79–81, 92, 93]. The initial theory ran only through quasi-periodic dynamics,
which led to the criticism that this kind of dynamics in itself is not robust. However, the quasi-
periodic bifurcation theory as developed later [12, 13], overcomes this by the fattening as described
at the end of Section 3. Moreover, as Ruelle and Takens [113] pointed out, already in a 3-dimensional
torus also chaotic (strange) attractors may show up. Since then turbulence and many other forms
of complicated dynamics have often been related to chaos.

In particular, in this supercritical case we focus on the n-torus attractor that loses stability and
that branches off an (n+ 1)-torus attractor, also see [12, 13, 50]. For a similar description see [37,
§C.2]. Throughout we assume BHT non-degeneracy in the sense of Definition 2.

The reduced vector field R now gets the form

ż = Ω(λ)z + h(z, λ),

which undergoes a standard Hopf bifurcation that takes place in a suitable center manifold [48, 78].
In the parameter space Γ ⊂ R

s this defines a bifurcation set consisting of a co-dimension 1
hypersurface E . To be supercritical means that the equilibrium z = 0 on the center manifold of
the reduced system on one side of the surface is a hyperbolic attractor and on the other side
is a hyperbolic repeller and we also have a periodic attractor. Superposed to this 2-dimensional
dynamics in a center manifold is the normally hyperbolic behaviour, which for definiteness we
assume to be attracting (whence the repelling equilibrium in the center manifold becomes of saddle
type within all of Rm).
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In the reconstruction of the integrable vector field family X the equilibria exactly correspond
to our invariant n-tori T

n × {0} × {λ}, while the periodic attractor gives rise to an attracting
(n+ 1)-torus. The main question now is what happens to this bifurcation when we perturb the

family X = X(x, z, λ) to X̃ of the form (3.10). We recall from Section 3.6 that the sub-sets of Γ
corresponding to normally hyperbolic tori are open.

At the hypersurface E ⊂ Γ the X-invariant n-tori are no longer normally hyperbolic. In both
the case of internal and of normal-internal resonance perturbation typically leads to destruction of
the torus. However, as a consequence of Theorem 3 the n-tori satisfying an (extended) Diophantine

condition in the sense of Definition 3 survive perturbation to X̃. These perturbed n-tori are

parametrised over a hypersurface Ẽ ⊂ Γ close to E , where this parametrisation is smooth in the sense

of Whitney. We note that Ẽ is densely filled by resonance gaps. Denote the remaining Diophantine

part by ẼC ⊂ Ẽ , which contains a large measure Cantor set. Moreover, ẼC has positive (s− 1)-
dimensional Hausdorff measure and therefore Hausdorff dimension s− 1. Finally, all Diophantine

n-tori correspond to a set of positive Lebesgue measure in Γ. Colloquially we say that Ẽ is Cantorised

by ẼC .
One can construct a sketch of the plane of parameters around the bifurcation set of a quasi-

periodic Hopf bifurcation from Fig. 5 as follows. The figure itself describes the organization of the
normally hyperbolic n-tori. For the (n+ 1)-tori only the upper half of Fig. 5 is superposed. For
details on the highly interesting bubble dynamics we refer to [10, 12, 13, 35, 43–45, 90, 115]. From
a larger distance, this array of bubbles looks like a frayed boundary between the two domains
parametrising normally hyperbolic tori.

Regarding the branching off of invariant (n+1)-tori the following can be said. First an integrable
family has to be devised, where integrability is understood in terms of Tn+1-symmetry. To obtain
this we apply normal form theory at the central singularity [12, 13, 25]. This makes another
application of Theorem 3 possible, with appropriate extended Diophantine conditions and fattening
by hyperbolicity. For details see [12, 13, 25].

Remarks.

– In [16] the persistent occurrence of n-quasi-periodicity, including quasi-periodic Hopf bifurcations,
was shown in weakly coupled Hopf bifurcations. Again we meet the persistent occurrence of quasi-
periodicity with positive Hausdorff measure.

– Here Rüssmann non-degeneracy implies that the Diophantine tori in the 1-dimensional parameter
space correspond to a set of positive Lebesgue measure, for definitions and further details
see [31, 114].

4.3. Bifurcations under Preservation of Structure

The set-up as sketched in the beginning of this section for the dissipative case directly adapts
to local bifurcations in the settings mentioned before: Hamiltonian, reversible, volume preserving
and combinations, leading to quasi-periodic counterpart bifurcations.

Indeed, the set-up of this section with the reduced vector field R = Rλ(z), see (4.2), works as
before. Local bifurcations in R reflect on direct generalisations of the integrable family X as in (4.1)

and the question is how this scenario Cantorises in the perturbed family X̃.

4.3.1. The Hamiltonian case

In the Hamiltonian context a lower-dimensional n-torus has two kinds of normal variables. On
the one hand, the toral angles x ∈ T

n have conjugate actions y ∈ R
n. On the other hand, there are

symplectically normal variables z ∈ R
2m, filling up the difference m = N − n between the n-torus

and the number N of degrees of freedom. This is reflected in the symplectic structure

dx ∧ dy + dz2 =

n∑

j=1

dxj ∧ dyj +

m∑

i=1

dzi ∧ dzm+i.
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For integrable systems one can again reduce the T
n-symmetry, yielding

ż = Rλ(z)

as before. However, this reduction turns the conjugate actions y ∈ R
n into parameters of the reduced

system. Variation of y can thus lead to bifurcations of invariant tori, without the need for external
parameters. Where the original Hamiltonian system on T

n × R
n × R

2m does depend on external
parameters μ, the internal parameters y are distinguished, i. e., reparametrisations of λ = (y, μ)
have to be of the skew form

λ = (y, μ) �→ λ′(λ) =
(
y′(y, μ), μ′(μ)

)

to make sure that the interpretation of y and y′ as phase space variables does not get lost along the
re-parametrisation. As a result, quasi-periodic bifurcations of co-dimension n are commonplace —
and even higher co-dimensions where the system does depend on external parameters.

The Kolmogorov condition (2.3) immediately uses n parameters to unfold the frequencies — this
can be brought down to n− 1 with Corollary 1 and down to 1 with Rüssmann’s non-degeneracy
condition (whence � n− 1 are left to unfold the quasi-periodic bifurcation), see the discussion in
Section 5.2.

The leading example [67] is the quasi-periodic centre-saddle bifurcation, and its degeneracies lead
to parabolic and umbilic cases [69], thus covering all simple singularities. The frequency halving
(or period-doubling) bifurcation starts another series of quasi-periodic bifurcations, with adjusted
parabolic cases; here there are no umbilic cases. Modal parameters (the moduli in the unfolding)
in the versal unfolding do not exert influence on the dynamics, also compare with [69].

The third possible type of bifurcation is the quasi-periodic Hamiltonian Hopf bifurcation [69].
The Hamiltonian Hopf bifurcation occurs in the restricted three-body problem [98], in the Lagrange
top [51] or the three-dimensional Hénon –Heiles system [72, 73]. Quasi-periodic versions abound.

4.3.2. The reversible case

In the reversible case we have equivariance with respect to the reflection

R : T
n × R

n × R
2p × R −→ T

n × R
n × R

2p × R

(x, y, z1, z2, t) �→ (−x, y,−z1, z2,−t)
(4.5)

in space and time. Here again y ∈ R
n plays the role of a distinguished parameter, now because

it is “conjugated to x” by the reversor. The quasi-periodic reversible Hopf bifurcation was dealt
with in [19]. The analogy between Hamiltonian and reversible contexts is demonstrated in [70].
In [74, 75] stability of quasi-periodic response solutions is studied for quasi-periodically forced
planar conservative systems.

4.3.3. The volume-preserving case

Already in one-parameter families of volume-preserving systems, invariant tori can bifurcate off
directly from equilibria. For torus bifurcations see [22]. For details also see [25].

5. DESTRUCTION OF RESONANT LAGRANGEAN TORI

This section summarises [27], using [67] and [69]. Classical perturbation theory largely concerns
the continuation of quasi-periodic motions as these occur in integrable Hamiltonian systems for
small non-integrable perturbations. The classical perturbation series here diverge on a resonance
sub-set that densely fills the phase space, leading to the notorious small denominators even when
avoiding this dense set. This section deals with the dynamics within such resonance gaps.

We investigate what happens to the Lagrangean tori of the unperturbed system for which
the frequency vector is resonant, i. e., 〈k, ω〉 = 0 for a single fixed non-zero k ∈ Z

N (and its
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integer multiples), so which is contained in a gap of the “Cantor set” defined by the Diophantine
conditions (2.1).

The starting point is the real analytic perturbed N -degree-of-freedom Hamiltonian

Hε(ϕ, I) = H0(I) + εH1(ϕ, I; ε) (5.1)

defined on T
N × U , U ⊆ R

N open, with perturbation parameter 0 < ε � 1, satisfying the Kol-
mogorov non-degeneracy condition (2.3) for all I ∈ U . We concentrate on a single resonance,
whence a normal form approximation can be reduced to one degree of freedom. The equation
〈k,DH0(I)〉 = 0 determines a local hypersurface Y ⊂ U . For I ∈ Y the unperturbed Lagrangean
torus TN × {I} is foliated into invariant tori of dimension N − 1. Let us put

n = N − 1

and on T
N ×U choose local co-ordinates ϕ = (x, q) with values in T

n ×T and I = (y, p) with values
in R

n × R, where y parametrises the surface Y = {p = 0}. The reduced system is defined on the
cylinder T× R with a Hamiltonian of the form

H(p, q; η), (q, p) ∈ T× R, η ∈ R
n; (5.2)

where η = η(y) is a (distinguished) parameter. Our interest is the study of the dynamics that (5.2)
generates. As in all one-degree-of-freedom systems, this dynamics is largely determined by the
configuration of level sets. We recall [8] that the closed curves correspond to librational Lagrangean
N -tori, while the critical points correspond to invariant n-tori. The latter govern the global geometry
of the dynamics and in the n-parameter family (5.2) of functions their behaviour is determined by
singularity theory [9, 127]. Within such an n-parameter family of functions one may encounter
singularities up to co-dimension n in a persistent way. Singularity theory provides us with versal
unfoldings of these. It is a genericity condition on the perturbation H1 of H0 in (5.1) that these
unfoldings also appear persistently in our general family (5.2).

In the case of Kolmogorov non-degeneracy the singular tori are parabolic and the unfoldings are
given by the family of cuspoids that unfold the co-rank 1 singularities Ak+1, k ∈ N, see [9, 127] for
more details. The corresponding KAM perturbation problem has been solved in [26]. In that paper
(trans)-versality conditions as dictated by singularity theory are used to develop a normal form of
Hamiltonians in the neighbourhood of a parabolic torus. Solving the ensuing small divisor problems,
it is proven that the bifurcation scenario persists in a Cantorised way. See Example 1 below for a
more detailed description. In this way all possible quasi-periodic bifurcations of normally parabolic
tori can be retrieved in resonance gaps, taking N (and thus n) sufficiently high.

5.1. Resonant Dynamics

Consider the perturbed Hamiltonian (5.1) on T
N × U . For sufficiently small perturbations H1,

satisfying suitable genericity conditions, a Lagrangean torus of the unperturbed system with a single
resonance 〈k,DH0(I)〉 = 0, k ∈ Z

N\{0} leads in the perturbed system (5.1) to Cantor families of
hyperbolic, elliptic and possibly also parabolic tori. The distribution of these tori is determined by
the way in which the genericity conditions on H1 are fulfilled.

In the local co-ordinates ϕ = (x, q), I = (y, p) the single resonance reads

∂

∂p
H0(y, 0) = 0 for all y ∈ Y, (5.3)

cf. [34]. The remaining frequencies form the vector ω = DyH0(y, 0) which is non-resonant at a single
resonance (y, p) = (η, 0). Treating ω as an external parameter, we expect persistence results only
for Diophantine ω, where gaps in the resulting “Cantor set” correspond to multiple resonances.
Following [32, 109], we localize and replace y by η + y, with y now a local variable (ε-close to 0).
Moreover, we restrict to the lowest-order terms

H0(y, p; η, ω) = 〈ω, y〉+ a(η)

2
p2. (5.4)
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An aspect that one has to keep in mind in the present case of n-parameter families (5.2) defined by
the normal form of (5.1) near a single resonance is that part of the terms in H, the p-terms, come
from H0 and the remaining terms come from the perturbation H1. The p2-term in (5.4) occurs in
the case where the integrable part H0 satisfies the Kolmogorov condition

detD2H0(I) �= 0. (5.5)

For these values of I the theory of parabolic tori applies. In particular, one can read off a lower
bound for the number of families of invariant n-tori from the degeneracy of the minimum and the
maximum of a certain potential Vη on T.

Note that the Kolmogorov non-degeneracy condition (5.5) fails on a co-dimension 1 sub-set. Here
one may still expect a weaker form of non-degeneracy to hold true, expressed by the Rüssmann
condition, cf. [31, 114]. In this way also more general singularities can be incorporated, giving rise
to all possible applications of singularity theory as in [69]. More degenerate singularities may, e. g.,
lead to umbilical torus bifurcations, for an example see Section 5.2.

From (5.5) together with (5.3) we infer

a(η) �= 0 for all η ∈ Y,

whence we find a lower bound of the function |a| by shrinking the co-ordinate domain U ⊃ Y if
necessary.

We now apply a familiar method to replace the system (5.1) by a family of one-degree-of-freedom
systems, cf. [8, 34]. The starting point is a normalising transformation that turns the perturbed
Hamiltonian into

Hε(x, y, p, q; η, ω) = H0(y, p; η, ω) + εH̄1(y, p, q; η, ω) +O(ε2),

where H̄1 is the T
n-average along x of H1 at ε = 0. In the expansion

H̄1 = R(y; η, ω) + S(y; η, ω)p + T (y; η, ω)q

+
A(η)

2
p2 +

B(η)

2
q2 + C(η)pq + . . .

we may have A(η) ≡ 0, but more importantly, |a(η) + εA(η)| is still bounded from below on Y. Re-
parametrising ω �→ ω + εDyR(y; η, ω), maintaining the same symbol ω for the frequency vector,
the expansion of Hε still starts with 〈ω, y〉. By means of an ε-small shear transformation in p we
get rid of terms that are linear in p, and scaling p by

√
ε we arrive at

Hε(x, y, p, q; η, ω) = 〈ω, y〉+ εH(p, q; η, ω) +O(ε2)

with

H(p, q; η, ω) =
a(η)

2
p2 + Vη(q),

compare with (5.2).

Here Vη can be interpreted as an n-parameter family of 1-dimensional potentials, and critical
points ξ of Vη correspond to invariant n-tori Tn × {(0, 0, ξ; η, ω)} of the ‘intermediate’ integrable
system with Hamiltonian Hε = 〈ω, y〉+ εH . The η-values parametrising a potential Vη with a
degenerate critical point of co-dimension k form an (n− k)-dimensional sub-manifold Λk in η-space.

Let us translate co-ordinates to ξ = 0 and concentrate on a degenerate critical point with
d � N = n+ 1. Then

H(p, q; η, ω) =
a(η)

2
p2 +

b(η)

d!
qd +

d−2∑

j=1

cj(η)

j!
qj +O(qd+1)

and Hε = 〈ω, y〉+ εH has the form (1.4) of [26] with λj = εcj(η). Thus, under a small perturbation
satisfying the above genericity conditions, the resonant Lagrangean torus leads to the entire
bifurcation scenario detailed in [26]. This amounts to the classical hierarchy of the cuspoids [9, 127]
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unfolding the singularities Ak+1, k ∈ N, that are Cantorised in the now familiar way by taking out
a small neighbourhood of the dense set of resonances mentioned before and using KAM Theory.

The versality of the family Vη of potentials amounts to a genericity condition on the same

family. This in turn is implied by a genericity condition on H1 since the mapping H1 �→ H̄1 �→ Vη is
a composition of submersions. Indeed, the latter part H̄1 �→ Vη is merely a scaling in p, after which

the quadratic part a
2p

2 is split off by means of the Morse Lemma [77]. The normalisation H1 �→ H̄1

consists of a co-ordinate transformation followed by truncation of higher-order terms which for
sufficiently small ε has the character of a (linear) projection.

Example (Unfolding a degenerate minimum). We consider the case d = 4 for which the one-
degree-of freedom family has the form

H(p, q; η, ω) =
1

2
p2 +

1

24
q4 + λ1(η)q +

λ2(η)

2
q2, (5.6)

versally unfolding the singularity A3. Note that this example occurs persistently for N � 4 degrees
of freedom. For definiteness we fix N = 4. So we started with four action variables R4 = {I1, . . . , I4}
in which the 3-dimensional resonance hypersurface Y is defined by 〈k,DH0(I)〉 = 0. Locally we have
the variable p transverse to Y and η = (η1, η2, η3) parametrises Y = {p = 0}.

Fig. 6. Bifurcation diagram in the λ-plane of the local dynamics near a degenerate minimum of the reduced
Hamiltonian H. Phase portraits show the reduced one-degree-of-freedom dynamics of (5.6).

In Fig. 6 we show the organisation of the local dynamics depending on the parameters. All
periodic orbits correspond to Lagrangean tori and equilibria to 3-dimensional tori. These are elliptic
in the case of a centre, hyperbolic in the case of a saddle and parabolic in the (two) remaining cases.

We recall that η �→ λ(η) is a (local) submersion. Therefore, Cantorisation in the (η1, η2, η3)-
direction amounts to the following.

1) We begin with the cases corresponding to parabolic tori.

(a) The degenerate minima corresponding to the central point λ = 0 yield a line that
Cantorises to a (true) Cantor set (i. e., of topological dimension 0) of Hausdorff
dimension 1.

(b) The fold lines emanating from λ = 0 correspond to planes that Cantorise to a (true)
Cantor set as well, now of Hausdorff dimension 2.

2) The hyperbolic tori are parametrised over the open region in between the fold lines, an open
3-dimensional set. Cantorisation leads to a union of lines, smoothly parametrised over the
2-dimensional Cantor set mentioned above and also ending there. Recall that colloquially we
call this a Cantor family of closed half-lines; the Hausdorff dimension is 3.
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3) Both open regions in Fig. 6 parametrise elliptic tori, observing that in between the fold lines
each point corresponds to two elliptic tori, and in the other region only to one.

(a) In the latter case Cantorisation leads to a (true) Cantor set.

(b) In the former case Cantorisation leads to two layers of (true) Cantor sets.

In both cases the Cantor set has Hausdorff dimension 3.

As usual, Cantorisation of the librational Lagrangean tori takes place along a Cantor family of
lines, of Hausdorff dimension 4. Note that this also uses the p variable to obtain the 4-dimensional
(η, p)-set. Here, and in the earlier cases, the corresponding Hausdorff measure is positive and, in
fact, even close to full measure when the perturbation is small.

5.2. Degenerate Frequencies

To understand how results similar to those of the previous section can be obtained if the
Kolmogorov condition (5.5) is replaced by Rüssmann’s non-degeneracy condition, we now consider
the following example in N = 5 degrees of freedom. The starting point remains the perturbed
Hamiltonian (5.1) with I = (y, p), and for the unperturbed part we work with

H0(y, p) =

4∑

i=1

ei−1yi +
1

2
y2i +

1

6
y3i +

1

6
p3, (5.7)

where we use that the vector (1, e, e2, e3) is Diophantine. The degenerate frequencies still satisfy
Rüssmann’s non-degeneracy condition

R
5 =

〈∂|�|ω

∂I�

∣
∣
∣
∣ 0 �= � ∈ N

5
0

〉
⊇

〈 ∂ω

∂y1
,
∂ω

∂y2
,
∂ω

∂y3
,
∂ω

∂y4
,
∂2ω

∂p2

〉

that the partial derivatives span the frequency space. We are interested in the fate of the resonant
tori p = 0. Again we apply a normalising transformation that turns the perturbed Hamiltonian
Hε = H0 + εH1 into

Hε(x, y, p, q; η, ω) = H0(y, p; η, ω) + εH̄1(y, p, q; η, ω) +O(ε2)

where H̄1 is the T
4-average along x of H1 at ε = 0.

A vanishing 1-jet in the (p, q)-variables of a Hamiltonian function merely amounts to (p, q) =
(0, 0) being a relative equilibrium. This is already true for H0, and to achieve this for Hε we (again)
translate co-ordinates to ξ = 0. Using the p3-term in H0 a translation in p allows us to remove the
p2-term in the expansion of H̄1 in p and q. In the expansion

H̄1 =
∑

k+l=3

akl(y; η, ω)

k! l!
pkql + h.o.t.

we start with third-order terms. We emphasise that for generic perturbations H1 this cannot be
avoided to occur at 1-parameter subfamilies.

Shrinking Y, if necessary, the coefficient a03 is bounded away from zero. Scaling p by ε
2
3 and q

by ε
1
3 , we obtain

Hε(x, y, p, q; η, ω) = 〈ω, y〉+ ε2H(p, q; η, ω) +O(ε
7
3 )

with

H(p, q; η, ω) =
a

6
p3 +

b

6
q3 + c1(η)q + c2(η)p + c3(η)pq,

where a ≈ 1 , b = 6a03(0; η, ω). The coefficient functions c1, c2 and c3 vanish at η = 0. Note that
we do not obtain the unfolding of D4 used in [69], but a form adapted to the critical singularity
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a
6p

3 + b
6q

3, and that this form leads to the hyperbolic umbilic. Still, we conclude that the family of
resonant Lagrangean tori p = 0 of (5.7) may lead to umbilical torus bifurcations of invariant 4-tori.

This example looks in one aspect quite degenerate — the resonance p = 0 coincides with
the hypersurface p = 0 where the Kolmogorov condition (5.5) fails. In general the (transverse)
intersection of these should be a co-dimension 2 sub-manifold, and singularities of the equation
detD2H0 = 0 may lead to further complications.

5.3. Scholium

Summarising, we may state that the a single resonance the Kolmogorov condition (5.5) restricts
the occurring singularities to the family Ak+1 of corank-1-singularities, while under the weaker
Rüssmann condition also singularities of corank 2 may occur. All these singularities describe the
normal behaviour of Cantor bundles of (degenerate) tori, with Cantorised unfoldings.

Next to the simple singularities

E6 ← E7 ← E8

↙ ↙ ↙
D4 ← D5 ← D6 ← D7 ← D8 ←

↙ ↙ ↙ ↙ ↙
A1 ← A2 ← A3 ← A4 ← A5 ← A6 ← A7 ← A8 ←

also singularities with modal parameters become possible, leading for high N to all quasi-periodic
bifurcations of [69]. We note that a scaling is needed for these bifurcations to take their standard
form in a resonance gap.

In the case of an m-fold resonance the above normalisation procedure applied to (5.1) leads to
an (N −m)-parameter family of Hamiltonian systems defined on T

m × R
m. Here, non-degenerate

minima correspond to elliptic (N −m)-dimensional tori [34]. For these cases there exist many results
on quasi-periodic persistence that employ KAM Theory.

6. PERIOD DOUBLING, RESONANCE AND COVERS

In this section we deal with the period-doubling bifurcation and with resonances, using coverings
and the corresponding deck symmetries as a powerful geometric tool, which enables us to study the
effect of the higher-order terms. This turns out to be a perfect setting for KAM theory, especially
the Lie algebra adaptation of Theorem 3.

In classical terms the cover is often referred to in terms of co-rotating co-ordinates or Van der
Pol transformations; this is also related to the so-called Lagrangean variation of parameters. On the
covering space a natural deck group symmetry exists that permutes the points of the fibres. The
original vector field on the base space corresponds to a unique vector field on the covering space
that is equivariant with the action of the deck group. And, indeed, for such equivariant vector fields
there exists a lot of theory, in particular, singularity theory and KAM theory.

Coverings have been used to study sub-harmonic bifurcations systematically [20, 21, 23, 40]. We
shall review a few of these, as well as a number of applications to Hamiltonian resonances [3, 27, 56].
At present we shall restrict to the case of circular coverings, postponing the toroidal case to [25].

6.1. Intermezzo on Covering Spaces and Deck Groups

In general, a cover is a mapping

Π: M −→ B, (6.1)

where the covering space M and the base space B are both path connected and locally path
connected topological spaces. In our applications both M and B are manifolds. Moreover, Π is a
surjective mapping that locally is a homeomorphism. For a given point b ∈ B the inverse image
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Π−1{b} is called the fibre above b. It turns out that fibres are discrete spaces. For general background
and details see [96, Ch. 5] or [60].

A homeomorphism ϕ : M −→ M is a deck transformation (or automorphism or covering
transformation) of Π if Π ◦ ϕ = Π. The set of all deck transformations forms a group Aut (Π)
under composition. Each deck transformation permutes the elements of a fibre of Π, thus defining
a group action of Aut (Π) on each fibre, which happens to be free. If this action is transitive on
some fibre, then it is transitive on all fibres.

For a continuous function f : B −→ R the continuous function f̃ : M −→ R, defined by f̃ = f ◦Π
is called the lift of f and is Aut (Π)-equivariant in the sense that for each ϕ ∈ Aut (Π)

f̃ ◦ ϕ = f̃ . (6.2)

In the sequel M and B are smooth manifolds and Π a surjective local diffeomorphism. In that
case smooth vector fields have smooth equivariant lifts. In particular, for a vector field X on B

there is a unique lifted equivariant vector field X̃ on M , i. e., such that

Π∗X̃ = X and ϕ∗X̃ = X̃ for all ϕ ∈ Aut (Π). (6.3)

Conversely, any equivariant vector field on M projects down to a vector field on B, so there is
a one-to-one correspondence between systems on the base space B and equivariant systems on
the covering space M . Similar remarks hold when replacing vector fields by other tensors or by
diffeomorphisms.

Considering equivariant vector fields on covering spaces is useful in many cases. Take, for
instance, B to be a Möbius strip and M its orientation double cover, i. e., a cylinder with Z2-
deck symmetry. While handling functions, vector fields, etc. on a Möbius strip is mathematically
quite unwieldy, this is not so for their Z2-equivariant counterparts on the cylinder. Moreover, the
Lie algebra adaptation of KAM Theorem 3 applies here; for instance, this theorem applies in
equivariant versions of the Hamiltonian context. We shall meet this setting below when discussing
the quasi-periodic period-doubling bifurcation and a resonance.

6.2. Coverings of the Circle in a Hopf –Nĕımark – Sacker Setting

In all contexts a periodic orbit with Floquet multiplier −1 leads to period-doubling bifurcations.
These are best studied on a suitable 2:1 covering space, with the “short” periodic orbit covered by
a “long” periodic orbit of twice the period and each “long” periodic orbit covered by 2 periodic
orbits of that same period. The same ideas apply when considering general sub-harmonic solutions
that branch off at normal resonances.

6.2.1. A Hopf bifurcation with periodic forcing, search for sub-harmonics

To explain these ideas further, we consider an example of a parameter-dependent periodically
forced oscillator of the form

⎛

⎝
ż1

ż2

⎞

⎠ =

⎛

⎝
β(λ) −α(λ)

α(λ) β(λ)

⎞

⎠

⎛

⎝
z1

z2

⎞

⎠+ g(z1, z2, λ) + εG(z1, z2, t, λ),

where (z1, z2) ∈ R
2, λ ∈ R

s and where ε is a small real parameter. The forcing term G is periodic
in time t, where without loss of generality we take period 2π. Assume that for λ = λ0 there is
a k:� normal resonance with k and � relatively prime positive integers, i. e., α = k

� ∈ Q. We shall
investigate the occurrence of sub-harmonics of order � by passing to an �-fold covering space and
carrying out an equivariant normal form (or averaging) procedure, compare with [39, 40]. Later on
similar examples are dealt with in the quasi-periodic case, see, e. g., [23].

For notational convenience we pass to the complex variable z = z1 + iz2 and rewrite the above
oscillator equation as a complex vector field on C× R\(2πZ) with equations of motion

ż = (iα(λ) + β(λ))z + h(z, z, λ) + εH(z, z, t, λ), ṫ = 1 (6.4)

spelling out the resonance conditions at λ0 ∈ R
s as follows:
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1) β(λ) ∈ R and α(λ) ∈ R satisfy β(λ0) = 0 and α(λ0) = k/�;

2) h and H contain no terms independent of z and z (i. e., h(0, 0, λ) ≡ 0 and H(0, 0, t, λ) ≡ 0);

3) h does not contain any terms that are linear in z and z.

Note that this is exactly the setting for the Hopf –Nĕımark – Sacker bifurcation as already briefly
discussed in Section 4.2, for the moment leaving alone the genericity of the higher-order terms.

Preparing a normal form. We first develop a suitable normal form for the parametrised
system (6.4) satisfying properties 1, 2 and 3:

ż = i
k

�
z +

(
β(λ, ε) + iω(λ, ε)

)
z (6.5)

+ zF (|z|2, λ, ε) + ε γ(λ, ε) z�−1 eikt +O(|z|�),

which holds uniformly in (ε, λ), and where the O(|z|�) terms are 2π-periodic in t. Here F (|z|2, λ, ε)
is a complex polynomial in |z|2 with F (0, λ, ε) = 0. Furthermore,

– β and ω are real-valued functions such that β(λ, 0) = β(λ) and ω(λ, 0) = α(λ)− α(λ0). In
particular, β and ω vanish at (λ, ε) = (λ0, 0),

– γ(λ, ε) ∈ C and

γ(λ0, 0) = d+Δh,

where d is the coefficient of the term ε z�−1 eikt in the Taylor–Fourier expansion ofH(z, z̄, t, λ0)
at z = 0, and Δh is a polynomial in the coefficients of the (�− 1)st Taylor polynomial of
h(·, λ0) in z, z at z = 0.

The proof consists of a standard normalisation procedure with respect to the action of the
normally linear part

∂

∂t
+ i

k

�

(

z
∂

∂z
− z

∂

∂z

)

,

see [39, 40]. Also structure-preserving versions are discussed there.
Lifted to an �-sheeted covering space. Order � sub-harmonics of the 2π-periodic forced

oscillator (6.4) correspond to �-periodic orbits of a Poincaré mapping (or time-2π-mapping)
P : C −→ C. These periodic orbits are brought into one-to-one correspondence with the zeroes
of a vector field on an �-sheeted covering of the phase space C× R/(2πZ) via the Van der Pol
transformation. This transformation corresponds to an �-fold cover

Π : C× R/(2π�Z) −→ C× R/(2πZ)

(ζ, t) �→ (ζeitk/�, t) (6.6)

with the cyclic deck group Z� generated by

ϕ : C× R/(2π�Z) −→ C× R/(2π�Z)

(ζ, t) �→ (ζe2πik/�, t− 2π).

The Van der Pol transformation ζ = ze−ikt/� lifts the forced oscillator (6.4) to the system

ζ̇ = (β + iω) ζ + ζ h(ζeikt/�, λ) + εH(ζeikt/�, t, λ) (6.7)

on the covering space C× R/(2π�Z). The latter system is Z�-equivariant. A straightforward
application of the normal form technique [39, 40] as cited above yields the following Z�-equivariant
normal form for the lifted forced oscillator:

ζ̇ = (β + iω) ζ + ζ F (|ζ|2, λ, ε) + ε ζ
�−1

+O(|ζ|�), (6.8)

where the O(|ζ|�) terms are 2π�-periodic in t.
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Remarks.

– Denoting the normal form system (6.5) on the base space by N , and the normal form system (6.8)

of the lifted Z�-equivariant forced oscillator by Ñ , compare with (6.2) and (6.3), we see that

Π∗Ñ = N .

– The Poincaré mapping P̃ of the normal form on the covering space now is the 2π�-period mapping

P̃ = Ñ 2π� +O(|z|�),
where Ñ t denotes the time-t-mapping of the (planar) vector field Ñ . Following the corollary to
the normal form theorem of [39, p. 12], we conclude for the original Poincaré mapping P of the
vector field X on the base space that

P = R ◦ Ñ 2π +O(|ζ|�),
where R is the rotation over 2πk/�, which precisely is the Takens normal form of P at
(z, λ) = (0, 0), see [126].

6.2.2. Computation of an Arnold resonance tongue

As an application of the above approach, for � � 5 the boundaries of the standard Arnold
resonance tongues [6, 126] are retrieved as the discriminant set of the polynomial

(β + iω)ζ + ζ F (|ζ|2, λ) + ε ζ
�−1

, (6.9)

which is the truncated right-hand side of (6.8). Indeed, using Z�-equivariant contact-equivalence
singularity theory [20], we find a further normal form

G(ζ, λ) = (β + iω + |ζ|2)ζ + εζ
�−1

, (6.10)

having a discriminant set of the form

ω = ±ε(−β)(�−2)/2 +O(ε2), (6.11)

which exactly is the corresponding Arnold resonance tongue, see Fig. 7.
Inside the tongue an invariant circle exists, containing two periodic orbits of period �. One of these

is attracting and the other repelling. At the boundary of the tongue they get annihilated in a saddle-
node bifurcation [6, 28, 126]. On the covering space this leads to a KAM perturbation problem in
the Z�-equivariant setting, both for the normally hyperbolic tori and for the Z�-equivariant quasi-
periodic saddle-node. The latter result directly follows from Theorem 3.

Fig. 7. Resonance tongue in the Hopf –Nĕımark – Sacker bifurcation for � = 7. Compare with [28].
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Remarks.

– For the period-doubling case � = 2 see [13, 32]. Here the covering space is the orientation double
cover of the Möbius strip.

– The quasi-periodic version of the classical saddle-node bifurcation in the bifurcation diagram
leads to Cantorisation around the dense set of resonances. In the resonance gaps generically
interesting dynamics may occur [43–45], also see [28]. A conservative version of this was treated
in [23, 39].

– In [18] the dense array of all resonance tongues is related to fractal geometry. For another
example see [33], where resonance tongues are related to instability pockets in a quasi-periodic
Hill – Schrödinger equation.

Fig. 8. Configuration of Jupiter with the Galilean moons Io, Europa and Ganymede.

6.3. The Galilean 1:2:4-Resonance

As an example of how a cover can help in a resonance case we consider the following example
from celestial mechanics. This example forms a detailed study of the mathematics behind the orbital
1:2:4-resonance between the inner three Galilean moons Io, Europa and Ganymedes of the planet
Jupiter. This example also is a nice example of parametrised KAM theory.

As hypothesised by Laplace [94], Europa has approximately twice the period of Io and
Ganymedes approximately twice the period of Europa. We sketch how these observations fit with a
simple Newtonian description of this four-body problem and discuss some dynamical consequences,
for details see [21, 41].

All bodies are considered point masses, assumed to move in one fixed ecliptic plane. This leads
to an 8-degree-of-freedom system. Moreover, we disregard the influences of Saturn, the Sun, etc.
Conservation of the linear momentum corresponds to invariance under the translation group R

2,
reduction of which leaves us with 6 degrees of freedom: we move through space with the centre of
gravity.

Let the masses of Jupiter, Io, Europa and Ganymedes, respectively, be

m0,m1,m2,m3
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and the eccentricities of their (instantaneous) ellipses e1, e2, e3. Since m0 is much larger than
m1,m2,m3, we introduce a small parameter

μ ∼ mj

m0
, j = 1, 2, 3,

putting m1 = μm̄1, m2 = μm̄2, m3 = μm̄3. Also, the eccentricities are assumed small, say
e1, e2, e3 � e, where e is a small constant. We now introduce a parameter λ = (m̄1, m̄2, m̄3, κ1, κ2),
where κ1, κ2 are distinguished parameters, related to certain action variables.

Willem de Sitter [122, 123] already established that the four-body system of Jupiter with the
three inner Galilean moons Io, Europa and Ganymedes admits an elliptic family of periodic motions
corresponding to the 1:2:4-resonance.

Remarks.

– We do not know much of the real motion of the Jovian system, the modeling of which also needs
a far more complicated mathematical approach. It would not be surprising when a form of chaos
would show up. Having witnessed the dynamics only over a small time-interval, we can only
guess aspects of its longer-term past.

– One of the aims of these endeavours is to obtain reliable ephemerides of the Jovian system,
also in view of space missions. For a quite recent numerical version of this, see [91] (where the
relativistic correction is attributed to De Sitter).

Towards Delauney action-angle variables. We return to the four-body problem of Jupiter,
Io, Europa and Ganymedes, which has 8 degrees of freedom. Reduction of the translation symmetry
then leaves us in 6 degrees of freedom and reduction of the rotational symmetry leads to 5 degrees of
freedom. Averaging over a fast angle (�3, see Fig. 9) to a certain order in μ and taking a rotationally
symmetric truncation, we reduce to an approximative system in 4 degrees of freedom.

Of the latter system we study equilibria considering their Hessian 8× 8-matrix. Restricting to
nearly collinear cases, we find one family of non-degenerate minima, that in 5 degrees of freedom
leads to the De Sitter periodic motions [122, 123]. Here the implicit mapping theorem can be used
to account for the difference between the truncation and the original system.

We introduce the Delaunay action-angle variables related to a Keplerian ellipse, as indicated in
Fig. 9:

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Lj = μj

√
Mj

√
aj circular angular momentum

�j mean anomaly

Gj = Lj

√
1− e2j angular momentum

gj argument of pericentre,

where

m1 = μm̄1, m2 = μm̄2, m3 = μm̄3

and

μj =
m0m̄j

m0 + μm̄j
, Mj = m0 + μm̄j.

The Delaunay action-angle variables then are given by (Lj , �j) and (Gj , gj), j = 1, 2, 3. For μ = 0
the Hamiltonian now has the form

FKep = 4νL1 + 2νL2 + νL3

generating the fast vector field

XKep = 4ν ∂�1 + 2ν ∂�2 + ν ∂�3 ,
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Fig. 9. Delaunay action-angle variables of a Keplerian motion. The angles are mean anomaly � and argument
g of the pericentre. The actions are conjugate momenta.

there are no mutual interactions between Io, Europa and Ganymedes (the dynamics amounts to
three independent Keplerian motions). An open part of the phase space is foliated by Lagrangean
invariant 6-tori with periodic unperturbed dynamics. Our first aim is to simplify to a single moving
angle.

Towards a well formulated perturbation problem. A well proven method for this is
passage to a co-rotating system of canonical variables (Dj , δj) and (Zj , ηj), j = 1, 2, 3, by

D1 = L1 δ1 = �1 − 2�2
D2 = 2L1 + L2 δ2 = �2 − 2�3

D3 = 4L1 + 2L2 + L3 δ3 = �3 (fast angle)

Z1 = G1 η1 = g1 − g2

Z2 = G1 +G2 η2 = g2 − g3
Z3 = G1 +G2 +G3 η3 = g3.

The new angles δj have different lengths 8π, 4π and 2π. This takes into account the different periods
of revolution of the moons Io, Europa and Ganymedes. In the new variables the dominant part
simplifies to

FKep = νD3 generating the fast vector field XKep = ν ∂δ3 .

Note that Z3 is the total angular momentum, which is conserved, expressed by the fact that the
angle η3 is cyclic (also for the perturbed system). Fixing Z3 �= 0 reduces to 5 degrees of freedom as
described above.

Our second aim is to rephrase the above co-rotating transformation in terms of a covering map
with a corresponding deck group, to be called Λ. First of all we note that Λ has to be preserved in
order to have well-defined functions, vector fields, etc. Moreover, this equivariant setting provides
an appropriate formulation of a perturbation theory for the persistence of invariant tori. A key point
here is that the equivariant (Hamiltonian) sytems form a Lie sub-algebra. This allows us to apply
Lie algebra methods as already developed in [15]. In particular, Λ is respected when transforming to
normal forms as generated by the fast Keplerian vector field XKep (which is nothing but averaging
over the fast angle δ3 we saw earlier).

Sketch of the results. It turns out that a direct application of the KAM theorem in [21],
which is nothing but a Lie algebra adaptation of Theorem 3, gives us

1) librations of the De Sitter periodic orbits in the four-body problem,

2) the invariant 2-tori that combine the De Sitter periodic orbits with the almost circular motion
of Callisto in the five-body problem, and

3) librations of the latter.

For more detailed formulations see [21, 25].
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The covering map and the deck group Λ. The covering map rephrasing the co-rotation
is given by Π : T6 × R

6 → T
6 × R

6, Π = (π1 × π2)× (Π1 ×Π2), where

π1 : (R/2πZ) × (R/4πZ) × (R/8πZ) → (R/2πZ) × (R/2πZ)× (R/2πZ)

(δ3, δ2, δ1) �→ (�3, �2, �1) := (δ3, δ2 + 2δ3, δ1 + 2δ2 + 4δ3)

mod(2πZ),

which is multiple to one, with deck transformations

ϕ1,2 : (R/2πZ)× (R/4πZ)× (R/8πZ) → (R/2πZ) × (R/4πZ)× (R/8πZ)

defined as

ϕ1(δ3, δ2, δ1) = (δ3, δ2 − 2π, δ1) and ϕ2(δ3, δ2, δ1) = (δ3, δ2, δ1 − 2π).

In the other directions:

π2 : (R/2πZ) × (R/2πZ) × (R/2πZ) → (R/2πZ) × (R/2πZ)× (R/2πZ)

(η3, η2, η1) �→ (g3, g2, g1) := (η3, η2 + η3, η1 + η2 + η3)

mod(2πZ),

Π1 : R
3 → R

3

(D1,D2,D3) �→ (L1, L2, L3) := (D1,D2 − 2D1,D3 − 2D2)

and

Π2 : R
3 → R

3

(Z1, Z2, Z3) �→ (G1, G2, G3) := (Z1, Z2 − Z1, Z3 − Z2),

which are all automorphisms. Therefore, in these directions only trivial deck transformations arise.

All of this leads to the deck group

Λ = 〈ϕ1, ϕ2 | ϕ2
1 = ϕ4

2 = Id, ϕ1 ◦ ϕ2 = ϕ2 ◦ ϕ1〉 ∼= Z2 × Z4.

Remarks.

– Perhaps unnecessarily we note that all the KAM iterations involved also respect the deck group Λ.

– In many papers on resonances the above formalism is avoided and all considerations and
computations are carried out in the universal cover of Euclidean space. A good intuition of the
researcher almost automatically respects the symmetries involved, both at the level of normal
forms / averaging and at the level of the KAM transformations. For an example of this approach,
see [41].

7. THE CUSPOID APPROACH

This section discusses a global approach that obtains all bifurcating branches for a bifurcation
with an eigenvalue 0. We shall discuss it in the context of the cuspoid bifurcations, for which it
was originally developed [129], but it can be generalised to obtain all branches of tori of a given
dimension in a bifurcation, as, for instance, in the Hopf –Takens, Bogdanov –Takens, fold-Hopf or
Hopf –Hopf bifurcation families. For these we refer to our forthcoming book [25].

In the family of cuspoid bifurcations of equilibria, we consider a versal unfolding of a central
singularity of the form ż = zdc0(z) with c0(0) �= 0. Singularity theory [9, 127] shows that the zero
set of such a family can be brought into the standard form

E :
d−1∑

k=0

μkz
k + zd = 0
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and the bifurcations are the singular points of the projection of E onto the parameter space
(μ0, . . . , μd−1). Note that one of the parameters can be removed by a translation of the z co-
ordinate, but we choose not to. Cuspoid bifurcations are persistent under small perturbations.

A quasi-periodic cuspoid bifurcation occurs in an integrable family if there is a central invariant
torus whose normal dynamics take the form of the central cuspoid singularity. It requires no
additional work to show that integrable quasi-periodic cuspoid bifurcations are stable under
integrable perturbations.

The quasi-periodic cuspoid bifurcations are also quasi-periodically stable under non-integrable
bifurcations, in the sense that the standard form of the zero set, modulo conjugation, still applies
when restricting to a large measure sub-set of E . The only aspect that changes is that the bifurcation
diagram is suitably Cantorised, see Fig. 10. We discuss the argument in some detail.

Fig. 10. Cantorised quasi-periodic saddle node bifurcation with zero set E : μ0 + μ1z − z2 = 0. For clarity of
the picture, in comparison with Fig. 5, the Cantor lines have not been fattened. Moreover, the Cantorisation
takes place on a parabolic cylinder. Note that the projection on the (μ1, z)-plane corresponds to Fig. 5.

Let X = X(x, z, λ) be an integrable vector field on T
n × R× R

s, of the form

ẋ = ω(λ) + f(z, λ)

ż = σ(λ) + Ω(λ)z + h(z, λ)

λ̇ = 0

where f(0, λ) ≡ 0, h(0, λ) ≡ 0 and Dzh(0, λ) ≡ 0. The zero set E of the reduced vector field
R(z, λ) = r(z, λ)∂z , where

r(z, λ) = σ(λ) + Ω(λ)z + h(z, λ)

parametrises the set of invariant n-dimensional tori.
We are interested in the specific situation that ω(0) is Diophantine, σ(0) = 0, Ω(0) = 0, and

h(z, 0) = zdc0(z) for some integer d � 2, where c0 is such that c0(0) �= 0. That is, for λ = 0 the
torus T

n × {0} is invariant, quasi-periodic and Diophantine, and the normal dynamics has a
given degeneracy. Then there are smooth functions c(z, λ) and κk(λ), k = 1, . . . , d− 1, such that
c(0, 0) = c0(0) �= 0 and

r = σ(λ) + Ω(λ)z +
d−1∑

k=2

κk(λ)z
k + c(z, λ)zd.
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From now on we rename Ω = κ1, but we keep the letter σ. We assume that λ is of sufficiently
high dimension and that no further degeneracies occur, namely, that ∂λ(ω, σ, κ1, . . . , κd−1)(0) has
maximal rank. This allows us to re-parametrise λ to

ν = (ω, σ, κ, ρ) ∈ R
n × R× R

d−1 × R
s−n−d

ranging over a neighbourhood of (ω(0), 0, 0, 0), and we drop the mute parameter ρ. The vector field
X(x, z, ν) then takes the form

ẋ = ω + f(z, ν)

ż = σ +

d−1∑

k=1

κkz
k + c(z, ν)zd

ν̇ = 0.

By the Malgrange preparation theorem [14, 62], we can find smooth functions q(z, ν) and μk(ν),
k = 0, . . . , d− 1, such that

r = σ +

d−1∑

k=1

κkz
k + c(z, ν)zd = q(z, ν)

(
d−1∑

k=0

μk(ν)z
k + zd

)

,

where, in particular, μ0(ν) = σ/q(0, ν). For fixed ω the mapping (σ, κ) �→ μ(ν) is a smooth
diffeomorphism, and the zero set is given by the equation

E :
d−1∑

k=0

μkz
k + zd = 0.

An integrable perturbation X̃ = X̃(x, z, ν) of X such that X̃ = X + P with P small takes the
form

ẋ = ω + f(z, ν) + f̃(z, ν)

ż = σ +
d−1∑

k=1

κkz
k + c(z, ν)zd + h̃(z, ν)

ν̇ = 0.

Its reduced vector field is

r̃ = σ +
d−1∑

k=1

κkz
k + c(z, ν)zd + h̃(z, ν).

The implicit function theorem shows that the zero set Ẽ of r̃ is given as the graph of a
function σ = σ(z, ω, κ). A transversality argument shows that there is a pair (z0, ν0) ∈ Ẽ such

that ∂k
z c(z0, ν0) = 0 for k = 1, . . . , d− 1 and ∂d

z c(z0, ν0) �= 0. A parameter transformation shifts this
point into the origin. A further parameter shift ensures that

r̃ = σ +
d−1∑

k=1

κkz
k + c̃(z, ν)zd,

with c̃ close to c. Following the same steps as above, we obtain a new parameter μ̃(ν) and we see

that E and Ẽ are identical up to a parameter transformation (σ, κ) �→ μ̃(ν).

Now consider a non-integrable perturbation X̃ = X̃(x, z, ν) = X + P of X, still assuming P to
be small. Then

ẋ = ω + f(z, ν) + f̃(x, z, ν)

ż = σ +
d−1∑

k=1

κkz
k + c(z, ν)zd + h̃(x, z, ν)

ν̇ = 0.
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To obtain the zero set of this vector field, we perform a localisation transformation (x, z, ν) �→
(x, z − z0, ν), treating the point z0 at which we localise as a distinguished parameter. The localised

vector field X̃ loc(x, z, ν, z0) = X loc + P loc reads as

ẋ = ω + f(z0, ν) +Q1(z, ν, z0) + f̃(x, z0 + z, ν)

ż = r(z0, ν) + ∂zr(z0, ν)z +Q2(z, ν, z0) + h̃(x, z0 + z, ν)

ν̇ = 0

ż0 = 0,

where Q1 and Q2 are such that Q1/z and Q2/z
2 are uniformly bounded.

We introduce the detuning vector field

Δ̂ = ω̂∂x + [σ̂ + Ω̂z]∂z ,

where (ω̂, σ̂, Ω̂) are additional parameters. Applying Moser’s modifying terms theorem [102, 130]

to the vector field X + Δ̂ then asserts that there is a modifying vector field

K = θ∂x + [ϑ +Θz]∂z

with the following properties. The functions θ, ϑ, and Θ depend on the extended parameter

(ν, z0, ω̂, σ̂, Ω̂); the vector field K vanishes if P ≡ 0; and the vector field X loc + Δ̂ + P loc −K is

conjugated to a vector field X̂ of the form

ẋ = ω + f(z0, ν) + ω̂ + Q̂1

ż = r(z0, ν) + σ̂ + (∂zr(z0, ν) + Ω̂)z + Q̂2

ν̇ = 0

ż0 = 0

whenever ω + f(z0, ν) + ω̂ is Diophantine, and where Q̂1 and Q̂2 are such that Q̂1/z and Q̂2/z
2 are

uniformly bounded.

The idea is to choose the detuning parameters such that the detuning term Δ̂ and the modifying
term K cancel. This occurs if

ω̂ = θ(ν, z0, ω̂, σ̂, Ω̂)

σ̂ = ϑ(ν, z0, ω̂, σ̂, Ω̂)

Ω̂ = Θ(ν, z0, ω̂, σ̂, Ω̂).

As K is small when P is, this system can be solved for the detuning parameters as functions of

(ν, z0). This results in X̃ loc being conjugated to

ẋ = ω + f(z0, ν) + ω̂(ν, z0) + Q̂1

ż = r(z0, ν) + σ̂(ν, z0) + (∂zr(z0, ν) + Ω̂(ν, z0))z + Q̂2

ν̇ = 0

ż0 = 0

whenever ω + f(z0, ν) + ω̂(ν, z0) is Diophantine. Note that X̃ loc has an invariant torus Tn × {0} if
r(z0, ν) + σ̂(ν, z0) = 0.

When we delocalise, that is, when we revert to our original co-ordinates, we consider the reduced
vector field r̂(z, ν)∂z , where

r̂(z, ν) = σ +
d−1∑

k=1

κkz
k + c(z, ν)zd + σ̂(ν, z).
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We have shown that the vector field X̃ loc has an invariant torus close to T
n ×{0}, and consequently

X̃ has an invariant torus close to T
n × {z0}, if r̂ = 0. That is, we have reduced the study of the

zero set of the non-integrable vector field X̃ to the reduced vector field r̂, which is an integrable
perturbation of r, and for which we have already established that the zero set is, up to parameter
transformation, equal to the zero set E of r.

8. BACKGROUND ON METHODS

Near a central singularity one often has a good integrable approximation of the dynamics. In the
integrable world standard bifurcation and singularity theory apply. In the original, nearly integrable
system we apply KAM theory. This entire approach amounts to a marriage of KAM theory with
singularity theory and is based on [32, 101, 102] and [14, 63, 64, 66, 108, 124, 127], leading to
Cantorisation of “standard” scenarios [7, 9, 12, 13, 19, 50, 69, 70, 129].

In KAM theory one is used to working with the normal linear part of the vector field. This part
is also sufficient for unfolding the simplest bifurcations. When the co-dimension of the bifurcation
is higher, we need more lower-order terms for a proper unfolding. So we turn to the concept of
jets, as known from singularity theory. The order of the jet is determined by the bifurcation,
which tells us which higher-order terms make the bifurcation non-degenerate. For instance, for the
cusp bifurcation this higher-order term is zd and the lower-order terms z0, z1, . . . , zd−1 provide a
transversal unfolding of the bifurcation, see Section 7. For more details we refer to [25].

The entire approach is based on Moser’s modifying terms theorem [102, 130]. In fact, the
modifying terms lead to the parameters for unfolding the lower-order terms of the simplest
bifurcations, and singularity theory tells us what to further include for more degenerate bifurcations.
Already in the linear theory such transversality considerations [4] make clear where the dependence
on parameters is indispensable and how these should be used. Here it is important that no further
estimates are needed, but that a general application of the theory suffices.
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Herman), Ergodic Theory Dynam. Systems, 2004, vol. 24, no. 5, pp. 1521–1582.

57. Flockerzi, D., Generalized Bifurcation of Higher-Dimensional Tori, J. Differential Equations, 1984,
vol. 55, no. 3, pp. 346–367.

58. Friedman, M., On Almost Periodic Solutions of Nonlinear Ordinary Differential Equations, PhD Thesis,
New York University, New York, 1966.

59. Friedman, M., Quasi-Periodic Solutions of Nonlinear Ordinary Differential Equations with Small
Damping, Bull. Amer. Math. Soc., 1967, vol. 73, no. 3, pp. 460–464.
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