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ABSTRACT
It is customary to estimate error-in-variables models using higher-order
moments of observables. This moments-based estimator is consistent only
when the coefficient of the latent regressor is assumed to be nonzero. We
develop a new estimator based on the divide-and-conquer principle that
is consistent for any value of the coefficient of the latent regressor. In an
application on the relation between investment, (mismeasured) Tobin’s q and
cash flow, we find time periods in which the effect of Tobin’s q is not statistically
different from zero. The implausibly large higher-order moment estimates in
these periods disappear when using the proposed estimator.
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1. Introduction

To account for measurement error in independent variables, higher-order moment estimators have been
used to analyze the relation between R & D expenditures and patent applications (Lewbel, 1997), to
test the q-theory of investment in finance (Erickson and Whited, 2000), and to investigate firm saving
behaviour (Riddick and Whited, 2009). Underlying these estimators are two crucial assumptions: first,
there needs to be sufficient skewness in the latent regressor. Second, the coefficient β0 that relates the
latent regressor to the observed outcome cannot equal zero. In this article, we focus on the situation
where this second assumption potentially fails. In particular, we consider the standard third-order
moment estimator that can be attributed to Geary (1942). When β0 = 0, this estimator converges to
a ratio of correlated (mean zero) normal random variables.

As a solution to this problem, we propose an estimator based on a divide-and-conquer strategy:
the data is split into equal sized blocks. In each block, we calculate the denominator and numerator
of the estimator (by Geary, 1942) on non overlapping subsets of the data. This breaks the dependency
between the numerator and denominator, and ensures that the estimator is median unbiased regardless
of the value of β0. Subsequently taking the median over the estimators from the different blocks yields
a consistent and asymptotically normal estimator irrespective of the value of β0. However, the rate of
convergence of the proposed estimator depends on the number of blocks when β0 = 0 and increases
to the standard rate when β0 �= 0. We propose a simple bootstrap procedure that is valid regardless of
the value of β0 and automatically replicates the correct distribution. We can therefore conduct valid
inference without having to specify whether β0 = 0 or β0 �= 0.

To test the proposed estimator in practice, we revisit an empirical test of corporate finance’s q-theory.
This theory states that investment fluctuations are driven by the marginal q: the market value of capital
relative to the shadow value of capital.1 Empirically, q-theory appeared discredited with for example
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Blundell et al. (1992) finding a significant role for internals funds after controlling for q. However,
Erickson and Whited (2000) show that these findings can be explained by the substantial measurement
error in Tobin’s q measure of marginal q. This measurement error drives down the estimated coefficient
on q, while increasing the coefficient of controls such as internal funds. Accounting for measurement
error via the use of higher-order moment estimators showed that q-theory is not at odds with the data,
see also Erickson and Whited (2012) and Andrei, Mann, and Moyen (2019).

We first consider the simulation set-up of Erickson, Jiang, and Whited (2014), which is geared to the
environment in which q-theory can be tested. We find that the divide-and-conquer estimator performs
well regardless of the value of β0, unlike the third-order moment estimator that is ill-defined when
β0 = 0.

We then analyze the data on firm investment, Tobin’s q and cash flow from Erickson, Jiang, and
Whited (2014). When using the full sample of available data, ranging from 1970 to 2011, the divide-
and-conquer estimates are in line with those in Erickson, Jiang, and Whited (2014). In particular, we do
not find evidence for the effect of cash flow on firm investment. Motivated by the notion of Erickson,
Jiang, and Whited (2014) that there exists variation over time in the estimates, we then re-estimate the
coefficients using an expanding window of data starting with the data in 1970–1980 and ending with the
full sample 1970–2011. We indeed find substantial changes in the estimated relation between investment,
Tobin’s q and cash flow over time. In particular, we find rather extreme point estimates and confidence
intervals in time periods before the mid-1980s. These occur precisely in time periods in which the
divide-and-conquer estimator is not significantly different from zero. The divide-and-conquer estimates
for the effect of Tobin’s q is found to be rather stable over time.

The article relates to three different strands of the literature. First, the error-in-variables model has
been thoroughly studied in econometrics and statistics. Estimation based on third-order moments as
the one we employ can be ascribed to Geary (1942). Identification in the error-in-variables model is
considered by (among others) Reiersøl (1950); Kapteyn and Wansbeek (1983); Bekker (1986). Pal (1980)
extends this estimator for the single regressor case based on higher-order cumulants, while Dagenais and
Dagenais (1997), Cragg (1997), and Lewbel (1997) consider other functions of mismeasured regressors.
An overview of the literature can be found in Wansbeek and Meijer (2000) and more recently Schennach
(2016).

A general framework for higher-order moment estimators in models with multiple mismeasured
and perfectly measured regressors is proposed in Erickson and Whited (2002). Instead of the moments,
it is somewhat simpler to rely on higher-order cumulants as in Erickson, Jiang, and Whited (2014)
as the estimators are available in closed-form. Ben-Moshe (2021) constructs an estimator based on a
continuum of moments and shows this can outperform a GMM estimator based on moments up to order
five. This estimator also requires the coefficients of interest to be non zero. Non parametric identification
and semiparametric estimation are considered by Schennach and Hu (2013).

The use of higher-order moments can be seen as constructing instruments from the available data.
Interestingly, the case where β0 = 0 remains special when external instruments are available. Evdokimov
and Zeleneev (2020) show that in that case, and for general non linear models, standard measurement
error robust methods do not yield valid inference. To achieve uniform inference, they subsequently
combine a non linear IV estimator that is well behaved when β0 is close or equal to zero with standard
measurement error robust methods that are well behaved when β0 is sufficiently large.

It is also important to point out that Sasaki and Ura (2022) consider inference on the expected value
of ratios of random variables, in particular when these ratios are ill behaved due to the fact that the
denominator is close to zero. In our case, when β0 = 0, the third-order moment estimator is also a ratio
of random variables. However, in our case its expectation is not defined. Moreover, when β0 �= 0, we
conduct inference on the ratio of expectations, rather than the expectation of ratios.

The second strand of literature concerns divide-and-conquer estimators. These estimators are devel-
oped for settings where a massive data set cannot be loaded into memory, see for instance Shi, Lu, and
Song (2018). The idea is to construct a sequence of estimators on independent subsets of the data, and
then aggregate the estimators into a single estimator. This is sometimes also referred to as distributed
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inference. The common aggregation method is to take the mean. Applied to monotone regression,
Banerjee, Durot, and Sen (2019) document a superefficiency property of this method. Distributed
quantile regression is studied by Chen, Liu, and Zhang (2019) and Volgushev, Chao, and Cheng (2019).

Finally, rather than taking the mean of the subsample estimators, we rely on the median. This is shared
with median-of-means (MoM) estimators that are used to robustify machine learning algorithms in
the presence of heavy-tailed data. MoM estimators were originally proposed by Nemirovskij and Yudin
(1983), Jerrum, Valiant, and Vazirani (1986), and Alon, Matias, and Szegedy (1999). In recent years,
various authors show that these estimators attain optimal rates of convergence under weak assumptions
on the data (Hsu and Sabato, 2014; Lugosi and Mendelson, 2019; Lecué and Lerasle, 2020). However,
theoretical results are only available under the assumption that the random variables have finite second
moment. The estimator we propose is closer to a median-of-ratios-of-means estimators, which in the
worst case scenario does not have any finite moments.

The article proceeds as follows. In Section 2, we describe the model, the proposed estimator, and its
implementation. In Section 3, we describe asymptotic results for the divide-and-conquer estimator. The
simulation study and empirical application are presented in Section 4. Section 5 concludes. Proofs are
deferred to Appendix A.

2. Model, estimators and inference

2.1. A simple error-in-variables model

As a basis of our analysis, we consider the following simplified error-in-variables model for one variable

yi = ξiβ0 + εi,
xi = ξi + ui,

(1)

for i = 1, . . . , n. Here the observed variables are (yi, xi), while the remaining variables are latent. The
main parameter of interest is β0, the causal effect of marginal change in ξi on yi. As ξi is not observed,
one could naively consider estimating β by running the OLS regression of yi on xi:

β̂OLS =
1
n
∑n

i=1 xiyi
1
n
∑n

i=1 x2
i

. (2)

This estimator, however, generally is inconsistent as in the limit n → ∞:

β̂OLS p−→ β0
σ

(2)
ξ

σ
(2)
u + σ

(2)
ξ

, (3)

provided that all stochastic quantities are mutually independent. Here we denote E[ξ 2
i ] = σ 2

ξ , E[ξ 3
i ] =

σ
(3)
ξ , E[ξ 4

i ] = σ
(4)
ξ and similarly for εi and ui we have E[ε2

i ] = σ 2
ε , E[ε3

i ] = σ
(3)
ε , E[ε4

i ] = σ
(4)
ε , E[u2

i ] =
σ 2

u .
As the OLS estimator is generally inconsistent, in what follows we limit our attention to a class of

method-of-moments estimators that use the information from the higher order moments of the data.
The parameter β0 can then be estimated with the estimator attributed to Geary (1942). We also confine
the analysis to linear models. The ideas below specifically use the expression for the third-order moment
estimator to construct an alternative estimator that is median-centered at the true value β0. Whether this
can be extended to estimators in a non linear setting is an interesting avenue for further research.

In what follows, we assume that all random variables are mutually independent. This is relatively
standard in the literature on identification on error-in-variables models, e.g., Bekker (1986), but also in
the literature on estimation based on higher-order moments, e.g., Erickson and Whited (2002).
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Assumption 1. (εi, ui, ξi) are mutually independent random variables with expectation zero, E[ξ 2
i ] =

σ 2
ξ , E[ξ 3

i ] = σ
(3)
ξ > 0, E[ξ 4

i ] = σ
(4)
ξ < ∞, E[ε2

i ] = σ 2
ε , E[ε3

i ] = σ
(3)
ε , E[ε4

i ] = σ
(4)
ε < ∞, E[u2

i ] = σ 2
u <

∞.

A direct implication of Assumption 1 is that in population

E[xiy2
i ] = σ

(3)
ξ β2

0 , E[x2
i yi] = σ

(3)
ξ β0. (4)

This implies the following moment condition,

E[gi(β)] = E[xiy2
i − x2

i yiβ] = 0, (5)

for β = β0. Associated with the above population orthogonality conditions is the following estimator,
attributed to Geary (1942),

β̂3M =
1
n
∑n

i=1 xiy2
i

1
n
∑n

i=1 x2
i yi

. (6)

As it is evident from (4), the identifying power of this estimator is sensitive to the exact values of β0
and/or σ

(3)
ξ . In particular, if β0 = 0 and/or σ

(3)
ξ = 0, the probability limit of the estimator is ill-defined.

This is also evident from the expression for the asymptotic variance given by

V(β̂3M ; β) = E[gi(β0)
2]

E
[
∂gi(β)/∂β|β=β0

]2 = E[x2
i y2

i (yi − xiβ0)2]
E[x2

i yi]2

= σ
(4)
ξ σ 2

ε β2
0 + σ 2

ξ σ
(4)
ε + 2σ

(3)
ξ σ

(3)
ε β0 + σ 2

u σ 2
ε σ 2

ξ β2
0 + σ 2

u σ
(4)
ε

[σ (3)
ξ ]2β2

0
.

(7)

Clearly, when β0 = 0 or σ
(3)
ξ = 0, the variance is ill-defined. In this article, our focus is on situations

where the parameter of interest in fact may equal zero.

2.2. The divide-and-conquer approach

In what follows, we describe the main intuition behind the procedure put forward in this article. Notice
that when β0 = 0, the estimator (6) is the ratio of two correlated sums that both have expectation zero.
Borrowing on the idea of the Split Sample IV estimator of Angrist and Krueger (1995), we can easily
break the dependence between the limiting value of the numerator and the denominator by evaluating
the denominator and numerator on independent samples. As a result, the resulting estimator will be
centered at the true value β0 = 0. However, the estimator will still remain non normal in the limit for
β0 = 0, and normal for β0 �= 0, invalidating any standard inference approaches.

The above problem, however, can be solved. Define two subsets Rj,1 ⊂ {1, . . . , n} and Rj,2 ⊂ {1, . . . , n}
such that Rj,1 ∩ Rj,2 = ∅, denote |Rj,1| = |Rj,2| = b/2. The index j will be used to index different choices
of the subsets. Consider now the estimator,

β̂j,b =
∑

i∈Rj,1 xiy2
i∑

i∈Rj,2 x2
i yi

. (8)

When β0 = 0, the estimator reduces to

β̂j,b =
(2/b)1/2 ∑

i∈Rj,1 xiε
2
i

(2/b)1/2 ∑
i∈Rj,2 x2

i εi
≡ vj,b

wj,b
, (9)

which is the ratio of two independent sums that both have expectation zero. Let σ 2
v = E[v2

j,b] and
σ 2

w = E[w2
j,b] and denote η = σw/σv. Intuitively, we expect that as b → ∞, η · β̂j,b converges weakly to a
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Cauchy random variable with CDF Fc(x). Let Fb(x) be the CDF of η · β̂j,b. In Appendix A, we show that
when β0 = 0, indeed

sup
x∈R

|Fb(x) − Fc(x)| = O(b−1/2). (10)

As Cauchy-type random variables are symmetric, their median is 0, which happens to be exactly the
value β0 = 0 we are after.

In cases when the underlying data is a pure cross-section, this facilitates the following strategy to
recover the median (thus also β0) of the limiting random variable with the CDF Fc(x). Randomly
partition the n observations into B blocks, so that the number of observations within each block equals
b = n/B. Within each block, split the sample to form (8), assuming that b/2 is an integer. This yields a
sequence of independent estimators {β̂j,b}B

j=1. Our estimator β̂DC
b for β is the median of this sequence.

The algorithm for the Divide-and-conquer estimator is as follows.

Step 1. Set B such that n/(2B) is an integer.
Step 2. Partition the data into B adjacent blocks.
Step 3. Split each block further into two equal sized blocks Rj,1 and Rj,2.
Step 4. For j = 1, . . . , B, estimate

β̂j,b =
∑

i∈Rj,1 xiy2
i∑

i∈Rj,2 x2
i yi

. (11)

Step 5. Estimate β by

β̂DC
b = median(β̂1,b, . . . , β̂B,b). (12)

We prove below that for any fixed β0 (including β0 = 0), β̂DC
b is asymptotically normal. The

convergence rate, however, depends on whether β0 = 0 or β0 �= 0. In the first case, the convergence
rate is B1/2, so it is determined only by the number of blocks B. The theory we develop requires
that B/b = B2/n → 0, which implies that B cannot be set arbitrarily large. A possible choice is to
set B = O(

√
n/ log(n)2) which yields a convergence rate of n1/4/ log(n). If β0 �= 0, we end up with

the standard (pooled) convergence rate of
√

B · b = √
n. Hence, as far as the convergence rate of the

estimator is concerned, the fact that we use the median to estimate β0 when β0 �= 0 is asymptotically
inconsequential.

2.3. Selecting the number of blocks

The choice of the number of subsample estimators B is important. The theoretical results indicate the
B/b should go to zero for consistency of the estimator. If B is too large relative to b, finite sample bias in
the subsample estimators does not wash out over the different blocks. Our simulation results show that
we should choose a value for B that is relatively small. There, we have a total of 60,000 observations and
set B = 20, so that B/b = 0.0066 and B = 40 so that B/b = 0.0267. For the latter, we find an increase in
bias in the coefficients and confidence intervals that undercover for regressions that include fixed effects.
When we increase the cross-section dimension to n = 6, 000 in Tables 4 and 5 in Appendix B, so that for
B = 40 we get B/b = 0.0133 and coverage approaches the nominal rate. Optimal selection of the value of
B is an important topic for further research. We suggest that empirical researchers report their estimates
for a range of different values of B as a robustness check of their results.

2.4. Inference

As the asymptotic variance of the estimator depends on the unknown parameter β0, we construct
confidence intervals from a non parametric bootstrap procedure. Intuitively, the B subsample estimators
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β̂j,b take the role of the observations in the standard non parametric bootstrap. Denote ej,b = β̂j,b − β̂DC
b

for j = 1, . . . , B. The bootstrap procedure can be implemented as follows.

Step 1. Set ib = 1.
Step 2. Draw B samples ẽj,b with replacement from {e1,b, . . . , eB,b}.
Step 3. Calculate β̃DC

b,ib = median(β̃1,b, . . . , β̃B,b), where β̃j,b = β̂DC
b + ẽj,b.

Step 4. Set ib = ib + 1.
Step 5. Repeat Steps 2 to 4 until ib = D.
Step 6. Construct a confidence interval as (β̂DC

b + qDC
α/2, β̂DC

b + qDC
1−α/2) where (qDC

α/2, qDC
1−α/2) are the α/2

and 1 − α/2 quantiles of the empirical distribution of β̃DC
b,ib − β̂DC

b .

As in the standard bootstrap, the number of bootstrap samples D should be sufficiently large. In this
article, both for the empirical illustration as well as for the simulation study we set D = 399.

2.5. Extensions

The empirical illustration we consider in this article, requires that the stylized setting considered before
should be extended in the following two directions. The first is the addition of perfectly measured control
variables to the model. The second is to consider a panel data setting.

First, the model (1) can be expanded by including a set of perfectly measured controls, so that the
model is of the form

yi = ξiβ0 + z′
iγ + εi. (13)

In this case, define

ẋi = xi − z′
i

⎛⎝∑
i∈Rj,1

ziz′
i

⎞⎠−1 ∑
i∈Rj,1

zixi, (14)

and similarly for ẏi. Denote by ẍi and ÿi the corresponding estimators on the set Rj,2. We then adapt (11)
in the divide-and-conquer algorithm to

β̂j,b =
∑

i∈Rj,1 ẋiẏ2
i∑

i∈Rj,2 ẍ2
i ÿi

. (15)

This retains the independence between the subsample estimators. Note that for inference on γ we can
adapt the procedure from Section 2.4 and construct confidence intervals from the quantiles of γ̃ DC

b,ib =
(
∑n

i=1 ziz′
i)

−1 ∑n
i=1 zi(yi − xiβ̃

DC
b,ib ).

As a second extension, we consider a linear panel data model that will be used in our empirical
application,

yit = xitβ0 + αi + λt + εit . (16)

In this case, we construct subsample estimators on cross-sections of the data. To account for individual
fixed effects, we perform a within transformation on the data. Moreover, to account for time fixed effects
in the model, we demean the data within blocks. Perfectly measured controls are handled in the same
way as above.

The algorithm for the Panel Divide-and-conquer estimator is as follows.

Step 1. Set B such that N/(2B) is an integer.
Step 2. If fixed effects αi are included in the model, then transform yit and xit as

ỹit = yit − T−1
T∑

t=1
yit , x̃it = xit − T−1

T∑
t=1

xit . (17)
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Step 3. Partition the cross-section at time t into B blocks;
Step 4. Split each block further into two equal sized blocks Rj,1 and Rj,2
Step 5. For j = 1, . . . , B, if time effects λt are included in the model, then

For i ∈ Rj,1, ŷit = ỹit − (2B/N)
∑

i∈Rj,1

ỹit ,

x̂it = x̃it − (2B/N)
∑

i∈Rj,1

x̃it .

For i ∈ Rj,2, ŷit = ỹit − (2B/N)
∑

i∈Rj,2

ỹit ,

x̂it = x̃it − (2B/N)
∑

i∈Rj,2

x̃it .

Otherwise set ŷit = ỹit and x̂it = x̃it .

Step 6. Estimate

β̂jt,b =
∑

i∈Rj,1 x̂it̂y2
it∑

i∈Rj,2 x̂2
it̂yit

. (18)

Step 7. Estimate β by

β̂DC
b = median(β̂11,b, . . . , β̂BT,b). (19)

3. Theoretical results

We start by making the following assumption on the moments of (ξi, ui, εi) that facilitate a Berry-Esseen
inequality in the proof of the main theorem. We limit our attention to the basic estimator we suggest in
Section 2.2. In the following, denote by 
(x) and φ(x) the CDF/PDF of a standard normal r.v. and by
Fc(x)/fc(x) the CDF/PDF of a Cauchy r.v, i.e.:

fc(x) = 1
π(1 + x2)

, x ∈ R. (20)

Assumption 2. E[|ξi|6] < ∞, E[|ui|6] < ∞, E[|εi|6] < ∞.

We require finite sixth moments as we apply the Berry-Esseen theorem to
∑n

i=1 x2
i yi and

∑n
i=1 yix2

i .
To do so, the (scaled) summands should have finite third moment. Under Assumption 1, using standard
inequalities it is sufficient to require finite sixth moments for (ξi, ui, εi).

We impose the following assumption on the number of blocks B, which is chosen as a function of the
sample size within each block b.

Assumption 3. B(b)/b → 0.

The distribution of the subsample estimators is typically within a distance O(b−1/2) of their asymp-
totic distribution. Assumption 3 avoids that this difference biases the asymptotic distribution of the
divide-and-conquer estimator itself.

Recall that when β0 = 0, the estimator can be decomposed as in (9) with σ 2
v = E[v2

j,b] and σ 2
w =

E[w2
j,b]. When β0 �= 0, define wi ≡ xiε

2
i + 2β0(ξ

2
i + ξiui)εi and σ 2

β = (β0σ
(3)
ξ )−2

E
[
w2

i
]
. This brings us

to our main result.
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Theorem 1. Suppose Assumptions 1–3 hold. With β̂j,b as in (8), let

β̂DC
b = median({β̂j,b}B

j=1).

(a) When β0 = 0,
√

B
(

σw
σv

β̂DC
b

)
−→d N

(
0,

1
4fc(0)2

)
. (21)

(b) When β0 �= 0,

√
n

(
β̂DC

b − β0

σβ

)
−→d N

(
0,

1
4φ(0)2

)
. (22)

Theorem 1 shows that regardless of the value of β0, the divide-and-conquer estimator is asymp-
totically normal. The asymptotic distribution, on the other hand, is generally discontinuous at β0. In
particular, for β0 = 0, the convergence rate is

√
B. Since Assumption 3 requires that B/b = B2/n → 0,

the maximal convergence rate is below n1/4. When β0 �= 0, we recover the standard
√

n convergence
rate.

Theorem 1 also shows that the asymptotic variance depends on the, evidently unknown, value of β0.
Therefore, we cannot directly use the results obtained in 1 to conduct inference in practice. Fortunately,
our next result on the bootstrap procedure that we introduced in Section 2.4 enables us to conduct valid
inference without having to make assumptions on the value of β0.

Theorem 2. Suppose Assumptions 1–3 hold. Construct confidence intervals as in Section 2.4. Let r = B
when β0 = 0 and r = n when β0 �= 0. Then,

sup
t∈R

∣∣∣P̃ (√r(β̃DC
b,ib − β̂DC

b ) ≤ t
)

− P

(√
r(β̂DC

b − β) ≤ t
)∣∣∣−→p 0. (23)

Here P̃(·) is the probability distribution function conditional on the realization of the data.

The theorem shows that the bootstrap automatically replicates the asymptotic distribution of the
divide-and-conquer estimator, both when β0 = 0 and when β0 �= 0. Moreover, as the procedure itself
does not depend on the value of β0 we obtain valid inference regardless of value of β0.

4. Numerical results

4.1. Monte Carlo study

In this section, we consider the simulation set-up from Erickson, Jiang, and Whited (2014). Their setup
is calibrated in order to reflect several characteristics of the data used in their analysis. In particular, we
consider a simple linear panel data model of the form,

yit = zitγ + ξitβ + uit ,
xit = ξit + eit .

(24)

Here i = 1, . . . , n with n = 3, 000 and t = 1, . . . , T with T = 20. The errors uit and eit are i.i.d. Gamma
random variables standardized using the population mean and standard deviation. The scale parameter
is set to 1 and the shape parameter is set to 0.32 for uit and 0.09 for eit .

The perfectly measured controls and the mismeasured regressor are generated using an autoregressive
processes of order 1 - AR(1), as follows

ξit = δξ + φξ ξi,t−1 + vξ
it ,

zit = δz + φzzi,t−1 + vz
it .

(25)
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Here we set φξ = 0.78 and φz = 0.48. The intercepts are set to match the first moment of Tobin’s q and
cash flow in the data as δξ = 0.570 and δz = 0.094. The errors (vξ

it , vz
it) are again independent Gamma

random variables. The scale parameter is set to 1, the shape parameter for vξ
it equal to 0.007 and for vz

it
equal to 2.08. We follow the standard practice in the literature and initialize the processes for ξit and zit in
the recent past by setting ξi,−10 = zi,−10 = 0 for all i. We then generate T + 10 time series observations
for both processes and drop the first 10 periods.

After having generated zit and ξit , we transform these to ensure that the covariance matrix calculated
using all available data is equal to the covariance matrix of xit and zit in the data, with the variance of
Tobin’s q multiplied by τ 2 = 0.45 and the covariances multiplied by

√
τ 2. Numerically, the covariance

matrix is

C =
(

16.130
0.489 0.258

)
. (26)

Finally, we generate the observed variables as follows

xit = ξit +
√

τ−2(1 − τ 2)C1,1eit

yit = μy + ξitβ0 + zitγ +
√

σ 2
y − var(ξitβ0 + zitγ )uit .

(27)

Here μy and σ 2
y are set to match the population mean and variance of the investment variable in the

data. We consider two choices for β0. In the first β0 = 0.025 as in Erickson, Jiang, and Whited (2014),
while in the second β0 = 0. The coefficient for control variable zit is fixed to γ = 0.05.

We estimate the parameters in (27) using OLS (OLS), the third-order moment estimator (3M), and
the divide-and-conquer estimator (DC). For the divide-and-conquer estimator, we vary the number of
blocks per time period from 1 to 2, so we take the median over B · T = 20 and B · T = 40 subsample
estimators. In each time period, the partition of the firms is random.

Bootstrap confidence intervals are constructed as outlined in Section 2.4 with D = 399. For the third-
order moment estimator, confidence intervals are calculated as in Erickson and Whited (2002).

Table 1 shows the mean and standard deviations of the estimates for the q-coefficient β and the cash
flow coefficient α. When β0 = 0.025, we see that the OLS estimates for β and α are badly biased due
to the measurement error in the process. The third-order moment estimators as well as the divide-and-
conquer methods show no to very little bias. The removal of fixed-effects by the within transformation
increases the finite-sample bias in divide-and-conquer estimator. Erickson and Whited (2012) argue that
this is due to the fact that the regression error variance increases relative to the regressor variance and
this lowers the precision of higher-order moment estimators. Since the DC estimator uses subsamples
of the data to estimate the higher-order moments, this effect is somewhat more severe relative to the
third-order moment estimator that uses the full sample. The standard errors of the divide-and-conquer
estimators are larger relative to the third-order moment estimator.

When β0 = 0, we see that the third-order moment estimator is badly defined, with the standard
error going up substantially. The divide-and-conquer estimators on the other hand perform well, with
standard deviations nearly identical to those when β0 = 0.025.

Table 2 shows the coverage rates for the various methods. As expected, the bias in the OLS estimator
when β0 �= 0 results in confidence intervals that do not include the true parameter. The confidence
intervals corresponding to the 3M estimator are somewhat conservative, especially when we include
fixed effects. For the DC estimator, we find overall close to nominal coverage except when β0 = 0.025
and we include fixed effects. Table 5 shows that increasing the sample size to n = 6, 000 largely resolves
this issue.

4.2. Empirical results

We consider an application from the corporate finance literature that seeks to determine the relation
between actual investment and unobserved investment opportunities in capital as in Fazzari et al. (1988).
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Table 1. Simulation: bias and standard deviation.

β0 = 0, α0 = 0.05

(1) (2) (3) (4)

OLS β̂ 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
α̂ 0.050 (0.002) 0.050 (0.002) 0.050 (0.002) 0.050 (0.002)

3M β̂ 0.036 (7.513) 0.039 (2.774) 0.007 (1.418) 0.031 (4.966)
α̂ -0.017 (14.081) −0.012 (4.483) 0.038 (2.717) 0.004 (7.43)

DC(20) β̂ 0.001 (0.008) 0.001 (0.008) 0.001 (0.007) 0.001 (0.008)
α̂ 0.048 (0.015) 0.049 (0.013) 0.048 (0.014) 0.049 (0.013)

DC(40) β̂ 0.001 (0.005) 0.001 (0.005) 0.001 (0.005) 0.001 (0.005)
α̂ 0.047 (0.010) 0.048 (0.009) 0.047 (0.010) 0.048 (0.008)

β0 = 0.025, α0 = 0.05

(1) (2) (3) (4)

OLS β̂ 0.011 (0.000) 0.009 (0.000) 0.011 (0.000) 0.009 (0.000)
α̂ 0.077 (0.001) 0.075 (0.001) 0.077 (0.001) 0.075 (0.001)

3M β̂ 0.025 (0.000) 0.025 (0.001) 0.025 (0.000) 0.025 (0.001)
α̂ 0.050 (0.002) 0.050 (0.002) 0.050 (0.002) 0.050 (0.002)

DC(20) β̂ 0.026 (0.007) 0.024 (0.01) 0.026 (0.007) 0.025 (0.01)
α̂ 0.048 (0.014) 0.051 (0.015) 0.048 (0.014) 0.050 (0.015)

DC(40) β̂ 0.026 (0.007) 0.018 (0.007) 0.026 (0.007) 0.019 (0.008)
α̂ 0.049 (0.013) 0.061 (0.011) 0.049 (0.013) 0.059 (0.012)

FE No Yes No Yes
TE No No Yes Yes

Note: mean and standard deviation of the estimates for β and α over 20, 000 draws of the error-in-variables model yit = ξitβ + zitα +
ui , xit = ξit + vit with n = 3, 000 and T = 20. Estimation by least squares (OLS), the third-order moment estimator by Geary (1942)
(3M), and the divide-and-conquer estimator with B blocks (DCB). The standard deviation of the estimates is listed in brackets. Model
(1) includes an intercept, model (2) fixed effects, model (3) time effects, and model (4) two-way fixed effects. For DC, in the presence of
fixed effects, we apply a within transformation on the complete data set. For time effects, we demean within blocks.

Table 2. Simulation: coverage.

β0 = 0, α0 = 0.05 β0 = 0.025, α0 = 0.05

OLS β 95.2 94.5 95.1 94.5 0.0 0.0 0.0 0.0
α 95.1 94.4 95.1 94.3 0.0 0.0 0.0 0.0

3M β 96.6 98.2 96.6 98.2 94.7 95.5 94.8 95.5
α 96.5 98.3 96.5 98.2 95.0 94.7 95.0 94.7

DC(20) β 93.6 94.0 93.6 93.8 93.9 93.3 93.7 93.4
α 93.6 93.6 93.4 93.6 93.7 93.2 93.5 93.3

DC(40) β 93.3 94.1 93.3 93.7 94.6 81.7 94.4 85.3
α 93.0 93.5 93.2 93.2 94.3 81.5 94.1 85.2

FE No Yes No Yes No Yes No Yes
TE No No Yes Yes No No Yes Yes

Note: reported is the coverage rate (×100) for the model and methods as described in Section 4. Nominal coverage rate is 0.95.
Confidence intervals for the 3M estimator are calculated as in Erickson and Whited (2002). Confidence intervals for the DC estimator
are obtained by a bootstrap procedure. To obtain a bootstrap draw, we draw samples ẽi,b with i = 1, . . . , B with replacement from
{e1,b , . . . , eB,b} where ei,b = β̂i,b − β̂DC

b and calculate the median of {ẽ1,b + β̂DC
b , . . . , ẽB,b + β̂DC

b }. We repeat this procedure 399 times
and form a confidence interval by taking the 2.5 and 97.5 percentiles.

The investment opportunities are proxied by Tobin’s q, which contains considerable measurement error.
The third-order moment estimator (6) and generalizations thereof have been applied to account for this
measurement error in Erickson and Whited (2000), Erickson and Whited (2012), and Erickson, Jiang,
and Whited (2014). While identification problems due to lack of skewness were investigated in Erickson
and Whited (2012), problems that arise because β0 is (close to) zero, have not been addressed.

We use the data of Erickson, Jiang, and Whited (2014) to estimate the linear panel data model

yit = z′
itγ + xitβ + εit , (28)

where i = 1, . . . , n indexes the firm, and t = 1, . . . , T the year. The data ranges from 1970 to 2011.
After removing firms for which only one year is available, the sample consists of 121,733 firm-year
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Table 3. Application: full sample estimates.

(1) (2) (3) (4)

OLS 0.008 0.009 0.009 0.009
(0.008, 0.008) (0.009, 0.009) (0.009, 0.009) (0.008, 0.009)

3M 0.024 0.041 0.024 0.037
(0.022, 0.025) (0.034, 0.048) (0.023, 0.026) (0.031, 0.042)

DC(2) 0.023 0.031 0.035 0.020
(0.016, 0.034) (0.017, 0.055) (0.022, 0.042) (0.010, 0.053)

DC(1) 0.035 0.035 0.040 0.030
(0.027, 0.051) (0.014, 0.056) (0.030, 0.050) (0.011, 0.077)

OLS 0.059 0.095 0.052 0.091
(0.056, 0.061) (0.093, 0.098) (0.050, 0.054) (0.089, 0.094)

3M 0.011 −0.025 0.003 −0.013
(0.004, 0.018) (−0.051, 0.002) (−0.004, 0.010) (−0.035, 0.009)

DC(2) 0.012 0.014 −0.033 0.049
(−0.019, 0.034) (−0.078, 0.063) (−0.055, 0.010) (−0.076, 0.086)

DC(1) −0.024 −0.003 −0.049 0.010
(−0.07, 0.001) (−0.081, 0.076) (−0.079, −0.015) (−0.165, 0.084)

FE No Yes No Yes
TE No No Yes Yes

Note: Top panel: estimates for the effect of Tobin’s q on investment. Bottom panel: estimates for the effect of cash flow on investment.
95% confidence intervals in brackets. DC(B) indicates the divide-and-conquer estimator with B blocks per year.

observations. The outcome variable yit is investment as constructed by Erickson, Jiang, and Whited
(2014). The perfectly measured control variables zit include an intercept and a measure of cash flow, xit
denotes Tobin’s q.

We estimate the effect of Tobin’s q on investment in (28) by (1) OLS, (2) the third-order moment
estimator (6) and (3) the divide-and-conquer algorithm. We calculate confidence intervals for (6) as
described in Erickson and Whited (2002). For the divide-and-conquer method, we apply the bootstrap
procedure from Section 2.4.

For the divide-and-conquer estimator, for every year we divide the data into 2 blocks, which for the
full sample corresponds to 80 blocks. We also report results for 1 block per year. Since for each block we
split the data into two halves to calculate the numerator and denominator of the subsample estimators,
in each year we discard a randomly selected subset of firms so that the number of firms is a multiple of
2 (for DC with 1 block per year) or a multiple of 4 (for DC with 2 blocks per year).

In Table 3, we first report the OLS and the third-order moment estimates for the effect of Tobin’s q of
investment (upper panel) and the effect of cash flow in investment (lower panel). We calculate standard
errors as in Erickson, Jiang, and Whited (2014). For the OLS estimators, we see a significant effect of
cash flow on investment. This questions q-theory, which states that in a regression of investment on
q, control variables must be insignificant. As in the existing literature, we see that this theory can be
aligned with empirical evidences by the third-order moment estimators. These conclusions are upheld
by the divide-and-conquer methods: Tobin’s q has a significant positive effect on investment, while cash
flow does not.

Second, Erickson, Jiang, and Whited (2014) document that the coefficient estimates may be varying
over time. We therefore apply the same estimation method on subsamples of the data. The first subsample
is 1970-1980, which we then expand by one year at a time until we reach the full-sample estimates in
2011. For this exercise, we limit our attention to the model with firm fixed effects. We report results for
the divide-and-conquer estimator with 2 blocks per year. Results for 1 block per year are reported in
Figures 3 and 4 in Appendix B.

Figure 1 shows the estimates for Tobin’s q alongside the 95% confidence intervals. Interestingly, in the
first half of the time period, we find that both the third-order moment estimator and the DC estimator
include zero in the confidence interval. This is paired with the observation that the third-order moment
estimator takes a value for Tobin’s q which is an order of magnitude larger than the full-sample estimator.
Figure 2 shows the estimated cash flow coefficient. While the confidence intervals for the third-order
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Figure 1. Application: estimates for the effect of Tobin’s q on investment.

Figure 2. Application: estimates for the effect of cash flow on investment.

moment estimator include zero for all time periods, the divide-and-conquer estimator shows some mild
evidence for a cash flow effect, especially in the early years of the sample. This aligns with the findings by
Andrei, Mann, and Moyen (2019) who find that q-theory has become increasingly efficient in explaining
investment patterns.

5. Concluding remarks

Estimators based on higher-order moments of the data can eliminate the effect of measurement error in
the regressor. However, if the coefficient β0 of the latent regressor is zero, the estimators converge weakly
to a ratio of correlated mean zero normal random variable. As a result, standard inference procedures
are not applicable in this case.

As a solution to this problem, we suggest the divide-and-conquer estimator that estimates the
parameter of interest using the median of subsample estimators. We show this estimator is consistent and
suggest a bootstrap based inference procedure that is applicable irrespective of the coefficient β0. The
estimator and inference procedure are intuitive and easy to implement by practitioners. Monte Carlo
results indicate that this bootstrap procedure well approximates the finite sample distribution of the
estimator.

Finally, we analyze the data on firm investment, Tobin’s q and cash flow from Erickson, Jiang, and
Whited (2014) and do not find significant evidence for the effect of cash flow in firm investment.
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Interestingly enough, we find substantial changes in the estimated relation between investment, Tobin’s
q and cash flow over time. In particular, we find rather extreme point estimates and confidence
intervals in time periods before the mid-1980s for the third-moment estimator of Erickson, Jiang, and
Whited (2014). These occur precisely in time periods in which the divide-and-conquer estimator is not
significantly different from zero. On the other hand, the divide-and-conquer estimates for the effect of
Tobin’s q is found to be rather stable over time. These observations confirm the empirical relevance of
our proposed statistical procedure.
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A. Proofs

A.1. The case when β0 = 0

As in (9), when β0 = 0, we can write the subsample estimator (8) as

β̂j,b =
(2/b)1/2 ∑

i∈Rj,1 xiε
2
i

(2/b)1/2 ∑
i∈Rj,2 x2

i εi
≡ vj,b

wj,b
, (A.1)

where |Rj,1| = |Rj,2| = b/2 and j = 1, . . . , B. Let σ 2
v = E[v2

j,b] and σ 2
w = E[w2

j,b] and denote η = σw/σv. Denote

F̂B,b(x) = 1
B
∑B

j=1 1[η · β̂j,b ≤ x] and Fb(x) = P

(
η · β̂j,b ≤ x

)
. Denote by Fc(x) and fc(x) the CDF and PDF of

a Cauchy random variable.

A.1.1. Subsample estimator distribution

Lemma 1. If β0 = 0, we have that

sup
x∈R

|Fb(x) − Fc(x)| = O(b−1/2). (A.2)

Proof. We have that

Fb(x) = P

(
η · β̂j,b ≤ x

)
= P

(
vj,b/σv ≤ x · wj,b/σw, wj,b > 0

)
+ P

(
vj,b/σv ≥ x · wj,b/σw, wj,b < 0

)
.

(A.3)

Define Vj,b = b−1/2vj,b/σv and Wj,b = b−1/2wj,b/σw. Under Assumption 2, by a standard Berry-Esseen bound,
supx∈R

∣∣P(Vj,b ≤ x) − 
(x)
∣∣= O(b−1/2) and supx∈R

∣∣P(Wj,b ≤ x) − 
(x)
∣∣= O(b−1/2). Then also,

Fb(x) =
∫ ∞

0
fWj,b(y)

∫ xy

−∞
fVj,b(z)dzdy +

∫ 0

−∞
fWj,b(y)

∫ ∞

xy
fVj,b(z)dzdy

=
∫ ∞

0
φ(y)
(xy)dy +

∫ 0

−∞
φ(y)(1 − 
(xy))dy + O(b−1/2),

(A.4)

and the result holds uniformly over x. Here, for simplicity, we assume that the underlying variables Vj,b hand
Wj,b have a continuous distribution. We make this assumption only for the sake of exposition as the main
result evidently follows even without the continuity.

Note that for any two independent standard normal random variables, likewise

P (Z1/Z2 ≤ x) =
∫ ∞

0
φ(y)
(xy)dy +

∫ 0

−∞
φ(y)(1 − 
(xy))dy, (A.5)

and the result follows.

A.1.2. Proof for Theorem 1 - Part (a)
Suppose for simplicity that B is odd. Denote by TB =∑B

j=1 I[η · β̂j,b > t/
√

B]. Since β̂DC
b = median

(β̂1,b, . . . , β̂B,b), we have that

P(η · β̂DC
b ≤ t/

√
B) = P(TB ≤ (B − 1)/2). (A.6)
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Because the estimators β̂j,b are calculated on independent samples, we have that TB ∼ Bin(B, pB(t)) with
pB(t) = 1 − Fb(t/

√
B) = 1 − Fc(t/

√
B) + O(1/

√
b) by Lemma1. Now, the r.h.s. of (A.6) equals

P

(
TB − BpB(t)√

BpB(t)(1 − pB(t))
≤ (B − 1)/2 − BpB(t)√

BpB(t)(1 − pB(t))

)
= P

⎛⎝B(b)∑
j=1

Yj,b ≤ xB(t)

⎞⎠ . (A.7)

We have that

xB(t) = (B − 1)/2 − BpB(t)√
BpB(t)(1 − pB(t))

=
√

B(1 − pB(t) − 1/2) + O(1/
√

B)√
pB(t)(1 − pB(t))

=
√

B
(

Fc(t/
√

B) − Fc(0)
)

+ O(
√

B/b) + O(1/
√

B)√
(1 − Fc(t/

√
B))Fc(t/

√
B) + O(1/

√
b)

= t
Fc(t/

√
B) − Fc(0)

(t/
√

B)

√
1/4 + O(1/

√
B) + O(1/

√
b)

+ o(1)

= 2fc(0)t + o(1).

(A.8)

On the third line, we use Assumption 3 so that
√

B/b → 0. We apply a standard CLT for triangular arrays to∑B(b)
j=1 Yj,b to find that

2ηfc(0) · √
B(β̂DC

b − 0) −→d N(0, 1). (A.9)

A.2. The case when β0 �= 0

We first define the following: F̂(x) = 1
B
∑B

j=1 1[√b(β̂j,b − β0)/σβ ≤ x] and F(x) = P

(√
b(β̂j,b − β0)/σβ ≤ x

)
.

We write out β̂j,b as

β̂j,b =
∑

i∈Rj,1

(
ξ 3

i β2
0 + xiε

2
i + 2β0(ξ

2
i + ξiui)εi

)∑
i∈Rj,2

(
ξ 3

i β0 + x2
i εi + β0(u2

i + 2uiξi)ξi
)

= β0 +
1
b
∑

i∈Rj,1

(
xiε

2
i + 2β0(ξ

2
i + ξiui)εi

)
β0σ

(3)
ξ

+ Op(b−1).

(A.10)

Define wi = xiε
2
i + 2β0(ξ

2
i + ξiui)εi and σ 2

β = (β0σ
(3)
ξ )−2

E
[
w2

i
]
, then

P

(√
b
(β̂j,b − β0)

σβ

≤ x

)
= P

( 1√
b
∑

i∈Rj,1 wi

E[w2
i ]1/2 ≤ x

)
+ O(b−1). (A.11)

Using again a Berry-Esseen bound facilitated by Assumption 2, we have that

sup
x∈R

|F(x) − 
(x)| = O(b−1/2). (A.12)

A.2.1. Proof for Theorem 1 - Part (b)
The proof is similar to that of Theorem 1. Suppose again that B is odd. Denote by TB =∑B

j=1 I[√b(β̂j,b −
β)/σβ > t/

√
B], then

P

(√
b(β̂DC

b − β)/σβ ≤ t/
√

B
)

= P(TB ≤ (B − 1)/2). (A.13)
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Now TB ∼ Bin(B, pB) with pB = 1 − F(t/
√

B) = 1 − 
(t/
√

B) + O(1/
√

b). Proceeding as in the proof for
Theorem 1, the r.h.s. of (A.13) equals

P

(
TB − BpB√
BpB(1 − pB)

≤ (B − 1)/2 − BpB√
BpB(1 − pB)

)
= P

⎛⎝B(b)∑
i=1

Yi,b ≤ xB

⎞⎠ . (A.14)

Here

xB = (B − 1)/2 − BpB√
BpB(1 − pB)

=
√

B(1 − pB − 1/2) + O(1/
√

B)√
pB(1 − pB)

=
√

B
(

(t/

√
B) − 
(0)

)
+ O(

√
B/b) + O(1/

√
B)√

(1 − 
(t/
√

B))
(t/
√

B) + O(1/
√

b)

= t

(t/

√
B) − 
(0)

(t/
√

B)

√
1/4 + O(1/

√
B) + O(1/

√
b)

+ o(1)

= 2tφ(0) + o(1).

(A.15)

On the third line, we use that
√

B/b → 0 by Assumption 3. We conclude that

2σβφ(0) · √
B · b(β̂DC

b − β0) −→d N(0, 1). (A.16)

A.3. Bootstrap validity

We consider the case where β0 = 0. The case where β0 �= 0 follows the same arguments. Define the set S∗ =
{β̂1,b − β̂DC

b , . . . , β̂B,b − β̂DC
b } and denote the draws from this set as ẽj,b. Draw uniformly random B times,

with replacement, from S∗ to get draws ẽj,b with j = 1, . . . , B. Let

β̃DC
b,ib = β̂DC

b + median(ẽ1,b, . . . , ẽB,b). (A.17)

For bootstrap validity, it is sufficient to show that

sup
t∈R

∣∣∣P̃ (√Bη(β̃DC
b,ib − β̂DC

b ) ≤ t
)

− P

(√
Bη(β̂DC

b − β0) ≤ t
)∣∣∣→p 0, (A.18)

where, as before η = σw/σv. With F̂B,b(x) = 1
B
∑B

j=1 1[η · β̂j,b ≤ x] as before,

P̃(ηẽj,b > tB−1/2) = 1
B

B∑
k=1

1[η(β̂k,b − β̂DC
b ) > tB−1/2]

= 1 − F̂B,b(ηβ̂DC
b + tB−1/2)

= 1 − F̂B,b(F̂−1
B,b(1/2) + tB−1/2).

(A.19)

Using arguments analogous to those in Section A.1,

P̃(η(β̃DC
b,ib − β̂DC

b ) ≤ tB−1/2) = P̃(T̃B ≤ (B − 1)/2), (A.20)

where now T̃B =∑B
j=1 1[ηẽj,b > tB−1/2] ∼ Bin(B, p̃B(t)), with p̃B(t) = 1 − F̂B,b(F̂−1

B,b(1/2) + tB−1/2). There-
fore, we have

P̃(η(β̃DC
b,ib − β̂DC

b ) ≤ tB−1/2) = P̃

(
T̃B − Bp̃B(t)√

Bp̃B(t)(1 − p̃B(t))
≤ (B − 1)/2 − Bp̃B(t)√

Bp̃B(t)(1 − p̃B(t))

)
(A.21)
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We base the remainder of the proof on Lemma 3.1 and Lemma 3.2 by Singh (1981). Throughout we consider
|t| ≤ log(B), as (A.18) holds if |t| > log(B). On the right-hand side of (A.21),

(B − 1)/2 − Bp̃B(t)√
Bp̃B(t)(1 − p̃B(t))

= t
F̂B,b(F̂−1

B,b(1/2) + tB−1/2) − F̂B,b(F̂−1
B,b(1/2)) + O(B−1)

(tB−1/2)
√

p̃B(t)(1 − p̃B(t))
.

(A.22)

We apply the following decomposition to the numerator of (A.22)

t
[

F̂B,b(F̂−1
B,b(1/2) + tB−1/2) − F̂B,b(F̂−1

B,b(1/2))
]
/(tB−1/2)

= t
[

Fc(F̂−1
B,b(1/2) + tB−1/2) − Fc(F̂−1

B,b(1/2))
]
/(tB−1/2)︸ ︷︷ ︸

(I)

+ B1/2
[
(F̂B,b(F̂−1

B,b(1/2) + tB−1/2) − F̂B,b(F̂−1
B,b(1/2))

−Fc(F̂−1
B,b(1/2) + tB−1/2) + Fc(F̂−1

B,b(1/2))
]

︸ ︷︷ ︸
(II)

.

(A.23)

For (I), using the mean value theorem and the fact that F̂−1
B,b(1/2) = β̂DC

b = Op(B−1/2), we have (I) = tfc(0) +
Op(B−1/2). We now need to show that (II) = op(1) uniformly over |t| ≤ log(B). Since F̂−1

B,b(1/2) = β̂DC
b =

Op(B−1/2),

(II) ≤ sup
|s|,|t|≤log(B)

B1/2
∣∣∣∣F̂B,b

(
s + t
B1/2

)
− F̂B,b

( s
B1/2

)
−Fc

(
s + t
B1/2

)
+ Fc

( s
B1/2

)∣∣∣∣+ op(1).
(A.24)

Using Lemma1, we then have that

(II) ≤ sup
|s|,|t|≤log(B)

B1/2
∣∣∣∣F̂B,b

(
s + t
B1/2

)
− F̂B,b

( s
B1/2

)
−Fb

(
s + t
B1/2

)
+ Fb

( s
B1/2

)∣∣∣∣+ O(
√

B/b) + op(1).
(A.25)

On the last line, O(
√

B/b) = o(1) by Assumption 3. Now define the set S = { 1
B , 2

B , . . . , 1+B log(B)

B }. As in Singh
(1981), approximate the supremum on the right-hand side of (A.25), with order of approximation O(B−1/2),
as

(II) ≤ max|s|,|t|∈S
B1/2

∣∣∣∣F̂B,b

(
s + t
B1/2

)
− F̂B,b

( s
B1/2

)
−Fb

(
s + t
B1/2

)
+ Fb

( s
B1/2

)∣∣∣∣+ op(1)

= op(1).

(A.26)

The final line follows from Lemma 3.1 and Lemma 3.2 of Singh (1981), where convergence in probability is
sufficient for our purposes. The result can be derived by noting that

√
B
[

F̂B,b

(
s + t√

B

)
− F̂B,b

(
s√
B

)
− Fb

(
s + t√

B

)
+ Fb

(
s√
B

)]

= 1√
B

B∑
i=1

{
1
[

s√
B

≤ β̂i,b ≤ s + t√
B

]
− P

[
s√
B

≤ β̂i,b ≤ s + t√
B

]}
≡ W(s, t).

(A.27)



ECONOMETRIC REVIEWS 353

Next, since β̂i,b are independent random variables by assumption, W(s, t) is a scaled sum of independent and
identically distributed (and centered) Bernoulli random variables with:

p(s, t) ≡ P

[
s√
B

≤ β̂i,b ≤ s + t√
B

]
≤ C|t|B−1/2, (A.28)

for some constant C > 0 and |t| ≤ log(B). The final inequality in (A.28) follows from Lemma1.
Using the Chernoff bound on the sum of independent Bernoulli random variables, we get that for 0 < δ <

1,

P(|√BW(s, t)| ≥ δBp(s, t)) ≤ 2 exp
(

−δ2Bp(s, t)
3

)
. (A.29)

Since this is a finite-sample bound, choose δ = δ̃/(
√

Bp(s, t)) for some positive constant δ̃. Then,

P(|W(s, t)| ≥ δ̃) ≤ 2 exp

(
− δ̃2

3p(s, t)

)
≤ 2 exp

(
− δ̃2√B

3C log(B)

)
, (A.30)

with the final inequality due to (A.28). Applying a union bound over the B log(B) elements of S, we get

P( max|s|,|t|∈S
|W(s, t)| ≥ δ̃) ≤ 2 exp

(
− δ̃2√B

3C log(B)
+ log(B log(B))

)
, (A.31)

and hence limB→∞ P(max|s|,|t|∈S |W(s, t)| ≥ δ̃) = 0 and the final line of (A.26) holds.
We complete the proof of this theorem using the following result (see e.g., Theorem 18.6 in Davidson,

1994): let {XB} be a sequence of random variables and let c be a constant; if for any subsequence {B′}
of {B} there exists a further subsequence {B′′} such that XB′′ → c almost surely, then also XB → c in
probability.

Now, for any subsequence of the original sequence there is a further subsequence on which the convergence
of (A.22) holds almost surely. On that subsequence the result in Singh (1981, Eq. (3.3)) shows that

sup
t∈R

∣∣∣∣∣P̃
(

T̃B − Bp̃B(t)√
Bp̃B(t)(1 − p̃B(t))

≤ (B − 1)/2 − Bp̃B(t)√
Bp̃B(t)(1 − p̃B(t))

)
− 
(2tfc(0))

∣∣∣∣∣→a.s 0. (A.32)

Hence, for the original sequence, (A.18) holds. We note that similar arguments along subsequences were
also used by Galvao and Kato (2014) and Okui and Yanagi (2019) in the corresponding proofs of bootstrap
validity.



354 T. BOOT AND A. JUODIS

B. Additional numerical results

Table 4. Simulation: bias and standard deviation (n = 6, 000).

β0 = 0, α0 = 0.05

(1) (2) (3) (4)

OLS β̂ 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
α̂ 0.050 (0.001) 0.050 (0.001) 0.050 (0.001) 0.050 (0.001)

3M β̂ 0.084 (8.099) −0.782 (110.119) 0.016 (1.342) 0.011 (2.157)
α̂ −0.106 (14.978) 1.204 (162.353) 0.020 (2.538) 0.033 (3.251)

DC(20) β̂ 0.001 (0.008) 0.000 (0.009) 0.001 (0.007) 0.001 (0.008)
α̂ 0.049 (0.015) 0.049 (0.013) 0.049 (0.014) 0.049 (0.012)

DC(40) β̂ 0.001 (0.005) 0.001 (0.005) 0.001 (0.005) 0.001 (0.005)
α̂ 0.048 (0.010) 0.049 (0.009) 0.048 (0.010) 0.049 (0.008)

β0 = 0.025, α0 = 0.05

(1) (2) (3) (4)

OLS β̂ 0.011 (0.000) 0.009 (0.000) 0.011 (0.000) 0.009 (0.000)
α̂ 0.077 (0.001) 0.075 (0.001) 0.077 (0.001) 0.075 (0.001)

3M β̂ 0.025 (0.000) 0.025 (0.000) 0.025 (0.000) 0.025 (0.000)
α̂ 0.050 (0.001) 0.050 (0.001) 0.050 (0.001) 0.050 (0.001)

DC(20) β̂ 0.026 (0.005) 0.026 (0.007) 0.026 (0.005) 0.026 (0.007)
α̂ 0.049 (0.010) 0.049 (0.011) 0.049 (0.010) 0.049 (0.011)

DC(40) β̂ 0.025 (0.005) 0.024 (0.007) 0.025 (0.005) 0.024 (0.007)
α̂ 0.049 (0.010) 0.052 (0.010) 0.049 (0.009) 0.051 (0.010)

FE No Yes No Yes
TE No No Yes Yes

Note: mean and standard deviation of the estimates for β and α when the cross-sectional dimension is n = 6, 000. For details, see the
note following Table 1.

Table 5. Simulation: coverage (n = 6, 000).

β0 = 0, α0 = 0.05 β0 = 0.025, α0 = 0.05

OLS β 95.1 94.3 95.0 94.3 0.0 0.0 0.0 0.0
α 95.0 94.5 95.0 94.5 0.0 0.0 0.0 0.0

3M β 97.0 98.4 97.0 98.4 95.0 95.5 95.0 95.5
α 96.9 98.4 96.9 98.3 94.8 94.5 94.8 94.5

DC(20) β 93.9 93.8 93.9 94.1 93.8 94.2 93.7 94.0
α 93.7 93.7 93.9 93.9 93.7 94.0 93.6 93.8

DC(40) β 93.9 94.6 93.9 94.3 94.2 92.9 94.5 93.4
α 94.0 94.4 93.8 94.0 94.1 92.6 94.3 93.2

FE No Yes No Yes No Yes No Yes
TE No No Yes Yes No No Yes Yes

Note: coverage rate (×100) for the model and methods as described below Table 1 with cross-sectional dimension n = 6, 000. For details,
see the note following Table 2.
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Figure 3. Application: estimates for the effect of Tobin’s q on investment (1 block per year).

Figure 4. Application: estimates for the effect of cash flow on investment (1 block per year).
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