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ARTICLE INFO ABSTRACT

Communicated by Victor M. Perez-Garcia
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Computer assisted proof

The main goal of this work is to provide a description of transitions from uniform to non-uniform snychro-
nization in diffusions based on large deviation estimates for finite time Lyapunov exponents. These can be
characterized in terms of moment Lyapunov exponents which are principal eigenvalues of the generator of
the tilted (Feynman-Kac) semigroup. Using a computer assisted proof, we demonstrate how to determine
these eigenvalues and investigate the rate function which is the Legendre-Fenchel transform of the moment
Lyapunov function. We apply our results to two case studies: the pitchfork bifurcation and a two-dimensional
toy model, also considering the transition to a positive asymptotic Lyapunov exponent.

1. Introduction

Local bifurcations in ordinary differential equations result in quali-
tative changes to the long-time behavior of the dynamics through the
creation or destruction of equilibria or periodic orbits. As past work
has uncovered, however, the situation is more subtle in the presence of
noise, e.g., for stochastic differential equations forced by white-in-time
noise.

To illustrate the point and motivate the present manuscript, con-
sider the normal form of a pitchfork bifurcation forced by additive,
white-in-time noise:

dX, = (aX, - X})dt + cdW,, X, €R. 1.1

Absent noise (¢ = 0), the resulting ODE undergoes a pitchfork bifurca-
tion at a = 0, resulting in the creation of a pair of stable equilibria and a
change of stability for the equilibrium at 0. When ¢ > 0, however, it was
shown in Crauel and Flandoli [1] that some features of the pitchfork
are ‘destroyed’ in the following sense: if ¢’ denotes the stochastic flow
generated by Eq. (1.1) — the analogue of the solution flow to an ODE —

then for all fixed initial X|;,Y, € R, one has that
lo'(Xo) — @' (Yp)l = 0 ast— oo 1.2)

with probability 1, irrespective of the value of a. Contrast this to the
standard pitchfork (¢ = 0), where synchronization as in (1.2) also occurs

unconditionally when « < 0, but only if X, Y, are nonzero and share
the same sign when a > 0.

However, it was pointed out in Callaway et al. [2] that one can
recover some “signature” of the original pitchfork by examining quan-
titatively the synchronization property (1.2). Their argument is framed
around the statistics of finite-time Lyapunov exponents (FTLE)

e Xg) = 1 log (@Y (Xo)] (1.3)

for fixed initial X,,. When ¢ — oo, the ergodic theorem implies 4,(a; X))
converges, with probability 1 and for all X, € R, to the asymptotic
Lyapunov exponent A(a) € R. For Eq. (1.1), it holds that A(a) < 0 for
all « € R, compatible with the synchronization property (1.2).

On the other hand, the finite-time versions 4,(a; X,) undergo a
qualitative transition through the bifurcation value a = 0:

@i For a < 0, it holds that A,(a; X)) < 0 for all X, € R and with
probability 1; while

(i) for @ > 0 the event {4,(a; X)) > 0} has positive probability for all
t>0,X, R

Statement (ii) holds because, with positive probability, trajectories X, =
¢'(X,) can linger near the unstable region at the origin for arbitrarily
long amounts of time. Viewed another way, for @ > 0 synchronization
as in (1.2) is only true asymptotically, as + — oo, while transient
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Fig. 1. Rigorous enclosures of 7,(0) for different values of «, and ¢ =1 in (1.1). Upper-bounds are shown in red, and lower bounds in blue, but they are close enough to be hard

to distinguish. The right figure is zoomed in near a local minimum at « ~ 1.2.

derivative growth can persist for arbitrarily long times with positive
probability, preventing the merging of ¢'(X,) and ¢'(Y;). For addi-
tional discussion on the connection between FTLE and synchronization,
see [2].

1.1. Summary of this paper

The purpose of this paper is to study quantitatively the statistics of
A, and the transition from negative FTLE to positive FTLE with positive
probability, focusing on the case of stochastic flows generated by SDE.
Our results are framed around the large deviations rate function tracking
the statistics of deviations of the FTLE from its asymptotic value. For
stochastic flows on R, and for r > A(a), this rate function takes the form

1,() 1=~ lim % log P(4,(a; Xg) > r) € (0, 0],

where the RHS limit definition' exists and is constant over all X, € R
and under mild conditions [3]. In particular, when A(a) < 0, the rate
7,(0) quantifies the likelihood of transient nonsynchronization in the
sense that

P(A,(a; Xg) > 0) & e Ta®

at long times 7.
This paper contains:

(a) Conditions guaranteeing the existence of the rate function 7 for
a broad class of stochastic flows (Section 2);

(b) Some general results on transitions from negative to positive FTLE
(Section 3), including:

(i) A general result for stochastic flows connecting transitions
to positive FTLE with the LDP rate function (Theorem 3.3
and Proposition 3.5);

(ii) Some necessary and some sufficient conditions for transi-
tions to positive FTLE in special cases;

(c) Computer-assisted estimates of the rate function 7 for two sets of
worked examples:

(i) the stochastic pitchfork (1.1); and
(i) a toy model given by a 2d linear SDE.

The 2d linear SDE model is not “dynamical”, i.e., originating as
the linearization of some nonlinear system, but it can be realized
as an appropriate scaling limit of a prototypical system exhibiting
shear-induced chaos [4-6]. We include it here to demonstrate how
a computer-assisted proof can be carried out for the estimation of

1 Here we use the convention that log0 = —co.

LDP rate functions in higher dimensions, entailing a treatment of the
projective process, a Markov process tracking tangent directions of the
stochastic flow.

We note as well that the methods involved in the computer-assisted
analysis for models (c)(i), (c)(ii) are substantially different: roughly
speaking, (c)(i) amounts to finding eigenvalues of a self-adjoint oper-
ator on an unbounded space, and (c)(ii) to finding eigenvalues of a
non-self-adjoint operator on a compact space.

1.2. Validated computer-assisted enclosures of I, (0) for the stochastic pitch-
fork

Fig. 1 depicts a computer-assisted estimate of the rate function Z,(0)
for the stochastic pitchfork (1.1) as « is varied. Notable here is the
nonlinear dependence of « — Z7,(0), which we certify to exhibit a
local minimum in the interval a« € [1.225, 1.229] (see Theorem 5.7). For
comparison, we depict in Fig. 2 approximate values for A(a) obtained
from the expression A(a) = /R(a — 3x%)p(x)dx (see Theorem 2.3 and
Theorem 2.10 for more background on this so called Furstenberg—
Khasminskii formula, and (1.4) for the formula of the stationary density
).

In view of the connection between synchronization and FTLE, the
enclosures presented in Fig. 1 suggest that synchronization is at its
‘weakest’ at the minimum of a — Z,(0). Heuristically, the existence of
this minimum should have to do with the tradeoff, between increased
expansion near 0, which increases FTLE, and a shortening of the time
spent in the expanding region, which decreases LE and FTLE. While
this heuristic applies to FTLE as well as to LE, it is notable that the LE
and FTLE exhibit their local extrema at distinct values of the parameter
a: the argmax for a — A(a) at a =~ 0.25 occurs appreciably below the
argmin a ~ 1.2 for a — Z,(0).

1.3. Previous work

Stochastic bifurcations. Work in this field has historically distin-
guished between phenomenological bifurcations, to do with changes in
the stationary measure, e.g., unimodal to bimodal, versus dynamical
bifurcations, to do with the change in the stability type of typical
sample paths signaled by a change in sign of the (asymptotic) Lya-
punov exponent of the system. For a general discussion, see, e.g., the
overviews [7] or [8, Chapter 9] or the representative works [9-14].

The additive pitchfork model (1.1) exhibits a phenomenological
bifurcation, as can be seen from the form of the stationary density

2_ 1.4

(x)—iex i(latx ——x)
PoalX)= 7P 53 )

with Z > 0 a normalization constant. At a fixed noise amplitude ¢ > 0,
the stationary density for (1.1) goes from unimodal at « < 0 to bimodal
at a > 0, reflecting the transition of stationary mass away from the now
unstable region near 0 to the new stable regions near 1\/5.

1.4
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Fig. 2. Numerical computation of A(a) for different values of a, and ¢ =1 in (1.1).

This co-incidence of P-bifurcations and the nonuniform synchroniza-
tion scenario is likely to be common for a variety of one-dimensional
stochastic flows. We caution, however, that a priori there is no reason to
expect the two to coincide, especially for higher-dimensional systems:
a P-bifurcation is a property of the stationary measure alone and has
no bearing on FTLE, which have more to do with the fine statistics of
tangent directions.

The transition of FTLE from negative to positive has been estab-
lished in a variety of settings, including: near a Hopf bifurcation with
additive noise [15]; as noise amplitude is increased in the logistic map
family in a periodic window [16]; and for noised pitchfork bifurca-
tions in Chafee-Infante and Swift-Hohenberg SPDEs [17,18]. We also
refer the reader to Section 6 for additional situations where the FTLE
transition might take place.

Large deviations. Our work leans on existing large deviations
principles for Lyapunov exponents and their connection to the spec-
tral theory of tilted (i.e. Feynman-Kac) semigroups [3,19,20]. More
broadly, there is a long literature of work applying large deviations
principles and related ideas to describe metastable states and other
transient behaviors in random systems [21].

Particularly relevant to us is the work of Berglund and Gentz [22]
which considers (1.1) in a small-noise regime (¢ < 1) taking the
parameter « to vary slowly through the bifurcation. The work [22]
seeks to understand the role of small additive noise on bifurcation delay
— a tendency for slowly-varying parameters to ‘delay’ the transition
of an equilibrium from stable to unstable. It is shown that additive
noise reduces the order of the bifurcation delay present in the de-
terministic system. See also the related studies [23,24] and, for a
broader perspective on the role of noise in slowly-varying systems, the
book [25].

A crucial difference in our case is that we work beyond perturbative
regimes, with (albeit time-independent) macroscopic values of the
bifurcation parameter « as well as the noise amplitude o. This regime
is harder to treat analytically, and computer-assisted proof is a natural
tool, allowing for instance to discover nonperturbative features such as
the discrepancy between the argmin of a« — I,(0) and the argmax of
a — A(a) depicted in Figs. 1, 2.

Computer-assisted proofs. Computer-assisted proofs in dynami-
cal systems go back, at least, to the pioneering work of Lanford on
the Feigenbaum conjecture [26]. The usage of rigorous numerics for
stochastic systems is more recent; lately, computed-assisted proofs have
been leveraged in order to establish the existence of some forms of tran-
sition in random dynamical systems outside of perturbative regimes [5,
11,27]. However, these works study transitions characterized by an
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asymptotic Lyapunov exponent, which, as already mentioned, is too
crude of a tool for the kind of problems we focus on in this paper.

As will be explained in Section 2, the central quantities for our
study of the large deviation rate function 7, are moment Lyapunov
exponents A,(p). These can be characterized as principal eigenvalues
of p-dependent elliptic equations (tilted generators), and the computer-
assisted part of our argument consists in getting tight and rigorous
enclosures for such eigenvalues. For self-adjoint operators, there exist
computer-assisted techniques specifically devised for rigorously enclos-
ing eigenvalues (see e.g. [28,29] and [30, Chapter 10] for a broader
overview). More generally, one can write down a zero-finding prob-
lem for an eigenpair, and then use more generic computer-assisted
techniques for enclosing zeros based on the Newton-Kantorovich The-
orem [31]. As will also be highlighted in Section 2, having precise
but only punctual information on A, (that is, knowing A,(p) for a
few specific values of p) is already enough to precisely enclose Z,(0).
However, even more information becomes available if one can control,
at least locally, the map p — A,(p) and some of its derivatives. This
will be achieved thanks to recent developments on rigorous continu-
ation techniques from [32] (see also [33]). We refer to Section 5 for
more details on the different computer-assisted techniques we employ
depending on the specifics of our two examples, and to Section 6 for
open problems related to computer-assisted proofs suggested by our
investigations.

Potential applications. FTLEs have encountered growing interest
and usage in different subfields of climate and Earth science, serving
as indicators of transitions between metastable regimes. A finite-time
framework is particularly valuable here in view of the simple fact that
both empirical and numerical data provide only finite time series, and
so in principle the asymptotic Lyapunov exponent need not be directly
observed.

Numerical FTLE and other dynamical observables of the quasi-
geostrophic model of Marschall and Molteni [34] have been studied
in [35]. In this context, it is argued that the emergence and disap-
pearance of atmospheric blocking events corresponds to an increase in
the number of linearly independent unstable directions for the finite-
time dynamics, i.e., an increase in the dimension of unstable finite-time
covariant Lyapunov vectors — see, e.g., [36].

A data-based method [37] has been used in [38] to yield a linear
model that exhibits FTLEs and CLVs, indicating stable and unstable di-
rections corresponding with atmospheric regimes in the North Atlantic
Oscillation. Such methods and their reliability have been tested in [39].

Another field of application concerns glacial cycles, i.e. the life
time and recurrence patterns of glacial periods. They have been stud-
ied under quasi-periodic astronomic forcing [40], yielding non-chaotic
strange attractors. The transitions between ordered periods and chaotic
transients have been investigated also in regimes with additive noise
[41]. A theoretical quantitative understanding, as presented here, may
well be relevant for such models.

2. Preliminaries

This section lays out necessary preliminaries and assumptions re-
quired for the definition of stochastic flows, Lyapunov exponents and
rate functions. Section 2.1 addresses the case of a compact state space
M, already covered in the literature (see [42] or, for linear diffusions
on R? driven by a process on M, see [3]), while Section 2.2 discusses
what further assumptions are necessary in the noncompact case.

2.1. Large deviations and FTLE on a compact state space
Let M be a compact, connected, smooth Riemannian manifold of
dimension d and consider the general form of a stochastic differential

equation

m
dX, = fo(X)dt + Y f,(X)edW/ , Xg=x€ M, 2.1)
j=1
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where the W,j , j > 1 are m independent Brownian motions and o de-
notes the Stratonovich differential. Here, the vector fields f, f},.... fi
are assumed to be smooth, hence (2.1) admits unique strong solutions
for all initial data. We write

G=rot3 L1} 22
£

for the generator of (X,) in Hérmander form.
For vector fields f,g : M — T M, we denote by [f, g] the Lie bracket
between the two vector fields.

Assumption 2.1.

(a) Given the vector fields (f;) in Eq. (2.1), we consider the collection
of vector fields V, given by

Vo=1{f; 1 >0} Vi =VeUllg.fj] : g€V j20),

and the vector spaces, for x € M,

Vi(x) =span{f(x) : f € V;}.

We assume that (2.1) satisfies the parabolic Hormander condition

Ups1 Vi(x) =T, M, forall x € M. (2.3)

(b) The SDE (2.1) satisfies the following path controllability condi-
tion: for any X, € M and T > 0, the law of (X)o7 is
locally positive in Cx, ([0, T], M), i.e. attributes positive measure
to any non-empty open subset of CXU([O, T1, M) with respect to
the compact-open topology, where C,([0,T], M) is the space of
continuous paths y : [0,T] - M with y(0) =x € M.

Assumption 2.1(a) implies absolute continuity of the transition ker-
nels P'(x, ) for all fixed x € M [43], while (b) can be checked for SDEs
using control theory and the Stroock-Varadhan Theorem [44, Theorem
6.1]. Assumption 2.1(b) implies the following strong irreducibility of
the Markov process (X,):

P'(x,U)>0 forall U cC M open. 2.9

Here, for t > 0 and K C M Borel, we write P'(x, K) = P(X; € K|X, = x)
for the Markov kernel of (X,). Note that Assumption 2.1(b) may be
relaxed to a condition on the end points X of the paths for the results
of this section. However, we will need the full assumption on the whole
path for the proof of Theorem 3.3. In order to work with the same set of
conditions throughout the following, we have chosen this formulation
of Assumption 2.1(b).

Taken together, it is standard that Assumptions 2.1(a) and (b) imply
that (X,) admits a unique stationary measure v with smooth, strictly
positive density p.

In the following, we write (, ), for the metric on T, M at x and || - ||,
for the corresponding norm, suppressing x in the notation when it is
clear from the context. Furthermore, for a vector field f : M - TM,
we write Df for the covariant derivative of the Levi-Civita connection,
viewed for fixed x € M as a linear operator Df(x) : T.M — T, M.
Finally, for a linear operator A : T.,M — T,M, we will write AT :
T.M — T, M for its transpose with respect to the inner product, i.e., the
unique linear operator for which (AT v, w) = (v, Aw) for all v, w € T.M.

We further consider the extended variational process (X,,Y;) on TM
given by (2.1) and

m
dY, = Dfy(X)Y, dt + " Df;(X)Y,0dW/ , Yy €T, M . (2.5)

We can now projceled similarly to [3], working more generally on
the tangent bundle T M, see [42]. We introduce the polar coordinates
IY,l € Ry and s, = Y,/||Y;|l. Identifying s, = —s, we obtain the
projective process (X,,s;) on the projective bundle PM with fibers
P.M = P(T M) = P
ds, = ho(X,,s)dt + ) hy(X,,s)0dW/, sy = = (2.6)

= TAK
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where
hi(X,s) =Df;(X)s — (s,Df;(X)s)s.

In particular, (X,,s,) is a diffusion process on PM whose generator is
given by

1 m
L=(fo+ho)+§j;(f,+h,)2. @.7)

Finally, for (X,s) € PM we write Py ,,E , for probabilities and
expectations conditioned on (X, sy) = (X,s). The notation Py,Ey is
defined analogously.

Assumption 2.2.

(a) The vector fields Jj on P M satisfy the analogue of the parabolic

Hormander conditiojn (2.3) on PM.
(b) The (X, s,) process satisfies an analogue of the path controllabil-
ity condition on PM.

Like before, (a) and (b) taken together imply the existence of a unique
stationary measure y on PM with smooth, positive density on PM.
Observe that Assumption 2.1 is implied by Assumption 2.2, and that
in this setting the stationary measure u on PM projects to the unique
stationary measure v on M [45,46].

In addition, one may readily deduce that the radial component of
Y, which measures the growth of the variational process, satisfies, in
Stratonovich form,

t m t
||Y,||=||Yo||exp< / QX 5)dT + Y / q,(X,,s»odW,f),
0 i—1J0

Jj=1

which in Ité form reads

t m t
||Y,||=||Yo||exp< / O(X,,s)dr + Y / q,-(X,,sT)dW;') (2.8)
0 j=1 0

In particular, when ||Y,|| = 1 is fixed (as we will do implicitly through-
out what follows), ||Y;|| depends only on the representative s, € P, M.
Here, we have written

q;(X,s) = (s,Df;(X)s),

=z 2.9
O(X,s) = go(X,9) + D.(f; + h)a;(X,s),

=1
where the (f; + h;)’s are treated as derivations acting on functions on
PM.

Lyapunov exponents and moment Lyapunov exponents
In this paper, we study the asymptotic statistics of the finite time
Lyapunov exponents (FTLEs)

1
(X, s9) = 7 log ||Vl (2.10)

When the initial data (X, sy) is clear from context, we will simply write
A

One can describe the asymptotic statistics of the FTLEs via all typical
probabilistic categories, including a law of large numbers governing the
asymptotic limit

AXg. 50) = lim 4,(Xo. 50),

and a large deviations principle concerning the rate at which this limit
is realized. The large deviations principle is expressible in terms of the

moment Lyapunov exponents
|
A(p; (X, 8)) = tllglo 7 logEx o 1Y 17, (211

when this limit exists, where here p € R is a fixed parameter.
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Below, we will obtain A(p) from spectral properties of the tilted semi-
group SI’) acting on bounded measurable observables v : PM — R by

Sy(X,)=Ey, [W(an,)eXP{p</ Q(X,,sf)dr+2/ q,-(XﬂST)dW,’>}] .
0 =1 /0

(2.12)
The following is standard — see, e.g., [3].
Theorem 2.3. Under Assumption 2.2, the following holds:
(i) For all (X,sy) € PM, the limit
WX, 50) = lim % logIY,]| = 2 (2.13)

exists with probability 1, and is almost-surely independent of (X, sg).
The asymptotic Lyapunov exponent A is given by the Furstenberg—

Khasminskii formula
A= / O(X, s)du(X,s). (2.14)
PM
(i) For all (X, sy) € PM and p € R, the limit
.1
Ap; Xg, 50) = lim 7 log E x5 1¥:11” (2.15)

exists with probability 1 and is independent of (X, sg)-

(i) For all t > 0, it holds that '\ is the simple dominant eigenvalue of
Sl’,, treated as a bounded linear operator on the space of continuous
functions on PM with the uniform norm.

(iv) A : R - R is convex and analytic with A(0) =0 and A’(0) = A.

(v) The function y : R — R defined by

A
y(p) = { A(p)
e

is nondecreasing and analytic.

p=0

2.16)
p#0 ¢

We set
y-= lim y(p), ry= limy(p).
p—=—00 p—>00

Note that either y(p) = 4 for all p, or y is strictly increasing (as is
typically the case) and satisfies

y_ <A=y0) <y,.

For additional comments, see Remark 2.7 below.

Comments on the proof. Item (i) is a standard consequence of the
Birkhoff ergodic theorem. Items (ii), (iii) are the majority of the work,
as (iv) and (v) follow from this — see [19] for details.

For (i), (iii), set 1 : PM — R to be the function identically equal
to 1. According to (2.8), it holds that

SUU(X.5) = Ey o 1Y, 17,

where we recall that s = Y/||Yyll € P,M. One needs to prove that
S, admits a simple dominant eigenvalue ¢'A? and a spectral gap. This
can be shown by using that, for ¢ > 0 arbitrary, ) is uniformly positive:
for any ¢ > 0 continuous, ¢ not identically 0, SI’](p > ¢ > 0 pointwise
for some ¢ = c¢(¢). The uniform positivity of .S’ can be checked using
Assumption 2.2(b) and compactness of M. From here, [47, Theorem 3]
yields that .S admits a simple dominant eigenvalue ¢'A® with spectral
gap, where the associated eigenpair (y,, v,) is such thaty, : PM — R,
is continuous and v, is a probability measure? on PM with [ y,dv, =
. O

2 Note that at p = 0, v, is the unique stationary measure for the (X,,s,)
process on PM, and y, is the constant function identically equal to 1.
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We now turn to large deviations principles, which can be read off
of the rate function I : R — R,qU {0} defined as the Legendre-Fenchel
transform of the moment Lyapunov exponents

I(r) = sup (rp — A(p)) - (2.17)
peER

The following basic properties are straightforward from Theorem 2.3

(iv), (v) and standard facts about Legendre transforms: if y_ < y,,

1. I(r) is finite if r € (y_,y,) and infinite if r & [y_,7,],

2. T is strictly convex, analytic, and nonnegative on (y_,7,),

3. I(r) = 0 iff r = A, and I’(A) = 0. In particular, Z(r) has its strict
global minimum of 0 at r = A.

4. T is strictly decreasing on (y_, A) and strictly increasing on (4, y,,).

With this in place, we are now ready to state the large deviations
principle.

Theorem 2.4. Suppose that M is compact, the SDE (2.1) on M satisfies
Assumption 2.2, and lastly that y_ <y, as in Theorem 2.3.

(i) We have the following:

. 1 .
lim su su —logP r_o <A <r,)<-—_inf I(7),
teoop(xo’so)gpM t 8 (Xo.50) ( ! +) Felr_.ry]
lim inf inf
1= (Xg.50)EPM
(i) For every (X,,sy) € PM and € > 0 it holds that

1 . "
7 log Py ) (ro<i <ry) > —Fe(lrrfu)l(r).

.1
Jlim 7 log Py s (14 = 4l Z &) = c(e),
where c¢(¢) = —min{I(A +¢€), I(A—¢)} < 0.

Theorem 2.4 is a consequence of the Géartner—Ellis Theorem (Theo-
rem A.1), which roughly-speaking implies a large deviations principle
assuming convergence of the limit (2.11) to a differentiable function —
see Appendix A for further discussion.

Below we record a mild strengthening of Assumption 2.2 allowing
to ignore the distinction between open and closed intervals in Theorem
2.4. We refer below to the following condition on the process (X, Y,).

Assumption 2.5. For any 7 > 0 fixed and (X, s)) € PM, it holds that
Pixys9(4 =€) =0, forall c € R.

Assumption 2.5 holds, e.g., if the variational process (X;,,Y,) itself
satisfies the parabolic Héormander condition (c.f. Assumption 2.1(a)).
For further discussion of Assumption 2.5, see Section 3.2.1.

The following is immediate.

Corollary 2.6. In addition to the setting of Theorem 2.4, let Assumption
2.5 hold. Then, one has that

.1 . =
;1320 m loglP’(XOYSO)(r_ <A<ry= —;Ellrrfml(r),
where the limit is uniform over (X, sy) € PM. In particular, for r > A and
for all (X, sy) € PM, it holds that

1
1) == lim ~log Py 4\ (4 > 1). (2.18)

Remark 2.7.

(a) We note that A”(0) has been shown to coincide with the asymp-
totic variance appearing in the central limit theorem governing
convergence in distribution of \/;(/1, — A). For further details,
see [3].

(b) The scenario y_ = y, implies immediately that A(p) = pA [3].
This behavior is quite degenerate and straightforward to rule
out in many practical cases. For instance, our computer-assisted
enclosures of p » A(p) preclude linear dependence on p, implying
7_ <y, immediately.
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(c) It is also typically the case that y, = +oo, and indeed that A(p)
scales like p? as |p| — oo. For further discussion, see Section 3.2.2.
(d) One may expect that A(p) can be obtained as the principle eigen-
value of the infinitesimal generator L,, which in our setting
should take the form
m 2 m
Lp=L+p2qjh,+pQ+%qu. (2.19)
Jj=1 Jj=1
Doing so will form the basis of our computer-assisted enclosures
of A(p) presented in Sections 4 and 5, to which we refer the reader
for further details on this point.

2.2. The noncompact case

Here, we specialize to the case M = R? and the vector fields
fi»i > 1, are constant vectors in R?, and will refer here and below to
the d x m matrix ¢ = (f} f, ... f,,) with columns f;,j > 1. Note that in
this case, we identify PM with the Cartesian product RY x P41,

In this setting, further assumptions will be required to ensure that
the equations defining (X,) and (X,,Y;) admit global-in-time strong
solutions and stationary measures. Both issues are addressed by the
following assumption.

Assumption 2.8. There is a smooth function W : R¢ — [1, o) with
compact sublevel sets such that G defined in (2.2) satisfies the drift
condition

GW < —aW +p, (2.20)

for some constants a, f > 0.

It is straightforward to check that Assumption 2.8 ensures unique
existence of strong solutions to (2.1) for (X,) and (2.5) for (Y;), hence
also (2.6) for (s,). Regarding stationary measures: it is standard that As-
sumptions 2.1 and 2.8 imply unique existence of a stationary measure
v for (X,) on RY with smooth, everywhere-positive density. Since the
P?-! component is compact, Assumptions 2.2 and 2.8 similarly imply
unique existence of a stationary measure y for (X,, s,) on R?x P4~! with
smooth, everywhere-positive density. For further details, see, e.g., [48].

2.2.1. Large deviations

As described in Section 2.1, to prove a large deviations estimate
for finite-time Lyapunov exponents it is enough to establish a spectral
theory as in Theorem 2.3 for the tilted semigroup (S";), p € R, see
(2.12). The main challenge is that S; is not a bounded operator on the
space of bounded continuous functions, since frequently in applications
the exponent in (2.8) is unbounded at infinity.

Instead, an appropriate functional framework is to treat S; as an
operator on Cy, = Cy,(PM), the space of continuous functions with
finite weighted norm

lolle, = sup 12T
Vo xserm W(X)

for some appropriate function W to be chosen shortly. A natural choice
would be the function W appearing in Assumption 2.8; however, the
drift condition (2.20) is not enough to ensure S is bounded on Cy,:
some stronger condition is required. This problem has been treated
in some special cases (e.g., [49]); general frameworks addressing this
include [50,51].

The following framework is a version of the results of [50] adapted
to observables of the projective process (X, s,) on RY x P4~1,

Notation. Here and below, for nonnegative functions f,g on R¢
with f > 0, we write g < f if f/g has compact sublevel sets. Note that
if g is continuous, then g < f implies that for any a > 0 there exists
R > 0 such that

g<af+R.
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Moreover, for real-valued (and possibly sign-indefinite) functions
f.g, we will write f ~ g if there exist constants c,¢’, R, R > 0 such
that

dg-R <f<cg+R  pointwise on R?.

Assumption 2.9.

(1) There exists a function V' belonging to the Schwartz class® such
that:

(a) V has compact sublevel sets;
(b) |6TVV| has compact sublevel sets; and
(c) for all n € (0, 1), it holds that

GV + glaTVVlz ~—|cTVV 2.
(2) There exists 6 € (0, 1) such that the function x ~ ||Df,(x)|| (where

the norm refers to the operator norm for Dfy(x) : RY — R9)
satisfies the bounds

IDfollc,, <o, (2.21)
IDfoll < 6" VYV %, (2.22)
where

w =" .

Theorem 2.10. In the setting of this section (additive noise, M = RY) let
Assumptions 2.2 and 2.9 hold. Then:

(a) (D) The limit (2.13) defining the asymptotic Lyapunov exponent A
exists with probability 1 and is constant over (X, s,). More-
over, the Furstenberg—-Khasminskii formula (2.14) holds (in
particular, Q € L'(u) where Q(x, s) = {x,D fy(x)s).

(i) For all p € R, the limit (2.15) exists with probability 1 and is
independent of (X, sg).

(iii) For all t > 0 and p € R, the operators S; are bounded in the
Cy, -norm, where W is as in Assumption 2.9(2). Moreover, for
all t > 0 the operator SI’) : Cy — Cy, admits a simple, isolated,
dominant eigenvalue '),

(iv) A : R — R is convex, analytic, and satisfies A(0) = 0, A’(0) =
A

(v) The function y as in (2.16) is nondecreasing and analytic.

() If y_ < y,, then the conclusions of Theorem 2.4 hold.* with T the

Legendre—Fenchel transform of A as in (2.17)

Remark 2.11. It is straightforward to check that Assumption 2.9 (1)
implies Assumption 2.8 for W = " for any 5 € (0, 1), on computing

GWW = (GV + glaTVVlz) ~—nlsTVV2.

The bound (2.21) ensures that Q is integrable with respect to u, while
(2.22) implies a sufficient level of control on Q(X,,s,) so that Sl’J
Cy, — Cy, is bounded for the particular choice of n = 6, following
results in [50]. See Appendix A for more details.

Remark 2.12. While ellipticity of the generators L, G is not explicitly
assumed, Assumption 2.9(1)(b) is strong and essentially forces the
noise vectors f; to span R?. The authors are unaware of a more
general approach, even in this additive setting, that would allow for
truly hypoelliptic noise. We refer the reader to Section 6 for further
discussion on open questions in this area.

3 Recall that f is of Schwartz class if it is smooth and it and its partial
derivatives have strictly polynomial growth at infinity.

4 To be precise: the convergences listed in (i) and (ii) of Theorem 2.4 are
uniform over compact subsets of PM.
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2.2.2. Special case: gradient systems
Below we consider the special case of gradient systems

d

_ J
dX, = -VV(X)dt + o Zl: e;dw/ 2.23)

dY, = —D*V (X,)Y,d

where the (ej);j:l form the standard basis for RY, and where the
potential function ¥ : R? - R is smooth and satisfies the following:

Assumption 2.13. Assumption 2.2 holds, and additionally:

(a) The function V is of Schwartz class and has compact sublevel sets
{v<C},CeR.
(b) It holds that

|[AV| < |[VV|? and ID?V| < |[VV|?. (2.24)

Corollary 2.14.
hold. Then:

Consider the system (2.23) and let Assumption 2.13

(a) Eq. (2.23) for (X,,Y,) admits unique strong solutions. The process (X,)
admits the unique stationary density

p= % exp(—ZV(x)/az)

and the corresponding (X,, s,) process on RY x P?~! admits a unique
stationary measure u with smooth, positive density.

(b) Assumption 2.9 is satisfied for V and with any value 6 € (0,1). In
particular, if y_ <y, then the conclusions of Theorem 2.4 hold with
T the Legendre—Fenchel transform of A.

Remark 2.15. Assumption 2.13(b) is mild and holds automatically
for a broad class of potentials with superlinear growth at infinity,
e.g., V(x) = c|x|?+v(x) where ¢ > 0, p > 1 is an integer, and v : R - R
is of Schwartz class and satisfies v/|x|?~¢ — 0 as |x| = oo.

3. Random bifurcations via large deviation principles

We now turn to the definition and properties of finite-time Lya-
punov exponent transitions.

3.1. Settings

In what follows, we will be working under one of two cases, (1)
M compact and (2) M = RY, the standing assumptions of which are
listed below. Throughout, f /‘1 j =0,...,m are smooth vector fields on
M depending smoothly on a parameter a € I, where I C R is an open
interval, and we write X/*,Y* and s{ for the corresponding processes
solving (2.1), (2.5) and (2.6), respectively.

(1) The case M is compact. Here, M is a fixed compact Riemannian
manifold. We impose Assumption 2.2 for all « € I, and with
Y+ = v§ as in Theorem 2.3, we will assume that y* < y{ for all
« € I. Finally, we will impose that

g;=0,j21, 3.1

where qj?(X, s) = (s, ijf’(X)s) as in (2.9) (c.f. Remark 3.1 below).

(2) The case M = R?. Here, the vector fields f* are constant vectors.
We impose Assumption 2.2, and moreover, that Assumption 2.9
holds with ¢* = (f T f) and for some Schwartz function V¢ for
all « € I. Lastly, we impose that y* < y§ with y§ as in Theorem
2.10.

At times, in either setting, we may additionally impose Assumption 2.5.
Note that in either case, we have that (i) the SDEs defining (X*,Y*)

>0t
and (X/,sy) admit unique strong solutions for all time, and (ii) the
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asymptotic Lyapunov exponent A(e) = lim, A7(X, s,) exists with proba-
bility 1 and is constant over fixed initial (X, s,) € PM. Moreover, in
either case it holds that the FTLEs are given by

1 1/
s = Loy =1 [ orxsstya,
0

where Q%X,s) = (s, Df(‘)’(X)s) s

interpreting, as usual, Y, = Yj to be an arbitrary unit vector representa-
tive for sy = 5§ € Py, M. In either case, let Z, denote the corresponding
rate function.

Remark 3.1. Condition (3.1) says, essentially, that the noise vector
fields fl‘?‘ are infinitesimal isometries w.r.t. the Riemannian metric g on
M. This assumption is conspicuous, but necessary to witness interesting
transitions in the statistics of FTLE. For more details, see Section 3.2.2.

3.2. FTLE transitions in terms of LDP
Assume either of settings (1) or (2).

Definition 3.2 (FTLE transition). We say that a finite-time Lyapunov
exponent transition occurs at a« = a, € I if there exists € > 0 such that
(ag —€,ap+¢) C I and

(a) for all a € (¢) — €, ), (X, 59) € PM and t >0,

A (X, 509) <0 with probability 1;

and
(b) for all @ € (ay, ay +¢) there is some (X, sq) € PM and 1, > 0 such
that

]P‘(AZ)(XO, 59) > 0)>0.

The following is a characterization of the FTLE transition in terms
of the large deviations principles laid out in Section 2.

Theorem 3.3.  Assume either of settings (1) or (2).

(a) Suppose that an FTLE transition occurs at «, and let € > 0 be as in
Definition 3.2. Then, 1,(0) = o for a € (¢y — €, ay) and I,(0) < o
for a € (ay, ay + €).

(b) Let Assumption 2.5 hold. Suppose there is an interval (ay—¢, ay+€) C
I,e >0, such that 7,(0) = oo for a € (o) — €, &) and 1,,(0) < oo for
a € (ag, @y + €). Then, an FTLE transition occurs at ay.

Remark 3.4. We emphasize that there is no reason a priori to expect
that the ‘soft’, nonquantitative lower bound in Definition 3.2(b) implies
a quantitative, exponential-in-time lower bound. That this implication
holds is a consequence of the Markov property and controllability as in
Assumption 2.2(b).

We now present another characterization of FTLE transitions useful
for constructing and diagnosing particular examples.

Proposition 3.5. Assume either of settings (1) or (2).

(a) Let Assumption 2.5 hold. Let (ay — €,ay + €) C I,e > 0 and
assume {Q* > 0} is empty for a € (ay — €,y) and nonempty for
o € (ay, ag + €). Then, an FTLE transition occurs at «.

(b) Conversely, suppose that an FTLE transition occurs at o, and let e > 0
be as in Definition 3.2. Then, {Q* > 0} is empty for a € (a) — €, &)
and nonempty for a € (ay, ay + €).

Example 3.6. Let (ay — &, a4y +¢) C I,e > 0 and suppose that the drift
vector field fo is such that

* Q%<0 for a € (ay — &, ap); and
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« for a € (ag, ay + €) there exists a linearly unstable equilibrium p(a)
for f(‘)’, ie.,

spec((Df(‘J’)p(a)) N{zeC: Nz >0}#0,
where R(z) denotes the real part of z € C.

Then, Q% > 0 along the unstable eigenspace of Df,(p(a)), and it follows
that an FTLE transition occurs at a,. This is the case, for instance, when
fo undergoes a pitchfork bifurcation in M =R as in Section 4.

Remark 3.7. Observe that Q% itself depends on the metric. On the
other hand, it is not hard to see that moment Lyapunov exponents,
hence LDP rate functions, do not depend on the metric. Hence, Propo-
sition 3.5 relates Z,(0), a metric-independent quantity, to the metric-
dependent set {Q% > 0}. Note, however, that we are in the special
settings of (1) and (2), where the metric-dependent quantities q}?‘ ,ji>1,
are taken to be zero, with the effect of essentially fixing the metric.

3.2.1. Conditions for Assumption 2.5
Before continuing, we give some comments on Assumption 2.5 in
the settings laid out at the beginning of Section 3. Below, the parameter
a € I is fixed, but since « plays no role we drop it from the notation.
Below, r, = t4,(Xy,s0) = log||Y;| is the solution to the auxiliary
random ODE

dr, = O(X,, s,)dt ,
so that (X, s,,r,) is the solution of an SDE with drift vector field

3 So(X)
Jo(X,s,7)=|ho(X,5)
0(X,s)
and diffusion vector fields
y fi(X,s)
Fi(X,s,r)=|h;(X,s)
0

all viewed on PM x R.

Lemma 3.8. Impose either of settings (1) or (2). Assume moreover that
{7 };n=0 satisfies the parabolic Hormander condition (c.f. Assumption 2.1).
Then, Assumption 2.5 holds, i.e., for all (X,,sy) € PM andt > 0,c € R
and a € I, it holds that

P(A,(Xg.50) =¢) =0.

This follows immediately from Hormander’s Theorem applied to the
transition kernels of the (X,,s,,r,) process (see e.g. [52]), where we
make use of the diffemorphic relation between the (X,,Y;) coordinates
and the (X,,s,,r,) coordinates for the variational process.

We caution that for a given sample path (i.e., for a fixed Brownian
realization (W/ );_": s it is possible that 4,(Xj,s,) = 0 along some
set of random times ¢. Assumption 2.5 ensures that the likelihood of
{4,(Xy,s¢) = 0} at a given time t is zero.

For diffusions on R with additive noise, the following simple suffi-
cient condition can be used to check Assumption 2.5. Note that in one
dimension the s, coordinate is trivial, and so for Assumption 2.5 it is
enough to have bracket spanning for the process (X, r,).

Lemma 3.9. Let
dX, = fo(X,)dt + cdW,

be a diffusion on M =T or R for some ¢ > 0. Assume that for all X € M,
there is some k € N such that f%(X) # 0, where f® is the kth derivative
of f. Then, the process (X,,r,) satisfies the parabolic Hérmander condition,
and in particular, Assumption 2.5 holds.
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Proof. The relevant vector fields in the spanning condition for (X, r,)
are

1
ne () =)
0

Since V; always spans the first coordinate, it suffices, for each X €
R, to determine brackets of V[, ¥; which have nonvanishing second
coordinate (note that there is no dependence of these vector fields on
the r coordinate).

For this, observe that for all # > 1, the #-fold iterated bracket of V;
with V|, gives

dﬂ f f(f)
Vi Wi V0 DA Vol 11 = <f2> = <f(§9+1> .

¢ times

Thus, the parabolic Hérmander condition holds for (X,,r,) at a point
(X, r) if for some k € N one has that fé’”(X ) does not vanish. []

3.2.2. Driving by infinitesimal isometries

We conclude with a discussion of the role played by condition (3.1)
in the case when M is compact. Put in other words, this condition re-
quires that the vector fields f¢ are infinitesimal generators of isometries
on M. The following addresses what happens without this condition.

Since « plays no role, we drop the a dependence and focus on a
single collection of vector fields (f;)y<;<,- We will impose Assumption
2.2, but we will not impose (3.1). Instead, we ask only for the mild
strengthening

TixyPM =Lie(XYS){<£i>,...,(£”’>} 3.2)

at all (X,s) € PM. Let A(p) be as in Theorem 2.3.

Theorem 3.10 ([42, Theorem 2.15]). The following are equivalent.

(@) lim,_, % =0

(i) lim A _

p——c0 T2

(iii) There exists a Riemannian metric § on M with respect to which
the vector fields f;,1 < j < m are dll infinitesimal isometries. In
particular, with respect to the metric g, it holds that

G;(X,s5) :==(Df;(X)s,s);
is identically equal to zero.
The following is immediate, c.f., [42, Section 1].
Corollary 3.11. Assume the setting of Theorem 3.10. Suppose there is no

Riemannian metric with respect to which all f;,1 < j < m are infinitesimal
isometries. Then, y, = +oo. In particular,

(@) I(r) < o for all r € R; and
(b) There exists T > 0 such that for all (X, s,) € PM, one has

Pixg.sp) (4 > 0) >0
forallt >T.

Corollary 3.11 leads to the following dichotomy: either the noise
vector fields are all infinitesimal isometries with respect to some metric
g, in which case we can set g = § and proceed as in (3.1), or there is no
such metric, in which case we should not expect FTLE transitions. In
this paper, we have chosen to deal with this state of affairs by assuming
g; =0 from the start.

3.3. Proofs
Throughout the proofs of Theorem 3.3 and Proposition 3.5 it will

be enough to work with one « at a time. From here on, « is fixed and
dependence on it will be dropped.
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Proof of Theorem 3.3
For (a), it suffices to prove the following. For now, Assumption 2.5
is not used.

D If P(4,(Xy,s9) < 0) = 1 for all (X,,s)) € PM and t > 0, then
1(0)=

() 1f IP’(/I,U (Xp, S9) > 0) > 0 for some (X, sy) € PM and ¢, > 0, then
1(0) < co.

(I) is evident from the definitions. The proof of (II) will deferred to the
end. For Theorem 3.3(b) it suffices to check the following.

(III) I(0) < « implies that there exists (X, s)) € PM and t, > 0 such
that 4, (X, so) > 0 with positive probability.

(IV) Let Assumption 2.5 hold. Then, 7(0) = oo implies that for all
(X9.59) € PM and ¢ > 0 it holds that 4,(X,,sy) < 0 with full
probability.

(IID) is also evident from the definitions. Given (II), let us check that
(IV) holds. For this, statement (II) is the contrapositive of the assertion
that 7(0) = oo implies

P(4,(Xg. 59) < 0) = 1

for all (Xy,s9) € PM and t+ > 0. If Assumption 2.5 holds, then
P(4,(Xy, sg) = 0) = 0 for all (X,,s,) and 7, from which (IV) follows.

It remains to prove statement (II). We will require two preliminary
results. Below, for (X, 5s) € PM we write Py , for the law of the process
(X.,s.) = (X;, S e, in the path space C([0,1], PM). In particular,
observe that Py ) is a probability measure on the set of (X,,s.) €
C([0, 1], PM) for which (X, sy) = (X,s). Throughout, the path space
C([0, 1], PM) has the uniform topology.

The following is a consequence of strong uniqueness and nonexplo-
sion of the SDE defining (X, s;).

Lemma 3.12. Assume either of the settings (1) or (2). Then, it holds that
(X, s) = Py is weak-* continuous.

A proof sketch is included in Appendix A.3.
Given a set S C PM let

={(X.,s,) € C([0,1],PM) : (X,,s,) € S for all t € [0, 1]},
and for ¢ € [0, 1] fixed let

S = {(X..5.) € C(0,11, PM) : (X,,5,) € S}.

Observe that if S is open (resp. closed) then S and S, are open (resp.
closed) in C([0, 1], PM).

Proposition 3.13. Assume Py  is fully supported in C([0, 1], PM) for
all (X,s) € PM. Let U ¢ PM be an open set and K c U a compact set
with nonempty interior. Then,

(Xln)f Pix o(UNKy)>0.

Proof. To start, fix a nonempty open subset U’ C K and observe
that U n U(’) c C([0,1], M) is open. Now, by Lemma 3.12 it holds
that (X,s) = Py o(UNU (1)) is lower semi-continuous. It is a standard
fact that lower semicontinuous functions achieve their minima along
compact sets, hence

inf P(X HU N

U )= ’
*dex Yoy =F. LN

for some (X,,s,) € K. By the hypothesis, Py_, ) is fully supported in
C([0,1], PM) such that

inf Py (UnNKqy) =

! _ 4
o o Poro N UG =Py N Uy >0,

which completes the proof. []
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We now turn to the proof of statement (II) above. In the proof below,
we write (£, F,P) for the probability space on which our SDEs are
posed. Without loss, it will suffice to work with

Q=C([0,0),R™), F =Bor(C([0, ), R™)),

where C([0, o0),R™) has the compact-open topology, and taking PP as
standard Wiener measure. With (¢, w) — W/ (w),1 < j < m the time-t
coordinate functions on 2, we write F,, = cr(Wf w! i relsl<
j < m) for the c-algebra of events depending on increments between
s and 17, and F, := F,,. Finally, we write 6 Q - Q for the
measure-preserving flow given by the time shift, i.e.,

Wi(0'w) = W/, (@) - W ().

Proof of (II). Assertion (II) clearly implies {Q > 0} is nonempty. Fix
U open, K compact, and ¢ > 0 such that (i) K c U c {Q > ¢} and (ii)
K has nonempty interior. Set

= inf Py o (UNKqp)>0.
x = int, PoroyUn Kay)

For fixed initial (X, sy) € K, define
Exgsy = {Xps) €U forall 1 €[0,1], and (X;,s)) €K} C 2,

and note (i) &x, s, € Fo, and (i) it holds that P(&y, ) > ¢ > 0 for
all (X,,sy) € K. Now, for integer n > 1 it holds that

(n)
{4,(Xg,50) 2 ¢} D 5()(0’50)7
where
£
Ekou) ﬂg ")
={(X,,s) €U forall t€[0,n], and (X,,,s,) € K for all me [1,nInZ}.

Note that 8((;’()0 5 is F,-measurable for all (X, sg).

Now,
IP(&'((;’() so) = E [E <1€(n—l> 1y e Fn—1>]
(X-50) (Xp—1-5p—1)
=E 1.1 E(l ety o(1) F_1>]
[ g(XUAo) o ])€<Xn 1:5n—1) !
=]E[ls<" v P, 1s,,_1>(Q“K<1>)]
(Xp:50)
> e PEMY

(X0,50)
where above 1; denotes the indicator function of a set E C £, and we
have used the Markov property in passing from the second to the third
lines. Bootstrapping, we conclude

P{4,(Xg,50) 2 ¢} 2 ci

From this and the characterization in Theorem 2.4(a) (or Theorem 2.10
(b)), it follows that Z(0) < —logcg < o0. [

Proof of Proposition 3.5
To prove Proposition 3.5(a), we need to show the following two
points under Assumption 2.5.

(V) {Q > 0} empty implies P(4,(Xy, s¢) < 0) = 1 for all (X, sy) € PM
and for all 7 > 0.

(VD) {Q > 0} nonempty implies P(4,(Xy,s9) > 0) > 0 for some
(Xy,59) € PM and for some ¢ > 0.

It is evident that {Q > 0} empty implies P(4,(X,, sp) < 0) = 1 for all
t > 0,(Xy,s9) € PM, and point (V) follows on imposing condition (G)
to rule out zero FTLE at the fixed time 7. For (VD), fix (X, s¢) € {O > 0},
and observe that positivity of 4,(X, sy) follows on taking ¢ sufficiently
small so that (X,,s,) € {Q > 0} for all = € [0,7]. From this, it is clear
that 4,(X;,s9) > 0 has positive probability for all ¢ sufficiently small.
Note that (VI) did not use Assumption 2.5.
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For Proposition 3.5(b), we will check that

(VID if P(4,(X, s¢) < 0) =1 for all (X, sy)) € PM and for all ¢ > 0, then
{Q > 0} is empty; and

(VI if P(4,(X, s¢) > 0) > 0 for some ¢ > 0, (X, sy) € PM, then {Q > 0}
is nonempty.

To start, the contrapositive of (VI) states that if P(4,(X, s¢) <0) =1
for all 7 > 0, then {Q > 0} is empty. This statement is clearly stronger
than (VII), hence (VII) follows. Finally, we note that statement (VIII) is
evident from the integral form of 4,.

4. Two worked examples

We pivot in this and the next section to a treatment with computer-
assisted proof of the large deviations rate functions for finite-time Lya-
punov exponents associated to two concrete models: in Section 4.1 the
pitchfork bifurcation discussed in Section 1 and in Section 4.2 a 2d lin-
ear SDE serving as a toy model of shear-induced chaos. Considerations
involving computer-assisted work are deferred to Section 5.

4.1. Pitchfork bifurcation with additive noise

Our first test problem is an additively-forced version of the standard
form of a pitchfork bifurcation in one dimension:

dX, = -U'(X,)dt + cdW,, X, €R, “4.1)
where U(x) := %x“ - %axz, (4.2)

for « € R and ¢ > 0. As shown in [2], this family of SDE admits an
FTLE transition (Definition 3.2). Our aim is to quantify this in terms
of large deviations principles (see Corollary 2.6) as stated in Theorem
3.3. Note that this theorem applies here as Assumption 2.13 and, by
that, Corollary 2.14 are clearly satisfied. As explained in Section 2, the
rate function 7, appearing in the large deviations principles is obtained
via the moment Lyapunov exponent A,(p) obtained from the spectral
theory of the twisted semigroups SI’} on Cy,, where W = ¢ and
0 € (0,1) is arbitrary.

Our computer-assisted estimate of A(p) in the next section will rely
on identifying it as the dominant eigenvalue of the tilted generator L,
(see (2.19)), which in this case can be written as

2
L,g(x) = %axxg(x) + (ax — x°)0,8(x) + pla — 3xD)g(x) . (4.3)

To start, we observe that L,is (formally) self-adjoint as an operator
on L%(p), where p = Z~1e=2U/%" is the stationary density for (4.1) and
satisfies L*p = 0. Here, L?(p) is the weighted L?> space with inner
product

(f.8),= /?g pdx.

For computational reasons it will be more convenient to work with
a flat L? space. To this end, the isometry L?(p) — L? given by

gm0
conjugates L, to an operator H , of Schrddinger type on L? with the

same spectrum as L,

5 2
H,f() = 500/ () = V() f (). (4.4)
where
v o (x3 — ax)? 332 1

H(x) 1= T—(X —0!)<§—l7) .

For convenience and to conform to standard notation, we primarily
work with H, = —I:II,, especially in Section 5. Throughout, we view
H, and H, as unbounded operators on flat L? with domain D(H,) >
CX(R). Since the potential V, blows up at infinity, it is standard that
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H, (hence H » and Lp) is (i) essentially self-adjoint® and (ii) has purely
discrete spectrum [53].

Thus, our method in the next section will be to estimate the domi-
nant eigenvalue of A , viewed as an operator on L2. However, it is not
clear a priori that the spectrum of L, on L*(p) (hence that of A, on L?)
has anything to do with the twisted semigroup (S)) acting on Cy, as

t
SUFO) = E, [f(xoexp {p ( / (a- 3x$>dr> }] .
0

We address this discrepancy with the following lemma.

Lemma 4.1. The dominant eigenvalue of L, on L%(p) coincides with the
moment Lyapunov exponent A(p).

Before giving the proof of Lemma 4.1, we observe that Cy, c L*(p)
for 6 small enough: let us fix 0 < (%, so that for all f € Cy, it holds
that

2 L SN [ u@e-%) o e
112, < Csup( 55 ) " [ e dx<CIfIZ, - 45)

where C,C’ > 0 are constants. Thus, it holds that C, ¢ L?(p) and that
1124 < €"1I - Iy, » where € = V/C".

Furthermore, for the proof of Lemma 4.1, we record the following
preliminary lemmas.

Lemma 4.2. The tilted generator® L, (4.3), treated as an operator on
L?(p), generates a C,-semigroup S‘I’) on L2(p).

Proof. It suffices to prove that H »as in (4.4) generates a cO semigroup
on the flat L? space. To start, we observe that there exists a constant
&> 0 such that A , + ¢ld is bounded from above in the sense that

(f.H,+df) <alfl3,

for some uniform constant a > 0 and for all f € D(H »)- Since I:Ip is
also essentially self-adjoint, it follows from [55, Example 3.26] that A »
generates a strongly-continuous semigroup on L?. []

1

Lemma 4.3. Assume that 6 < — such that Cy, C L2(p). Then the

semigroups (7)o and (S’;),ZU coincide on Cy,.

Proof. The proof relies on the following steps.

1. First of all we establish that (5)),5o and (5;)120 coincide along
C>, i.e.
P

s;(p(x) = S;qa(x) for Leb. a.e. x € R.

This follows directly from the Feynman-Kac formula [56, Theo-
rem 8.2.1], applied to L, as a backward Kolmogorov operator.
Note that there exists, in particular, a unique continuous exten-
sion of 5‘;<p (which is a priori only defined in L2(p), i.e. almost
everywhere).

2. The next step is to check that (S}),5, and (S‘;),ZO coincide on
CO(R). To this aim we fix ¢ € C(R) and convolve it with a
smooth mollifier, i.e. ¢, := ¢ x ,, where 5 is a smooth density
and 5, = e 'n(e”'x). Since ¢ is uniformly continuous, we have
that for all € > 0 sufficiently small |¢,| < |p| + 1. Consequently,
by the dominated convergence theorem we obtain that S;: @, —
Sl’7 ¢ pointwise. Moreover, by the continuity of the translation
operators in L*(p) it holds that ¢, — ¢ in L?(p) implying that

5 We recall that an unbounded, densely defined and symmetric operator is
said to be essentially self-adjoint if its closure is self-adjoint.

6 Technically, it is the closure of L, that generates a C° semigroup. Note
that L, automatically admits a unique closure since it is essentially self-adjoint
and densely defined, c.f. [54, Proposition X.1.6].
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S‘;’(pg - S‘I’Jqo in L2(p). The convergence S‘I’,(pE - S")(p in L%(p)
implies by Chebyshev’s inequality the convergence in probability
of S’;’(ps - S’; @ (with respect~to p(x)dx). TPerefore there exists a
sequence (g;);» such that S7e, (x) — Sé(p(x) holds Lebesgue
almost surely as ¢, — 0. In conclusion S;(p = S}z(p Lebesgue
almost surely for all ¢ € CO(R).

3. We now proceed to show that .§' 1’, p=3S ; @ for all ¢ € Cy,. To this
aim we employ a truncation argument. For a function ¢ € Cy,
we let ¢, := y,¢, where (y,) is a sequence of smooth functions
with 0 < y, <1 such that

x € [—n,n]

1
In(x) = {
0 x¢[-(n+1),n+1].

Obviously y, — 1 pointwise on R as n — 0. As in step 2,
we obtain by the dominated convergence theorem that S[’)(pn -
Szt)(p pointwise. Since ¢ € L?(p), we have, again by dominated
convergence, that ¢, — ¢ in L?(p) which implies that 5; ®, =
SL @ in L?(p). Again, as in step 2, the convergence of SL @, — 5;(/9
implies by Chebyshev’s inequality the convergence in probability
(with respect to p(x)dx). Therefore it follows that there exists a
sequence (n;);so such that S;(p"k(x) - S'[’)(p(x) holdsNLebesgue
almost surely as n, — oo. In conclusion S[t](p = SI’,(p holds
pointwise almost surely for ¢ € CWZ and, in particular, S;q) is
the unique continuous extension of SL(p.

This finishes the proof. []

In addition, we use the following general result, the proof of which
is given in Appendix A.4.

Lemma 4.4. Let (B,] - |) be a Banach space, and let B, C B be a dense
subspace equipped with its own norm | - |, with respect to which (B, |- |,) is
also Banach, and for which |x| < C|x|, for all x € B, and for some C > 0.

Let A : B — B be a bounded linear operator for which A(3,) C B, and
Ay = Alg, * By, |- lp) O is a bounded linear operator. Finally, assume
A:(B,|-]) O and Ay : (By. | 1g) O are both compact on their respective
spaces. Then,

p(A: B B)=p(A, : By — By),

i.e., the spectral radius of A regarded on B coincides with that of Ay = Alp,
regarded on B3

Proof of Lemma 4.1. Let 5‘1’, : L*(p) O denote the C° semigroup
generated by L,. By the spectral mapping theorem in this context,

spec(S)) \ {0} = e/ Pecttn)

for all # > 0. Thus, to prove Lemma 4.1, it suffices to check, for some
fixed ¢ > 0, that the spectral radius of S‘; on L%(p) coincides with that
of S} on Cy,.

For this, we will check the hypotheses of Lemma 4.4: fixing 6 < Uiz,
we have that Cy, C L%(p) by (4.5). The compactness of S; on Cy,
follows,” along the lines of [50, Lemma 6.6], while compactness of 5‘[’,
on L?(p) follows from well-known results in the theory of Schrédinger
operators [57, Thm. XIII.16]. Due to Lemma 4.3 the operators S‘I’J and
S; coincide on Cy, such that Lemma 4.4 applies. We conclu@e that A(p)
is the dominant eigenvalue of L,, or equivalently, that of H,. []

7 In [50] they establish compactness of S, in the space Bj; of measurable
functions for which the Cy,-norm is finite. Compactness of S in Cy, follows
from closedness of Cy, C By, in the Cy, -norm.
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Remark 4.5.

(1) The above symmetrization procedure applies to FTLE of any
scalar gradient SDE

dX, = U’ (X,)dt + odW,,

for which the tilted generator L, on L(p), p = Z~' exp(=2U /5?),
will read
o
2

and for which the symmetrization H, on L* reads as

w’y

202 >f

For further details on the symmetrization procedure for tilted
semigroups associated to gradient SDE, see [58, Section IV.C].
Under reasonable conditions on the potential U, this allows to
use the computer-assisted scheme in Section 5.1 to enclose the
corresponding rate function 7 for FTLE for this class of SDE.

We caution, however, that this symmetrization procedure cannot
generally be applied to FTLE of gradient SDE in dimension > 2,
as there is no reason a priori to expect to be able to symmetrize
the generator for the projective process (X,,s,;) on PR?.

Lyg=—=0,g-U'dg-pU"g,

B 2
A, = Souf + <(%

—p) U —

(2)

4.2. A two-dimensional toy model

We consider the following linear stochastic differential equation

0 o
B= Y, € R?
)’ <—O’ 0)’ Oe ’

(4.6)

—a 0

dY, = AY,dr + BY,odW,, A= ( .
-

where « > 0 is the linear contraction parameter, b > 0 represents some
shearing, W, is a one-dimensional Brownian motion and ¢ > 0 expresses
noise intensity.

A related model for shear-induced chaos [4] was investigated in [10].
More recently, it was shown that the linearization of this model arises
as a scaling limit for the linearization of the Hopf normal form with
additive noise [6]. There are, however, two key differences between
the linearizations considered in [6,10] and the linear model (4.6):

(1) The entry A,, = —a replaces 0 from the model in [10] to make it
so that a transition from uniform to nonuniform synchronization
takes place and is easier to describe.

(2) For technical reasons we have replaced a zero entry in B by
B,; = —o to make the diffusion for the projective process
uniformly elliptic instead of hypoelliptic. This greatly simplifies
the computer-assisted work in Section 5.2. See Section 6 for a
brief additional discussion on this point.

Trivially, the assumptions of Section 2.1 are satisfied here such that
Theorems 2.3 and 2.4 hold. As discussed in Section 2, we introduce
the process s, = Y,/||Y;|| € S!, which can be described on the projective
space P! by identifying s, = —s,. The dynamics are given by (cf. (2.6))

ds = (As — (s, As)s)dt + (Bs — (s, Bs)s) odW,

2 2
_ —as; — sj(—as| — as; + bsysy) Sy
_<as + bs; — so(—as? — as? + bssy) di+o —s odW;.
2 1~ 52 1 5 152 1

Above, for notational clarity we have dropped the ‘#’ dependence for
s=s, 8; = s;,, which should be read implicitly throughout.

Note that, since B is antisymmetric, condition (3.1) is satisfied,
ie ¢g; = 0forall j > 1, and the Furstenberg-Khasminskii functional
Q is given by

O = (s, As) + %((B+BT) s, Bs) — (s, Bs)?

2

= —lZSl

—as§+bs]sz +0=—a+bs;s,.
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In particular, Q = ¢, in this case. By the change of variables to
s = (cos¢,sin¢), the SDE determining the dynamics of the angular
component ¢ € [0,z) on the one-dimensional projective space, based
on [59, Section 2], reads as
1

dg = —

¢ sin ¢
We can now express the asymptotic Lyapunov exponent by the Fursten
berg-Khasminskii formula (2.14)

ds; = bcos? ¢pdr — codW,, ¢ € [0,7). 4.7)

A= | a@maas, .8)
[0,7]

where n = 2 s the density of the stationary measure v for (¢,) and

solves the stgtionary Fokker-Planck equation L*n = 0; and ¢y(¢p) =

—a + bcos ¢ sin ¢p. Observe that the finite time Lyapunov exponents are

given by

Ao = /0 do(b,)de. 4.9)

and in particular are uniformly negative as long as b < 2a. The values
of g, become sign-indefinite when b crosses 2e, and so by Proposition
3.5(a) an FTLE transition occurs here.

For computation of the moment Lyapunov exponents we consider
the tilted generator

L,f(¢)= %ozaj,f«ﬁ) +bcos® ¢a, /(@) + p(beos psing — a) £ (), (4.10)

with periodic boundary conditions on [0, z]. Indeed, we recall that the
moment Lyapunov exponents A(p) are exactly the maximal eigenvalues
of L,.

P

Lemma 4.6. For system (4.6), the moment Lyapunov exponent A(p) is
the principal eigenvalue of the tilted generator L, as given in (4.10), treated
as a closed linear operator on ¢'(Z,C) (see Section 5.2 for definition and
details). That is, A(p) is a simple, isolated eigenvalue of L, and has real
part strictly larger than that of the rest of spec(L,).

Proof. We observe that L, = L + pq, where L = L, is the generator
for (4.7). Therefore, we can apply [42, Theorem 1.29] (as pointed out
in the discussion on page 199 in [42]). [

5. Rigorous enclosures for moment Lyapunov exponents

In this section, we derive explicit enclosures for the moment Lya-
punov exponents A(p) associated to the two problems described in
Section 4, using computer-assisted proofs. The obtained information
allows us to give precise statements about the rate function Z, and
also about the asymptotic variance of the Lyapunov exponent for the
example of Section 4.2.

It should be noted that each of the two examples presents differ-
ent challenges when it comes to computer-assisted proofs. Regarding
the problem of Section 4.1, the operator (4.4) is defined on an un-
bounded domain, and contains unbounded terms, whereas many exist-
ing computer-assisted approaches are restricted to bounded domains.
Here we take advantage of the fact that this problem has only real
eigenvalues and can be recasted using a self-adjoint operator, which
allows us to make use of the homotopy method [30, Chapter 10]. With
this approach, the fact that the potential in (4.4) is unbounded turns
out not to be an issue because eigenfunctions are localized. To the best
of our knowledge, the only other existing computer-assisted results in
the context of unbounded domains and unbounded potentials is [60],
which deals specifically with coupled harmonic oscillators, and the very
recent [61], which does not focus on eigenvalue problems.

The problem of Section 4.2 is not self-adjoint (and cannot be
made so because L, has complex eigenvalues), therefore the homotopy
method cannot be used to directly enclose the eigenvalues of L,.
However, we can consider a zero-finding problem associated to finding
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an eigenpair (eigenvalue and eigenfunction) of L, and then use other
well-established computer-assisted techniques in order to rigorously
enclose a zero of this problem (see e.g. [30,31]). Because the opera-
tor (4.10) is this time defined on a bounded domain, a wider breadth
of computer-assisted techniques are available. Furthermore, we make
use of the recent development in rigorous continuation techniques
introduced in [32] in order to get, not only enclosures for fixed p, but a
rigorous enclosure of the map p — A(p) over a compact interval [p_, p, ],
in norm strong enough to also controls derivatives, which allows us to
directly get an enclosure of the asymptotic variance A”(0). We note
that the homotopy method used in Section 5.1 is a more direct way
of getting eigenvalue enclosures, but is does not lends itself so well to
rigorous continuation, especially if one is interested in stronger than
L* control with respect to the continuation parameter. This is why we
do not compute A”(0) in Section 5.1 but only in Section 5.2.

As is typical for computer-assisted proofs involving infinite-dimen
sional objects (here functions), most of the work consists in controlling
truncation errors between the infinite dimensional problem we care
about and the finite dimensional approximation used to do numerics.
However, for some specific steps floating point errors also have to be
controlled, which we do using interval arithmetic (see, e.g., [62,63]).

5.1. Pitchfork bifurcation with additive noise

The goal of this subsection is to provide an explicit and tight
enclosure of the first eigenvalue of the operator H, = —H,,, with H, as
in (4.4), and to study its dependency with respect «. For a fixed value of
p, we first use the so-called homotopy method [30, Chapter 10] in order
to get an explicit, tight and rigorous enclosure of the first eigenvalue
—A(p) of H,. After getting several such enclosures for different values
of p, an elementary convexity argument allows us to rigorously enclose
the rate function 7, at 0.

5.1.1. General strategy
Let

(x3 = ax)?

=@—-3x) (L=
V) = (@ =3 (5 -p) + =3

5

so that

2
Hyf(2) = =500 () + V() f (0.

We now explain how to get a rigorous enclosure of A(p) for this
problem. Regarding H, as an operator on L? with (dense) domain
D(H,) = {f € H*®) : V,f € LA(R)}, it is known that H, is (i) an
essentially self-adjoint operator® ; and (ii) that its (unique) self-adjoint
extension has purely discrete spectrum (see, e.g., [53]).

In the sequel, p is fixed and we drop the p-dependence from the
notation for the moment. As we will require more than the first
eigenvalue of H along the way, we denote by (4,),>¢ the sequence
of non-decreasing eigenvalues of H counted with multiplicity.

The Rayleigh-Ritz method gives us a straightforward way of get-
ting rigorous and computable upper-bounds for a finite number of
eigenvalues of H.

Proposition 5.1. [30, Theorem 10.12] Let f, ..., f), in the domain of
the self-adjoint extension of H be linearly independent elements, let

Ay = ((fhfj))OS,-JSM A= ((HfiafJ'))OSiJSM >

and let

and

Ao <+ < Ay

8 We recall that an unbounded, densely defined and symmetric operator is
said to be essentially self-adjoint if its closure is self-adjoint.
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be the eigenvalues of the generalized eigenvalue problem

Ao =AA,. (5.1)

Then, for allm < M

Ay < 4,

Remark 5.2. This result is nothing but a generalization to more than
one eigenvalue of the basic estimate (H f, /) > 4o(f, f). The quality of
the upper-bounds produced by Proposition 5.1 depends on the choice
of the elements f;. If we take them to be accurate approximations of the
M + 1 first eigenfunctions of H, we expect to get sharp upper-bounds.

Provided the entries of the matrices A, and A, are computed with
interval arithmetic, and the finite-dimensional eigenvalue problem (5.1)
is also solved rigorously with interval arithmetic (see, e.g., [64]), the
1,, are computable and rigorous upper-bounds for the eigenvalues 4,,.

Regarding lower-bounds, the Lehmann-Maehly method can be used,
assuming some a priori knowledge on the next eigenvalue.
Proposition 5.3. [30, Theorem 10.14] Repeat the assumptions of
Proposition 5.1. Assume further that there exists v € R such that
Ay <V < Ayrans (5.2)
and define the matrices
A, = ((Hfivaj>)05i’jSM s

Let

B, =A, —vA, and B,=A,—2vA, +V*A,.

Ho S S Uy

be the eigenvalues of the generalized eigenvalue problem
Byv = uB,v, (5-3)
and assume that y,, < 0. Then, for all m < M

Ay S Ay

where

A=

=m

v+

KM -m

Remark 5.4. Again, in the case M = 0, this is nothing but the estimate
((H =v)7'f, )y 2 (4 =S, f), which, taking f = (H — v)g, yields
((H =v)g.8) 2 (4 =v) {(H = v)g.(H = v)g)-

In order to use Proposition 5.3, we need to find an explicit v

satisfying (5.2). To that end, let us consider a > 0, b € R such that
VO i=ax®? +b<V(x) VxeR, (5.4)

and the densely defined operator H® on L?(R) given by

HOf(x) = —%axxﬂx) +V O f(0).

Denoting by (/lf,?))mzo the sequence of non-decreasing eigenvalues of
H®, we have that
W<, Ym0, (5.5)
simply because, thanks to (5.4),

(Hf. f)2(HOf £y ¥V feCO®).

Moreover, the eigenvalues A” are known explicitly, as H© is nothing
but (a rescaled version of) the quantum harmonic oscillator, and we
have

/15,?)=(m+%)a 2a+b Ym0

In particular, if it happens that A(AO}H > A5, then (5.5) ensures that any

v E (EM, lg\%l) satisfies (5.2).
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However, the eigenvalues of H® might be too far away from those
of H, and it could be that /1(MO)+1 < Ay, in which case we cannot
have /1(]8,)“ > Ay In order to make this procedure more general, we
introduce a homotopy between H® and H, and consider

H® =1 -5HO +sH Vsel0,1].

Denoting by (ﬂf,f))mzo the sequence of non-decreasing eigenvalues of
H®, we still have that

W <i® vym>0, Vselo1],

©
AM+1

/1(’1:40). We can then apply Proposition 5.1 to H*0), and, if the obtained
upper bound 1(1;0) > AE\S;’) is sharp enough so that A<MO) g > 71(1;0), also
use Proposition 5.3 to obtain rigorous enclosure of the M + 1 first
eigenvalues of H®0). In particular, we do now have a rigorous lower
bound il(;;) < /1(:4") for the M + 1-th eigenvalue of H*0), and can
therefore repeat the whole procedure in order to get rigorous enclosures
of the M first eigenvalues of H®1) for some s, > s,. We keep iterating
this process until we reach s = 1, for which HV = H. For further
details, and generalizations of this homotopy method, we refer to [30,
Section 10.2.4].

and this time there will be a positive s, € (0, 1] such that >

5.1.2. Results

Theorem 5.5. Let « =1 and o =1 in (4.1). The rate function satisfies’

7,(0) = —’}Iel]% A(p) € [0.4551,0.4553].

Proof. For any fixed p, we can obtain rigorous enclosures for the
moment Lyapunov function A(p) using the homotopy method described
in Section 5.1. In particular, we get

A(0.71646) € [-0.45526876421, —0.45526876419],
A(0.71647) € [-0.45526876425, —0.45526876422],
A(0.71648) € [-0.45526876419, —0.45526876416].

These three enclosures, combined with the convexity of A (Theorem
2.3 (iv)), yield that the infimum of A is reached in [0.71646,0.71648].'°

Then, we evaluate A on this interval [0.71646,0.71648] (this means
H, is now an operator with interval coefficients, but that does not
change anything to the homotopy method, for which interval arith-
metic was already needed anyway), and the output provides the an-
nounced enclosure of inf per Ap).

The computational parts of the proof can be reproduced by running
the Matlab code script_pitchfork_single.m, available at [65],
together with the Intlab toolbox [64] for interval arithmetic. []

Remark 5.6. In principle, once an interval [p;,p,] containing the
minimizer of A has been obtained, one can first subdivide this interval
into smaller subintervals, evaluate A on each subinterval separately,
and then take the minimum of the obtained enclosures. This is more
costly, but typically provides a sharper enclosure of A([p;,p,]).

There is of course nothing special about the parameter values that
were chosen for ¢ and ¢ in Theorem 5.5, and one can for instance
repeat the same procedure for different values of «, leading to Fig. 1.

9 Below and throughout, decimals in the endpoints of intervals are bolded
if the upper and lower limits at those values disagree, e.g., [-.12345, —.12332].

10 There is a subtlety here due to the fact that the computer stores floating-
point values in base 2. To be precise, we show using interval arithmetic that
the infimum of A is reached in [p,, p,], where p, is the largest floating point
number (in the usual double precision) so that p; < 0.71646 and p, is the
smallest floating point number such that 0.71648 < p,. It is then this interval
[py.p,] on which we evaluate A in order to enclose Z(0).
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The rigorous computations required to produce this picture can be re-
produced by running the Matlab code script_pitchfork_all.m,
available at [65], together with the Intlab toolbox [64] for interval
arithmetic. By narrowing in onto the minimum, we also obtain the
following statement.

Theorem 5.7. Let o = 1 in (4.1). The map a ~ I,(0) has a local
minimum at some a, € [1.225,1.229].

Proof. Proceeding as in the proof of Theorem 5.5, we rigorously
enclose 7,(0) for three different values of a. We obtain

1, 15(0) € [0.43605413,0.43605513],
1, 17(0) € [0.43605254,0.43605354],
1, 10(0) € [0.43605359,0.43605460].

In particular, 7, 5,7(0) < T;5,5(0) and I 57(0) < I 5,9(0), which yields

the existence of a local minimum of « ~ Z,(0) in [1.225,1.229]. The rig-

orous computations required for this proof can be reproduced by run-

ning the Matlab code script_pitchfork_minimum.m, available

at [65], together with the Intlab toolbox [64] for interval arithmetic.
O

5.2. A two-dimensional toy model

The goal of this subsection is to provide an explicit and tight
enclosure of the first eigenvalue of the operator L, defined in (4.10).
Most of the computer-assisted arguments used in this section are by
now standard, except maybe for the rigorous continuation framework
allowing us to easily control at once the map p — A(p) and its
derivative. For the sake of convenience, we rescale the problem to
[0,2x], and instead consider the operator (still denoted Lp) defined by

L,f(¢) =260} f () + b(1 +cos(¢))d, f () + g (bsin(¢) - 2a) f(¢), ¢ € [0,2x],

with periodic boundary conditions. Keeping p fixed for the moment,
and denoting by (f.1) an approximate eigenpair of L, computed
numerically, we introduce the zero finding problem

L f—2A
F(f. 2= ”{ ! . (5.6)
<f’f>L2 -1
where
2z
o) =5 [ r@seras.

with z* denoting the complex conjugate of a complex number z. A
zero of F, corresponds to an exact eigenpair of L,, and then second
equation in F), is a normalization condition ensuring local uniqueness
of the eigenpair.

5.2.1. General strategy

We use a Newton-Kantorovich type of argument, in an appropriate
function space that will be introduced just below, to prove that there
indeed exists a true zero (f,4) of F, near the approximate eigenpair
(f,4). We then also have to prove that the obtained eigenvalue A4 is
really A(p), and not any other eigenvalue of L,. Since eigenfunctions
of L, are eigenfunctions of Sl’,,t > 0 and since SI’, is nonnegative and
admits a simple dominant eigenvalue, it will be enough to check a
posteriori that the eigenfunction f is nonnegative to get that 1 = A(p).
For more on semigroups of compact, positive operators, see, e.g., [47].

Because of the periodic boundary conditions, we look for eigenfunc-
tions as Fourier series:

@)=Y fe".
neZ

In the sequel, we always identify such a function with its sequence
(f,)nez of Fourier coefficients, still denoted f. In particular, the Fourier
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coefficients of L, f write

(L,f), = (=20%n* + ibn — ap) f, +i (g(n +1)+ %b> St

b
%) fn—l'

Definition 5.8. We define

+ [<§(n— n- (5.7)

NZ,C) = {f €CE ||l < oo},

where

AEEDATAR

nez
together with X = #1(Z,C) x C, where ||[(f, Dllx = | fll,1 + |4l.

In practice, we compute the approximate eigenfunction f as a
truncated Fourier series, therefore X = (f, 1) trivially belongs to X.
We want to show that, for some (explicit and small) r > 0, there exists
a unique zero X = (f,4) of F, in X such that ||X — X||, < r. This
will be accomplished via the contraction mapping theorem, applied to
a Newton-like operator associated to F,, which we define momentarily.

Given a truncation level N € N, we introduce the corresponding
truncation operator I1y: For f = (f,)

S [n]| <N,
I7 =
(), {0 In] > N.

neZ’

For X = (f,A) € &, IIyX = (IIy f, 7). In the sequel, we assume that
the approximate eigenpair X = (f, 1) belongs to ITy X, for some N to
be specified later.

We then define the linear operator A by

AX = T X + ——072(1 — )X, (5.8)
262 ¢

where J is a linear operator on I1 y X, which can therefore be identified
with an (2N +2) X (2N +2) matrix, computed numerically as an approx-
1

imation of (H N F[:(X )i N) . Here 0;2 is just the inverse Laplacian

operator, i.e. (04‘)2 f ) = —i—g, which is well defined on (I — ITy)X
since (I — ITy)X onl’}ll contains mean zero functions. Provided N is
large enough, such an 4 should provide us with an explicit and accurate
approximate inverse of the Fréchet derivative F,:(X ), which we can use
in the following theorem.
Theorem 5.9. Let F, be as in (5.6) and A of the form (5.8). Assume
there exist Y, Z,, Z, > 0 such that
faso], <.
o
HI - AFp(X)HX <z, (5.9)
! !y s
|aE 0 - F|, < Za X - Xl vXex.
If
Z; <1,

2YZ, < (1 - Z,)%, (5.10)

then, for any r satisfying

1-Z, — 1-Z))?-2YZ 1-Z
1= V( 1) 2 e 1

Z, Z,

5

there exists a unique zero X of F, in X such that |[X - X|, < r
Furthermore, if X = (f, %) is redl, ie. f_, = (f,,)* for dll n € 7Z and
A €R, then so is X.

For other versions of the above theorem, and its proof, see e.g. [66—
70] and the references therein. This version is particularly close to [69,
Theorem 2.19], where a proof is included. We note that in general the
Z, estimate only needs to hold in a neighborhood of X, but here such
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an estimate will naturally be global because the map F), is quadratic.
We derive below explicit constants Y, Z, and Z, satisfying (5.9), and
then check, using interval arithmetic [64] to control rounding errors,
that these constants satisfy (5.10) for some given approximate solution
X.

Remark 5.10. Once Theorem 5.9 has been successfully applied, we
get an explicit r such that || f - f||,1 < r. Note that the #!-norm controls
the C%norm, hence

f(®) = lan”] f@)—r,

d)EOZ

which provides us with an easy way of checking a posteriori that the
eigenfunction f is indeed nonnegative.

5.2.2. The bounds

The Y bound. As f is a truncated Fourier series, AF,(X) also has only
finitely many non-zero coefficients. Therefore we can simply take Y =
”AF X )) e which is a finite computation that can be carried out on a
computer, with interval arithmetic to account for rounding errors.

The Z, bound. In order to derive a suitable Z; bound, let us introduce
B,=1- AF[;(X). We have to estimate

2%

=sup —=
xer Xy~
X#0

2]

which we do by noticing ”Bl’”x can be split as follows (see, e.g., [32,
Lemma 2.13]):

2] 2]
”B H XE”N-HX ||X||XX, Xe(I-My )X ||X||XX G0
X#0 X#0
The first sup is in fact a maximum:
2] [25ten- 0]
el ||§(||X = max “B ©, D”x 0SnEN ﬂenﬂ||[1 |
X#0
where e, is the sequence having 1 as nth entry and 0 otherwise.

Similarly to the Y computation, each element B,(e,,0) of X only has
finitely many non-zero coefficients, and the above estimate can be
evaluated on a computer.

In order to deal with the second supremum in (5.11) we take
advantage of the fact that, for any X € (I—Iy,,)X, B,X does
not depend on J. Indeed, for an arbitrary X = (f,4) € X, denoting

= (g, u) = F[;(X’ )X, we have (taking the Frechet derivative of (5.6)
and looking at (5.7))

ib2(n+1)+p)

g, = (—2(0'n)2 —ap+ ibn) St 7) w1

4 Q-1 =p)

foot = Afu—Af, Vnez,

w= 2 fulfu)"

[nl<N
where we recall that f € ITy¢'. In particular, if X € (I - Iy,,) X,
8, =0 VIn| <N,
u=0,
hence
_ L (92
B,X=X—AV = <f 27 (% )g).
»
0
Then, still assuming X € (I — My, ) X,
2%

I ((Iap+il+lbnl) N |b|<2|n|+|p|>< I
|n|=N+2

< —
202 n? 4 (n—1)2

+<n+1>2)>|f|

15

Physica D: Nonlinear Phenomena 476 (2025) 134617

< L |ap + 4] + |bI(N +2)
~ 202

Bl (N +2) + |p|>> "
(N +2) [n|>N+2 !

2(N + 1)

and therefore

2.x]
1X 1l

(N +2)2

< |ap+ 4] + |BI(N +2)
= 202 2(N +1)?

[b] 2(N +2) + |pD)
xarlnw)x ’
X#0
We thus consider
[s,01,

Sfinite _ |
z{" = max| || B,0.1) . max, el |

and

tail _ L
4= 262<

which are both computable, and take Z; = max(Z lf inite - 7 i”“ ).

|ap+ 2| + [BI(N +2)
(N +2)?

Ll +2)+ |p|>>
2N +1)2

The Z, bound. The only nonlinear term in F,(f, 1) being the —4f term,
we have, for any X = (f, 1) in X,
<()~ N +M[ - f)>

(Fio0 - Fi%) X 5

therefore

and we can take Z, = ||Al|y. Because of the specific structure of A
(see (5.8)), and of our choice of norm, this operator norm can also be
computed explicitly:

[[X = Xl X1l -

(F X) - FI(X) X“

1
lAlly =max | [Ty, =——7 |
o ¥ 262(N + 1)
where the remaining operator norm applies to a finite dimensional
operator and therefore amounts to a (weighted) #! matrix norm.

5.2.3. Extension to a varying p

We explained in Sections 5.2.1 and 5.2.2 how to get rigorous a
posteriori error bounds for an eigenpair (f, 4) of L,, for a fixed value of
p, and how to check that A = A(p). However, in view of Theorem 2.4, it
would be interesting to have a rigorous enclosure of the map p — A(p),
at least on a compact interval [p_,p,], in a strong enough norm so
that we could also control quantities likes the asymptotic Lyapunov
exponent A’(0) and the asymptotic variance A”(0).

The rigorous continuation tools developed in [32] allows us to do
exactly that in a straightforward manner. We expand all functions of p
using Chebyshev series, and look for eigenvalues as Chebyshev series,
and for eigenfunctions as Fourier-Chebyshev series:

0 o
Ap) =g +2) AT, f(r.d)= ), (fn,o +2 mekmp)) o
k=1 n€Z k=1
where T,, k € N, are the Chebyshev polynomials of the first kind,
rescaled from [-1, 1] to [p_, p, ] T.(p) =T, (M ) We then define,

Pr—p-
forn > 1, *

AMNO = {uec, Jul, <},

where
(s}
_ k_ Ikl
g = lugl +2 3 Ju = 3 [
k=1 kEZ
and

o (z.6)N0)) = {f € (f}?(N,C))Z, 111 01 < oo},

where

RPPEDN TAFED <|f.,,o| +2) |fn,k|nk>,
neZ nez k=1
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and look for a zero of (5.6) in &, = ¢! (Z, zf’;(N, (C)> X t’;(N, C), with
norm

ICF A, = 1111103 + 141

Our approximate zero (f, 1) is then made of a truncated (in »n and k)
Fourier—-Chebyshev series f and of a truncated Chebyshev series 1.

Remark 5.11. For given truncation levels, say N in Fourier and K in
Chebyshev, the size of the approximate zero (f, 1) is now of the order
of NK (the actual number being (K +1)(2N + 1)+ 1). However, because
there are only multiplication operators in the p variable, matrices like
J can in fact be stored with only order N2K cost (and not N2K? as one
might initially think), which makes the cost to the continuation not so
prohibitive in practice. For more details, we refer to [32,71].

The advantage of this setup compared to more traditional contin-
uation methods is twofold. First, the estimates required for using the
Newton-Kantorovich Theorem 5.9 in this new space X, are essentially
the same as in the fixed p case, up to the fact that real numbers
which depend on p becomes elements of #!(N,C), and that absolute
values applied to such quantities have to be replaced by f; -norms. In
particular, the Z ;"” estimate naturally generalizes to

L Nap Tl + 16N +2) 151 (208 +2)+ Il )

tail _ _1
! 262 (N +2)? 2(N +1)2
The second reason why doing continuation via an extension in
fé(N, C) can be helpful, which is especially relevant in our context, is

that the f; norm allows us to directly control derivatives.

Lemma 5.12. Letn > 1, u € f}I(N, C), and also denote by u the map
defined on [-1,1] by

oo
u:pe u0+22uka(p).
k=1

For all x € [0, 1], let
nent 2

X x>
ntn

2
! .
% V1—x2 otherwise.

For dll p;,p, € [-1,1], p; < p,, define

1>

olx.n] =

. k2 1
clpy,p,) =min| max —, ——8M |,
n e =M B Shmax(Upy L 1paD
lsksﬁ
K2 (k% -1
Cy(p1,py) = min| - max (3 K 2 : 2
seker (8tmax(1py |, |p2 1), n1)

Then, the map u is twice differentiable, and

sup

|u,(p)| < C,; (p1,p2) ”u”fyll >
PE[P1.p2]

sup |u”(p)| < C,?(Pl,l’z) [leell o1 -
PElp1.p2] n

Remark 5.13. In fact, having « in f}’ for n > 1 implies that the associ-
ated map is analytic, on a so-called Bernstein ellipse of size # containing
the segment [—1, 1] (see e.g. [72]). If useful, similar estimates on higher
order derivatives could therefore also be obtained.

Proof. Classical properties of the Chebyshev polynomials yield, for all
pel-11],

(o] (o] o0
W(p)= Y 2020 + Dutyyyy +2 ) 3 20k + 20 + Dty T (),
=0 k=11=0
therefore
24120+ 1

(o] 5]
k+20+1
+ 2; IZ:,) [tgs2141]| "k+2l+12,]k+T+1

0
|’4,(P)| =2 Z |'421+1 I n
1=0

,I2[+1
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k2
< Hlell ) k»sellilp rl
>1

It is straightforward to check that this supremum is in fact a maximum,
which must be reached for k < ﬁ A similar computation yields

k2 (k?

—_1)_” I 1 m
N ) :

1

"

w'(p)| < llull,1 7 sup

| | 13 ken,, 4 n*

= ZSkSF
n

The other part of the two estimates is obtained by using that, since

u € f;(N, C), n > 1, u is analytic on the open Bernstein ellipse &,,

defined as
& ={zeC lz=1|+|z+1<n+n'},

and bounded on the closure 8_,1 of &,. Furthermore, one can check that,
for all x € [0, 1], the ball in C of center x and radius §[x, ] is contained
in 6‘_,7 The second part of the estimates then follows from Cauchy’s
integral formula and the fact that

O

sup [u(2)| < [lull -
Z€E,

Once we successfully use Theorem 5.9 with the extended space &,

and check that 4 = A (see Remark 5.10) we can therefore combine the
estimate

JA= Al <r,
with Lemma 5.12, in order to get

2
2 ) 20,0y,
-p

[A"(©0) - 27(0)] < (p (5.12)
+

where the ( 2

py=p- )
and [p_,p,]. Since 7 is merely a polynomial (a truncated Chebyshev

series), 1”'(0) can be evaluated explicitly, and (5.12) provides us with
a rigorous and explicit enclosure of the asymptotic variance A”(0).

2
) factor comes from the rescaling between [-1,1]

5.2.4. Results

Theorem 5.14. Leta =1, b=35, and 6 = 1 in (4.6). The rate function
satisfies

1(0)=- in]]fk A(p) € [0.0947750,0.0947753].
pe

Furthermore, the asymptotic first Lyapunov exponent and the asymptotic
variance are given by

A'(0) € [-0.35231598, —0.35231594] and A"(0) € [0.657787,0.657789].

Proof. We consider [p_,p,] = [-4,6] and compute an accurate trun-
cated Fourier-Chebyshev approximation (f, 1) of a zero of (5.6) over
this interval, depicted on Fig. 3. Using the methodology described in
Sections 5.2.1-5.2.3, and in particular Theorem 5.9 with the space X,,
with # = 1.01, we obtain that there is an exact eigenpair (f, 1) with

7. = (7. D, < 8x 1071,

We then successfully check that f > 0 (see Remark 5.10), which implies
that A = A. Using Lemma 5.12, we also get a rigorous control on
A’, which allows us to find a narrow interval [p;, p,] containing the
zero of A’ (using the intermediate value theorem), and then to enclose
—A([p;, p,]), which provides the announced value of I(0). Using again
Lemma 5.12, we also get the announced enclosures of A’(0) and A”(0).
The computational parts of the proof can be reproduced by run-
ning the Matlab code script_shear_single.m, available at [65],
together with the Intlab toolbox [64] for interval arithmetic. []

There is of course nothing special about the parameter values that
were chosen for a, b and ¢ in Theorem 5.14, and one can, for instance,
repeat the same procedure for different values of b. In Fig. 4, we
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Fig. 3. Representation of the approximate eigenfunction f = f(p,¢) (left) and approximate eigenvalue 1= A(p) (right) used in the proof of Theorem 5.14.

Z,(0)

N
esese s o & & ©
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5(0)

0.5 o*

20

15}

5(0)
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20

10 15 20

Fig. 4. Rigorous computations of Z,(0), A’b(O) and A;’ (0) for (4.6), with @ = 1, 6 = 1 and several values of b. The upper- and lower-bounds are too close to be depicted on the
picture: all error bounds are below 9 x 10~ for I,(0), below 2 x 1077 for A}(0), and below 6 x 10~ for A}/(0). Blue square markers are used for 7,(0) when the corresponding

asymptotic Lyapunov exponent (given by A](0)) is positive, see Remark 5.15.

show rigorously validated enclosures of 7,(0) for many different values
of b. The rigorous computations required to produce this picture can
be reproduced by running the Matlab code script_shear_all.m,
available at [65], together with the Intlab toolbox [64] for interval

arithmetic.

Remark 5.15. Note that in this example, we have a transition from
negative to positive asymptotic Lyapunov exponent when b increases
(see the evolution of A’b(O) on Fig. 4). After that transition, when the
asymptotic Lyapunov exponent is positive, the rate function 7, still

holds the information about the large deviations principle for the FTLE
(see Theorem 2.4 and Corollary 2.6), but its specific value at 0 loses its

prominent meaning.

There are some notable differences to the pitchfork example dis-
cussed in Section 5.1, in particular comparing 7,(0), as depicted in
Fig. 1, and I,(0), as depicted in Fig. 4. In the latter case, there is no
local minimum for 7Z,(0) as long as the asymptotic Lyapunov exponent
is negative, in contrast to the existence of the local minimum «, (see
Theorem 5.7). This is due to the fact that increasing the shear factor
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b globally adds more expansion to the system without being limited to
a local effect around some (deterministic) equilibrium. There is then a
global minimum at some b, where the asymptotic Lyapunov exponent
crosses 0 and, hence, 1, (0) = 0 (see Section 2).

6. Outlook

In the course of this paper we have laid out the connection between
positive FTLE and the values taken by the large deviations rate function.
In particular, in many circumstances a transition to positive FTLE is
accompanied by and detected from a qualitative change in the LDP rate
function.

Many questions arose during the writing of this paper, which we
feel provide a compelling program for future work in various directions,
including both the treatment of more general systems and alternative
characterizations of FTLE transitions. We record some of these below.

Treatment of systems on unbounded domains

As remarked elsewhere, the large deviations principle for unbounded
domains we borrow from [50] essentially requires that one works with
fully elliptic additive noise. This is somewhat unsatisfying as there
should be some general LDP for hypoelliptic diffusions as well.

Treatment of systems in infinite dimensions

It is of natural interest to apply large deviations principles to other
circumstances where there is a known FTLE transition, e.g., stochastic
PDE such as the Chaffee-Infante equation as it undergoes a series
of pitchfork bifurcations [17,18]. To our best knowledge, however,
several developments will be necessary even to prove a large deviations
principle. At time of writing it is an ongoing project to lay out elements
of the ergodic theory of the corresponding projective process on an
infinite-dimensional domain. For recent advances in this direction we
refer the reader to [73,74].

Connection with quasi-stationary statistics

Positive FTLE amid a negative asymptotic exponent, as we have
studied in this paper, should be understood as a transient-in-time
behavior for typical trajectories. Quasi-stationary ergodic theory is
a powerful toolkit for the description of transient behavior one can
attach to a stopping time, e.g., the statistics on conditioning remain-
ing in a certain region of phase space [75-78], with notable recent
advances [79-81]. A version of the multiplicative ergodic theorem for
quasi-stationary dynamics [82] allows to assign Lyapunov exponents
in this setting, and it is not hard to show that in many cases, a
positive quasi-stationary Lyapunov exponent implies positive FTLE for
all sufficiently large times, even when the overall asymptotic Lyapunov
exponent is negative.

It is natural to study the extent of this connection and whether the
converse is true: is there a set of assumptions guaranteeing one can
assign to a system with positive FTLE a quasi-stationary statistic with
a positive Lyapunov exponent?

CAP challenges
As already mentioned in Section 4.2, models of the form (4.6)
appear naturally when studying the Hopf normal form, but with B =
0 o
0 0
angular variable ¢, Eq. (4.7) becomes

. In that case, still describing the projective process s via the

d¢p = bcos? ¢dr — o sin podU,,

and the corresponding generator L is no-longer uniformly elliptic:

2
Lf= "7 sin® ¢y (sin® ¢pdyf) + beos® pdsf. ¢ € (0, 7).

How to rigorously study the spectrum (of the associated tilted generator
L)) in this case seems to be an interesting challenge.

At the moment, it also remains unclear how rigorously control the
spectrum of L, when M is not compact and L, is not self-adjoint.

18

Physica D: Nonlinear Phenomena 476 (2025) 134617

CRediT authorship contribution statement

Alexandra Blessing (Neamtu): Writing — review & editing, Writing
— original draft, Methodology, Investigation, Formal analysis. Alex
Blumenthal: Writing - review & editing, Writing — original draft,
Methodology, Investigation, Formal analysis. Maxime Breden: Writing
- review & editing, Writing — original draft, Visualization, Valida-
tion, Methodology, Investigation, Formal analysis. Maximilian Engel:
Writing — review & editing, Writing — original draft, Methodology,
Investigation, Formal analysis.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Acknowledgments

We are indebted to the anonymous referee whose careful reading
and insightful comments helped us significantly improve the final
version of the manuscript.

We heartily thank Michael Plum for encouraging discussions re-
garding the example studied in Sections 4.1 and 5.1. Furthermore, we
thank Sam Punshon-Smith and Dennis Chemnitz for fruitful discussions
concerning moment Lyapunov exponents.

M. Breden was supported by the ANR project CAPPS: ANR-23-CE40-
0004-01.

A. Blessing was supported by the DFG grant 543163250. Further-
more, A. Blessing acknowledges support from DFG CRC/TRR 388 Rough
Analysis, Stochastic Dynamics and Related Topics, project AO6 and DFG
CRC 1432 Fluctuations and Nonlinearities in Classical and Quantum Matter
beyond Equilibrium, project C10.

A. Blumenthal was supported by the National Science Foundation
under grants DMS-2009431 and DMS-2237360.

M. Engel has been supported by Germany’s Excellence Strategy —
The Berlin Mathematics Research Center MATH+ (EXC-2046/1, project
ID: 390685689), via projects AA1-8, AA1-18 and EF45-5. Furthermore,
M. Engel thanks the DFG CRC 1114, DFG SPP 2298 and the Einstein
Foundation for support.

A. Blumenthal and M. Engel additionally thank MATH+ for sup-
porting A. Blumenthal as a MATH+ Visiting Scholar in the summer
of 2023, in particular appreciating the support by Rupert Klein and
Nicolas Perkowski.

Appendix A

Section 2.2 states a large deviations principle ( Theorem 2.10) for
the finite-time Lyapunov exponents of a stochastic flow on R? under
some conditions; a setting not covered by the classical work (e.g., [42])
on the subject which considers only the case of stochastic diffusions on
a compact manifold. The LDP we desire is essentially a version of the
results of [50], extending the results for observables of an R? diffusion
to the present context of observables of a diffusion on R? x P¢~!
diffusion.

We state, without proof, a version of the Géartner—Ellis theorem (
Theorem A.1 below), an abstract tool for proving LDPs and briefly
summarize how Theorem A.1 is used to prove Theorem 2.10, referring
to [50] for details. Not covered by [50] is the analyticity of the map
p+— A(p) as in Theorem 2.10(a)(iv), which is checked in Appendix A.2.

The remainder of this Appendix concerns the proofs of Lemmas 3.12
(Appendix A.3) and 4.4 (Appendix A.4).
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A.1. The Gdrtner—Ellis theorem and proof of Theorem 2.10

Below we present a version of the Gartner—Ellis theorem for empir-
ical averages of scalar observables. In what follows, (Z,ﬁ ) is a family
of random variables on a probability space (£2, F,P) parametrized by
t € [0,0), p € B for some abstract index set B. Let

A (p) = log B
where throughout we assume the above expectation is defined and
finite for all t > 0,8 € B.

The following is a version of [83, Theorem 2.3.6].

Theorem A.1. Assume that for all p € R, the limit

.1

Ap) = lim A" (pr) (A1)
t—oo

exists and is uniform over f € B. Assume moreover that A : R - R

is differentiable. Then, the family of random variables (Z,ﬁ ) satisfies a p-

uniform large deviations principle (LDP) with good rate function T = A*.

That is, for all measurable K C R,

— inf Z(r) < liminf inf * log P(Z’ € K) < lim sup sup
reke =0 feB t t—co  feB

%log P(z! € K)

<—inf I(r).
rek

Here, the Legendre—Fenchel transform A* of A is defined as
A*(r) = sup (pr — A(p)) .
peER

Observe that A* is automatically nonnegative since A(0) = 0. We say
that T = A* is a good rate function if its level sets are compact for the
considered topology. Using Holder’s inequality, our assumptions imply
that A is convex and, hence, A* is convex and a good rate function [83,
Lemma 2.3.9].

A version of Theorem A.1, absent the parameter f € B, is proved
in [83, Section 2.3]. The extension to the ‘B-uniform’ version above is
straightforward and omitted.

Let (X,,s,) denote the process on PM =~ R? x P4~ in the setting of
Section 2.2, and let Assumption 2.9 hold. We intend to apply Theorem
A.1 to the family of random variables

t
/ g(X,s.)d7,
0

where B C PM is some compact subset, and g = (X,,s,) € B. Here,
g ¢ PM — R will belong to some appropriate class of observables,
our ultimate goal being to set g(x,s) = O(x,s) = (s,(Dfy),s) so that
Z! = 3(Xy, 50)-

Like in the sketch of the proof of Theorem 2.4 presented in Sec-
tion 2.1, convergence of A(p) hinges on the spectral theory of the
twisted semigroup S = S} acting on y : RY x P"! - R by

z'=1

t P (A.2)

t
S'w(X,s) =Ex [u/(X,,s,) exp/ g(XT,sT)dr] .
0

As mentioned in Section 2.2, we conduct this spectral theory on the
weighted uniform space Cy, with norm |lgll¢,, = sup( gepu [9(x, )|/
W (x), where

W =e"

for 6 € (0,1) fixed, and V is as in Assumption 2.9. The following is a
summary of the results of Section 6 of [50]

Theorem A.2 ([50]). Let g € Cy, be smooth and assume moreover that
Supye pa-1 |8, 9)| < |oT VY2,

(a) For all t > 0, it holds that S is a bounded linear operator on Cy,.

(b) There exist A, € Ryr >0 such that for all t+ > 0, the operator
S" 1 Cy - Cy is compact and admits as a simple eigenvalue
"' > 0 with the property that o(S") \ {¢"¢} C B,(0).

19

Physica D: Nonlinear Phenomena 476 (2025) 134617
(c) There exists y, € Cy,, y, > 0 for which S'y, = e v, for dlt> 0.

Remark A.3. We address briefly two discrepancies between Theorem
A.2 and the results in [50, Section 6].

(a) The paper [50] considers only diffusions on R and not on PR?.
The extension of their methods to PRY = R x P4~! is straightfor-
ward, since the factor PY~! is compact and does not need to be
controlled by the Lyapunov function W.

Another difference is that the results of [50, Section6] treat the
spectral theory of S* on the space By of measurable functions
f for which f/W is bounded, with the same norm as that for
Cy,. One way to proceed is to work, as in [50], by establishing
parts (a)-(c) with B;‘j replacing Cy,. One can then deduce the
corresponding statements for Cy, on observing that Cy, C B},
is a closed subspace. We establish below the continuity of the
mapping (x,s) ~ S'@(x, s) for ¢ € Cy,.

(b

=

Lemma A.4. For ¢ € Cy, it holds that S"g € Cy, i.e. in particular the
mapping (x, s) = S'@(x, s) is continuous.

Proof. Let ¢ € Cy, be fixed. Then S’ : By, — B;). Here we check the
continuity of the mapping (x, s) = S’@(x, s). According to [50, Lemma
6.2] for any ¢ > 0, a > 0 we can find a constant c,, > 0 and a compact
set K,, C PM such that

S'W(x,s) <e "W (x)+ ok, (x.9). (A.3)

Here, 1y is the indicator function for K,,. We set K, := K/, use
the semigroup property and decompose

S'p =571y S0)+8 (15 Sg).
—— —
Pa
Based on [50, Lemma 6.4] we infer that @, is continuous. Using (A.3)
we derive a bound for $/2(1 Ke S'/2¢) which implies that

- —at/2
15°0 = @allc,, < lelc, -

Taking a — oo, we conclude that S’¢ is the Cy, -limit of continuous
functions, hence, in particular continuous. []

A.2. Analyticity of p — A(p)

Throughout this subsection we work under the Assumptions of
Theorem 2.10.

To show the analyticity of A(-) we use the fact that A(p) is the prin-
cipal eigenvalue of the tilted generator of the Feynman-Kac semigroup.
Consequently, we have that

A
Sly, =¢' (p)"’p’

for an eigenfunction y,. Here
4 3
Stp = IE(X(),SQ)[W(Xt’ St)ep‘/o O psp) dr,

Similarly to [50, Lemma 6.6, 6.7], we show that the operator-valued
function p +~ S, is analytic which implies the analyticity of the
principal isolated eigenvalue A(p) in p. The following computations are
based on the supermartingale property of W (X,)e™ h %(Xf)df. We now
show the complex differentiability of the map p — S in the operator
norm on Cy,. To this aim, for y,Q € Cy, h € C with || < R for R > 0,
and show that there exists a constant C > 0, such that

1
“Srm S~ Ry [W(X,,s,)e"fﬂ Q(x,.s,mr/o Q(X,,s,)dr] ”E(CW) <clnp.
(A.4)

. t T
First of all, we note that Ey, ) [W(X,, sper i OXesde [ o(x s ydr
is a bounded operator on Cy, for Q € Cy,, since for (X,s,) € PM we
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have

. ) t
E(XOJO)HW(X,,S,)ep/U Q(X,,mdr/o Q(Xr,sr)dr“

. t
< ey B [ W X, )P 100K 500 / 0X,. 5,)lde]
0
1
<1l B [ W7 XD 10000 05,

where we simply used that x < e* for x € R. Since we are working
under the assumptions of Theorem 2.10, we know that O = Df,, and
consequently |Q| < |67 VV|2. Furthermore, for n € (0, 1) we have that

W —r]lchVVlz.
w

Putting these together we obtain for a constant ¢ that

E(Xo,SU)

t
[u/(X,, s,)ef’/or O(Xposo)de /0 oX,, s,)dr] |

<lvllc,

< llwll,, e P w (Xo),

1_GW (x.)d
e(lp|+1)c?E(X0’s0)[W(Xt)efo W (X2) f]

by the supermartingale property of W (X,)e” i G Xedr,

We return to the complex differentiability of the map p — Sl’, and
further compute for y € Cy, and (X, sy) € PM

|E<x o [,,,( X, 5,)eP o QXess e oh f1 QXX _ (o )b fy QX )de
0:°0.

t
— hyp (X, 5,)eP fo QX5 / Q(X,,s,)dr“
0

NOX,solde | i f) (X, s, )d
< ”W”CW]E(XU,S")[W(XI)E‘M/O 10X, s)lde | ph fy OX o )dr _

AP , (T 2
< CEE Wl By [ WX 000 057 0(x, 5 ) |
0

n [ e ST)dT”

< CLAP I Ny, B, o) [W (X, )ePHID [y 0K sdey

The third line was obtained applying Taylor’s formula (with Lagrange
remainder) to the complex-valued function f(h) = o @Xeso) de apg
the last line follows due to the inequality x?>/2 < e* for x > 0. As
before, using that |Q| < |67 VV |2, GW /W ~ —n|cT VV|? together with
the supermartingale property of W(X,)e_f(; GVW(X’)C'T, we can bound
the conditional expectation by ¢ W (X,), for a constant & > 0, prov-
ing (A.4). This means that p S; is complex differentiable and
therefore analytic with respect to the operator norm on Cy,. Since
p — S’ is analytic, then so is the principal eigenvalue p — ¢'4%®), and
hence so is the mapping p — A(p).

A.3. Proof of Lemma 3.12

We provide here a proof of the weak-x continuity of the law (X, s) —
Py ;) under the assumptions of Lemma 3.12.

Definition A.5. Let P, denote the law of a stochastic process Z on
a separable Banach space E starting in z € E. The laws (P,)_, are
called weakly continuous if for any sequence (z,) C E that converges
to z € E, the measures P, — P, converge weakly, i.e.

/ ¢dP, — / $dP,,

for every bounded, continuous functional ¢ : E — R.

In our case we work on the path space E := C([0,1];R") and
analyze the convergence of the laws P, — P_ with respect to the
weak-x topology on the spaces of measures on E. This is referred to
as the weak-* continuity of z — P,.

Setting (1): M is compact

Using the Nash embedding theorem, isometrically embed PM into
RN for some N sufficiently large. Construct extensions F; of the original
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vector fields f; in such a way so as to satisfy the global Lipschitz
conditions

D IF(z)) = Fi(z)| + |H(z)) - H(z,)| < Blz - 2,|, and

i=0

D IF ()| + |H(z)| < B(+|z)), (A5)

i=0

for a constant B > 0, where H = (H /-);?

H,(x) = ZZ

i=1 k=

_, is the vector field given by

a(F, ) ()
(F) ().

This translates the problem of controlling the law of (X,,s.,) = (X,.5,)cj0.1
to a problem concerning the law (Z,) for a diffusion (Z,) of the form
m
dZ, = Fy(Z)dt + Y F(Z,)odW, (A.6)
i=1
on RN, N > 1, for standard Brownian motions (Wl"). In this case, the
following suffices for concluding Lemma 3.12.

Proposition A.6. Suppose (A.5) holds. Then, (A.6) admits unique strong
solutions for all initial Z,, and moreover, z — P, varies continuously in the
weak-* topology on the space of measures on C([0, 1],RN).

Here, P, denotes the law of (Z,) = (Z,); on C([0, 1], RN) condi-
tioned on Z; = z.

Proof Sketch. Proof Sketch Below, C > 0 is a constant depending only
on B in (A.5), the value of which can change from line to line.

That (A.5) implies unique existence of strong solutions is standard
and omitted. To prove weak- continuity, let z/,i = 1,2 be two fixed
initial conditions and (Zf ),i = 1,2 be the corresponding diffusions with
Z; = 7. By the Portmanteau theorem it suffices to show

‘ / @dP,; — / @dP,

for Lipschitz continuous @ : C([0,1],RY) — R. Since @ is Lipschitz, it
suffices to establish

= )Ea&(z}) ~Eo(Z%)| < Clz' - 22|

E sup |Z rl
te[0,1]

To start, translate (A.6) into It6 form and note that the corre-
sponding vector fields (F,) are smooth and also satisfy (A.5). Using the
integral form of (A.6) in the sense of It6, a standard argument using Itd
isometry and Gronwall’s inequality implies

-z} <Clz' - 2. A7)

Elz! - z2> < Clz' - 22)7. (A.8)

Next, we derive
1
-z}P<cC / |Z!
0

Under expectation, the first RHS term is bounded by C|z' — z2|?. The
processes Y, are nonnegative submartingales, so using the L? version
of Doob’s maximal inequality ([84, Theorem1.3.8]) we get

2

sup |Z[l

- 22 2ds+C sup
1€[0,1] Z

7 1€0,1]

/ (F(Z}) = F(ZD)) dW;

Y

E sup |Y/|* <4E|Y/|>.
te[0,1]

Therefore by It6 isometry and (A.5), the RHS is bounded like

2
<CE

t 1 g
/ (FZh - F(zD) aw; /0 (F(z) - Fzh) aw;

0

E sup
tef0.1]

1 1
< CE/ |Fi(z}) = F(ZH)*dt < CIE/ |z} - Z2dt < C|2' - 22
0 0

Adding up all these contributions, (A.7) follows and the proof is com-
plete. [
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Setting (2): M is noncompact

We can no longer hope for the extension vector fields (F;) to satisfy
(A.5), and must rely instead on a drift-type condition as in Assumption
2.8. To this end, fix an isometric embedding of P4~! to P ¢ RN for
(5)

0

be constant vector fields, while the drift term F; is built so as to agree
<{)0> outside a ball of radius

some N’ > 1, and set N = d + N’'. For i > 1 we can let F;, =

with f; on R? x P and so that F, =

1 of RY x P. Writing £ for the infinitesimal generator associated to
the resulting diffusion (Z,), the following result will imply our desired
version of Lemma 3.12.

Proposition A.7. Assume there exists a C* function ¥V : RY — [1,c0)
with the following properties.

(a) For some constant ¢ > 0, it holds that
LY <cV.
(b) For all C > 1, the sublevel set V~[1,C] is compact.

Then, (A.6) admits unique strong solutions for all initial Z,, and moreover,
z + P_ varies continuously in the weak-+ topology on the space of measures
defined on C([0, 1], RYN).

Proof. Fix a family of vector fields FR so that (i) Ff = F; on B,z(0)
and (ii) FI.R satisfy (A.5) (with constants possibly depending on R).

Let vy, > 1 be fixed, and throughout we impose that z',z> €
VU1, vy]. We write (Z{),i = 1,2 for the corresponding paths with
Z(") = z. As before, @ : C([0,1],RN) — R is Lipschitz and bounded.
Set Z:’R to be diffusion path with (FiR) replacing (F;), and observe that
Z:’R = Z! for all t < 7R, where

R =inf{t>0:|Z/| > R}.
We estimate

‘ / ®dP, - / ®dP,

=[eoz}) - Eo(22)

< (lEcb(z}) - IEQS(Z}'R)) + |IE(1>(Z_1'R) - Eo(Z2R)
+ ’Eq)(Z.Z’R) - Eq)(z_z)( .

Fix € > 0. Arguing as in the proof of [85, Theorem3.5], it follows
that there exists R, depending only on v, such that

PR < 1)< £, (A.9)

6K
where K is an upper bound for @ and i = 1, 2. For this value of R, (A.7)
applies with a constant C = Cy depending on R, and
|E®(Z)) - E(Z[")| < BI@(Z]) = D(Z ) reyy | < 5
Set § = ¢/(3CxrL), where L is a Lipschitz constant for @. We conclude
that | [ @dP_i— [ ®@dP | < e forall z!, 22 € V~I[1, yy] with |z! —22| < 5.
This completes the proof. []

A.4. Proof of Lemma 4.4

We conclude with a proof of Lemma 4.4, restated below for conve-
nience.

Lemma A.8. Let (B,]-|) be a Banach space, and let 3, C BB be a dense
subspace equipped with its own norm | - |, with respect to which (B, |- |,) is
also Banach, and for which |x| < C|x|, for all x € B, and for some C > 0.

Let A : B — BB be a bounded linear operator for which A(3,) C B, and
Ay = Alg, + (By,|-1p) O is a bounded linear operator. Finally, assume
A:B,|-]) O and Ay : (By, |- lg) O are both compact on their respective
spaces. Then,

p(A: B B)=p(Ay : By = By),
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i.e., the spectral radius of A regarded on B coincides with that of Ay = Al
regarded on B,

Proof. Letr = p(A : B — B),ryg = p(Ay : By — By). For now, let us
assume r( > 0; the case ry =0 is treated at the end.

Step 1: We first confirm that when r, > 0, it holds that r > r. For
this, let 4y € o(4, : By — By) such that |1y| = r(, and let f, € By \ {0}
such that Ay f, = Ao fy. Then, Afy = Ayfy, hence 4y € (A : B - B)
and so ry = 49| < r.

Step 2: Conversely, we check now that r < r,. For this, note that
under our assumption r, > 0, it holds that r > r, > 0 by Step 1. It

follows from the spectral theorem for compact operators that for an
open and dense set of f € B, |A"f|'/" — r as n - co. This open and
dense set meets 53, \ {0} at some vector f,. We estimate

[A” fol < CIA" fylg = ClAG folo < ClAGlol folo -

Taking nth roots and n — oo, the LHS converges to r by construction,
while the RHS converges to r, by the Gelfan’d formula [86, Lemma
IX.1.8]. We conclude that r < ry,.

Step 3: It remains to address the case r, = 0, for which it suffices
to show that r = 0. For the sake of contradiction, suppose r > 0. Then,
one can follow the argument in Step 2, which implies in particular that
r < rg=0. This is a contradiction. []
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