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ABSTRACT

So as to assess systemic economic value and risk, it is of crucial interest to develop methods to detect interwoven production chains in
large-scale economies. Commodity transactions between firms induce a complex network in which it is challenging to identify production
chains, not only due to the size of the underlying network but also because of its inherent cyclical connections and loops. We present a novel
method, Restricted Gradient Extraction (RGE), which is based on Hodge decomposition, which is capable of extracting the gradient flow
of a production network. The RGE method, being of relatively low computational complexity, is demonstrated to both a synthetic and real
country-sized production network. Application of RGE on the syntactic data set shows that the resulting gradient flow is a directed acyclic
graph, a weighted subgraph of the original network, and the gradient flow is retained. Application to the economic production network of the
Netherlands shows that production chains can be readily detected and described. The method is applicable to weighted directed networks in

general and is not limited to economic production networks.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0270180

We present a novel method to extract linear commodity supply
chains from large production networks, which is based on Hodge
decomposition. The resulting graph is a weighted subgraph of
the original network and is used to detect and describe produc-
tion chains in a production network of enterprises. The method is
computationally tractable and is applied to both a synthetic and
real country-sized production network to demonstrate its validity
and utility. We illustrate the method by detecting and describing
production chains in a production network of the Netherlands
and compare it to the original network.

I. INTRODUCTION

The economy of a country can be defined as the system of all
its human activities and interactions concerning the production and
consumption of goods and services. While the gross domestic prod-
uct (GDP) provides useful insight into such an economy at a high
aggregation level, its information content is limited. It is rather more

informative to have structural knowledge concerning the paths of
interaction between smaller units, such as companies, within the
system. For this reason, there is an increased interest in measuring
and constructing production networks, so as to support economic
research,'~ including econophysics.°

Production of an economy often is described as a collection
of supply chains, each of them representing a linear sequence of
production steps in which an enterprise uses commodities supplied
by other enterprises to produce, adds value and supply a new or
improved commodity. This view of a production process is ide-
alization, since many economic processes are not merely a linear
sequence of production steps but are part of a complex network
containing many sequences and cycles. We propose a method to
extract the dominating linear component of supply chains given a
complex production network. Revealing the linear components of
supply chains in a production network enables further economic
research. Production networks may model various aspects of eco-
nomic transactions, for example, the flow and transportation of
goods and currency. For example, the upstream transactions of a
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produced commodity are of importance: what economic actions and
production lead to the production of this commodity? This view
has the potential to reveal the level up to which production chains
are interwoven, thus providing a quantification of the resilience of
a production network. Should, for instance, an upstream network
contain a place where just a single firm has the ability to produce a
particular component, this is a potential vulnerability in the produc-
tion chain. In the absence of network reconfiguration, a certain level
of redundancy in the network connections, or edges in graph ter-
minology, could be considered beneficial for resilience. Evidently,
a self-healing property, i.e., the ability for a firm-to-firm network
to reconfigure itself should nodes cease activity, is another aspect
of resilience. A weak link may, thus, be an enterprise that plays a
crucial role in the production network or the scarcity of a certain
commodity.

A. Related and prior work

Several methods for detecting chains in production networks
have been developed (see, e.g., Refs. 7-9). Most detection meth-
ods typically find up- and downstream patterns and operate directly
on the production network, which makes them computationally
demanding, since country-sized production networks are large. This
paper introduces a method that is based on graph Hodge decompo-
sition,"” which decomposes a directed network into a gradient, local
cyclical and global cyclical graph component, where we primarily
focus on the gradient part of the method. Previous work'"'* has
applied Hodge decomposition to a large-scale trading network, but
without taking the volume and type of commodity of the transac-
tions into account. Evidently, both the volume and the commodities
produced are highly relevant components in the analysis of supply
chains in an economic context. Furthermore prior work (ref) derives
chains of transactions that represent a net supply chain, but not an
actual supply chain ifself. Detecting those actual supply chains is cru-
cial in a robustness assessment, as each supply chain is as strong as
its weakest link.

B. Contribution

The main contribution of this paper is a computationally effi-
cient method to identify and extract linear supply chains, also
referred to here as gradient flow, in large production networks,
resulting in a directed weighted acyclic production network that
is a (weighted) sub-graph of the original network. Furthermore,
it takes a different approach than previous work: the production
network is projected into a commodity network, from which a gradi-
ent commodity network is derived using a novel restricted gradient
extraction method. Then, the enterprises that are important for
the commodity chains in it are identified, thus resulting in a fil-
tered production network in which commodity transaction cycles
are removed. To demonstrate the method, it is applied to (a) sim-
ulated datasets and (b) an actual enterprise production network for
a complete country with transactions in different commodities, cre-
ating commodity supply chains and a filtered production network.
The cyclical component in the context of the circular economy is
of clear interest, i.e., the re-use of base materials that may be or
may contain scarce resources. However, the relationship between
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the cyclical component of the Hodge decomposition and the circu-
lar part of economic activity is sufficiently non-trivial that such an
analysis is deferred to future work.

C. Outline

Section II introduces and explains the different steps in the
method, including the projection to a commodity network, the
restricted gradient extraction method, and the back projection into
the production network. The method is demonstrated in Sec. 111
via a constructed synthetic data set. Section I'V describes its appli-
cation to the production network of the Netherlands with 1 x 10°
enterprises and 16 x 10° transactions. We conclude this paper with
a discussion on the applicability of the method.

Il. METHOD

A production network encodes the supply chains at a highly
granular level. In general, an enterprise has multiple suppliers and
users, and uses and supplies multiple commodities. This makes it
challenging to detect and compactly summarize production chains,
not only because there are many supply-chain paths leading to the
production of a commodity but also because a production network
potentially contains many cycles and is, therefore, not necessarily
linear.

The method is as follows: first, production network G is pro-
jected into a commodity network C with size | V(C)| < |V(G)|, thus
drastically reducing the computational complexity. Commodity net-
work C is used to detect linear commodity-commodity chains, by
extracting a gradient commodity graph Cy. The gradient compo-
nent Cy is a directed acyclic graph (DAG), representing a produc-
tion flow of commodities, that is to be used to detect production
chains in the production network of enterprises. Cy is then used to
filter the original production network, resulting in a pruned enter-
prise network, only containing transactions in commodities that are
part of linear supply chains.

A. Production networks

We consider a production network G to be an enterprise multi-
graph with weighted and typed edges. Each vertex v; comprises
an enterprise, and each edge e; between enterprises is a yearly
transaction with value tj% of commodity c; between enterprise v;
and v;. The fundamental building block of G is a supply-demand
graph per commodity: for each commodity ¢, we have a directed
weighted supply-demand graph Sy = (V, Ey, ), with V being the
set of enterprises {v}, Ex being the set of supply-demand relations
for commodity ¢, and ¢ being their economic value.

A production network G is then defined as the union of all per-
commodity supply-demand graphs,

G =UL S = (V,Ew), (1)
where

E=U_E,

n
wij = Up_, Lijk.
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Note that the production multi-graph with commodity links
can be turned into a simple graph by aggregating the different com-
modity transactions between each of two enterprises into one edge
without commodity information.

B. Projection onto commodity network

The production network of enterprises is projected onto a com-
modity network, to ease the detection of supply chains. For conve-
nience, all quantities are expressed in terms of equivalent monetary
value; while not necessary, it avoids explicitly having to carry diverse
units of conversion between commodities. The starting point for
each enterprise v; is the amounts u;; of commodities c; that the enter-
prise uses, and the amounts s;; that it produces, and, hence, supplies
to other enterprises. The enterprise multi-graph G is now projected
into a commodity graph C in the following manner: for each enter-
prise v;, its use u;; of commodity ¢; is distributed over each supplied
quantity sy of commodity ¢, resulting in a weight ;5 indicating
how much each used commodity ¢; leads to commodity
¢ for enterprise v;:

= 2

where

The commodity network C is the aggregation over the enter-
prises V,

C= (V. E,m),

with V. being the set of commodities {¢;}, E. being the set of sup-
ply-use links between commodity ¢; and ¢;, and my; = Y,y iy
being their monetary value.

The resulting commodity graph C is a directed weighted net-
work, in which each vertex represents a commodity and each edge
a flow of commodity that is an input for the production of another
commodity.

The commodity graph C typically is much smaller than G:
V.| < |V],|E| < |E|. It is, however, a dense graph, as opposed to
production network G, and it may contain many cycles, making a
direct production chain interpretation difficult. For supply-chain
detection, it is of interest to remove all cycles from the commodity
graph.

The commodity graph has cycles for multiple reasons. For
example, enterprises may perform various different economic activ-
ities, leading to many input and output commodities for that
enterprise, blending and blurring the production chains of the pro-
duced commodities. Furthermore, a production chain can contain
an enterprise multiple times, for example, when an intermediate
process is outsourced to another enterprise.

Fortunately, a method exists to remove cycles from a directed
weighted graph, namely, graph Hodge decomposition, which seems
fit for the job but has a catch as we will see later on.
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C. Graph Hodge decomposition

To extract a gradient flow in the commodity network, we rely
on an adjustment of the Hodge decomposition method of Refs. 10
and 13. Hodge decomposition decomposes a directed graph C in
three orthogonal components: a directed acyclic gradient compo-
nent Cy, a local cyclic component C,, and a rest component C,. We
focus on the gradient component, since we are interested in detect-
ing commodity supply chains. The gradient component is a directed
acyclic graph and is to be used as a supply-chain graph revealing the
direction in, respectively, the size of, the production of commodi-
ties. The Hodge gradient component needs some adjustment, as is
shown later in Secs. [I D and IT E.

The divergence V; of commodity node ¢; is defined as the
difference between its outflow and inflow,

V= Z mi; — Z mj;. (3)
J J

Collected for all 7, the notation for this field of divergence is div.

The next step is to define a vertex potential field pot such that
the gradient graph Cy = Vpot is the gradient operator V applied
to that vertex field pot : V — R. Each vertex ¢; is, thus, assigned a
potential pot;, and for each edge e;;, the gradient flow g; between
¢; and ¢ (i.e., that individual element of Cy) is the difference in
potential,

gij = (pOti - pOtj)aip (4)

with a; denoting the underlying “adjacency index” (i.e., a; = 1, if
the edge e;; exists, and 0, else). The gradient graph Cy captures the
divergence in C,

V.C=V.Cy =V.Vpot=Apot, (5)
or is in matrix notation,
L - pot = div. (6)

The symmetrized Laplacian L applied to the scalar field pot gives
the divergence. This is analogous to the property that a vector field
v can always be decomposed as v =V x A + V¢, where A is itself
a vector field and ¢ is a scalar field. It is noted, however, that this
decomposition is not entirely unique in that there is always the free-
dom to add a scalar ¥ to ¢ as long as Vi = 0. We settle this issue
by gauging the resulting ¢: we throughout set min(pot) = 0.

The attentive reader may detect a peculiarity in (4): it allows
for g > my;, i.e., it may potentially create edges that are not in C: the
gradient graph Cy is not guaranteed to be a weighted subgraph of C.

Definition 1 (weighted subgraph). A weighted graph H
= (Vi, Ep, wy,) is a weighted subgraph of G = (V,E,w), if V, C V,
E, C E, and w, < w. When H is a weighted subgraph of G, this is
denoted as H C,, G.

As indicated, the Hodge decomposition is a useful graph
decomposition, but its components are not necessarily weighted
subgraphs of C. The gradient component may take shortcuts in
which a weight gj; is larger than in the original graph or may contain
edges with an opposite direction. A gradient component of Hodge
decomposition is the minimal path flowing over the network to
account for the divergence, without taking weight or direction con-
straints of edges into account. For many directed weighted graph
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FIG. 1. Hodge decomposition; gradient component Gy contains edge A — C,

and cyclic component G, contains the edge C — A with value 20, which both are
not part of G.

models, this poses no problem, since there are no constraints or the
resulting net flow through the network is of interest. However, for
detecting production chains, it is necessary that the gradient com-
ponent is a weighted subgraph, since it is to be used to detect and
describe actual supply chains. It is, thus, essential for the analysis of
a supply chain’s robustness and economic value that it represents the
actual flow in correct volume and direction and that it contains all
intermediate steps.

We demonstrate the problem of the gradient component of
Hodge decomposition via a simple graph G with commodities A,
B, and C and their flow and divergences in Tables I and II, respec-
tively. As can be seen in the left panel of Fig. 1, the main flow is from
A to B to C, with a relatively modest cycle back to A. Note that the
values in the commodity network represent economic value, and a
production step adds value, so it is common (though not necessary)
to have increasing values in a detected commodity graph, entailing
that there is no conservation of flow.

The components of the Hodge decomposition of G contain
two problematic flows. The gradient component Gy in Fig. 1 shows
A — C, which is not in G and in the circular component G, edge
C — A has a value of 20, which is larger than its counterpart in
G. While for the purpose of this paper, this is an undesirable prop-
erty, it should be noted that in a typical application, no adjustment
is required. For example, Gy in Fig. 1 describes the added value
spillover from A to C, which is interesting, but not useful for deriving
production chains.

D. Restricted gradient extraction

To remedy the complications identified in Sec. IT C, we proceed
by proposing an adjustment of the Hodge decomposition method,
in the sequel referred to as restricted gradient extraction (RGE). To
describe restricted gradient extraction, the following definitions and
notation are used:

Definition 2 (weighted union). Weighted graph G = (V,
E, w) is the weighted union of weighted graphs F = ( Vi, Ep, wy) and

TABLE I. Edges of Figs. 1and 3.

Used Supplied Value
A B 20
B C 30
C A 10

pubs.aip.org/aip/cha

TABLE II. Divergence and potential in Figs. 1 and 3.

Node Div. Pot.
A 10 10
B 10 10
C —20 0

H= (V,Ep,wy), if V= VfU Vi, E= EfUEh, and w=w, + wr.
The weighted union is denoted as G = F + H.

From Definitions 1 and 2, it follows that G = F + H implies
FC,GandHC, G

Definition 3 (weighted complement). Weighted graph H
is the weighted complement of H C,, G in G, if G= H + H. The
weighted complement is denoted as H = G — H.

Definition 4 (weighted intersection). The weighted inter-
section FN,, H of weighted graphs F = (V, Eswy) and H = (V),
Ey,, wy,) is the graph I = (V;, E;, w;) with

Vi= V0 Vi
Ei=E/NEy, (7)

w; = min(wp, wy),
I'is a weighted subgraph of both F and H,
I=FNn,H = IS, FAIC, H
Definition 5 (conflicting difference). The conflicting differ-

ence of the directed graph G = (V, E, w) with directed acyclic graph
H = (Vj,, Ej, wy), where H C,, G is the graph D = (V,, E4, wy) with

Va=Vj,
Es = GN E} (inverted edges of H), (8)
Wqg = W.

The conflicting difference is denoted as D = G\ H.

D = G\ H contains the weighted edges from G that have an
opposite direction with edges found in acyclic graph H. D is the
weighted subgraph of G.

Using these definitions to describe Hodge decomposition and
restricted gradient extraction, Hodge decomposition is applied to
weighted directed graph G and results in the gradient component
Hy with rest component H,,

G =Hy + H,. ©)

Using the fact that the divergence operator is distributive gives
V.-G=V.-(Hy+H)=V-Hy+V-H =V.Hy, (10)
where we have used that Hy captures all divergence so that V - H, is

0. We introduce Gy,, the weighted intersection of G and Hy, which
is gradient component Hy with restricted weights and edges such
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Require: G = (V, E,w) a directed weighted graph,
with w;; >0 and div=V - -G
function RESTRICTEDGRADIENTGRAPH(G, d|v)
Gv <+ HodgeGradient(G)
Gr = (‘/,ET,T) < Gv
for gi; € Gv = (V, Ey, g) do
if Gij Z Wij then

> with G, residual graph

Gij £ Wij > make proper subgraph
RemoveEdge(G, €:5) > block full edges
else
Tij < Wij — Gij > residual weights
end if
end for

d|vr —div—V- -G, > with d|v,~ residual divergence
if |d|v,| >0 and |E,| < |Ey| then
Gv + Gv + RestrictedGradientGraph(G., dIVT)
end if
return Gy
end function

FIG. 2. RGE algorithm.

that it is a weighted subgraph of G,
Gy, =HvN,G = Gy, S, GA Gy, S, Hy. (11)
Furthermore, we have Gy, €, G that conflicts with Gy,
= (G — Gy,) \¢ Gy,- (12)
Substituting (11) and (12) into (10), so as to obtain
V.G="V-(Gy, + (G- Gg,))
=V:Gy, +V (G- Gy
=V -Gy, + V- (G- Gy, — Gy, + Gyy)
=V -Gy, + V-G, +dy,» (13)

with G,, = (G — Gy, — Gy,) to be interpreted as the residual graph
of G without conflicts with Gy,, V - G, as the residual divergence,
and Gy, representing the (optional) remainder with edges that are
in conflict with Gy, and d; its corresponding divergence.

The residual graph G,, C,, G is a pruned version of G as it con-
tains fewer edges than G and it has reduced weights. The divergence
can be further reduced by applying the previous step on G,

V.G, =V-G—V-Gy, —dy,
=V-Gv1+V'Grl+le. (14)

This results in gradient component Gy, and residual graph
G,, Cw Gy, in which G,, is a pruned version of G, in that resid-
ual edges with weight 0 are removed. This procedure can be further
extended working with the following recursive relation between G,
and G, :

V-G, =V-Gy,, + V-G, +dx, (15)

Tit1

being repeated until, for some value of n, G,, cannot be reduced
any further. This recursive pruning must halt for any realistic

pubs.aip.org/aip/cha
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FIG. 3. RGE; the graphs in the decomposition are all weighted subgraphs of G.
For the individual steps, see Fig. 8.

(finite) commodity graph. Thus, the gradient graph Gy for G can be
extracted by recursively extracting gradient graphs Gy, on the resid-
ual graphs G,,, reducing in each step the residual divergence until no
edges can be removed from G,,. The extracted gradient graph Gy is
then the sum of the residual gradient graphs,

GVZGV0+"'+GVn (16)

and
V.G=V-Gy+ ) dy,. (17)

Because G, C,, G,,_, and Gy, C,, Hy, it follows that V - Gy
does not contain conflicting edges with Hy and, thus, is a directed
acyclic graph.

Figure 2 provides pseudocode for the resulting RGE algorithm.

The difference between the gradient component of the Hodge
decomposition and RGE is illustrated in Figs. 3 and 8. The gradient
flow Gy is A — B — C, and the cyclic component is a circular flow
of 10 between A, B, and C. Note that the flow A — C of Fig. 1 is
rerouted via B. The total flow in the gradient component Gy is larger
than that in Fig. 1, but the results are actual flows that are part of G
(ie., Gy C, G).

Figure 4 shows that, in contrast to the Hodge decomposition,
RGE is more nuanced: the net flow of the graph is identical to both
other graphs, but its decomposition is different, because the circu-
lar flow now allows for 15 instead of 10. It illustrates that Hodge
decomposition and RGE, because based on Hodge decomposition,
are minimization procedures, producing the minimal (possible)
gradient flow that accounts for divergence.

RN W
YW

FIG. 4. RGE on graph with same net flow as in Fig. 3 has a different decomposi-
tion. The Hodge decomposition of this graph would be identical to Fig. 1.
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E. Back projection to production network

Previous steps projected production network G onto commod-
ity graph C from which weighted directed acyclic graph Cy was
extracted. This gradient graph Cy of commodity network C is now
used as a filter for (production chains in) production network G,
resulting in pruned production network G. To identify the enter-
prises in the detected gradient, we use the weights ;4 of (2) and the
gradient commodity flow weights g.4; note that many of the weights
g.a will be 0 because they are not part of the gradient flow. We define

~ Ticd
rjcd ==
ZjeVrJCd
Ujc = E Ticd>
d (18)
B = 24
ijc — T tijo>
ujc

A n A
wij = U Lijes

where i1 represents the filtered use u of enterprise v, of commod-
ity ¢, and i,vjc is the filtered transaction in commodity ¢, between
enterprise v; and v;.

The resulting multi-graph G = (V, E, #) is a filtered version of
the production network. It only includes the edges that take part of
the gradient commodity graph Cy, and their weights ?,-jk are lowered
such that supply-chain cycles are removed. The method leads to a
filtered production network that is a collection of supply chains and
can be used to identify important up- and downstream enterprises
of commodities.

It is important to note here again that the network is viewed
as a commodity transaction network, which has been filtered to
reveal production chains from that commodity view. This means
that G may still contain enterprise cycles when the enterprise sup-
plies (or demands) multiple commodities that are members of the
same (commodity) production value chain.

I1l. SYNTHETIC DATA

In Sec. I1 D, we presented our RGE method. A reference imple-
mentation of RGE including the following simulation is available."*
In this section, we provide a numerical illustration, including its pre-
ceding and subsequent steps, in the context of a synthetic production
network Gs. Then, Gg is projected onto a commodity network Cs
from which the gradient component (denoted by Csv) is extracted.
The synthetic network data Gs have been set up in the following
manner:

e A directed acyclic enterprise network is constructed, with N,
denoting the number of commodity groups, N, denoting the
number of enterprises, and N, denoting the number of ranks.

o Each commodity ¢ is assigned a randomly selected rank 1
<r, < N,. A commodity with rank r, can only be input for a
commodity with rank r,, + 1.

e Each enterprise v; is assigned a randomly selected rank 1 < r,,
< N,. An enterprise can be a supplier of commodities with rank
r,; and a user of commodities with rank r,, — 1.
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FIG. 5. Degree and weight distribution of C, as the commodity network. The solid
line is the original synthetic network without cycles, and the dashed line is the
gradient component where random edges are added, thereby creating cycles.
The degree graphs show that the gradient component has a reduced degree
distribution, since the edges that are part of a cycle are removed. The weight
distribution shows that the gradient component has a reduced weight distribution
but retains the shape of the distribution. Top panel: commodities supplied, i.e.,
numbers of outgoing edges per node. Middle panel: commodities used, i.e., num-
bers of incoming going edges per node. Bottom panel: weight distribution for the
extracted gradient component of Cy.
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e Each enterprise v; is assigned a turnover value w;, which is
sampled from a lognormal distribution, following practice and
empirical findings from econophysics.”'*~**

e For each commodity group ¢ from all possible edges between
suppliers and users, three edges per supplier are randomly
selected. The transaction t;; of edge e;j is the normalized product
of the turnover of supplier and user, i.e.,

Wi - Wj

k="
Zi,jek Wi - Wi
entailing that the total flow of ¢, sums up to 1.

By construction, this network Gg is a directed acyclic network, hav-
ing no cycles, which holds also true for Cs: each edge connects an
enterprise to enterprises with a higher rank, and a commodity with
a higher rank is always later in a production chain than a commodity
with lower rank. Applying the proposed method to G (i.e., projec-
tion to commodity graph Cg, extracting the gradient component and
filtering the production network with the found gradient) retains the
commodity flows as well as the enterprise flows. When links are ran-
domly added to Gg in the opposite rank direction from an enterprise
with a higher rank to a lower rank, the gradient graph Cgv quickly
becomes smaller but retains the shape of the distribution.

To highlight the gradient structure in a commodity graph, a
random C, for the commodity graph is created. C, is a random com-
modity network with a similar indegree and outdegree distribution
of a realistic commodity network (e.g. the one featured in Sec. V) as
shown in Fig. 5. The weights of C, are sampled from the lognormal
distribution following the remarks of Ref. 5. C, acts as a diagnostic
aid for determining the utility of gradient extraction. The bottom
panel of Fig. 5 shows that gradient extraction on a random network
retains the shape of the distribution but lowers its mass. Although
C, is a randomly generated network, it does have an inherent gra-
dient structure. Randomly adding links in the opposite direction of
the gradient, quickly lowers its mass.

IV. REAL DATA: DUTCH PRODUCTION NETWORK 2018

Where we considered a synthetic instance in Sec. III, we
now use the Dutch production network DPN2018" to demonstrate
our method for identifying production chains. This country-wide
dataset captures the transactions between all economically active

TABLE Ill. Network stats subsequent steps for DPN2018 (Dutch Production Network
2018).

DPN 2018 Nodes Links
G (enterprises) 1.03M 16M
C (commodities) 523 94k
Cy 523 56k
Cy > 100K 516 30k
Cy >1M 505 13k
G (enterprises) 743k 8.6M

ARTICLE pubs.aip.org/aip/cha

enterprises in the Netherlands in 2018. It corresponds to as many
as 10° enterprises and 16 x 10° yearly transactions in 523 different
commodity groups as used by the European System of National
Accounts (SNA). DPN2018 is reconstructed in the sense that only
for a subset of all enterprises, supply-use relationships are known
so that the data are a (non-probabilistic) sample of the full set of
relationships. Reconstruction techniques are, therefore, necessary to
somehow add the unmeasured graph edges. The production net-
work dataset is derived and estimated using a previously described
method."” It is noted that it contains some artifacts of the estimation
method, and in addition, it is missing import into and export out
of the Netherlands. This limits a full analysis for commodities, but
it still provides useful insights into the flows in the Dutch economy
and, more particularly, is a suitable dataset to test our techniques on.

— C
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number of commodities

0.04— T ; } : :
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outdegree (DPN2018)

number of commodities
w

0 100 200 300 400 500
indegree (DPN2018)

FIG. 6. Degree distribution of the projected DPN2018 commodity network. The
dashed line is the gradient component. Top panel: number of outgoing edges per
commodity vertex, which are greatly reduced, suggesting that many of these com-
modities are part of non-linear production processes, bottom panel: number of
incoming edges per commodity vertex.
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A. Projection to commodity network

The projection to a commodity network reduces the enterprise
network from 10° nodes and 16 x 10° links to a commodity group
network with just 523 nodes and 94 x 10° links, as can be seen in
Table I1I, and with a degree distribution as shown in Fig. 6. The
significant reduction illustrates the efficiency of our method.

B. Results

The gradient flow Cy in the commodity network using
restricted gradient extraction results in a graph with 56k links.
Figure 7 shows that the value distribution of the links in Cy does
not equal reference model C, but has similar behaviour because the
shape of the distribution of weights of Cy has the same silhouette.
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|
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FIG. 7. Top panel: weight distribution g; of the DPN2018 commodity network,
the dashed line is the gradient component showing that the shape is retained and
(bottom panel) the frequency of path lengths in Cy of DPN2018. Most commodity
flows have short paths, with a mode of 2, which may be a reflection of the open
Dutch economy with its strong logistics sector.
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TABLE IV. Example of gradients paths found in Cy between “livestock feed” and

“work clothing.”

Livestock feed Calves Meat products Work clothing
Livestock feed Pigs Meat products Work clothing
Livestock feed Poultry Meat products Work clothing

Livestock feed Agricult. services Job placement Work clothing
Livestock feed Agricult. services Job placement Work clothing

It has reduced weights and fewer edges, which is an inherent con-
sequence of our RGE method. For “low value commodity flows”
(say, g < 10%), the distribution contains a substantial amount of
noise. We pragmatically chose to cap Cy at 10°k (dashed line), which
results in a network with 30 x 10° links. The local peaks found in the
distributions are potentially artifacts of the reconstruction method
used to create DPN2018.

The path lengths in the gradient graph Cy are of interest: from
the lower panel in Fig. 7, it becomes clear that the bulk of the path
lengths is quite short, with a mode of 2. This is potentially a reflec-
tion of the open Dutch economy with its strong logistics sector
so that for instance, commodities flow from an importer via sin-
gle intermediary to an exporter. For comparisons between different
countries, this might be a relevant statistic, but for structural analy-
ses, such short chains are less informative. The filtered network does
contain paths of length up to 5, where longer paths could relate to
manufacturing processes taking place within the Netherlands.

Table IV shows an example of paths found in the gradient
graph, indicating supply chains in C and their G. The gradient graph
also contains less plausible paths, which may be due to the overly
dense reconstruction method of the DPN2018.

The backprojection of (18) removes 45% of the edges in the
transaction network and retains 73% of the enterprises in the net-
work, and the production network is a trimmed version in which
non-gradient commodity flows are removed.

V. DISCUSSION AND CONCLUSIONS

In this paper, we have proposed a method that extracts a
directed acyclic commodity graph from a production network. The
resulting commodity graph can be analyzed for supply chains and
be used to filter the production network. Although restricted gra-
dient extraction has been developed in the context of econophysics
and is applied to an economic production network, it is applicable to
any directed network with a flow structure and may be of interest to
other fields of research. Resulting networks have the appealing fea-
ture that they are weighted subgraphs of the original network, which
is not guaranteed when using a non-adjusted Hodge decomposition.
When applying the method to a synthetically generated dataset, it is
found that the constructed gradient flows are retained, as desired.
A different weight distribution of the gradient component from the
total graph stresses the gradient structure, as the null model for the
commodity network shows. Application to the Dutch Production
Network 2018 reveals that the method is well capable of detect-
ing production chains. Importantly, the method is of a relatively
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low computational complexity and, hence, lends itself to be readily
applied to large, country-sized production networks.

The method focuses on the gradient flow of the commodities,
analyzing the cyclic components of the commodities. It may be of
interest for renewables and sustainable production cycles.

As an alternative to applying gradient extraction to the pro-
jected commodity graph C, one could turn C into an undirected
graph and apply community detection. While this approach would
reveal structure by identifying clusters of commodities, it misses
essential parts of production chains, namely, the ordered directed
sequence of production steps and the volumes of the commodity
transactions. We, therefore, find gradient extraction of the more
appropriate approach.

An argument can be made that, instead of the approach that
we have developed, it would be simpler to skip the production net-
work step and work directly on the so-called Input Output (IO)
tables. IO-tables provide the volumes of supply and use of ranges
of commodities on an economic sector level. However, the 10 level
is typically coarse, in that it combines many production processes of
multiple commodities, which will make it difficult to detect and dis-
cern individual commodity flows and chains. For networks, coarse
graining will always result both in denser networks and in loss of
information concerning the functional structure of the network. In
order to obtain a purely financial perspective of economic activity,
this might be acceptable, but for understanding the functional sta-
bility (i.e., operational resilience) of the economy of a country, such
loss of information is deemed detrimental, rendering our approach
via commodities better suited.
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APPENDIX A: RESTRICTED GRADIENT EXTRACTION

RGE works by recursively extracting and restricting the Hodge
gradient component. Figure 8 shows the two steps needed for a
restricted gradient extraction, which in this case results in a complete
decomposition.
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FIG. 8. RGE. Numbers in the nodes indicate the divergence, and gray nodes
indicate the residual divergence. Dashed edges are not part of the gradient flow.
Gy, has no residual divergence, so the procedure stops.

APPENDIX B: LAPLACIAN DERIVATION

The symmetrized Laplacian L follows from calculating the gra-
dient component on the network. The divergence V; of G for node
v; is

Vi= Y (my—my). (B1)
jeG

Since Gy captures all divergence, the divergence for node v; in G
must equal the divergence of v; in Gv, using g; = (pot; — pot;)a;;,

jeG jeGy

=D _(pot, - pot)a; — } (Pot, — pot)a;
j i

= d’pot, — ) " apot; + dipot, — Y " a;pot;,
j j
(82)
with d? being the outdegree, d! being the indegree for node v;, and

a;; and a;; the adjacency indices indicating the existence of edges
e;j and ej;. This can be written in matrix form, which results in the
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symmetrized Laplacian L,

V = (D’ — A)pot+ (D'— AT)pot =L-pot.  (B3)
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