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Abstract

Reliability analysis is one of the most conducted analyses in applied psychometrics. It entails the assess-
ment of reliability of both item scores and scale scores using coefficients that estimate the reliability
(e.g., Cronbach’s alpha), measurement precision (e.g., estimated standard error of measurement), or the
contribution of individual items to the reliability (e.g., corrected item-total correlations). Most statistical
software packages used in social and behavioral sciences offer these reliability coefficients, whereas standard
errors are generally unavailable, which is a bit ironic for coefficients about measurement precision. This
article provides analytic nonparametric standard errors for coefficients used in reliability analysis. As most
scores used in behavioral sciences are discrete, standard errors are derived under the relatively unrestrictive
multinomial sampling scheme. Tedious derivations are presented in appendices, and R functions for
computing standard errors are available from the Open Science Framework. Bias and variance of standard
errors, and coverage of the corresponding Wald-based confidence intervals are studied using simulated
item scores. Bias and variance, and coverage are generally satisfactory for larger sample sizes, and parameter
values are not close to the boundary of the parameter space.
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1. Introduction

Reliability analysis is one of the most conducted analyses in psychology and education. For example,
Cronbach’s (1951) original paper introducing coeflicient alpha (Cronbach’s alpha), arguably the most
popular reliability estimate, has been cited over 70,000 times.' Reliability analysis can be classified into at
least two approaches. The first one involves conducting reliability analysis under a measurement model
that places restrictions on data, such as a factor model or an item response theory model. In this case,
reliability estimates are derived from model parameters. For example, coefficient omega (McDonald,
1999; also, see Zinbarg et al., 2005) is an unbiased test-score reliability estimate under the hierarchical
factor model, and the test-score reliability coefficient and latent-trait reliability coefficient derived by
Andersson et al. (2022) are unbiased reliability estimates under the multigroup item response theory
model. The second approach entails reliability analysis within classical test theory (e.g., Lord & Novick,
1968), a model that does not impose any restrictions on test data. For example, Lord and Novick (1968,
Theorem 4.4.3) proved that Cronbach’s alpha is a lower bound to reliability under any model. This paper
considers reliability coefficients under classical test theory (see, e.g., Sijtsma et al., 2024, for motivations
for using classical test theory).

'On August 30, 2025, Google Scholar reported 72,446 citations.
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Table 1. Reliability coefficients, number of coefficients produced per analysis for each
type of coefficient, and corresponding appendix for SE derivations

Coefficient Type App.

Item Scale Rest Item-item Item-rest

Mean J 1 J A
Variance J 1 J

Standard deviation ~ J 1 J €
Covariance J(J-1) J B
Correlation J(J-1) J D
Covariance matrix’ 1 E
Lambda 1 (A;) 1 J F
Lambda 2 (A;) 1 J G
Alpha (a or A3) 1 J

Split-half reliability 1 J H

Note: Column 1 lists the reliability coefficients for which SEs were derived. Columns 2-6 indicate for
six types of coefficients the number of coefficients produced in a single reliability analysis. Column 7
refers to the appendix where SE derivations are provided. J = number of items. App. = appendix.
?Covariance matrix is usually not reported, but many reliability estimators are based on inter-item
covariances.

Reliability analysis under the classical test theory model is offered in general data analysis packages
such as JASP (Love et al., 2019; JASP, 2024), SAS (SAS Institute Inc., 2023), SPSS (IBM Corp., 2021), and
Stata (StataCorp., 2023), and also in R packages, such as psych (Revelle, 2024). The output of these
software packages include five types of descriptive statistics (Table 1, columns 2-6): (i) item statistics,
such as item means and item standard deviations; (ii) scale statistics, such as scale mean, scale standard
deviation, and reliability estimators such as Cronbach’s alpha, Guttman’s lambda series (Guttman, 1945),
and the split-half reliability coefficient (Guilford, 1936, p. 419); (iii) rest statistics (i.e., scale statistics
with one item deleted), such as Cronbach’s alpha if an item were deleted; (iv) inter-item statistics such
as correlations and covariances; and (v) item-rest statistics, such as item-rest correlations, which is also
known as the corrected item-total correlation or R; statistic. Sometimes, the item-total correlation or
Ry, statistic is also provided. In this article, the term reliability coefficient is used as a generic label for all
statistics reported in a reliability analysis.

Although reliability analysis concerns precision of measurement, software providing reliability
analysis generally do not provide standard errors (SEs) or confidence intervals (CIs) for the reliability
coeflicients. As a result, SEs or Cls are generally not reported (Oosterwijk et al., 2019). Because
SEs and Cls can be used to quantify the sampling error associated with each reliability coefficient,
they allow the researcher to determine whether the sample was large enough to obtain sufficiently
precise estimates. For some reliability coefficients, SEs or CIs have been derived, but these SEs have
generally not been included in statistical software packages. For example, Feldt et al. (1987) derived
a CI for Cronbach’s alpha (&) under the assumption that item scores satisfy the assumptions of an
ANOVA model. For a 95% CI, let F, and F;, be the critical values of an F distribution with N -1
and (N-1)(J—1) degrees of freedom, such that P(F <F,) = .025 and P(F < F},) = .975. The 95%
CI is then estimated as (1-[1-@]Fp;1—[1-&]Fs). Ahn and Fessler (2003) derived SEs for the
variance and standard deviation for normally distributed scores: SEs, = Sx/\/2 (N —1). Also, Fisher Z-
transformation (e.g., Bartlett, 1993) normalizes the sampling distribution of the correlation coefficient,
where SEz = 1/+/N =3 is the SE of the transformed correlation coefficient. On StackExchange (2020),
answers have been provided for the SE of an estimated covariance under a bivariate normal distribution:

SEey, = (3 +82)/ (2VN).
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While most SEs are estimated under the assumption of normally distributed data, this may be unre-
alistic for bounded discrete scores typically used in reliability analyses, such as scores on dichotomous
items. For the reliability coefficients in Table 1, this article provides estimates of SEs under multinomial
sampling (see Goodman & Kruskal, 1963, for some examples), which is a relatively unrestrictive
assumption suitable for discrete variables.

First, I discuss a two-step general framework for deriving SEs under a multinomial distribution,
referred to as the two-step procedure. The two-step procedure was developed in the context of marginal
modeling (e.g., Bergsma et al., 2009; Rudas & Bergsma, 2023); it is quite flexible and has been used earlier
to derive SEs for relatively complicated coeflicients, such as Mokken’s scalability coeflicients (Kuijpers
et al., 2013a) and norm statistics (Oosterhuis et al., 2017). The two-step procedure was designed for
discrete data, but Oosterhuis et al. showed that it also allows the derivation of SEs for continuous scores.

Second, I discuss the SEs of the coefficients in Table 1. The derivations are often lengthy and
cumbersome and are provided in appendices (see Table 1, last column). Note that Table 1 does not
provide an exhaustive list of coefficients used in classical test-theory-based reliability analysis. Some
coefficients that are not listed in Table 1 involve the maximum or minimum values observed in sample
data (e.g., coefficients A4, A5, and A¢ from Guttman’s, 1945, lambda series), and therefore, regularity
conditions for computing first-order partial derivatives are not satisfied. Other coefficients (e.g., beta,
Revelle, 1979; skewness or kurtosis) were excluded to make the task feasible, but their SEs can also be
derived using the two-step procedure.

Third, I discuss the bias of the estimated SEs that was examined in a simulation study mimicking
educational test data and psychological questionnaire data. Some existing estimates of SEs were included
in the simulation study, serving as benchmarks. R code for estimating the SEs and conducting the
simulation study, as well as the complete results of the study, is available on the Open Science Framework
(Van der Ark, 2025).

2. Atwo-step procedure to derive SEs

Let X be a random variable obtained from administering a test to a simple random sample of N
respondents, such as an item score, a sum score, or a rest score (i.e., the sum score minus the
item score). For the coefficients in Table 1, the SEs of the mean, variance, and standard deviation
are based on a single variable X. The SEs of the covariance, correlation, and split-half reliability
coeflicient are based on two variables—denoted by X and Y. Finally, the SEs of the lambda coeflicients
are based on ] item scores—denoted by Xi,...,Xj,...X]. Let R be a matrix containing all unique
response patterns observed in the test administration. The response patterns are assumed to be ordered
lexicographically (i.e., last column changes fastest), and the number of observed response patterns
is denoted by K. For a dataset containing the responses of 426 respondents to J = 3 dichotomous
items, Table 2 (upper panel) provides illustrations of R for response patterns based on a single
dichotomous item score (top left), on a dichotomous item score and its rest score (top center), and
on all three item scores (top left). In Table 2, all observed scores are integers, but they may also be
real-valued.

Let n denote the vector of observed frequencies of each row in R. Table 2 (lower panel) shows the vec-
tors of observed frequencies for each of the three matrices in the upper panel with example frequencies.
The subscripts of the elements of n refer to the corresponding response patterns. Sometimes, it is useful
to use a single index k (k=1,...,K) to indicate the ordering of elements; that is,n = [n1,. .., g, ... ,nK]T,
where superscript T denotes the transpose of a matrix or vector. Let K* be the total number of possible
response patterns. Under the two-step procedure, the values of n are assumed to form a random sample
of size N from a multinomial distribution, Mult (N STE= [T, Ty - - TR ]T) , which implies that each
response pattern has a positive probability of appearing in the data.
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Table 2. Three examples of response patterns collected in matrix R (top, for
details, see note), and the corresponding frequency vectors (bottom).

One variable (X) Two variables (X, Y) Jitem scores (J = 3)
[000]
[0 0] 001
01 010
o [ 0 ] e 02 e 011
1 10 100
11 101
| 12 ] 110
[ 111 |
[ nooo | [ 74 ]
[ noo | [ 74 | Nooy 74
No1 171 No1o 97
[ No ] [ 297 ] Noz 52 No11 52
n= = n= = n= =
ny 128 N1 17 N100 17
N 74 Nio1 58
| m2 | | 37 | N110 16
| M | |37 ]

Note: The examples were based on a test consisting of three dichotomous items. On
the left, the two response patterns (0 and 1) produced by a single dichotomous item.
In the middle, the six response patterns (00, . . ., 12) produced by a dichotomous item
and its rest score; and the eight response patterns (000, . . ., 111) produced by all three
item scores. In this specific example, all possible response patterns are observed, which
needs not be true in general.

2.1. Step 1. Deriving the Jacobian of coefficients using the generalized exp-log notation.

Let 0 be a vector of population coeflicients, with sample estimates 0. Except for the inter-item covariance
matrix, all coefficients in Table 1 are scalars, and vectors 0 and 0 reduce to scalars 6 and a respectively.
First, it must be shown that 8 can be written as a (vector) function of n; that is, ® = g (n). This facilitates
the computation of the Jacobian—denoted by G (n), the matrix of first partial derivatives of 0 with
respect to n—required for deriving SEs using the delta method in Step 2. In general, deriving the
Jacobian requires tedious derivations. The generalized exp-log notation developed by Grizzle et al.
(1969), Forthofer and Koch (1973), Kritzer (1977), and Bergsma (1997) alleviates the burden by writing
0= g(n) as a series of Q appropriate design matrices, A1,A,...,Aq, such that

B=g(n)=Aq.exp(Aqg_1.log(Aqga.exp(...log(As.exp (Az.log(A1.n)))))), (1)

where exp (X) and log (X) denote the exponential and natural logarithm, respectively, for each element
of matrix, X and X.Y denotes the matrix product of X and Y. The generalized exp-log notation facilitates
the derivation of the Jacobian because the chain rule can be applied. In some cases, functions other than
exp(.) and log(.) may be useful (e.g., logit, square root, or difference), hence the name generalized exp-
log notation. Equation 1 can be derived using the following steps:

First, a series of Q+ 1 functions, go, 81, 82, - - ., 8o, are defined, where go =n,and forg=1,...,Q-1,

g, =log(A4.84-1),if gisan odd number, (2)
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and
g, = exp (A4.84-1),if g isan even number. (3)

The last function is the series 8 = g(n) = go = Ag.go_1. The application of the generalized exp-
log notation to derive the SE of the sample mean (Appendix A) may serve as an instructive example.
Appendix A also discusses the case in which A;.g;-1 contains one or more non-positive elements, in
which case log (A4.84-1) in Equation 2 is undefined in the reals.

Next, let Go, G1, G2, . . ., Gq denote the Jacobians of go, g1, 82, . . ., 8o, respectively, and let I, denote
an identity matrix of order p. Following standard calculus, Go = 9go\On = Ix. Let Y~ ' denote the inverse
of Y, and let D (y) denote the diagonal matrix with vector y on the diagonal; then, forq=1,...,Q-1,

0 _
G, = % =p! (Aq.84-1) -Ag.Gg—1,if g isan odd number, (4)
n
and
Gy= 281 _ D (exp(a Ay.Gyrif i b 5
1= 3 " (exp(Aq.84-1)) -Aq.Gy-1,if g is an even number. (5)

The last function in the series is Gz = G(n) = Gq = Aq.Gq-1. For notational convenience, in the
remainder, Gg will be used as the general notation of the Jacobian of a vector of coefficients.

2.2. Step 2. Using the delta method to derive standard errors for reliability coefficients

If n is a consistent estimator, under a multinomial sampling scheme, nconverges to its true value v =
N xm, and the central limit theorem can be applied to obtain asymptotic normality,

(n-v) B Norm (0,Va), (6)

where V, = N(D(n) —Tr.nT) =D(v) - v.N"'.v" is the variance-covariance matrix of n. Under a
multinomial distribution, the sample estimate of V; equals

Vo=D(n)-n.N'n" (7)
(e.g., Agresti, 2013), where N~ " is a 1 x Imatrix with element 1/N. Using the first two terms of the Taylor
series,
g(n) ~g(v)+Gg.(n-v). (®)
Equation 6 implies that the variance of g (n) can be approximated by
Ve(n) * Gg- V. Gy 9)
Therefore,
D
(g(n)-g() > N(0,65.Va. Gy ). (10)

Based on Equation 10, and using the result in Equation 7, the sample estimate of the asymptotic
variance of g (n) is

—

Vo) = Vg = G(;.Vn.Gg = Gg. (D (n)- n.Nﬁl.nT) .Gg =Gy.D(n) .G% - Gé:n.NflnT.G»g. (11)

By taking the square root of the diagonal elements of V@, the sample estimate of the asymptotic
SE of 0 is obtained. Equation 11 can be simplified if g(n) is homogeneous of order 0, which is true
if g(n) = g(tn) for every positive constant ¢. For the application here, it is useful to note that if
functions are homogenous of order 0, it does not matter whether observed frequencies n or observed

probabilities p = n/N (i.e.,, t = 1/N) are used as an argument of g(.). Bergsma (1997, Appendix
D) showed that if g(n) is homogeneous of order 0, then G—(;.n.N_l.nT.G% = 0, and Equation 11
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reduces to
Vg(n) :V§:G§.D (n)G%: (12)

For a single coefficient (i.e., 0 = 0), Gg is a row vector of length K, and Equation 11 and Equation 12
can be expressed as

—~ 1
= S X5 mnGiG 1)
and
V5= mGi, (14)

respectively. The estimated SEs, obtained by taking the square root of the estimated variances (Equa-
tions 11, 12, 13, and 14) typically have a rather intricate form. Therefore, attempts were made to simplify
the SEs to a more comprehensible form.

3. Large-sample estimates of the SEs of reliability coefficients
3.1. Mean
The estimated SE of the sample mean equals SE5; = Sx/ V/N. Although this is an established result, the

two-step procedure for deriving the estimated SE of the sample mean without bias correction, SEx
(Appendix A), is relatively simple and can serve as an instructive example of the two-step procedure.

3.2. Covariance
The unbiased covariance estimator equals Cxy = ﬁ >on (Xn —)_() (Yn —?). Let

_ (X% -X) (Ya-Y) - Cxr

n - (15)

In Appendix B, it is shown that the estimated SE of Cxy equals

—~ 1
SEe, - \/ Sy, -3 der, (16)

Appendix B also shows that for large N, the term %Zmzndxymdxyn in Equation 16 tends to 0, and
the estimated SE may be approximated by

SEcy #SEcy = [ Ay - (17)
n

There are two special cases. First, if S = 0 or S} = 0, then dxy, = 0 for all n. As a result, SE¢,, =
S/EZXY = 0. Second, let max (Cxy) and min (Cxy) be the maximum and minimum covariance, respec-
tively, that can be obtained given the marginal distributions of X and Y. If Cxy = max(Cxy) or Cxy =

min (Cxy), then dxy, <0 for all n, and neither SEc,, nor S732XY exist. These two special cases also apply
to the SEs of the sample variance and the sample standard deviation in the next subsections.

3.3. Variance

. . . )2 . . .
The unbiased variance estimator equals S% = ﬁ > (Xn -X ) . The variance may be considered a special
case of a covariance where both variables are the same; that is, $% = Cxx.

https://doi.org/10.1017/psy.2025.10050 Published online by Cambridge University Press


https://doi.org/10.1017/psy.2025.10050

Psychometrika 1685

If Y is replaced by X in Equation 15, Equation 15 becomes

(Xu-X)*-$%

N-1 (18)

dxx, =

It follows directly from Equations 16 and 17 that the estimated SE of Sy equals

—~ 1
Sy, = \/ Sy, 5, 5 v, 19)

which for large samples reduces to

SEg. = [> dy - (20)

3.4. Standard deviation
The estimator of the standard deviation equals Sx = \/S% =1/ ﬁ > (Xn -X )2. Appendix C shows that

the estimated SE of Sy is derived by multiplying the SE of Sy (Equations 19 and 20) by i; that is,

§Bs =~ SEg =~ [Ty LT T g d 1)

Sx 28x Sx 28x " XXy N Lamban Koo X
which for large samples reduces to
SEY = L SEh = M2 (22)
= —_— ) = — .
ST 28y TN T a8\ XK

3.5. Correlation
The unbiased estimator of the product-moment correlation coeflicient equals Kxy = Si’gy . In Appendix

D, it is shown that the estimated SE of Kxy equals

2

Ty = Z((Xn_)_()(yn_?) (%, %)’ (Yn—?)z) (23)

“N-1\| 4 Cxy 2% 28
There are three special cases. First, if Sx = 0 or S} = 0, neither Kxy nor SEx,, are defined. Second, if

Kxy=1orKxy=-1, S/Eny = 0 by definition. Third, let ¢ be a very small positive value. For Kxy = Cxy =0,

X,—X)(Y,~Y) . . . & .
the term % in Equation 23 does not exist, and SEk,, is not defined, but by replacing Cxy by
Cxy + € and letting Kxy = SC;;;:, reasonable estimates of SE,, are obtained. These three special cases

also hold for the split-half correlation coefficient in the next subsection.

3.6. Split-half reliability coefficient

Suppose the test items are split into two sets, H; and H>. Let Ky, 1, be the correlation between the sum
scores on H; and the sum scores on H». Then, the sample value of the split-half reliability coefficient is
Pst = 2Ky, 1,/ (1 + Kp,n, ). Appendix E shows that the estimated SE of the split-half reliability coefficient

equals
= PsH Psu =
SE5., = -——|SE 24
PsH ( K, 1+Kmm, ) Ky 1y 0 (24)
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KH]Hz Z (Hln_ﬁl)(Hzn_ﬁz) _ (Hl—ﬁl)z _ (Hz—ﬁz)z
n Ch, Hy 28, 283,

between the two halves (cf. Equation 23).

p
where SEg, ,, = ) is the SE of the correlation

3.7. Lambda coefficients

Reliability coefficients A1, A2, A3 = & are based on the inter-item sample variance-covariance matrix C.
Let vec (C) bea J* x 1 column vector obtained by stacking the column vectors of C on top of one another.
In Appendix E, vvec(C)) the J* x J* variance covariance matrix of vec (C), is derived. Let Vi ay (i, ke, 1 =

.,J) denote the elements of Vvec(c), where V(;; ;i denotes the estimated variance of Sy, (Equation
19) ) the estimated variance of Cy, X; (Equation 16),V, V(i kk) the estimated covariance of Sx, and Sx,,
’17(,,71(1) the estimated covariance of Sy, and Cx,x;» and v, V(ij, ki) the estimated covariance of Cy, X; and Cx,x,.
Because V(j; sy has an intricate form that could not easily be simplified, ¥;; 1) is presented only in the
generalized exp-log notation (see Equation F4, F5, F6, F7, and F8 in Appendix F).

Guttmans),. The sample value of Guttman’s lambda 1 equals Al

sample variance of item j and SX+ denotes the sample variance of the sum score. Let 8(,77 wy=1ifi=jor
k =1, then Appendix G shows that the estimated SE of T equals

2
YiS?
SEy, ‘J DD ZkZl(Zh 5<u,kl)( 5) V(i k) (25)

zjsf—\ %xz s 2(Cxx)

i=1j=it1

Guttmans),. The sample value of lambda 2 equals ;1\2 = . Let S§(+ =

SZ

s
Y.i2jCx,x; denote the sample variance of the sum score, let ZJ-SJ2 denote the sum of the sample
variances of the J items, let Ci = 3,3,Cx.x; — XxCxx, = ng - Zij denote the sum of all sample

covariances, let C2 = Z-Z-C)Z( S ka(kX denote the sum of all squared sample covariances, and let
2 ~2 ~2

\/]/ (J-1) x C2% ; then, 2, reduces to 1, = . Furthermore, let Wi =

Ws = _sz_ be three constant values, and let &;; be Kronecker delta (ie., 0; = Lif i =, (S,j = 0 otherwise).
X+

and

W, =

1
CZSZ > Sz >
X+

Appendix H shows that the estimated SE of A, equals
SEr = (2,20 3020 [W (1-85) (1= 8) CyCua+ WiWa (1-8) (1-04) G
+ Wi W3 (1-8y) Cij+ WiWa (1-85) (1= 8k) G+ W3 (1-8;) (1-84)
+ W, W3 (1 —81']‘) + W1 W3 (1 —8}4) Ckl+ W, W3 (1 —8}4) +K32] V(ij,kl))i . (26)

GuttmansA3. Guttman’s A3 equals Cronbach’s alpha and also equals 1M (Guttman, 1945). The SE
can therefore be derived directly from SE; 7, (Equation 25) as

~

o o
SEy, = SEa =7 Sk, (27)

4. Simulation study

For different sample sizes and different types of coefficients (see Table 1), the bias of the proposed SEs and
the coverage of corresponding Wald Cls for all coefficients in Table 1 were investigated using simulated
data. SEs obtained by methods discussed in the Introduction section, were included as benchmarks.
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4.1. Method

4.1.1. Population model

A two-dimensional extension of Samejimas (1995) five-parameter multidimensional acceleration
model (5PAM; see, e.g., Van Abswoude et al., 2004) for dichotomous items was used as a population
model. Let § = (fl,fz)T denote the vector of latent traits. For item j=1,...,10 and dimension h = 1,2, let
aj, and &y, be discrimination and location parameters, respectively. Let y}(’ and y}lpdenote the lower and
upper asymptotes of the item response function; #; the acceleration parameter; and dj; and dj; design
parameters. Then, the probability of a score 1 on item j, given the latent trait vector §, is

exp [dinaji (§1 = 91) +dpap (& - 9p) ] }m
1+exp [diaj (&1 -01) +dpajp (&2-6)] |

P(X;=1fg) =y}”+(y}‘P—Y}°){ (28)

In this study, § followed a bivariate standard normal distribution with correlation K¢, ¢ = .4.
The discrimination parameters were randomly sampled from a lognormal distribution with mean 0
and standard deviation 0.1. Location parameters 8y, ...,810 were evenly spaced in the range [-3,3].
Parameters y}", which allow the lower asymptote to be greater than 0, were sampled from Norm (y,,07 );
parameters y}lp, which allow the upper asymptote to be less than 1, were sampled from Norm ( 1—uy, 05);
and parameters #j, which allow the item response function to be asymmetric, were sampled from
Norm (1,0, ). Parameters 4y, 0y, and o; and the design parameters dj; and dj varied across the design
cells (see below). Note that if y}" =0, y;p =1, and #; = 1, Equation 28 reduces to the two-dimensional
two-parameter logistic model. For each design cell, the population values of the reliability coefficients (6)
were computed from item scores—derived via Equation 28—based on a sample of 10 million & values.

4.1.2. Data generation

First, N latent-trait values (§,,...,§y) were sampled, and the corresponding values of P(X;=1[§,)
(j=1,...,10) were computed using Equation 28. For design cells with J = 30 items, the probabilities
were determined by setting P (X; = 1[§,) = P(Xy04j = 11§,) = P(X20+j = 1[§,),j = 1,...,10. Let Uyj(n =
1,...,N;J=1,...,]) be random draws from the uniform distribution U (0,1) . The score of respondent
n on item j was equal to 1 if P(X;=1|§,) > Uj, and 0 otherwise. Finally, respondent scores were
collected in an N x J data matrix. The data generation process was replicated 2,000 times yielding datasets

—~

Xi,... ,X27000, coefficients ’6\1, - ,’9\27()()0, and estimated SEs SAE*(;I, ...,SE5

02,000 °

4.1.3. Independent variables

Sample size. Bias and coverage were investigated for three sample sizes (N = 100, N = 500, and N =
2,000). N = 100 may be considered too small for reliability analyses, but this sample size was included
to investigate the behavior of the SEs and ClIs in relatively small samples.

Reliability coefficients. All coeflicients listed in Table 1 were included. It can be expected that as an
estimated coefficient approaches its theoretical bound—or if one or more of the statistics on which the
coeflicient is based approach their bounds—the bias of the SEs will increase and the coverage of the CI
will decrease. Therefore, SEs of the sample mean, sample variance, and sample standard deviation were
investigated for a low-mean item (i.e., the first item, referred to as item A), which is relatively close to
the upper bound of 1; for a high-variance item (i.e., the item in the middle, for which j/J = 0.5, referred
to as item B), which is relatively close to upper bound i; and for the sum score. The SEs of the sample
covariance and sample correlation were investigated for item A and item B; item A and its rest score;
and item B and its rest score. All other coefficients were investigated using the scores on all J items.

Dimensionality. One-dimensional and two-dimensional versions of the model in Equation 28 were
investigated. In the one-dimensional model, item response depended only on &; by setting di; = 1 and
daj = 0. In the two-dimensional model, odd items depended on &; (dij = 1) and to a lesser extent on &,
(daj = 0.5), whereas even items depended only on &, (dj; = 0,dj; = 1).
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Table 3. Bias of 57:'; and coverage of the corresponding 95% Wald Cl

Coef. Par. Scaled bias Coverage

100 500 2,000 100 500 2,000
Xa 0.910 1.7% 2.1% -0.7% 94.5% 96.2% 95.0%
Xs 0.575 1.2% 1.1% 1.5% 94.9% 95.5% 93.9%
)7+ 4.950 -1.3% 0.9% 3.4% 94.3% 95.2% 95.6%

Note: Coef. = coefficient, Par. = parameter value rounded to three decimals. Values 100, 500, and
2,000 in columns represent sample sizes. Item A is a low-mean dichotomous item, and item B is
a high-variance dichotomous item (for details, see text). X4 and Xg denote the scores on items A
and B, respectively, and X, denotes the sum score. Coverage percentages outside the 95% Agresti-
Coull CI[93.9%, 95.8%] are shown in boldface. Scaled bias larger than 10% is shown in boldface.

Number of items. The number of items was J = 10 and ] = 30.

Model complexity. Either the 5PAM or the 2PLM was investigated. The 5PAM was obtained by
setting yy = 0.1, 0, = 0.02, and o = 0.02 when generating item parameters. The 2PLM was obtained
by setting u, = 0y = 0, = 0.

4.1.4. Dependent variables
The standard deviation of 8 across the 2,000 replications was considered the true SE of 6, SE5. Let SE5

be the mean value of gE@ across the 2,000 replications; then, the scaled bias of S/I\Eg was computed as

. S’E(;—@*g
bias = ———— x 100%. (29)

0

Except for the sample mean, in each replication, a 95% CI was computed using G+ z.975 5‘75@. For
the sample mean, instead of a normal deviate, a t distribution with df = N — 1 was used. The coverage
was the percentage of times the ClIs included the population value 6. For the conditions examining the
SEs of the variance and standard deviation of item B, in some replications, the sample coefficient was on
the boundary of the parameter space, and the SE did not exist. These replications were omitted from the
results. To accurately interpret the values of the coverage, a 95% Agresti-Coull (1998) CI was derived,
which equaled [93.9%,95.8%].

4.2. Results

The effects of dimensionality, number of items, and model complexity were small to negligible.
Therefore, the results for the one-dimensional 2PLM for 10 items are reported here. The complete results
are available in the supplementary material.

4.2.1. Mean

The bias of the SEs of the sample mean was close to negligible (Table 3). Under conditions in the
supplementary material, for X4, some undercoverage was observed for N = 100. As the population
mean for this item is relatively close to the boundary, the sampling distribution is skewed to the left.
For small samples, it may not be represented well by a t distribution.

4.2.2. Covariance
Under the proposed method, the SEs of the sample covariances exhibited negligible bias, with coverage
at the expected level (Table 4, upper panel). Under the alternative method, bias was much larger,
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Table 4. Bias of ?ECXV and coverage of the corresponding 95% Wald Cl as estimated by
the proposed method (upper panel), and under normality with homogeneous variances
(StackExchange, 2020) (lower panel)

Coef. Par. Scaled bias Coverage

100 500 2,000 100 500 2,000
CxouXo 0.015 0.1% 2.8% -1.4% 95.2% 95.7% 95.0%
CxaRny 0.086 1.4% 2.1% 0.5% 93.8% 95.3% 95.2%
CxaRes) 0.258 -1.3% 0.9% 3.4% 94.2% 94.7% 95.5%

Cxoxe 0.015 12.4% 14.4% 9.5% 97.8%  97.9% 96.6%

CxaRny 0.086 204% 200% 194% 100% 100% 100%

Cxq 0.258 84.6% 85.7% 88.0% 100% 99.9% 100%

R(s)

Note: Coef. = coefficient, Par. = parameter value rounded to three decimals. Values 100, 500, and 2,000 in
columns represent sample sizes. Item A is a low-mean dichotomous item, and item B is a high-variance
dichotomous item (for details, see text). X and Xg denote the scores on items A and B, respectively, and
R(ay ad R(g) denote the rest scores of item A and B, respectively. Coverage percentages outside the 95%
Agresti-Coull CI [93.9%, 95.8%)] are shown in boldface. Scaled bias larger than 10% is shown in boldface.

and none of the coverage percentages fell within the Agresti-Coull CI, indicating that the method’s
assumptions were too strong for this type of data.

4.2.3. Variance and standard deviation

Except for differences that can be attributed to Monte Carlo error, bias variances and standard deviations
were identical. Therefore, only the results for the standard deviation are reported. Under the proposed
method, the bias of the estimated SEs appears to be small (Table 5, upper panel). For item B, the results
indicate undercoverage of the CI. This is to be expected because ox, ~ .494, which is very close to
the theoretical upper bound .5. As a result, the sampling distribution of Sx, is skewed to the left (see
histograms of the sampling distribution Sy,, Van der Ark, 2025), and the normal approximation does
not work well, even for larger samples. For item A and the sum score, the coverage was satisfactory for
N =500 and N = 2,000. Under the alternative estimation method (Table 5, lower panel), the bias was
much larger, and none of coverage percentages were within the Agresti-Coull CI, suggesting that the
method assumptions were too strong for this type of data.

4.2.4. Correlation

Under the proposed method, relative bias was large and coverage too low for N = 100, but both improved
quickly as the sample size increased. This may be because the correlation is a more complicated function
of n than the mean, covariance, or standard deviation and therefore requires a larger sample size to
stabilize. For the Fisher Z-transformation, SEs were not computed. Its CIs showed better coverage at
N =100 and coverage comparable to the proposed Cls at larger sample sizes.

4.2.5. Split-half reliability coefficient and lambda coefficients

For all these coeflicients, bias was small (Table 7). Similar to the sample correlation (Table 6), psy showed
slight undercoverage for N = 100 (Table 7), a pattern that is also shown in the supplementary material.
Within the lambda series, A, displayed slight undercoverage at N = 100, while coverage was satisfactory
for larger samples. In the supplementary material, the slight overcoverage for A; and A3 in Table 7 is
likely due to Monte Carlo error, as it did not appear under other conditions. By contrast, the CI for A3
proposed by Feldt et al. (1987) exhibited systematic overcoverage (Table 7, last row).
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Table 5. Bias of §E3X and coverage of the corresponding 95% Wald Cl as estimated by the
proposed method (upper panel), and under normality (Ahn & Fessler, 2003) (lower panel)

Coef. Par. Scaled bias Coverage
100 500 2,000 100 500 2,000

Sx, 0.286 —2.0% 1.4% —1.0% 94.8% 96.0% 95.0%
Sxg 0.494 —2.4% 0.5% 1.1% 84.1% 89.5% 93.0%
Sx, 1.802 -1.7% 0.4% 0.7% 93.4% 95.0% 95.2%
Sx, 0.286 -52.0%" -50.3% -51.3% 71.2% 64.2% 65.7%
Sxg 0.494 318% 367% 370% 100% 100% 100%
Sx, 1.802 8.4% 9.6% 9.8% 95.9% 96.7% 96.9%

Note: Coef. = coefficient, Par. = parameter value rounded to three decimals. Values 100, 500, and 2,000 in
columns represent sample sizes. Item A is a low-mean dichotomous item, and item B is a high-variance
dichotomous item (for details, see text). X4 and Xz denote the scores on items A and B, respectively, and
X, denotes the sum score. Coverage percentages outside the 95% Agresti-Coull Cl [93.9%, 95.8%] are
shown in boldface. Scaled bias larger than 10% is shown in boldface.

155 replications resulted in an NA, and results are based on 1,945 replications.

Table6. Bias of.?EKXY and coverage of the corresponding 95% Wald Cl as estimated by the
proposed method (upper panel), and the coverage of the Cl estimated using the Fisher
Z-transformation (lower panel)

Coef. Par. Scaled bias Coverage

100 500 2,000 100 500 2,000

Kxuxe 0.106 -31.8% 0.1% -1.6% 80.0% 94.8% 95.0%

0.173 -10.1% 0.6% 1.2% 79.7% 94.5% 95.7%

Kxuren

KXBR(B) 0.331 -1.6% —0.4% 1.1% 94.0% 95.9% 94.5%
Kxoxe 0.106 95.7% 95.2% 94.7%
Koy 0173 96.3%  957%  95.2%
Kire ~ 0.331 95.4%  95.0%  96.0%

Note: Coef. = coefficient, Par. = parameter value rounded to three decimals. Values 100, 500, and
2,000 in columns represent sample sizes. Item A is a low-mean dichotomous item, and item B is
a high-variance dichotomous item (for details, see text). X4 and Xz denote the scores on items A
and B, respectively, and Ry ad R(g) denote the rest scores of item A and B, respectively. Coverage
percentages outside the 95% Agresti-Coull CI [93.9%, 95.8%)] are shown in boldface. Scaled bias larger
than 10% is shown in boldface.

5. Discussion

This study provided analytic estimates of SEs and corresponding Wald ClIs for 10 coefficients that are
often used in the output of reliability analysis: mean, covariance, variance, standard deviation, product-
moment correlation, reliability estimates A, A2, and A3 (better known as Cronbach’s alpha), and the
split-half reliability coefficient. The SEs were derived using a two-step procedure: the scaled bias of the
SEs and the coverage of the corresponding Wald Cls were further investigated in a simulation study
and, when available, compared to other formula-based estimates of SEs and CIs. The derived SEs were
implemented in the freely available software package JASP (as of version 19), and all coefficients and
SEs are freely available as R functions on the Open Science Framework repository (Van der Ark, 2025).

In general, the scaled bias of the derived SEs was satisfactory for larger samples and coeflicients whose
values were not too close to the boundary of the parameter space. For more intricate coeflicients (e.g.,
\2), larger sample sizes were required than for a simple one (e.g., mean). For the covariance, variance,
and standard deviation, other analytic SEs were available, which generally had a higher scaled bias
than large-sample SEs. For the mean, it is well known that the conventional SE, based on the unbiased
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Table 7. Bias of SEs of reliability estimatesﬁsH,Xl,Tz, and; = a, and the coverage of
the corresponding 95% Wald CI

Coef. Par. Scaled bias Coverage

100 500 2,000 100 500 2,000
PsH 0.589 -3.9% -0.7% 0.1% 93.2% 94.5% 94.8%
Tl 0.515 —4.3% —-0.3% 1.5% 93.8% 95.0% 96.0%
’Xz 0.582 -3.7% —-0.3% 1.5% 91.5% 94.5% 95.1%
7\\3 (a) 0.571 -4.4 -0.3 1.5% 93.8% 95.0% 96.2%
A (@) 0571 - = = 96.0%  96.3%  97.0%

Note: Coef. = coefficient, Par. = parameter value rounded to three decimals. Values 100, 500, and
2,000 in columns represent sample sizes. Coverage percentages outside the 95% Agresti-Coull Cl
[93.9%, 95.8%] are shown in boldface. Scaled bias larger than 10% is shown in boldface. * = Cl as
proposed by Feldt et al.(1987).

variance estimate, is unbiased, whereas the large-sample SE, based on the maximum-likelihood variance
estimator, is not. Hence, for the mean, the conventional SE should always be preferred.

Similarly, the coverage of the Wald Cls, based on large-sample SEs, was satisfactory for larger
samples and coefficients whose values were not too close to the boundary of the parameter space. For
the correlation and A3 (Cronbach’s alpha), an asymmetric analytic CI was available. For correlation
coefficients, for small samples (N = 100), Fisher-Z transformation resulted in a better coverage than
Wald-based CIs. However, for A3, the transformation of Feldt et al. (1987) did not result in better
coverage than Wald CL

If a coeflicient lies close to a parameter boundary, sampling distribution tends to be skewed rather
than normal, so Wald-based CIs may fail to be range-preserving and may exhibit undercoverage. For
example, for oxp = 0.494, the coverage of the CI was too low in the simulation study, which can be
because the value of oxp is close to its bound 0.5. In behavioral sciences, two types of bounds may be
distinguished. First, coefficients may have theoretical bounds (e.g., Sx > 0, « < 1, 0 < Kxy < 1). Second,
coeficients may be bounded due to the data format. For example, for a single dichotomous item, the
mean is bounded by 0 and 1, the variance by 0 and %, and the standard deviation by 0 and % For
two dichotomous items, the covariance is bounded by —i and i. These bounds also restrict the mean,
variance, standard deviation, and covariance of composite scores, such as the sum score or rest score. In
addition, these bounds also restrict coefficients that are functions of the coefficients, such as Cronbach’s
alpha (13), which is a function of the variance-covariance matrix.

For Cronbach’s alpha, a series of papers has investigated its asymptotic distribution. Van Zyl et al.
(2000) derived an asymptotic normal distribution without restrictions on the covariance structure, and
this result was extended to nonnormal distributions by Ogasawara (2006) and Maydeu-Olivares et al.
(2007). Some comparisons have been carried out; for example, Kuijpers et al. (2013b, Table 1) examined
tests of the null hypothesis that Cronbach’s alpha equals a constant ccc and found that type I error rates
were slightly better for the marginal modeling approach (from which the two-step procedure in this
paper is derived) than for the method of Maydeu-Olivares et al. Nonetheless, a thorough comparison
of different methods remains an important topic for future research.

The two-step procedure that was used to derive large-sample SEs assumes a multinomial distribution.
On the one hand, by only assuming a multinomial distribution, the procedure is flexible with respect to
the shape of the data distribution and can be applied to most coefficients used in social and behavioral
research. In addition, the method can also be used to compute the asymptotic variance—covariance
matrix between the coeflicients. For example, in Appendix E, the asymptotic covariances of the sample
variances and covariances were derived. On the other hand, as multinomial distribution is a discrete
distribution, the procedure requires discrete scores (item scores, sum scores, and rest scores). Although
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the scores need not be integer-valued, for data in which virtually all respondents have distinct scores
(e.g., time to complete a task measured in milliseconds), the procedure becomes time-consuming
because each observed score is considered a separate category. This is particularly true when the
asymptotic covariance matrix of the sample covariance matrix of the scores is required. In such cases,
it is advisable to use alternative methods for continuous data. For example, for continuous data, the
software package JASP computes SEs of the lambda coefficients under the assumption of an inverse
Wishart distribution.

The study focused on analytic SEs, but SEs and CIs based on resampling, such as the nonparametric
bootstrap (Efron & Tibshirani, 1986), or simulation, such as Mandel’s (2013) simulation algorithm
that replaces the delta method. Although these methods may also provide good or even better results
with respect to bias and coverage, analytic SEs have several advantages over SEs and CIs based on
resampling or simulation, which make them useful in their own right. First, they are efficient in the
sense that, once derived, they are very fast to compute and do not require thousands of resamples.
Second, they are deterministic; they give the same result every time without Monte Carlo error. Third,
they are transparent; they clarify the mathematical relationship between the SE and the factors affecting
the SE. Moreover, analytic SEs facilitate sample-size planning, since closed-form SEs can often be
inverted to yield explicit formulas for the required sample size, unlike bootstrap-based Ses, which
require computationally intensive simulations. A well-known case is the mean, where N = 4z__ /202 Jm*.
Once these formulas for the required sample size have been derived, this advantage extends to other
coefficients, such as reliability estimates or standard deviations.

Supplementary material. R code and supplementary materials are available on OSF (https://osf.io/y3bae).
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Appendix A: The estimated standard error of the sample mean

Let R be a K x 1 vector containing the unique observed scores of X (cf. Table 2, left panel). The sample mean can be written in
the generalized exp-log notation as

gz =exp(Az.log(A.n)) (A1)

where A; = [R IK]T isa 2 x K matrix and A, = [ 1 -1 ] is a 1 x 2 row vector. Let g = n; then, following Equations 2 and 3,

B N R n ]\ [log(ZX,)
81 = log(Al.go)) —log([ 1%.n ] ) B [ log(N) | (A2)
and
g, = - log(XX,) |\ _[XZXn]_+
The Jacobian Gy can be derived from g; and gz. Let Go = I. Following Equation 4,
_ _ Xy RT RT/ Y X,
G =D"'(A1.g).A1.Go=D"' ([ ZN ])[ 1 ].1: [ 1{3/21\1 ] (A4)
and following Equation 5,
R T_% 1T
X, RT-X.1
G§= Gz =D(6Xp(Az.g1)).Az.G1 =D( ZN ])[ 1 -1 ][ Zlf(" :| = T (AS)
N

Because the sample mean is a scalar, VX reduces to V? Furthermore, because gy is homogeneous of order 0, VY is given
by Equation 12; that is,

~2

- RT-X.1" R'-X1"]" 1 -2 S

T K 2 X
VWG;,D(n).Gf[T].D(n).[T] =Nzk:1nk{Rk—X} =3 (A6)

where Si is the maximum-likelihood estimator of the variance, and the estimated standard error equals S’E§ = % .

Note that if 3, X, < 0, log (>, X») (Equation A2) exists only as a complex number. This does not affect the theoretical
derivation of the standard errors. The expression exp (A;.log(A1.81)) (i.e., Equations A2 and A3 combined) is used only
to divide }°, X, by N, and neither expression contains an imaginary part. The logarithm is not used in the derivation of the
Jacobian. This reasoning applies to all derivations in this article.” If 3, X,, = 0, log (3, X) does not exist, but replacing 0 with

a small positive value (e.g., € = 107'%) gave good results.

Appendix B: The estimated standard error of the sample covariance

The unbiased covariance estimator equals Cxy = += X, (Xn 7Y) (Yn 7?) = = (EXYu -2, XX, Ya/N). Let R =

[ ry ry ] be the K x 2 matrix containing the K possible response patterns with column vectors rx and ry, and let * denote the
Hadamar (i.e., elementwise) product. Then, Cxy can be written in the generalized exp-log notation as

8Cy = exp (As.log (Asz.exp (Az.log(A1.n)))), (B1)
110-10
T, . 001 0 0 ]. . -110 0 |,
whereAI:[rX ry rxy*ry lg IK] is a 5 x K matrix, A, = 000 1 0 1sa4><5matr1x,A3:[0 01_1]1sa
000 1 -1

2 x 4 matrix and A4 = [ 1 -1 ] is a 1 x 2 row vector. With gy =n, CP, = (Xy, —X) (Y,1 —?) and cross-product CP = >, CP, =

2For literally replicating the equations in the appendices using a numerical example on a computer
(e.g, in R), the expression exp(AqH.log(Ang,l)) may be replaced by exp(Aq+1.log(|Ang,1|))
(cos (Aqﬂarg(Ang,l))Hsin (AqH.arg(Ang,l))), when Agg,_1 contains negative elements, where i = /=1 and
arg(x) is the argument of x.
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> (X" —Y) (Y,1 7?) =3, XY, — X2, XY, Yu/N, following Equations 2 and 3,

log (¥ X)
T log (X Yx)
glzlog(Al.gg):log([rX ry rx*ry lg IK] .n): log(XXuYn) |, (B2)
log(N)
log(N)
110-10 log (3:X,) ZXEY,
0010 0 log (X Yx) $X, Y,
g =exp(Az.81) = exp 0001 o | log (X XnYn) = L (B3)
N
000 1 -1 log(N) 1
Log(N)
X, XY,
11001 ux log(CP)
_ _ - XnYn _ og
g =log(As.g2) = log [ 001 —1]‘ N _[log(N—l)]’ (B4)
1
and
o _ log(CP) _cp
gcxv_g4_exp(A4'g3)_eXp([l _1]-|:10g(N_1) _N—l =Cxy- (BS)
Jacobian G¢ can be derived from gi,8;,83, and g4. Let Go = I. Following Equations 4 and 5,
ry
T Xn Zf
Y
ZYn T ;Y”r
G =D"'(A1.8) A1.Go=D"|| XY, || .[1x rv rxxry Ig Ik | I=| I | (B6)
X, Y,
N i
N i
N
ry
=X e
parn e 110-10 ;ry Y+ IX -1LXY
Y, T, T
_ _ > XnYn 0010 O Tl | Iy * Iy
G;=D(exp(A2.81)).A2.G1 =D N 1000 1 o ZXXF;’n = 1 ) (B7)
1 000 1 -1 L 0%
N
e
N
ryY +rpX-11XY (0F)(-7)
o [ cp -110 0 Iy * Ty | ey
G;=D"'(A;5.2) .A5.G,=D ([N_l 1o o121l 17 = 1T/(C15—1) ,  (B8)
ol
K
and, the Jacobian equals
(%) (5 -7) (L-X)(5-7) 1T
— — - — - cp | = X Y —
Gey =Ga =D (exp(As.83)) As.Gs = CXY~[ 1 -1 ][ % ny( cp N—l)
o (EDETD 0\ @EDE-T) o -
T T e (N-1) N-1) T (N-1)17 '

Because the sample covariance is a scalar, V¢, reduces to V¢,,, and because gc,, is not homogeneous of order 0, Equation

v i (ka _X) (RYk _?) ~Cxr
14 should be used to compute V¢,,. The kth element of G¢,, (Equation B9) equals Gy = o Let O be
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Kronecker delta; that is, 8y = 1 if [ = k, and iy = 0 otherwise. The estimated variance of Cxy equals

Ve, = ank( (Ry, ~X) (Ry, ~¥) - Cxr ) L ZKZlnk”z( (Ry, ~X) (Ry, - ¥) - Car ) ( (Ry ~X) (Ry, - ) - Cxy )

N-1 N-1 N-1

(B10)

Rather than in terms of frequencies for response patterns k and I, Equation B10 can be rewritten for individual observations
n and m (hence, the frequencies n and n; in Equation B10 reduce to 1), resulting in

(X0 —X) (Yu-Y) - Cxy

chy_zn( (- )2Iirzmzn((Xm—X)(Ym—Y)—ny)((Xn—X)(Yn—Y)—CXy). B1D)

N-1 N-1

(Xn j) ( Y, 7?) —Cyy

With d. Xy, = NI

(see Equation 15), the estimated standard error equals

~ 1
SEc,, = \j Dy, - N D2 dxy, dx, - (B12)
The expression ﬁzm ¥ ,dxy,, dxy, in Equation 16 equals

%Zmzndxymdm - %Zmzn ( (X —X) EVY,_WI—?) ~Cxy ) ( (X4 -X) E\;f:?) _ny)

1
vy,

(X =X) (Y -Y) (X0 =X) (Ya-Y) = (X =X) (Y - Y) Cxy = (Xu = X) (Yu = ¥) Cxy + Cy
( (-1’ )

T T (X =X) (Y = Y) (X0 -X) (Ya-Y) -2Cr T, (Xu - X) (Ya - Y) + Ciy
N(N-1)2

1
NS {(N-1)*Ciy —2CxyN(N-1) Cxy +N*Cyy }

N-1 N
= ——Ciy —2Cy + ——Cy. B13
N X N (B13)
For large N, N/(N —1) ~ 1, and replacing N — 1 by N in the last term of Equation B13 has neglible effect on the outcome.
When doing so, that term becomes 0. As a result, for large N

SEcy, ~SE¢, = [y . (B14)

Appendix C: The estimated standard error of the sample standard deviation

The estimator of the standard deviation equals the square root of the unbiased estimator of the variance; that is, Sy = 1/S% =
1
N-1

With go = S, and following Equations 2 and 3,

(X —f)z, which can be written in generalized exp-log notation: let a; = 1 and Let a; = %, both be 1 x 1 scalars.

g1 =log(a1 g) = log(Si), (C1)

and
1 2
8= =exp(uzgl)=exp(ilog(sx)) = Sx. (C2)

The Jacobian Gs, can be derived from g; and g,. With Gy = 1, and following Equations 4 and 5,

1
ay Go == (C3)

G =
ai-go Si,
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and

Gs, = Gz = (exp (a281)) a2G1 = Sx ( ! ) (Sl2 ) = % (C4)

Following Equation 11 and using the result from Equation C4, the estimated variance of Sx equals

— 1 ~
Sx = Géx Vs§ = TSZVsi- (C5)
X

Then, SEs, equals the square root of Equation C5; that is,

Es=\/ 19 (vs§) = 5. (C6)

X

Appendix D: The estimated standard error of the sample product-moment correlation

The sample product-moment correlation coefficient equals Kxy = A .LetR= [ rx ry ] be the K x 2 matrix containing the K
possible response patterns with column vectors ry and ry, and let * "denote the Hadamar product. Then, Kxy can be written
in the generalized exp-log notation as

8Ky = exp (As.log(As.exp (Az.log (A1.n)))), (D1)
00001 O
11000-1
- T, . 001000 |. _ L=100 001
where A, :[rx Iy Iy Iy Ix*Iy IK] is a 6 x K matrix, A, = 20000-1 isa 6 x 6 matrix, A3;=| 00 1-10 0 |isa
00010 0 00001-1
02000-1
3x6,and Ay = [ 1 7% 7% ] is a 1 x 3 row vector. With go = n,
log (X X»)
log (X Yx)
T log (> X2
glzlog(Al.go):log([rx ry i 1l rx*ry IK] n): loggzygg , (D2)
log (XX, Yn)
log(N)
00001 0 log (S X,,) zz}?("z?
11000 -1 log (X Y,) TN
~ ~ 00100 0 log (X x2) | =X
g=exp(Aag)=exp| [ 000 | log(X.7?) = (ZTX)Z ) (D3)
000100 log (XX, Yx) >Y2
02000 -1 log(N) Ev)?
N
2 XYy
X, XY, TR TY
1-100 00 T2 2 XYy — =g Cxy (N-1)
g =log(As.g)=log|l|0 0 1 -10 0 =x) ||=log SX2- (Zl)j) log|| S((N-1) [],
0000 1-1 ZNYﬁ YV o zv) Sy (N-1)
=y,
N
(D4)
and
Cxy (N-1)
ny(N—l)
gKv:g4:exp(A4.g3):exp [1 -1 —l].log Sf((N—l) = :KXY- (D5)
: P £ (N-1) VS (N-1)/§; (N-1)
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The Jacobian Gg,, can be derived from g;, 8,83, and g4. Let Go = I. Following Equations 4 and 5,

- T -

rX
X,
> X r;l; ry
XY, 1‘;1; zl,:r{"
. _ X2 2 b5
G =D (A1.g).A1.Go=D"' %Xg . rgyfT I= Zr;‘ , (D6)
SXa Yy || | rLerd =l
N 17 Ssan
K TX,Y,
i
K
L~
- r;f( -
ZXu
2Kt 00001 0 ° et
ERIERIE T
_ _ n 1 Z‘Xz B ry
G2 =D (exp(A2-81)) A2.G1 =D ELr (120000 -1 [ 57 |7 X-1fXT | (D7)
>y? 00010 0 }:’j. 2!
2 X"y ~ <2
zn) 02000 -1 LY, r2Y-13Y
e
. ryY +r, X -1, XY
Cxy (N-1) 1-10000 e F
G;=D7'(A3.8).A5.G,=D7"'|[ $&(N-1) [|.]o 0o 1-100 rTzifﬂX
S2(N-1) 0000 1-1 K
_ 1
12y - 117
T TR+ XY (=) (5-7) ]
Cxy (N-1) CXY(N:12
| oA | (5%) (D8)
- S(N-1) - S2(N-1) ?
22Vl 2 (X,I_;)z
S3(N-1) S (N-1) |
and, the Jacobian equals
( r;—?)( r};—Y)
Co (N-1)
X
Gy = Gu =D (exp(Acge)) ArGo =R [1 -4 -2 ] (oK)
(5-1)
§3(N-1)
T_X\(+T_V T _7%)? T _7v)?
= Ryy (rx*X)(rYfY)i (rx-X) B (ry*Y) (D9)
Cxy (N-1) 282 (N-1) 283 (N-1)
Because Kxy is homogeneous of order 0, Vny is given by Equation 12; that is,
T _¥\ (T Y T _%)? T _7)? \?
— ry—X)(ry-Y Iy —X Iy —Y
Vi ® Gk, D (n) .Gy =Kiy x> mi (5 —X) (r-Y) _ (ZXk ) _ (zYk ) )
Cxy (N-1) 28 (N-1) 284 (N-1)
T %\ (T _F T _%)? T _7)?\?
_ Ky (5 =X) (r-Y) (1 -X)" (rj-Y)
=T 2 = ank - 2 - 2 : (D10)
(N— 1) Cxy ZSX ZSY
Writing Equation D10 at the respondent level (see Appendix B) means that the n; = 1 and yields
- - 7\2 )2\ 2
B B (DT (6T (T o
TO(N-1)2 A Cxy 28% 282
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The estimated SE is the square root of Equation D11; that is,

(D12)

SAEKXY_KXYJZ((XHX)(Y"Y) (X:-X)° (Yny)z)z.

T N-1 Cxy o 28

n

Appendix E: Split-half reliability coefficient

Let the test items be split into two sets H; and H;, and let Ky, 1, be the correlation between the sum scores on H; and H,.
The sample value of the split-half reliability coefficient is psy = 2Kp, 1,/ (1 + Kp, 1, ). The estimated variance of a correlation
coeflicient was derived in Appendix D (Equation D11); that is,

(ED)

- K12<,,1”2 (Hin—Hy) (How —H,) (Hln_ﬁl)z (Hzn—ﬁz)2 ’
Vs = =17 2 Crty . Coasy 28 '
142 1 £

Using K, 1, as a basis, the split-half reliability coefficient can be written in generalized exp-log notation: let A; = [ 211 ] ’

10 0
100
bea3x1vector,letA,=| 01 0 bea3x3matrix,letA3:[0 1 1:|be212><3matrix,andletA4:[1 —1]bea1><2row
01 -1

vector. With gy = Ky, 1, , and following Equations 2 and 3,

2 2KH,H,
g1 =log(Ai.g) =log|| 1 |.Kum, |=log|| Kum ||, (E2)
1 Kn,m,
10 07 [2Kun, 2K, m,
g =exp(A,.gi)=exp|| 01 0 Ko, ||=| Kuyn, |- (E3)
01 -1] [ Kun, 1
2Kuy 1
B B 100 B _ 2Ky, H,
8 =log(As.g:) =log [0 ] 1]- KHI.HZ —10g([1+KHlHZ]), (E4)
and
—_ —_ — — 2KH1HZ — ZKHIHZ —_
%5, = 84 = exp (Aq.g3) =exp ([ 1 -1 ] .log([ 1+ Kn ])) = 7(1 TKimm) =PsH (E5)
The Jacobian Gy, can be derived from gi,g,g3,and g4. With Gy = I and following Equations 4 and 5,,

2KH|H2 2 1/I<1'11Hz
G =D'(A1.2).A1.Go=D7'|| Kum, ||.|1[1=] 1/Kum, (E6)
Ki,n, 1 1/Kn,n,
2K, 1, 10 0 1/Kn, 1, 2
Gz :D(exp (Azgl)) .Az.Gl =D KHlHl 010 I/KHle = 1 5 (E7)
1 01 -1 1/Ku, n, 0
2K, 100 2 1/K
-l -l H,H, _ H,H,
G =D (As:g2) A3.G2 =D ([1+KH1HZ:|)'[0 1 1:|' (1) _[1/(1+1<111Hz)]7 (E8)
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and
1 - —~
— SH SH
Gi=Gp, =D (exp(Asgs)) ArGy =P [1 -1].[ Sy [= PP (E9)
1+Kp, 1, KHle 1 +KH1H2
Following Equation 9, the estimated variance of psy equals
P P\’
= [ P X
Vo = G5, Vi, = (KHIH2 - T+ Ko ) Vi, (E10)
Then, S/EPEH equals the square root of Equation ES8; that is,
Py PsH PsH =
S = (KHle C1+Kp, )SEK"mz» (E11)

Appendix F: The estimated variance-covariance matrix of the sample variance-covariance matrix

P variables—denoted by X, . .., Xp, where X; has K; observed scores—result in K = [],K; response patterns. Let B = Z,-ZjK,-Kj,
and let n;) be the B x 1vector of all univariate and bivariate frequencies, where univariate frequencies are given twice. The
latter allows treating variances and covariances the same, which is convenient for the derivation. For example, if

T
n=|noo noo1 Moto Morr 100 o1 Mo Mt | (F1)

then vectors containing the univariate frequencies given twice are n'ﬂl = [n(HJr Mo+ Mits M4t ],
n{z = [ N0+ Mio+ Mipls Mils ], and n§,3 = [ M40 Nat0 Mpgl Migl ], and the vectors providing the bivariate frequencies

T T
aren] , =[ noos no1+ mos mue >0 3 =[ noro Mor1 10 Miso |, etc. Then,

_[nT T T T T T T T T 1T
ney) —[n1,1 n, n; N, Ny, N3 N3; N3, “3,3] . (F2)

Let M,y be the Bx K design matrix so that ngy =Mgyn The first K12 TOwWs ofM(z) correspond to ny, 1; the next K; K, rows
to ny,2, the next K; K3 rows to ny 3, and so on. Element (b, k) in M(,yequals 1 if the kth response pattern contributes to the
bth univariate or bivariate frequency, and 0 otherwise. For example, for the vector of observed frequencies in Equation F1, the
first and the second row of M, equal (1,1,1,1,0,0,0,0), which pertains to observed univariate frequency 7o+ + . The asymptotic
covariance matrix of the sample covariance matrix is derived using the univariate and bivariate frequencies in n(,), whereas for
the coefficients in Appendices A through E, vector n was used. Using vector n(,)is useful because both the sample covariance
(Equation B5) and its Jacobian (Equation B9) require only the bivariate frequencies as displayed in Equation F2.

LetC= {C,-j} be the P x Psample variance covariance matrix variables X;,X,...,Xp, let vec (C) be a P? x 1 column vector
obtained by stacking the column vectors of C on top of one another, let @ denote the direct sum, and let @ denote the
Kronecker product; then, gc,, (Equation B5) can be generalized to a vector function for the vectorized sample variance-
covariance matrix by

8vec(C) = €XP (Af.log (A;.exp (A;.log (Ai+ .Mz.n)))), (F3)
110-10
* T. 2 3 * 001 0 0 z 2 2 i} *
where Al = @,‘@;[l‘i rj rixr; lg IK] is a 5P x B matrix, A} = Ip® 000 1 0 is a 4P x 5P matrix, A} =
000 1 -1
I SO0 o wap? ix, and A¥ =1 is a P2 x 2P?matri hat A¥, AF,A¥ and A}
2 Q 001 -1 is a 2P° x 4P~ matrix, an 4_}12(2)[1—1]1sa x 2P“matrix. Note that Af, A7,AJ,and A} are

block-diagonal matrices that are generalizations of A;, A;,As3,and A4 in Appendix B. Straightforward generalizations of
Equations B2, B3, B4, and B5 yield gyec(cy = vec(C).

The Jacobian Gyec(cy can be derived as follows. Let go = n, g1 = log (A} .M>.80), g2 = exp (A} .g1), g3 = log (A} .g2),84 =
exp (A} .g3), and Gy = L Following Equations 4 and 5,

G =D7'(A{.M.g).AT.M, (F4)
G, =D(exp(A].81)).A5.Gi (F5)
G3 = I)_1 (A;gz) A;Gz (FG)
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and
Gyec(c) = Ga =D (exp (A} .g3)) .Af.Gs. (F7)

Finally, because the elements are not homogeneous of order 0, the estimated asymptotic variance covariance matrix of the
vectorized sample variance—covariance matrix is given by Equation 11; that is,

vvec(C) = Gvec(C) .D (n) 'G:fec(C) - GVCC(C) n.N" 'nT'G;l;ec(C) : (F8)

The diagonal elements of Vvec(c) are the estimated asymptotic variances of the sample variances and sample covariances
that were derived in Appendix B. The off-diagonal elements are the estimated asymptotic covariances of the sample variances
and covariances. Due to the irregular nature in matrix Ms, Equation F8 could not be simplified. The elements of Vvec(C) are
referred to as’v‘(," DD where i = j = k = I refers to an estimated variance of a sample variance, i = k and j = I refer to an estimated
variance of a sample covariance, i = j and k = [ refer to an estimated covariance of sample variances, i = j or k = I refer to an
estimated covariance of a sample variance and a sample covariance, and in all other cases to an estimated covariance of sample
covariances.

Appendix G: Guttman’s lambda 1

, ~ 5,8 . o
The sample value of Guttman's lambda 1 equals A; = 1 - 5, where SJ? denotes the variance of item j and Sgh denotes the sum-
X

score variance. The generalized exp-log notation of 1, uses Vvec(c) (see Appendix F) as a starting point. Let J be the number
T
of items; then, A| = [ ez lp 1p ] be a 3 x J? matrix, where the elements of eg: equal 1 if they correspond to a variance (using
]

1-10
01 -1
and let Az = [ -11 ] be a 1 x 2 row vector. With gy = vec (C) and following Equations 2 and 3, it follows that

the order of variances and covariances in Vvec(C)) and equal 0 otherwise. Furthermore, let A, = [ ] be a 2 x 3 matrix

- T
€
J,
g1 =log(A;.g) =log 1]T2 vec(C) :log[ Zij S§+ S§(+ ]T, (G1)
[ 15
[1-1 0 s %9
g=exp(Arg)=exp|| o ]Jog . |H1=] 5 | (G2)
L S§(+ 1
and
=S .8
g;\‘1=gs=A3-g2=[—1 1]- S |=1- 12]: 1- (G3)
1 Sx+

Jacobian GTI can be derived from g,8, and gs. Let Gy = I. Following Equations 2 and 3,

=57\ [ e ZS; e
J ]
G =D"'(A1.8).A1.Gy=D"! s); Ak =l s | (G4)
SX‘* IITZ S§<+1};
Gz =D (exp (AZgl)) .Az.Gl
S2.el) 2
2k 1o o] | 2V (=) 1 2 T
=D|| % || B B BT A B SR D SR P B (G5)
1 01 -1 & llT oT j
Xy T2
and, the Jacobian equals
2 2
(=8) 2 1T ;57
e, — 281 o
Gr =AsG=[-11].[ 75 es(,;T ZiS e | - Z}_Sf.lﬁ—(szi).egj; (G6)
Xy
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Following Equation 9,

(z8)

2
Sx,

2
Z-S?)
92 F T 2 4T ( 77 T 2
V3 = Gy, Viee(c) Gy = stj.l - €5 Neec()- Zij.ljz_

) 72 T .esjz . (G7)

V < 2 )"
Vg isa weighted sum of the elements of V.c(c): elements that pertain to variances have weight (Zijz) - %, all

+

2
other elements have weight (ZJSJ?) . The estimated SE is

T 2 1T (Z/SJg)2 T 4 2 (Z},S]?)Z
Sy = Zij.llz—T.es/z N0y Eij.ljz—T.es]z : (G8)

Let v(ji, k1 denote the covariance of sample covariances Cy,x, and Cx,x, (see Appendix F), and let 6(,% wy =1 ifi=jork=1
(i.e., at least one sample variance is involved); then, Equation G8 can be written as

(z)'\
SE, = ZZ,-ZkZZ(ZhSi—%m;") VGik)- (G9)

2
Xy

Appendix H: Guttman’s lambda 2

Let ] denote the number of items, let Cx,x; be the sample inter-item variances (i = j) and covariances (i # j), let S§(+ =2:2Cxx,
denote the sum-score variance, let 3 }-sz = ¥+ Cx,x, denote the sum of the Jitem variances, let C; = S§(+ - ZjS]? denote the sum

~2
of all covariances, let C} = 3,3°,C%. X~ Yk Ch,x, denote the sum of all squared covariances, and let C, = \/J/ (J—1) x C} .
The sample value of Guttman’s lambda 2 then equals

~2
~ S -VIU-1)xC cy+C,
Ay=1- 2 =

2
S,

, (H1)

where the right-hand side of Equation H1 is a convenient way to write A, in the generalized exp-log notation. Let vec (C)
T
denote the vectorized sample inter-item variance covariance matrix (see Appendix F), and let A; = [ D (1 - esz) 1 ] be
]
a ( J*+ 1) x J* matrix—where D (x) is a diagonal matrix with x on its diagonal and the elements of the ] vector eg equal
J

1 if they correspond to a variance in vec(C) and equal 0 if they correspond to a covariance in vec (C). Furthermore, let

21 0
Ar=| Iz 0 |bea(2J2+1)x(J*+1) matrix, where 2Ip denotes a diagonal matrix with the value 2 on all diagonal elements,
o7 1
P1roto 1oo 110
let Az = 0T 1T 0 |bea3x (2]2+1) matrix,let Ay =| 0 1 0 | bea3x3 matrix, let A5 = [ 001 :|bea2><3matrix,
o" 0”1 001

and let Ag = [ 1 -1 ] be a 2 x 1 row vector. With gy = vec (C), and following Equations 2 and 3, it follows that

D(1-e vec (C*
g [ P o) 67
2 X
where C* is the inter-item variance covariance matrix with all variances set to zero;
*2
21; 0 vec(C*) vec(C* )
g =exp(Az.g1)=exp|| L 0 [.log 3 =| vec(C¥) [, (H3)
ol 1 Sx. S

where C*? is a ] x ] matrix with the squared inter-item covariances on the off-diagonal elements and 0 on-diagonal elements;

]_Ll 170 07 [ vec(C*?) ],Llci
g =log(As.g) =log of 1T 0 |.| vec(C*) [|=1og| C:+ |[; (H4)
o' 01 %, Sk,
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81 = exp (A4.83) = exp

and

The Jacobian Gy, can be derived from g1,....,gs. Let Go = L. Following Equations 4 and 5,

G =D7'(A;.g).A1.Go=D"

Psychometrika 1703
J - ~2
500 HG LG | c,
010 |.log] Cy = ol =l c, |; (H5)
~2 7
11o] | & Co+C,
g5 =log(As.g4) =log [0 : 1]. Cy ||=log| “*) "+ |5 (He)
S X
N c+c
+ ~
8 = &;, = exp (As.85) = exp [1 71].log C+IC+ = +2 20, (H7)
: Sk, SX+
1([vec(C*)]) D(l—esjz) I—[ C ] (HS8)
k. : 1 B BV

1-ep

where C; = D(m

and all other elements equal to 0;

is a diagonal matrix, with the elements corresponding to Cxx, (i,j = 1,...,],i # j) equal to 1/Cx.x,,

vec(C*?) 2I; 0 c 2D (C*)
G, =D (exp(As.81)).A2.G =D| | vec(C*) L 0 I I ; (H9)
2 T IJZ/SX T /2
. o7 1 + 17./8%,
2 T
=12 JqT 9 o 2D (C*) [ x (vec(C*))
] r J-1
G;=D"'(A;.2).A5.G, =D} c2+ oi 1m0 |. IITI = & (1; —e;z) ; (H10)
5
Sx. 0 01 %, é x l}fz
~ 2 x (vec(C*))T &
G ooy | OO et
Gy =D (exp(As.83)).As.Gs=D| | ¢, 010 Cix(lf,—egz) = 1T el ; (H11)
2 001 ' ' 2T
Sx L x1% !
M qu & 1]2
~2 Z_Z
2 Lo & x (vee(C)" x(ose(e)) +( 15 )
Gs =D (As.g1) As.G =D [ [ C++Ci [ : T _ ol = c.+C. ;o (H12)
S?( 001 1,2 _esz 1‘1‘2 *
+ )
1 S
and
~2
o %x(vec(c*))f+(1;2_e;;)
Ci+C = - !
G/rz :GsiD(eXp(As.g5)).A5.G5: +SZ +.[ 1 -1 ] C++Ci
X, 17
62 E’Z
s C7+x(vec(c*))M(l;—e;) i C—;><(Vec(C*))T+(1};—e§2)—Azl;
— + + i) T I E (H13)
Sz ~2 SZ Sz
Xy C+ + C+ X, Xy

https://doi.org/10.1017/psy.2025.10050 Published online by Cambridge University Press


https://doi.org/10.1017/psy.2025.10050

1704 L. Andries van der Ark

Let Vvec(c) denote the estimated variance covariance matrix of vec (C), with elements v(; ;y (x,1) (see Appendix F); then,
following Equation 9,

~2 T
S x (vec(C))T+ (1; —e;z) b S x (vec(CT)) T + (1; —e;z) Tk
-Vvec(C)

2 2
Sx,, Sx,,

’V‘Xz = G',Tzvvec((I)G’;lr-2 =

(H14)

Let G be the element of G/Tz that pertains to (co)variance Cj (i,j = 1,...,]). It can be shown that the scalar notation of
the last term of Equation H14 equals

~2 .
1 Ay

G = o (1) Gy - (1-0) - 22 w5
CiSé S§<+ S§(+

. . C T .
To simplify notation, let W; = e W, = s%’ and W3 = —S’\TZ. Then, Equation H15 reduces to
X4 X4 X4

Gy = Wi (1-8;) Gy + W2 (1-8;) + Ws. (H16)
Then, Equation H14 in scalar notation becomes
Vg, = 20202 206 Gy Ve
= Zizjzkzl(wl (1-85) Cij+ W2 (1= 85) + W3 ) (W1 (1= 8s) Cua + Wa (1= 8a) + W3) v, k1)
= Z,-Z,-ZkZ,[Wf (1-8y) (1-8k) CyCu + Wi W2 (1= 85) (1= 8t) Cyj + Wi W3 (1-8y) Cy
+ Wi W2 (1-85) (1= 8k) Cu+ W3 (1-8y) (1-8u) + Wa W3 (1-8) + Wi W3 (1-84) Cu
+ W2 Wi (1-84) + W3 v iy (H17)

So, the SE of’/'fz equals

SEr, =V Vr, = (22, 2 Wi (1-85) (1= 84) CyCa+ Wi W (1-85) (1-84) G
+W1W3(1—6,-,-)C,-j+W1W2(1—6,-)-)(l—dkl)CkI+W22(1—6,-j)(1—6kl)+W2K3(1—6,-]-)+W1W3(1—6kl)ckl
W W3 (1= 84) + W v ) (H18)
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