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ARTICLE INFO ABSTRACT

Keywords:
Queueing
Finite-customer models

o associated waiting times.
Laplace-Stieltjes transform

In this paper we consider an M/G/1-type queue fed by a finite customer-pool. In terms of transforms, we
characterize the time-dependent distribution of the number of customers and the workload, as well as the

1. Introduction

The model that we consider in this paper can be interpreted as a
finite customer-pool M/G/1 system. It has the distinguishing feature
that, after time 0, only a finite number m of customers bring work into
the system, while there are an additional k£ customers present at time O
(whose service has not started at time 0). Once a customer’s work has
been processed, it leaves the system, entailing that the queue eventu-
ally empties with probability 1 (i.e., without any stability requirement
being imposed). The model is of M/G/1 type in that in our setup the
interarrival times are independent and exponentially distributed with a
parameter that depends on the number of customers yet to arrive.

The objective of this study is to describe, for the model introduced
in the previous paragraph, the transient behavior of the number of
customers present and the workload. Indeed, we succeed in finding a
recursive algorithm (of low complexity) that provides us with the joint
transform of these two random quantities at an exponentially distributed
time. Our findings allow the evaluation of the joint probability mass
function (for the number of customers) and density (for the workload)
at any given point in time, relying on e.g. the well-developed machinery
of [1,11].

Our work directly relates to two branches of work. (i) In the first
place, there is a connection to papers in which the arrival times (rather
than interarrival times) are independent, identically distributed (i.i.d.)
random variables. Indeed, when taking in our model the parameter of
the exponentially distributed interarrival times proportional to the num-

* Corresponding author.

ber of customers yet to arrive, we can equivalently say that the arrival
times are i.i.d. exponentially distributed random variables. This setup
with independent arrival times is particularly appropriate in instances
that the number of potential customers is relatively low, so that the usual
Poisson arrival assumption cannot be justified. The resulting model has
been analyzed in [3,4,10], with emphasis on scaling limits in the dif-
fusion regime; we in addition refer to the survey [9]. The recent study
[14] provides an exact analysis of the workload at an exponentially dis-
tributed time, also covering various model variants (additional Poisson
arrival stream, balking customers, etc.). (ii) Our model can also be seen
as a special case of a reflected Markov additive process [2, Ch. XI] in
which the underlying background process is transient. More concretely,
the state of the background process represents the number of customers
yet to arrive, a process that decreases over time. The queueing model
driven by a MAP with a transient background process has been analyzed
in [12]; see also [8] and [13, Ch. III] for its ruin-theoretic counter-
part. In the present paper we show for our specific model, in which
the background process is of pure-death type, that the expressions of
[12] simplify considerably.

Queues with independent arrival times form a natural class of mod-
els in situations where customers independently decide when to try to
access service. The arrival time distribution could e.g. reflect the under-
lying day profile. As pointed out in e.g. [9], models of this type lead to
intriguing game-theoretic questions; this stream of the literature goes
back to the seminal work [15]. In our paper we explicitly include the
special situation in which at time 0 already some jobs, characterized via
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their specific service time distribution, can be present; this model in-
stance can be used if the server has to perform work prior to being able
to serve the customers who arrive after time 0.

We conclude this introduction by detailing our contributions and
the organization of the paper. In Section 2 we present the model and
define the key objects of interest. Our first main result, in Section 3, con-
cerns the distribution of the number of customers at an exponentially
distributed time (which, by applying inversion, gives us the distribu-
tion at any deterministic time). It is also pointed out how the result can
be extended to the joint distribution with the workload. Our findings
refute the claim in [10] that the finite customer-pool M/G/1 system
be ‘not amenable to exact analysis’, but the obvious price we pay is
that we have to settle for results in the transform domain. Then Sec-
tion 4 presents an analysis of the waiting-time distribution, including
tail asymptotics in case the customers’ service times are regularly vary-
ing. Section 5 presents several ramifications.

2. Model, notation, and objective

In this section we formally introduce our model, state our objec-
tives, and define two sequences of probabilities that play a crucial
role throughout our analysis. We throughout denote a* = max(a,0),
a~ = min(a,0), LST abbreviates Laplace-Stieltjes Transform, ‘a.s.” abbre-
viates almost surely, B is some a.s. positive (and finite) random variable
with LST f(a) = Ee~*B for a > 0. We follow the convention that N and
Ny denote the sets of, respectively, positive and nonnegative integers.

In our model k € N, customers are already present at time 0, but
their service times have not started at time 0. In addition, m € N, cus-
tomers are to arrive after time 0. With Exp(4) for A > 0 denoting an expo-
nentially distributed random variable with mean A~!, the random vari-
able T,, ~ Exp(4,,) is the time until the first arrival, T,,_; ~ Exp(4,,_1)
is the time between the first and second arrivals, etc. All k + m ser-
vice times are independent (and independent of the arrival process),
and distributed like B. Observe that this model can be seen as a finite
customer-pool M/G/1 queue.

In the sequel, E, ,[-] denotes the expectation when starting with
k € Nj customers being present, and m € N, customers to arrive accord-
ing to the mechanism described above. The main quantity of interest is
Z(t), the number of customers present at time ¢ > 0. Let T ~ Exp(y),
independently of everything else. It is our objective to compute the gen-
erating function

2@y,

Min(2) =By 2 z€(0,1], (€}

of the number of customers present at the exponentially distributed time
T. Evidently,

(o)

;%@=/mﬂmM¥%m )
0

so that one can numerically obtain [Ek’m[zz ] by applying Laplace in-
version; see for instance the fast and accurate procedures presented in
[1,11]. By repeated differentiation and inserting 0, one can obtain the
probability distribution of Z(f), while repeated differentiation and in-
serting 1 yields all (factorial) moments.

In our analysis two sequences of auxiliary probabilities play a key
role. To this end, we denote Sy =0 and S, := X" | 7; for any n €
{1,...,m}.

o The first sequence of probabilities is defined as follows. Let g, :=
P(T > B)=p(y) and for n € {0, ..., m},

P(S,—S,_;<B<S,-S,_i_1,T>B),
U, @ = ief0,...,n—1},

P(S,<B,T>B), i=n,
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E (e—VB 1[Sn,Sn_i<B<S,,7Sn—i—l }) ’
=49 i€(0,...,n—1}, ®

IE(C_VBI(S,,SB)>’ i=n,

noting that )" u,; = P(T' > B) = f(y). The object u,; can be in-
terpreted as the probability that there are i arrivals during a single
service time, starting with n € {0,...,m} customers who are yet to
arrive, jointly with the event {T' > B}.

o The second sequence of probabilities is defined similarly: we let
Voo :=P(T < B)=1-p(y), while for n € {0, ..., m},

) PS, =S, <T<S,-S,_;-1,T<B), i€{0,....n—1},

"\ PGS, ST.T<B),

i=n,

(4

noting that Y v,; = P(T < B) =1 - B(y). In this case, v,; can
be interpreted as the probability that there are i arrivals until the
exponential time 7, jointly with T < B. We observe that for i €
{0,...,n—1} we can write

Upi =P(Sn - Sn—i < T< Sn - Sn—i—l) - P(Sn - Sn—i

<Ir<S,-S8,_i_1,.T>B) 5)
where
n
PSS, —S,_ <T<S, -8 _._)=—2" 4 ©)
n= Pn—i X n~— Pn-i-1)—"
Ani Y i A Y

(with an empty product defined to be 1) and, by the memoryless
property,
P, -8, <T<S,-S,_i_1,T>B)

=E[e’1 {Sp=Sy—i SB+T<S,—S,_i— - ™

Along the same lines,

n
A
Jj _
U"":l_[l Ai+y ~Ele yBl{Sn<B+T)]~ ®)
=

Remark 1. We note that when B ~ Exp(u) then BAT and { BT} (as
well as BAT and {B > T}) are independent, with BA T ~ Exp(y + p)
and P(BLT)=1-P(B>T)= ﬁ Therefore,

Ui 1

7’”':7:mP(Sn—S,,_l-<B/\T<S,,—S,,_,~_])
_ 1 y+u < 4 ©
yHu A_i+y+u jenit] Aj+y+u
n
1 Aj
= , (10$)
Apity+nu Jenisl Aj+r+u

defining 4, =0. O

In Section 3 the probabilities u,; and v,; are, in principle, considered
known. Observe in particular that they are functions of the parameter
y corresponding to the ‘killing time’ T'. In Section 5 we consider special
instances in which u,; and v,; allow closed-form expressions.

3. Number of customers at killing

In the analysis of the conventional M/G/1 queue, one typically
works with the embedded process that records the number of customers
present at departure epochs. This process is a Markov chain: if it has
value £ € N, then at the next epoch it is # — 1 increased by the number
of Poisson arrivals during the service time of the served customer.
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In our model we exploit a similar idea. Observe that if the number
of customers at a certain departure epoch is # € N and T > B, then the
number of customers at the next departure epoch will be given by £ — 1
plus the number of arrivals during the corresponding service time (say
i). In addition, supposing that there were still n € {0,...,m} customers
yet to arrive, this number becomes n — i. Therefore, we have from the
memoryless property for T and the customers that have not arrived until
time B, for any 7 € {1,...,k} that

n
Epolz” D1 (1sp)]= z Hegiotn-i(2) Uy - an
i=0
We proceed by distinguishing various cases. As we point out, the re-
sulting expressions allow a recursive algorithm by which y,,,(z) can be
evaluated.

o When 7 € N and T < B, then the total number of customers in
the system at time 7T is ¢ plus the number of customers that have
arrived by time T'. Therefore in this case, for any n € {0, ..., m},

n
Epulz? D1 repl=2" Y 2 v, 12)
i=0

Upon combining the displays (11) and (12), this gives the relation,
forany £ € {1,...,k} and n€ {0, ...,m},

n
Hen(@ = X (i aei( @Dt + 27 0,1) as
i=0
o Supposing that £ =0, n e {1,...,m} and T < T,,, we evidently have
that Z(T)=0.Incase £/ =0,n € {1,...,m} and T > T,, then by the
memoryless property, Z(T) behaves as if we would have started
from the state (1,n — 1). As a result,

An
+—— 1 (2). (14)

Hon(2) = Py

Y
v+,
o Finally, when starting with £ = n =0, then clearly Z(T) =0 and

thus pyy(z)=1. Forn=0and 7 € {1,...,k}, (13) becomes

He0(2) = tp_1 o(2) g + 27 vy - @5)

This implies, by induction, that

£+1 _ Z0+1
1= vl + v, 007, Z # Uy,
Heo(2) = ( 00y + Voo Uy — 2 7 too (16)
1+ Uoof)ugo, Z=1Ugy.

The above can be used to devise a procedure that recursively deter-
mines y;,,(z). It is given by the following algorithm.

ALGORITHM to evaluate py,(2).

INPUT: k, m, u, and v, for all n € {0,...,m} and i €
{0,...,n}.

OUTPUT: py,(z) for all £€{0,....,k} and n€{0,...,m}.

ni

01: pgo(2) < 1

02: FOR £ =1 TO k DO

03: Compute pyo(z) via (16);
04 : END;

05: FOR n=1 TO m DO

06: Compute pg,(z) via (14);
07: FOR ¢ =1 TO k DO

08: Compute Hp,(z) via (13);
09: END;
10: END;

11: RETURN py,,(2).

Observe that in each step of this algorithm, one only needs objects
that have been computed earlier.
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Theorem 1. The probability generating function ,,,(z) can be recursively
identified via the above algorithm. If u,; and v,;, for all n € {0, ..., m} and
i €{0,...,n}, are known, then the complexity of the algorithm is O(km?).

The complexity of this algorithm is O(km?) because the complexity
of the for-loop in lines 07-09 is O(kn), and this loop has to be performed
forn=1 up to m.

Remark 2. One can easily adapt our algorithm to facilitate the compu-
tation of the joint transform of the number of customers and the work
in the system at the exponential time 7. Namely, with mild abuse of
notations, we first replace y,,(z) by

Hpn(zo@) 1=, [zZDe=eW D], a7)

where W (¢) is the amount of work at time 7. Note that the quantity u,;
remains unchanged, but the v,; needs to be adapted. To this end we
observe that, starting from state (¢,n), with £ € {1,...,k}, then when
T < B and the number of arrivals until time 7T is i, then the total number
in the system at time T is # + i and the total amount of work at time T’
is B —T plus a sum of # + i — 1 independent random variables (which
are also independent of everything else) that are distributed like the
generic service time B. Therefore, we see that Zf+ v,; in (13) needs to
be replaced by

Zf+iﬂ(a)f+i—lvni(a) (18)

where vy () = [E[e‘“(B_T)l(TsB}] and, forn € {1,...,m},

o(@) = 4 EE 0N, ares, s, rem) i€ (0n =1},
ni [E[e_a(B_T)l(S,,gT,TSB)]’ i=n.
(19)

As before, we have that y,(z,a) =1, and (14), (15) and (16) remain
unchanged, apart from the obvious replacement of y,,(z) by uz,(z,a),
and of vy, by vy (a). In particular, the structure of the algorithm remains
the same.

Clearly, setting z =1 (and then z*' =1 in the only place where
this is relevant), immediately gives an algorithm for the computation of
the LST of the workload in the system at an independent exponentially
distributed time, starting from the state (k, m). O

Remark 3. So far we have assumed that the service times are identically
distributed and that the interarrival times T,,,...,T; are exponentially
distributed with parameters 4,,,...,4;. This can be substantially gen-
eralized, in that we could instead assume that, when after a service
completion (or at time zero) there are n customers to arrive and ¢
customers present, the next service time is distributed like some B,,
and that the interarrival times (until the next service completion) have
parameters A,,, ..., 4,1, while maintaining all the underlying indepen-
dence assumptions.

For this generalization, the only change that is needed in the descrip-
tion is that u,; and v,; are replaced by u,,; and v,,; where the latter are
defined via (3) and (4) in which B is replaced by B,, and S; are sim-
ilarly defined only with T; ~ Exp(4;;), i = 1,...,m. All the rest of the
development is identical. O

Remark 4. We observe that, by differentiation of (13), (14) and (15) (or
(16) directly) ¢ times and letting z 1 1, then exactly the same algorithm
results in the recursive computation of the factorial moments

Ein(ZTNZ(T) = 1)...(Z(T) = £ + 1)) (20)

for any desired k,m, ¢, from which the moments E,,, Z 2(T) may be de-
duced in the usual way.

Similarly, equating the coefficients of the polynomials on the two
sides of (13), (14) and (15), results in a similar algorithm for the recur-
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sive computation of the probabilities ;,,(Z(T') = ¢). This is a straight-
forward exercise. O

Remark 5. In this remark we study a process that is useful in the con-
text of the waiting-time analysis of Section 4. We consider the bivariate
Markov chain (Z,V},),, with h =1, ...,k +m, where (i) Z, denotes the
number of customers that is in the system after the h-th departure, and
(ii) V,, denotes the number of customers, out of the m that are arriving
after time 0, that still need to arrive after the h-th departure. Note that
V}, are non-increasing in A, almost surely, and that (Z, V) = (k, m).

In order to analyze the Markov chain (Z,,V}),, we introduce the
following sequence of probabilities:

P(S,—S, , <B<S,—S, . ). i€{0,....n—1},
ni = (21)
P(S, < B),

i=n.
Observe that in the limiting regime that y | 0, the probabilities w,; and

u,; coincide.
The transition probabilities of (Z,,V},), are given by

p(fl 1) (€a.np)

wnl,nl—nz’

Cre{l, ... k},ny,ef{0,....n}, 0= +n —ny — 1,
wnl—],nl—nz’

=4971=0,n€{l,...,m},n, €{0,...,n| =1}, £, =n —ny — 1,
L,

fl =n1=f2=n2=0,

0 otherwise.
(22)

These cases can be interpreted as follows. The first case corresponds
to the scenario that the queue is non-empty at the end of the previous
service time, then a new service time starts, during this service time
ny — n, customers arrive, with n; customers that are yet to arrive at the
beginning of the service time. The second case corresponds to a similar
scenario, but now the queue is empty at the end of the previous service
time, and a new service time starts as soon as a new customer enters
(so that n; — 1 customers arrive during this service time). The third case
corresponds to the absorbing state (0, 0).

As for u,; and v,; (see Section 5), it is easy to check that w,; also
have an explicit form for the cases where either A, =Afori=1,...,n
or A; =iAfor i =1,...,n These transition probabilities will be needed
in the next section; more specifically, they are needed to determine the
probability that the system is empty after a service completion. O

4. Waiting times

As before, we consider the setting in which k customers are already
present at time 0, while in addition m customers are yet to arrive af-
ter time 0, with the corresponding interarrival times being represented
by 1,,.T,,_1,...,T;, where T; ~ Exp(4;) for i =1, ...,m. We throughout
assume a FIFO service discipline, where the initial k customers are ar-
ranged in some arbitrary order. With W/, ..., W, denoting the waiting
times of those customers already present at zero, and measuring their
waiting times from time 0 on, we obviously have

Ele*"i1=pNa), j=1,....k. (23)

The goal of this section is therefore to identify, in terms of transforms,
the waiting time distributions of the m customers arriving after time 0,
denoted by Wi, ,..., Wiip-

The waiting times of the customers arriving after time 0 obey the
Lindley recursion

Wi =W, +B,—L1", j=k... k+m—-1, (24)
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where I; denotes the interarrival time between arriving customers j — k
and j—k+1 (for j = k: the arrival time of customer k+ 1). We can use the
identity emox" mgmax _gmaxT 4 1, to conclude that, for i =0,...,m—1,

E[e=®Wk+i+1] = E[e~WiritBiri= Tkl "]
= E[e" Wi+t Besi=li+) ] — E[e™ Wi+ Biri~Ikail ™) 4 1. (25)

Using the independence of the components in the first term in the right-
hand side, and also using the fact that I, ; ~ Exp(4,,_;) (implying that
it is memoryless), we obtain from (25) that

E[e~Wi+i+1]

A
= Ele™"i (o)

m—i

Ay
PWiyin1 = O)ﬁ —PWitiv1 >0+ 1

m—i

A,
= fE[e‘“Wk“]ﬂ(a)/lL

m—i

—PWjpiyy = 0)%. (26)

m—i
Iterating this relation, we readily obtain the following result. In the se-
quel we use the notation g, :=P(W;, =0), for h=k+1,....,k+m.

Theorem 2. For j =k + 1, ...,k + m, empty products being equal to one,

j—k—1
J A

Ele"i=p"(0) [] =2

m—i
i=0 A’"—i -

J Jj=1-h

- X o M@—

h=k+1 m—htktl =% 20 Ampkhew — @

/lm+k—h—w @7

We have thus derived an expression for the waiting time LST of
all k + m customers, in known quantities and in the constants o, for
h=k+1,...,k + m. Now observe that ¢, = P(Z;_; = 0). Hence one
only needs to determine the latter probabilities from the one-step tran-
sition probabilities P(Z,, | = j | Z; = r) which are discussed in Remark 5
above.

Differentiating (27) with respect to a and subsequently taking a« =0,
we obtain that if E[B] < oo, then, for j=k+1,...,k+m:

J—k-1 J

EW]=G-DEBI= Y, ——+ 3 o

i=0 “m=i  p=k+1

1

. (28)
m—h+k+1

Conclude in particular that if E[ B] < oo, then E[W;] < co.

We end this section by exploiting (27) and (28) to derive the tail
asymptotics of the distribution of waiting time W, in the case of a
regularly varying service-time distribution, an important class of heavy-
tailed distributions. We denote by f(f) ~ g(¢) that f(r)/g(t) > 1 as
t — co. We use the well-known Bingham-Doney lemma, cf. [5, Theo-
rem 8.1.6], which states that (i) and (ii) below are equivalent: (i) B is
regularly varying of index —v € (-2, —1) at infinity, i.e.,

-1
with L(f) a slowly-varying function (entailing that the first moment of
B is finite but the second is not), and (ii)

VL), t— oo, (29)

p(a)— 1+ aE[B]~a"L(1/a), a 0. (30)

Now assume that (29) and hence also (30) hold. It then readily follows
from (27) and (28) that

Ele™"i] 1 + aE[W;] ~ (j — Da'L(1/a), a 0. (31)

Once more applying the equivalence between tail behavior of the dis-
tribution and behavior of the LST near zero that is specified by the
Bingham-Doney lemma, but now for W}, we find the following result.
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Proposition 1. Suppose the service-time distribution obeys (29). Then,

IP(WJ. >H)~(G—-DP(B>1), t— oo. (32)

For the ordinary M/G/1 queue in steady state, with regularly varying
service time distribution as in (29), it is well-known [6] that the waiting
time is also regularly varying but with index 1 — v. However, in our
setting with only a finite number of customers, the most likely scenario
for a very large waiting time W is that one of the preceding j — 1 service
times is very large, resulting in (32); in this respect, bear in mind that
for independent By, ... . B; that are distributed as the random variable
B, we have that

J
P<2Bi>t>~jP(B>t), t— 0. (33)

i=1
5. Special cases

We now consider two special cases in which the required proba-
bility sequences u,,; and v,,; allow an explicit evaluation. In the first
case we take A; = iA. This means that the random vector (7},,,...,T}) is
distributed as the differences of the components of the order statistics as-
sociated with m i.i.d. Exp(4) distributed random variables. This arrival
process is the pure death process analogue of the Yule process (which is
a pure birth process). We can treat it as the case where the m customers
who are yet to arrive pick their arrival times according to independent
(identically distributed) exponential clocks. Whereas for the Poisson
process the inter-arrival times are i.i.d. exponentially distributed, for
the case with 4; =i/ the arrival times are i.i.d. exponentially distributed.
Hence, as is easily checked, for i € {0, ...,m},

Uy = (’") E (c77B(1 — e By ¢=(nDiB) 34
1

To compute v,,; we again recall (4), (5), (6), (7) and (8), so as to obtain,
forie{0,...,m},

_ 4 jA
U'”"_y+(m—i)/1j H Y

=m—i+1
_ <m> E (e77B(1 — e ABHD)yi g=(m=DABAT)) (35)
i
The expressions for u,,; and v,,; can be made more explicit by noting
that
i .
E(e7P(1—e By g8y = B <’.><—1)"—fﬁ<y +m=)A,  (36)
: J
Jj=0
E (e77B(1 — e ABHT))i g=(m-DA(BAT))
—Z( )( 1/ By + (m— J)M;_ 37)
+(m—j)A

The remainder of this section covers a second case in which 4; = 4,
i.e., arrivals occur according to a Poisson process with rate A which is
stopped after the m-th arrival. By Eqn. (3),

|E<C_(A+V)B(;l.i)l>, ief{0,...,m—1},

- i (38)
ﬂ(y) ZJ =0 Ymj> i=m.

Also, recalling (4), (5), (6), (7) and (8),
( A >i g <e_<u+y)3+mM> ’

J\A+y/) r+2a i!

mi =i e (0, ... m-1) o2

-8 - Z/ —0 Umj» i=m.
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Observe that in (38) and (39) we can also write, for i € {0,...,m— 1},

i _ i)
E <e—(/1+y)B (Aﬁ) > _=h ﬁi'(/1+y) (40)
E <e—((z+y)3+n> (AB+T)) >
i!
= 2 E <e—(/l+7)B 4By > E <e—AT ()~ >
- J! =)
- A)’ﬁU)(/l +n v (a7
Z A+y ( Aty > ’ “n

Throughout this paper we have assumed that k customers are ini-
tially present, and there is a pool of m customers who arrive after time
zero. Below we briefly study the case in which both k and m are, ge-
ometrically distributed, random variables. Restricting ourselves to the
case 4; = 4 and to Exp(y) distributed service times, we obtain an ex-
plicit expression for the generating function of the number of customers
at an Exp(y) distributed time (when divided by y, this is also the Laplace
transform of the generating function of the number of customers at time
t). This generalizes a known result (cf. [7, Ch. I1.2]) for the transient be-
havior of the ordinary M/M/1 queue to the case in which the arrival
process dries up after a geometrically distributed number of arrivals. In
this case, recalling Remark 1 and with £ =&(4, u,y) := A+ u+y, (38)
and (39) become

ﬂ(i)i ie(0,1,....m—1)

Uy =3 N/ (42)
H (2 i=m
ury \ &) ’

and

i
r (i) . ief{01,....m—1},
v, =4¢\¢
mi y) m
v <_> L i=m
uty \ ¢
The above equations have obvious interpretations. For instance, regard-
ing (42): among three Poisson events with rates A, u,y, an arrival occurs
i times first with probability (1/&)’, and a service completion comes next
with probability /& (but with probability u/(u + y) if there is no po-

tential arrival left).
Introduce, for p,r € [0, 1] and z € (0, 1],

43

(o) (o)

G(p.r.2) = p" D Mg, (2),
=0  n=0

My(r,2) = Y Mg ,(2), £ =0,1. (44)
n=0

Observe that G(p,r, z) is the generating function of u, ,(z) in both #
and n, but it should be multiplied by (1 — p)(1 —r) to obtain the gener-
ating function of Z(T') for geometrically distributed k and m. Note that,
applying numerical inversion to G(p,r, z), we can identify u, ,(z), and
hence we can in principle also deal with arbitrarily distributed k and m.
In the rest of this section we find a closed-form expression for G(p, r, z).
Taking generating functions in (13) yields:

oo

G(p,r,2) = My(r, z) = Z o Z " Z Heyim1.n—i(Z) Ui

=1 n=0 =0

(o) (o) n
2 Z 2 ;= T+1L (45)
Recall the identity (a — D)X 72 a X2 b'c;y; = = a); cpat -

by, c,b" for any a,b € [0, 1] and a sequence ck. Hence,
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G(p,r,z)— My(r,z)

_ __Hp _Ar_u Ar
= et éé—ir/pG< ”’z>+
M—M_WHl(r,z)—l SHa(r2)+ T F(2) (46)
where
wn-2 g

H(r,z) .= s 47
12 = Tz e =i “7)

7 w2
ey =z’ “8)
Frzyi=—t L &= (49)

u+y 1-r E—Arz’
Here the first four terms in the right-hand side of (46) concern I, and the
fifth term II. The third and fourth term correct for taking the expression
in the first (instead of the second) line of (42) for u,,. Observe that
z=u/(u+7) is a pole of both the third and the fourth term, but not of
their difference. In the fifth term we have used both parts of (43), and
also the first line of (16). When z = uy, hence z = u/&, one should use
the second line of (16); we have omitted that calculation.
The next step is to rewrite (46) into

2
up”- —Eép+ Ar Ar up Ar
GW"")(W) = :pG(?”)
+ —2  Ho- o)+ T F(2) (50)
H+Y—Dpu

It is readily verified that the numerator of the term between brackets in
the left-hand side of (50) has one zero, say p*, in (0,1) (use Rouché’s
theorem, or take p =0 and p =1 in that numerator), and a second zero
p=Ar/(up*) > 1. Since G(p*,r, z) is finite, the right-hand side of (50)
must be zero for p = p*, yielding a relation between the unknown func-
tions G(%,r, z) and M(r,z): with J(r,z) := H,(r,z) — F(r,2),

ir_wp o <ﬂ . z)
& Ar—¢&p* e

P
H+y—p*u
Substituting this in (50) gives, after some calculations,

*
= —My(r,z) - P2

H,(r, z)+ J(r z). (51

/’l(p - @G(pa r, Z)

j’ _
= _}’_iMO(r,z)+ PH mr (”+*Y)§H1(r,z)—
p p+y—pu (p+y—p*p
A
Pz ATZ é.l(r 2). (52)
1—pz1-p*z

It remains to determine M (r, z). Using the one equation we have not
used yet, namely (14), in combination with y;(z) = 1, we obtain

Y r

A
My(rz)—1=—"1— L4
ol 2) A+yl—r Aty

rM(r, z). (53)

From (44), in combination with (53), we see that

G(p,r,z) — M(r,
lim G@ D= Mo2)
pl0 p
l+]/ r
M - — 54
Ar < o(r:2) = l+y1—r> (54)

Subtracting u(p — p) M (r, z) from both sides in (52), dividing by p and
finally letting p | O results, in combination with (54), in an equation
from which M (r, z) can be determined (notice that, in combining the
resulting two M (r, z) terms in the right-hand side, we have used that
p*p=Ar/u:
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A+ Aty

Y r
M, [——
Ar ( o(r:2) = Aty l—=r
=Mo(r,2)_i< A=A DE L éj(rz)>
P wp\u+y prr—pu F
(55)
Hence
Len N
MO(rsZ)= ( +Z)p AL ~ -
A+yp—Ar  (1=r)((A+y)p—4r)
r 1 ( H Aur—(ﬂ+y)-§H(rz)_zirz—«SJ(rz)>
uG+pp—ar \p+y p+y—pu l—p*z "’

(56)
Notice that M(0,z) = 1, as it should be.

In conclusion, we find the following result. Recall that & = £(4, u, y) =
At+pu+y.

Proposition 2. For any p,r € [0,1] and z € (0,1], G(p,r, z) is given by
(52), with M (r, z) given by (56).
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