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Abstract
We introduce an explicit family of representations of the double affine Hecke algebra H acting on spaces of quasi-
polynomials, defined in terms of truncated Demazure-Lusztig type operators. We show that these quasi-polynomial
representations provide concrete realisations of a natural family of cyclic Y-parabolically inducedH-representations.
We recover Cherednik’s well-known polynomial representation as a special case.

The quasi-polynomial representation gives rise to a family of commuting operators acting on spaces of quasi-
polynomials. These generalize the Cherednik operators, which are fundamental in the study of Macdonald poly-
nomials. We provide a detailed study of their joint eigenfunctions, which may be regarded as quasi-polynomial,
multi-parametric generalisations of nonsymmetric Macdonald polynomials. We also introduce generalizations of
symmetric Macdonald polynomials, which are invariant under a multi-parametric generalization of the standard
Weyl group action.

We connect our results to the representation theory of metaplectic covers of reductive groups over non-
archimedean local fields. We introduce root system generalizations of the metaplectic polynomials from our previous
work by taking a suitable restriction and reparametrization of the quasi-polynomial generalizations of Macdonald
polynomials. We show that metaplectic Iwahori-Whittaker functions can be recovered by taking the Whittaker limit
of these metaplectic polynomials.
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1. Introduction

Nonsymmetric Macdonald polynomials [29, 8, 37, 19, 44] are a remarkable family of functions that
depend on several parameters – usually two or three, but as many as six for the Koornwinder setting. For
suitable choices of parameters, they specialise to many important families of special functions arising
in the representation theory of reductive groups, including spherical functions and Iwahori-Whittaker
functions. In turn, Macdonald polynomials can be understood in terms of the representation theory of
Cherednik’s double affine Hecke algebra H. More precisely, they are simultaneous eigenfunctions of a
certain commutative subalgebra P𝑌 ⊂ H in Cherednik’s polynomial representation of H on the group
algebra P of a coroot lattice 𝑄∨.

In this paper, we discuss a generalisation of Macdonald polynomials, which can be understood via
a family of representations 𝜋𝑐,𝔱 of H on the subspace P (𝑐) of the group algebra of 𝑄∨ ⊗Z R generated
by an affine Weyl group orbit O𝑐 in 𝑄∨ ⊗Z R. Here, c is the representative of the orbit that lies in the
fundamental alcove, and 𝔱 represents a number of additional representation parameters.

We refer to elements in the representation space as quasi-polynomials, and to 𝜋𝑐,𝔱 as the quasi-
polynomial representation. The simultaneous eigenfunctions of the commuting operators 𝜋𝑐,𝔱 (ℎ) (ℎ ∈
P𝑌 ) provide our quasi-polynomial generalisations of Macdonald polynomials. They depend on the usual
Macdonald parameters as well as on the additional representation parameters 𝔱.

We establish an explicit connection to the representation theory of metaplectic covers of re-
ductive groups over non-archimedean local fields and the associated metaplectic Whittaker func-
tions [12, 30, 15, 34, 35]. In our previous work [38], we introduced a metaplectic affine Hecke algebra
action via explicit formulas and provided a direct construction as an induced representation. We showed
that the Chinta-Gunnells [13, 14] action of the Weyl group, originally used to construct Weyl group multi-
ple Dirichlet series, can be recovered from this affine Hecke algebra action through localization. We also
related this affine Hecke algebra action to the metaplectic Demazure-Lusztig operators from [34, 15, 35].
This is related to the context of the present paper as follows. If the orbit O𝑐 is contained in the rational
vector space 𝑄∨ ⊗Z Q, then the quasi-polynomials in P (𝑐) can be regarded as polynomials under an
appropriate reparametrization. Moreover, under a suitable transformation, the restriction of the repre-
sentation 𝜋𝑐,𝔱 to the affine Hecke algebra generated by 𝑇1, · · · , 𝑇𝑟 and P recovers the metaplectic affine
Hecke algebra representation of [38]. Under these identifications, the quasi-polynomial generalizations
of Macdonald polynomials extend the metaplectic polynomials introduced in [38], and studi ed further
in [39], from type A to an arbitrary root system. We also recover the metaplectic Iwahori-Whittaker and
spherical Whittaker functions [34, 30] as Whittaker limits of these metaplectic polynomials and their
antisymmetric versions.

In the following six subsections, we provide an overview of our main results on the quasi-polynomial
representations and associated generalisations of the Macdonald polynomials relative to adjoint root
datum.

1.1. Double affine Weyl group actions on quasi-polynomials

To set the stage, it is instructive to first introduce the quasi-polynomial representations of the double
affine Weyl group.

Let Φ0 be a reduced irreducible root system, realised within the linear dual of a Euclidean space E,
and normalised so that long roots have squared length 2/𝑚2 for some natural number 𝑚 ∈ Z>0. Let
Φ = Φ0 × Z be the associated irreducible affine root system of untwisted type. The coroot lattice 𝑄∨

of Φ is isomorphic to 𝑄∨ + 𝑚2Z𝐾 , where 𝑄∨ is the coroot lattice of Φ0 and K is the central element
in the associated untwisted affine Lie algebra. The affine Weyl group W of Φ is a semidirect product
𝑊 = 𝑊0�𝑄

∨, where𝑊0 is the Weyl group ofΦ0. The double affine Weyl group is the semidirect product

W = 𝑊 �𝑄∨ = (𝑊0 �𝑄
∨) �𝑄∨, (1.1)

where the W-action (𝑤, 𝜇) ↦→ 𝑤 · 𝜇 on 𝑄∨ is determined by the pairing of 𝑄∨ into the center 𝑚2Z𝐾 of
W induced by the inner product 〈·, ·〉 on E.
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We fix simple roots 𝛼0, 𝛼1, . . . , 𝛼𝑟 for Φ such that 𝛼1, . . . , 𝛼𝑟 are simple roots for Φ0. Let 𝛼∨𝑗 be the
corresponding simple coroots. Then𝛼0 = (−𝜑, 1), where 𝜑 is the highest root forΦ0, and𝛼∨0 = 𝑚2𝐾−𝜑∨.
The simple reflection associated to 𝛼 𝑗 is denoted by 𝑠 𝑗 ∈ 𝑊 . The affine root hyperplane configuration
in E provides a decomposition of E in closed alcoves, each closed alcove being a fundamental domain
for the action of W on E by reflections and translations. The choice of simple roots singles out the
fundamental open alcove 𝐶+. We write O𝑐 for the W-orbit in E containing 𝑐 ∈ 𝐶+.

The face decomposition of 𝐶+ is the disjoint union

𝐶+ =
⊔

𝐽�{0,...,𝑟 }
𝐶𝐽

with 𝐶𝐽 the vectors c in 𝐶+ satisfying 𝛼 𝑗 (𝑐) = 0 if and only if 𝑗 ∈ 𝐽.
Let F be a field of characteristic zero and fix 𝑞 ∈ F× not a root of unity. Let 𝑇 := Hom(𝑄∨,F×) be the

F-torus consisting of multiplicative characters 𝔱 : 𝑄∨ → F×. We will denote the value of 𝔱 at 𝜇 ∈ 𝑄∨

by 𝔱𝜇. Consider the associated affine subtorus

𝑇𝐽 := {𝔱 ∈ 𝑇 | 𝔱𝛼
∨
𝑗 = 1 ∀ 𝑗 ∈ 𝐽}

of dimension 𝑟 − #𝐽, where 𝔱𝜇+ℓ𝐾 := 𝑞ℓ𝔱𝜇. The field F should contain a sufficiently large root of q to
ensure that 𝑇𝐽 ≠ ∅ for subsets J containing 0.

Denote by

F[𝐸] =
⊕
𝑦∈𝐸

F𝑥𝑦

the group algebra of E, viewed as additive group. It splits up as the direct sum of the P-submodules
P (𝑐) :=

⊕
𝑦∈O𝑐

F𝑥𝑦 (𝑐 ∈ 𝐶+).
For 𝑐 ∈ 𝐶𝐽 , the space P (𝑐) of quasi-polynomials admits a natural family ofW-actions ·𝔱 depending

on q and 𝔱 ∈ 𝑇𝐽 . The action of 𝑊0 � 𝑄∨ is by reflections and translations of the exponents of the
quasi-monomials 𝑥𝑦 , with 𝑚2𝐾 acting as multiplication by 𝑞𝑚

2 . In particular, this part of the action is
independent of 𝔱. The action of the standard abelian subgroup {𝜏(𝜇)}𝜇∈𝑄∨ in𝑊 = 𝑊0�𝑄

∨ is defined by

𝜏(𝜇)𝔱𝑥
𝑦 := 𝔱−𝜇𝑦 𝑥𝑦 (𝜇 ∈ 𝑄∨, 𝑦 ∈ O𝑐), (1.2)

where 𝔱𝑦 ∈ 𝑇 is the multiplicative character 𝜇 ↦→ 𝔱𝑤
−1
𝑦 ·𝜇 with 𝑤𝑦 ∈ 𝑊 the element of shortest length such

that 𝑤𝑦𝑐 = 𝑦 (actually, one may take here any 𝑤 ∈ 𝑊 satisfying 𝑤𝑐 = 𝑦). Note that 𝑠 𝑗 ,𝔱𝑥𝑦 := (𝑠 𝑗 )𝔱𝑥𝑦 for
𝑦 ∈ O𝑐 is explicitly given by

𝑠𝑖,𝔱𝑥
𝑦 = 𝑥𝑠𝑖 𝑦 (1 ≤ 𝑖 ≤ 𝑟), 𝑠0,𝔱𝑥

𝑦 = 𝔱𝜑
∨

𝑦 𝑥𝑠𝜑 𝑦

with 𝑠𝜑 ∈ 𝑊0 the reflection associated to the highest root 𝜑 ∈ Φ0.
In case 𝐽 = {1, . . . , 𝑟}, 𝑐 = 0 and 𝔱 = 1𝑇 , we reobtain the standard action ofW on P by polynomial

q-difference reflection operators, since

𝜏(𝜇)1𝑇 (𝑥
𝜈) = 𝑞−〈𝜇,𝜈〉𝑥𝜈 (𝜇, 𝜈 ∈ 𝑄∨).

In this case, we write 𝑤(𝑥𝜇) for 𝑤1𝑇 𝑥
𝜇 (𝑤 ∈ 𝑊).

In this paper, we deform theW-action ·𝔱 on P (𝑐) to an action of the double affine Hecke algebra H.
The resulting quasi-polynomial representation of H plays a central role in this paper.
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1.2. The quasi-polynomial representation

Cherednik’s [8] double affine Hecke algebra (DAHA) is a certain flat deformation H = H(k, 𝑞) of
F[W]/(𝑚2𝐾 − 𝑞𝑚

2
) 
 𝑊 � P depending on a multiplicity function k = (𝑘𝑎)𝑎∈Φ. We consider in this

paper the case that k is invariant for the extended affine Weyl group. This means that 𝑘𝑎 ∈ F× only
depends on the length ‖𝛼‖ of the gradient 𝛼 ∈ Φ0 of the affine root 𝑎 = (𝛼, ℓ) ∈ Φ. In particular, there
are at most two distinct values of the 𝑘𝑎. We write 𝑘 𝑗 = 𝑘𝛼𝑗 .

The double affine Hecke algebra H has an explicit definition in terms of generators and relations (see
Definition 2.12). The generators are 𝑇𝑗 (0 ≤ 𝑗 ≤ 𝑟) and 𝑥𝜇 (𝜇 ∈ 𝑄∨). The subalgebra generated by 𝑇𝑗
(0 ≤ 𝑗 ≤ 𝑟) is the affine Hecke algebra 𝐻 = 𝐻 (k) of W. Its defining relations are the (𝑊, {𝑠0, . . . , 𝑠𝑟 })-
braid relations and the Hecke relations (𝑇𝑗−𝑘 𝑗 ) (𝑇𝑗 +𝑘−1

𝑗 ) = 0. The subalgebra generated by 𝑥𝜇 (𝜇 ∈ 𝑄∨)
isP . The commutation relations between the𝑇𝑗 and 𝑥𝜇 are k-deformations of 𝑠 𝑗𝑥𝜇 = 𝑠 𝑗 (𝑥

𝜇)𝑠 𝑗 in𝑊�P ,
given explicitly by

𝑇𝑗𝑥
𝜇 − 𝑠 𝑗 (𝑥

𝜇)𝑇𝑗 = (𝑘 𝑗 − 𝑘−1
𝑗 )

(
𝑥𝜇 − 𝑠 𝑗 (𝑥

𝜇)

1 − 𝑥𝛼
∨
𝑗

)
. (1.3)

Note here that 𝑥𝛼∨0 = 𝑥𝑚
2𝐾 2−𝜑∨ = 𝑞𝑚

2
𝑥−𝜑

∨ . The right-hand side can be alternatively written as

(𝑘 𝑗 − 𝑘−1
𝑗 )

(
1 − 𝑥−𝐷𝛼𝑗 (𝜇)𝛼

∨
𝑗

1 − 𝑥𝛼
∨
𝑗

)
𝑥𝜇

with 𝐷𝛼 𝑗 ∈ Φ0 the gradient of 𝛼 𝑗 . In particular, (1.3) makes sense in H, since 𝐷𝛼 𝑗 (𝜇) ∈ Z. Together
with the well-known fact that 𝐻 ⊗ P 
 H as vector spaces by multiplication (Cherednik’s [8] PBW
theorem for H), this gives an explicit generalisation of the first isomorphism in (1.1).

Also, the decomposition 𝑊 
 𝑊0 �𝑄
∨ has a natural analog in H, known as the Bernstein-Zelevinsky

decomposition of H (see [25]). It provides a subalgebra P𝑌 =
⊕

𝜇∈𝑄∨ F𝑌 𝜇 of H, isomorphic to P , such
that 𝐻0 ⊗P𝑌 
 𝐻 as vector spaces, with 𝐻0 the subalgebra ofH generated by 𝑇𝑖 (1 ≤ 𝑖 ≤ 𝑟). The duality
anti-involution 𝛿 of H interchanges the two copies of P inside H. Concretely, it satisfies 𝛿(𝑌 𝜇) = 𝑥−𝜇

and 𝛿(𝑇𝑖) = 𝑇𝑖 for 𝜇 ∈ 𝑄∨ and 1 ≤ 𝑖 ≤ 𝑟 .
Let 𝜒𝐵 : R → {0, 1} for a subset 𝐵 ⊂ R be the characteristic function of B, and let �·� : R → Z

be the floor-function (i.e., �𝑑� for 𝑑 ∈ R is the largest integer ≤ 𝑑). For 0 ≤ 𝑗 ≤ 𝑟 , the truncated
divided-difference operator ∇ 𝑗 is the linear operator on F[𝐸] defined by

∇ 𝑗 (𝑥
𝑦) :=

(
1 − 𝑥−�𝐷𝛼𝑗 (𝑦) �𝛼

∨
𝑗

1 − 𝑥𝛼
∨
𝑗

)
𝑥𝑦 (𝑦 ∈ 𝐸).

Its restriction to P is the usual divided-difference operator.
The first main result of this paper is the following DAHA analog of theW-module (P (𝑐) , ·𝔱) (𝑐 ∈ 𝐶𝐽 ,

𝔱 ∈ 𝑇𝐽 ), in which𝑇𝑗 acts by a Demazure-Lusztig type operator involving the truncated divided-difference
operator ∇ 𝑗 . We call 𝜋𝑐,𝔱 the quasi-polynomial representation of H.

Theorem 1.1. Let 𝐽 � {0, . . . , 𝑟}, 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 . The formulas

𝜋𝑐,𝔱 (𝑇𝑗 )𝑥
𝑦 := 𝑘

𝜒Z (𝛼𝑗 (𝑦))
𝑗 𝑠 𝑗 ,𝔱𝑥

𝑦 + (𝑘 𝑗 − 𝑘−1
𝑗 )∇ 𝑗 (𝑥

𝑦),

𝜋𝑐,𝔱 (𝑥
𝜇)𝑥𝑦 := 𝑥𝑦+𝜇

for 0 ≤ 𝑗 ≤ 𝑟 , 𝜇 ∈ 𝑄∨ and 𝑦 ∈ O𝑐 define a representation 𝜋𝑐,𝔱 : H→ End(P (𝑐) ).

The representation 𝜋 := 𝜋0,1𝑇 : H→ End(P) is Cherednik’s [8] polynomial representation of H. In
this case, 𝐽 = {1, . . . , 𝑟}, and the commuting operators 𝜋(𝑌 𝜇) (𝜇 ∈ 𝑄∨) are the Cherednik operators.
The polynomial representation 𝜋 can alternatively be obtained by inducing the trivial one-dimensional

https://doi.org/10.1017/fms.2025.33 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2025.33


6 S. Sahi, J. Stokman and V. Venkateswaran

H-representation toH. As a second main result of this paper we extend this result to the quasi-polynomial
representation 𝜋𝑐,𝔱 (𝑐 ∈ 𝐶𝐽 ) by inducing a one-dimensional representation of the Y-parabolic subalgebra
H𝑌𝐽 of H generated by 𝛿(𝑇𝑗 ) ( 𝑗 ∈ 𝐽) and P𝑌 .

The relevant one-dimensional H𝑌𝐽 -representations are parametrised by the affine subtorus

𝐿𝐽 := {𝔱 ∈ 𝑇 | 𝔱𝛼
∨
𝑗 = 𝑘−2

𝑗 ∀ 𝑗 ∈ 𝐽}

of T. The one-dimensional H𝑌𝐽 -representation associated to 𝑡 ∈ 𝐿𝐽 is then defined by

𝜒𝐽 ,𝑡 (𝑌
𝜇) := 𝑡−𝜇 (𝜇 ∈ 𝑄∨), 𝜒𝐽 ,𝑡 (𝛿(𝑇𝑗 )) := 𝑘 𝑗 ( 𝑗 ∈ 𝐽).

We writeM𝐽 ,𝑡 for the resulting induced H-module, and 𝑚𝐽 ,𝑡 for its canonical cyclic vector.
Consider

𝔰𝑦 :=
∏
𝛼∈Φ+0

𝑘
𝜂 (𝛼(𝑦))𝛼
𝛼 ∈ 𝑇 (𝑦 ∈ 𝐸),

with 𝜂 := 𝜒Z>0 − 𝜒Z≤0 : R→ {−1, 0, 1} (a discrete analog of the Heaviside function). The map 𝑦 ↦→ 𝔰𝑦
is constant on faces, and we write 𝔰𝐽 ∈ 𝑇 for its value on 𝐶𝐽 . We then have 𝐿𝐽 = 𝔰𝐽𝑇𝐽 and

Theorem 1.2. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 . ThenM𝐽 ,𝔰𝐽 𝔱 
 (P (𝑐) , 𝜋𝑐,𝔱) as H-modules, with the isomorphism
determined by 𝑚𝐽 ,𝔰𝐽 𝔱 ↦→ 𝑥𝑐 .

In particular, 𝜋𝑐,𝔱 
 𝜋𝑐′,𝔱 if c and 𝑐′ lie in the same face of 𝐶+.
Quite remarkably, for all 𝜇 ∈ 𝑄∨ and 𝑣 ∈ 𝑊0, the vector 𝑥𝜇𝑇𝑣𝑚𝐽 ,𝔰𝐽 𝔱 ∈ M𝐽 ,𝔰𝐽 𝔱 is mapped to an

explicit constant multiple of the quasi-monomial 𝑥𝜇+𝑣𝑐 (see Theorem 4.5(3)). Actually, it is this formula
which forms the starting point of the proof of both Theorem 1.1 and Theorem 1.2.

1.3. Quasi-polynomial eigenfunctions

The quasi-polynomial representations 𝜋𝑐,𝔱 give rise to a family of quasi-polynomials, which generalize
the nonsymmetric Macdonald polynomials. These quasi-polynomials enjoy many properties paralleling
the classical case; for example, they are joint eigenfunctions of 𝜋𝑐,𝔱 (𝑌 𝜇) for 𝜇 ∈ 𝑄∨, satisfy a triangu-
larity condition, and can be constructed explicitly via intertwiners. Their definition is as follows.

Let 𝑐 ∈ 𝐶𝐽 . Define a partial order on O𝑐 by

𝑦 ≤ 𝑦′ ⇔ 𝑤𝑦 ≤𝐵 𝑤𝑦′ ,

with ≤𝐵 the Bruhat order on (𝑊, {𝑠0, . . . , 𝑠𝑟 }). Denote by 𝑇 ′𝐽 ⊆ 𝑇𝐽 the set of characters 𝔱 ∈ 𝑇𝐽 for
which the 𝔰𝑦𝔱𝑦 (𝑦 ∈ O𝑐) are pairwise different in T (it does not depend on the choice of 𝑐 ∈ 𝐶𝐽 ).

Theorem 1.3. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇 ′𝐽 . For each 𝑦 ∈ O𝑐 , there exists a unique joint eigenfunction
𝐸 𝐽𝑦 (𝑥; 𝔱) ∈ P (𝑐) of the commuting operators 𝜋𝑐,𝔱 (𝑌

𝜇) (𝜇 ∈ 𝑄∨) satisfying

𝐸 𝐽𝑦 (𝑥; 𝔱) = 𝑥𝑦 +
∑
𝑦′<𝑦

𝑒𝐽𝑦,𝑦′;𝔱𝑥
𝑦′ (𝑒𝐽𝑦,𝑦′;𝔱 ∈ F). (1.4)

Furthermore,

𝜋𝑐,𝔱 (𝑌
𝜇)𝐸 𝐽𝑦 (𝑥; 𝔱) = (𝔰𝑦𝔱𝑦)−𝜇𝐸 𝐽𝑦 (𝑥; 𝔱) ∀ 𝜇 ∈ 𝑄∨. (1.5)

In particular, {𝐸 𝐽𝑦 (𝑥; 𝔱)}𝑦∈O𝑐 is a basis of P (𝑐) consisting of joint eigenfunctions of the com-
muting operators 𝜋𝑐,𝔱 (𝑌

𝜇) (𝜇 ∈ 𝑄∨). Furthermore, the quasi-polynomial eigenfunction of smallest
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degree is trivial,

𝐸 𝐽𝑐 (𝑥; 𝔱) = 𝑥𝑐 .

The choice of the vector 𝑐 ∈ 𝐶𝐽 only influences the quasi-exponents in the quasi-monomial expansion
of the 𝐸 𝐽𝑦 (𝑥; 𝔱). In other words, the coefficients

𝑒𝐽𝑤,𝑤′;𝔱 := 𝑒𝐽𝑤𝑐,𝑤′𝑐;𝔱 (𝑤, 𝑤′ ∈ 𝑊)

are independent of 𝑐 ∈ 𝐶𝐽 (see Theorem 6.3). Furthermore, if 𝐽 ′ ⊇ 𝐽, then 𝐶𝐽
′ lies in the closure

of 𝐶𝐽 , and the quasi-polynomial 𝐸 𝐽
′

𝑦′ (𝑥; 𝔱) for 𝔱 ∈ 𝑇 ′𝐽 ′ can be recovered from 𝐸 𝐽𝑦 (𝑥;𝔰−1
𝐽 𝔰𝐽 ′𝔱) (see

Proposition 6.16).

Example 1.4. Consider F = Q(𝑞, k, 𝑧1, . . . , 𝑧𝑟 ) with indeterminates 𝑞, 𝑘𝑎, 𝑧1, . . . , 𝑧𝑟 , where 𝑘𝑎 = 𝑘𝑏 if
‖𝐷𝑎‖ = ‖𝐷𝑏‖. For 𝐼 ⊆ {1, . . . , 𝑟}, let 𝐼co be its complement. Then∏

𝑖∈𝐼 co

𝑧𝜛𝑖

𝑖 ∈ 𝑇
′
𝐼 ,

where 𝜛𝑖 denotes the 𝑖th fundamental weight of Φ0. Then

𝐸 𝐼𝑦 (𝑥; 𝑧1, . . . , 𝑧𝑟 ) := 𝐸 𝐼𝑦

(
𝑥;
∏
𝑖∈𝐼 co

𝑧𝜛𝑖

𝑖

)
(𝑦 ∈ O𝑐)

depend on the indeterminates 𝑞, k and 𝑧𝑖 (𝑖 ∈ 𝐼co). Quasi-polynomial eigenfunctions over Q(𝑞, k) can
be obtained by specialisation of the 𝑧𝑖’s.

The situation is a bit more intricate when 0 ∈ 𝐽 since the 𝑧𝑖’s will no longer be independent; see
Subsection 6.1.

If 1𝑇 ∈ 𝑇 ′{1,...,𝑟 } (which imposes generic conditions on q and k), then

𝐸𝜇 (𝑥) := 𝐸 {1,...,𝑟 }𝜇 (𝑥; 1𝑇 ) ∈ P

is the monic nonsymmetric Macdonald polynomial of degree 𝜇 ∈ 𝑄∨. The Macdonald polynomials and
their normalised and (anti)symmetric variants have remarkable properties. They satisfy orthogonality
relations with explicit quadratic norm formulas [28, 6, 8, 29], have explicit evaluation formulas, and are
self-dual (see, for example, [29, 8] and references therein). They admit combinatorial formulas [36, 18],
arise as spherical functions on quantum groups (see, for example, [33, 24, 17]), admit interpretations
as partition functions on integrable lattice models [2], and degenerate to Heckman-Opdam polynomi-
als [27], spherical functions on p-adic reductive groups [27], and Iwahori-Whittaker functions [22, 11].
In this paper, we discuss generalisations of a number of these properties to the quasi-polynomial setup:

1. We define a normalized version 𝑃𝐽𝑦 (𝑥; 𝔱) of 𝐸 𝐽𝑦 (𝑥; 𝔱) using the action of normalised Y-intertwiners
on the lowest-degree quasi-polynomial eigenfunction 𝑥𝑐 . It leads to an explicit expression of 𝐸 𝐽𝑦 (𝑥; 𝔱)
in terms of Y-intertwiners (Theorem 6.13). This entails a quasi-polynomial analog of the evaluation
formula for Macdonald polynomials.

2. We obtain a weak form of duality for 𝑃𝐽𝑦 (𝑥; 𝔱), called pseudo-duality, by showing that the H-action
on 𝑃𝐽𝑦 (𝑥; 𝔱) can be alternatively described in terms of an H-action on 𝑦 ∈ O𝑐 by discrete Demazure-
Lusztig operators (Theorem 6.26).

3. We establish orthogonality relations and quadratic norm formulas for the quasi-polynomial eigen-
functions 𝐸 𝐽𝑦 (𝑥; 𝔱) and 𝑃𝐽𝑦 (𝑥; 𝔱) (Theorem 6.43).

4. We construct (anti)symmetric variants 𝐸 𝐽 ,±𝑦 (𝑥; 𝔱) of the quasi-polynomial eigenfunctions 𝐸 𝐽𝑦 (𝑥; 𝔱)
by (anti)symmetrisation with respect to the trivial (resp., sign) idempotent of 𝐻0. They generalize

https://doi.org/10.1017/fms.2025.33 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2025.33


8 S. Sahi, J. Stokman and V. Venkateswaran

the (anti)symmetric Macdonald polynomials. The symmetric variants 𝐸 𝐽 ,+𝑦 (𝑥; 𝔱) are invariant under
the 𝑊0-action obtained by localizing 𝜋𝑐,𝔱 (see Theorem 4.9 and Lemma 6.32). We obtain explicit
expansion formulas of 𝐸 𝐽 ,±𝑦 (𝑥; 𝔱) in terms of the quasi-polynomials {𝐸 𝐽𝑦′ (𝑥; 𝔱)}𝑦′ ∈𝑊0𝑦 (Corollary 6.38
and Proposition 6.41).

5. We establish the existence of the Whittaker limit 𝑞 →∞ of 𝐸 𝐽𝑦 (𝑥; 𝔱) and 𝐸 𝐽 ,−𝑦 (𝑥; 𝔱) (Proposition 6.47
and Corollary 6.52). For y in the closure of the negative Weyl chamber and 𝑦′ ∈ 𝑊0𝑦, we obtain an
explicit formula for the limit 𝑞 →∞ of 𝐸 𝐽𝑦′ (𝑥; 𝔱) in terms of the 𝜋𝑐,𝔱 |𝐻0 -action on 𝑥𝑦 (Theorem 6.51).
It generalises a formula due to Patnaik-Puskas [34, Cor. 5.4], which expresses the metaplectic Iwahori-
Whittaker function in terms of metaplectic Demazure-Lusztig operators. We will say more about the
link with metaplectic representation theory in Subsection 1.5.

We also consider the theory for reductive root data, when both P and P𝑌 in H are extended to group
algebras of a finitely generated abelian subgroup Λ ⊂ 𝐸 satisfying

𝑄∨ ⊆ Λ and 𝛼(Λ) ⊆ Z ∀𝛼 ∈ Φ0. (1.6)

When only P𝑌 is extended to the group algebra of such a lattice Λ′, then the associated Y-extended
double affine Hecke algebra H𝑄∨ ,Λ′ is a smashed product algebra ΩΛ′ � H, with ΩΛ′ 
 Λ′/𝑄∨ the
subgroup of the extended affine Weyl group 𝑊Λ′ := 𝑊0 � Λ′ consisting of elements of length zero. The
associated extended quasi-polynomial representation 𝜋𝑄

∨ ,Λ′

𝑐,𝔱 : H𝑄∨ ,Λ′ → End(P (𝑐) ) now depends on
parameters 𝔱 ∈ 𝑇Λ′,𝐽 , where𝑇Λ′,𝐽 is the affine subtorus of𝑇Λ′ = Hom(Λ′,F×) consisting of the elements
𝔱 ∈ 𝑇Λ′ satisfying 𝔱𝛼

∨
𝑗 = 1 for all 𝑗 ∈ 𝐽.

The extra representation parameters in 𝜋𝑄
∨ ,Λ′

𝑐,𝔱 compared to 𝜋𝑐,𝔱 |𝑄∨ are captured by the kernel
𝑇Λ′, {1,...,𝑟 } of the restriction map 𝑇Λ′ → 𝑇 . It identifies with the character group of ΩΛ′ and natu-
rally embeds into the automorphism group of H𝑄∨ ,Λ′ 
 ΩΛ′ � H fixing H point-wise. We call these
extra parameters twist parameters because 𝜋𝑄

∨ ,Λ′

𝑐,𝔱𝔱′ with 𝔱′ ∈ 𝑇Λ′, {1,...,𝑟 } coincides with 𝜋𝑄
∨ ,Λ′

𝑐,𝔱 twisted by
the automorphism of H𝑄∨ ,Λ′ associated to 𝔱′. Since these automorphisms rescale the 𝑌 𝜇 (𝜇 ∈ 𝑄∨), the
quasi-polynomials 𝐸 𝐽𝑦 (𝑥; 𝔱 |𝑄∨) (𝑦 ∈ O𝑐) are eigenfunctions of all the commuting operators 𝜋𝑄

∨ ,Λ′

𝑐,𝔱 (𝑌 𝜇)
(𝜇 ∈ Λ′) under suitable generic conditions on the parameters (Theorem 7.26).

The full double affine Hecke algebraHΛ,Λ′ depends on two lattices Λ,Λ′. The extension of the quasi-
polynomial representation 𝜋𝑄

∨ ,Λ′

𝑐,𝔱 to HΛ,Λ′ requires adding (𝑐,Λ)-dependent constraints on 𝔱 ∈ 𝑇Λ′,𝐽 ,
as well as enlarging the representation space. It will be discussed in detail in Section 7. In case of
the GL𝑟+1 root datum, the quasi-polynomial eigenfunctions give rise to the metaplectic polynomials
introduced in our previous work [38, §5.4]. We will say more about the root system generalisations of
these metaplectic polynomials in Subsection 1.5.

1.4. The uniform quasi-polynomial representation

The quasi-polynomial representations defined in Theorem 1.1 can be naturally combined into a family
of H-representations on F[𝐸]. The parametrisation of this family of uniform quasi-polynomial repre-
sentations requires that 𝑞 ∈ F× has a (2ℎ)𝑡ℎ root 𝑞 1

2ℎ in F, where h is the Coxeter number of 𝑊0.
To motivate the parametrisation, it is instructive to consider an important special case first, which

requires the stronger assumption that 𝑞 ∈ F× is part of an injective group homomorphism

R→ F×, 𝑑 ↦→ 𝑞𝑑 . (1.7)

Then ⊕
𝑐∈𝐶+

𝜋𝑐,𝑞𝑐 : H→ End(F[𝐸]) (1.8)
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is the prototypical example of a uniform quasi-polynomial representation, where 𝑞𝑦 ∈ 𝑇 (𝑦 ∈ 𝐸) is the
character 𝜇 ↦→ 𝑞 〈𝑦,𝜇〉 of 𝑄∨. Note that for the underlyingW-action on F[𝐸] (given by (1.8) for k ≡ 1),
the translations 𝜏(𝜇) ∈ 𝑊 are simply acting by q-dilations 𝑥𝑦 ↦→ 𝑞−〈𝜇,𝑦〉𝑥𝑦 (𝑦 ∈ 𝐸). Furthermore, for
𝑐′ ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 , we have 𝜋𝑐′,𝔱 
 𝜋𝑐,𝑞𝑐 for some 𝑐 ∈ 𝐶𝐽 if 𝔱 takes values in {𝑞𝑑}𝑑∈R. The new
set of parameters that we will assign to the uniform quasi-polynomial representation (1.8) is the tuple
{𝑝𝛼}𝛼∈Φ0 with 𝑝𝛼 : R→ F× given by 𝑝𝛼 (𝑑) := 𝑞𝑑/ℎ𝛼 , where 𝑞𝛼 := 𝑞2/‖𝛼 ‖2 . The link with the original
representation parameters of the quasi-polynomial representation is through the formula

𝑞𝑐 =
∏
𝛼∈Φ+0

𝑝𝛼 (𝛼(𝑐))
𝛼

for the character 𝑞𝑐 ∈ 𝑇 .
In general, we will consider the group Gamb of tuples f = ( 𝑓𝛼)𝛼∈Φ0 consisting of F×-valued functions

𝑓𝛼 on R. Let G be the subgroup of Gamb consisting of the tuples g = (𝑔𝛼)𝛼∈Φ0 satisfying

𝑔𝑣𝛼 (𝑑 + ℓ) = 𝑔𝛼 (𝑑) (𝑣 ∈ 𝑊0, ℓ ∈ Z), (1.9)

𝑔𝛼 (−𝑑) = 𝑔𝛼 (𝑑)
−1 and 𝑔𝛼 (0) = 1. If we replace (1.9) by the quasi-invariance condition

𝑔̂𝑣𝛼 (𝑑 + ℓ) = 𝑞ℓ/ℎ𝛼 𝑔̂𝛼 (𝑑) (𝑣 ∈ 𝑊0, ℓ ∈ Z),

we obtain a G-coset in Gamb, which we will denote by Ĝ.
For a tuple f = ( 𝑓𝛼)𝛼∈Φ0 ∈ Gamb and 𝑦 ∈ 𝐸 , we set

𝔱𝑦 (f) :=
∏
𝛼∈Φ+0

𝑓𝛼 (𝛼(𝑦))
𝛼 ∈ 𝑇. (1.10)

Then 𝔱𝑐 (ĝ) ∈ 𝑇𝐽 for 𝑐 ∈ 𝐶𝐽 when ĝ ∈ Ĝ.
Theorem 1.5. Let p̂ ∈ Ĝ and g ∈ G. The formulas

𝜋g,p̂ (𝑇𝑖)𝑥
𝑦 := 𝑘

𝜒Z (𝛼𝑖 (𝑦))
𝑖 𝑔𝛼𝑖 (𝛼𝑖 (𝑦))

−1𝑥𝑠𝑖 𝑦 + (𝑘𝑖 − 𝑘−1
𝑖 )∇𝑖 (𝑥

𝑦) (1 ≤ 𝑖 ≤ 𝑟),

𝜋g,p̂ (𝑇0)𝑥
𝑦 := 𝑘

𝜒Z (𝛼0 (𝑦))
0 𝑔𝜑 (𝜑(𝑦))𝔱𝑦 (p̂)𝜑

∨

𝑥𝑠𝜑 𝑦 + (𝑘0 − 𝑘−1
0 )∇0(𝑥

𝑦)

and 𝜋g,p̂ (𝑥
𝜆)𝑥𝑦 := 𝑥𝑦+𝜆 for 𝜆 ∈ 𝑄∨ define a H-representation on F[𝐸], which is isomorphic to⊕

𝑐∈𝐶+
𝜋𝑐,𝔱𝑐 (p̂·g) .

In the main text, we prove a version of this theorem for the extended double affine Hecke algebra
HΛ,Λ′ ; see Theorem 8.19. In that case, the extra twisting parameters are added by replacing 𝔱𝑦 (p̂),
viewed as a multiplicative character of Λ′, by

𝔱𝑦 (p̂, 𝔠) := 𝔱𝑦 (p̂)𝔠(pr𝐸co (𝑦)).

Here, pr𝐸co is the orthogonal projection of E onto the orthocomplement 𝐸co of RΦ∨0 in E, and 𝔠 : 𝐸co →
𝑇Λ′, [1,𝑟 ] satisfies 𝔠(𝑦 + 𝜇) = 𝑞𝜇𝔠(𝑦) for 𝜇 ∈ pr𝐸co (Λ

′).
The isomorphism 𝜋g,p̂ 


⊕
𝑐∈𝐶+

𝜋𝑐,𝔱𝑐 (p̂·g) in (the extended version of) Theorem 1.5 will be realised
by an explicit g-dependent linear automorphism of F[𝐸], which is diagonalised by the quasi-monomial
basis {𝑥𝑦}𝑦∈𝐸 of F[𝐸]. As a consequence, we obtain simultaneous quasi-polynomial eigenfunctions
E𝑦 (𝑥; g, p̂) of 𝜋g,p̂ (𝑌

𝜇) (𝜇 ∈ 𝑄∨) by appropriately rescaling the quasi-monomials in the quasi-monomial
expansion (1.4) of 𝐸 𝐽𝑦 (𝑥; 𝔱𝑐 (p̂ · g)) (see Corollary 8.24).

If 𝐿 ⊂ 𝐸 is a 𝑊0-invariant, finitely generated abelian subgroup containing Λ, then P𝐿 :=
⊕

𝜆∈𝐿 F𝑥𝜆
is a H-subrepresentation of 𝜋g,p̂ containing the quasi-polynomial eigenfunctions E𝜆 (𝑥; g, p̂) of degree
𝜆 ∈ 𝐿. Since P𝐿 may be viewed as the space of polynomials on the torus 𝑇𝐿 := Hom(𝐿,F×), we
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thus obtain a polynomial representation of H with 𝜋g,p̂ (𝑇𝑗 ) |P𝐿 acting by truncated Demazure-Lusztig
operators (these operators are still truncated since the roots𝛼 ∈ Φ0 are allowed to take non-integral values
on L). The decomposition of L into W-orbits provides a decomposition of 𝜋g,p̂ (·) |P𝐿 as a direct sum
of quasi-polynomial representations, with the number of free parameters in 𝜋g,p̂ (·) |P𝐿 depending on L.
This representation plays an important role in establishing the connection to metaplectic representation
theory, which we discuss in the next subsection.

1.5. The metaplectic theory

The metaplectic root system Φ𝑚0 and the associated metaplectic double affine Hecke algebra H𝑚 are
defined in terms of a metaplectic datum. A metaplectic datum is a pair (𝑛,Q) consisting of a positive
integer n and a rational𝑊0-invariant quadratic form Q on Λ taking integral values on 𝑄∨. The associated
symmetric bilinear form on Λ will be denoted by B. The metaplectic root system Φ𝑚0 := {𝛼𝑚}𝛼∈Φ0

consists of the rescaled roots 𝛼𝑚 = 𝑚(𝛼)−1𝛼 where

𝑚(𝛼) :=
𝑛

gcd(𝑛,Q(𝛼∨)) .

This is a root system with basis {𝛼𝑚1 , . . . , 𝛼𝑚𝑟 }, which is isomorphic to either Φ0 or Φ∨0 . We denote
by 𝜗 ∈ Φ+0 the root such that 𝜗𝑚 is the long root of Φ𝑚0 . The simple affine root for the associated
metaplectic affine root system Φ𝑚 is 𝛼𝑚0 = (−𝜗𝑚, 1). The co-root lattice 𝑄𝑚∨ of Φ𝑚0 is contained in
Λ, and 𝛼𝑚(Λ) ⊆ 𝑚(𝛼)−1Z for 𝛼 ∈ Φ0. The metaplectic double affine Hecke algebra H𝑚 is the double
affine Hecke algebra relative to the metaplectic root system Φ𝑚0 . It depends on a choice k = (𝑘𝑎𝑚 )𝑎𝑚∈Φ𝑚

of a multiplicity function of Φ𝑚.
To connect the uniform quasi-polynomial representation and the associated quasi-polynomial eigen-

functions with the metaplectic representation theory and the associated metaplectic polynomials
from [38], we consider the polynomial representation 𝜋g,p̂ (·) |P𝐿 with Φ0 and H replaced by their meta-
plectic variants Φ𝑚0 and H𝑚, with L a lattice Λ satisfying (1.6) relative to the original, nonmetaplectic
root system Φ0, and with base-point p̂ satisfying 𝔱𝜆(p̂) = 𝑞𝜆 for all 𝜆 ∈ 𝐿. The remaining parameter
dependencies are captured by the set M(𝑛,Q) of tuples ℎ = (ℎ𝑠 (𝛼))𝑠∈Q(𝛼∨)Z,𝛼∈Φ0 consisting of 𝑊0-
invariant functions ℎ𝑠 : Φ0 → F× (𝑠 ∈ Q(𝛼∨)Z) satisfying the additional requirements that 𝑠 ↦→ ℎ𝑠 (𝛼)
is a lcm(𝑛,Q(𝛼∨))-periodic function, ℎ0 (𝛼) = −1, and

ℎ𝑠 (𝛼)ℎ−𝑠 (𝛼) = 𝑘−2
𝛼𝑚 ∀ 𝑠 ∈ Q(𝛼∨)Z \ lcm(𝑛,Q(𝛼∨))Z.

The explicit relation with the parameter set G for the uniform quasi-polynomial representation is
described in Lemma 9.2. This specialisation leads to the following metaplectic basic representation of
H𝑚. Let 𝑟ℓ (𝑠) ∈ {0, . . . , ℓ − 1} be the remainder of 𝑠 ∈ Z modulo ℓ ∈ Z>0, and write 𝑘 𝑗 = 𝑘𝛼𝑚𝑗 for
0 ≤ 𝑗 ≤ 𝑟 .

Theorem 1.6. Let ℎ ∈M(𝑛,Q) . The formulas

𝜋𝑚Λ (𝑇0)𝑥
𝜆 = −𝑘0ℎB(𝜆,𝜗∨) (𝜗)𝑞

𝑚(𝜗)𝜗 (𝜆)
𝜗 𝑥𝑠𝜗𝜆

+ (𝑘0 − 𝑘−1
0 )

(
1 − (𝑞𝑚(𝜗)𝜗 𝑥−𝜗

∨
) (𝑟𝑚(𝜗) (−𝜗 (𝜆))+𝜗 (𝜆))

1 − (𝑞𝑚(𝜗)𝜗 𝑥−𝜗
∨
)𝑚(𝜗)

)
𝑥𝜆,

𝜋𝑚Λ (𝑇𝑖)𝑥
𝜆 = −𝑘𝑖ℎ−B(𝜆,𝛼∨𝑖 ) (𝛼𝑖)𝑥

𝑠𝑖𝜆 + (𝑘𝑖 − 𝑘−1
𝑖 )

(
1 − 𝑥 (𝑟𝑚(𝛼𝑖 ) (𝛼𝑖 (𝜆))−𝛼𝑖 (𝜆))𝛼

∨
𝑖

1 − 𝑥𝑚(𝛼𝑖 )𝛼
∨
𝑖

)
𝑥𝜆,

𝜋𝑚Λ (𝑥
𝜇)𝑥𝜆 = 𝑥𝜆+𝜇

for 1 ≤ 𝑖 ≤ 𝑟 , 𝜇 ∈ 𝑄𝑚∨ and 𝜆 ∈ Λ define a representation 𝜋𝑚Λ : H𝑚 → End(PΛ).
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The metaplectic basic representation 𝜋𝑚Λ naturally extends to the metaplectic extended double affine
Hecke algebra; see Theorem 9.5.

At this stage, we can make the link with the (announced) results in [38]. The representation 𝜋𝑚Λ ,
restricted to the metaplectic affine Hecke algebra generated by P and 𝑇1, . . . , 𝑇𝑟 is the metaplectic
affine Hecke algebra representation from [38, Thm. 3.7]. When the multiplicity functions k and ℎ𝑠 are
constant, it recovers, after localisation, Chinta’s and Gunnells’ [13, 14]𝑊0-action on a suitable subspace
of rational functions on 𝑇Λ, which plays an important role in the construction of the local parts of Weyl
group multiple Dirichlet series. By X-localisation of the double affine Hecke algebra, Theorem 1.6 gives
rise to families of W-actions which generalise the Chinta-Gunnells action; see Corollary 9.16 (compare
also with [35, §3.3] and [23] where the Chinta-Gunnells action is extended to an arbitrary Coxeter
group). These W-actions actually extend to actions of the double affine Weyl groupW, with the second
coroot lattice 𝑄∨ acting by translations of the exponents of the monomials. The localisation procedure
can also be applied to the (uniform) quasi-polynomial representations 𝜋𝑐,𝔱 and 𝜋g,p̂; see Theorem 4.9
and Theorem 8.27 for the resultingW-actions.

Rescaling the quasi-monomials in the expansion (1.4) gives rise to simultaneous eigenfunctions
𝐸𝑚𝜆 (𝑥) ∈ PΛ of the commuting operators 𝜋𝑚Λ (𝑌

𝜇) (𝜇 ∈ 𝑄𝑚∨) satisfying

𝐸𝑚𝜆 (𝑥) = 𝑥𝜆 +
∑
𝜆′<𝜆

𝑒𝑚𝜆,𝜆′𝑥
𝜆′ (𝑒𝑚𝜆,𝜆′ ∈ F)

under suitable generic conditions on the metaplectic parameters ℎ ∈ M(𝑛,Q) ; see Theorem 9.18. An
antisymmetric version of the metaplectic polynomial 𝐸𝑚𝜆 (𝑥), denoted 𝐸𝑚,−𝜆 (𝑥), is obtained by acting
by the sign-idempotent of the finite Hecke algebra in H𝑚 on 𝐸𝑚𝜆 (𝑥). For the root datum of type
GL𝑟+1, the representation 𝜋𝑚Λ of the extended metaplectic double affine Hecke algebra recovers the
representation introduced in [38, Thm. 5.4], and the 𝐸𝑚𝜆 (𝑥) are the metaplectic polynomials introduced in
[38, Thm. 5.7].

We consider the 𝑞 → ∞ limit of the metaplectic polynomials, for which we need to assume that
F = K(𝑞 1

2ℎ ) and that the remaining parameters k and ℎ take values in the multiplicative group K× of
the field K of characteristic zero. The Whittaker limit

𝐸
𝑚
𝜆 (𝑥) := 𝐸𝑚𝜆 (𝑥) |𝑞−

1
2ℎ =0

(𝜆 ∈ Λ)

of 𝐸𝑚𝜆 (𝑥) then defines a Laurent polynomial in PΛ with coefficients in K. They are related to metaplectic
Iwahori-Whittaker functions [34] as follows.

Suppose that K is a non-archimedean local field containing the 𝑛th roots of unity, with the cardinality
𝜐 of its residue field congruent 1 module 2𝑛. In [34], Patnaik and Puskas introduced Iwahori-Whittaker
functions for metaplectic covers of reductive groups over K. They expressed them in terms of certain
metaplectic Demazure-Lusztig operators which depend on certain Gauss sums g𝑠 , as well as on 𝜐;
see [34, Cor. 5.4]. Comparing this with the analogous formula for 𝐸𝑚𝜆 (𝑥) in terms of truncated Demazure-
Lusztig operators (Theorem 6.51), we establish in Subsection 10 the following link between 𝐸

𝑚
𝜆 (𝑥) and

metaplectic Iwahori-Whittaker functions. Let I the linear automorphism of PΛ satisfying 𝐼 (𝑥𝜇) = 𝑥−𝜇

for 𝜇 ∈ Λ, let 𝐸𝑚,−𝜆 (𝑥) be the Whittaker limit of 𝐸𝑚,−𝜆 (𝑥), and denote by 𝜌∨ the half-sum of positive
co-roots.

Theorem 1.7. Suppose that the multiplicity function k is constantly equal to 𝜐−2 and the multiplicity
functions ℎ𝑠 of the metaplectic parameters ℎ are constantly equal to g𝑠 . For 𝑣 ∈ 𝑊0 and for 𝜆 ∈ Λ lying
in the closure of the positive Weyl chamber,

𝑥−𝜌
∨

𝐼
(
𝐸
𝑚
−𝑣 (𝜆+𝜌∨) (𝑥)

)
and 𝑥−𝜌

∨

𝐼
(
𝐸
𝑚,−
−𝜆−𝜌∨ (𝑥)

)
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are constant multiples of metaplectic Iwahori-Whittaker functions and metaplectic spherical Whittaker
functions, respectively.

In Subsection 10, we also recover McNamara’s [30] Casselman-Shalika type formula for the meta-
plectic spherical Whittaker function as a consequence of the explicit expansion formula of 𝐸 𝐽 ,−𝑦 (𝑥; 𝔱)
as a linear combination of the quasi-polynomial eigenfunctions 𝐸 𝐽𝑦′ (𝑥; 𝔱) (𝑦′ ∈ 𝑊0𝑦), derived earlier in
Subsection 6.6.

1.6. Structure of the paper

In Section 2, we collect basic properties of the affine Weyl group W and the double affine Hecke
algebra H.

In Section 3, we introduce the class of Y-parabolically induced cyclic H-modulesM𝐽𝑡 .
In Section 4, we introduce the quasi-polynomial representation 𝜋𝑐,𝔱 . We state the main theorem

that the quasi-polynomial representation is well defined and isomorphic toM𝐽𝔰𝐽 𝔱 in Subsection 4.3. We
discuss the dependence of 𝜋𝑐,𝔱 on 𝑐 ∈ 𝐶𝐽 and J in Subsection 4.4, and localise it to obtain a nontrivial
W-action on quasi-rational functions in Subsection 4.5.

Section 5 is devoted to the proof of the main theorem. As part of the proof, we establish in Subsec-
tion 5.5 triangularity properties of the commuting operators 𝜋𝑐,𝔱 (𝑌 𝜇) (𝜇 ∈ 𝑄∨) with respect to the basis
of quasi-monomials, ordered by the parabolic Bruhat order on their exponents.

In Section 6, we define the quasi-polynomial generalisations 𝐸 𝐽𝑦 (𝑥; 𝔱) of the monic Macdonald poly-
nomials for adjoint root data. We show how they can be explicitly created from the quasi-monomial
𝑥𝑐 by acting by Y-intertwiners in Subsection 6.3. Their dependence on 𝐽 � {0, . . . , 𝑟} is discussed in
Subsection 6.4. Pseudo-duality for the normalised versions 𝑃𝐽𝑦 (𝑥; 𝔱) of the quasi-polynomials 𝐸 𝐽𝑦 (𝑥; 𝔱)
is derived in Subsection 6.5, quasi-polynomial generalisations 𝐸 𝐽 ,±𝑦 (𝑥; 𝔱) of the (anti)symmetric Mac-
donald polynomials are discussed in Subsection 6.6, and orthogonality relations and quadratic norm
formulas are obtained in Subsection 6.7. The Whittaker limit 𝑞 → ∞ of 𝐸 𝐽𝑦 (𝑥; 𝔱) and 𝐸 𝐽 ,−𝑦 (𝑥; 𝔱) is
considered in Subsection 6.8.

In Section 7, we generalise the results of Sections 4-6 to reductive root data (including the GL𝑟+1 root
datum as a special case). We reinterpret the role of the extra parameters in terms of twisting by automor-
phisms of the extended double affine Hecke algebra in Subsection 7.4. In Subsection 7.5, we introduce
the analogs of the quasi-polynomial eigenfunctions 𝐸 𝐽𝑦 (𝑥; 𝔱) for reductive root datum. We furthermore
show that, under suitable generic conditions on the parameters, they are independent of the twist
parameters and reduce to the quasi-polynomial eigenfunctions for the underlying adjoint root datum.

In Section 8, we introduce the uniform quasi-polynomial representation (Subsection 8.2), the associ-
ated uniform quasi-polynomial eigenfunctions (Subsection 8.3), and we explicitly relate the latter to the
quasi-polynomial eigenfunctions 𝐸 𝐽𝑦 (𝑥; 𝔱), using an automorphism that rescales the quasi-monomials.

In Section 9, we attach to a metaplectic datum a polynomial representation of the metaplectic double
affine Hecke algebra, called the metaplectic basic representation (Subsection 9.2), and we show that it is
isomorphic to a suitable sub-representation of the uniform quasi-polynomial representation. We obtain
an affine version of the Chinta-Gunnells’𝑊0-action on rational functions by X-localising the metaplectic
basic representation in Subsection 9.3. We introduce metaplectic polynomials, which are simultaneous
eigenfunctions for the action of P𝑌 under the metaplectic basic representation, and relate them to the
quasi-polynomial eigenfunctions 𝐸 𝐽𝑦 (𝑥; 𝔱) in Subsection 9.4.

In Section 10, we show the existence of the Whittaker limit of the metaplectic polynomial. In
the context of representation theory of metaplectic covers of reductive groups over non-archimedean
local fields, we prove that the Whittaker limit of the metaplectic polynomial is a metaplectic Iwahori-
Whittaker function up to some elementary twists. We rederive McNamara’s [30] Casselman-Shalika
type formula for the metaplectic spherical Whittaker function from the Whittaker limit of an explicit
expansion formula for the anti-symmetrised version of the quasi-polynomial eigenfunction derived in
Subsection 6.6.
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1.7. Conventions

We take F to be a field of characteristic zero, and we fix 𝑞 ∈ F× not a root of unity (it contains the case
of formal variable q by taking F = K(𝑞) for some field K of characteristic zero). For a commutative
ring R and an abelian group A, we write 𝑅[𝐴] =

⊕
𝑦∈𝐴 𝑅𝑥𝑦 for the group algebra of A over R (i.e.,

𝑥𝑦𝑥𝑦
′
= 𝑥𝑦+𝑦

′ for 𝑦, 𝑦′ ∈ 𝐴 and 𝑥0 = 1). We will often apply this to the case that A is a Euclidean space.
For groups G and H, we write Hom(𝐺, 𝐻) for the class of group homomorphisms 𝐺 → 𝐻. For a

finitely generated free abelian group Λ, we write 𝑇Λ := Hom(Λ,F×) for the F-torus of multiplicative
characters Λ→ F×, and PΛ = F[Λ] for the group algebra of Λ over F. Alternatively, it is the algebra of
regular F-valued functions on 𝑇Λ, where the monomial 𝑥𝜆 maps 𝑡 ∈ 𝑇Λ to its value 𝑡𝜆 at 𝜆 ∈ Λ. Finally,
for ℓ, 𝑚 ∈ Z with ℓ ≤ 𝑚, we write [ℓ, 𝑚] := {ℓ, ℓ + 1, . . . , 𝑚}.

2. Preliminaries on double affine Weyl and Hecke algebras

In this section, we fix the notations for root systems, reflection groups and double affine Weyl and
Hecke algebras. For ease of reference, we also list well-known properties that will be regularly used
in subsequent sections. For further details, see, for instance, [21, 29] for root systems and reflection
groups, and [8, 29] for double affine Weyl and Hecke algebras.

2.1. Root systems and Weyl groups

Let E be an Euclidean space with scalar product 〈·, ·〉 and corresponding norm ‖ · ‖. Let 𝐸∗ be its linear
dual. We turn 𝐸∗ into an Euclidean space by transporting the scalar product of E through the linear
isomorphism 𝐸

∼
−→ 𝐸∗, 𝑦 ↦→ 〈𝑦, ·〉. The resulting scalar product and norm on 𝐸∗ are denoted by 〈·, ·〉

and ‖ · ‖ again.
Let Φ0 ⊂ 𝐸∗ be a reduced irreducible root system in spanR{𝛼 | 𝛼 ∈ Φ0}. We normalise Φ0 in such

a way that long roots have squared length equal to 2/𝑚2 for some 𝑚 ∈ Z>0. Set 𝐸co := ∩𝛼∈Φ0 Ker(𝛼),
and write 𝐸 ′ ⊆ 𝐸 for the orthogonal complement of 𝐸co in E, so that 𝐸 = 𝐸 ′ ⊕ 𝐸co (orthogonal direct
sum). Write pr𝐸′ and pr𝐸co for the corresponding projections onto 𝐸 ′ and 𝐸co, respectively.

For 𝛼 ∈ Φ0, write 𝑠𝛼 ∈ GL(𝐸∗) for the reflection

𝑠𝛼 (𝜉) := 𝜉 − 𝜉 (𝛼∨)𝛼 (𝜉 ∈ 𝐸∗),

where 𝛼∨ ∈ 𝐸 is the unique vector such that 〈𝑦, 𝛼∨〉 = 2𝛼(𝑦)/‖𝛼‖2 for all 𝑦 ∈ 𝐸 . The Weyl group 𝑊0
of Φ0 is the subgroup of GL(𝐸∗) generated by 𝑠𝛼 (𝛼 ∈ Φ0). The root system Φ0 ⊂ 𝐸∗ is 𝑊0-invariant.
We denote by 𝑄 ⊂ 𝐸∗ the root lattice of Φ0.

WriteΦ∨0 = {𝛼∨}𝛼∈Φ0 ⊂ 𝐸 for the associated coroot system. Note thatΦ∨0 ⊂ 𝐸 ′, and note furthermore
that 𝐸 ′ = spanR{𝛼∨ | 𝛼 ∈ Φ0}. The coroot lattice and co-weight lattice of Φ0 are

𝑄∨ := ZΦ∨0 , 𝑃∨ := {𝜆 ∈ 𝐸 ′ | 𝛼(𝜆) ∈ Z ∀𝛼 ∈ Φ0}.

They are full sub-lattices of 𝐸 ′, and 𝑄∨ ⊆ 𝑃∨. By the choice of normalisation of the roots in Φ0, we
have 𝑄∨ ⊆ 𝑚2𝑄 upon identifying 𝐸∗ 
 𝐸 via the scalar product 〈·, ·〉 on E.

Consider the action of𝑊0 on E with 𝑠𝛼 (𝛼 ∈ Φ0) acting as the orthogonal reflection in the hyperplane
𝛼−1(0),

𝑠𝛼 (𝑦) := 𝑦 − 𝛼(𝑦)𝛼∨ (𝑦 ∈ 𝐸).

Then (𝑣𝜉) (𝑦) = 𝜉 (𝑣−1𝑦) for 𝑣 ∈ 𝑊0, 𝜉 ∈ 𝐸∗ and 𝑦 ∈ 𝐸 ; hence,

𝑣(𝛼∨) = (𝑣𝛼)∨ (𝑣 ∈ 𝑊0, 𝛼 ∈ Φ0).

In particular, Φ∨0 ⊂ 𝐸 is 𝑊0-invariant, and hence, so are the lattices 𝑄∨ and 𝑃∨.
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Fix a set Δ0 := {𝛼1, . . . , 𝛼𝑟 } of simple roots and write Φ0 = Φ+0∪Φ
−
0 for the resulting natural division

of the root system in positive and negative roots. Let Δ∨0 := {𝛼∨1 , . . . , 𝛼
∨
𝑟 } be the associated set of simple

coroots for Φ∨0 and Φ∨,±0 the associated sets of positive and negative coroots. We have 𝑃∨ =
⊕𝑟

𝑖=1 Z𝜛
∨
𝑖

with 𝜛∨𝑖 ∈ 𝐸 ′ (1 ≤ 𝑖 ≤ 𝑟) the fundamental weights with respect to Δ0, characterised by 𝛼𝑖 (𝜛
∨
𝑗 ) = 𝛿𝑖, 𝑗

(1 ≤ 𝑖, 𝑗 ≤ 𝑟). Set 𝑃∨,± := ±
∑𝑟
𝑖=1 Z≥0𝜛

∨
𝑖 for the cones of dominant and anti-dominant co-weights in

𝑃∨, respectively.
The Weyl group 𝑊0 is a Coxeter group, with Coxeter generators the simple reflections 𝑠𝑖 := 𝑠𝛼𝑖

(1 ≤ 𝑖 ≤ 𝑟). We write 𝑤0 ∈ 𝑊0 for the longest Weyl group element, and 𝜑 ∈ Φ+0 for the highest root.
Note that 𝐸 ′ is 𝑊0-invariant, and 𝑊0 acts trivially on 𝐸co.

We write

𝐸 reg := {𝑦 ∈ 𝐸 | 𝛼(𝑦) ≠ 0 ∀𝛼 ∈ Φ0} (2.1)

for the regular elements in E, and 𝐸+ ⊂ 𝐸 reg for the fundamental Weyl chamber with respect to Δ0,

𝐸+ = {𝑦 ∈ 𝐸 | 𝛼(𝑦) > 0 ∀𝛼 ∈ Φ+0}.

The Weyl chamber opposite to 𝐸+ will be denoted by 𝐸−. Note that 𝐸± are 𝐸co-translation invariant,
and 𝐸 ′± := 𝐸 ′ ∩ 𝐸± form complete sets of representatives of the 𝐸co-orbits. Furthermore, 𝐸± are
fundamental domains for the 𝑊0-action on E. For 𝑦 ∈ 𝐸 , we denote by 𝑦± ∈ 𝐸± the unique element
such that 𝑊0𝑦 ∩ 𝐸± = {𝑦±}. Note that 𝑃∨,± = 𝑃∨ ∩ 𝐸±.

2.2. Affine root systems and affine Weyl groups

The affine Weyl group is the semi-direct product group 𝑊 := 𝑊0 � 𝑄
∨. We extend the 𝑊0-action on E

to a faithful W-action on E by affine linear transformations, with 𝜇 ∈ 𝑄∨ acting by

𝜏(𝜇)𝑦 := 𝑦 + 𝜇 (𝑦 ∈ 𝐸).

We will regularly identify W with its realisation as a subgroup of the group of affine linear automorphisms
of E.

Note that 𝑊0 ⊂ 𝑊 is the subgroup of elements 𝑤 ∈ 𝑊 fixing the origin 0 ∈ 𝐸 . More generally, we
write

𝑊𝑦 := {𝑤 ∈ 𝑊 | 𝑤𝑦 = 𝑦} (𝑦 ∈ 𝐸), (2.2)

which is always a finite subgroup of W.
The affine Weyl group W contains, besides the orthogonal reflections 𝑠𝛼 (𝛼 ∈ Φ0), orthogonal

reflections in affine hyperplanes. The affine hyperplanes can be described by an affine root system Φ of
untwisted type in the following manner.

We identify 𝐸∗ ⊕ R with the space of affine linear functionals on E by interpreting (𝜉, 𝑑) ∈ 𝐸∗ ⊕ R
as the affine linear functional 𝑦 ↦→ 𝜉 (𝑦) + 𝑑 (𝑦 ∈ 𝐸). The affine root system Φ is then defined by

Φ := {(𝛼, ℓ) | 𝛼 ∈ Φ0 & ℓ ∈ Z} ⊂ 𝐸∗ ⊕ R.

For an affine root 𝑎 = (𝛼, ℓ) ∈ Φ, we denote by 𝑠𝑎 the orthogonal reflection in the affine hyperplane
𝑎−1 (0) ⊂ 𝐸 . We then have for 𝑎 ∈ Φ,

𝑠𝑎 (𝑦) = 𝑦 − 𝑎(𝑦)𝛼∨.
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In particular,

𝑠𝑎 = 𝜏(−ℓ𝛼∨)𝑠𝛼 ∈ 𝑊 (𝑎 = (𝛼, ℓ) ∈ Φ),

showing that the affine Weyl group W is generated by the reflections 𝑠𝑎 (𝑎 ∈ Φ).
The formulas

𝑣(𝜉, 𝑑) = (𝑣𝜉, 𝑑), 𝜏(𝜇) (𝜉, 𝑑) = (𝜉, 𝑑 − 𝜉 (𝜇)) (2.3)

for 𝑣 ∈ 𝑊0, 𝜇 ∈ 𝑄∨ and (𝜉, 𝑑) ∈ 𝐸∗ ⊕ R define a linear W-action on the space 𝐸∗ ⊕ R of affine linear
functionals on E. It is contragredient to the action of W on E by reflections and translations,

(𝑤 𝑓 ) (𝑦) = 𝑓 (𝑤−1𝑦) (𝑤 ∈ 𝑊, 𝑓 ∈ 𝐸∗ ⊕ R, 𝑦 ∈ 𝐸).

Note that Φ ⊂ 𝐸∗ ⊕ R is W-stable.
We identify 𝐸∗ with the subspace {(𝜉, 0) | 𝜉 ∈ 𝐸∗} of 𝐸∗ ⊕R via the embedding 𝜉 ↦→ (𝜉, 0) (𝜉 ∈ 𝐸∗).

This is an embedding of 𝑊0-modules. The second formula of (2.3) then gives

𝜏(𝜇)𝜉 = (𝜉,−𝜉 (𝜇)) (𝜉 ∈ 𝐸∗, 𝜇 ∈ 𝑄∨).

The set Δ := {𝛼0, . . . , 𝛼𝑟 }, with the simple affine root 𝛼0 defined by

𝛼0 := (−𝜑, 1) ∈ Φ, (2.4)

forms a basis of the affine root system Φ. It gives rise to the division Φ = Φ+ ∪Φ−of Φ in positive and
negative roots, with

Φ+ := Z≥0Δ ∩Φ = Φ+0 ∪ {(𝛼, ℓ) | (𝛼, ℓ) ∈ Φ0 × Z>0} (2.5)

and Φ− := −Φ+. The reflection

𝑠0 := 𝑠𝛼0 = 𝜏(𝜑∨)𝑠𝜑 ∈ 𝑊 (2.6)

is called the simple affine reflection of W. The affine Weyl group W is a Coxeter group with Coxeter
generators 𝑠0, . . . , 𝑠𝑟 .

Let 𝐷 : 𝐸∗ ⊕ R → 𝐸∗ be the projection on the first component. Note that 𝐷 𝑓 is the gradient of
𝑓 ∈ 𝐸∗ ⊕ R, viewed as affine linear functional on E. It induces a group epimorphism 𝑊 � 𝑊0, which
we also denote by D, by requiring that

𝐷 (𝑤 𝑓 ) = (𝐷𝑤)𝐷 𝑓 (𝑤 ∈ 𝑊, 𝑓 ∈ 𝐸∗ ⊕ R).

Concretely, 𝐷 (𝑣𝜏(𝜇)) = 𝑣 for 𝑣 ∈ 𝑊0 and 𝜇 ∈ 𝑄∨.
The action of W on E preserves

𝐸𝑎,reg := {𝑦 ∈ 𝐸 | 𝑎(𝑦) ≠ 0 ∀𝑎 ∈ Φ}. (2.7)

The connected components of 𝐸𝑎,reg are called alcoves. The resulting W-action on the set of alcoves is
simply transitive. The alcove

𝐶+ := {𝑦 ∈ 𝐸 | 𝑎(𝑦) > 0 ∀ 𝑎 ∈ Φ+}

= {𝑦 ∈ 𝐸 | 0 < 𝛼(𝑦) < 1 ∀𝛼 ∈ Φ+0}
(2.8)

is the fundamental alcove in E. For 𝑦 ∈ 𝐸 , we write

O𝑦 := 𝑊𝑦 (2.9)
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for the W-orbit of y in E. We thus have

𝐸𝑎,reg =
⊔
𝑐∈𝐶+

O𝑐 , 𝐸 =
⊔
𝑐∈𝐶+

O𝑐 (2.10)

(disjoint unions).

2.3. Length function and parabolic subgroups

We recall some properties of the length function

ℓ(𝑤) := Card
(
Π(𝑤)

)
, Π(𝑤) := Φ+ ∩ 𝑤−1Φ− (2.11)

that we will frequently use.
Lemma 2.1. Let 0 ≤ 𝑗 ≤ 𝑟 and 𝑤 ∈ 𝑊 .
1. |ℓ(𝑠 𝑗𝑤) − ℓ(𝑤) | = 1.
2. We have

ℓ(𝑠 𝑗𝑤) = ℓ(𝑤) + 1 ⇔ 𝑤−1𝛼 𝑗 ∈ Φ
+,

and then Π(𝑠 𝑗𝑤) = {𝑤−1𝛼 𝑗 } ∪ Π(𝑤) (disjoint union).
Proof. See, for example, [29, (2.2.8)]. �

The length ℓ(𝑤) of 𝑤 ∈ 𝑊 is the smallest nonnegative integer ℓ for which there exists an expression
𝑤 = 𝑠 𝑗1 · · · 𝑠 𝑗ℓ of w as product of ℓ simple reflections (0 ≤ 𝑗𝑖 ≤ 𝑟). Such shortest length expressions are
called reduced expressions. If 𝑤 = 𝑠 𝑗1 · · · 𝑠 𝑗ℓ is a reduced expression, then

Π(𝑤) = {𝑏1, . . . , 𝑏ℓ } with 𝑏𝑚 := 𝑠 𝑗ℓ · · · 𝑠 𝑗𝑚+1 (𝛼 𝑗𝑚 ) (1 ≤ 𝑚 < ℓ), 𝑏ℓ := 𝛼 𝑗ℓ . (2.12)

Restricting ℓ to 𝑊0 gives the length function of 𝑊0 relative to {𝑠1, . . . , 𝑠𝑟 }. The following important
length identity

ℓ(𝜏(𝜇)𝑣) =
∑

𝛼∈Φ+0∩𝑣Φ
−
0

|𝛼(𝜇) − 1| +
∑

𝛼∈Φ+0∩𝑣Φ
+
0

|𝛼(𝜇) | (𝜇 ∈ 𝑄∨, 𝑣 ∈ 𝑊0), (2.13)

is obtained by explicitly describing the affine roots in Π(𝜏(𝜇)𝑣) (see, for example, [29, (2.4.1)]).
Fix a subset 𝐽 ⊆ [0, 𝑟]. The associated parabolic subgroup 𝑊𝐽 ⊆ 𝑊 is the subgroup of W generated

by 𝑠 𝑗 ( 𝑗 ∈ 𝐽). Write 𝑊 𝐽 for the set of elements 𝑤 ∈ 𝑊 such that

ℓ(𝑤𝑤′) = ℓ(𝑤) + ℓ(𝑤′) ∀𝑤′ ∈ 𝑊𝐽 .

Write Φ𝐽 := Φ ∩ spanZ{𝛼 𝑗 } 𝑗∈𝐽 and Φ±𝐽 := Φ± ∩Φ𝐽 ; then

𝑊 𝐽 = {𝑤 ∈ 𝑊 | 𝑤Φ+𝐽 ⊆ Φ+}. (2.14)

Lemma 2.2. Fix a subset 𝐽 ⊆ [0, 𝑟].
1. 𝑊 𝐽 is a complete set of representatives of 𝑊/𝑊𝐽 (the elements in 𝑊 𝐽 are called the minimal coset

representatives of 𝑊/𝑊𝐽 ).
2. Let 𝑤 ∈ 𝑊 𝐽 and 0 ≤ 𝑗 ≤ 𝑟 . Then

𝑠 𝑗𝑤 ∉ 𝑊 𝐽 ⇔ 𝑠 𝑗𝑤𝑊𝐽 = 𝑤𝑊𝐽 ,

and then 𝑠 𝑗𝑤 = 𝑤𝑠 𝑗′ for some 𝑗 ′ ∈ 𝐽 (in particular, ℓ(𝑠 𝑗𝑤) = ℓ(𝑤) + 1).
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Proof.
(1) See, for example, [3].

(2) This follows from [16, Lem. 3.1 & Lem. 3.2]. �

The stabiliser subgroup 𝑊𝑐 of 𝑐 ∈ 𝐶+ is parabolic,

𝑊𝑐 = 𝑊J(𝑐)

with J(𝑐) ⊆ [0, 𝑟] given by

J(𝑐) := { 𝑗 ∈ [0, 𝑟] | 𝑠 𝑗𝑐 = 𝑐}. (2.15)

Definition 2.3. For 𝑦 ∈ 𝐸 , we write

1. 𝑐𝑦 for the unique element in 𝐶+ such that 𝑦 ∈ 𝑊𝑐𝑦 ,
2. 𝑤𝑦 for the unique element in 𝑊J(𝑐𝑦 ) such that 𝑤𝑦𝑐𝑦 = 𝑦.
3. 𝜇𝑦 := 𝑤𝑦 (0) ∈ 𝑄∨ and 𝑣𝑦 := 𝑤−1

𝑦 𝜏(𝜇𝑦) ∈ 𝑊0.

Fix 𝜈 ∈ 𝑄∨. Then we have 𝑐𝜈 = 0 and 𝜇𝜈 = 𝜈. In particular, 𝑤𝜈 is the unique element in 𝜏(𝜈)𝑊0 of
minimal length and

ℓ(𝑤𝜈𝑣) = ℓ(𝑤𝜈) + ℓ(𝑣) ∀ 𝑣 ∈ 𝑊0. (2.16)

By [29, §2.4], 𝑣𝜈 ∈ 𝑊0 is the unique element of minimal length in 𝑊0 such that 𝑣𝜈𝜈 = 𝜈−, and by (2.13),
we have

𝑤𝜈 = 𝜏(𝜈) ∀ 𝜈 ∈ 𝑄∨ ∩ 𝐸−. (2.17)

For 𝜈 = 𝜑∨, we have

𝑤𝜑∨ = 𝑠0, 𝑣𝜑∨ = 𝑠𝜑 ,

and hence, ℓ(𝜏(𝜑∨)) = 1 + ℓ(𝑣𝜑∨). In addition, we have

Π(𝑠𝜑) = {𝛼 ∈ Φ
+
0 | 𝛼(𝜑

∨) = 1} ∪ {𝜑},
Φ+0 \ Π(𝑠𝜑) = {𝛼 ∈ Φ

+
0 | 𝛼(𝜑

∨) = 0}.
(2.18)

For details see, for example, [29, §2.4].
The following proposition reduces to [7, Thm. 1.4] when 𝑦 ∈ 𝑄∨.

Proposition 2.4. For 𝑦 ∈ 𝐸 , we have

Π(𝑤−1
𝑦 ) = {𝑎 ∈ Φ

+ | 𝑎(𝑦) < 0}.

Proof. Let 𝑎 ∈ Φ+ with 𝑎(𝑦) < 0. Then (𝑤−1
𝑦 𝑎) (𝑐𝑦) = 𝑎(𝑦) < 0 and 𝑐𝑦 ∈ 𝐶+, so 𝑤−1

𝑦 𝑎 ∈ Φ−. In
particular, 𝑎 ∈ Π(𝑤−1

𝑦 ).
Conversely, if 𝑎 ∈ Π(𝑤−1

𝑦 ), then 𝑤−1
𝑦 𝑎 ∈ Φ−; hence, 𝑎(𝑦) = (𝑤−1

𝑦 𝑎) (𝑐𝑦) ≤ 0. If 𝑎(𝑦) = 0, then
𝑠𝑎𝑦 = 𝑦; hence, 𝑠𝑎𝑤𝑦 ∈ 𝑤𝑦𝑊𝑐𝑦 . But 𝑤𝑦 is the element of minimal length in 𝑤𝑦𝑊𝑐𝑦 , so ℓ(𝑠𝑎𝑤𝑦) >

ℓ(𝑤𝑦), and hence, ℓ(𝑤−1
𝑦 𝑠𝑎) > ℓ(𝑤−1

𝑦 ). This implies 𝑤−1
𝑦 𝑎 ∈ Φ+ by [21, Prop. 5.7], which contradicts

the fact that 𝑎 ∈ Π(𝑤−1
𝑦 ). Hence, 𝑎(𝑦) < 0, which completes the proof. �
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2.4. The Coxeter complex of W

Let Σ(Φ) be the poset consisting of faces of the affine hyperplane arrangement {𝑎−1(0) | 𝑎 ∈ Φ} in E.
Concretely,

Σ(Φ) = {𝑤𝐶𝐽 | 𝐽 � [0, 𝑟] & 𝑤 ∈ 𝑊 𝐽 }

with

𝐶𝐽 := {𝑐 ∈ 𝐶+ | 𝛼 𝑗 (𝑐) = 0 ( 𝑗 ∈ 𝐽) & 𝛼 𝑗 (𝑐) > 0 ( 𝑗 ∈ [0, 𝑟] \ 𝐽)}.

Note that the faces are 𝐸co-translation invariant, 𝐶 [1,𝑟 ] = 𝐸co and

𝐸 =
⊔

𝐹 ∈Σ (Φ)

𝐹 (2.19)

(disjoint union). The poset structure on Σ(Φ) is defined in terms of inclusion of closures of faces:
𝐹 ≤ 𝐹 ′ if 𝐹 ⊆ 𝐹

′. The closure 𝐶𝐽 of 𝐶𝐽 is given by

𝐶𝐽 =
⊔

𝐽 ⊆𝐾� [0,𝑟 ]
𝐶𝐾 (2.20)

(disjoint union), so that 𝐶𝐽 ′ ≤ 𝐶𝐽 iff 𝐽 ⊆ 𝐽 ′ � [0, 𝑟].
We obtain an abstract simplicial complex by adding ∅ to Σ(Φ). It is isomorphic to the Coxeter

complex

{𝑤𝑊𝐽 | 𝐽 ⊆ [0, 𝑟] & 𝑤 ∈ 𝑊},

partially ordered by opposite inclusion.
For a set X, write FΣ (𝐸, 𝑋) for the set of functions 𝐸 → 𝑋 which are constant on faces. It canonically

identifies with the space F (Σ(Φ), 𝑋) of functions Σ(Φ) → 𝑋 . The following lemma provides a large
class of examples when 𝑋 = R.

Lemma 2.5. Suppose that 𝑔 : R → R is a function such that 𝑔 |(𝑚,𝑚+1) is constant for all 𝑚 ∈ Z. Let
𝑎 ∈ Φ. Then

𝑦 ↦→ 𝑔(𝑎(𝑦)) (𝑦 ∈ 𝐸) (2.21)

lies in FΣ (𝐸,R).

Proof. Let 𝑎 ∈ Φ with 𝐷𝑎 ∈ Φ+0 . It suffices to check that (2.21) is constant on 𝐶𝐽 (𝐽 � [0, 𝑟]). Fix
𝑦 ∈ 𝐶𝐽 ⊆ 𝐶+. Note that 0 ≤ 𝐷𝑎(𝑦) ≤ 1 by (2.8).

Suppose that 𝑎(𝑦) ∈ Z. If 𝐷𝑎(𝑦) = 0, then 𝐷𝑎 ∈ Φ+0 ∩ Φ𝐽 ; hence, 𝐷𝑎 ∈ spanR{𝐷𝛼 𝑗 } 𝑗∈𝐽 . If
𝐷𝑎(𝑦) = 1, then necessarily 𝜑(𝑦) = 1 (i.e., 0 ∈ 𝐽). It again follows that 𝐷𝑎 ∈ span{𝐷𝛼 𝑗 } 𝑗∈𝐽 . In
particular, in both cases, 𝑎 |𝐶𝐽 is constant.

If 𝑎(𝑦) ∉ Z, then 𝐷𝑎 ∉ span{𝐷𝛼 𝑗 } 𝑗∈𝐽 , and hence, 𝑎(𝑦′) ∉ Z for all 𝑦′ ∈ 𝐶𝐽 . Since 𝐶𝐽 is convex
and a is an affine linear function on E, this forces 𝑎 |𝐶𝐽 to take values in an interval (𝑚, 𝑚 + 1) for some
𝑚 ∈ Z. �

In case 𝑋 = 𝑊 , we have the following example.

Lemma 2.6. The function 𝑦 ↦→ 𝑤𝑦 lies in FΣ (𝐸,𝑊).

Proof. Fix a face 𝐹 = 𝑤𝐶𝐽 (𝐽 � [0, 𝑟], 𝑤 ∈ 𝑊 𝐽 ). For 𝑦 ∈ 𝐹, we have 𝑐𝑦 ∈ 𝐶𝐽 ; hence, 𝑤𝑦 ∈ 𝑊 𝐽 .
Furthermore, 𝐹 = 𝑤𝑦𝐶

𝐽 since 𝑦 = 𝑤𝑦𝑐𝑦 . Consequently 𝑤𝑦 = 𝑤. �
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2.5. The double affine Weyl group

The dual affine root system is

Φ∨ := {𝑎∨ | 𝑎 ∈ Φ} ⊂ 𝐸 ⊕ R,

with 𝑎∨ the affine coroot

𝑎∨ := (𝛼∨, 2ℓ/‖𝛼‖2) (𝑎 = (𝛼, ℓ) ∈ Φ). (2.22)

Note that 2/‖𝛼‖2 ∈ Z>0 (𝛼 ∈ Φ0) by our convention on the length of the roots, and

𝛼∨0 = 𝑚2𝐾 − (𝜑∨, 0)

with 𝐾 := (0, 1) ∈ 𝐸 ⊕ Z, in view of the convention that long roots have squared norm 2/𝑚2. Hence,
Φ∨ generates the affine coroot lattice

𝑄∨ := 𝑄∨ ⊕ 𝑚2Z𝐾 ⊂ 𝐸 ⊕ R,

and the simple coroots 𝛼∨𝑗 (0 ≤ 𝑗 ≤ 𝑟) form a basis of 𝑄∨.
The affine Weyl group W acts linearly on 𝐸 ⊕ R by

𝑣 · (𝑦, 𝑑) := (𝑣𝑦, 𝑑), 𝜏(𝜇) · (𝑦, 𝑑) = (𝑦, 𝑑 − 〈𝜇, 𝑦〉) (2.23)

for 𝑣 ∈ 𝑊0, 𝜇 ∈ 𝑄∨ and (𝑦, 𝑑) ∈ 𝐸 ⊕ R. We denote the action (2.23) with a dot to avoid confusion with
the W-action on E by translations and reflections. Note that the linear isomorphism 𝐸 ⊕ R

∼
−→ 𝐸∗ ⊕ R,

(𝑦, 𝑑) ↦→ (〈𝑦, ·〉, 𝑑), intertwines the W-actions (2.3) and (2.23).
For 𝑎 ∈ Φ and 𝑤 ∈ 𝑊 , we have

𝑠𝑎 · (𝑦, 𝑑) = (𝑦, 𝑑) − 𝐷𝑎(𝑦)𝑎∨, 𝑤 · 𝑎∨ = (𝑤𝑎)∨. (2.24)

In particular, Φ∨ and 𝑄∨ are W-invariant. Explicitly, 𝑤 · 𝐾 = 𝐾 for all 𝑤 ∈ 𝑊 and

𝑣 · 𝜇 = 𝑣𝜇, 𝜏(𝜈) · 𝜇 = 𝜇 − 〈𝜈, 𝜇〉𝐾

for 𝑣 ∈ 𝑊0 and 𝜇, 𝜈 ∈ 𝑄∨.

Definition 2.7. The double affine Weyl group is the semidirect product

W := 𝑊 �𝑄∨. (2.25)

The action (2.23) of W on 𝐸 ⊕ R then extends to aW-action by

(𝜇 + ℓ𝐾) · (𝑦, 𝑑) := (𝑦 + 𝜇, 𝑑 + ℓ) (2.26)

for 𝜇 ∈ 𝑄∨, ℓ ∈ 𝑚2Z, 𝑦 ∈ 𝐸 and 𝑑 ∈ R (which no longer is a linear action). Note that 𝑚2𝐾 generates
the center ofW.

We next consider, for a special class of finitely generated abelian subgroups Λ̂ in 𝐸 ⊕ R containing
𝑄∨, the F-linear extension of theW-action (2.23) and (2.26) on Λ̂ to the group algebra PΛ̂ =

⊕
𝜆∈Λ̂ F𝑥𝜆

of Λ̂ over F (see Subsection 1.7).

Definition 2.8. Denote by L the set of finitely generated abelian subgroups Λ ⊂ 𝐸 satisfying

𝑄∨ ⊆ Λ & 𝛼(Λ) ⊆ Z ∀𝛼 ∈ Φ0. (2.27)
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Note that if Λ ∈ L, then L is 𝑊0-invariant. Furthermore, Λ ∩ 𝐸 ′, pr𝐸′ (Λ) ∈ L and

𝑄∨ ⊆ Λ ∩ 𝐸 ′ ⊆ pr𝐸′ (Λ) ⊆ 𝑃∨.

As a consequence, we have the following:

Corollary 2.9. For Λ ∈ L, we have a group homomorphism

𝑗Λ : 𝑇𝑃∨ → 𝑇Λ, 𝑗Λ (𝑡)
𝜆 := 𝑡pr𝐸′ (𝜆) (𝜆 ∈ Λ). (2.28)

The following proposition is useful for writing co-weights asQ-linear combination of co-roots. Recall
that h is the Coxeter number of W.

Proposition 2.10. For all 𝑦 ∈ 𝐸 , we have

1
ℎ

∑
𝛼∈Φ+0

𝛼(𝑦)𝛼∨ = pr𝐸′ (𝑦). (2.29)

In particular, pr𝐸′ (Λ) ⊆ 𝑃∨ ⊆ 1
ℎ𝑄
∨ for all Λ ∈ L.

Proof. It suffices to prove (2.29) for 𝑦 ∈ 𝐸 ′. It then follows by applying Schur’s lemma to the irreducible
𝑊0-module 𝐸 ′ and using the fact that ℎ = #Φ0/𝑟; see [40, Thm. 1.1 & Lem. 7.2]. The second statement
is immediate. �

For Λ ∈ L, consider the lattice

Λ̂ := Λ ⊕ Z𝐾 ⊂ 𝐸 ⊕ R

containing 𝑄∨. Note that Λ̂ isW-invariant. Set

q := 𝑥𝐾 ∈ PΛ̂.

Then PΛ̂ can be alternatively viewed as the group algebra of Λ over the Laurent polynomial ring F[q±1],

PΛ̂ =
⊕
𝜆∈Λ

F[q±1]𝑥𝜆.

We now immediately obtain the following result.

Proposition 2.11. Let Λ ∈ L. The F-linear extension of theW-action (2.23) and (2.26) on Λ̂ to PΛ̂ is
F[q±1]-linear. Furthermore, for 𝜆 ∈ Λ, we have

ℓ𝐾 (𝑥𝜆) := qℓ𝑥𝜆 (ℓ ∈ 𝑚2Z), 𝜇(𝑥𝜆) := 𝑥𝜆+𝜇 (𝜇 ∈ 𝑄∨),

𝑣(𝑥𝜆) := 𝑥𝑣𝜆 (𝑣 ∈ 𝑊0), 𝜏(𝜈) (𝑥𝜆) := q−〈𝜈,𝜆〉𝑥𝜆 (𝜈 ∈ 𝑄∨),
(2.30)

and for 𝑤 ∈ 𝑊 , 𝜆 ∈ Λ̂ and 𝑎 ∈ Φ, we have

𝑤(𝑥𝜆) = 𝑥𝑤 ·𝜆, 𝑤(𝑥𝑎
∨

) = 𝑥 (𝑤𝑎)
∨

. (2.31)

Without much loss of generality, one may absorb q into the ground field F (by replacing F by F(q)).
This is convenient for our purposes, since it allows to interpret (2.30) as an action by q-difference
reflection operators on the F-torus 𝑇Λ. We discuss it in detail in the following subsection.
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2.6. Algebras of q-difference reflection operators

Recall that we fixed a parameter 𝑞 ∈ F× from the outset, which is assumed not to be a root of unity (see
Subsection 1.7).

Let Λ ∈ L. The W-action on PΛ̂ from Proposition 2.11 descends to a W-action on the polynomial
algebra PΛ via the specialisation map

PΛ̂ � PΛ,
∑
𝜆∈Λ

𝑑𝜆(q)𝑥𝜆 ↦→
∑
𝜆∈Λ

𝑑𝜆 (𝑞)𝑥
𝜆 (𝑑𝜆 (q) ∈ F[q±1]).

The resulting action of the affine Weyl group W on PΛ is by algebra homomorphisms,

𝑣(𝑥𝜆) := 𝑥𝑣𝜆, 𝜏(𝜇) (𝑥𝜆) := 𝑞−〈𝜇,𝜆〉𝑥𝜆 (𝑣 ∈ 𝑊0, 𝜇 ∈ 𝑄
∨), (2.32)

while 𝑄∨ acts by (𝜇 + ℓ𝐾) (𝑥𝜆) = 𝑞ℓ𝑞𝜆+𝜇 for 𝜇 ∈ 𝑄∨ and ℓ ∈ 𝑚2Z. The resulting action of the group
algebra F[W] ofW over F on PΛ descends to an action of the quotient algebra F[W]/(𝑚2𝐾 − 𝑞𝑚

2
).

Denote the smashed product algebra relative to the W-action (2.32) on PΛ by 𝑊 � PΛ, and write
P := P𝑄∨ . Then

F[W]/(𝑚2𝐾 − 𝑞𝑚
2
)
∼
−→ 𝑊 � P (2.33)

as F-algebras by 𝑤 ↦→ 𝑤 (𝑤 ∈ 𝑊) and 𝜇 ↦→ 𝑥𝜇 (𝜇 ∈ 𝑄∨). Hence, PΛ becomes a 𝑊 � P-module.
Viewing PΛ as the regular F-valued functions on 𝑇Λ, the action (2.32) can be interpreted as an action

by q-difference reflection operators (i.e., it is the contragredient action of a W-action on𝑇Λ by q-dilations
and reflections). We will now describe this W-action on 𝑇Λ in detail and extend it to an appropriate
inverse system of tori.

Let Λ ∈ L. For 𝜉 ∈ 𝑄 and 𝑧 ∈ F×, we denote by 𝑧𝜉 ∈ 𝑇Λ the multiplicative character

𝜆 ↦→ 𝑧 𝜉 (𝜆) (𝜆 ∈ Λ). (2.34)

Note that 𝑧 𝜉 |Λ = 𝑗Λ(𝑧
𝜉 |𝑃∨) since 𝜉 (𝜆) = 𝜉 (pr𝐸′ (𝜆)) for 𝜉 ∈ 𝑄.

We have the following special case of this construction. Our assumption on the normalisation of the
root system Φ0 allows to view 𝑄∨ as a sub-lattice of Q via the 𝑊0-equivariant isomorphism

𝐸
∼
−→ 𝐸∗, 𝑦 ↦→ 〈𝑦, ·〉.

More precisely, since ‖𝜑‖2 = 2/𝑚2 (𝑚 ∈ Z>0), the co-root lattice 𝑄∨ identifies with a sub-lattice of
𝑚𝑄. Then we obtain the multiplicative characters 𝑧𝜇 ∈ 𝑇Λ (𝜇 ∈ 𝑄∨) satisfying 𝜆 ↦→ 𝑧 〈𝜆,𝜇〉 (𝜆 ∈ Λ). In
particular, for 𝜇 ∈ 𝑄∨, we have the multiplicative character 𝑞𝜇 ∈ 𝑇Λ mapping 𝜆 ∈ Λ to 𝑞 〈𝜇,𝜆〉 . Note that
𝑣𝑧𝜉 = 𝑧𝑣 𝜉 and 𝑣𝑧𝜇 = 𝑧𝑣𝜇 for 𝑣 ∈ 𝑊0, 𝜉 ∈ 𝑄 and 𝜇 ∈ 𝑄∨.

Fix Λ ∈ L. Since Λ is 𝑊0-invariant, 𝑊0 acts by group automorphisms on 𝑇Λ via the contragredient
action on 𝑇Λ. Extend the 𝑊0-action on 𝑇Λ to a W-action by

𝜏(𝜇)𝑡 := 𝑞𝜇𝑡 (𝑡 ∈ 𝑇Λ, 𝜇 ∈ 𝑄
∨). (2.35)

Note that the map (2.28) is W-equivariant, and

(𝑤(𝑝)) (𝑡) = 𝑝(𝑤−1𝑡) (𝑤 ∈ 𝑊, 𝑝 ∈ PΛ, 𝑡 ∈ 𝑇Λ),

with the W-action on PΛ given by (2.32).
Write

𝑞𝛼 := 𝑞
2
‖𝛼‖2 (𝛼 ∈ Φ0),
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which are integral powers of q by the convention that ‖𝜑‖2 = 2/𝑚2 for some 𝑚 ∈ Z>0. For an affine
root 𝑎 = (𝛼, ℓ) ∈ Φ and 𝜆 ∈ Λ, we have

𝑠𝑎 (𝑥
𝜆) = 𝑞−ℓ𝛼(𝜆)𝛼 𝑥𝑠𝛼𝜆. (2.36)

From now on, we will be working with specialised q, unless explicitly stated otherwise. In particular,

𝑥𝜆+ℓ𝐾 = 𝑞ℓ𝑥𝜆 ∈ PΛ (𝜆 ∈ Λ, 𝑚 ∈ Z),

and (2.31) is interpreted accordingly as identity in PΛ. Note that for 𝑎 ∈ Φ and 𝑡 ∈ 𝑇Λ, we have

𝑠𝑎𝑡 = (𝑡
−𝑎∨)𝐷𝑎𝑡, (2.37)

where 𝑡−𝑎
∨
∈ F× is the evaluation of 𝑥−𝑎∨ ∈ PΛ at t, and (𝑡−𝑎∨)𝐷𝑎 ∈ 𝑇Λ is the resulting multiplicative

character of Λ.
Let QΛ be the quotient field of PΛ, which identifies with the field of rational functions on 𝑇Λ, and

set Q := Q𝑄∨ . We extend the W-action on PΛ to a W-action on QΛ by field automorphisms, and write
𝑊 �QΛ for the associated smashed product algebra over F.

2.7. The double affine Hecke algebra

The double affine Hecke algebraH = H(k, 𝑞) is a flat deformation of F[W]/(𝑚2𝐾−𝑞𝑚
2
) 
 𝑊 �P , with

its deformation parameters encoded by a multiplicity function k : Φ → F×. In this paper, we restrict
attention to multiplicity functions that only depend on the length of the gradient of the affine root.

Write shΦ0 and lgΦ0 for the short and long roots in Φ0, respectively. Fix

sh𝑘, lg𝑘 ∈ F×,

and assume that both are admitting square roots in F, which we fix once and for all. If all the roots have
the same length, then we will view the roots as long roots, and we will denote lg𝑘 by k. We write for
𝑎 ∈ Φ,

𝑘𝑎 := 𝑠𝑘 if 𝐷𝑎 ∈ 𝑠Φ0 (𝑠 ∈ {sh, lg}).

Then k : Φ → F×, 𝑎 ↦→ 𝑘𝑎 is W-invariant map (it is in fact invariant for the action of the extended
affine Weyl group; see Section 7). We write 𝑘 𝑗 := 𝑘𝛼𝑗 for 0 ≤ 𝑗 ≤ 𝑟 . Then 𝑘 𝑗 = 𝑘 𝑗′ iff 𝐷𝑎 𝑗′ lies in the
𝑊0-orbit of 𝐷𝑎 𝑗 . In particular, 𝑘0 = 𝑘𝜑 .

Cherednik’s [8] equal lattice double affine Hecke algebra is the following deformation of 𝑊 � P .

Definition 2.12. The double affine Hecke algebra H = H(k, 𝑞) is the unital associative F-algebra
generated by 𝑇0, . . . , 𝑇𝑟 and 𝑥𝜇 (𝜇 ∈ 𝑄∨), subject to the following relations:

a. The braid relations

𝑇𝑗𝑇𝑗′𝑇𝑗 . . . = 𝑇𝑗′𝑇𝑗𝑇𝑗′ · · · (𝑚 𝑗 𝑗′ factors on each side) (2.38)

for 0 ≤ 𝑗 ≠ 𝑗 ′ ≤ 𝑟 , with 𝑚 𝑗 𝑗′ the order of 𝑠 𝑗 𝑠 𝑗′ in W,
b. The Hecke relations

(𝑇𝑗 − 𝑘 𝑗 ) (𝑇𝑗 + 𝑘
−1
𝑗 ) = 0 (0 ≤ 𝑗 ≤ 𝑟), (2.39)

c. 𝑥𝜆𝑥𝜇 = 𝑥𝜆+𝜇 (𝜆, 𝜇 ∈ 𝑄∨) and 𝑥0 = 1,
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d. The cross relations

𝑇𝑗𝑥
𝜇 − 𝑠 𝑗 (𝑥

𝜇)𝑇𝑗 = (𝑘 𝑗 − 𝑘−1
𝑗 )

(
𝑥𝜇 − 𝑠 𝑗 (𝑥

𝜇)

1 − 𝑥𝛼
∨
𝑗

)
(2.40)

for 0 ≤ 𝑗 ≤ 𝑟 and 𝜇 ∈ 𝑄∨, with the W-action (2.32) on P .

Note that 𝑇𝑗 ∈ H× with inverse 𝑇−1
𝑗 = 𝑇𝑗 − 𝑘 𝑗 + 𝑘

−1
𝑗 by (2.39). Furthermore, note that

H(1, 𝑞) ∼−→ 𝑊 � P (2.41)

as algebras, with 1 the multiplicity function identically equal to 1 and the isomorphism given by𝑇𝑤 ↦→ 𝑤
(𝑤 ∈ 𝑊) and 𝑥𝜇 ↦→ 𝑥𝜇 (𝜇 ∈ 𝑄∨).

Remark 2.13. The cross relations (2.40) in H can alternatively be written as

𝑇𝑖𝑥
𝜇 − 𝑥𝑠𝑖𝜇𝑇𝑖 = (𝑘𝑖 − 𝑘−1

𝑖 )

(
1 − 𝑥−𝛼𝑖 (𝜇)𝛼

∨
𝑖

1 − 𝑥𝛼
∨
𝑖

)
𝑥𝜇 (1 ≤ 𝑖 ≤ 𝑟),

𝑇0𝑥
𝜇 − 𝑞

𝜑 (𝜇)
𝜑 𝑥𝑠𝜑𝜇𝑇0 = (𝑘0 − 𝑘−1

0 )

(
1 − (𝑞𝜑𝑥−𝜑

∨
)𝜑 (𝜇)

1 − 𝑞𝜑𝑥−𝜑
∨

)
𝑥𝜇

(2.42)

in view of (2.36).

For 𝑤 ∈ 𝑊 with reduced expression 𝑤 = 𝑠 𝑗1 · · · 𝑠 𝑗ℓ (0 ≤ 𝑗𝑖 ≤ ℓ), we write

𝑇𝑤 := 𝑇𝑗1 · · ·𝑇𝑗ℓ ∈ H,

which is independent of the choice of reduced expression, due to the braid relations (2.38). It follows
from (2.13) that there exists a unique group homomorphism

𝑄∨ → H×, 𝜇 ↦→ 𝑌 𝜇

such that

𝑌 𝜇 = 𝑇𝜏 (𝜇) ∀ 𝜇 ∈ 𝑄∨ ∩ 𝐸+. (2.43)

Let

𝜒± : Φ0 → {0, 1}

be the characteristic function of Φ±0 . Then we have

𝑌 𝑣
−1𝜑∨ = 𝑇−1

𝑣 𝑇
𝜒 (𝑣−1𝜑)

0 𝑇𝑠𝜑𝑣 (𝑣 ∈ 𝑊0), (2.44)

where

𝜒 := 𝜒+ − 𝜒− (2.45)

(see, for example, [29, (3.3.6)]). In particular,

𝑌 𝜑
∨

= 𝑇0𝑇𝑠𝜑 .

The Poincaré-Birkhoff-Witt (PBW) theorem [8, Thm. 3.2.1] for H states that

{𝑥𝜇𝑇𝑣𝑌
𝜈 | 𝑣 ∈ 𝑊0 & 𝜇, 𝜈 ∈ 𝑄∨}
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as well as {𝑥𝜇𝑇𝑤 | 𝜇 ∈ 𝑄∨, 𝑤 ∈ 𝑊} are linear F-linear bases of H. In particular, the subalgebra of H
spanned by 𝑥𝜇 (𝜇 ∈ 𝑄∨) is isomorphic to P , as is the subalgebra P𝑌 of H spanned by 𝑌 𝜇 (𝜇 ∈ 𝑄∨). For
𝑝 =
∑
𝜇∈𝑄∨ 𝑑𝜇𝑥

𝜇 ∈ P , we will write

𝑝(𝑌±1) :=
∑
𝜇∈𝑄∨

𝑑𝜇𝑌
±𝜇 ∈ P𝑌 .

The finite Hecke algebra 𝐻0 = 𝐻0(k) is the subalgebra of H generated by 𝑇1, . . . , 𝑇𝑟 . The finite
Hecke algebra 𝐻0 has {𝑇𝑣 | 𝑣 ∈ 𝑊0} as a F-linear basis. The defining relations in terms of 𝑇1, . . . , 𝑇𝑟
are the Hecke relations (2.39) and the braid relations (2.38) for 1 ≤ 𝑗 ≠ 𝑗 ′ ≤ 𝑟 .

The affine Hecke algebra 𝐻 = 𝐻 (k) is the subalgebra ofH generated by 𝑇0, . . . , 𝑇𝑟 . The affine Hecke
algebra H has {𝑇𝑤 | 𝑤 ∈ 𝑊} as a F-linear basis. The defining relations in terms of the generators
𝑇0, . . . , 𝑇𝑟 are the Hecke relations and the braid relations. Another F-linear basis of the affine Hecke
algebra H is {𝑇𝑣𝑌 𝜇 | 𝑣 ∈ 𝑊0 & 𝜇 ∈ 𝑄∨}. The defining relations of H in terms of the subalgebra 𝐻0
and P𝑌 are the Bernstein-Zelevinsky cross relations

𝑌 𝜇𝑇𝑖 − 𝑇𝑖𝑌
𝑠𝑖𝜇 = (𝑘𝑖 − 𝑘−1

𝑖 )

(
𝑌 𝜇 − 𝑌 𝑠𝑖𝜇

1 − 𝑌−𝛼∨𝑖

)
(2.46)

for 𝑖 = 1, . . . , 𝑟 and 𝜇 ∈ 𝑄∨; see [25].
The following theorem is due to Cherednik; see, for example, [8, §3.3.2].

Theorem 2.14. There exists a unique anti-algebra involution 𝛿 : H → H satisfying 𝛿(𝑌 𝜇) = 𝑥−𝜇

(𝜇 ∈ 𝑄∨) and 𝛿(𝑇𝑖) = 𝑇𝑖 (1 ≤ 𝑖 ≤ 𝑟).

We call 𝛿 the duality anti-involution of H. Note that

𝛿(𝑇0) = 𝑇−1
𝑠𝜑 𝑥

−𝜑∨ . (2.47)

It is sometimes convenient to rewrite 𝛿(𝑇0) in terms of the element

𝑈0 := 𝑞−1
𝜑 𝑥𝜑

∨

𝑇−1
0 = 𝑞−1

𝜑 𝑥𝜑
∨

𝑇𝑠𝜑𝑌
−𝜑∨ ∈ H, (2.48)

which satisfies

𝛿(𝑇−1
0 ) = 𝑞𝜑𝑈0𝑌

𝜑∨ , 𝛿(𝑇0) = 𝑌−𝜑
∨

𝑇0𝑥
−𝜑∨ (2.49)

and the Hecke relation (𝑈0 − 𝑘0) (𝑈0 + 𝑘
−1
0 ) = 0. The outer automorphism of H, defined as conjugation

by the Gaussian in the polynomial realisation of H, maps 𝑇0 to a scalar multiple of 𝑈−1
0 (see, for

example, [9]).

2.8. Intertwiners

We recall in this subsection well-known facts about Cheredniki’s X-intertwiners and Y-intertwiners for
the double affine Hecke algebra H; see, for example, [8, §3.3.3]. For 0 ≤ 𝑗 ≤ 𝑟 , write

𝑆𝑋𝑗 :=
(
𝑥𝛼
∨
𝑗 − 1

)
𝑇𝑗 + 𝑘 𝑗 − 𝑘−1

𝑗 ∈ H. (2.50)

The following theorem introduces the X-intertwiners 𝑆𝑋𝑤 ∈ H (𝑤 ∈ 𝑊).

Theorem 2.15. For 𝑤 ∈ 𝑊 , set

𝑆𝑋𝑤 := 𝑆𝑋𝑗1 · · · 𝑆
𝑋
𝑗ℓ
∈ H,
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where 𝑤 = 𝑠 𝑗1 · · · 𝑠 𝑗ℓ (0 ≤ 𝑗𝑖 ≤ 𝑟) is a reduced expression. Then 𝑆𝑋𝑤 is well defined and

𝑆𝑋𝑤 𝑝 = 𝑤(𝑝)𝑆𝑋𝑤 ,

𝑆𝑋
𝑤−1𝑆

𝑋
𝑤 =

∏
𝑎∈Π (𝑤)

(
𝑘−1
𝑎 − 𝑘𝑎𝑥

𝑎∨ ) (𝑘−1
𝑎 − 𝑘𝑎𝑥

−𝑎∨ ) (2.51)

in H for 𝑝 ∈ P and 𝑤 ∈ 𝑊 .

Let H𝑋−loc be the ring of fractions of H with respect to the multiplicative set P×. The canonical
algebra embedding P ↩→ H𝑋−loc extends to an algebra embedding Q ↩→ H𝑋−loc. Multiplication defines
a F-linear isomorphism

Q ⊗F 𝐻
∼
−→ H𝑋−loc. (2.52)

The cross relations in H𝑋−loc are

𝑇𝑗 𝑓 − 𝑠 𝑗 ( 𝑓 )𝑇𝑗 = (𝑘 𝑗 − 𝑘−1
𝑗 )

(
𝑓 − 𝑠 𝑗 ( 𝑓 )

1 − 𝑥𝛼
∨
𝑗

)
(2.53)

for 0 ≤ 𝑗 ≤ 𝑟 and 𝑓 ∈ Q. Set

𝑆𝑋𝑗 :=
1

𝑘 𝑗𝑥
𝛼∨𝑗 − 𝑘−1

𝑗

𝑆𝑋𝑗 =
��� 𝑥𝛼

∨
𝑗 − 1

𝑘 𝑗𝑥
𝛼∨𝑗 − 𝑘−1

𝑗

���𝑇𝑗 + ���
𝑘 𝑗 − 𝑘−1

𝑗

𝑘 𝑗𝑥
𝛼∨𝑗 − 𝑘−1

𝑗

��� ∈ H𝑋−loc (2.54)

for 0 ≤ 𝑗 ≤ 𝑟 . Then (𝑆𝑋𝑗 )
2 = 1 for 𝑗 = 0, . . . , 𝑟 . The normalised X-intertwiners 𝑆𝑋𝑤 ∈ H

𝑋−loc (𝑤 ∈ 𝑊)
are defined by

𝑆𝑋𝑤 := 𝑆𝑋𝑗1 · · · 𝑆
𝑋
𝑗ℓ
,

where 𝑤 = 𝑠 𝑗1 · · · 𝑠 𝑗ℓ may now be any expression of 𝑤 ∈ 𝑊 as product of simple reflections. Note that

𝑆𝑋𝑤 = 𝑆𝑋𝑤

∏
𝑎∈Π (𝑤)

(
1

𝑘𝑎𝑥−𝑎
∨
− 𝑘−1

𝑎

)
. (2.55)

The following result is from [41, §3.1].

Theorem 2.16. The assignment

𝑤 ⊗ 𝑓 ↦→ 𝑆𝑋𝑤 𝑓 (𝑤 ∈ 𝑊, 𝑓 ∈ Q)

defines an isomorphism � : 𝑊 �Q ∼
−→ H𝑋−loc of algebras.

Write H𝑌−loc for the ring of fractions of H with respect to the multiplicative set P×𝑌 . The duality
anti-involution 𝛿 extends to an algebra anti-isomorphism H𝑋−loc → H𝑌−loc, which we again denote by
𝛿. The Y-intertwiners are defined by

𝑆𝑌𝑗 := 𝛿(𝑆𝑋𝑗 ), 𝑆𝑌𝑤 := 𝛿(𝑆𝑋
𝑤−1 ),

and the normalised versions by 𝑆𝑌𝑗 := 𝛿(𝑆𝑋𝑗 ) and 𝑆𝑌𝑤 := 𝛿(𝑆𝑋
𝑤−1 ) for 0 ≤ 𝑗 ≤ 𝑟 and 𝑤 ∈ 𝑊 . Note that

𝑆𝑌𝑤 ∈ H and 𝑆𝑌𝑤 ∈ H
𝑌−loc. Furthermore,

𝑆𝑌𝑤 = 𝑆𝑌𝑗1𝑆
𝑌
𝑗2
· · · 𝑆𝑌𝑗ℓ
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if 𝑤 = 𝑠 𝑗1 · · · 𝑠 𝑗ℓ is a reduced expression of 𝑤 ∈ 𝑊 . The same holds true for 𝑆𝑌𝑤 (in this case, it holds
true for any expression 𝑤 = 𝑠 𝑗1 · · · 𝑠 𝑗ℓ as product of simple reflections). For later reference, we write out
explicitly some of the key formulas for the Y-intertwiners.

For 0 ≤ 𝑗 ≤ 𝑟 , we have

𝑆𝑌𝑗 = 𝛿(𝑇𝑗 )
(
(𝑌−1)𝛼

∨
𝑗 − 1

)
+ 𝑘 𝑗 − 𝑘−1

𝑗 . (2.56)

Note here that for 𝑗 = 0, we are evaluating the polynomial 𝑥𝛼∨0 = 𝑞𝜑𝑥
−𝜑∨ in 𝑌−1, so that (𝑌−1)𝛼

∨
0 =

𝑞𝜑𝑌
𝜑∨ (which is not equal to 𝑌−𝛼

∨
0 = 𝑞−1

𝜑 𝑌 𝜑
∨ ). The Hecke relations (2.39) provide the alternative

expression

𝑆𝑌𝑗 = 𝛿(𝑇−1
𝑗 )
(
(𝑌−1)𝛼

∨
𝑗 − 1

)
+ (𝑘 𝑗 − 𝑘−1

𝑗 ) (𝑌
−1)𝛼

∨
𝑗 . (2.57)

An expression for 𝑆0 in terms of 𝑈0 is

𝑆𝑌0 =
(
𝑈0 (𝑞𝜑𝑌

𝜑∨ − 1) + 𝑘0 − 𝑘−1
0
)
𝑞𝜑𝑌

𝜑∨ . (2.58)

For 𝑝 ∈ P and 𝑤 ∈ 𝑊 , we have

𝑆𝑌𝑤 𝑝(𝑌−1) = 𝑤(𝑝) (𝑌−1)𝑆𝑌𝑤 ,

𝑆𝑌
𝑤−1𝑆

𝑌
𝑤 =

∏
𝑎∈Π (𝑤)

(
𝑘−1
𝑎 − 𝑘𝑎 (𝑌

−1)𝑎
∨ ) (

𝑘−1
𝑎 − 𝑘𝑎 (𝑌

−1)−𝑎
∨ ) (2.59)

in H. Finally, we have

𝑆𝑌𝑤 = 𝑆𝑌𝑤

∏
𝑎∈Π (𝑤)

(
1

𝑘𝑎 (𝑌−1)𝑎
∨
− 𝑘−1

𝑎

)
(2.60)

for 𝑤 ∈ 𝑊 .

3. Y-parabolically induced cyclic H-modules

Throughout this section, we fix a lattice Λ ∈ L. As before (see Subsection 2.6), we will omit Λ from the
notations when Λ = 𝑄∨.

3.1. Induction parameters

Definition 3.1. For 𝐽 � [0, 𝑟], write

𝑇Λ,𝐽 := {𝔱 ∈ 𝑇Λ | 𝔱𝛼
∨
𝑗 = 1 ∀ 𝑗 ∈ 𝐽},

𝑇 red
Λ,𝐽 := {𝔱 ∈ 𝑇Λ | 𝔱𝐷𝛼

∨
𝑗 = 1 ∀ 𝑗 ∈ 𝐽}.

(3.1)

Note that 𝑇 red
Λ,𝐽 ⊆ 𝑇Λ is a subtorus. Furthermore, 𝑇Λ,𝐼 = 𝑇 red

Λ,𝐼 if 𝐼 ⊆ [1, 𝑟], and 𝑇[1,𝑟 ] = 𝑇 red
[1,𝑟 ] = {1𝑇 }

with 1𝑇 the neutral element of 𝑇 = 𝑇𝑄∨ . If 𝑇Λ,𝐽 ≠ ∅, then 𝑇Λ,𝐽 is a 𝑇 red
Λ,𝐽 -coset since

(𝑡𝑡 ′)𝑎
∨

= 𝑡𝑎
∨

𝑡 ′𝐷𝑎
∨

for 𝑡, 𝑡 ′ ∈ 𝑇Λ and 𝑎 ∈ Φ. In the following lemma, we provide a natural, mild condition on 𝑞 ∈ F ensuring
that 𝑇𝐽 ≠ ∅ for all 𝐽 � [0, 𝑟].

Let h be the Coxeter number of 𝑊0 – that is, h is the order of 𝑠1𝑠2 · · · 𝑠𝑟 in 𝑊0 (see, for example, [21,
Chpt. 3] and [40]).
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Lemma 3.2. 𝑇𝐽 ≠ ∅ for all 𝐽 � [0, 𝑟] if q has a (2ℎ)𝑡ℎ root in F.
Proof. It 𝐼 ⊆ [1, 𝑟], then 𝑇𝐼 ≠ ∅ without restrictions on q since 𝑇𝐼 contains 1𝑇 .

Fix now a subset 𝐽 � [0, 𝑟] containing 0. Write 𝐽0 := [1, 𝑟] ∩ 𝐽, which is a proper subset of [1, 𝑟].
For 𝔱 ∈ 𝑇 , write 𝑐𝑖 := 𝔱𝛼

∨
𝑖 (𝑖 ∈ [1, 𝑟]). Then 𝔱 ∈ 𝑇𝐽 iff 𝑐𝑖 = 1 for 𝑖 ∈ 𝐽0 and∏

𝑖∈[1,𝑟 ]\𝐽0

𝑐𝑚𝑖𝑖 = 𝑞𝜑 , (3.2)

where 𝑚𝑖 ∈ Z>0 are the coefficients in the expansion 𝜑∨ =
∑𝑟
𝑖=1 𝑚𝑖𝛼

∨
𝑖 of 𝜑∨ in simple co-roots. It thus

remains to show that there exists 𝑐𝑖 ∈ F (𝑖 ∈ [1, 𝑟] \ 𝐽0) satisfying (3.2) when q has a (2ℎ)𝑡ℎ root in F.
It is clear from (3.2) that such 𝑐𝑖 exists if 𝑞𝜑 has a 𝑚𝑡ℎℓ root in F for all ℓ ∈ [1, 𝑟]. Since 𝑞𝜑 is an

integer power of q (due to our choice of normalisation of the root lengths; cf. Subsection 2.1), this is the
case when q has a 𝑚(𝜑)𝑡ℎ root in F, where

𝑚(𝜑) := lcm(𝑚𝑖).

By direct inspection using Table 2 of [20, §12], we have 𝑚(𝜑) = 1 for types A𝑟 and B𝑟 , 𝑚(𝜑) = 2 for
types C𝑟 , D𝑟 and G2, 𝑚(𝜑) = 6 for types E6 and F4, 𝑚(𝜑) = 12 for type E7 and 𝑚(𝜑) = 60 for type E8.
Comparing with the Coxeter numbers, which are explicitly listed in [21, §3.18, Table 2], one checks by
direct inspection that

𝑚(𝜑) |2ℎ. (3.3)

Hence, 𝑇𝐽 ≠ ∅ if q has a (2ℎ)𝑡ℎ root in F. �

Let 𝑊 red
𝐽 ⊆ 𝑊0 be the image of the parabolic subgroup 𝑊𝐽 ⊆ 𝑊 under the group epimorphism

𝐷 : 𝑊 � 𝑊0. We then have

𝑇Λ,𝐽 ⊆ 𝑇𝑊𝐽

Λ , 𝑇 red
Λ,𝐽 ⊆ 𝑇

𝑊 red
𝐽

Λ . (3.4)

Here, 𝑇𝐺Λ ⊆ 𝑇Λ, for a subgroup 𝐺 ⊆ 𝑊 , denotes the set of G-fixed elements in 𝑇Λ. By (2.37), the
inclusions (3.4) are equalities if 𝐷𝛼 𝑗 (Λ) = Z for all 𝑗 ∈ 𝐽.

Note that 𝑇Λ,𝐽 is a 𝑇Λ, [1,𝑟 ]-subset of 𝑇Λ for all 𝐽 � [0, 𝑟], since 𝑇Λ, [1,𝑟 ] = 𝑇 red
Λ, [1,𝑟 ] . Write

𝑇Λ := {𝑠̃ ∈ 𝑇Λ | 𝑠̃ |Λ∩𝐸co ≡ 1}, 𝑇Λ,𝐽 := 𝑇Λ,𝐽 ∩ 𝑇Λ, (3.5)

which are 𝑇Λ, [1,𝑟 ]-subsets of 𝑇Λ. The following lemma, which explains how characters 𝑡 ∈ 𝑇𝐽 can be
lifted to 𝑇Λ, will be useful when we discuss the quasi-polynomial representation for extended double
affine Hecke algebras in Section 7.

Lemma 3.3. Let 𝐽 � [0, 𝑟].

1. We have injective maps

𝑇Λ,𝐽 /𝑇Λ, [1,𝑟 ] ↩→ 𝑇𝐽 , 𝑇Λ,𝐽 /𝑇Λ, [1,𝑟 ] ↩→ 𝑇𝐽

defined by 𝑠𝑇Λ, [1,𝑟 ] ↦→ 𝑠 |𝑄∨ and 𝑠𝑇Λ, [1,𝑟 ] ↦→ 𝑠 |𝑄∨ , respectively.
2. The maps in (1) are bijective if the restriction map 𝑇pr𝐸′ (Λ) ,𝐽 → 𝑇𝐽 , 𝑠 ↦→ 𝑠 |𝑄∨ is surjective.

The condition in (2) is, for instance, met when F is algebraically closed.

Proof.
(1) This is clear.

(2) For 𝑠 ∈ 𝑇pr𝐸′ (Λ) , define 𝑠̃ ∈ 𝑇Λ by

𝑠̃ 𝜆 := 𝑠 pr𝐸′ (𝜆) (𝜆 ∈ Λ). (3.6)
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It gives rise to a bijective map

𝑇pr𝐸′ (Λ) ,𝐽
∼
−→ 𝑇Λ,𝐽 , 𝑠 ↦→ 𝑠̃ (3.7)

satisfying 𝑠 |𝑄∨ = 𝑠̃ |𝑄∨ for all 𝑠 ∈ 𝑇pr𝐸′ (Λ) ,𝐽 ; cf. Corollary 2.9. Combined with the assumption that
the restriction map 𝑇pr𝐸′ (Λ) ,𝐽 → 𝑇𝐽 , 𝑠 ↦→ 𝑠 |𝑄∨ is surjective, we conclude that the maps in (1) are
surjective. �

The following subsets of 𝑇Λ will serve as induction parameters for a class of cyclic double affine
Hecke algebra modules, to be defined shortly.
Definition 3.4. For 𝐽 � [0, 𝑟], we set

𝐿Λ,𝐽 := {𝑡 ∈ 𝑇Λ | 𝑡𝛼
∨
𝑗 = 𝑘−2

𝑗 ∀ 𝑗 ∈ 𝐽}. (3.8)

Note that the condition 𝑡𝛼
∨
0 = 𝑘−2

0 reduces to 𝑡𝜑
∨
= 𝑞𝜑𝑘

2
𝜑 .

We next construct an explicit base element 𝔰𝐽 ∈ 𝑇𝑃∨ such that

𝐿Λ,𝐽 = 𝔰𝐽𝑇Λ,𝐽

in 𝑇Λ, where 𝔰𝐽 is regarded as multiplicative character of Λ via Corollary 2.9.
The image 𝛼(𝐶𝐽 ) of the restriction of the root 𝛼 ∈ Φ+0 to the face 𝐶𝐽 is either {0}, {1}, or it is

contained in the open interval (0, 1) (see the proof of Lemma 2.5). We record these three cases by the
indicator function

𝜂𝐽 (𝛼) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−1 if 𝛼(𝐶𝐽 ) = {0},
0 if 𝛼(𝐶𝐽 ) ⊆ (0, 1),
1 if 𝛼(𝐶𝐽 ) = {1}.

(3.9)

It can be alternatively described as follows. Set

𝐽0 := [1, 𝑟] ∩ 𝐽, (3.10)

and denote by Φ0,𝐽0 ⊆ Φ0 the parabolic root subsystem with basis {𝛼𝑖}𝑖∈𝐽0 . Write Φ+0,𝐽0
:= Φ+0 ∩Φ0,𝐽0 .

For 𝛼 ∈ Φ+0 , denote by 𝑛𝑖 (𝛼) (1 ≤ 𝑖 ≤ 𝑟) the nonnegative integers such that 𝛼 =
∑𝑟
𝑖=1 𝑛𝑖 (𝛼)𝛼𝑖 .

Lemma 3.5. For 𝐽 � [0, 𝑟], we have

𝜂𝐽 (𝛼) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−1 if 𝛼 ∈ Φ+0,𝐽0

,

0 if 𝛼 ∈ Φ+0 \ (Φ
+,𝐽
0 ∪Φ+0,𝐽0

),

1 if 𝛼 ∈ Φ+,𝐽0 ,

where

Φ+,𝐽0 :=

{
{𝛼 ∈ Φ+0 | 𝑛𝑖 (𝛼) = 𝑛𝑖 (𝜑) ∀ 𝑖 ∈ [1, 𝑟] \ 𝐽0} if 0 ∈ 𝐽,

∅ if 0 ∉ 𝐽.
(3.11)

Proof. This is similar to the proof of Lemma 2.5. �

Definition 3.6. For Λ ∈ L and 𝐽 � [0, 𝑟], define the base-point 𝔰𝐽 ∈ 𝑇Λ by

𝔰𝐽 :=
∏
𝛼∈Φ+0

𝑘
𝜂𝐽 (𝛼)𝛼
𝛼 (3.12)

(i.e., 𝔰𝐽 is the multiplicative character mapping 𝜆 ∈ Λ to
∏
𝛼∈Φ+0

𝑘
𝜂𝐽 (𝛼)𝛼(𝜆)
𝛼 ).
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Special cases are

𝔰 [1,𝑟 ] =
∏
𝛼∈Φ+0

𝑘−𝛼𝛼 , 𝔰{0} = 𝑘
𝜑
𝜑 , 𝔰∅ = 1𝑇Λ ,

with 1𝑇Λ the neutral element of 𝑇Λ. Note that 𝔰𝐽 |Λ = 𝑗Λ (𝔰𝐽 |𝑃∨) ∈ 𝑇Λ since 𝔰𝐽 maps pr𝐸co (Λ) to 1.

Proposition 3.7. For 𝐽 � [0, 𝑟], we have

𝔰
𝐷𝛼∨𝑗
𝐽 = 𝑘−2

𝑗 ∀ 𝑗 ∈ 𝐽.

In particular, 𝐿Λ,𝐽 = 𝔰𝐽𝑇Λ,𝐽 in 𝑇Λ for all Λ ∈ L.

Proof. Let 𝑖 ∈ 𝐽0. Since 𝑠𝑖𝐶
𝐽 = 𝐶𝐽 , we have 𝜂𝐽 (𝑠𝑖𝛼) = 𝜂𝐽 (𝛼) for all 𝛼 ∈ Φ+0 \ {𝛼𝑖}. Furthermore,

𝜂𝐽 (𝛼𝑖) = −1, and hence,

𝑠𝑖𝔰𝐽 = 𝑘
−𝜂𝐽 (𝛼𝑖)𝛼𝑖
𝑖

∏
𝛼∈Φ+0\{𝛼𝑖 }

𝑘
𝜂𝐽 (𝛼)𝑠𝑖𝛼
𝛼 = 𝑘2𝛼𝑖

𝑖 𝔰𝐽 .

By (2.37), we conclude that 𝔰𝛼
∨
𝑖

𝐽 = 𝑘−2
𝑖 .

Assume now that 0 ∈ 𝐽. It then remains to show that 𝔰𝜑
∨

𝐽 = 𝑘2
𝜑 . By (2.18), we have

𝑠𝜑𝔰𝐽 = 𝑘
−2𝜂𝐽 (𝜑)𝜑
𝜑

���
∏

𝛼∈Φ+0 : 𝛼(𝜑∨)=1
𝑘
−𝜂𝐽 (𝛼)
𝛼

���
𝜑

𝔰𝐽 .

Clearly, 𝜂𝐽 (𝜑) = 1, and the 2-group 〈−𝑠𝜑〉 acts freely on {𝛼 ∈ Φ+0 | 𝛼(𝜑
∨) = 1} since Φ0 is reduced.

Let Z be a complete set of representatives of the 〈−𝑠𝜑〉-orbits in {𝛼 ∈ Φ+0 | 𝛼(𝜑
∨) = 1}. Then we

conclude that

𝑠𝜑𝔰𝐽 = 𝑘
−2𝜑
𝜑

(∏
𝛼∈𝑍

𝑘
−(𝜂𝐽 (𝛼)+𝜂𝐽 (−𝛼+𝜑))
𝛼

) 𝜑
𝔰𝐽 .

But for 𝛼 ∈ 𝑍 , we have 𝜂𝐽 (−𝛼 + 𝜑) = −𝜂𝐽 (𝛼) (cf. Lemma 3.5); hence, 𝑠𝜑𝔰𝐽 = 𝑘
−2𝜑
𝜑 𝔰𝐽 . By (2.37), we

then have 𝔰𝜑
∨

𝐽 = 𝑘2
𝜑 , which completes the proof of the proposition. �

3.2. The H-moduleM𝐽𝑡
We introduce a family of H-modules, obtained by induction from one-dimensional representations of
Y-parabolic subalgebras.

Definition 3.8. Let 𝐽 � [0, 𝑟].

1. The X-parabolic subalgebra H𝑋𝐽 ⊆ H is the unital subalgebra generated by 𝑇𝑗 ( 𝑗 ∈ 𝐽) and P .
2. The Y-parabolic subalgebra H𝑌𝐽 ⊆ H is the image of H𝑋𝐽 under the duality anti-involution 𝛿.

Concretely, H𝑌𝐽 ⊆ H is the unital subalgebra generated by 𝛿(𝑇𝑗 ) ( 𝑗 ∈ 𝐽) and P𝑌 . For 𝑖 ∈ 𝐽0, the
generator 𝛿(𝑇𝑖) is simply 𝑇𝑖 . If 0 ∈ 𝐽, then the algebraic generator 𝛿(𝑇0) = 𝑌−𝜑

∨
𝑇0𝑥
−𝜑∨ of H𝑌𝐽 may be

replaced by 𝑈0, since 𝑌 𝜑∨ ∈ H𝑌𝐽 .

Lemma 3.9. For 𝑡 ∈ 𝐿𝐽 , there exists a unique algebra homomorphism 𝜒𝑋𝐽 ,𝑡 : H𝑋𝐽 → F satisfying
𝜒𝑋𝐽 ,𝑡 (𝑝) = 𝑝(𝑡) (𝑝 ∈ P) and 𝜒𝑋𝐽 ,𝑡 (𝑇𝑗 ) = 𝑘 𝑗 ( 𝑗 ∈ 𝐽).
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Proof. Let 𝐻𝐽 ⊆ 𝐻 be the parabolic sub-algebra generated by 𝑇𝑗 ( 𝑗 ∈ 𝐽). A presentation ofH𝑋𝐽 in terms
of P and 𝐻𝐽 is given by Definition 2.12, with the indices j and 𝑗 ′ now taken from the subset J.

The assignment 𝑇𝑗 ↦→ 𝑘 𝑗 ( 𝑗 ∈ 𝐽) defines the trivial one-dimensional representation of 𝐻𝐽 . To show
that it extends to a well-defined algebra map 𝜒𝑋𝐽 ,𝑡 : H𝑋𝐽 → F satisfying 𝜒𝑋𝐽 ,𝑡 (𝑝) := 𝑝(𝑡) (𝑝 ∈ P), it
suffices to show that the cross relations (2.40) for 𝑝 ∈ P and 𝑗 ∈ 𝐽 are respected by 𝜒𝑋𝐽 ,𝑡 .

If 𝑗 ∈ 𝐽 and 𝑘2
𝑗 = 1, then 𝑡 ∈ 𝐿𝐽 implies 𝑡𝛼

∨
𝑗 = 1; hence, 𝑠 𝑗 𝑡 = 𝑡. In this case, the cross relation (2.40)

reduces to 𝑇𝑗 𝑝 = 𝑠 𝑗 (𝑝)𝑇𝑗 , which is clearly respected by 𝜒𝑋𝐽 ,𝑡 .
If 𝑗 ∈ 𝐽 and 𝑘2

𝑗 ≠ 1, then 𝑡𝛼
∨
𝑗 = 𝑘−2

𝑗 ≠ 1, and a direct computation shows that 𝜒𝑋𝐽 ,𝑡 respects the cross
relation (2.40). �

Corollary 3.10. For 𝑡 ∈ 𝐿𝐽 , there exists a unique algebra map 𝜒𝐽 ,𝑡 : H𝑌𝐽 → F satisfying

𝜒𝐽 ,𝑡 (𝑝(𝑌 )) = 𝑝(𝑡−1) (𝑝 ∈ P),
𝜒𝐽 ,𝑡 (𝑇𝑖) = 𝑘𝑖 (𝑖 ∈ 𝐽0),

𝜒𝐽 ,𝑡 (𝑇0𝑥
−𝜑∨) = 𝑘𝜑𝑡

−𝜑∨ if 0 ∈ 𝐽.

(3.13)

Proof. Composing the anti-algebra isomorphism 𝛿 |H𝑌𝐽
: H𝑌𝐽

∼
−→ H𝑋𝐽 with 𝜒𝑋𝐽 ,𝑡 : H𝑋𝐽 → F gives a

well-defined algebra map

𝜒𝐽 ,𝑡 := 𝜒𝑋𝐽 ,𝑡 ◦ 𝛿 |H𝑌𝐽
: H𝑌𝐽 → F. (3.14)

A direct check shows that 𝜒𝐽 ,𝑡 satisfies (3.13). �

Write

F𝐽 ,𝑡 = F1𝐽 ,𝑡

for the one-dimensional H𝑌𝐽 -module with representation map 𝜒𝐽 ,𝑡 .
Definition 3.11. We call

M𝐽𝑡 := H ⊗H𝑌𝐽 F𝐽 ,𝑡

the Y-parabolically induced cyclic H-module relative to 𝐽 � [0, 𝑟] and 𝑡 ∈ 𝐿𝐽 .
Write

𝑚𝐽𝑡 := 1 ⊗H𝑌𝐽 1𝐽 ,𝑡 ∈ M𝐽𝑡 .

It is a cyclic vector ofM𝐽𝑡 , and

ℎ𝑚𝐽𝑡 = 𝜒𝐽 ,𝑡 (ℎ)𝑚
𝐽
𝑡 ∀ ℎ ∈ H𝑌𝐽 .

In particular, 𝑝(𝑌 )𝑚𝐽𝑡 = 𝑝(𝑡−1)𝑚𝐽𝑡 for all 𝑝 ∈ P . In Cherednik’s terminology [8, §3.6],M𝐽𝑡 is a Y-cyclic
H-module, and the H-moduleM∅𝑡 (𝑡 ∈ 𝑇) is the universal Y-cyclic H-module I𝑌 [𝑡−1] from [8, §3.6.1].
See [45] for a geometric approach to the representation theory of H.
Remark 3.12.
1. For 𝑡 ∈ 𝑇 , write

𝐽 (𝑡) := { 𝑗 ∈ [0, 𝑟] | 𝑡𝛼
∨
𝑗 = 𝑘−2

𝑗 }. (3.15)

Then 𝐿𝐽 =
⊔
𝐽 ′ ⊇𝐽 𝐿

𝐽 ′ (disjoint union) with

𝐿𝐽
′

:= {𝑡 ∈ 𝑇 | 𝐽 (𝑡) = 𝐽 ′}.
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If 𝑡 ′ ∈ 𝐿𝐽
′ and 𝐽 ′ ⊇ 𝐽, then 𝑀 𝐽 ′

𝑡′ is a quotient of 𝑀 𝐽
𝑡′ . In Theorem 6.15, we will show that 𝑀 𝐽

𝑡 is
a simple H-module for generic 𝑡 ∈ 𝐿𝐽 .

2. The H-representations M𝐼𝑡 (𝐼 ⊆ [1, 𝑟] & 𝑡 ∈ 𝐿𝐼 ) are analogues of the so-called standard modules
𝑀 (𝜆,Triv) of the rational Cherednik algebra, as defined in [1]. Here, 𝜆 ∈ 𝔥∗ with 𝔥 := 𝐸 ⊗R C, and
Triv is the trivial representation of 𝑊0,𝜆, with 𝑊0,𝜆 ⊆ 𝑊0 the stabiliser subgroup of 𝜆.

The‘Fourier dual’ ofM𝐽𝑡 (𝑡 ∈ 𝐿𝐽 ) is the X-parabolically induced cyclic H-module

𝑋M𝐽𝑡 := H ⊗H𝑋𝐽 F𝑋𝐽 ,𝑡 ,

with F𝑋𝐽 ,𝑡 the one-dimensional H𝑋𝐽 -module with representation map 𝜒𝑋𝐽 ,𝑡 .

Remark 3.13. The following explicit realisations of the Y-parabolically and X-parabolically induced
H-modules are known:

1. Cherednik’s [8] polynomial representation 𝜋 : H→ End(P), defined in terms of Demazure-Lusztig
operators (see (4.8)). It is isomorphic toM[1,𝑟 ]𝑡sph

with

𝑡sph := 𝔰 [1,𝑟 ] =
∏
𝛼∈Φ+0

𝑘−𝛼𝛼 ∈ 𝐿 [1,𝑟 ] . (3.16)

Under suitable generic conditions on q and k, nonsymmetric Macdonald polynomials provide the
simultaneous eigenfunctions of the commuting Cherednik operators 𝜋(𝑌 𝜇) (𝜇 ∈ 𝑄∨).

2. Analytic realisation of the universal Y-cyclic H-module M∅𝑡 for generic 𝑡 ∈ 𝑇 . In this case, F = C
and 0 < 𝑘𝑎, 𝑞 < 1, and M∅𝑡 is realised as subrepresentation of the space M(𝑇) of meromorphic
functions on the complex torus T, with the action again defined by Demazure-Lusztig operators. The
cyclic vectors 𝑚∅𝑡 are E (·, 𝑤0𝑡) with E Cherednik’s [10] global spherical function E ∈ M(𝑇 × 𝑇),
also known as the basic hypergeometric function [43, Thm. 2.13]. The simultaneous eigenfunctions
for the action of the commuting Cherednik operators on M(𝑇) are of the form E (·, 𝑡 ′) for appropriate
𝑡 ′ ∈ 𝑇 .

3. Cherednik’s realisation of 𝑋M𝐽𝑡 for generic 𝑡 ∈ 𝐿𝐽 on the space of finitely supported F-valued
functions on𝑊/𝑊𝐽 , with the action defined in terms of discrete Demazure-Lusztig type operators [8,
§3.4.2]. The delta-functions are the simultaneous eigenfunctions for the action of the multiplication
operators 𝑥𝜇 (𝜇 ∈ 𝑄∨).

In the following section, we realise the Y-parabolically induced H-modules M𝐽𝑡 (𝑡 ∈ 𝐿𝐽 ) on spaces
of quasi-polynomials. The resulting simultaneous eigenfunctions for the action of 𝑌 𝜇 (𝜇 ∈ 𝑄∨) become
quasi-polynomial generalisations of the nonsymmetric Macdonald polynomials.

Lemma 3.14. For 𝑡 ∈ 𝐿𝐽 , set

𝑚𝐽𝑤 ;𝑡 := 𝛿(𝑇𝑤−1 ) 𝑚𝐽𝑡 ∈ M
𝐽
𝑡 (𝑤 ∈ 𝑊 𝐽 ). (3.17)

Then {𝑚𝐽𝑤 ;𝑡 | 𝑤 ∈ 𝑊
𝐽 } is a basis ofM𝐽𝑡 .

Proof. The Poincaré-Birkhoff-Witt Theorem for H implies that H is a free left H𝑋𝐽 -module with basis
{𝑇𝑤−1 | 𝑤 ∈ 𝑊 𝐽 }. Now apply the anti-involution 𝛿 and recall that H𝑌𝐽 = 𝛿(H𝑋𝐽 ). �

Lemma 3.15. For 𝜇 ∈ 𝑄∨ ∩ 𝐸− and 𝑣 ∈ 𝑊0 such that 𝜏(𝜇)𝑣 ∈ 𝑊 𝐽 , we have

𝑚𝐽𝜏 (𝜇)𝑣;𝑡 = 𝑥𝜇𝑇𝑣𝑚
𝐽
𝑡 .

Proof. By (2.16) and (2.17), we have

𝑚𝐽𝜏 (𝜇)𝑣;𝑡 = 𝛿(𝑇𝑣−1𝑇𝜏 (−𝜇) )𝑚
𝐽
𝑡 .
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But −𝜇 ∈ 𝑄∨ ∩ 𝐸+; hence, 𝑇𝜏 (−𝜇) = 𝑌−𝜇 by (2.43). Consequently,

𝑚𝐽𝜏 (𝜇)𝑣;𝑡 = 𝛿(𝑌−𝜇)𝛿(𝑇𝑣−1)𝑚𝐽𝑡 = 𝑥𝜇𝑇𝑣𝑚
𝐽
𝑡 .

�

Remark 3.16. For 𝑤 ∈ 𝑊 , write 𝜇𝑤 ∈ 𝑄∨ and 𝑣𝑤 ∈ 𝑊0 such that 𝑤 = 𝜏(𝜇𝑤 )𝑣𝑤 . We will prove in
Theorem 4.5(3) that {𝑥𝜇𝑤𝑇𝑣𝑤𝑚𝐽𝑡 | 𝑤 ∈ 𝑊 𝐽 } is also a basis ofM𝐽𝑡 . The quasi-polynomial realisation of
M𝐽𝑡 (Theorem 4.5) provides an explicit description of theH-action on the basis {𝑥𝜇𝑤𝑇𝑣𝑤𝑚𝐽𝑡 | 𝑤 ∈ 𝑊 𝐽 }

ofM𝐽𝑡 , with the action described in terms of truncated Demazure-Lusztig operators.

4. Quasi-polynomial and quasi-rational representations

Let 𝑐 ∈ 𝐸 be an element lying in the face 𝐶𝐽 of 𝐶+. In this section, we will give explicit realisations of
the H-modulesM𝐽𝑡 (𝑡 ∈ 𝐿𝐽 ) on the space of quasi-polynomials with exponents in the affine Weyl group
orbit O𝑐 . By localisation, we also obtain nontrivial families of W-actions on spaces of quasi-rational
functions.

4.1. Spaces of quasi-polynomials

The group algebra F[𝐸] contains PΛ as sub-algebra for all Λ ∈ L. The formula 𝑣(𝑥𝑦) := 𝑥𝑣𝑦 (𝑣 ∈ 𝑊0,
𝑦 ∈ 𝐸) defines a 𝑊0-action on F[𝐸] by algebra automorphisms, which is compatible with the 𝑊0-action
on PΛ. We write

𝑥 (𝑦,ℓ) := 𝑞ℓ𝑥𝑦 ∈ F[𝐸] (𝑦, ℓ) ∈ 𝐸 × Z.

For 𝑐 ∈ 𝐶+, write

P (𝑐) :=
⊕
𝑦∈O𝑐

F𝑥𝑦 .

We call P (𝑐) the space of quasi-polynomials with exponents in O𝑐 .

Definition 4.1. Let Λ ∈ L, 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇Λ,𝐽 . For 𝑦 ∈ O𝑐 , define

𝔱𝑦 := 𝑤𝑦𝔱 ∈ 𝑇Λ. (4.1)

Note that

𝔱𝑤𝑦 = 𝑤𝔱𝑦 (𝑤 ∈ 𝑊, 𝑦 ∈ O𝑐)

since 𝑊 𝐽 = {𝑤𝑦}𝑦∈O𝑐 and 𝔱 ∈ 𝑇𝐽 ⊆ 𝑇𝑊𝐽 . In particular,

𝔱𝑦+𝜇 = 𝑞𝜇𝔱𝑦 (𝑦 ∈ O𝑐 , 𝜇 ∈ 𝑄∨). (4.2)

In the following lemma, we identify 𝑊 � P with H(1, 𝑞) by the isomorphism (2.41).

Lemma 4.2. For 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 , the formulas 𝐾𝔱𝑥
𝑦 := 𝑞𝑥𝑦 and

𝑣𝔱𝑥
𝑦 := 𝑥𝑣𝑦 , 𝜏(𝜇)𝔱𝑥

𝑦 := 𝔱−𝜇𝑦 𝑥𝑦 , 𝜈𝔱 (𝑥
𝑦) := 𝑥𝑦+𝜈 (𝑣 ∈ 𝑊0, 𝜇, 𝜈 ∈ 𝑄

∨) (4.3)

for 𝑦 ∈ O𝑐 define a F-linear W-action on P (𝑐) . The resulting F[W]-action on P (𝑐) descends to an
action of 𝑊 � P via the isomorphism (2.33). Furthermore,

M𝐽𝔱
∼
−→ (P (𝑐) , ·𝔱) as modules over H(1, 𝑞) 
 𝑊 � P

with the isomorphism defined by (𝑥𝜇𝑣)𝑚𝐽𝔱 ↦→ 𝑥𝜇+𝑣𝑐 (𝜇 ∈ 𝑄∨, 𝑣 ∈ 𝑊0).
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Proof. It is a direct check that (4.3) defines a W-action on P (𝑐) . For the last statement, note that
𝜏(𝜇)𝔱𝑥

𝑐 = 𝔱−𝜇𝑥𝑐 for all 𝜇 ∈ 𝑄∨, and for 𝑖 ∈ 𝐽0 (see (3.10)),

𝛿(𝑠𝑖)𝔱𝑥
𝑐 = 𝑠𝑖,𝔱𝑥

𝑐 = 𝑥𝑠𝑖𝑐 = 𝑥𝑐 .

If 0 ∈ 𝐽, then 𝑐 = 𝑠0𝑐 = 𝑠𝜑𝑐 + 𝜑
∨ and 𝛿(𝑠0) = 𝜑∨𝑠𝜑 ∈ W; hence,

𝛿(𝑠0)𝔱𝑥
𝑐 = (𝜑∨)𝔱𝑥

𝑠𝜑𝑐 = 𝑥𝑠𝜑𝑐+𝜑
∨

= 𝑥𝑐 .

Hence, there exists a unique morphismM𝐽𝔱 → (P (𝑐) , ·𝔱) of 𝑊 �P-modules satisfying 𝑚𝐽𝔱 ↦→ 𝑥𝑐 . Then
(𝑥𝜇𝑣)𝑚𝐽𝔱 maps to (𝜇𝑣)𝔱𝑥𝑐 = 𝑥𝜇+𝑣𝑐 for 𝜇 ∈ 𝑄∨ and 𝑣 ∈ 𝑊0. �

In the special case 𝑐 = 0, we necessarily have 𝔱 = 1𝑇 . In this case, the 𝑊 � P-action on P (0) = P
reduces to the action introduced in Subsection 2.6,

𝑤1𝑇 𝑥
𝜇 = 𝑤(𝑥𝜇) (𝑤 ∈ 𝑊, 𝜇 ∈ 𝑄∨).

Note that formula (2.36) generalises to

𝑠𝑎,𝔱𝑥
𝑦 = 𝔱−ℓ𝛼

∨

𝑦 𝑥𝑠𝛼𝑦 (𝑎 = (𝛼, ℓ) ∈ Φ, 𝑦 ∈ O𝑐). (4.4)

In particular, 𝑠0,𝔱𝑥
𝑦 = 𝔱𝜑

∨

𝑦 𝑥𝑠𝜑 𝑦 for 𝑦 ∈ O𝑐 .
The natural extension of formula (2.31) to the present context is as follows.

Lemma 4.3. Let 𝑐 ∈ 𝐶𝐽 , 𝔱 ∈ 𝑇𝐽 , 𝑦 ∈ O𝑐 and 𝑎 ∈ Φ such that 𝑎(𝑦) ∈ Z. Then

1. 𝔱𝐷𝑎
∨

𝑦 = 𝑞
𝐷𝑎 (𝑦)
𝐷𝑎 ,

2. 𝑠𝑎,𝔱𝑥
𝑦 = 𝑥𝑦−𝐷𝑎 (𝑦)𝑎

∨ .

Proof. Write 𝛼 := 𝐷𝑎 ∈ Φ0 and 𝑛 := 𝛼(𝑦) ∈ Z. The affine root 𝑏 := 𝑤−1
𝑦 (𝛼,−𝑛) ∈ Φ satisfies

𝑏(𝑐𝑦) = 0. Since 𝑐𝑦 ∈ 𝐶𝐽 , we conclude that 𝑏 ∈ Φ𝐽 . Note that {𝛼∨0 , . . . , 𝛼
∨
𝑟 } is a basis for the affine

coroot system Φ∨; hence, the coroot 𝑏∨ lies in
⊕

𝑗∈𝐽 Z𝛼
∨
𝑗 , and hence, 𝔱𝑏∨ = 1. Then

1 = 𝔱𝑏
∨

= (𝑤𝑦𝔱)
(𝛼,−𝑛)∨ = 𝑞−𝑛𝛼 𝔱𝛼

∨

𝑦 ,

where the second equality follows from (2.31). Hence, 𝔱𝛼∨𝑦 = 𝑞
𝛼(𝑦)
𝛼 , which proves (1).

Set ℓ := 𝑎(0) ∈ Z. Then 𝑎 = (𝛼, ℓ) and

𝑠𝑎,𝔱𝑥
𝑦 = 𝔱−ℓ𝛼

∨

𝑦 𝑥𝑠𝛼𝑦 = 𝑞
−ℓ𝛼(𝑦)
𝛼 𝑥𝑠𝛼𝑦 = 𝑥𝑦−𝐷𝑎 (𝑦)𝑎

∨

,

where we have used (4.4) for the first equality, (1) for the second equality, and (2.36) and (2.31) for the
last equality. This proves (2). �

Let 𝑇∨
R

be the space of 𝑄∨-orbits in E, with 𝑄∨ acting on E by translations. It is a real torus admitting
a natural 𝑊0-action. For 𝛾 ∈ 𝑇∨

R
, set

P𝛾 :=
⊕
𝑦∈𝛾

F𝑥𝑦 ,
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which is a cyclic P-submodule of F[𝐸]. It equals P when 𝛾 is the neutral element of 𝑇∨
R

. Writing
[𝑐] := 𝑐 +𝑄∨ ∈ 𝑇∨

R
, we have

P (𝑐) =
⊕

𝛾∈𝑊0 [𝑐 ]

P𝛾

since 𝑊0 [𝑐] 
 𝑊𝑐/𝑄∨, which allows one to think of P (𝑐) as vector-valued polynomial functions on T.
The spaces P𝛾 (𝛾 ∈ 𝑇∨

R
) naturally arise in the Bethe ansatz for the trigonometric Gaudin

model [31, 32]. They also serve as the ambient spaces of the multivariable Baker-Akhiezer functions;
see, for example, [4, 5, 42]. Multivariable Baker-Akhiezer functions are terminating power series so-
lutions of the spectral problem for the Macdonald operators, which exist for special values of 𝑘 𝑗 (for
instance, when 𝑘 𝑗 a nonpositive integral power of 𝑞𝛼𝑗 ). In [4, 31, 32], elements in P𝛾 are called quasi-
polynomials or quasi-exponentials.

For rational weights 𝑐 ∈ Q ⊗Z𝑄∨, we may view P (𝑐) as subspace of the space of polynomials on the
torus Hom(Λ,F×) for an appropriate lattice 𝑄∨ ⊂ Λ ⊂ 𝐸 ′. This is a natural viewpoint in the context of
metaplectic representation theory; see Subsection 9.2.

In Subsection 4.3, we deform the 𝔱-dependent 𝑊 �P-action on P (𝑐) to an action of the double affine
Hecke algebra H, with the 𝑇𝑗 ’s acting by truncated Demazure-Lusztig operators.

4.2. Truncated divided difference operators

For 𝑎 ∈ Φ, let ∇𝑎 be the linear operator on F[𝐸] defined by

∇𝑎 (𝑥
𝑦) :=

(
1 − 𝑥−�𝐷𝑎 (𝑦) �𝑎

∨

1 − 𝑥𝑎
∨

)
𝑥𝑦 (𝑦 ∈ 𝐸), (4.5)

where �𝑧� ∈ Z is the floor of 𝑧 ∈ R. Note that ∇𝑎 is well defined, since the numerator is divisible by
1 − 𝑥𝑎

∨ in F[𝐸]. The subspaces P (𝑐) (𝑐 ∈ 𝐶+) are ∇𝑎-stable.
We will write ∇ 𝑗 := ∇𝛼𝑗 , so that

∇0(𝑥
𝑦) =

(
1 − (𝑞−1

𝜑 𝑥𝜑
∨
) �−𝜑 (𝑦) �

1 − 𝑞𝜑𝑥−𝜑
∨

)
𝑥𝑦 , ∇𝑖 (𝑥

𝑦) =

(
1 − 𝑥−�𝛼𝑖 (𝑦) �𝛼

∨
𝑖

1 − 𝑥𝛼
∨
𝑖

)
𝑥𝑦

for 1 ≤ 𝑖 ≤ 𝑟 and 𝑦 ∈ 𝐸 .

Lemma 4.4. For 𝑎 ∈ Φ and 𝑦, 𝑦′ ∈ 𝐸 such that 𝑎(𝑦′) ∈ Z, we have

∇𝑎 (𝑥
𝑦′ ) =

(
1 − 𝑥−𝐷𝑎 (𝑦

′)𝑎∨

1 − 𝑥𝑎∨

)
𝑥𝑦
′

,

∇𝑎 (𝑥
𝑦+𝑦′ ) − 𝑥𝑦

′−𝐷𝑎 (𝑦′)𝑎∨∇𝑎 (𝑥
𝑦) = ∇𝑎 (𝑥

𝑦′ )𝑥𝑦 .

(4.6)

Proof. This is a straightforward verification which we leave to the reader. �

It follows from (2.31) and the first formula in (4.6) that ∇𝑎 restricts to the usual divided difference
operator on PΛ (Λ ∈ L),

∇𝑎 (𝑥
𝜇) =

𝑥𝜇 − 𝑠𝑎 (𝑥
𝜇)

1 − 𝑥𝑎
∨ =

𝑥𝜇 − 𝑥𝑠𝑎 ·𝜇

1 − 𝑥𝑎
∨ (𝜇 ∈ Λ). (4.7)
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Cherednik’s [8, Thm. 3.2.1] polynomial representation 𝜋 : H→ End(P) is then explicitly defined by

𝜋(𝑇𝑗 )𝑥
𝜇 := 𝑘 𝑗 𝑠 𝑗 (𝑥

𝜇) + (𝑘 𝑗 − 𝑘−1
𝑗 )∇ 𝑗 (𝑥

𝜇),

𝜋(𝑥𝜆)𝑥𝜇 := 𝑥𝜆+𝜇
(4.8)

for 0 ≤ 𝑗 ≤ 𝑟 and 𝜆, 𝜇 ∈ 𝑄∨.
In the next subsection, we introduce families of quasi-polynomial representations 𝜋𝑐,𝔱 : H →

End(P (𝑐) ) (𝑐 ∈ 𝐶𝐽 , 𝔱 ∈ 𝑇𝐽 ). The action of P will still be by multiplication operators. The action of 𝑇𝑗
will be reminiscent to formula (4.8) for 𝜋(𝑇𝑗 ); its first term will involve the 𝔱-twisted W-action on P (𝑐) ,
and its second term the truncated divided difference operator ∇ 𝑗 |P (𝑐) .

4.3. The quasi-polynomial realisation ofM𝐽𝑡
Denote by 𝜒𝐵 : R→ {0, 1} the characteristic function of the subset 𝐵 ⊆ R. Define 𝜂 : R→ {−1, 0, 1}
by

𝜂 = 𝜒Z>0 − 𝜒Z≤0 , (4.9)

and set

𝜅𝑣 (𝑦) :=
∏

𝛼∈Π (𝑣)

𝑘
−𝜂 (𝛼(𝑦))
𝛼 (𝑣 ∈ 𝑊0, 𝑦 ∈ 𝐸). (4.10)

Note that 𝜅𝑣 ∈ FΣ (𝐸,F×) by Lemma 2.5.
Theorem 4.5. Let 𝐽 � [0, 𝑟], 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 .
(1) The formulas

𝜋𝑐,𝔱 (𝑇𝑗 )𝑥
𝑦 := 𝑘

𝜒Z (𝛼𝑗 (𝑦))
𝑗 𝑠 𝑗 ,𝔱𝑥

𝑦 + (𝑘 𝑗 − 𝑘−1
𝑗 )∇ 𝑗 (𝑥

𝑦),

𝜋𝑐,𝔱 (𝑥
𝜇)𝑥𝑦 := 𝑥𝑦+𝜇

(4.11)

for 0 ≤ 𝑗 ≤ 𝑟 , 𝜇 ∈ 𝑄∨ and 𝑦 ∈ O𝑐 turn P (𝑐) in a H-module, which we denote by P (𝑐)𝔱 .
(2) There exists a unique isomorphism

𝜙𝑐,𝔱 : M𝐽𝔰𝐽 𝔱
∼
−→ P (𝑐)𝔱

of H-modules satisfying 𝜙𝑐,𝔱
(
𝑚𝐽𝔰𝐽 𝔱

)
= 𝑥𝑐 .

(3) We have

𝜙𝑐,𝔱
(
𝑥𝜇𝑇𝑣𝑚

𝐽
𝔰𝐽 𝔱

)
= 𝜅𝑣 (𝑐)𝑥

𝜇+𝑣𝑐 (𝜇 ∈ 𝑄∨, 𝑣 ∈ 𝑊0). (4.12)

In particular, {𝑥𝜇𝑤𝑇𝑣𝑤𝑚𝐽𝔰𝐽 𝔱 | 𝑤 ∈ 𝑊
𝐽 } is a basis ofM𝐽𝔰𝐽 𝔱.

Note that the H-action on P (𝑐)𝔱 reduces to the 𝔱-dependent 𝑊 � P-action on P (𝑐) from Lemma 4.2
when 𝑘𝑎 = 1 for all 𝑎 ∈ Φ.

Furthermore, for 𝑐 = 0 and 𝔱 = 1𝑇 , 𝜋0,1𝑇 : H → End(P) is Cherednik’s polynomial representation
𝜋 (see (4.8)). In this case, the theorem is due to Cherednik; see [7, Thm. 2.3] and [9, Thm. 3.1]. We call
𝜋𝑐,𝔱 the quasi-polynomial representation of H.

The proof of Theorem 4.5 is relegated to Section 5. The proof of part (1), which will be given in
Subsection 5.2, will follow closely the proof of [38, Thm. 3.7] introducing the metaplectic affine Hecke
algebra action on Laurent polynomials (in Section 9, we will show how [38, Thm. 3.7] follows from
Theorem 4.5). Similarly as in the context of Cherednik’s basic representation and its associated Macdon-
ald polynomials (the special case 𝑐 = 0 and 𝔱 = 1𝑇 ), the proof of parts (2) and (3) in Subsections 5.4–5.5,
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as well as the existence of the quasi-polynomial eigenfunctions of 𝜋𝑐,𝔱 (𝑌𝜆) (𝜆 ∈ 𝑄∨) in Section 6, will
require a detailed analysis of the triangularity properties of the truncated Demazure-Lusztig operators
𝜋𝑐,𝔱 (𝑇𝑗 ) ( 𝑗 ∈ [0, 𝑟]). For a detailed discussion of the triangularity properties of Demazure-Lusztig
operators in the context of Cherednik’s polynomial representation, see, for example, [29, §4.6].

In the following two subsections, we give some direct consequences of Theorem 4.5.

4.4. The face dependence of the quasi-polynomial representation

The quasi-polynomial representations 𝜋𝑐,𝔱 are equivalent for different values of 𝑐 ∈ 𝐶𝐽 by Theo-
rem 4.5(2). For 𝔱 ∈ 𝑇𝐽 and 𝑐, 𝑐′ ∈ 𝐶𝐽 , the isomorphism is explicitly given by

P (𝑐)𝔱

∼
−→ P (𝑐

′)

𝔱 , 𝑥𝑤𝑐 ↦→ 𝑥𝑤𝑐
′

(𝑤 ∈ 𝑊 𝐽 ). (4.13)

As a direct consequence of (4.13), we obtain the following result.

Corollary 4.6. Let 𝐽 � [0, 𝑟], 𝔱 ∈ 𝑇𝐽 , 𝑤 ∈ 𝑊 𝐽 and ℎ ∈ H. Then

𝜋𝑐,𝔱 (ℎ)𝑥
𝑤𝑐 =

∑
𝑤′ ∈𝑊 𝐽

𝑒𝐽 ,ℎ𝑤,𝑤′;𝔱𝑥
𝑤′𝑐 ∀ 𝑐 ∈ 𝐶𝐽

with coefficients 𝑒𝐽 ,ℎ𝑤,𝑤′;𝔱 ∈ F (𝑤′ ∈ 𝑊 𝐽 ) independent of the choice of 𝑐 ∈ 𝐶𝐽 .

The closure relations between the faces 𝐶𝐽 of 𝐶+ are translated to quotient relations for the quasi-
polynomial representations 𝜋𝑐,𝔱 (see Remark 3.12(1)).

Corollary 4.7. Let 𝐽 ⊆ 𝐽 ′ � [0, 𝑟], 𝑐 ∈ 𝐶𝐽 , 𝑐′ ∈ 𝐶𝐽 ′ and 𝔱′ ∈ 𝑇𝐽 ′ .

1. There exists a unique epimorphism

pr𝔱
′

𝑐,𝑐′ : P (𝑐)
𝔰−1
𝐽 𝔰𝐽′ 𝔱′

� P (𝑐
′)

𝔱′

of H-modules mapping 𝑥𝑐 to 𝑥𝑐
′ .

2. We have

pr𝔱
′

𝑐,𝑐′ (𝑥
𝜇+𝑣𝑐) =

𝜅𝑣 (𝑐
′)

𝜅𝑣 (𝑐)
𝑥𝜇+𝑣𝑐

′

(𝜇 ∈ 𝑄∨, 𝑣 ∈ 𝑊0).

Proof. Write 𝑡 ′ := 𝔰𝐽 ′𝔱′ ∈ 𝐿𝐽 ′ ⊆ 𝐿𝐽 = 𝔰𝐽𝑇𝐽 . Recall from Remark 3.12(1) that we have an epimorphism
𝜓 : M𝐽𝑡′ � M

𝐽 ′

𝑡′ of H-modules mapping 𝑚𝐽𝑡′ to 𝑚𝐽
′

𝑡′ . Then

pr𝔱
′

𝑐,𝑐′ := 𝜙𝑐′,𝔱′ ◦ 𝜓 ◦ 𝜙
−1
𝑐,𝔰−1

𝐽 𝑡
′ : P (𝑐)

𝔰−1
𝐽 𝔰𝐽′ 𝔱′

� P (𝑐
′)

𝔱′

has the desired properties (use Theorem 4.5 (2)&(3)). �

Remark 4.8. Let 𝐽 ⊆ [1, 𝑟] and 𝑐 ∈ 𝐶𝐽 . Then Corollary 4.7 gives an epimorphism pr1𝑇
𝑐,0 : P (𝑐)

𝔰−1
𝐽 𝔰0
� P (0)1𝑇

of H-modules. The co-domain is Cherednik’s basic representation, and

pr1𝑇
𝑐,0
(
𝑥𝜇+𝑣𝑐

)
=
( ∏
𝛼∈Π (𝑣)

𝑘
1+𝜂 (𝛼(𝑐))
𝛼

)
𝑥𝜇 (𝜇 ∈ 𝑄∨, 𝑣 ∈ 𝑊0).

4.5. Affine Weyl group actions on quasi-rational functions

We derive an affine Weyl group action on quasi-rational functions by localizing the quasi-polynomial
representation 𝜋𝑐,𝔱 (Theorem 4.5(1)). In Section 10, we will show that this action gives rise to an
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affine analog of Chinta and Gunnells’ 𝑊0-action on rational functions [13, 14]. The approach in this
subsection follows the paper [38], where the Chinta-Gunnells’ 𝑊0-action was obtained by localization
of an appropriate metaplectic affine Hecke algebra representation.

Consider the Q-algebra

FQ [𝐸] := Q ⊗P F[𝐸],

which is isomorphic to the localization of F[𝐸] by P×. The algebra 𝑊0 �Q naturally acts on FQ [𝐸].
For 𝛾 ∈ 𝑇∨

R
, denote by Q𝛾 the Q-submodule of FQ [𝐸] generated by P𝛾 . Then

Q𝛾 = Q𝑥𝑦 ∀ 𝑦 ∈ 𝛾.

Write Q(𝑐) for the Q-submodule of FQ [𝐸] generated by P (𝑐) (𝑐 ∈ 𝐶+), so that

Q(𝑐) =
⊕

𝛾∈𝑊0 [𝑐 ]

Q𝛾 .

Note that Q(𝑐) is a cyclic 𝑊0 �Q-submodule of FQ [𝐸].
Fix 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 . The 𝑊 � P-action on P (𝑐) from Lemma 4.2 extends to a 𝑊 �Q-action on

Q(𝑐) . The following theorem provides a k-deformation of this action.

Theorem 4.9. Let 𝐽 � [0, 𝑟], 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 . The formulas

𝜎𝑐,𝔱 (𝑠 𝑗 ) (𝑥
𝑦) :=

𝑘
𝜒Z (𝛼𝑗 (𝑦))
𝑗 (𝑥𝛼

∨
𝑗 − 1)

(𝑘 𝑗𝑥
𝛼∨𝑗 − 𝑘−1

𝑗 )
𝑠 𝑗 ,𝔱𝑥

𝑦 +
(𝑘 𝑗 − 𝑘−1

𝑗 )

(𝑘 𝑗𝑥
𝛼∨𝑗 − 𝑘−1

𝑗 )
𝑥𝑦−�𝐷𝛼𝑗 (𝑦) �𝛼

∨
𝑗 ,

𝜎𝑐,𝔱 ( 𝑓 ) (𝑥
𝑦) := 𝑓 𝑥𝑦

(4.14)

for 0 ≤ 𝑗 ≤ 𝑟 , 𝑦 ∈ O𝑐 and 𝑓 ∈ Q turn Q(𝑐) into a 𝑊 �Q-module, which we denote by Q(𝑐)𝔱 .

Proof. Let 𝑠 𝑗 be the linear operator on P (𝑐) defined by

𝑠 𝑗 (𝑥
𝑦) := 𝑥𝑦−�𝐷𝛼𝑗 (𝑦) �𝛼

∨
𝑗 (𝑦 ∈ O𝑐). (4.15)

Note that

𝑠 𝑗 (𝑝𝑥
𝑦) = 𝑠 𝑗 (𝑝)𝑠 𝑗 (𝑥

𝑦) (4.16)

for 0 ≤ 𝑗 ≤ 𝑟 , 𝑦 ∈ O𝑐 and 𝑝 ∈ P . We extend 𝑠 𝑗 to a linear operator on Q(𝑐) by requiring (4.16) to hold
true for all 𝑝 ∈ Q.

Transporting the H𝑋−loc-action of the induced H𝑋−loc-module H𝑋−loc ⊗H P (𝑐)𝔱 to Q(𝑐) through the
linear isomorphism

Q(𝑐) ∼
−→ H𝑋−loc ⊗H P (𝑐)𝔱 , 𝑓 𝑥𝑦 ↦→ 𝑓 ⊗H 𝑥𝑦 ( 𝑓 ∈ Q, 𝑦 ∈ O𝑐)

(see (2.52)) gives a representation

𝜋𝑋−loc
𝑐,𝔱 : H𝑋−loc → End(Q(𝑐) ).
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By (2.53) and (4.16), the representation map 𝜋𝑋−loc
𝑐,𝔱 is explicitly given by

𝜋𝑋−loc
𝑐,𝔱 (𝑇𝑗 ) ( 𝑓 𝑥

𝑦) = 𝑘
𝜒Z (𝛼𝑗 (𝑦))
𝑗 𝑠 𝑗 ,𝔱 ( 𝑓 𝑥

𝑦) + (𝑘 𝑗 − 𝑘−1
𝑗 )

(
𝑓 𝑥𝑦 − 𝑠 𝑗 ( 𝑓 𝑥

𝑦)

1 − 𝑥𝛼
∨
𝑗

)
,

𝜋𝑋−loc
𝑐,𝔱 ( 𝑓 ′) ( 𝑓 𝑥𝑦) = 𝑓 ′ 𝑓 𝑥𝑦

(4.17)

for 0 ≤ 𝑗 ≤ 𝑟 , 𝑦 ∈ O𝑐 and 𝑓 , 𝑓 ′ ∈ Q. By Theorem 2.16, we obtain a representation 𝜎𝑐,𝔱 : 𝑊 �Q →
End(Q(𝑐) ), defined by

𝜎𝑐,𝔱 (𝑤 ⊗ 𝑓 ) := 𝜋𝑋−loc
𝑐,𝔱 (𝑆𝑋𝑤 𝑓 ) (𝑤 ∈ 𝑊, 𝑓 ∈ Q). (4.18)

Then 𝜎𝑐,𝔱 ( 𝑓
′) ( 𝑓 𝑥𝑦) = 𝑓 𝑓 ′𝑥𝑦 for 𝑓 , 𝑓 ′ ∈ Q and 𝑦 ∈ O𝑐 , and

𝜎𝑐,𝔱 (𝑠 𝑗 ) = 𝜋𝑋−loc
𝑐,𝔱 (𝑆𝑋𝑗 )

= 𝜋𝑋−loc
𝑐,𝔱

������ 𝑥𝛼
∨
𝑗 − 1

𝑘 𝑗𝑥
𝛼∨𝑗 − 𝑘−1

𝑗

���𝑇𝑗 + ���
𝑘 𝑗 − 𝑘−1

𝑗

𝑘 𝑗𝑥
𝛼∨𝑗 − 𝑘−1

𝑗

������
=

𝑘
𝜒Z (𝛼𝑗 (𝑦))
𝑗 (𝑥𝛼

∨
𝑗 − 1)

(𝑘 𝑗𝑥
𝛼∨𝑗 − 𝑘−1

𝑗 )
𝑠 𝑗 ,𝔱 +

(𝑘 𝑗 − 𝑘−1
𝑗 )

(𝑘 𝑗𝑥
𝛼∨𝑗 − 𝑘−1

𝑗 )
𝑠 𝑗

as linear operators on Q(𝑐) . �

Remark 4.10.

1. Note that for 0 ≤ 𝑗 ≤ 𝑟 , 𝑓 ∈ Q and 𝑦 ∈ O𝑐 , we have

𝑠 𝑗 ,𝔱 ( 𝑓 𝑥
𝑦) = 𝑠 𝑗 ( 𝑓 𝑥

𝑦) if 𝛼 𝑗 (𝑦) ∈ Z

by Lemma 4.3(2), and hence, 𝜎𝑐,𝔱 (𝑠 𝑗 ) ( 𝑓 𝑥𝑦) = 𝑠 𝑗 ( 𝑓 𝑥
𝑦) if 𝛼 𝑗 (𝑦) ∈ Z. In particular, 𝜎0,1𝑇 reduces to

the standard 𝑊 �Q-action on Q(0) = Q as described in Subsection 2.6.
2. We have

𝜎𝑐,𝔱 = 𝜋𝑋−loc
𝑐,𝔱 ◦ � (4.19)

by Theorem 2.16 and (4.18).

Remark 4.11. Theorem 4.9 allows to rewrite the truncated Demazure-Lusztig type operators 𝜋𝑋−loc
𝑐,𝔱 (𝑇𝑗 )

(see (4.11)) as standard Demazure-Lusztig operators involving the W-action 𝜎𝑐,𝔱 on Q(𝑐) ,

𝜋𝑋−loc
𝑐,𝔱 (𝑇𝑗 ) 𝑓 = 𝑘 𝑗 𝑓 + 𝑘

−1
𝑗
���

1 − 𝑘2
𝑗𝑥
𝛼∨𝑗

1 − 𝑥𝛼
∨
𝑗

���
(
𝜎𝑐,𝔱 (𝑠 𝑗 ) 𝑓 − 𝑓

)
( 𝑓 ∈ Q(𝑐) ).

This follows from (4.19) and the fact that

�−1(𝑇𝑗 ) = 𝑘 𝑗 + 𝑘
−1
𝑗
���

1 − 𝑘2
𝑗𝑥
𝛼∨𝑗

1 − 𝑥𝛼
∨
𝑗

���(𝑠 𝑗 − 1)

in 𝑊 � Q. This formula shows that 𝜋𝑋−loc
𝑐,𝔱 (𝑇𝑗 ) is a so-called metaplectic Demazure-Lusztig operator

(see [15, 34, 35]) in the context of metaplectic representation theory of reductive groups over non-
archimedean local fields; see Section 10 for further details.
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Remark 4.12. In the limit case where k = 0 (meaning 𝑘𝛼 = 0 for all 𝛼 ∈ Φ0), the W-action from
Theorem 4.9 does not depend on 𝔱 and satisfies

𝜎k=0
𝑐,𝔱 (𝑠 𝑗 ) (𝑥

𝑦) = 𝑠 𝑗 (𝑥
𝑦) (0 ≤ 𝑗 ≤ 𝑟, 𝑦 ∈ O𝑐),

with 𝑠 𝑗 defined by (4.15). For 𝑦 ∈ O𝑐 , let 𝜉𝑦 ∈ 𝑦 + 𝑃∨ be the unique element satisfying 0 ≤ 𝛼𝑖 (𝜉𝑦) < 1
for all 1 ≤ 𝑖 ≤ 𝑟 . Then 𝑠𝑖 (𝑥

𝑦) = 𝑥 𝜉𝑦+𝑠𝑖 (𝑦−𝜉𝑦 ) for 𝑖 ∈ [1, 𝑟]; hence,

𝜎k=0
𝑐,𝔱 (𝑣) (𝑥

𝑦) = 𝑥 𝜉𝑦+𝑣 (𝑦−𝜉𝑦)

for all 𝑣 ∈ 𝑊0. In particular, this is a shift of the standard 𝑊0-action.

5. The proof of the main theorem

This section is dedicated to the proof of Theorem 4.5. As a byproduct, we obtain triangularity properties
of the commuting operators 𝜋𝑐,𝔱 (𝑌

𝜇) (𝜇 ∈ 𝑄∨) which will play an important role in the construction of
the quasi-polynomial generalisations of the Macdonald polynomials in Section 6.

5.1. Properties of the base point 𝔰𝐽
Recall the step function 𝜂 defined by (4.9). It satisfies the identities

𝜂(𝑥) + 𝜂(−𝑥) = −2𝜒{0} (𝑥), 𝜂(𝑥) + 𝜂(1 − 𝑥) = 0 (5.1)

for all 𝑥 ∈ R.

Definition 5.1. Let Λ ∈ L. For 𝑦 ∈ 𝐸 , set

𝔰𝑦 :=
∏
𝛼∈Φ+0

𝑘
𝜂 (𝛼(𝑦))𝛼
𝛼 ∈ 𝑇Λ. (5.2)

Note that 𝔰𝑦 |Λ = 𝑗Λ(𝔰𝑦 |𝑃∨) since 𝔰𝑦 maps pr𝐸co (Λ) to 1.
For 𝐽 � [0, 𝑟], the element 𝔰𝐽 ∈ 𝑇𝑃∨ (see (3.12)) can be recovered from 𝔰𝑦 as follows.

Lemma 5.2. Let Λ ∈ L. The function 𝑦 ↦→ 𝔰𝑦 lies in FΣ (𝐸,𝑇Λ). Furthermore,

𝔰𝑐 = 𝔰𝐽 if 𝑐 ∈ 𝐶𝐽 . (5.3)

Proof. The first statement follows from Lemma 2.5 applied to 𝑔 = 𝜂. The second statement follows
from (3.9) and (3.12). �

We now analyse how the affine Weyl group W acts on 𝔰𝑦 ∈ 𝑇Λ.

Lemma 5.3. Let 𝑦 ∈ 𝐸 and 𝑗 ∈ [0, 𝑟].

1. If 𝑠 𝑗 ∈ 𝑊𝑦 , then 𝔰
𝐷𝛼∨𝑗
𝑦 = 𝑘−2

𝑗 and 𝑠𝐷𝛼𝑗𝔰𝑦 = 𝑘
2𝐷𝛼𝑗
𝑗 𝔰𝑦 ,

2. If 𝑠 𝑗 ∈ 𝑊 \𝑊𝑦 , then 𝑠𝐷𝛼𝑗𝔰𝑦 = 𝔰𝑠 𝑗 𝑦 .

Proof. Let 1 ≤ 𝑖 ≤ 𝑟 . Then Π(𝑠𝑖) = {𝛼𝑖}; hence,

𝑠𝑖𝔰𝑦 =
∏
𝛼∈𝑠𝑖Φ+0

𝑘
𝜂 (𝛼(𝑠𝑖 𝑦))𝛼
𝛼 = 𝔰𝑠𝑖 𝑦𝑘

−(𝜂 (𝛼𝑖 (𝑦))+𝜂 (−𝛼𝑖 (𝑦)))𝛼𝑖
𝑖 .
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Suppose that 𝑠𝑖𝑦 = 𝑦. Then 𝛼𝑖 (𝑦) = 0; hence, 𝜂(𝛼𝑖 (𝑦)) + 𝜂(−𝛼𝑖 (𝑦)) = −2, so 𝑠𝑖𝔰𝑦 = 𝔰𝑦𝑘
2𝛼𝑖
𝑖 in

𝑇𝑃∨ . However, 𝑠𝑖𝔰𝑦 = 𝔰𝑦
(
𝔰
−𝛼∨𝑖
𝑦

)𝛼𝑖 by (2.37), so
(
𝔰
−𝛼∨𝑖
𝑦

)𝛼𝑖 = 𝑘2𝛼𝑖
𝑖 in 𝑇Λ. This in particular holds true for

Λ = 𝑃∨. Hence, 𝔰𝛼
∨
𝑖
𝑦 = 𝑘−2

𝑖 .
Suppose that 𝑠𝑖𝑦 ≠ 𝑦. Then 𝛼𝑖 (𝑦) ≠ 0; hence, 𝜂(𝛼𝑖 (𝑦)) +𝜂(−𝛼𝑖 (𝑦)) = 0 by the first equality of (5.1).

It follows that 𝑠𝑖𝔰𝑦 = 𝔰𝑠𝑖 𝑦 .
The proof for 𝑗 = 0 is a bit more involved. First note that

𝑠𝜑𝔰𝑦 = 𝔰𝑠0𝑦
∏

𝛼∈Φ+0\Π (𝑠𝜑 )

𝑘
(𝜂 (𝛼(𝑠𝜑 𝑦))−𝜂 (𝛼(𝑠0𝑦)))𝛼
𝛼

∏
𝛽∈Π (𝑠𝜑 )

𝑘
−(𝜂 (−𝛽 (𝑠𝜑 𝑦))+𝜂 (𝛽 (𝑠0𝑦)))𝛽

𝛽 (5.4)

since 𝑘𝑠𝜑𝛾 = 𝑘𝛾 for all 𝛾 ∈ Φ0. Now 𝛼 ∈ Φ+0 \ Π(𝑠𝜑) implies 𝛼(𝜑∨) = 0 by (2.18); hence,

𝜂(𝛼(𝑠𝜑𝑦)) − 𝜂(𝛼(𝑠0𝑦)) = 𝜂(𝛼(𝑦)) − 𝜂(𝛼(𝑦)) = 0.

Hence, the product over 𝛼 ∈ Φ+0 \ Π(𝑠𝜑) in (5.4) is equal to 1. By the explicit description (2.18) of
Π(𝑠𝜑), we then have

𝑠𝜑𝔰𝑦 = 𝔰𝑠0𝑦𝑘
−(𝜂 (2−𝜑 (𝑦))+𝜂 (𝜑 (𝑦)))𝜑
𝜑

∏
𝛽∈Φ+0 : 𝛽 (𝜑∨)=1

𝑘
−(𝜂 (−𝛽 (𝑠𝜑 𝑦))+𝜂 (𝛽 (𝑠𝜑 𝑦)+1))𝛽
𝛽 .

The product over 𝛽 is equal to 1 by (5.1), so we conclude that

𝑠𝜑𝔰𝑦 = 𝔰𝑠0𝑦𝑘
−(𝜂 (2−𝜑 (𝑦))+𝜂 (𝜑 (𝑦)))𝜑
𝜑 .

Suppose that 𝑠0𝑦 = 𝑦. Then 𝜑(𝑦) = 1; hence, 𝜂(2 − 𝜑(𝑦)) + 𝜂(𝜑(𝑦)) = 2𝜂(1) = 2 and 𝑠𝜑𝔰𝑦 = 𝔰𝑦𝑘
−2𝜑
𝜑

in 𝑇Λ. Similarly as before, this implies that 𝔰−𝜑
∨

𝑦 = 𝑘−2
𝜑 .

Suppose that 𝑠0𝑦 ≠ 𝑦. Then 𝜑(𝑦) ≠ 1 and 𝜂(2−𝜑(𝑦))+𝜂(𝜑(𝑦)) = 0 (indeed, it is 0+0 if 𝜑(𝑦) ∈ R\Z,
it is −1 + 1 if 𝜑(𝑦) ∈ Z>1 and it is 1 − 1 if 𝜑(𝑦) ∈ Z<1). Hence, 𝑠𝜑𝔰𝑦 = 𝔰𝑠0𝑦 . �

Proposition 5.4. Let Λ ∈ L. We have

𝔰𝑦 = (𝐷𝑤𝑦)𝔰𝑐𝑦

in 𝑇Λ for all 𝑦 ∈ 𝐸 .

Proof. Write 𝑐 := 𝑐𝑦 ∈ 𝐶+ and 𝐽 := J(𝑐). Fix a reduced expression 𝑤𝑦 = 𝑠 𝑗1 · · · 𝑠 𝑗ℓ for 𝑤𝑦 ∈ 𝑊 𝐽 and
write 𝑦𝑚 := 𝑠 𝑗𝑚 · · · 𝑠 𝑗ℓ 𝑐 (1 ≤ 𝑚 ≤ ℓ) and 𝑦ℓ+1 := 𝑐. Then 𝑠 𝑗𝑚 𝑦𝑚+1 ≠ 𝑦𝑚 for 𝑚 = 1 . . . , ℓ. Repeated
application of Lemma 5.3(2) then gives 𝔰𝑦 = (𝐷𝑤𝑦)𝔰𝑐 . �

Recall from Proposition 3.7 that 𝐿Λ,𝐽 = 𝔰𝐽𝑇Λ,𝐽 for Λ ∈ L. Furthermore, for 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇Λ,𝐽 ,
we defined 𝔱𝑦 ∈ 𝑇Λ (𝑦 ∈ O𝑐) by 𝔱𝑦 := 𝑤𝑦𝔱 (see Definition 4.1).

Corollary 5.5. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇Λ,𝐽 . For 𝑦 ∈ O𝑐 , we have

𝔰𝑦𝔱𝑦 = 𝑤𝑦 (𝔰𝐽 𝔱)

in 𝑇Λ.

Proof. This follows from

𝑤𝑦 (𝔰𝐽 𝔱) = ((𝐷𝑤𝑦)𝔰𝐽 ) (𝑤𝑦𝔱) = 𝔰𝑦𝔱𝑦

for 𝑦 ∈ O𝑐 , where the second equality follows from Proposition 5.4. �
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We will also need analogous results for scalar-valued functions on E, in particular for 𝜅𝑣 : 𝐸 → F×
(see (4.10)). Recall the characteristic function 𝜒± : Φ0 → {0, 1} of Φ±0 .
Lemma 5.6.
1. For 𝑢, 𝑣 ∈ 𝑊0 and 𝑦 ∈ 𝐸 ,

𝜅𝑢𝑣 (𝑦) = 𝜅𝑣 (𝑦)
∏

𝛼∈𝑣−1Π (𝑢)

𝑘
−𝜒 (𝛼)𝜂 (𝜒 (𝛼)𝛼(𝑦))
𝛼 , (5.5)

where 𝜒 := 𝜒+ − 𝜒−.
2. If 𝑦 ∈ 𝐸reg, then 𝜅𝑢𝑣 (𝑦) = 𝜅𝑢 (𝑣𝑦)𝜅𝑣 (𝑦) for all 𝑢, 𝑣 ∈ 𝑊0.
Proof. (1) Formula (5.5) follows from a direct computation, using that Π(𝑢𝑣) is the disjoint union of
the subsets Π(𝑣) \ (Φ+0 ∩ (−𝑣

−1Π(𝑢))) and Φ+0 ∩ 𝑣−1Π(𝑢).
(2) By (5.1), we have 𝜂(−𝑥) = −𝜂(𝑥) for 𝑥 ∈ R×. Hence, for 𝑦 ∈ 𝐸 reg, formula (5.5) reduces to

𝜅𝑢𝑣 (𝑦) = 𝜅𝑣 (𝑦)
∏

𝛼∈𝑣−1Π (𝑢)

𝑘
−𝜂 (𝛼(𝑦))
𝛼 = 𝜅𝑣 (𝑦)𝜅𝑢 (𝑣𝑦).

�

We next introduce an affine version of 𝜅𝑣 (𝑦). Set

𝑘 (𝑦) :=
∏
𝛼∈Φ+0

𝑘
𝜂 (𝛼(𝑦) )

2
𝛼 (𝑦 ∈ 𝐸), (5.6)

and define

𝑘𝑤 (𝑦) :=
𝑘 (𝑤𝑦)

𝑘 (𝑦)
(𝑦 ∈ 𝐸, 𝑤 ∈ 𝑊). (5.7)

The 𝑘𝑤 (𝑦) satisfy the cocycle condition 𝑘𝑤𝑤′ (𝑦) = 𝑘𝑤 (𝑤
′𝑦)𝑘𝑤′ (𝑦) for 𝑤, 𝑤′ ∈ 𝑊 and 𝑦 ∈ 𝐸 . Note,

furthermore, that

𝑘𝜏 (𝜇) (𝑦) =
𝑘 (𝑦 + 𝜇)

𝑘 (𝑦)
=
∏
𝛼∈Φ+0

𝑘
(𝜂 (𝛼(𝑦)+𝛼(𝜇))−𝜂 (𝛼(𝑦)))/2
𝛼

for 𝑦 ∈ 𝐸 and 𝜇 ∈ 𝑄∨.
By Lemma 2.5, we have 𝑘, 𝑘𝑤 ∈ FΣ (𝐸,F×) for all 𝑤 ∈ 𝑊 .

Lemma 5.7. For 0 ≤ 𝑗 ≤ 𝑟 and 𝑦 ∈ 𝐸 ,

𝑘𝑠 𝑗 (𝑦) = 𝜅𝐷𝑠 𝑗 (𝑦) if 𝛼 𝑗 (𝑦) ≠ 0. (5.8)

Proof. We need to show that

𝑘𝑠𝑖 (𝑦) = 𝑘
−𝜂 (𝛼𝑖 (𝑦))
𝑖 if 𝛼𝑖 (𝑦) ≠ 0,

𝑘𝑠0 (𝑦) =
∏

𝛼∈Π (𝑠𝜑 )

𝑘
−𝜂 (𝛼(𝑦))
𝛼 if 𝛼0 (𝑦) ≠ 0 (5.9)

for 1 ≤ 𝑖 ≤ 𝑟 . The first line follows directly from Lemma 2.1 and (5.1). For the second line one computes,
using (2.18),

𝑘 (𝑠0𝑦) = 𝑘
𝜂 (−𝜑 (𝑦)+2)/2
𝜑

∏
𝛼∈Π (𝑠𝜑 )\{𝜑 }

𝑘
𝜂 (𝛼(𝑠𝜑 𝑦)+1)/2
𝛼

∏
𝛽∈Φ+0\Π (𝑠𝜑 )

𝑘
𝜂 (𝛽 (𝑦))/2
𝛽 .
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By (5.1), one then gets

𝑘𝑠0 (𝑦) = 𝑘
(𝜂 (−𝜑 (𝑦)+2)+𝜂 (𝜑 (𝑦)))/2
𝜑

∏
𝛼∈Π (𝑠𝜑 )

𝑘
−𝜂 (𝛼(𝑦))
𝛼 .

Since 𝜂(2 − 𝑥) + 𝜂(𝑥) = 0 if 𝑥 ≠ 1 (see the proof of Lemma 5.3), this reduces to the second formula
in (5.9). �

5.2. The H-action on P (𝑐)

In this subsection, we give the proof of Theorem 4.5(1). Fix 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 . An important role in
the proof is played by the following map.
Definition 5.8. Define the surjective linear map 𝜓𝑐,𝔱 : H� P (𝑐) by

𝜓𝑐,𝔱 (𝑥
𝜇𝑇𝑣𝑌

𝜈) := 𝜅𝑣 (𝑐) (𝔰𝑐𝔱)
−𝜈𝑥𝜇+𝑣𝑐 (5.10)

for 𝜇, 𝜈 ∈ 𝑄∨ and 𝑣 ∈ 𝑊0.
Note that 𝜓𝑐,𝔱 (1) = 𝑥𝑐 .

Lemma 5.9. Let ℎ′ ∈ H. Then

𝜓𝑐,𝔱 (ℎℎ
′) = 𝜋𝑐,𝔱 (ℎ)𝜓𝑐,𝔱 (ℎ

′)

for ℎ = 𝑇𝑗 (0 ≤ 𝑗 ≤ 𝑟) and ℎ = 𝑥𝜇 (𝜇 ∈ 𝑄∨).
Proof. For the duration of the proof, we write

𝑡 := 𝔰𝑐𝔱 ∈ 𝐿𝐽 . (5.11)

Recall that 𝜒± : Φ0 → {0, 1} is the characteristic function of Φ±0 , and 𝜒 := 𝜒+ − 𝜒−. Note that for
𝑣 ∈ 𝑊0, we have 𝜒(𝑣−1𝛼𝑖) = ±1 iff ℓ(𝑠𝑖𝑣) = ℓ(𝑣) ± 1 by Lemma 2.1.

The lemma is immediate for ℎ = 𝑥𝜈 (𝜈 ∈ 𝑄∨). We split the proof for ℎ = 𝑇𝑗 in two cases.
Case 1: ℎ = 𝑇𝑖 with 1 ≤ 𝑖 ≤ 𝑟 .
This case is similar to the proof of [38, Thm. 3.7]; see, in particular, [38, Lemma 3.2]. We shortly

discuss it here for completeness. Fix 𝑣 ∈ 𝑊0 and 𝜇, 𝜈 ∈ 𝑄∨. By the cross relation (2.40) in H and the
fact that 𝑇𝑖𝑇𝑣 = 𝜒−(𝑣

−1𝛼𝑖) (𝑘𝑖 − 𝑘−1
𝑖 )𝑇𝑣 + 𝑇𝑠𝑖𝑣 , we have for 𝑣 ∈ 𝑊0 and 𝜇, 𝜈 ∈ 𝑄∨,

𝜓𝑐,𝔱 (𝑇𝑖𝑥
𝜇𝑇𝑣𝑌

𝜈) = 𝜅𝑠𝑖𝑣 (𝑐)𝑡
−𝜈𝑥𝑠𝑖𝜇+𝑠𝑖𝑣𝑐

+ 𝜅𝑣 (𝑐)𝑡
−𝜈 (𝑘𝑖 − 𝑘−1

𝑖 )
(
∇𝑖 (𝑥

𝜇)𝑥𝑣𝑐 + 𝜒−(𝑣
−1𝛼𝑖)𝑥

𝑠𝑖𝜇+𝑣𝑐
)
.

(5.12)

By Lemma 2.1, we have 0 ≤ 𝜒(𝑣−1𝛼𝑖)𝛼𝑖 (𝑣𝑐) ≤ 1 since 𝑐 ∈ 𝐶+, and

𝜅𝑠𝑖𝑣 (𝑐) = 𝜅𝑣 (𝑐)𝑘
−𝜒 (𝑣−1𝛼𝑖)𝜂 (𝜒 (𝑣

−1𝛼𝑖)𝛼𝑖 (𝑣𝑐))
𝑖

by (5.5). So (5.12) reduces to

𝜓𝑐,𝔱 (𝑇𝑖𝑥
𝜇𝑇𝑣𝑌

𝜈) = 𝜅𝑣 (𝑐)𝑡
−𝜈
(
𝑘
−𝜒 (𝑣−1𝛼𝑖)𝜂 (𝜒 (𝑣

−1𝛼𝑖)𝛼𝑖 (𝑣𝑐))
𝑖 𝑥𝑠𝑖𝜇+𝑠𝑖𝑣𝑐

+ (𝑘𝑖 − 𝑘−1
𝑖 )
(
∇𝑖 (𝑥

𝜇)𝑥𝑣𝑐 + 𝜒−(𝑣
−1𝛼𝑖)𝑥

𝑠𝑖𝜇+𝑣𝑐
) )
.

(5.13)

However,

𝜋𝑐,𝔱 (𝑇𝑖)𝜓𝑐,𝔱 (𝑥
𝜇𝑇𝑣𝑌

𝜈) = 𝜅𝑣 (𝑐)𝑡
−𝜈
(
𝑘
𝜒Z (𝛼𝑖 (𝑣𝑐))
𝑖 𝑥𝑠𝑖𝜇+𝑠𝑖𝑣𝑐 + (𝑘𝑖 − 𝑘−1

𝑖 )∇𝑖 (𝑥
𝜇+𝑣𝑐)

)
, (5.14)
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and

∇𝑖 (𝑥
𝜇+𝑣𝑐) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∇𝑖 (𝑥

𝜇)𝑥𝑣𝑐 + 𝑥𝑠𝑖𝜇+𝑣𝑐 if − 1 ≤ 𝛼𝑖 (𝑣𝑐) < 0,
∇𝑖 (𝑥

𝜇)𝑥𝑣𝑐 if 0 ≤ 𝛼𝑖 (𝑣𝑐) < 1,
∇𝑖 (𝑥

𝜇)𝑥𝑣𝑐 − 𝑥𝑠𝑖𝜇+𝑠𝑖𝑣𝑐 if 𝛼𝑖 (𝑣𝑐) = 1.
(5.15)

To show that (5.13) is equal to (5.14), we distinguish subcases depending on whether 𝑣𝑐 lies on one of
the three affine root hyperplanes 𝐻𝑖,𝑚 := {𝑧 ∈ 𝐸 | 𝛼𝑖 (𝑧) = 𝑚} (𝑚 ∈ {−1, 0, 1}) or that it lies between
𝐻𝑖,𝑚 and 𝐻𝑖,𝑚+1 for 𝑚 = −1 and 𝑚 = 0. The cases 𝑣𝑐 ∈ 𝐻𝑖,−1, and 𝑣𝑐 lying between 𝐻𝑖,−1 and 𝐻𝑖,0, are
taken together as case 1a.

Case 1a: −1 ≤ 𝛼𝑖 (𝑣𝑐) < 0. Then 𝑣−1𝛼𝑖 ∈ Φ−0 , 𝜂(−𝛼𝑖 (𝑣𝑐)) = 𝜒Z(𝛼𝑖 (𝑣𝑐)) and 𝜒−(𝑣
−1𝛼𝑖) = 1. Taking

(5.15) into account, it follows now directly that (5.13) is equal to (5.14).
Case 1b: 𝛼𝑖 (𝑣𝑐) = 0. Then 𝑠𝑖𝑣𝑐 = 𝑣𝑐 and 𝜂(𝜒(𝑣−1𝛼𝑖)𝛼𝑖 (𝑣𝑐)) = −1, but it is undetermined whether

𝑣−1𝛼𝑖 is a positive or a negative root. The expression (5.13) simplifies to

𝜓𝑐,𝔱 (𝑇𝑖𝑥
𝜇𝑇𝑣𝑌

𝜈)

= 𝜅𝑣 (𝑐)𝑡
−𝜈
(
𝑘
𝜒 (𝑣−1𝛼𝑖)
𝑖 𝑥𝑠𝑖𝜇+𝑣𝑐 + (𝑘𝑖 − 𝑘−1

𝑖 )
(
∇𝑖 (𝑥

𝜇)𝑥𝑣𝑐 + 𝜒−(𝑣
−1𝛼𝑖)𝑥

𝑠𝑖𝜇+𝑣𝑐
) )

= 𝜅𝑣 (𝑐)𝑡
−𝜈
(
𝑘𝑖𝑥

𝑠𝑖𝜇+𝑣𝑐 + (𝑘𝑖 − 𝑘−1
𝑖 )∇𝑖 (𝑥

𝜇)𝑥𝑣𝑐
)
.

Note here that for 𝑣−1𝛼𝑖 ∈ Φ−0 , the last equality follows by combining the first and third term, which has
the effect that it flips the prefactor 𝑘−1

𝑖 of the first term to 𝑘𝑖 . Formula (5.15) now reduces this expression
to (5.14).

Case 1c: 0 < 𝛼𝑖 (𝑣𝑐) < 1. Then 𝑣−1𝛼𝑖 ∈ Φ+0 so 𝜒−(𝑣
−1𝛼𝑖) = 0, and furthermore, 𝜂(𝛼𝑖 (𝑣𝑐)) = 0 =

𝜒Z(𝛼𝑖 (𝑣𝑐)). Taking also (5.15) into account, it follows that (5.13) is equal to (5.14).
Case 1d: 𝛼𝑖 (𝑣𝑐) = 1. Then 𝜒−(𝑣

−1𝛼𝑖) = 0 and 𝜂(𝛼𝑖 (𝑣𝑐)) = 1, so

𝜓𝑐,𝔱 (𝑇𝑖𝑥
𝜇𝑇𝑣𝑌

𝜈) = 𝜅𝑣 (𝑐)𝑡
−𝜈
(
𝑘−1
𝑖 𝑥𝑠𝑖𝜇+𝑠𝑖𝑣𝑐 + (𝑘𝑖 − 𝑘−1

𝑖 )∇𝑖 (𝑥
𝜇)𝑥𝑣𝑐

)
, (5.16)

while (5.14) by (5.15) becomes

𝜋𝑐,𝔱 (𝑇𝑖)𝜓𝑐,𝔱 (𝑥
𝜇𝑇𝑣𝑌

𝜈) = 𝜅𝑣 (𝑐)𝑡
−𝜈
(
𝑘𝑖𝑥

𝑠𝑖𝜇+𝑠𝑖𝑣𝑐 + (𝑘𝑖 − 𝑘−1
𝑖 ) (∇𝑖 (𝑥

𝜇)𝑥𝑣𝑐 − 𝑥𝑠𝑖𝜇+𝑠𝑖𝑣𝑐)
)
.

Moving the correction term of the divided difference operator to the front is altering the prefactor 𝑘𝑖 of
𝑥𝑠𝑖𝜇+𝑠𝑖𝑣𝑐 to 𝑘−1

𝑖 . This reduces the last expression to (5.16).
Case 2: ℎ = 𝑇0. Fix 𝑣 ∈ 𝑊0 and 𝜇, 𝜈 ∈ 𝑄∨. By (2.44), we have

𝑇0𝑇𝑣 = 𝑇𝑠𝜑𝑣𝑌
−𝑣−1𝜑∨ + 𝜒+(𝑣

−1𝜑) (𝑘𝜑 − 𝑘−1
𝜑 )𝑇𝑣

for 𝑣 ∈ 𝑊0 (recall here that 𝑘0 = 𝑘𝜑). Combined with the cross relation (2.42) in H and the definition
of 𝜓𝑐,𝔱 , we get

𝜓𝑐,𝔱 (𝑇0𝑥
𝜇𝑇𝑣𝑌

𝜈) = 𝜅𝑠𝜑𝑣 (𝑐)𝑡
−𝜈+𝑣−1𝜑∨𝑞

𝜑 (𝜇)
𝜑 𝑥𝑠𝜑𝜇+𝑠𝜑𝑣𝑐

+ 𝜅𝑣 (𝑐)𝑡
−𝜈 (𝑘𝜑 − 𝑘−1

𝜑 )
(
∇0(𝑥

𝜇)𝑥𝑣𝑐 + 𝜒+(𝑣
−1𝜑)𝑞

𝜑 (𝜇)
𝜑 𝑥𝑠𝜑𝜇+𝑣𝑐

)
.

Now apply (5.5) to 𝜅𝑠𝜑𝑣 (𝑐) and use (2.18) to arrive at

𝜅𝑠𝜑𝑣 (𝑐) = 𝜅𝑣 (𝑐)𝑘
𝜒 (𝑣−1𝜑)𝜂 (𝜒 (𝑣−1𝜑)𝜑 (𝑣𝑐))
𝜑

∏
𝛼∈Φ+0

𝑘 𝜖𝑣 (𝛼)𝛼 (5.17)
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with 𝜖𝑣 (𝛼) := −𝜒(𝑣−1𝛼)𝜂(𝜒(𝑣−1𝛼)𝛼(𝑣𝑐))𝛼(𝜑∨) for 𝛼 ∈ Φ0. Since 𝜖𝑣 (−𝛼) = 𝜖𝑣 (𝛼) for all 𝛼 ∈ Φ0,
the product over 𝛼 ∈ Φ+0 in (5.17) is unchanged when taking a different choice of positive roots for Φ+0 .
Choosing 𝑣Φ+0 as set of positive roots, we get

𝜅𝑠𝜑𝑣 (𝑐) = 𝜅𝑣 (𝑐)𝑘
𝜒 (𝑣−1𝜑)𝜂 (𝜒 (𝑣−1𝜑)𝜑 (𝑣𝑐))
𝜑

∏
𝛼∈Φ+0

𝑘
−𝜂 (𝛼(𝑐))𝛼(𝑣−1𝜑∨)
𝛼

= 𝜅𝑣 (𝑐)𝑘
𝜒 (𝑣−1𝜑)𝜂 (𝜒 (𝑣−1𝜑)𝜑 (𝑣𝑐))
𝜑 𝔰−𝑣

−1𝜑∨

𝑐 ,

where the last equality follows from the explicit expression of 𝔰𝑦 (see Definition 5.1). By (5.11), we
conclude that

𝜓𝑐,𝔱 (𝑇0𝑥
𝜇𝑇𝑣𝑌

𝜈) = 𝜅𝑣 (𝑐)𝑡
−𝜈
(
𝔱𝑣
−1𝜑∨ 𝑘

𝜒 (𝑣−1𝜑)𝜂 (𝜒 (𝑣−1𝜑)𝜑 (𝑣𝑐))
𝜑 𝑞

𝜑 (𝜇)
𝜑 𝑥𝑠𝜑𝜇+𝑠𝜑𝑣𝑐

+ (𝑘𝜑 − 𝑘−1
𝜑 )
(
∇0(𝑥

𝜇)𝑥𝑣𝑐 + 𝜒+(𝑣
−1𝜑)𝑞

𝜑 (𝜇)
𝜑 𝑥𝑠𝜑𝜇+𝑣𝑐

) )
.

(5.18)

However,

𝜋𝑐,𝔱 (𝑇0)𝜓𝑐,𝔱 (𝑥
𝜇𝑇𝑣𝑌

𝜈) =

= 𝜅𝑣 (𝑐)𝑡
−𝜈
(
𝔱𝑣
−1𝜑∨ 𝑘

𝜒Z (𝜑 (𝑣𝑐))
𝜑 𝑞

𝜑 (𝜇)
𝜑 𝑥𝑠𝜑𝜇+𝑠𝜑𝑣𝑐 + (𝑘𝜑 − 𝑘−1

𝜑 )∇0(𝑥
𝜇+𝑣𝑐)

) (5.19)

since 𝔱𝜑
∨

𝜇+𝑣𝑐 = 𝑞
𝜑 (𝜇)
𝜑 𝔱𝑣

−1𝜑∨ by Definition 4.1. Furthermore,

∇0(𝑥
𝜇+𝑣𝑐) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∇0(𝑥

𝜇)𝑥𝑣𝑐 − 𝑞
𝜑 (𝜇+𝑣𝑐)
𝜑 𝑥𝑠𝜑𝜇+𝑠𝜑𝑣𝑐 if 𝜑(𝑣𝑐) = −1,

∇0(𝑥
𝜇)𝑥𝑣𝑐 if − 1 < 𝜑(𝑣𝑐) ≤ 0,

∇0(𝑥
𝜇)𝑥𝑣𝑐 + 𝑞

𝜑 (𝜇)
𝜑 𝑥𝑠𝜑𝜇+𝑣𝑐 if 0 < 𝜑(𝑣𝑐) ≤ 1.

(5.20)

Now as in case 1, we prove that the expression (5.18) is equal to (5.19) by distinguishing various cases
related to the position of 𝑣𝑐 relative to the affine root hyperplanes {𝑧 ∈ 𝐸 | 𝜑(𝑧) = 𝑚} (𝑚 = −1, 0, 1).
Since there are various additional subtleties, we discuss the cases in detail.

Case 2a: 0 < 𝜑(𝑣𝑐) ≤ 1. Then 𝑣−1𝜑 ∈ Φ+0 ; hence, 𝜒(𝑣−1𝜑) = 1, 𝜂(𝜑(𝑣𝑐)) = 𝜒Z(𝜑(𝑣𝑐)) and
𝜒+(𝑣

−1𝜑) = 1. The desired result now follows immediately from (5.20).
Case 2b: 𝜑(𝑣𝑐) = 0. Then 𝜂(𝜑(𝑣𝑐)) = −1, 𝑠𝜑𝑣𝑐 = 𝑣𝑐, and 𝔱𝑣

−1𝜑∨ = 1 by Lemma 4.3. Substitution
into (5.18) gives

𝜓𝑐,𝔱 (𝑇0𝑥
𝜇𝑇𝑣𝑌

𝜈) = 𝜅𝑣 (𝑐)𝑡
−𝜈
(
𝑘
−𝜒 (𝑣−1𝜑)
𝜑 𝑞

𝜑 (𝜇)
𝜑 𝑥𝑠𝜑𝜇+𝑣𝑐

+ (𝑘𝜑 − 𝑘−1
𝜑 )
(
∇0(𝑥

𝜇)𝑥𝑣𝑐 + 𝜒+(𝑣
−1𝜑)𝑞

𝜑 (𝜇)
𝜑 𝑥𝑠𝜑𝜇+𝑣𝑐

) )
= 𝜅𝑣 (𝑐)𝑡

−𝜈
(
𝑘𝜑𝑞

𝜑 (𝜇)
𝜑 𝑥𝑠𝜑𝜇+𝑣𝑐 + (𝑘𝜑 − 𝑘−1

𝜑 )∇0(𝑥
𝜇)𝑥𝑣𝑐

)
.

Note here that for 𝑣−1𝜑 ∈ Φ+0 , the second equality follows by combining the first and third term. By
(5.20), this expression reduces to (5.19) (using once more 𝔱𝑣

−1𝜑∨ = 1).
Case 2c: −1 < 𝜑(𝑣𝑐) < 0. Then 𝑣−1𝜑 ∈ Φ−0 , 𝜂(−𝜑(𝑣𝑐)) = 0 and 𝜒+(𝑣

−1𝜑) = 0. Using (5.20), it
follows that (5.18) equals (5.19).

Case 2d: 𝜑(𝑣𝑐) = −1. Then 𝑣−1𝜑 ∈ Φ−0 , 𝜂(−𝜑(𝑣𝑐)) = 1, 𝜒+(𝑣
−1𝜑) = 0, and 𝔱𝑣

−1𝜑∨ = 𝑞−1
𝜑 by

Lemma 4.3. Hence,

𝜓𝑐,𝔱 (𝑇0𝑥
𝜇𝑇𝑣𝑌

𝜈) = 𝜅𝑣 (𝑐)𝑡
−𝜈
(
𝑘−1
𝜑 𝑞

𝜑 (𝜇+𝑣𝑐)
𝜑 𝑥𝑠𝜑𝜇+𝑠𝜑𝑣𝑐 + (𝑘𝜑 − 𝑘−1

𝜑 )∇0(𝑥
𝜇)𝑥𝑣𝑐

)
. (5.21)
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By (5.20), the expression (5.19) becomes

𝜋𝑐,𝔱 (𝑇0)𝜓𝑐,𝔱 (𝑥
𝜇𝑇𝑣𝑌

𝜈) = 𝜅𝑣 (𝑐)𝑡
−𝜈
(
𝑘𝜑𝑞

𝜑 (𝜇+𝑣𝑐)
𝜑 𝑥𝑠𝜑𝜇+𝑠𝜑𝑣𝑐

+ (𝑘𝜑 − 𝑘−1
𝜑 )
(
∇0(𝑥

𝜇)𝑥𝑣𝑐 − 𝑞
𝜑 (𝜇+𝑣𝑐)
𝜑 𝑥𝑠𝜑𝜇+𝑠𝜑𝑣𝑐

) )
.

(5.22)

Then (5.22) reduces to (5.21) by combining the first and third term in (5.22) into a single term. �

Lemma 5.9 implies that ker(𝜓𝑐,𝔱) ⊆ H is a left ideal; hence, H/ker(𝜓𝑐,𝔱) is canonically a left H-
module. Now consider P (𝑐) as left H-module by transporting the left H-action on H/ker(𝜓𝑐,𝔱) through
the linear isomorphism H/ker(𝜓𝑐,𝔱)

∼
−→ P (𝑐) induced by 𝜓𝑐,𝔱. By Lemma 5.9 again, its representation

map is characterised by (4.11). This completes the proof of Theorem 4.5(1).
Corollary 5.10. View H as left H-module with respect to the left-regular H-action.

1. The surjective linear map 𝜓𝑐,𝔱 : H� P (𝑐)𝔱 , defined by (5.10), is H-linear.
2. We have

𝜓𝑐,𝔱 (ℎ) = 𝜋𝑐,𝔱 (ℎ)𝑥
𝑐 ∀ ℎ ∈ H.

In particular, 𝜋𝑐,𝔱 (𝑇𝑣 )𝑥𝑐 = 𝜅𝑣 (𝑐)𝑥
𝑣𝑐 for all 𝑣 ∈ 𝑊0.

Proof.
(1) This is immediate from the paragraph preceding the corollary.
(2) By (1), we have

𝜓𝑐,𝔱 (ℎ) = 𝜋𝑐,𝔱 (ℎ)𝜓𝑐,𝔱 (1) = 𝜋𝑐,𝔱 (ℎ)𝑥
𝑐 ∀ ℎ ∈ H.

The second statement then follows from (5.10). �

5.3. The H-module P (𝑐)𝔱 as quotient ofM𝐽𝔰𝑐𝔱
Take 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 . Then𝔰𝑐𝔱 ∈ 𝐿𝐽 , so we have the one-dimensional representation 𝜒𝐽 ,𝔰𝑐 𝔱 : H𝑌𝐽 → F
from (3.14).
Lemma 5.11. We have 𝜋𝑐,𝔱 (ℎ)𝑥

𝑐 = 𝜒𝐽 ,𝔰𝑐𝔱 (ℎ)𝑥
𝑐 for all ℎ ∈ H𝑌𝐽 .

Proof. Write 𝑡 := 𝔰𝑐𝔱 ∈ 𝐿𝐽 for the duration of this proof.
For 𝜇 ∈ 𝑄∨, we have by Corollary 5.10,

𝜋𝑐,𝔱 (𝑌
𝜇)𝑥𝑐 = 𝜓𝑐,𝔱 (𝑌

𝜇) = 𝑡−𝜇𝑥𝑐 = 𝜒𝐽 ,𝑡 (𝑌
𝜇)𝑥𝑐 .

For 𝑖 ∈ 𝐽0, we have 𝜅𝑠𝑖 (𝑐) = 𝑘𝑖 and 𝑠𝑖𝑐 = 𝑐 since 𝛼𝑖 (𝑐) = 0; hence,

𝜋𝑐,𝔱 (𝛿(𝑇𝑖))𝑥
𝑐 = 𝜋𝑐,𝔱 (𝑇𝑖)𝑥

𝑐 = 𝑘𝑖𝑥
𝑐 = 𝜒𝐽 ,𝑡 (𝛿(𝑇𝑖))𝑥

𝑐 ,

where we used Corollary 5.10(2) for the second equality.
Suppose that 0 ∈ 𝐽, so that 𝑠0𝑐 = 𝑐 and 𝜑(𝑐) = 1. We need to show that 𝜋𝑐,𝔱 (𝛿(𝑇0))𝑥

𝑐 = 𝑘𝜑𝑥
𝑐 .

Using 𝛿(𝑇−1
0 ) = 𝑥𝜑

∨
𝑇−1

0 𝑌 𝜑
∨ , we compute

𝜋𝑐,𝔱 (𝛿(𝑇
−1
0 ))𝑥

𝑐 = 𝑡−𝜑
∨

𝜋𝑐,𝔱 (𝑥
𝜑∨𝑇−1

0 )𝑥
𝑐 = 𝑞𝜑𝑘𝜑𝑡

−𝜑∨𝑥𝑐 ,

where the second equality follows from a direct computation using that

𝜋𝑐,𝔱 (𝑇𝑗 )𝑥
𝑦 = 𝑘 𝑗𝑥

𝑦 +
���
𝑘 𝑗𝑥

𝛼∨𝑗 − 𝑘−1
𝑗

𝑥𝛼
∨
𝑗 − 1

���(𝑥𝑦−𝐷𝛼𝑗 (𝑦)𝛼
∨
𝑗 − 𝑥𝑦) if 𝑦 ∈ O𝑐 and 𝛼 𝑗 (𝑦) ∈ Z.
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Now 𝜑(𝑐) = 1 and 𝔱 ∈ 𝑇𝐽 implies that 𝔱−𝜑∨ = 𝑞−1
𝜑 by Lemma 4.3, and 𝔰−𝜑

∨

𝑐 = 𝑘−2
𝜑 by Lemma 5.3(1).

Hence, 𝜋𝑐,𝔱 (𝛿(𝑇−1
0 ))𝑥

𝑐 = 𝑘−1
𝜑 𝑥𝑐 , as desired. �

Corollary 5.12. There exists a unique epimorphism 𝜙𝑐,𝔱 : M𝐽𝔰𝑐𝔱 � P (𝑐)𝔱 of H-modules such that

𝜓𝑐,𝔱 (ℎ) = 𝜙𝑐,𝔱
(
ℎ𝑚𝐽𝔰𝑐𝔱

)
∀ ℎ ∈ H.

Furthermore,
𝜙𝑐,𝔱
(
𝑥𝜇𝑇𝑣𝑚

𝐽
𝔰𝑐𝔱

)
= 𝜅𝑣 (𝑐)𝑥

𝜇+𝑣𝑐 (𝜇 ∈ 𝑄∨, 𝑣 ∈ 𝑊0). (5.23)

Proof. The first part is an immediate consequence of Corollary 5.10(1) and Lemma 5.11. For (5.23),
note that

𝜙𝑐,𝔱
(
𝑥𝜇𝑇𝑣𝑚

𝐽
𝔰𝑐𝔱

)
= 𝜓𝑐,𝔱 (𝑥

𝜇𝑇𝑣 ) = 𝜅𝑣 (𝑐)𝑥
𝜇+𝑣𝑐

for 𝜇 ∈ 𝑄∨ and 𝑣 ∈ 𝑊0, where the second equality follows from (5.10). �

5.4. The parabolic Bruhat order on E

The restrictions of the Bruhat order on W to the subsets𝑊 𝐽 (𝐽 � [0, 𝑟]) of minimal coset representatives
can be glued together to a partial order on E, which we call the parabolic Bruhat order on E. This
subsection is devoted to a detailed study of its properties. In the next subsection, we will continue with
the proof of Theorem 4.5 by showing that the action of 𝛿(𝑇𝑗 ) on P (𝑐)𝔱 is triangular with respect to the
basis {𝑥𝑦}𝑦∈O𝑐 of monomials, partially ordered by the restriction of the parabolic Bruhat order to the
set O𝑐 of quasi-exponents.

Let ≤𝐵 be the Bruhat order on W with respect to the simple reflections 𝑠0, . . . , 𝑠𝑟 (see [21, Chpt. 5]
for details). We write 𝑤 <𝐵 𝑤′ if 𝑤 ≤𝐵 𝑤′ and 𝑤 ≠ 𝑤′. The following two properties of ≤𝐵 are well
known.
Lemma 5.13.
1. Let 𝑤, 𝑤′ ∈ 𝑊 and 0 ≤ 𝑗 ≤ 𝑟 , satisfying 𝑤 <𝐵 𝑤′ <𝐵 𝑠 𝑗𝑤

′. Then we have 𝑠 𝑗𝑤 <𝐵 𝑠 𝑗𝑤
′.

2. For 𝑎 ∈ Φ and 𝑤 ∈ 𝑊 , we have

𝑤𝑠𝑎 <𝐵 𝑤 ⇔ 𝑎 ∈ Π(𝑤) ∪ −Π(𝑤) ⇔ ℓ(𝑤𝑠𝑎) < ℓ(𝑤).

Proof. (1) See, for example, [21, Prop. 5.9].
(2) See [29, (2.3.3)]. �

Definition 5.14. For 𝑦, 𝑧 ∈ 𝐸 , we write 𝑦 ≤ 𝑧 if 𝑦 ∈ 𝑊𝑧 and 𝑤𝑦 ≤𝐵 𝑤𝑧 .
In other words, elements in E from different W-orbits are incomparable, and the restriction of ≤ to a

W-orbit O𝑐 (𝑐 ∈ 𝐶𝐽 ) corresponds to the Bruhat order on 𝑊 𝐽 through the natural bijection O𝑐
∼
−→ 𝑊 𝐽 ,

𝑦 ↦→ 𝑤𝑦 (which, in turn, can be regarded as the natural partial order on the coset space 𝑊/𝑊𝑐 
 𝑊 𝐽

induced by ≤𝐵). In particular, ≤ defines a partial order on E.
We will now establish an alternative description of the partial order ≤.

Definition 5.15. Let 𝛼 ∈ Φ+0 and 𝑦, 𝑧 ∈ 𝐸 . Write 𝑦 ≺𝛼 𝑧 if the following two conditions hold true:
1. 𝑦 = 𝑠𝑎𝑧 for some 𝑎 ∈ Φ with 𝐷𝑎 = 𝛼,
2. either |𝛼(𝑦) | < |𝛼(𝑧) | or 𝛼(𝑦) = −𝛼(𝑧) > 0.
Let ≺ be the transitive closure of the relations ≺𝛼 (𝛼 ∈ Φ+0) on E.
Remark 5.16.
1. For 𝛼 ∈ Φ+0 , we have 𝑦 ≺𝛼 𝑠𝛼𝑦 iff 𝛼(𝑦) > 0.
2. Elements from different W-orbits in E are incomparable with respect to ≺.
3. The relation ≺ on 𝑄∨ coincides with the relation ≺Φ+0 introduced by Haiman in [19, (5.14)].

Let sgn : Z→ {−1, 1} be the sign function, so sgn(𝑚) = 𝑚
|𝑚 | for 𝑚 ≠ 0 and sgn(0) = 1.
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Proposition 5.17. Let 𝑐 ∈ 𝐶+, 𝑤 ∈ 𝑊 and 𝑎 = (𝛼, ℓ) ∈ Φ with 𝛼 ∈ Φ+0 . The following three statements
are equivalent.

1. 𝑠𝑎𝑤 <𝐵 𝑤 and 𝑎(𝑤𝑐) ≠ 0.
2. sgn(ℓ)𝑎(𝑤𝑐) < 0.
3. 𝑠𝑎𝑤𝑐 ≺𝛼 𝑤𝑐.

Proof. (1)⇔(2): By Lemma 5.13(2), the identity 𝑤−1𝑠𝑎𝑤 = 𝑠𝑤−1𝑎, and the description (2.5) of Φ+, we
have

𝑠𝑎𝑤 <𝐵 𝑤 ⇔ sgn(ℓ)𝑤−1𝑎 ∈ Φ−.

Furthermore, for 𝑏 ∈ Φ with 𝑏(𝑐) ≠ 0, we have 𝑏 ∈ Φ− iff 𝑏(𝑐) < 0, since 𝑐 ∈ 𝐶+. The result follows
from these observations and the fact that (𝑤−1𝑎) (𝑐) = 𝑎(𝑤𝑐).

(2)⇒(3): If ℓ = 0, then 𝛼(𝑤𝑐) < 0; hence, 𝑠𝑎𝑤𝑐 = 𝑠𝛼𝑤𝑐 ≺𝛼 𝑤𝑐 by Remark 5.16(1). If ℓ ≠ 0, then
0 < |ℓ | < −sgn(ℓ)𝛼(𝑤𝑐), which implies that

|𝛼(𝑤𝑐) | = −sgn(ℓ)𝛼(𝑤𝑐) > ±sgn(ℓ) (𝛼(𝑤𝑐) + 2ℓ).

Here, the inequality for the minus-sign follows from |ℓ | > 0, and the inequality for the plus-sign follows
from |ℓ | < −sgn(ℓ)𝛼(𝑤𝑐). Hence, |𝛼(𝑤𝑐) + 2ℓ | < |𝛼(𝑤𝑐) |, and we conclude that

|𝛼(𝑠𝑎𝑤𝑐) | = |𝛼(𝑤𝑐) + 2ℓ | < |𝛼(𝑤𝑐) |.

Hence, 𝑠𝑎𝑤𝑐 ≺𝛼 𝑤𝑐.
(3)⇒(2): We have either |𝛼(𝑤𝑐) +2ℓ | < |𝛼(𝑤𝑐) | or 𝛼(𝑤𝑐) +2ℓ = 𝛼(𝑤𝑐) < 0. In the second case, we

have ℓ = 0, and hence, sgn(ℓ)𝑎(𝑤𝑐) = 𝛼(𝑤𝑐) < 0, as desired. Now suppose that |𝛼(𝑤𝑐)+2ℓ | < |𝛼(𝑤𝑐) |.
Then 𝛼(𝑤𝑐) ≠ 0. If 𝛼(𝑤𝑐) > 0, then ℓ ∈ Z<0 and −𝛼(𝑤𝑐) − 2ℓ < 𝛼(𝑤𝑐) (i.e., −𝑎(𝑤𝑐) < 0).
If 𝛼(𝑤𝑐) < 0, then ℓ ∈ Z>0 and 𝛼(𝑤𝑐) + 2ℓ < −𝛼(𝑤𝑐) (i.e., 𝑎(𝑤𝑐) < 0). So again, we have
sgn(ℓ)𝑎(𝑤𝑐) < 0, as desired. �

Corollary 5.18. Let 𝑤, 𝑤′ ∈ 𝑊 with 𝑤 ≤𝐵 𝑤′. Then 𝑤𝑐 ! 𝑤′𝑐 for all 𝑐 ∈ 𝐶+.

Proof. Let 𝑐 ∈ 𝐶+ and suppose that 𝑤 <𝐵 𝑤′. Then there exists a chain

𝑤 =: 𝑤′0 <𝐵 𝑤′1 <𝐵 · · · <𝐵 𝑤′𝑚−1 <𝐵 𝑤′𝑚 := 𝑤′

with 𝑤′𝑗 ∈ 𝑊 satisfying 𝑤′𝑗−1 = 𝑠𝑏 𝑗𝑤
′
𝑗 (1 ≤ 𝑗 ≤ 𝑚) for affine roots 𝑏 𝑗 ∈ Φ with 𝛽 𝑗 := 𝐷𝑏 𝑗 ∈ Φ+0 . If

𝑏 𝑗 (𝑤
′
𝑗−1𝑐) = 0, then 𝑤′𝑗−1𝑐 = 𝑤′𝑗𝑐. If 𝑏 𝑗 (𝑤′𝑗−1𝑐) ≠ 0, then 𝑤′𝑗−1𝑐 ≺𝛽 𝑗 𝑤

′
𝑗𝑐 by Proposition 5.17. Hence,

𝑤𝑐 ! 𝑤′𝑐. �

Proposition 5.19. The relation ! on E coincides with the partial order ≤ on E.

Proof. Let 𝑦, 𝑧 ∈ 𝐸 . If 𝑦 ≤ 𝑧, then 𝑤𝑦 ≤𝐵 𝑤𝑧 and 𝑐𝑦 = 𝑐𝑧 . Write 𝑐 := 𝑐𝑦 . Then we get 𝑦 = 𝑤𝑦𝑐 !
𝑤𝑧𝑐 = 𝑧 by Corollary 5.18.

Suppose that 𝑦 ≺ 𝑧. Then y and z lie in the same W-orbit by Remark 5.16(2); hence, 𝑐𝑦 = 𝑐𝑧 . Write
𝑐 := 𝑐𝑦 . There exists a chain

𝑦 =: 𝑦0 ≺𝛽1 𝑦1 ≺𝛽2 · · · ≺𝛽𝑚−1 𝑦𝑚−1 ≺𝛽𝑚 𝑦𝑚 := 𝑧

with 𝛽1, . . . , 𝛽𝑚 ∈ Φ+0 and 𝑦 𝑗 ∈ O𝑐 satisfying 𝑦 𝑗−1 = 𝑠𝑏 𝑗 𝑦 𝑗 for some 𝑏 𝑗 ∈ Φ with 𝐷𝑏 𝑗 = 𝛽 𝑗 . Then
𝑠𝑏 𝑗𝑤𝑦 𝑗 <𝐵 𝑤𝑦 𝑗 (1 ≤ 𝑗 ≤ 𝑚) by Proposition 5.17. Since 𝑤𝑦 𝑗−1𝑐 = 𝑦 𝑗−1 = 𝑠𝑏 𝑗𝑤𝑦 𝑗 𝑐 and 𝑤𝑦 𝑗−1 is a
minimal coset representative of 𝑤𝑦 𝑗−1𝑊𝑐 , we have 𝑤𝑦 𝑗−1 ≤𝐵 𝑠𝑏 𝑗𝑤𝑦 𝑗 ; hence, 𝑤𝑦 𝑗−1 <𝐵 𝑤𝑦 𝑗 (1 ≤ 𝑗 ≤ 𝑚).
This implies 𝑤𝑦 <𝐵 𝑤𝑧 ; hence, 𝑦 < 𝑧. �

Corollary 5.20. Let 𝑦, 𝑧 ∈ 𝐸 and 0 ≤ 𝑗 ≤ 𝑟 , and suppose that 𝑦 < 𝑧 < 𝑠 𝑗 𝑧. Then 𝑠 𝑗 𝑦 < 𝑠 𝑗 𝑧.
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Proof. Let 𝑐 ∈ 𝐶+ such that 𝑦, 𝑧 ∈ O𝑐 . Since 𝑤𝑠 𝑗 𝑧 is a minimal coset representative of the coset
𝑠 𝑗𝑤𝑧𝑊𝑐 , we have 𝑤𝑠 𝑗 𝑧 ≤𝐵 𝑠 𝑗𝑤𝑧 . By the assumption 𝑧 < 𝑠 𝑗 𝑧, we have 𝑤𝑧 <𝐵 𝑤𝑠 𝑗 𝑧 . Combining the two
relations, we get 𝑤𝑧 <𝐵 𝑠 𝑗𝑤𝑧 . Since furthermore 𝑦 < 𝑧, we conclude that

𝑤𝑦 <𝐵 𝑤𝑧 <𝐵 𝑠 𝑗𝑤𝑧 .

Hence, 𝑠 𝑗𝑤𝑦 <𝐵 𝑠 𝑗𝑤𝑧 by Lemma 5.13(1). Then 𝑠 𝑗 𝑦 < 𝑠 𝑗 𝑧 by Corollary 5.18 and Proposition 5.19. �

Proposition 5.21. Let 𝑦 ∈ 𝐸 and 𝑎 ∈ Φ+. Then 𝑦 < 𝑠𝑎𝑦 iff 𝑎(𝑦) > 0.

Proof. Suppose that 𝑦 < 𝑠𝑎𝑦. Then 𝑎(𝑦) ≠ 0 and 𝑤𝑦 <𝐵 𝑤𝑠𝑎𝑦 . Writing 𝑠𝑎𝑤𝑦 = 𝑤𝑠𝑎𝑦𝑤
′ with 𝑤′ ∈ 𝑊𝑐𝑦 ,

we have

𝑤𝑦 <𝐵 𝑤𝑠𝑎𝑦 ≤𝐵 𝑤𝑠𝑎𝑦𝑤
′ = 𝑠𝑎𝑤𝑦

since ℓ(𝑤𝑠𝑎𝑦𝑤
′) = ℓ(𝑤𝑠𝑎𝑦) + ℓ(𝑤

′). So 𝑤𝑦 <𝐵 𝑠𝑎𝑤𝑦 , which implies that 𝑤−1
𝑦 𝑎 ∈ Φ+ by [21, Prop. 5.7].

It follows that 𝑎(𝑦) = (𝑤−1
𝑦 𝑎) (𝑐𝑦) ≥ 0. Since 𝑎(𝑦) ≠ 0, this forces 𝑎(𝑦) > 0.

For the converse implication, let 𝑎 = (𝛼, ℓ) ∈ Φ+ such that 𝑎(𝑦) = ℓ + 𝛼(𝑦) > 0. The condition that
a is a positive root implies that ℓ ∈ Z≥0 if 𝛼 ∈ Φ+0 , and ℓ ∈ Z>0 if 𝛼 ∈ Φ−0 . It follows that

𝛼(𝑠𝑎𝑦) = −𝛼(𝑦) − 2ℓ < 0.

Hence, |𝛼(𝑠𝑎𝑦) | = 𝛼(𝑦) + 2ℓ. Since ℓ ∈ Z≥0, we conclude that 𝛼(𝑦) ≤ |𝛼(𝑠𝑎𝑦) |. If 𝛼(𝑦) = |𝛼(𝑠𝑎𝑦) |,
then ℓ = 0, so 𝑎(𝑦) = 𝛼(𝑦) > 0. Then 𝛼(𝑦) = −𝛼(𝑠𝛼𝑦) = −𝛼(𝑠𝑎𝑦) > 0. We conclude that 𝑦 ≺ 𝑠𝑎𝑦, and
hence, 𝑦 < 𝑠𝑎𝑦 by Proposition 5.19. If 𝛼(𝑦) < |𝛼(𝑠𝑎𝑦) |, then ℓ ∈ Z>0 and

−𝛼(𝑦) = −(𝛼(𝑦) + ℓ) + ℓ < (𝛼(𝑦) + ℓ) + ℓ = |𝛼(𝑠𝑎𝑦) |.

Hence, |𝛼(𝑦) | < |𝛼(𝑠𝑎𝑦) |. Consequently, 𝑦 ≺ 𝑠𝑎𝑦, so 𝑦 < 𝑠𝑎𝑦 by Proposition 5.19. �

Corollary 5.22. Let 𝑦 ∈ 𝐸 and 𝑎 ∈ Φ+. Then 𝑠𝑎𝑦 < 𝑦 iff 𝑎 ∈ Π(𝑤−1
𝑦 ) iff 𝑎(𝑦) < 0.

Proof. Combine Proposition 2.4 and Proposition 5.21. �

Corollary 5.23. Let 𝑐 ∈ 𝐶𝐽 , 𝑦 ∈ O𝑐 and 𝑗 ∈ [0, 𝑟].

1. If 𝛼 𝑗 (𝑦) ≠ 0, then 𝑤𝑠 𝑗 𝑦 = 𝑠 𝑗𝑤𝑦 and

ℓ(𝑠 𝑗𝑤𝑦) = ℓ(𝑤𝑦) ± 1 ⇔ 𝛼 𝑗 (𝑦) ≷ 0.

2. If 𝛼 𝑗 (𝑦) = 0, then 𝑤𝑠 𝑗 𝑦 = 𝑤𝑦 and ℓ(𝑠 𝑗𝑤𝑦) = ℓ(𝑤𝑦) + 1.

Proof. (1) If 𝛼 𝑗 (𝑦) ≠ 0, then 𝑠 𝑗 𝑦 ≠ 𝑦, and so, 𝑠 𝑗𝑤𝑦 ∉ 𝑤𝑦𝑊𝑐 . Hence, 𝑠 𝑗𝑤𝑦 ∈ 𝑊 𝐽 by Lemma 2.2(2).
Furthermore, 𝑠 𝑗𝑤𝑦𝑐 = 𝑠 𝑗 𝑦 = 𝑤𝑠 𝑗 𝑦𝑐; hence, 𝑠 𝑗𝑤𝑦 = 𝑤𝑠 𝑗 𝑦 . If 𝛼 𝑗 (𝑦) > 0, then 𝑤𝑦 <𝐵 𝑠 𝑗𝑤𝑦 by
Proposition 5.21; hence, ℓ(𝑠 𝑗𝑤𝑦) = ℓ(𝑤𝑦) + 1 by Lemma 5.13(2). Similarly, if 𝛼 𝑗 (𝑦) < 0, then
𝑤𝑠 𝑗 𝑦 <𝐵 𝑤𝑦 by Corollary 5.22; hence, ℓ(𝑠 𝑗𝑤𝑦) = ℓ(𝑤𝑦) − 1 by Lemma 5.13(2) again.

(2) If 𝛼 𝑗 (𝑦) = 0, then 𝑠 𝑗 𝑦 = 𝑦, so the first equality is trivial. Then 𝑠 𝑗𝑤𝑦 ∈ 𝑤𝑦𝑊𝑐; hence, the second
part of the statement follows from Lemma 2.2(2). �

We conclude this subsection with the following lemma, which explicitly describes root strings with
respect to ≺𝛼.

Lemma 5.24. Let 𝛼 ∈ Φ+0 and 𝑦 ∈ O𝑐 . Then we have the following:

1. If 𝛼(𝑦) ∈ R<0, then 𝑠𝛼𝑦 − ℓ𝛼∨ ≺𝛼 𝑦 for 0 ≤ ℓ ≤ −1 − �𝛼(𝑦)�,
2. If 𝛼(𝑦) ∈ Z>1, then 𝑦 − ℓ𝛼∨ ≺𝛼 𝑦 for 1 ≤ ℓ ≤ 𝛼(𝑦) − 1,
3. If 𝛼(𝑦) ∈ R>1 \ Z>1, then 𝑠𝛼𝑦 + ℓ𝛼

∨ ≺𝛼 𝑦 for 1 ≤ ℓ ≤ �𝛼(𝑦)�.
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Proof. (1) Write 𝑦ℓ := 𝑠𝛼𝑦 − ℓ𝛼∨ with 0 ≤ ℓ ≤ −1 − �𝛼(𝑦)�. Then 𝑦ℓ = 𝑠𝑎𝑦 with 𝑎 := (𝛼, ℓ) ∈ Φ. If
ℓ = 0, then 𝛼(𝑦0) = −𝛼(𝑦) > 0, and so, 𝑦0 ≺𝛼 𝑦. If 1 ≤ ℓ ≤ −1 − �𝛼(𝑦)�, then

𝛼(𝑦) < 2 + 2�𝛼(𝑦)� − 𝛼(𝑦) ≤ −2ℓ − 𝛼(𝑦) = 𝛼(𝑦ℓ) < −𝛼(𝑦).

Hence, |𝛼(𝑦ℓ ) | < |𝛼(𝑦) |, and so 𝑦ℓ ≺𝛼 𝑦.
(2) Write 𝑦ℓ := 𝑦 − ℓ𝛼∨ with 1 ≤ ℓ ≤ 𝛼(𝑦) − 1. Then we have 𝑦ℓ = 𝑠𝑎𝑦 with 𝑎 = (𝛼, ℓ − 𝛼(𝑦)) ∈ Φ

since 𝛼(𝑦) ∈ Z, and −𝛼(𝑦) + 2 ≤ 𝛼(𝑦) − 2ℓ = 𝛼(𝑦ℓ ) ≤ 𝛼(𝑦) − 2. Hence, |𝛼(𝑦ℓ ) | < |𝛼(𝑦) |, and so,
𝑦ℓ ≺𝛼 𝑦.

(3) Write 𝑦ℓ := 𝑠𝛼𝑦 + ℓ𝛼
∨ with 1 ≤ ℓ ≤ �𝛼(𝑦)�. Then 𝑦ℓ = 𝑠𝑎𝑦 with 𝑎 = (𝛼,−ℓ) ∈ Φ, and

−𝛼(𝑦) < 2 − 𝛼(𝑦) ≤ 2ℓ − 𝛼(𝑦) = 𝛼(𝑦ℓ) ≤ 2�𝛼(𝑦)� − 𝛼(𝑦) < 𝛼(𝑦),

where the last inequality is a consequence of the fact that 𝛼(𝑦) ∉ Z. Hence, |𝛼(𝑦ℓ ) | < |𝛼(𝑦) |, and so,
𝑦ℓ ≺𝛼 𝑦. �

5.5. Triangularity properties

Throughout this subsection, we fix 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 . We will analyse the triangularity properties
of the action of 𝑌 𝜇 (𝜇 ∈ 𝑄∨) and 𝛿(𝑇𝑗 ) (0 ≤ 𝑗 ≤ 𝑟) on P (𝑐)𝔱 with respect to the basis {𝑥𝑦}𝑦∈O𝑐 of
quasi-monomials, partially ordered by the parabolic Bruhat order on O𝑐 .
Definition 5.25. For 𝑓 ∈ F[𝐸] and 𝑦 ∈ 𝐸 , we write

𝑓 = 𝑑𝑥𝑦 + l.o.t. (5.24)

if f is of the form

𝑓 = 𝑑𝑥𝑦 +
∑
𝑧<𝑦

𝑑𝑧𝑥
𝑧 (𝑑, 𝑑𝑧 ∈ F).

If 𝑑 ≠ 0, then y is called the leading exponent of f, and d its leading coefficient.

Remark 5.26. If 𝑓 ∈ F[𝐸] is of the form (5.24), then f is a quasi-polynomial. In fact, 𝑧 < 𝑦 forces
𝑧 ∈ 𝑊𝑦, so that 𝑓 ∈ P (𝑐𝑦 ) . Furthermore, for 𝑦 ∈ O𝑐 (𝑐 ∈ 𝐶𝐽 ), we have

#{𝑧 ∈ 𝐸 | 𝑧 < 𝑦} < ∞

since #{𝑤 ∈ 𝑊 𝐽 | 𝑤 <𝐵 𝑤𝑦} < ∞.

We now first show that the linear operators 𝜋𝑐,𝔱 (𝑌
𝜇) (𝜇 ∈ 𝑄∨) are triangular. For an affine root

𝑎 ∈ Φ, define 𝐺𝔱 (𝑎) ∈ End(P (𝑐) ) by

𝐺𝔱 (𝑎)𝑥
𝑦 := 𝑘

𝜒Z (𝑎 (𝑦))
𝑎 𝑥𝑦 + (𝑘𝑎 − 𝑘−1

𝑎 )

(
1 − 𝑥 �𝐷𝑎 (𝑦) �𝑎

∨

1 − 𝑥−𝑎∨

)
𝑠𝑎,𝔱𝑥

𝑦 (𝑦 ∈ O𝑐).

Using Lemma 4.2 and the fact that 𝑤𝔱𝑥
𝑦 for 𝑤 ∈ 𝑊 is a scalar multiple of 𝑥 (𝐷𝑤)𝑦 , one shows that

𝐺𝔱 (𝛼 𝑗 ) = 𝑠 𝑗 ,𝔱𝜋𝑐,𝔱 (𝑇𝑗 ) ( 𝑗 = 0, . . . , 𝑟) (5.25)

and

𝐺𝔱 (𝑤𝑎) = 𝑤𝔱𝐺𝔱 (𝑎)𝑤
−1
𝔱 (𝑤 ∈ 𝑊, 𝑎 ∈ Φ) (5.26)

as linear operators on P (𝑐) .
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Lemma 5.27. Fix 𝑎 = (𝛼, ℓ) ∈ Φ with 𝛼 ∈ Φ+0 and ℓ ∈ Z. Then

𝐺𝔱 (𝑎)𝑥
𝑦 = 𝑘

−𝜂 (𝛼(𝑦))
𝛼 𝑥𝑦 + l.o.t.

for all 𝑦 ∈ O𝑐 .

Proof. Note that

𝑘
−𝜂 (𝛼(𝑦))
𝛼 =

{
𝑘−1
𝑎 if 𝛼(𝑦) ∈ Z>0,

𝑘
𝜒Z (𝑎 (𝑦))
𝑎 if 𝛼(𝑦) ∈ R \ Z>0.

Keeping in mind Lemma 4.3, one then obtains by direct computations,

𝐺𝔱 (𝑎)𝑥
𝑦 − 𝑘

−𝜂 (𝛼(𝑦))
𝛼 𝑥𝑦

=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(𝑘𝑎 − 𝑘−1

𝑎 ) (1 + 𝑥−𝑎
∨
+ · · · + 𝑥 (1+�𝛼(𝑦) �)𝑎

∨
)𝑠𝑎,𝔱𝑥

𝑦 if 𝛼(𝑦) ∈ R<0,

0 if 0 ≤ 𝛼(𝑦) ≤ 1,
(𝑘−1
𝑎 − 𝑘𝑎) (𝑥

−𝑎∨ + 𝑥−2𝑎∨ + · · · + 𝑥 (1−𝛼(𝑦))𝑎
∨
)𝑥𝑦 if 𝛼(𝑦) ∈ Z>1,

(𝑘−1
𝑎 − 𝑘𝑎) (𝑥

𝑎∨ + 𝑥2𝑎∨ + · · · + 𝑥 �𝛼(𝑦) �𝑎
∨
)𝑠𝑎,𝔱𝑥

𝑦 if 𝛼(𝑦) ∈ R>1 \ Z>1.

Since 𝑥𝑎∨ = 𝑞ℓ𝛼𝑥
𝛼∨ and 𝑠𝑎,𝔱𝑥

𝑦 = 𝔱−ℓ𝛼
∨

𝑦 𝑥𝑦−𝛼(𝑦)𝛼
∨ by (4.4), the result now follows from Lemma 5.24. �

Proposition 5.28. For 𝜇 ∈ 𝑄∨ and 𝑦 ∈ O𝑐 , we have

𝜋𝑐,𝔱 (𝑌
𝜇)𝑥𝑦 = (𝔰𝑦𝔱𝑦)

−𝜇𝑥𝑦 + l.o.t.

in P (𝑐) .

Proof. It suffices to prove the proposition for 𝜇 ∈ 𝑄∨ ∩ 𝐸+.
If 𝜏(𝜇) = 𝑠 𝑗1 · · · 𝑠 𝑗𝑚 is a reduced expression and 𝑏1, . . . , 𝑏𝑚 are the associated positive affine roots

in Π(𝜏(𝜇)) (see (2.12)), then

𝜋𝑐,𝔱 (𝑌
𝜇) = 𝜏(𝜇)𝔱𝐺𝔱 (𝑏1) · · ·𝐺𝔱 (𝑏𝑚)

as linear operators on P (𝑐) by the equivariance properties (5.25) and (5.26) of 𝐺𝔱 (𝑎). Furthermore,
since 𝜇 ∈ 𝑄∨ ∩ 𝐸+, we have

Π(𝜏(𝜇)) =
⊔
𝛼∈Φ+0

{(𝛼, ℓ) | 0 ≤ ℓ < 𝛼(𝜇)}.

Combined with Lemma 5.27, we get for 𝑦 ∈ O𝑐 ,

𝜋𝑐,𝔱 (𝑌
𝜇)𝑥𝑦 =

���
∏

𝑎∈Π (𝜏 (𝜇))

𝑘
−𝜂 (𝐷𝑎 (𝑦))
𝐷𝑎

���𝜏(𝜇)𝔱𝑥𝑦 + l.o.t.

=
���
∏
𝛼∈Φ+0

𝑘
−𝜂 (𝛼(𝑦))𝛼(𝜇)
𝛼

���𝔱−𝜇𝑦 𝑥𝑦 + l.o.t.

= (𝔰𝑦𝔱𝑦)
−𝜇𝑥𝑦 + l.o.t.

in P (𝑐) , as desired. �

Recall 𝑘𝑤 ∈ FΣ (𝐸,F×) (𝑤 ∈ 𝑊), defined by (5.7).
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Proposition 5.29. For 𝑐 ∈ 𝐶𝐽 and 𝑤 ∈ 𝑊 𝐽 , we have

𝜋𝑐,𝔱 (𝛿(𝑇𝑤−1 ))𝑥𝑐 = 𝑘𝑤 (𝑐)𝑥
𝑤𝑐 + l.o.t.

(here 𝑤𝑐 is the action of w on 𝑐 ∈ 𝐸 by translations and reflections).
Proof. Let 𝑤 = 𝑠 𝑗1 · · · 𝑠 𝑗𝑚 be a reduced expression for 𝑤 ∈ 𝑊 𝐽 , so that

𝜋𝑐,𝔱 (𝛿(𝑇𝑤−1 ))𝑥𝑐 = 𝜋𝑐,𝔱 (𝛿(𝑇𝑗1 )) · · · 𝜋𝑐,𝔱 (𝛿(𝑇𝑗𝑚 ))𝑥
𝑐 .

Write Π(𝑤) = {𝑏1, . . . , 𝑏𝑚} with 𝑏𝑖 := 𝑠 𝑗𝑚 · · · 𝑠 𝑗𝑖+1𝛼 𝑗𝑖 (1 ≤ 𝑖 < 𝑚) and 𝑏𝑚 := 𝛼 𝑗𝑚 . Then

𝛼 𝑗𝑖 (𝑠 𝑗𝑖+1 · · · 𝑠 𝑗𝑚𝑐) = 𝑏𝑖 (𝑐) > 0 (𝑖 = 1, . . . , 𝑚)

since 𝑤 ∈ 𝑊 𝐽 . It thus suffices to show for 𝑗 = 0, . . . , 𝑟 that

𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝑥
𝑦 = 𝑘𝑠 𝑗 (𝑦)𝑥

𝑠 𝑗 𝑦 + l.o.t. if 𝑦 ∈ O𝑐 and 𝛼 𝑗 (𝑦) > 0. (5.27)

For 𝑦 ∈ O𝑐 and 1 ≤ 𝑖 ≤ 𝑟 , we have

𝜋𝑐,𝔱 (𝑇
−1
𝑖 )𝑥

𝑦 =

{
𝑘−1
𝑖 𝑥𝑠𝑖 𝑦 + l.o.t. if 𝛼𝑖 (𝑦) ∈ Z≥0,

𝑘
𝜒Z (𝛼𝑖 (𝑦))
𝑖 𝑥𝑠𝑖 𝑦 + l.o.t. otherwise.

(5.28)

This follows in a similar way as Lemma 5.27, using as extra ingredients Proposition 5.21 and the fact that

�𝑧� + �−𝑧� =

{
−1 if 𝑧 ∈ R \ Z,
0 if 𝑧 ∈ Z

(5.29)

(below we give the similar, but more involved, proof of the variant (5.32) of formula (5.28) for the
simple reflection 𝑠0). As an easy consequence of Proposition 5.21 and the Hecke relations (2.39) for 𝑇𝑖 ,
we conclude that for 1 ≤ 𝑖 ≤ 𝑟 and 𝑦 ∈ O𝑐 with 𝛼𝑖 (𝑦) > 0,

𝜋𝑐,𝔱 (𝑇
±1
𝑖 )𝑥

𝑦 = 𝑘
−𝜂 (𝛼𝑖 (𝑦))
𝑖 𝑥𝑠𝑖 𝑦 + l.o.t. (5.30)

Then (5.27) for 𝑗 > 0 follows from (5.8), (5.30) and the fact that 𝛿(𝑇𝑖) = 𝑇𝑖 for 1 ≤ 𝑖 ≤ 𝑟 .
For (5.27) with 𝑗 = 0, we first note that for 𝑈0 = 𝑞−1

𝜑 𝑥𝜑
∨
𝑇−1

0 ∈ H (see (2.48)),

𝜋𝑐,𝔱 (𝑈
−1
0 )𝑥

𝑦 = 𝑘
𝜒Z (𝛼0 (𝑦))
𝜑 𝔱𝜑

∨

𝑦 𝑥𝑠𝜑 𝑦−𝛼
∨
0 + (𝑘𝜑 − 𝑘−1

𝜑 )

(
1 − 𝑥−�𝛼0 (𝑦)+1�𝛼∨0

1 − 𝑥𝛼
∨
0

)
𝑥𝑦+𝛼

∨
0 (5.31)

for 𝑦 ∈ O𝑐 . Here, we used that 𝔱𝜑
∨

𝑦−𝜑∨
= 𝑞−2

𝜑 𝔱𝜑
∨

𝑦 (see Definition 4.1), and the fact that 𝑞𝜑𝑥−𝜑
∨
= 𝑥𝛼

∨
0 .

We will now first show that for 𝑦 ∈ O𝑐 ,

𝜋𝑐,𝔱 (𝑈
−1
0 )𝑥

𝑦 =

{
𝑘−1
𝜑 𝑞
−𝛼0 (𝑦)
𝜑 𝑥𝑠0𝑦 + l.o.t. if 𝜑(𝑦) ∈ Z≤1,

𝑘
𝜒Z (𝜑 (𝑦))
𝜑 𝔱𝜑

∨

𝑦 𝑞−1
𝜑 𝑥𝑠0𝑦 + l.o.t. otherwise

(5.32)

(note here that 𝑥𝑠0𝑦 = 𝑥𝜏 (𝜑
∨)𝑠𝜑 𝑦 = 𝑥𝑠𝜑 𝑦+𝜑

∨
= 𝑞𝜑𝑥

𝑠𝜑 𝑦−𝛼
∨
0 ). If 𝜑(𝑦) ∈ Z≤1, then 𝛼0 (𝑦) ≥ 0, and it follows

from (5.31) and Lemma 4.3 that

𝜋𝑐,𝔱 (𝑈
−1
0 )𝑥

𝑦 = 𝑘𝜑𝑥
𝑦−𝛼0 (𝑦)𝛼

∨
0 + (𝑘−1

𝜑 − 𝑘𝜑)
(
1 + 𝑥𝛼

∨
0 + · · · + 𝑥𝛼0 (𝑦)𝛼

∨
0
)
𝑥𝑦−𝛼0 (𝑦)𝛼

∨
0

= 𝑘−1
𝜑 𝑥𝑦−𝛼0 (𝑦)𝛼

∨
0 + (𝑘−1

𝜑 − 𝑘𝜑)
(
1 + 𝑥−𝛼

∨
0 + · · · + 𝑥 (1−𝛼0 (𝑦))𝛼

∨
0
)
𝑥𝑦 ,

with the second equation interpreted as 𝑘−1
𝜑 𝑥𝑦 when 𝛼0(𝑦) = 0.
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When 𝜑(𝑦) = 1 (i.e.,𝛼0(𝑦) = 0), it is now clear that (5.32) is correct. If 𝜑(𝑦) ∈ Z<1, then𝛼0(𝑦) ∈ Z>0,
and hence, 𝑦 < 𝑠0𝑦 by Proposition 5.21. In particular, for 𝜑(𝑦) = 0, we get

𝜋𝑐,𝔱 (𝑈
−1
0 )𝑥

𝑦 = 𝑘−1
𝜑 𝑥𝑦−𝛼0 (𝑦)𝛼

∨
0 + (𝑘−1

𝜑 − 𝑘𝜑)𝑥
𝑦 = 𝑘−1

𝜑 𝑞
−𝛼0 (𝑦)
𝜑 𝑥𝑠0𝑦 + l.o.t.,

as desired. If 𝜑(𝑦) ∈ Z<0, then Lemma 5.24(1) and Proposition 5.19 give 𝑦+ℓ𝜑∨ < 𝑦 for 1 ≤ ℓ ≤ −𝜑(𝑦).
In addition, 𝑦 < 𝑠0𝑦 by Proposition 5.21, and so, (5.32) is correct. Suppose that 𝜑(𝑦) ∈ R<1 \Z<1. Then
(5.31) gives

𝜋𝑐,𝔱 (𝑈
−1
0 )𝑥

𝑦 = 𝔱𝜑
∨

𝑦 𝑥𝑠𝜑 𝑦−𝛼
∨
0 + (𝑘−1

𝜑 − 𝑘𝜑)
(
1 + 𝑥−𝛼

∨
0 + · · · + 𝑥−�𝛼0 (𝑦) �𝛼

∨
0
)
𝑥𝑦 .

We have 𝜑(𝑠0𝑦) = 𝛼0 (𝑦) +1 = 2− 𝜑(𝑦) ∈ R>1 \Z>1, and hence, 𝑦 + ℓ𝜑∨ < 𝑠0𝑦 for 0 ≤ ℓ ≤ −�𝜑(𝑦)� by
Lemma 5.24(3) and Proposition 5.19. Furthermore, �𝛼0 (𝑦)� = −�𝜑(𝑦)� by (5.29), so (5.32) is correct.
If 1 < 𝜑(𝑦) ≤ 2, then �𝛼0 (𝑦) +1� = 0, and (5.32) immediately follows from (5.31). Finally, we consider
the case 𝜑(𝑦) ∈ R>2. Then 1 + 𝛼0 (𝑦) ∈ R<0, and so (5.31) gives

𝜋𝑐,𝔱 (𝑈
−1
0 )𝑥

𝑦 = 𝑘
𝜒Z (𝛼0 (𝑦))
𝜑 𝔱𝜑

∨

𝑦 𝑥𝑠𝜑 𝑦−𝛼
∨
0 + (𝑘𝜑 − 𝑘−1

𝜑 )
(
𝑥𝛼
∨
0 + 𝑥2𝛼∨0 + · · · + 𝑥 (−2−�−𝜑 (𝑦) �)𝛼∨0

)
𝑥𝑦 .

Now 𝜑(𝑠0𝑦) ∈ R<0, so Lemma 5.24(1) and Proposition 5.19 give 𝑦 − ℓ𝜑∨ < 𝑠0𝑦 for 1 ≤ ℓ ≤
−2 − �−𝜑(𝑦)�. This completes the proof of (5.32).

Fix 𝑦 ∈ O𝑐 with 𝛼0 (𝑦) > 0. Formula (5.32), the Hecke relation for 𝑈0, Lemma 4.3 and Proposi-
tion 5.21 imply that

𝜋𝑐,𝔱 (𝑈
±1
0 )𝑥

𝑦 = 𝑘
−𝜂 (𝛼0 (𝑦))
𝜑 𝔱𝜑

∨

𝑦 𝑞−1
𝜑 𝑥𝑠0𝑦 + l.o.t. (5.33)

By the formula 𝛿(𝑇0) = 𝑞−1
𝜑 𝑌−𝜑

∨
𝑈−1

0 , (5.33) and Proposition 5.28, we conclude that

𝜋𝑐,𝔱 (𝛿(𝑇0))𝑥
𝑦 = 𝑘

−𝜂 (𝛼0 (𝑦))
𝜑 (𝔰𝑠0𝑦𝔱𝑠0𝑦)

𝜑∨𝔱𝜑
∨

𝑦 𝑞−2
𝜑 𝑥𝑠0𝑦 + l.o.t.

But 𝛼0(𝑦) > 0 implies 𝑠0𝑦 ≠ 𝑦; hence, Lemma 5.3(2) and Corollary 5.5 give

(𝔰𝑠0𝑦𝔱𝑠0𝑦)
𝜑∨ = (𝑠𝜑𝔰𝑦)

𝜑∨ (𝑠0𝔱𝑦)
𝜑∨ = 𝑞2

𝜑𝔰
−𝜑∨

𝑦 𝔱−𝜑
∨

𝑦 .

So we obtain

𝜋𝑐,𝔱 (𝛿(𝑇0))𝑥
𝑦 = 𝔰−𝜑

∨

𝑦 𝑘
𝜂 (𝜑 (𝑦))
𝜑 𝑥𝑠0𝑦 + l.o.t.,

where we have also used (5.1) to rewrite the 𝑘𝜑-factor. Now observe that

𝔰−𝜑
∨

𝑦 = 𝑘
−𝜂 (𝜑 (𝑦))
𝜑

∏
𝛼∈Π (𝑠𝜑 )

𝑘
−𝜂 (𝛼(𝑦))
𝛼

by Definition 5.1 and (2.18). We conclude that

𝜋𝑐,𝔱 (𝛿(𝑇0))𝑥
𝑦 =
���
∏

𝛼∈Π (𝑠𝜑 )

𝑘
−𝜂 (𝛼(𝑦))
𝛼

���𝑥𝑠0𝑦 + l.o.t.

The proof of (5.27) for 𝑗 = 0 now follows from (5.9). �
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5.6. Completion of the proof

Fix 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 . To complete the proof of Theorem 4.5 it remains to show that the epimorphism
𝜙𝑐,𝔱 : M𝐽𝔰𝑐𝔱 � P (𝑐)𝔱 of H-modules, defined in Corollary 5.12, is an isomorphism.

Note that 𝜙𝑐,𝔱 maps the standard basis element 𝑚𝐽𝑤,𝔰𝑐𝔱 = 𝛿(𝑇𝑤−1 )𝑚𝐽𝔰𝑐𝔱 (𝑤 ∈ 𝑊 𝐽 ) ofM𝐽𝔰𝑐𝔱 to

𝜋𝑐,𝔱 (𝛿(𝑇𝑤−1 ))𝑥𝑐 = 𝑘𝑤 (𝑐)𝑥
𝑤𝑐 + l.o.t.

It follows that {𝜙𝑐,𝔱 (𝑚𝐽𝑤,𝔰𝑐𝔱
)
| 𝑤 ∈ 𝑊 𝐽 } is linear independent in P (𝑐) ; hence, indeed, 𝜙𝑐,𝔱 is an

isomorphism of H-modules.

6. Quasi-polynomial generalisations of Macdonald polynomials

In this section, J will be a fixed proper subset of [0, 𝑟]. We show that for 𝑐 ∈ 𝐶𝐽 , the corresponding
commuting operators 𝜋𝑐,𝔱 (𝑌

𝜇) (𝜇 ∈ 𝑄∨) are simultaneously diagonalisable under suitable restrictions
on the character 𝔱 ∈ 𝑇𝐽 . We study their simultaneous eigenfunctions, which are quasi-polynomial
generalisations of the Macdonald polynomials.

6.1. Simple spectrum conditions

Let 𝑐 ∈ 𝐶𝐽 . We will construct in this section simultaneous eigenfunctions for the commuting operators
𝜋𝑐,𝔱 (𝑌

𝜇) (𝜇 ∈ 𝑄∨) when the character 𝔱 lies in the following subset of 𝑇𝐽 .

Definition 6.1. Denote by 𝑇 ′𝐽 ⊆ 𝑇𝐽 the set of elements 𝔱 ∈ 𝑇𝐽 for which the map

𝑊 𝐽 → 𝑇, 𝑤 ↦→ 𝑤(𝔰𝐽 𝔱) (6.1)

is injective.

If 𝑐 ∈ 𝐶𝐽 , then 𝑊 𝐽 = {𝑤𝑦}𝑦∈O𝑐 , and the condition can be rephrased as the requirement that

O𝑐 → 𝑇, 𝑦 ↦→ 𝔰𝑦𝔱𝑦 = 𝔱𝑦
∏
𝛼∈Φ+0

𝑘
𝜂 (𝛼(𝑦))𝛼
𝛼

is injective, where 𝔱𝑦 = 𝑤𝑦𝔱 (see Corollary 5.5). We will now show that for 𝐽 = 𝐼 ⊆ [1, 𝑟], we have
𝑇 ′𝐼 ≠ ∅ under generic conditions on 𝑘𝑎, and that for 0 ∈ 𝐽 � [0, 𝑟], we have 𝑇 ′𝐽 ≠ ∅ if we in addition
assume that F contains a (2ℎ)𝑡ℎ root of q.

In the classical context of Cherednik’s basic representation, we have 𝐽 = [1, 𝑟], 𝑇[1,𝑟 ] = {1𝑇 },
𝐶 [1,𝑟 ] = {0} and O0 = 𝑄∨. The requirement that 1𝑇 ∈ 𝑇 ′[1,𝑟 ] then amounts to generic conditions on 𝑘𝑎,
since q is not a root of unity and

𝔰𝜇 (1𝑇 )𝜇 = 𝑞𝜇
∏
𝛼∈Φ+0

𝑘
𝜂 (𝛼(𝜇))𝛼
𝛼 (𝜇 ∈ 𝑄∨)

(here, we use that (1𝑇 )𝜇 = 𝑞𝜇, in view of (4.2)).
If 𝐽 = 𝐼 ⊆ [1, 𝑟], then 𝑊𝐼 is already a parabolic subgroup of 𝑊0, and we denote by 𝑊 𝐼

0 the resulting
minimal coset representatives of 𝑊0/𝑊𝐼 . For 𝑐 ∈ 𝐶 𝐼 , each 𝑦 ∈ O𝑐 can be uniquely written as 𝑦 = 𝜇+ 𝑣𝑐
with 𝜇 ∈ 𝑄∨ and 𝑣 ∈ 𝑊 𝐼

0 , and

𝔰𝑦𝔱𝑦 = 𝑞𝜇 (𝑣𝔱)
∏
𝛼∈Φ+0

𝑘
𝜂 (𝛼(𝜇+𝑣𝑐))𝛼
𝛼 .
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For generic 𝑘𝑎, the maps 𝑄∨ → 𝑇 , 𝜇 ↦→ 𝑞𝜇
∏
𝛼∈Φ+0

𝑘
𝜂 (𝛼(𝜇+𝑣𝑐))𝛼
𝛼 (𝑣 ∈ 𝑊 𝐼

0 ) are injective, and the
requirement 𝔱 ∈ 𝑇 ′𝐼 results in generic conditions on 𝔱 ∈ 𝑇𝐼 .

Finally, consider the general case 𝐽 � [0, 𝑟] when F contains a (2ℎ)𝑡ℎ root 𝑞 1
2ℎ of q. Recall that this

assumption on q ensures that 𝑇𝐽 ≠ ∅ by Lemma 3.2. In fact, one can construct elements in 𝑇𝐽 as follows.
For 𝑦 ∈ 1

2ℎ𝑃
∨, let 𝑞𝑦 ∈ 𝑇 be the character which takes the value

𝑞 〈𝑦,𝛼
∨〉 = 𝑞

𝛼(𝑦)
𝛼

at the coroot 𝛼∨ ∈ Φ∨0 . Using the table [20, Table 2, Chpt. 3] containing the explicit values of the
expansion coefficients 𝑛𝑖 (𝜑) of 𝜑 as positive integral linear combination of simple roots, as well as the
corresponding explicit values ℎ = 1+

∑𝑟
𝑖=1 𝑛𝑖 (𝜑) for the Coxeter number, it follows by a straightforward

case-by-case check that 𝐶𝐽 ∩ 1
2ℎ𝑃

∨ ≠ ∅ (cf. the proof Lemma 3.2). Then for

𝜆𝐽 ∈ 𝐶
𝐽 ∩ 1

2ℎ𝑃
∨, (6.2)

we have 𝑞𝜆𝐽 ∈ 𝑇𝐽 and 𝑤𝑦𝑞
𝜆𝐽 = 𝑞𝑦 (𝑦 ∈ O𝜆𝐽 ). Since the values of 𝔰𝑦 = 𝑣−1

𝑦 𝔰𝐽 (𝑦 ∈ O𝜆𝐽 ) are monomials
in sh𝑘 and lg𝑘 (with possibly negative exponents), we have 𝑞𝜆𝐽 ∈ 𝑇 ′𝐽 for generic 𝑘𝑎.

Remark 6.2. Let 𝑃 ⊆ 𝐸∗ be the weight lattice of Φ0. Initially it is actually a full lattice in (𝐸 ′)∗, which
we view as a sublattice of 𝐸∗ by declaring the weights to be zero on 𝐸co. Let {𝜛𝑖}𝑟𝑖=1 ⊂ 𝐸∗ be the
fundamental weights with respect to Δ0. Write 𝐼co := [1, 𝑟] \ 𝐼 for a subset 𝐼 ⊆ [1, 𝑟]. For a subset
𝐽 � [0, 𝑟] and z := (𝑧𝑖)𝑖∈𝐽 co

0
∈ (F×)#𝐽 co

0 , set

𝔱(z) :=
∏
𝑗∈𝐽 co

0

𝑧
𝜛 𝑗

𝑗 .

Then

𝑇 red
𝐽 =

{
{ 𝔱(z) | z ∈ F#𝐽 co

0 } if 𝐽0 = 𝐽,

{ 𝔱(z) | z ∈ F#𝐽 co
0 &

∏
𝑖∈𝐽 co

0
𝑧𝑚𝑖𝑖 = 1 } if 𝐽0 ≠ 𝐽,

where 𝜑∨ =
∑𝑟
𝑖=1 𝑚𝑖𝛼

∨
𝑖 (𝑚𝑖 ∈ Z>0) is the expansion of 𝜑∨ ∈ Φ∨0 in simple coroots.

6.2. The monic Y-eigenbasis of P (𝑐)𝔱

For 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 , we have encountered so far two natural bases of P (𝑐)𝔱 , the basis {𝑥𝑦}𝑦∈O𝑐 of
quasi-monomials and the basis {𝑚𝐽𝑦 (𝑥; 𝔱)}𝑦∈O𝑐 with

𝑚𝐽𝑦 (𝑥; 𝔱) := 𝜋𝑐,𝔱
(
𝛿(𝑇𝑤−1

𝑦
)
)
𝑥𝑐 (𝑦 ∈ O𝑐). (6.3)

The latter basis corresponds to the basis {𝑚𝐽𝑤 ;𝔰𝐽 𝔱}𝑤 ∈𝑊 𝐽 of M𝐽𝔰𝐽 𝔱 through the isomorphism 𝜙𝑐,𝔱 from
Theorem 4.5(2). The change of basis matrix between these two bases is triangular with respect to the
partially ordered set (O𝑐 , ≤),

𝑚𝐽𝑦 (𝑥; 𝔱) = 𝑘𝑤𝑦 (𝑐)𝑥
𝑦 +
∑
𝑦′<𝑦

𝑑𝐽𝑦,𝑦′;𝔱𝑥
𝑦′ (𝑦 ∈ O𝑐) (6.4)

(𝑑𝐽𝑦,𝑦′;𝔱 ∈ F) by Proposition 5.29. Note that for 𝑢, 𝑤 ∈ 𝑊 𝐽 satisfying 𝑢 <𝐵 𝑤, the coefficient

𝑑𝐽𝑤,𝑢;𝔱 := 𝑑𝐽𝑤𝑐,𝑢𝑐;𝔱
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of 𝑥𝑢𝑐 in the expansion (6.4) of𝑚𝐽𝑤𝑐 (𝑥; 𝔱) does not depend on 𝑐 ∈ 𝐶𝐽 by Corollary 4.6. We now construct
for 𝔱 ∈ 𝑇 ′𝐽 a third basis of P (𝑐)𝔱 consisting of simultaneous eigenfunctions of 𝜋𝑐,𝔱 (𝑌 𝜇) (𝜇 ∈ 𝑄∨), which
is always triangular with respect to the basis of quasi-monomials.

We start with introducing some general terminology. For a left H-module M and 𝑠 ∈ 𝑇 , write

𝑀 [𝑠] := {𝑚 ∈ 𝑀 | 𝑝(𝑌 )𝑚 = 𝑝(𝑠−1)𝑚 ∀ 𝑝 ∈ P}.

We call 𝑠 ∈ 𝑇 a Y-weight of M if 𝑀 [𝑠] ≠ 0. A nonzero vector in 𝑀 [𝑠] is called a Y-weight vector of
weight s. The set of all Y-weights of M is called the Y-spectrum of M and will be denoted by S (𝑀).
Following Cherednik [8, §3.6], we say that M is Y-semisimple if

𝑀 =
⊕
𝑠∈S (𝑀 )

𝑀 [𝑠] .

The Y-spectrum of a Y-semisimple H-module M is called simple if dimF(𝑀 [𝑠]) = 1 for all 𝑠 ∈ S (𝑀).
A basis of M consisting of Y-weight vectors is called a Y-eigenbasis of M.

Theorem 6.3. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇 ′𝐽 .

1. For 𝑦 ∈ O𝑐 , there exists a unique simultaneous eigenfunction of the commuting operators 𝜋𝑐,𝔱 (𝑌 𝜇) ∈
End(P (𝑐) ) (𝜇 ∈ 𝑄∨) of the form

𝐸 𝐽𝑦 (𝑥; 𝔱) = 𝑥𝑦 +
∑
𝑦′<𝑦

𝑒𝐽𝑦,𝑦′;𝔱𝑥
𝑦′ (𝑒𝐽𝑦,𝑦′;𝔱 ∈ F).

2. 𝐸 𝐽𝑦 (𝑥; 𝔱) ∈ P (𝑐)𝔱 [𝔰𝑦𝔱𝑦] for 𝑦 ∈ O𝑐 .
3. {𝐸 𝐽𝑦 (𝑥; 𝔱)}𝑦∈O𝑐 is a Y-eigenbasis of P (𝑐)𝔱 . In particular, P (𝑐)𝔱 
 M𝐽𝔰𝑐𝔱

is Y-semisimple, with simple
Y-spectrum {𝔰𝑦𝔱𝑦}𝑦∈O𝑐 .

4. For 𝑢, 𝑤 ∈ 𝑊 𝐽 such that 𝑢 <𝐵 𝑤, the coefficient

𝑒𝐽𝑤,𝑢;𝔱 := 𝑒𝐽𝑤𝑐,𝑢𝑐;𝔱

of 𝑥𝑢𝑐 in the monomial expansion of 𝐸 𝐽𝑤𝑐 (𝑥; 𝔱) does not depend on 𝑐 ∈ 𝐶𝐽 .

Proof. Parts (1)&(2) are due to Proposition 5.28, part (3) is a direct consequence of (1),(2) and
Theorem 4.5(2), and part (4) follows from (4.13). �

Remark 6.4.

1. If 1𝑇 ∈ 𝑇 ′[1,𝑟 ] and 𝜇 ∈ O0 = 𝑄∨, then

𝐸 [1,𝑟 ]𝜇 (𝑥; 1𝑇 ) ∈ P (0)1𝑇

is the monic non-symmetric Macdonald polynomial of degree 𝜇 (see, for example, [8, 29]).
2. For 𝑐 ∈ 𝐶𝐽 , 𝔱 ∈ 𝑇𝐽 and 𝑦 ∈ O𝑐 , we have by (6.4) and Theorem 6.3(1),

𝐸 𝐽𝑦 (𝑥; 𝔱) = 𝑘𝑤𝑦 (𝑐)
−1𝑚𝐽𝑦 (𝑥; 𝔱) + · · ·

with · · · meaning a linear combination of the 𝑚𝐽𝑦′ (𝑥; 𝔱) with 𝑦′ < 𝑦.

The following corollary is immediate.

Corollary 6.5. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇 ′𝐽 .

1. The transition matrices between the three bases {𝑥𝑦}𝑦∈O𝑐 , {𝑚𝐽𝑦 (𝑥; 𝔱)}𝑦∈O𝑐 and {𝐸 𝐽𝑦 (𝑥; 𝔱)}𝑦∈O𝑐 of
P (𝑐)𝔱 are triangular with respect to ≤.
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2. Identifying (O𝑐 , ≤) with (𝑊 𝐽 , ≤𝐵) as partially ordered sets by the map

𝑊 𝐽 ∼
−→ O𝑐 , 𝑤 ↦→ 𝑤𝑐,

the transition matrices 𝐴 = (𝑎𝑢,𝑤 )𝑢,𝑤 ∈𝑊 𝐽 between the bases in (1) do not depend on 𝑐 ∈ 𝐶𝐽 .
In the following lemma, we give two elementary properties of the monic quasi-polynomials 𝐸 𝐽𝑦 (𝑥; 𝔱).

Lemma 6.6. For 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇 ′𝐽 , we have
1. 𝐸 𝐽𝑐 (𝑥, 𝔱) = 𝑥𝑐 .
2. 𝐸 𝐽𝑦+𝑧 (𝑥; 𝔱) = 𝑥𝑧𝐸 𝐽𝑦 (𝑥; 𝔱) when 𝑦 ∈ O𝑐 and 𝑧 ∈ 𝐸co.
Proof.
(1) By Theorem 4.5(2), we have 𝑥𝑐 ∈ P (𝑐)𝔱 [𝔰𝐽 𝔱]. Now apply Theorem 6.3.

(2) This follows from the fact that 𝑐 + 𝑧 ∈ 𝐶𝐽 , O𝑐+𝑧 = O𝑐 + 𝑧 and

𝜋𝑐,𝔱 (ℎ)𝑥
𝑦+𝑧 = 𝑥𝑧𝜋𝑐,𝔱 (ℎ)𝑥

𝑦

for all ℎ ∈ H. �

6.3. Creation operators and irreducibility conditions

The Y-semisimple H-module P (𝑐)𝔱 (𝑐 ∈ 𝐶𝐽 , 𝔱 ∈ 𝑇 ′𝐽 ) has simple Y-spectrum {𝑤(𝔰𝐽 𝔱)}𝑤 ∈𝑊 𝐽 by The-
orem 6.3. In this subsection, we will use the action of Y-intertwiners 𝑆𝑌𝑤 (𝑤 ∈ 𝑊 𝐽 ) to create the
quasi-polynomial 𝐸 𝐽𝑤𝑐 (𝑥; 𝔱) ∈ P (𝑐)𝔱 [𝑤(𝔰𝐽 𝔱)] from the quasi-monomial 𝑥𝑐 ∈ P (𝑐)𝔱 [𝔰𝐽 𝔱].

Lemma 6.7. Let M be a H-module, 𝑠 ∈ S (𝑀), and 𝑤 ∈ 𝑊 . Then 𝑆𝑌𝑤 maps 𝑀 [𝑠] to 𝑀 [𝑤𝑠].
Proof. For a polynomial 𝑝 =

∑
𝜇∈𝑄∨ 𝑎𝜇𝑥

𝜇 ∈ P and 𝑤 ∈ 𝑊 , write

𝑝 𝜄𝑤 :=
∑
𝜇∈𝑄∨

𝑎𝜇𝑤(𝑥
−𝜇) =

∑
𝜇∈𝑄∨

𝑎𝜇𝑥
−𝑤 ·𝜇 ∈ P .

Then we have 𝑝(𝑌 )𝑆𝑌𝑤 = 𝑆𝑌𝑤 𝑝 𝜄𝑤 (𝑌
−1) by (2.59). For 𝑚 ∈ 𝑀 [𝑠], we then have

𝑝(𝑌 )𝑆𝑌𝑤𝑚 = 𝑆𝑌𝑤 𝑝 𝜄𝑤 (𝑌
−1)𝑚 = 𝑝 𝜄𝑤 (𝑠)𝑆

𝑌
𝑤𝑚 = 𝑝((𝑤𝑠)−1)𝑆𝑌𝑤𝑚.

Hence, 𝑆𝑌𝑤𝑚 ∈ 𝑀 [𝑤𝑠]. �

Applying the lemma to P (𝑐)𝔱 (𝑐 ∈ 𝐶𝐽 , 𝔱 ∈ 𝑇𝐽 ), we conclude that

𝜋𝑐,𝔱 (𝑆
𝑌
𝑤 )𝑥

𝑐 ∈ P (𝑐)𝔱 [𝑤(𝔰𝐽 𝔱)] (𝑤 ∈ 𝑊), (6.5)

since 𝑥𝑐 ∈ P (𝑐)𝔱 [𝔰𝐽 𝔱].
For 𝑤 ∈ 𝑊 , set

𝑑𝑤 (𝑥) :=
∏

𝑎∈Π (𝑤)

(𝑥𝑎
∨

− 1) ∈ P . (6.6)

Proposition 6.8. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 .
1. 𝜋𝑐,𝔱 (𝑆

𝑌
𝑤 )𝑥

𝑐 = 0 if 𝑤 ∈ 𝑊 \𝑊 𝐽 .
2. There exist 𝜖𝑤,𝑢 ∈ F (𝑢, 𝑤 ∈ 𝑊 𝐽 : 𝑢 <𝐵 𝑤) such that

𝜋𝑐,𝔱 (𝑆
𝑌
𝑤 )𝑥

𝑐 = 𝑑𝑤 (𝔰𝐽 𝔱)𝑚
𝐽
𝑤𝑐 (𝑥; 𝔱) +

∑
𝑢∈𝑊 𝐽 :𝑢<𝐵𝑤

𝜖𝑤,𝑢𝑚
𝐽
𝑢𝑐 (𝑥; 𝔱) (6.7)

for all 𝑤 ∈ 𝑊 𝐽 .
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Proof. For the duration of the proof, we write 𝑡 := 𝔰𝐽 𝔱 ∈ 𝐿𝐽 .
(1) Let 𝑗 ∈ 𝐽. It suffices to show that 𝜋𝑐,𝔱 (𝑆𝑌𝑗 )𝑥

𝑐 = 0. Since 𝑥𝑐 ∈ P (𝑐)𝔱 [𝑡] and 𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝑥
𝑐 = 𝑘 𝑗𝑥

𝑐

by Theorem 4.5, substitution of the explicit expression (2.56) for 𝑆𝑌𝑗 gives

𝜋𝑐,𝔱 (𝑆
𝑌
𝑗 )𝑥

𝑐 =
(
𝑘 𝑗 (𝑡

𝛼∨𝑗 − 1) + 𝑘 𝑗 − 𝑘−1
𝑗

)
𝑥𝑐 .

This vanishes since 𝑡 ∈ 𝐿𝐽 .
(2) The proof is by induction to ℓ(𝑤). Fix 𝑤 ∈ 𝑊 𝐽 with ℓ(𝑤) > 0. Write 𝑤 = 𝑠 𝑗𝑢 with 𝑗 ∈ [0, 𝑟]

and ℓ(𝑠 𝑗𝑢) = ℓ(𝑢) + 1. Then 𝑢 ∈ 𝑊 𝐽 by Lemma 2.2, and 𝑢 <𝐵 𝑤. Furthermore, 𝑆𝑌𝑤 = 𝑆𝑌𝑗 𝑆
𝑌
𝑢 and

𝑑𝑤 (𝑥) =
(
𝑥 (𝑢

−1𝛼𝑗 )
∨

− 1
)
𝑑𝑢 (𝑥) (6.8)

by Lemma 2.1. By the induction hypothesis, the explicit expression (2.56) for 𝑆𝑌𝑗 and (6.5), we then
have for 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 ,

𝜋𝑐,𝔱 (𝑆
𝑌
𝑤 )𝑥

𝑐 =
(
(𝑡 (𝑢

−1𝛼𝑗 )
∨

− 1)𝜋𝑐,𝔱 (𝛿(𝑇𝑗 )) + 𝑘 𝑗 − 𝑘−1
𝑗

)
𝜋𝑐,𝔱 (𝑆

𝑌
𝑢 )𝑥

𝑐

∈ 𝑑𝑤 (𝑡)𝑚
𝐽
𝑤𝑐 (𝑥; 𝔱) +

∑
𝑤′ ∈𝑊 𝐽 :𝑤′<𝐵𝑢

(
𝑡 (𝑢
−1𝛼𝑗 )

∨

− 1
)
𝜖𝑢,𝑤′𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝑚

𝐽
𝑤′𝑐 (𝑥; 𝔱) + P (𝑐)<𝑤

for some 𝜖𝑢,𝑤′ ∈ F, with

P (𝑐)<𝑤 :=
⊕

𝑤′′ ∈𝑊 𝐽 :𝑤′′<𝐵𝑤

F𝑚𝐽𝑤′′𝑐 (𝑥; 𝔱).

It thus remains to show that 𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝑚𝐽𝑤′𝑐 (𝑥; 𝔱) ∈ P (𝑐)<𝑤 when 𝑤′ ∈ 𝑊 𝐽 and 𝑤′ <𝐵 𝑢. There are three
cases to consider.

Case 1: If ℓ(𝑠 𝑗𝑤′) = ℓ(𝑤′) + 1 and 𝑠 𝑗𝑤
′ ∉ 𝑊 𝐽 , then 𝑠 𝑗𝑤

′ = 𝑤′𝑠 𝑗′ with 𝑗 ′ ∈ 𝐽 by Lemma 2.2, and
hence, 𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝑚𝐽𝑤′𝑐 (𝑥; 𝔱) = 𝑘 𝑗𝑚

𝐽
𝑤′𝑐 (𝑥; 𝔱) ∈ P (𝑐)<𝑤 since 𝑤′ <𝐵 𝑢 <𝐵 𝑤.

Case 2: If ℓ(𝑠 𝑗𝑤′) = ℓ(𝑤′) + 1 and 𝑠 𝑗𝑤
′ ∈ 𝑊 𝐽 , then 𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝑚

𝐽
𝑤′𝑐 (𝑥; 𝔱) = 𝑚𝐽𝑠 𝑗𝑤′𝑐 (𝑥; 𝔱) lies in

P (𝑐)<𝑤 since 𝑠 𝑗𝑤
′ <𝐵 𝑠 𝑗𝑢 = 𝑤 by Lemma 5.13.

Case 3: If ℓ(𝑠 𝑗𝑤′) = ℓ(𝑤′) − 1, then 𝑠 𝑗𝑤
′ <𝐵 𝑤′ < 𝑤 and 𝑠 𝑗𝑤

′ ∈ 𝑊 𝐽 by Lemma 2.2; hence,

𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝑚
𝐽
𝑤′𝑐 (𝑥; 𝔱) = 𝑚𝐽𝑠 𝑗𝑤′𝑐 (𝑥; 𝔱) + (𝑘 𝑗 − 𝑘−1

𝑗 )𝑚
𝐽
𝑤′𝑐 (𝑥; 𝔱)

lies in P (𝑐)<𝑤 . �

The basis elements 𝑚𝐽𝑤𝑐 (𝑥; 𝔱) (𝑤 ∈ 𝑊 𝐽 ) of P (𝑐)𝔱 can now be expanded in terms of 𝜋𝑐,𝔱 (𝑆
𝑌
𝑢 )𝑥

𝑐

(𝑢 ∈ 𝑊 𝐽 ) when the leading coefficients 𝑑𝑤 (𝔰𝐽 𝔱) (𝑤 ∈ 𝑊 𝐽 ) in (6.7) are nonzero. This will be ensured
by the following generic condition on 𝔱 ∈ 𝑇𝐽 .
Definition 6.9. We say that 𝔱 ∈ 𝑇𝐽 is J-regular if (𝔰𝐽 𝔱)𝑎

∨
≠ 1 for all 𝑎 ∈ Φ \Φ𝐽 .

We now have the following consequence of Proposition 6.8(2).
Corollary 6.10. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 . Assume that 𝔱 is J-regular.
1. For 𝑤 ∈ 𝑊 𝐽 , we have

𝑚𝐽𝑤𝑐 (𝑥; 𝔱) =
1

𝑑𝑤 (𝔰𝐽 𝔱)
𝜋𝑐,𝔱 (𝑆

𝑌
𝑤 )𝑥

𝑐 +
∑

𝑢∈𝑊 𝐽 :𝑢<𝐵𝑤

𝜖 ′𝑤,𝑢𝜋𝑐,𝔱 (𝑆
𝑌
𝑢 )𝑥

𝑐

for some 𝜖 ′𝑤,𝑢 ∈ F.
2. {𝜋𝑐,𝔱 (𝑆𝑌𝑤 )𝑥𝑐 | 𝑤 ∈ 𝑊 𝐽 } is a Y-eigenbasis of P (𝑐)𝔱 .
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Proof. For 𝑤 ∈ 𝑊 𝐽 , we have Π(𝑤) ⊆ Φ+ \ Φ+𝐽 by (2.14); hence, 𝑑𝑤 ∈ P does not vanish at 𝔰𝐽 𝔱 for
J-regular 𝔱 ∈ 𝑇𝐽 . The corollary now follows from Lemma 3.14 and Proposition 6.8. �

In Theorem 6.3(3), we described the Y-spectrum of P (𝑐)𝔱 when 𝔱 ∈ 𝑇 ′𝐽 , in which case the Y-spectrum
is simple. When the condition 𝔱 ∈ 𝑇 ′𝐽 is replaced by the assumption that 𝔱 ∈ 𝑇𝐽 is J-regular, we have the
following result.

Corollary 6.11. Let 𝑐 ∈ 𝐶𝐽 and suppose that 𝔱 ∈ 𝑇𝐽 is J-regular. Then

1. P (𝑐)𝔱 is Y-semisimple.
2. For 𝑠 ∈ 𝑇 , we have

DimF
(
P (𝑐)𝔱 [𝑠]

)
= #{𝑤 ∈ 𝑊 𝐽 | 𝑠 = 𝑤(𝔰𝐽 𝔱)}.

Remark 6.12. Suppose that 𝔱 ∈ 𝑇𝐽 is J-regular. Then P (𝑐)𝔱 (𝑐 ∈ 𝐶𝐽 ) is Y-semisimple with finite
dimensional Y-weight spaces, since q is not a root of unity. In the terminology of Cherednik [8, §3.6.1],
P (𝑐)𝔱 
 M𝐽𝔰𝐽 𝔱

is a Y-cyclic, Y-semisimple H-module in category O𝑌 .

In the following theorem, we relate 𝜋𝑐,𝔱 (𝑆
𝑌
𝑤 )𝑥

𝑐 for 𝑐 ∈ 𝐶𝐽 , 𝔱 ∈ 𝑇𝐽 and 𝑤 ∈ 𝑊 𝐽 to the monic quasi-
polynomial simultaneous eigenfunction 𝐸 𝐽𝑤𝑐 (𝑥; 𝔱) of the commuting operators 𝜋𝑐,𝔱 (𝑌 𝜇) (𝜇 ∈ 𝑄∨) from
Theorem 6.3. This requires 𝔱 ∈ 𝑇 ′𝐽 , but 𝔱 does not have to be J-regular.

Theorem 6.13. Let 𝑐 ∈ 𝐶𝐽 , 𝔱 ∈ 𝑇 ′𝐽 and 𝑤 ∈ 𝑊 𝐽 . Then

𝜋𝑐,𝔱 (𝑆
𝑌
𝑤 )𝑥

𝑐 = 𝑑𝑤 (𝔰𝐽 𝔱)𝑘𝑤 (𝑐)𝐸
𝐽
𝑤𝑐 (𝑥; 𝔱) (6.9)

with 𝑘𝑤 (𝑦) ∈ F and 𝑑𝑤 ∈ P defined by (5.7) and (6.6), respectively.

Proof. Let 𝑤 ∈ 𝑊 𝐽 . We have 𝜋𝑐,𝔱 (𝑆
𝑌
𝑤 )𝑥

𝑐 = 𝜖𝑤𝐸
𝐽
𝑤𝑐 (𝑥; 𝔱) for some 𝜖𝑤 ∈ F because the Y-weight space

P (𝑐)𝔱 [𝑤(𝔰𝐽 𝔱)] is one-dimensional. By (6.7) and (6.4), we have

𝜋𝑐,𝔱 (𝑆
𝑌
𝑤 )𝑥

𝑐 = 𝑑𝑤 (𝔰𝐽 𝔱)𝑘𝑤 (𝑐)𝑥
𝑤𝑐 + l.o.t.;

hence, Theorem 6.3(1) implies that 𝜖𝑤 = 𝑑𝑤 (𝔰𝐽 𝔱)𝑘𝑤 (𝑐). This concludes the proof. �

Corollary 6.14. With the assumptions of Theorem 6.13, we have

1. 𝜋𝑐,𝔱 (𝑆
𝑌
𝑤 )𝑥

𝑐 = 0 ⇔ 𝑑𝑤 (𝔰𝐽 𝔱) = 0 for 𝑤 ∈ 𝑊 𝐽 .
2. If 𝔱 is J-regular, then {𝜋𝑐,𝔱 (𝑆𝑌𝑤 )𝑥𝑐}𝑤 ∈𝑊 𝐽 is a Y-eigenbasis of P (𝑐)𝔱 .

Proof. (1) is immediate from (6.9). For (2), it suffices to recall that the J-regularity of 𝔱 ensures that
𝑑𝑤 (𝔰𝐽 𝔱) ≠ 0 for all 𝑤 ∈ 𝑊 𝐽 . �

Theorem 6.15. Let 𝑐 ∈ 𝐶𝐽 . Suppose that 𝔱 ∈ 𝑇 ′𝐽 is J-regular and that (𝔰𝐽 𝔱)𝑎
∨
≠ 𝑘−2

𝑎 for all 𝑎 ∈ Φ \Φ𝐽 .
Then 𝔰𝐽 𝔱 ∈ 𝐿𝐽 , and P (𝑐)𝔱 is irreducible.

Proof. The first statement follows immediately from the definition of 𝐿𝐽 ⊆ 𝐿𝐽 (see Remark 3.12(1)).
Suppose that 𝑀 ⊆ P (𝑐)𝔱 is a nonzero subrepresentation. By the assumptions on 𝔱,P (𝑐)𝔱 is Y-semisimple

with simple Y-spectrum, and {𝜋𝑐,𝔱 (𝑆𝑌𝑤 )𝑥𝑐}𝑤 ∈𝑊 𝐽 is a Y-eigenbasis of P (𝑐)𝔱 . Hence, 𝜋𝑐,𝔱 (𝑆𝑌𝑤 )𝑥𝑐 ∈ 𝑀

for some 𝑤 ∈ 𝑊 𝐽 . By (2.59), we then have

𝜋𝑐,𝔱 (𝑆
𝑌
𝑤−1 )𝜋𝑐,𝔱 (𝑆

𝑌
𝑤 )𝑥

𝑐 = n𝑤 (𝔰𝐽 𝔱)𝑥𝑐 ∈ 𝑀, (6.10)

with n𝑤 ∈ P defined by

n𝑤 (𝑥) :=
∏

𝑎∈Π (𝑤)

(𝑘−1
𝑎 − 𝑘𝑎𝑥

𝑎∨)(𝑘−1
𝑎 − 𝑘𝑎𝑥

−𝑎∨). (6.11)
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Note that Π(𝑤) ⊆ Φ+ \Φ+𝐽 by (2.14); hence, 𝑛𝑤 (𝔰𝐽 𝔱) ≠ 0 by the assumption that (𝔰𝐽 𝔱)𝑎
∨
≠ 𝑘−2

𝑎 for all
𝑎 ∈ Φ \Φ𝐽 . We conclude that 𝑥𝑐 ∈ 𝑀; hence, 𝑀 = P (𝑐)𝔱 . �

6.4. Closure relations

For 𝑐 ∈ 𝐶𝐽 , 𝔱 ∈ 𝑇𝐽 and 𝑤 ∈ 𝑊 𝐽 , the coefficients 𝑒𝐽𝑤,𝑢;𝔱 of 𝑥𝑢𝑐 (𝑢 ∈ 𝑊 𝐽 ) in the expansion of 𝐸 𝐽𝑤𝑐 (𝑥; 𝔱)
in quasi-monomials do not dependent on 𝑐 ∈ 𝐶𝐽 (see Theorem 6.3). In this subsection, we express the
coefficients 𝑒𝐽

′

𝑤′,𝑢′;𝔱′ in terms of 𝑒𝐽𝑤,𝑢;𝔱′ when 𝐽 ⊆ 𝐽 ′ (i.e., when 𝐶𝐽
′
⊆ 𝐶𝐽 ).

Recall the map pr𝔱′𝑐,𝑐′ , defined in Corollary 4.7.

Proposition 6.16. Let 𝐽 ⊆ 𝐽 ′. Fix a 𝐽 ′-regular 𝔱′ ∈ 𝑇 ′𝐽 ′ such that 𝔰−1
𝐽 𝔰𝐽 ′𝔱′ ∈ 𝑇𝐽 lies in 𝑇 ′𝐽 and is

J-regular. Let 𝑐 ∈ 𝐶𝐽 and 𝑐′ ∈ 𝐶𝐽
′ . Then

pr𝔱
′

𝑐,𝑐′

(
𝑘𝑤 (𝑐)𝐸

𝐽
𝑤𝑐 (𝑥;𝔰−1

𝐽 𝔰𝐽 ′𝔱
′)
)
=

{
0 if 𝑤 ∈ 𝑊 𝐽 \𝑊 𝐽 ′ ,

𝑘𝑤 (𝑐
′)𝐸 𝐽

′

𝑤𝑐′ (𝑥; 𝔱′) if 𝑤 ∈ 𝑊 𝐽 ′ .
(6.12)

Proof. Let 𝑤 ∈ 𝑊 𝐽 . By (6.9), the left-hand side of (6.12) equals

1
𝑑𝑤 (𝔰𝐽 ′𝔱′)

pr𝔱
′

𝑐,𝑐′
(
𝜋𝑐,𝔰−1

𝐽 𝔰𝐽′ 𝔱′
(𝑆𝑌𝑤 )𝑥

𝑐 ) .
By Proposition 6.8(1) and (6.9), it then suffices to show that

pr𝔱
′

𝑐,𝑐′
(
𝜋𝑐,𝔰−1

𝐽 𝔰𝐽′ 𝔱′
(𝑆𝑌𝑤 )𝑥

𝑐 ) = 𝜋𝑐′,𝔱′ (𝑆
𝑌
𝑤 )𝑥

𝑐′ .

This follows from Corollary 4.7. �

Keep the assumptions of Proposition 6.16. For 𝑤 ∈ 𝑊 𝐽 and 𝑢′ ∈ 𝑊 𝐽 ′ , consider the expression

𝑒𝐽 ,𝐽
′

𝑤,𝑢′;𝔱′ :=
∑

𝑢∈𝑊 𝐽∩𝑢′𝑊𝐽′ :𝑢≤𝐵𝑤

𝜅𝐷𝑢 (𝑐
′)

𝜅𝐷𝑢 (𝑐)
𝑒𝐽
𝑤,𝑢;𝔰−1

𝐽 𝔰𝐽′ 𝔱′
(6.13)

involving the coefficients of 𝐸 𝐽𝑤𝑐 (𝑥;𝔰−1
𝐽 𝔰𝐽 ′𝔱′) in its expansion in quasi-monomials. The following

consequence of Proposition 6.16 shows that (6.13) provides the coefficients of 𝐸 𝐽 ′𝑤𝑐 (𝑥; 𝔱′) in its expansion
in quasi-monomials when 𝑤 ∈ 𝑊 𝐽 ′ .

Corollary 6.17. Keep the assumptions of Proposition 6.16. Then

1. If 𝑤 ∈ 𝑊 𝐽 \𝑊 𝐽 ′ , then 𝑒𝐽 ,𝐽
′

𝑤,𝑢′;𝔱′ = 0 for all 𝑢′ ∈ 𝑊 𝐽 ′ .
2. If 𝑤 ∈ 𝑊 𝐽 ′ and 𝑢′ �𝐵 𝑤, then 𝑒𝐽 ,𝐽

′

𝑤,𝑢′;𝔱′ = 0.
3. If 𝑤 ∈ 𝑊 𝐽 ′ , then 𝑒𝐽 ,𝐽

′

𝑤,𝑤 ;𝔱′ = 𝑘𝑤 (𝑐
′)/𝑘𝑤 (𝑐).

4. If 𝑢′, 𝑤 ∈ 𝑊 𝐽 ′ and 𝑢′ ≤𝐵 𝑤, then

𝑒𝐽
′

𝑤,𝑢′;𝔱′ =
𝑘𝑤 (𝑐)

𝑘𝑤 (𝑐′)
𝑒𝐽 ,𝐽

′

𝑤,𝑢′;𝔱′ .

Proof. By Corollary 4.7, we have

pr𝑡𝑐,𝑐′
(
𝐸 𝐽𝑤𝑐 (𝑥;𝔰−1

𝐽 𝔰𝐽 ′𝔱
′)
)
=
∑

𝑢′ ∈𝑊 𝐽′

𝑒𝐽 ,𝐽
′

𝑤,𝑢′;𝔱′𝑥
𝑢′𝑐′ (𝑤 ∈ 𝑊 𝐽 ).

The result now follows from Proposition 6.16. �
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Consider the special case 𝐽 ′ = [1, 𝑟], 𝑐′ = 0 and 𝔱′ = 1𝑇 ; cf. Remark 4.8. In this case, 𝑊 [1,𝑟 ] =
{𝑤𝜇 | 𝜇 ∈ 𝑄

∨}. Let 𝐽 ⊆ 𝐽 ′ and 𝑐 ∈ 𝐶𝐽 . Then we conclude from Proposition 6.16 that

pr1𝑇
𝑐,0 (𝐸

𝐽
𝑤𝜆𝑐 (𝑥;𝔰−1

𝐽 𝑡sph)) =
𝑘𝑤𝜆 (0)
𝑘𝑤𝜆 (𝑐)

𝐸 [1,𝑟 ]𝜆 (𝑥; 1𝑇 ) (𝜆 ∈ 𝑄∨).

Corollary 6.17(3) then yields the expression

𝑒 [1,𝑟 ]𝑤𝜆 ,𝑤𝜇 ;1𝑇 =
𝑘𝑤𝜆 (𝑐)

𝑘𝑤𝜆 (0)

∑
𝑢∈𝑊 𝐽∩𝑤𝜇𝑊0:𝑢≤𝐵𝑤𝜆

𝜅𝐷𝑢 (0)
𝜅𝐷𝑢 (𝑐)

𝑒𝐽
𝑤𝜆 ,𝑢;𝔰−1

𝐽 𝑡sph

for the coefficient of 𝑥𝜇 in the expansion of the nonsymmetric Macdonald polynomial 𝐸 [1,𝑟 ]𝜆 (𝑥; 1𝑇 ) in
monomials.

6.5. The normalised Y-eigenbasis and pseudo-duality

The normalised version of the quasi-polynomial 𝐸 𝐽𝑦 (𝑥; 𝔱) that we will introduce in this subsection,
requires the following additional constraint on 𝔱 ∈ 𝑇 ′𝐽 .

Definition 6.18. We say that 𝔱 ∈ 𝑇𝐽 is J-generic if 𝔱 is J-regular and (𝔰𝐽 𝔱)𝑎
∨
≠ 𝑘−2

𝑎 for all 𝑎 ∈ Φ+ \Φ+𝐽 .

Note that 𝔰𝐽 𝔱 ∈ 𝐿𝐽 if 𝔱 ∈ 𝑇𝐽 is J-generic. Furthermore, for 𝑐 ∈ 𝐶𝐽 and J-generic 𝔱 ∈ 𝑇 ′𝐽 , the
irreducibility criterion for the quasi-polynomial representation P (𝑐)𝔱 (see Theorem 6.15) requires the
additional constraints (𝔰𝐽 𝔱)𝑎

∨
≠ 𝑘−2

𝑎 for all 𝑎 ∈ Φ− \Φ−𝐽 .
For 𝑤 ∈ 𝑊 , define 𝑟𝑤 ∈ P by

𝑟𝑤 (𝑥) :=
∏

𝑎∈Π (𝑤)

(𝑘𝑎𝑥
𝑎∨ − 𝑘−1

𝑎 ). (6.14)

Note that 𝑆𝑌𝑤 = 𝑆𝑌𝑤𝑟𝑤 (𝑌
−1)−1 in H𝑌−loc by (2.60). For 𝑤 ∈ 𝑊 𝐽 and J-generic 𝔱 ∈ 𝑇𝐽 , we have

𝑟𝑤 (𝔰𝐽 𝔱) ≠ 0 by (2.14), and hence, we may define for 𝑐 ∈ 𝐶𝐽 ,

𝑃𝐽𝑤𝑐 (𝑥; 𝔱) :=
𝜋𝑐,𝔱 (𝑆

𝑌
𝑤 )𝑥

𝑐

𝑟𝑤 (𝔰𝐽 𝔱)
∈ P (𝑐)𝔱 [𝑤(𝔰𝐽 𝔱)] (𝑤 ∈ 𝑊 𝐽 ). (6.15)

Note that {𝑃𝐽𝑦 (𝑥; 𝔱)}𝑦∈O𝑐 is a Y-eigenbasis of P (𝑐)𝔱 by Corollary 6.10.

Remark 6.19. Adding to the assumptions of Proposition 6.16 the assumption that 𝔱′ is 𝐽 ′-generic, we
have

pr𝔱
′

𝑐,𝑐′
(
𝑃𝐽𝑤𝑐 (𝑥;𝔰−1

𝐽 𝔰𝐽 ′𝔱
′)
)
= 𝑃𝐽

′

𝑤𝑐′ (𝑥; 𝔱′) (𝑤 ∈ 𝑊 𝐽 ′ ).

This follows from (6.15) and the fact that pr𝔱′𝑐,𝑐′ (𝑥
𝑐) = 𝑥𝑐

′ .

The precise relation of the normalised quasi-polynomials (6.15) with the monic Y-eigenbasis
{𝐸 𝐽𝑦 (𝑥; 𝔱)}𝑦∈O𝑐 of P (𝑐)𝔱 is as follows.

Proposition 6.20. Let 𝑐 ∈ 𝐶𝐽 . For J-generic 𝔱 ∈ 𝑇 ′𝐽 and 𝑦 ∈ O𝑐 , set

𝑡𝑦 := 𝑤𝑦 (𝔰𝐽 𝔱) = 𝔰𝑦𝔱𝑦 ∈ 𝑇. (6.16)
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Then

𝑃𝐽𝑦 (𝑥; 𝔱) =
𝑘 (𝑦)

𝑘 (𝑐)

∏
𝑎∈Φ+:𝑎 (𝑦)<0

(
𝑡−𝑎

∨

𝑦 − 1
𝑘𝑎𝑡
−𝑎∨
𝑦 − 𝑘−1

𝑎

)
𝐸 𝐽𝑦 (𝑥; 𝔱) (𝑦 ∈ O𝑐).

Proof. By Theorem 6.13, we have

𝑃𝐽𝑤𝑐 (𝑥; 𝔱) =
𝑑𝑤 (𝔰𝐽 𝔱)𝑘𝑤 (𝑐)

𝑟𝑤 (𝔰𝐽 𝔱)
𝐸 𝐽𝑤𝑐 (𝑥; 𝔱) (𝑤 ∈ 𝑊 𝐽 ). (6.17)

Now substitute 𝑤 = 𝑤𝑦 ∈ 𝑊
𝐽 (𝑦 ∈ O𝑐). Then 𝑘𝑤𝑦 (𝑐) = 𝑘 (𝑦)/𝑘 (𝑐) by (5.7), and

𝑑𝑤𝑦 (𝔰𝐽 𝔱) =
∏

𝑎∈Π (𝑤−1
𝑦 )

(
(𝔰𝐽 𝔱)

−(𝑤−1
𝑦 𝑎)

∨

− 1
)
=

∏
𝑎∈Φ+:𝑎 (𝑦)<0

(
𝑡−𝑎

∨

𝑦 − 1
)

by (6.6), Π(𝑤𝑦) = −𝑤−1
𝑦 Π(𝑤−1

𝑦 ), (2.31) and Corollary 5.22. In a similar manner, one verifies that

𝑟𝑤𝑦 (𝔰𝐽 𝔱) =
∏

𝑎∈Φ+:𝑎 (𝑦)<0

(
𝑘𝑎𝑡
−𝑎∨

𝑦 − 𝑘−1
𝑎

)
.

Substituting these expressions in (6.17) gives the desired result. �

Remark 6.21. Suppose that 1𝑇 ∈ 𝑇 ′[1,𝑟 ] and that 1𝑇 is [1, 𝑟]-generic (this holds true for suitably generic
values of 𝑘𝑎 ∈ F; cf. Subsection 6.1). Then

𝑃 [1,𝑟 ]𝜇 (𝑥; 1𝑇 ) ∈ P (𝜇 ∈ O0 = 𝑄∨)

are the normalised nonsymmetric Macdonald polynomials; that is, 𝑃 [1,𝑟 ]𝜇 (𝑥; 1𝑇 ) is the normalisation of
the monic nonsymmetric Macdonald polynomials 𝐸 [1,𝑟 ]𝜇 (𝑥; 1𝑇 ) such that

𝑃 [1,𝑟 ]𝜇 (𝑡sph; 1𝑇 ) = 1.

This follows from Proposition 6.20 and the evaluation formula for the nonsymmetric monic Macdonald
polynomials,

𝐸 [1,𝑟 ]𝜇 (𝑡sph; 1𝑇 ) =
𝑘 (0)
𝑘 (𝜇)

∏
𝑎∈Φ+:𝑎 (𝜇)<0

(
𝑘𝑎𝔰−𝑎

∨

𝜇 − 𝑘−1
𝑎

𝔰−𝑎
∨

𝜇 − 1

)
(𝜇 ∈ 𝑄∨);

see, for example, [29, (5.2.14)] and [6, §5].

We will now describe the action of 𝛿(𝑇𝑗 ) on P (𝑐)𝔱 in terms of a discrete Demazure-Lusztig operator
acting on O𝑐 (see Theorem 6.26). We first need to analyse the action of the affine Weyl group W on 𝐿𝐽
in more detail.

For 𝑤 ∈ 𝑊 , set

𝜌𝑤 :=
∏

𝑎∈Π (𝑤−1)

𝑘2𝐷𝑎
𝑎 ∈ 𝑇.

Lemma 6.22. If 𝑤 ∈ 𝑊𝐽 and 𝑡 ∈ 𝐿𝐽 , then 𝑤𝑡 = 𝜌𝑤 𝑡.
Proof. This is correct for 𝑤 = 𝑠 𝑗 ( 𝑗 ∈ 𝐽) since Π(𝑠 𝑗 ) = {𝛼 𝑗 } and 𝑡 ∈ 𝐿𝐽 (see (2.37)). We now apply
induction to ℓ(𝑤). If 𝑤 = 𝑢𝑠 𝑗 with 𝑢 ∈ 𝑊𝐽 , 𝑗 ∈ 𝐽 and ℓ(𝑢𝑠 𝑗 ) = ℓ(𝑢) + 1, then

𝜌𝑤 = 𝑘
2𝐷 (𝑢𝛼𝑗 )
𝑗 𝜌𝑢 (6.18)
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by Lemma 2.1, and

𝑤𝑡 = 𝑢(𝑘
2𝐷𝛼𝑗
𝑗 𝑡) = (𝐷𝑢) (𝑘

2𝐷𝛼𝑗
𝑗 )𝑢𝑡 = 𝑘

2𝐷 (𝑢𝛼𝑗 )
𝑗 𝑢𝑡.

Applying the induction hypothesis to 𝑢𝑡 and using (6.18), we obtain 𝑤𝑡 = 𝜌𝑤 𝑡. �

Suppose that 𝑤 ∈ 𝑊 𝐽 and 𝑗 ∈ [0, 𝑟] satisfy 𝑠 𝑗𝑤 ∉ 𝑤𝑊𝐽 . Then 𝑠 𝑗𝑤 ∈ 𝑊 𝐽 by Lemma 2.2; hence,
both 𝑤𝑡 and 𝑠 𝑗𝑤𝑡 are Y-weights ofM𝐽𝑡 when 𝑡 ∈ 𝔰𝐽𝑇 ′𝐽 ⊆ 𝐿𝐽 .

We now analyse what happens with the Y-weights of M𝐽𝑡 when 𝑤 ∈ 𝑊 𝐽 and 𝑗 ∈ [0, 𝑟] satisfy
𝑠 𝑗𝑤 ∈ 𝑤𝑊𝐽 .
Lemma 6.23. Let 𝑡 ∈ 𝐿𝐽 , 𝑤 ∈ 𝑊 𝐽 and 𝑗 ∈ [0, 𝑟] such that 𝑠 𝑗𝑤 ∈ 𝑤𝑊𝐽 . Then

(𝑤𝑡)𝛼
∨
𝑗 = 𝑘−2

𝑗 ;

that is, 𝑗 ∈ 𝐽 (𝑤𝑡) (see (3.15)). Furthermore, 𝑠 𝑗𝑤𝑡 = 𝑘
2𝐷𝛼𝑗
𝑗 𝑤𝑡.

Proof. By Lemma 2.2, the assumption 𝑠 𝑗𝑤 ∈ 𝑤𝑊𝐽 implies that 𝑠 𝑗𝑤 = 𝑤𝑠 𝑗′ for some 𝑗 ′ ∈ 𝐽, and
ℓ(𝑠 𝑗𝑤) = ℓ(𝑤) + 1 = ℓ(𝑤𝑠 𝑗′ ). Then 𝑤𝛼 𝑗′ = 𝛼 𝑗 , and hence,

(𝑤𝑡)𝛼
∨
𝑗 = 𝑡 (𝑤

−1𝛼𝑗 )
∨

= 𝑡
𝛼∨
𝑗′ = 𝑘−2

𝑗′ = 𝑘−2
𝑗 .

The second statement follows from (2.37). �

Corollary 6.24. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 . Suppose that 𝑤 ∈ 𝑊 𝐽 and 𝑗 ∈ [0, 𝑟] such that 𝑠 𝑗𝑤 ∈ 𝑤𝑊𝐽 .
Then

(𝜋𝑐,𝔱 (𝛿(𝑇𝑗 )) − 𝑘 𝑗 )𝜋𝑐,𝔱 (𝑆
𝑌
𝑤 )𝑥

𝑐 = 0 (6.19)

if 𝑘2
𝑗 ≠ 1.

Proof. For the duration of the proof, we write 𝑡 := 𝔰𝐽 𝔱 ∈ 𝐿𝐽 .
Let 𝑤 ∈ 𝑊 𝐽 and 𝑗 ∈ [0, 𝑟] such that 𝑠 𝑗𝑤 ∈ 𝑤𝑊𝐽 . Then 𝑠 𝑗𝑤 = 𝑤𝑠 𝑗′ for some 𝑗 ′ ∈ 𝐽, and

ℓ(𝑠 𝑗𝑤) = ℓ(𝑤) + 1 = ℓ(𝑤𝑠 𝑗′ ) (see the proof of Lemma 6.23). Hence,

𝜋𝑐,𝔱 (𝑆
𝑌
𝑗 )𝜋𝑐,𝔱 (𝑆

𝑌
𝑤 )𝑥

𝑐 = 𝜋𝑐,𝔱 (𝑆
𝑌
𝑠 𝑗𝑤 )𝑥

𝑐 = 𝜋𝑐,𝔱 (𝑆
𝑌
𝑤𝑆

𝑌
𝑗′ )𝑥

𝑐 = 0

by (the proof of) Proposition 6.8(1). We have 𝜋𝑐,𝔱 (𝑆
𝑌
𝑤 )𝑥

𝑐 ∈ P (𝑐)𝔱 [𝑤𝑡], and 𝑗 ∈ 𝐽 (𝑤𝑡) by Lemma 6.23;
hence,

𝜋𝑐,𝔱
(
(𝑌−1)𝛼

∨
𝑗
)
𝜋𝑐,𝔱 (𝑆

𝑌
𝑤 )𝑥

𝑐 = 𝑘−2
𝑗 𝜋𝑐,𝔱 (𝑆

𝑌
𝑤 )𝑥

𝑐 .

Using the explicit expression (2.56) for 𝑆𝑌𝑗 , we conclude that

0 = 𝜋𝑐,𝔱 (𝑆
𝑌
𝑗 )𝜋𝑐,𝔱 (𝑆

𝑌
𝑤 )𝑥

𝑐 = ((𝑘−2
𝑗 − 1)𝜋𝑐,𝔱 (𝛿(𝑇𝑗 )) + 𝑘 𝑗 − 𝑘−1

𝑗 )𝜋𝑐,𝔱 (𝑆
𝑌
𝑤 )𝑥

𝑐 .

The result then follows from the assumption that 𝑘2
𝑗 ≠ 1. �

Remark 6.25. If 𝔱 ∈ 𝑇 ′𝐽 and 𝔱 is J-regular, then the condition 𝑘2
𝑗 ≠ 1 may be omitted in Corollary 6.24.

Indeed, assume that 𝔱 ∈ 𝑇 ′𝐽 is J-regular and that 𝑘2
𝑗 = 1, and fix 𝑤 ∈ 𝑊 𝐽 and 𝑗 ∈ [0, 𝑟] with 𝑠 𝑗𝑤 ∈ 𝑤𝑊𝐽 .

Then we have 𝑠 𝑗𝑤𝑡 = 𝑤𝑡 by Lemma 6.23, where 𝑡 = 𝔰𝐽 𝔱. The cross relations (2.40) then show that
𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝜋𝑐,𝔱 (𝑆

𝑌
𝑤 )𝑥

𝑐 lies inP (𝑐)𝔱 [𝑤𝑡]. Since 𝔱 ∈ 𝑇 ′𝐽 , it follows that 𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝜋𝑐,𝔱 (𝑆𝑌𝑤 )𝑥𝑐 is a constant
multiple of 𝜋𝑐,𝔱 (𝑆𝑌𝑤 )𝑥𝑐 . The constant multiple can be computed by expanding 𝜋𝑐,𝔱 (𝑆

𝑌
𝑤 )𝑥

𝑐 in terms of the
basis {𝑚𝐽𝑢𝑐 (𝑥; 𝔱)}𝑢∈𝑊 𝐽 . Since 𝔱 is J-regular, 𝑑𝑤 (𝑡)𝑚𝐽𝑤𝑐 (𝑥; 𝔱) is the nonzero leading term in this expan-
sion (see Proposition 6.8(2)). By the proof of Proposition 6.8, the leading term of 𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝜋𝑐,𝔱 (𝑆𝑌𝑤 )𝑥𝑐
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in its expansion along {𝑚𝐽𝑢𝑐 (𝑥; 𝔱)}𝑢∈𝑊 𝐽 will then be 𝑑𝑤 (𝑡)𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝑚
𝐽
𝑤 (𝑥; 𝔱) = 𝑘 𝑗𝑑𝑤 (𝑡)𝑚

𝐽
𝑤 (𝑥; 𝔱),

where the equality follows from Lemma 3.9. We conclude that (6.19) is valid.

In the following theorem, we show that the action of 𝛿(𝑇𝑗 ) (0 ≤ 𝑗 ≤ 𝑟) on the normalised Y-eigenbasis
{𝑃𝐽𝑦 (𝑥; 𝔱)}𝑦∈O𝑐 of P (𝑐)𝔱 is described by discrete Demazure-Lusztig operators acting on 𝑦 ∈ O𝑐 . We call
this the pseudo-duality property of the normalised quasi-polynomials 𝑃𝐽𝑦 (𝑥; 𝔱) (𝑦 ∈ O𝑐).

Theorem 6.26. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇 ′𝐽 . Suppose that 𝔱 is J-generic. Then

𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝑃
𝐽
𝑦 (𝑥; 𝔱) = 𝑘 𝑗𝑃

𝐽
𝑦 (𝑥; 𝔱) +

����
𝑘−1
𝑗 − 𝑘 𝑗 𝑡

𝛼∨𝑗
𝑦

1 − 𝑡
𝛼∨𝑗
𝑦

����
(
𝑃𝐽𝑠 𝑗 𝑦 (𝑥; 𝔱) − 𝑃𝐽𝑦 (𝑥; 𝔱)

)
(6.20)

for 0 ≤ 𝑗 ≤ 𝑟 and 𝑦 ∈ O𝑐 . Here, 𝑡𝑦 ∈ 𝑇 is defined by (6.16) and the right-hand side of (6.20) should
always be read as 𝑘 𝑗𝑃

𝐽
𝑦 (𝑥; 𝔱) when 𝑠 𝑗 𝑦 = 𝑦

Proof. Let 𝑦 ∈ O𝑐 and 0 ≤ 𝑗 ≤ 𝑟 .
The case that 𝑠 𝑗 𝑦 = 𝑦 follows from Remark 6.25. Note that in this case, we have 𝑠 𝑗𝑤𝑦 ∈ 𝑤𝑦𝑊𝐽 , so

Lemma 6.23 gives

𝑡
𝛼∨𝑗
𝑦 = (𝔰𝐽 𝔱)

(𝑤−1
𝑦 𝛼𝑗 )

∨

= 𝑘−2
𝑗 ;

hence, the right-hand side of (6.20) is well defined when 𝑘2
𝑗 ≠ 1 and it simplifies to 𝑘 𝑗𝑃

𝐽
𝑦 (𝑥; 𝔱).

In the remainder of the proof, we assume that 𝑠 𝑗 𝑦 ≠ 𝑦. This is equivalent to 𝑠 𝑗𝑤𝑦 = 𝑤𝑠 𝑗 𝑦 by
Lemma 2.2 and Corollary 5.23. Then

𝑤−1
𝑦 𝛼 𝑗 ∈ Π(𝑤𝑦) ∪ Π(𝑠 𝑗𝑤𝑦) ⊆ Φ \Φ𝐽

by Lemma 2.1 and (2.14), and

𝑡
𝛼∨𝑗
𝑦 = (𝔰𝐽 𝔱)

(𝑤−1
𝑦 𝛼𝑗 )

∨

≠ 1

since 𝔱 is J-generic, and hence in particular J-regular. So the right-hand side of (6.20) is well defined,
and formula (6.20) is equivalent to

𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝑃
𝐽
𝑦 (𝑥; 𝔱) = ���

𝑘 𝑗 − 𝑘−1
𝑗

1 − 𝑡
𝛼∨𝑗
𝑦

���𝑃𝐽𝑦 (𝑥; 𝔱) +
����
𝑘−1
𝑗 − 𝑘 𝑗 𝑡

𝛼∨𝑗
𝑦

1 − 𝑡
𝛼∨𝑗
𝑦

����𝑃𝐽𝑠 𝑗 𝑦 (𝑥; 𝔱). (6.21)

To prove (6.21), we consider two cases.
Case 1: ℓ(𝑤𝑠 𝑗 𝑦) = ℓ(𝑤𝑦) + 1.
Consider the expansion

𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝜋𝑐,𝔱 (𝑆
𝑌
𝑤𝑦 )𝑥

𝑐 =
∑
𝑦′ ∈O𝑐

𝐶𝑦′𝜋𝑐,𝔱 (𝑆
𝑌
𝑤𝑦′
)𝑥𝑐 (𝐶𝑦′ ∈ F)
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in the Y-eigenbasis {𝜋𝑐,𝔱 (𝑆𝑌𝑦′ )𝑥
𝑐}𝑦′ ∈O𝑐 of P (𝑐)𝔱 . Since ℓ(𝑤𝑠 𝑗 𝑦) = ℓ(𝑤𝑦) + 1, we then have

𝜋𝑐,𝔱 (𝑆
𝑌
𝑤𝑠 𝑗 𝑦
)𝑥𝑐 = 𝜋𝑐,𝔱 (𝑆

𝑌
𝑗 𝑆
𝑌
𝑤𝑦 )𝑥

𝑐

=
(
(𝑡
𝛼∨𝑗
𝑦 − 1)𝜋𝑐,𝔱 (𝛿(𝑇𝑗 )) + 𝑘 𝑗 − 𝑘−1

𝑗

)
𝜋𝑐,𝔱 (𝑆

𝑌
𝑤𝑦 )𝑥

𝑐

=
(
(𝑡
𝛼∨𝑗
𝑦 − 1)𝐶𝑦 + 𝑘 𝑗 − 𝑘−1

𝑗

)
𝜋𝑐,𝔱 (𝑆

𝑌
𝑤𝑦 )𝑥

𝑐 +
∑

𝑦′ ∈O𝑐\{𝑦 }

(𝑡
𝛼∨𝑗
𝑦 − 1)𝐶𝑦′𝜋𝑐,𝔱 (𝑆𝑌𝑤𝑦′ )𝑥

𝑐 .

(6.22)

The assumptions on 𝔱 ensure that the 𝑡𝑦 (𝑦 ∈ O𝑐) are pairwise different Y-weights of P (𝑐)𝔱 and that
P (𝑐)𝔱 [𝑡𝑦] is spanned by 𝜋𝑐,𝔱 (𝑆

𝑌
𝑤𝑦 )𝑥

𝑐 for 𝑦 ∈ O𝑐 . Comparing the different Y-weight contributions on
both sides of (6.22) thus gives

𝐶𝑦′ = 0 unless 𝑦′ ∈ {𝑦, 𝑠 𝑗 𝑦},

𝐶𝑦 =
𝑘 𝑗 − 𝑘−1

𝑗

1 − 𝑡
𝛼∨𝑗
𝑦

, 𝐶𝑠 𝑗 𝑦 =
1

𝑡
𝛼∨𝑗
𝑦 − 1

.

We conclude that

𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝜋𝑐,𝔱 (𝑆
𝑌
𝑤𝑦 )𝑥

𝑐 =
���
𝑘 𝑗 − 𝑘−1

𝑗

1 − 𝑡
𝛼∨𝑗
𝑦

���𝜋𝑐,𝔱 (𝑆𝑌𝑤𝑦 )𝑥𝑐 + ��� 1

𝑡
𝛼∨𝑗
𝑦 − 1

���𝜋𝑐,𝔱 (𝑆𝑌𝑤𝑠 𝑗 𝑦 )𝑥𝑐 . (6.23)

Then (6.15) and the identity 𝑟𝑤𝑠 𝑗 𝑦 (𝔰𝐽 𝔱) = (𝑘 𝑗 𝑡
𝛼∨𝑗
𝑦 − 𝑘−1

𝑗 )𝑟𝑤𝑦 (𝔰𝐽 𝔱) give (6.21).
Case 2: ℓ(𝑤𝑠 𝑗 𝑦) = ℓ(𝑤𝑦) − 1.
We can now apply the first case to 𝑠 𝑗 𝑦, yielding

𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝑃
𝐽
𝑠 𝑗 𝑦 (𝑥; 𝔱) = ���

𝑘 𝑗 − 𝑘−1
𝑗

1 − 𝑡
𝛼∨𝑗
𝑠 𝑗 𝑦

���𝑃𝐽𝑠 𝑗 𝑦 (𝑥; 𝔱) +
����
𝑘−1
𝑗 − 𝑘 𝑗 𝑡

𝛼∨𝑗
𝑠 𝑗 𝑦

1 − 𝑡
𝛼∨𝑗
𝑠 𝑗 𝑦

����𝑃𝐽𝑦 (𝑥; 𝔱). (6.24)

Now act on both sides with 𝛿(𝑇𝑗 ), apply the Hecke relation 𝛿(𝑇𝑗 )
2 = (𝑘 𝑗 − 𝑘−1

𝑗 )𝛿(𝑇𝑗 ) +1 to the left-hand
side, and substitute (6.24) for the resulting 𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝑃

𝐽
𝑠 𝑗 𝑦 (𝑥; 𝔱)’s in the equality. A straightforward

computation, avoiding rescaling of the equation, then shows that

����
𝑘−1
𝑗 − 𝑘 𝑗 𝑡

𝛼∨𝑗
𝑠 𝑗 𝑦

1 − 𝑡
𝛼∨𝑗
𝑠 𝑗 𝑦

����𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝑃𝐽𝑦 (𝑥; 𝔱)

=
(𝑘−1
𝑗 − 𝑘 𝑗 𝑡

𝛼∨𝑗
𝑠 𝑗 𝑦) (𝑘 𝑗 − 𝑘−1

𝑗 )

(1 − 𝑡
𝛼∨𝑗
𝑠 𝑗 𝑦) (1 − 𝑡

−𝛼∨𝑗
𝑠 𝑗 𝑦 )

𝑃𝐽𝑦 (𝑥; 𝔱) +
(𝑘−1
𝑗 − 𝑘 𝑗 𝑡

𝛼∨𝑗
𝑠 𝑗 𝑦) (𝑘

−1
𝑗 − 𝑘 𝑗 𝑡

−𝛼∨𝑗
𝑠 𝑗 𝑦 )

(1 − 𝑡
𝛼∨𝑗
𝑠 𝑗 𝑦) (1 − 𝑡

−𝛼∨𝑗
𝑠 𝑗 𝑦 )

𝑃𝐽𝑠 𝑗 𝑦 (𝑥; 𝔱).

Now dividing out the prefactor of 𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝑃𝐽𝑦 (𝑥; 𝔱) (which is nonzero since 𝔱 is J-generic) and using

that 𝑡
𝛼∨𝑗
𝑠 𝑗 𝑦 = 𝑡

−𝛼∨𝑗
𝑦 , we obtain the desired formula (6.21). �

Remark 6.27.
1. In case of Cherednik’s basic representation P (0)1𝑇 , Theorem 6.26 is an important intermediate step in

proving the well-known duality formula

𝑃 [1,𝑟 ]𝜇 (𝔰𝜈; 1𝑇 ) = 𝑃 [1,𝑟 ]𝜈 (𝔰𝜇; 1𝑇 ) (𝜇, 𝜈 ∈ 𝑄∨)
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for the normalised nonsymmetric Macdonald polynomials; see [6, Thm 5.1]. An analogue of the
duality formula for the quasi-polynomial generalisations 𝑃𝐽𝑦 (𝑥; 𝔱) of the normalised nonsymmetric
Macdonald polynomials is not known.

2. The quasi-duality property (6.20), together with the eigenvalue equations

𝜋𝑐,𝔱 (𝑌
𝜇)𝑃𝐽𝑦 (𝑥; 𝔱) = 𝑡

−𝜇
𝑦 𝑃𝐽𝑦 (𝑥; 𝔱) (𝑦 ∈ O𝑐 , 𝜇 ∈ 𝑄∨)

for 𝑐 ∈ 𝐶𝐽 and J-generic 𝔱 ∈ 𝑇 ′𝐽 , allows one to describe the H-action on P (𝑐)𝔱 entirely in terms
of an H-action on the space of F-valued functions on O𝑐 , with 𝛿(𝑇𝑗 ) (0 ≤ 𝑗 ≤ 𝑟) acting by
discrete Demazure-Lusztig type operators (cf. Remark 3.13). The subspace of finitely supported F-
valued functions on O𝑐 forms a H-submodule, which alternatively can be obtained as a quotient of
Cherednik’s [8, §3.4.2] H-representation on the space of finitely supported F-valued functions on W
(cf. Remark 3.13(3)).

Corollary 6.28. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇 ′𝐽 . Suppose that 𝔱 is J-generic. Then

𝜋𝑐,𝔱 (𝑆
𝑌
𝑗 )𝑃

𝐽
𝑦 (𝑥; 𝔱) =

(
𝑘 𝑗 𝑡

𝛼∨𝑗
𝑦 − 𝑘−1

𝑗 )𝑃
𝐽
𝑠 𝑗 𝑦 (𝑥; 𝔱) (6.25)

for 𝑗 ∈ [0, 𝑟] and 𝑦 ∈ O𝑐 , where 𝑡𝑦 ∈ 𝑇 is defined by (6.16). In particular,

𝜋𝑐,𝔱 (𝑆
𝑌
𝑗 )𝑃

𝐽
𝑦 (𝑥; 𝔱) = 0 if 𝑠 𝑗 𝑦 = 𝑦. (6.26)

Proof. If 𝑠 𝑗 𝑦 = 𝑦, then 𝑡
𝛼∨𝑗
𝑦 = 𝑘−2

𝑗 ; hence, the right-hand side of (6.25) is zero and the resulting equation
(6.26) follows from (2.56) and Remark 6.25. If 𝑠 𝑗 𝑦 ≠ 𝑦, then (6.25) follows from (2.56) and (6.20) by a
straightforward computation. �

Remark 6.29. Under additional assumptions on 𝔱, a proof of Corollary 6.28 that avoids Theorem 6.26
is as follows.

Formula (6.25) follows directly from the definition of 𝑃𝐽𝑦 (𝑥; 𝔱) (see (6.15)) when 𝑠 𝑗𝑤𝑦 ∉ 𝑊 𝐽 , and
when 𝑠 𝑗𝑤𝑦 ∈ 𝑊

𝐽 and ℓ(𝑠 𝑗𝑤𝑦) = ℓ(𝑤𝑦) + 1. In the first case, use Proposition 6.8(1) and Lemma 6.23,
in the second case, use 𝑠 𝑗𝑤𝑦 = 𝑤𝑠 𝑗 𝑦 and 𝑟𝑠 𝑗𝑤𝑦 (𝑥) = (𝑘 𝑗𝑥

(𝑤−1
𝑦 𝛼𝑗 )

∨

− 𝑘−1
𝑗 )𝑟𝑤𝑦 (𝑥). When 𝑠 𝑗𝑤𝑦 ∈ 𝑊

𝐽 and
ℓ(𝑠 𝑗𝑤𝑦) = ℓ(𝑤𝑦) − 1, acting by 𝑆𝑌𝑗 on (6.25) and applying (2.59) gives

(𝑘 𝑗 𝑡
𝛼∨𝑗
𝑦 − 𝑘−1

𝑗 )𝜋𝑐,𝔱 (𝑆
𝑌
𝑗 )𝑃

𝐽
𝑠 𝑗 𝑦 (𝑥; 𝔱) = (𝑘 𝑗 𝑡

𝛼∨𝑗
𝑦 − 𝑘−1

𝑗 ) (𝑘 𝑗 𝑡
−𝛼∨𝑗
𝑦 − 𝑘−1

𝑗 )𝑃
𝐽
𝑦 (𝑥; 𝔱).

This yields (6.25) if the scalar factor 𝑘 𝑗 𝑡
𝛼∨𝑗
𝑦 − 𝑘

−1
𝑗 can be divided out. This is ensured if (𝔰𝐽 𝔱)𝑎

∨
≠ 𝑘−2

𝑎 for
all 𝑎 ∈ Φ− \Φ−𝐽 . Note that these are exactly the additional requirements on 𝔱 ensuring the irreducibility
of 𝜋𝑐,𝔱; see Theorem 6.15.

The action of 𝛿(𝑇𝑗 ) on the monic quasi-polynomials 𝐸 𝐽𝑦 (𝑥; 𝔱) can be described as follows. Recall the
constants 𝜅𝑣 (𝑦) ∈ F× (𝑦 ∈ 𝐸 , 𝑣 ∈ 𝑊0), defined by (4.10).

Corollary 6.30. Let 𝑐 ∈ 𝐶𝐽 and assume that 𝔱 ∈ 𝑇 ′𝐽 is J-generic.
The monic quasi-polynomials 𝐸 𝐽𝑦 (𝑥; 𝔱) ∈ P (𝑐)𝔱 (𝑦 ∈ O𝑐) satisfy for 0 ≤ 𝑗 ≤ 𝑟 ,

𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝐸
𝐽
𝑦 (𝑥; 𝔱) =

⎧⎪⎪⎨⎪⎪⎩
𝑘 𝑗𝐸

𝐽
𝑦 (𝑥; 𝔱) if 𝛼 𝑗 (𝑦) = 0,(

𝑘 𝑗−𝑘
−1
𝑗

1−𝑡
𝛼∨
𝑗

𝑦

)
𝐸 𝐽𝑦 (𝑥; 𝔱) + 𝜅𝐷𝑠 𝑗 (𝑦)𝐸 𝐽𝑠 𝑗 𝑦 (𝑥; 𝔱) if 𝛼 𝑗 (𝑦) > 0,
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where 𝑡𝑦 ∈ 𝑇 is defined by (6.16). Furthermore, for 𝑦 ∈ O𝑐 such that 𝛼 𝑗 (𝑦) < 0,

𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝐸
𝐽
𝑦 (𝑥; 𝔱) = ���

𝑘 𝑗 − 𝑘−1
𝑗

1 − 𝑡
𝛼∨𝑗
𝑦

���𝐸 𝐽𝑦 (𝑥; 𝔱)

+ 𝜅𝐷𝑠 𝑗 (𝑦)
(𝑘 𝑗 − 𝑘−1

𝑗 𝑡
𝛼∨𝑗
𝑦 ) (𝑘 𝑗 − 𝑘−1

𝑗 𝑡
−𝛼∨𝑗
𝑦 )(

1 − 𝑡
𝛼∨𝑗
𝑦

) (
1 − 𝑡

−𝛼∨𝑗
𝑦

) 𝐸 𝐽𝑠 𝑗 𝑦 (𝑥; 𝔱).

Proof. The statement when 𝛼 𝑗 (𝑦) = 0 is clear. If 𝛼 𝑗 (𝑦) > 0, then 𝑠 𝑗𝑤𝑦 = 𝑤𝑠 𝑗 𝑦 ∈ 𝑊 𝐽 and ℓ(𝑠 𝑗𝑤𝑦) =

ℓ(𝑤𝑦) + 1 by Corollary 5.23. Furthermore, 𝑡
𝛼∨𝑗
𝑦 ≠ 1; see the proof of Theorem 6.26. Then (6.23) and

(6.9) give

𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝐸
𝐽
𝑦 (𝑥; 𝔱) = ���

𝑘 𝑗 − 𝑘−1
𝑗

1 − 𝑡
𝛼∨𝑗
𝑦

���𝐸 𝐽𝑦 (𝑥; 𝔱) +
𝑑𝑠 𝑗𝑤𝑦 (𝔰𝐽 𝔱)𝑘𝑠 𝑗𝑤𝑦 (𝑐)

𝑑𝑤𝑦 (𝔰𝐽 𝔱)𝑘𝑤𝑦 (𝑐)
��� 1

𝑡
𝛼∨𝑗
𝑦 − 1

���𝐸 𝐽𝑠 𝑗 𝑦 (𝑥; 𝔱).

Simplifying the second factor using (6.8), (5.7) and Lemma 5.7 yields the desired result.
If 𝛼 𝑗 (𝑦) < 0, then the formula follows from a direct computation using the previous case, the Hecke

relation (2.39) and Lemma 5.7. �

6.6. (Anti)symmetrisation

By (4.10), we have 𝜅𝑣 (0) =
∏
𝛼∈Π (𝑣) 𝑘𝛼. The element

1+ :=
∑
𝑣 ∈𝑊0

𝜅𝑣 (0)𝑇𝑣 = 𝜅𝑤0 (0)
2
∑
𝑣 ∈𝑊0

𝜅𝑣 (0)−1𝑇−1
𝑣−1

is, up to a normalisation factor, the trivial idempotent of 𝐻0. Concretely, it satisfies

𝑇𝑖1+ = 𝑘𝑖1+ = 1+𝑇𝑖 (1 ≤ 𝑖 ≤ 𝑟)

and 12
+ =
( ∑

𝑣 ∈𝑊0 𝜅𝑣 (0)
2)1+.

The following result follows by a direct computation.

Lemma 6.31. Let 𝑖 ∈ [1, 𝑟]. Then

𝑆𝑋𝑖 1+ = (𝑘𝑖𝑥𝛼
∨
𝑖 − 𝑘−1

𝑖 )1+, 1+𝑆𝑌𝑖 = 1+(𝑘𝑖 (𝑌−1)𝛼
∨
𝑖 − 𝑘−1

𝑖 )

in H. In particular, 𝑆𝑋𝑖 1+ = 1+ in H𝑋−loc and 1+𝑆𝑌𝑖 = 1+ in H𝑌−loc.

For 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 , consider the P𝑊0 -submodule

P (𝑐) ,+𝔱 := 𝜋𝑐,𝔱 (1+)P (𝑐)𝔱

of P (𝑐)𝔱 . The interpretation of P (𝑐) ,+𝔱 as 𝑊0-invariant quasi-polynomials requires the H𝑋−loc-module
Q(𝑐)𝔱 from the proof of Theorem 4.9, which contains P (𝑐)𝔱 as H-submodule.

Lemma 6.32. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 . The Q𝑊0 -submodule Q(𝑐) ,+𝔱 := 𝜋𝑋−loc
𝑐,𝔱 (1+)Q(𝑐)𝔱 of Q(𝑐)𝔱 is

contained in { 𝑓 ∈ Q(𝑐)𝔱 | 𝜎𝑐,𝔱 (𝑣) 𝑓 = 𝑓 ∀ 𝑣 ∈ 𝑊0}.

Proof. For 𝑓 ∈ Q(𝑐) ,+𝔱 , we have 𝜋𝑋−loc
𝑐,𝔱 (𝑆𝑋𝑣 ) 𝑓 = 𝑓 for all 𝑣 ∈ 𝑊0 by Lemma 6.31. The lemma now

follows from the definition (4.18) of the 𝑊 �Q-action 𝜎𝑐,𝔱. �
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Definition 6.33. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇 ′𝐽 . Define 𝐸 𝐽 ,+𝑦 (𝑥; 𝔱) ∈ P (𝑐) ,+𝔱 (𝑦 ∈ O𝑐) by

𝐸 𝐽 ,+𝑦 (𝑥; 𝔱) := 𝜋𝑐,𝔱 (1+)𝐸 𝐽𝑦 (𝑥; 𝔱).

If furthermore 𝔱 is J-generic, then we define normalised versions 𝑃𝐽 ,+𝑦 (𝑥; 𝔱) ∈ P (𝑐) ,+𝔱 of 𝐸 𝐽 ,+𝑦 (𝑥; 𝔱) by

𝑃𝐽 ,+𝑦 (𝑥; 𝔱) := 𝜋𝑐,𝔱 (1+)𝑃𝐽𝑦 (𝑥; 𝔱) (𝑦 ∈ O𝑐).

Note that 𝐸 𝐽 ,+𝑦 (𝑥; 𝔱) ∈ P (𝑐) ,+𝔱 (𝑦 ∈ O𝑐) for 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇 ′𝐽 satisfies the eigenvalue equations

𝜋𝑐,𝔱 (𝑝(𝑌 ))𝐸
𝐽 ,+
𝑦 (𝑥; 𝔱) = 𝑝(𝔰−1

𝑦 𝔱−1
𝑦 )𝐸

𝐽 ,+
𝑦 (𝑥; 𝔱) ∀ 𝑝 ∈ P𝑊0 , (6.27)

since P𝑊0
𝑌 is the center of H. The same holds true for 𝑃𝐽 ,+𝑦 (𝑥; 𝔱).

Remark 6.34. If 1𝑇 ∈ 𝑇 ′[1,𝑟 ] , then 𝐸 [1,𝑟 ],+𝜇 (𝑥; 1𝑇 ) ∈ P𝑊0 (𝜇 ∈ 𝑄∨) is, up to a normalisation factor, the
symmetric Macdonald polynomial of degree 𝜇 ∈ 𝑄∨ (see, for example, [29, §5.3]).

Proposition 6.35. Let 𝑐 ∈ 𝐶𝐽 and assume that 𝔱 ∈ 𝑇 ′𝐽 is J-generic.

1. For 𝑖 ∈ [1, 𝑟] such that 𝛼𝑖 (𝑦) > 0, we have

𝐸 𝐽 ,+𝑠𝑖 𝑦 (𝑥; 𝔱) = 𝑘
𝜂 (𝛼𝑖 (𝑦))
𝑖

���
𝑘−1
𝑖 − 𝑘𝑖𝑡

𝛼∨𝑖
𝑦

1 − 𝑡
𝛼∨𝑖
𝑦

���𝐸 𝐽 ,+𝑦 (𝑥; 𝔱),

where 𝑡𝑦 ∈ 𝑇 is given by (6.16).
2. 𝑃𝐽 ,+𝑠𝑖 𝑦 (𝑥; 𝔱) = 𝑃𝐽 ,+𝑦 (𝑥; 𝔱) for 𝑖 ∈ [1, 𝑟] and 𝑦 ∈ O𝑐 .

Proof. (1) Let 𝑖 ∈ [1, 𝑟] such that 𝛼𝑖 (𝑦) > 0. Then 𝑡
𝛼∨𝑖
𝑦 ≠ 1; see the proof of Theorem 6.26. We

furthermore have 𝜅𝑠𝑖 (𝑦) = 𝑘
−𝜂 (𝛼𝑖 (𝑦))
𝑖 ; hence, Corollary 6.30 gives

𝐸 𝐽 ,+𝑠𝑖 𝑦 (𝑥; 𝔱) = 𝑘
𝜂 (𝛼𝑖 (𝑦))
𝑖 𝜋𝑐,𝔱 (1+)

���𝜋𝑐,𝔱 (𝑇𝑖) − ���
𝑘𝑖 − 𝑘−1

𝑖

1 − 𝑡
𝛼∨𝑖
𝑦

������𝐸 𝐽𝑦 (𝑥; 𝔱)

= 𝑘
𝜂 (𝛼𝑖 (𝑦))
𝑖

���
𝑘−1
𝑖 − 𝑘𝑖𝑡

𝛼∨𝑖
𝑦

1 − 𝑡
𝛼∨𝑖
𝑦

���𝐸 𝐽 ,+𝑦 (𝑥; 𝔱),

where the second equality follows by a direct computation using 1+𝑇𝑖 = 𝑘𝑖1+.
(2) It suffices to prove the statement under the additional assumption that 𝛼𝑖 (𝑦) > 0. Then 𝑤𝑠𝑖 𝑦 =

𝑠𝑖𝑤𝑦 , ℓ(𝑤𝑠𝑖 𝑦) = ℓ(𝑤𝑦) + 1 and Π(𝑤𝑠𝑖 𝑦) = {𝑤
−1
𝑦 𝛼𝑖} ∪ Π(𝑤𝑦); hence,

𝑃𝐽 ,+𝑠𝑖 𝑦 (𝑥; 𝔱) =
𝜋𝑐,𝔱 (1+𝑆𝑌𝑤𝑠𝑖 𝑦 )𝑥

𝑐

𝑟𝑤𝑠𝑖 𝑦 (𝔰𝐽 𝔱)
=

𝜋𝑐,𝔱 (1+𝑆𝑌𝑖 𝑆𝑌𝑤𝑦 )𝑥
𝑐

𝑟𝑤𝑦 (𝔰𝐽 𝔱) (𝑘𝑖𝑡
𝛼∨𝑖
𝑦 − 𝑘−1

𝑖 )
.

Applying Lemma 6.31, we conclude that

𝑃𝐽 ,+𝑠𝑖 𝑦 (𝑥; 𝔱) =
𝜋𝑐,𝔱 (1+(𝑘−1

𝑖 − 𝑘𝑖 (𝑌
−1)𝛼

∨
𝑖 ))𝑃𝐽𝑦 (𝑥; 𝔱)

(𝑘−1
𝑖 − 𝑘𝑖𝑡

𝛼∨𝑖
𝑦 )

= 𝜋𝑐,𝔱 (1+)𝑃𝐽𝑦 (𝑥; 𝔱) = 𝑃𝐽 ,+𝑦 (𝑥; 𝔱),

as desired. �

For 𝑐 ∈ 𝐶+, write O+𝑐 := O𝑐 ∩ 𝐸+, which is a fundamental domain for the 𝑊0-action on O𝑐 .
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Corollary 6.36. Let 𝑐 ∈ 𝐶𝐽 and assume that 𝔱 ∈ 𝑇 ′𝐽 is J-generic.
Then {𝐸 𝐽 ,+𝑦 (𝑥; 𝔱)}𝑦∈O+𝑐 and {𝑃𝐽 ,+𝑦 (𝑥; 𝔱)}𝑦∈O+𝑐 are bases of P (𝑐) ,+𝔱 consisting of simultaneous eigen-

functions of the commuting operators 𝜋𝑐,𝔱 (𝑝(𝑌 )) (𝑝 ∈ P𝑊0 ).

Proof. By Proposition 6.35 and (6.27), it suffices to show that {𝐸 𝐽 ,+𝑦 (𝑥; 𝔱)}𝑦∈O+𝑐 is a linear independent
set. But Theorem 6.26 shows that 𝐸 𝐽 ,+𝑦 (𝑥; 𝔱) lies in subspace spanned by 𝐸 𝐽𝑣𝑦 (𝑥; 𝔱) (𝑣 ∈ 𝑊0); hence, the
linear independence is a consequence of Theorem 6.3(3). �

The coefficients in the expansion of 𝐸 𝐽 ,+𝑦 (𝑥; 𝔱) as linear combination of the quasi-polynomials
𝐸 𝐽𝑣𝑦 (𝑥; 𝔱) (𝑣 ∈ 𝑊0) can be explicitly computed as follows.

Recall that 𝑦± denotes the unique element in 𝐸± ∩ 𝑊0𝑦. Write 𝑊0,𝑦± for the subgroup of 𝑊0
consisting of the elements 𝑣 ∈ 𝑊0 fixing 𝑦±. It is a parabolic subgroup. Denote by 𝑊

𝑦±
0 the minimal

coset representatives of 𝑊0/𝑊0,𝑦± . Denote by 𝑔𝑦 ∈ 𝑊0 the unique element of minimal length such that
𝑦− = 𝑔𝑦𝑦. Note that 𝑦 ↦→ 𝑔−1

𝑦 defines a bijection 𝑊0𝑦
∼
−→ 𝑊

𝑦−
0 . Observe furthermore that 𝑔𝑦+ is the

minimal coset representative of 𝑤0𝑊0,𝑦+ . In particular, 𝑦− = 𝑔𝑦+ 𝑦+ = 𝑤0𝑦+.

Theorem 6.37. Let 𝑐 ∈ 𝐶𝐽 and assume that 𝔱 ∈ 𝑇 ′𝐽 is J-generic. Set 𝑡𝑦 := 𝑤𝑦 (𝔰𝐽 𝔱) for 𝑦 ∈ O𝑐 (see
(6.16)). For 𝑦 ∈ O𝑐 , we have

𝐸 𝐽 ,+𝑦 (𝑥; 𝔱) =
∑
𝑦′ ∈𝑊0𝑦

C+𝑦 (𝑦′)𝐸 𝐽𝑦′ (𝑥; 𝔱) (6.28)

with the coefficients 𝐶+𝑦 (𝑦′) ∈ F determined by the following two properties:

𝐶+𝑠𝑖 𝑦 (𝑦
′) = 𝑘

𝜂 (𝛼𝑖 (𝑦))
𝑖

���
𝑘𝑖 − 𝑘−1

𝑖 𝑡
−𝛼∨𝑖
𝑦

1 − 𝑡
−𝛼∨𝑖
𝑦

���𝐶+𝑦 (𝑦′) for 1 ≤ 𝑖 ≤ 𝑟 such that 𝛼𝑖 (𝑦) > 0 (6.29)

and

𝐶+𝑦+ (𝑦
′) =

���
∑

𝑣 ∈𝑊0,𝑦+

𝜅𝑣 (0)2
���𝜅𝑔𝑦+ (0)𝜅𝑔𝑦+ (𝑦+)

∏
𝛽∈Π (𝑔−1

𝑦′
)

𝑘
−𝜂 (𝛽 (𝑦−))
𝛽

���
𝑘𝛽 − 𝑘−1

𝛽 𝑡
−𝛽∨

𝑦−

1 − 𝑡
−𝛽∨
𝑦−

��� (6.30)

for 𝑦′ ∈ 𝑊0𝑦.

Proof. Note that there exists an expansion of the form (6.28) for unique 𝐶+𝑦 (𝑦
′) ∈ F; cf. Corollary 6.36.

It is clear that the two conditions (6.29) and (6.30) determine the coefficients 𝐶𝑦 (𝑦′) ∈ F uniquely.
The recursion relation (6.29) follows from Proposition 6.35(1). It thus remains to prove (6.30).
Fix 𝑦 ∈ O𝑐 . Note that

1+ = 1𝑦++
∑

𝑣 ∈𝑊0,𝑦+

𝜅𝑣 (0)𝑇𝑣

with 1𝑦++ :=
∑
𝑢∈𝑊

𝑦+
0

𝜅𝑢 (0)𝑇𝑢 . Then Corollary 6.30 gives

𝐸 𝐽 ,+𝑦+ (𝑥; 𝔱) = ���
∑

𝑣 ∈𝑊0,𝑦+

𝜅𝑣 (0)2
���𝜋𝑐,𝔱 (1𝑦++ )𝐸 𝐽𝑦+ (𝑥; 𝔱).

Note that for 𝑢 ∈ 𝑊
𝑦+
0 and 1 ≤ 𝑖 ≤ 𝑟 , one has 𝛼𝑖 (𝑢𝑦+) ≷ 0 iff 𝑠𝑖𝑢 ∈ 𝑊

𝑦+
0 and ℓ(𝑠𝑖𝑢) = ℓ(𝑢) ± 1

(this follows from the Weyl group variant of Corollary 5.23 with W and its fundamental alcove 𝐶+
replaced by 𝑊0 and its fundamental Weyl chamber 𝐸+). Again invoking Corollary 6.30, we then get
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from Lemma 5.6,

𝐶+𝑦+ (𝑦−) =
���
∑

𝑣 ∈𝑊0,𝑦+

𝜅𝑣 (0)2
���𝜅𝑔𝑦+ (0)𝜅𝑔𝑦+ (𝑦+). (6.31)

We now derive the coefficients 𝐶+𝑦+ (𝑦
′) for arbitrary 𝑦′ ∈ 𝑊0𝑦 recursively using the recursion relation

𝐶+𝑦′′ (𝑠𝑖𝑦
′) = 𝐶+𝑦′′ (𝑦

′)𝑘
−𝜂 (𝛼𝑖 (𝑦

′))

𝑖
���
𝑘𝑖 − 𝑘−1

𝑖 𝑡
−𝛼∨𝑖
𝑦′

1 − 𝑡
−𝛼∨𝑖
𝑦′

��� for 𝑦′ ∈ 𝑊0𝑦 such that 𝛼𝑖 (𝑦
′) < 0 (6.32)

for 𝑦′′ ∈ 𝑊0𝑦. The recursion relation (6.32) follows from the identity

𝜋𝑐,𝔱 (𝑇𝑖)𝐸
𝐽 ,+
𝑦′′ (𝑥; 𝔱) = 𝑘𝑖𝐸

𝐽 ,+
𝑦′′ (𝑥; 𝔱),

expanding 𝐸 𝐽 ,+𝑦′′ (𝑥; 𝔱) as linear combination of quasi-polynomials 𝐸 𝐽𝑦′′′ (𝑥; 𝔱) (𝑦′′′ ∈ 𝑊0𝑦), and subse-
quently comparing the coefficient of 𝐸 𝐽𝑦′ (𝑥; 𝔱) on both sides using Corollary 6.30.

Now take 𝑦′ ∈ 𝑊0𝑦 and let 𝑔−1
𝑦′ = 𝑠𝑖1 · · · 𝑠𝑖ℓ be a reduced expression. Then Π(𝑔−1

𝑦′ ) = {𝛽1, . . . , 𝛽ℓ }
with 𝛽𝑚 := 𝑠𝑖ℓ · · · 𝑠𝑖𝑚+1 (𝛼𝑖𝑚 ) for 1 ≤ 𝑚 ≤ ℓ. Furthermore,

𝛽𝑚 (𝑦−) = 𝛼𝑖𝑚 (𝑠𝑖𝑚+1 · · · 𝑠𝑖ℓ 𝑦−) < 0 (1 ≤ 𝑚 ≤ ℓ)

since 𝑔−1
𝑦′ ∈ 𝑊

𝑦−
0 (this follows from the Weyl group variant of Corollary 5.23 with W and 𝐶+ replaced

by 𝑊0 and 𝐸−). By repeated application of (6.32), we conclude that

𝐶+𝑦+ (𝑦
′) = 𝐶+𝑦+ (𝑦−)

∏
𝛽∈Π (𝑔−1

𝑦′
)

𝑘
−𝜂 (𝛽 (𝑦−))
𝛽

���
𝑘𝛽 − 𝑘−1

𝛽 𝑡
−𝛽∨

𝑦−

1 − 𝑡
−𝛽∨
𝑦

���.
This completes the proof of the theorem. �

When considering the Whittaker limit of 𝐸 𝐽 ,+𝑦 (𝑥; 𝔱) in Subsection 6.8, it is convenient to use the
explicit expansion formula for 𝐸 𝐽 ,+𝑦 (𝑥; 𝔱) when 𝑦 ∈ 𝐸− ∩O𝑐 .

Corollary 6.38. Let 𝑐 ∈ 𝐶𝐽 , and assume that 𝔱 ∈ 𝑇 ′𝐽 is J-generic. For 𝑦 ∈ 𝐸− ∩O𝑐 , we have

𝐸 𝐽 ,+𝑦 (𝑥; 𝔱) = ���
∑
𝑣 ∈𝑊0,𝑦

𝜅𝑔−1
𝑦+ 𝑣
(0)2���

∏
𝛼∈Π (𝑔−1

𝑦+ )

(
1 − 𝑘−2

𝛼 𝑡𝛼
∨

𝑦

1 − 𝑡𝛼
∨

𝑦

)

×
∑
𝑣 ∈𝑊

𝑦
0

𝜅𝑣 (𝑦)

𝜅𝑣 (0)
���
∏

𝛽∈Π (𝑣)

���
1 − 𝑘2

𝛽𝑡
𝛽∨

𝑦

1 − 𝑡
𝛽∨
𝑦

������𝐸 𝐽𝑣𝑦 (𝑥; 𝔱),

where 𝑡𝑦 ∈ 𝑇 is defined by (6.16).

Proof. Using Lemma 5.6 and (6.29), we have for 𝑦 ∈ 𝐸− ∩O𝑐 ,

𝐶+𝑦 (𝑦
′) =

𝜅𝑔−1
𝑦+
(0)2

𝜅𝑔𝑦+ (0)𝜅𝑔𝑦+ (𝑦+)
���
∏

𝛼∈Π (𝑔−1
𝑦+ )

(
1 − 𝑘−2

𝛼 𝑡𝛼
∨

𝑦

1 − 𝑡𝛼
∨

𝑦

)���𝐶+𝑦+ (𝑦′).
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Substituting (6.30), the desired result follows after a direct computation using the fact that 𝜅𝑣 (0) =∏
𝛼∈Π (𝑣) 𝑘𝛼 and 𝜅𝑣 (𝑦) =

∏
𝛼∈Π (𝑣) 𝑘

−𝜂 (𝛼(𝑦))
𝛼 for 𝑣 ∈ 𝑊 𝑦

0 (cf. Lemma 5.6). �

Within the ambient H𝑋−loc-module Q(𝑐)𝔱 of P (𝑐)𝔱 , we can express 𝐸 𝐽 ,+𝑦 (𝑥; 𝔱) as linear combination of
the 𝜎𝑐,𝔱 (𝑊0)-translates of 𝐸 𝐽𝑦 (𝑥; 𝔱) as follows.

Proposition 6.39. Let 𝑐 ∈ 𝐶𝐽 and assume that 𝔱 ∈ 𝑇 ′𝐽 is J-generic. For 𝑦 ∈ O𝑐 , we have

𝐸 𝐽 ,+𝑦 (𝑥; 𝔱) =
∑
𝑣 ∈𝑊0

𝜅𝑣 (0)2
���
∏
𝛼∈Φ+0

1 − 𝑘
2𝜒 (𝑣−1𝛼)
𝛼 𝑥−𝛼

∨

1 − 𝑥−𝛼∨
���𝜎𝑐,𝔱 (𝑣)𝐸 𝐽𝑦 (𝑥; 𝔱)

where (recall) 𝜒(𝛽) = ±1 if 𝛽 ∈ Φ±0 .

Proof. By [29, (5.5.14)], we have

�−1(1+) =
( ∑
𝑣 ∈𝑊0

𝑣

) ∏
𝛼∈Φ+0

(
1 − 𝑘2

𝛼𝑥
−𝛼∨

1 − 𝑥−𝛼∨

)
,

and hence, in view of (4.19) and the definition of 𝐸 𝐽 ,+𝑦 (𝑥; 𝔱),

𝐸 𝐽 ,+𝑦 (𝑥; 𝔱) = 𝜋𝑋−loc
𝑐,𝔱 (1+)𝐸 𝐽𝑦 (𝑥; 𝔱) =

∑
𝑣 ∈𝑊0

𝜎𝑐,𝔱 (𝑣)
���𝐸 𝐽𝑦 (𝑥; 𝔱)

∏
𝛼∈Φ+0

(
1 − 𝑘2

𝛼𝑥
−𝛼∨

1 − 𝑥−𝛼
∨

)���
in Q(𝑐) . The result now follows by a straightforward computation. �

Similar results can be obtained with respect to Hecke anti-symmetrisation. Write

1− :=
∑
𝑣 ∈𝑊0

(−1)ℓ (𝑣) 𝜅𝑣 (0)−1𝑇𝑣 = 𝜅𝑤0 (0)
−2
∑
𝑣 ∈𝑊0

(−1)ℓ (𝑣) 𝜅𝑣 (0)𝑇−1
𝑣−1 , (6.33)

which satisfies 𝑇𝑖1− = −𝑘−1
𝑖 1− = 1−𝑇𝑖 (1 ≤ 𝑖 ≤ 𝑟).

Definition 6.40. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇 ′𝐽 . Define 𝐸−𝑦 (𝑥; 𝔱) ∈ P (𝑐)𝔱 (𝑦 ∈ O𝑐) by

𝐸 𝐽 ,−𝑦 (𝑥; 𝔱) := 𝜋𝑐,𝔱 (1−)𝐸 𝐽𝑦 (𝑥; 𝔱). (6.34)

We state below the basic formulas for 𝐸 𝐽 ,−𝑦 (𝑥; 𝔱), but we do not provide detailed proofs, since they
are similar to the proofs for 𝐸 𝐽 ,+𝑦 (𝑥; 𝔱).

Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇 ′𝐽 . Suppose that 𝔱 is J-generic. Let 𝑡𝑦 ∈ 𝑇 be given by (6.16). Then

𝐸 𝐽 ,−𝑠𝑖 𝑦 (𝑥; 𝔱) = −𝑘 𝜂 (𝛼𝑖 (𝑦))𝑖
���
𝑘𝑖 − 𝑘−1

𝑖 𝑡
𝛼∨𝑖
𝑦

1 − 𝑡
𝛼∨𝑖
𝑦

���𝐸 𝐽 ,−𝑦 (𝑥; 𝔱) for 1 ≤ 𝑖 ≤ 𝑟 such that 𝛼𝑖 (𝑦) > 0

and

𝐸 𝐽 ,−𝑦 (𝑥; 𝔱) = ���
∏
𝛼∈Φ+0

1 − 𝑘−2
𝛼 𝑥−𝛼

∨

1 − 𝑥−𝛼∨
���
∑
𝑣 ∈𝑊0

(−1)ℓ (𝑣)𝜎𝑐,𝔱 (𝑣)𝐸 𝐽𝑦 (𝑥; 𝔱). (6.35)
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Furthermore,

𝐸 𝐽 ,−𝑦 (𝑥; 𝔱) = 0 if 𝑦 ∉ 𝐸 reg ∩O𝑐 (6.36)

and

𝐸 𝐽 ,−𝑦 (𝑥; 𝔱) =
∑
𝑦′ ∈𝑊0𝑦

𝐶−𝑦 (𝑦
′)𝐸 𝐽𝑦′ (𝑥; 𝔱) (𝑦 ∈ O𝑐) (6.37)

with 𝐶−𝑦 (𝑦
′) ∈ F satisfying, for all 𝑦′ ∈ 𝑊0𝑦,

𝐶−𝑠𝑖 𝑦 (𝑦
′) = 𝑘

𝜂 (𝛼𝑖 (𝑦))
𝑖

���
𝑘−1
𝑖 − 𝑘𝑖𝑡

−𝛼∨𝑖
𝑦

𝑡
−𝛼∨𝑖
𝑦 − 1

���𝐶−𝑦 (𝑦′) for 1 ≤ 𝑖 ≤ 𝑟 such that 𝛼𝑖 (𝑦) > 0,

𝐶−𝑦+ (𝑦
′) = 0 if 𝑦+ ∈ 𝐸+ \ 𝐸+ and, for 𝑦 ∈ 𝐸 reg ∩O𝑐 ,

𝐶−𝑦+ (𝑦
′) = (−1)ℓ (𝑤0)

𝜅𝑤0 (𝑦+)

𝜅𝑤0 (0)

∏
𝛽∈Π (𝑔−1

𝑦′
)

𝑘
−𝜂 (𝛽 (𝑦−))
𝛽

���
𝑘−1
𝛽 − 𝑘𝛽𝑡

−𝛽∨

𝑦−

𝑡
−𝛽∨
𝑦− − 1

��� (𝑦′ ∈ 𝑊0𝑦).

For the Whittaker limit of 𝐸 𝐽 ,−𝑦 (𝑥; 𝔱) (see Subsection 6.8), it is again convenient to use the explicit
expansion of 𝐸 𝐽 ,−𝑦− (𝑥; 𝔱) in the quasi-polynomials 𝐸 𝐽𝑣𝑦− (𝑥; 𝔱) (𝑣 ∈ 𝑊0) when 𝑦− ∈ 𝐸−.

Proposition 6.41. Let 𝑐 ∈ 𝐶𝐽 and suppose that 𝔱 ∈ 𝑇 ′𝐽 is J-generic. For 𝑦 ∈ 𝐸− ∩O𝑐 , we have

𝐸 𝐽 ,−𝑦 (𝑥; 𝔱) = 𝜅𝑤0 (0)
−2
∏
𝛼∈Φ+0

(
1 − 𝑘2

𝛼𝑡
𝛼∨
𝑦

1 − 𝑡𝛼
∨

𝑦

)

×
∑
𝑣 ∈𝑊0

(−1)ℓ (𝑣) 𝜅𝑣 (0)𝜅𝑣 (𝑦)
���
∏

𝛽∈Π (𝑣)

���
1 − 𝑘−2

𝛽 𝑡
𝛽∨

𝑦

1 − 𝑡
𝛽∨
𝑦

������𝐸 𝐽𝑣𝑦 (𝑥; 𝔱),

where 𝑡𝑦 ∈ 𝑇 is defined by (6.16).

6.7. Pseudo-unitarity and orthogonality relations

Let 𝑑 ↦→ 𝑑∗ be a nontrivial automorphism of F of order two, and write

F×𝑢 := {𝑑 ∈ F× | 𝑑∗ = 𝑑−1},

F𝑟 := {𝑑 ∈ F | 𝑑∗ = 𝑑}.

for the subgroup (resp. subfield) of unitary (resp. real) elements in F. Write 𝑇𝑢 := Hom(𝑄∨,F×𝑢) and
𝑇𝑟 := Hom(𝑄∨,F×𝑟 ) for the associated compact and real tori, respectively. We assume in this subsection
that 𝑞, 𝑘𝑎 ∈ F×𝑢 for all 𝑎 ∈ Φ. In case a root of q is required (see Subsection 3.1), then we assume it to
lie in F×𝑢 too. Note that under these assumptions, 𝔰𝐽 ∈ 𝑇𝑢 for all 𝐽 � [0, 𝑟].

The formulas

𝑇∗𝑤 = 𝑇−1
𝑤 (𝑤 ∈ 𝑊), (𝑥𝜇)∗ = 𝑥−𝜇 (𝜇 ∈ 𝑄∨)

extend the automorphism 𝑑 ↦→ 𝑑∗ of F to a F𝑟 -algebra anti-involution ℎ ↦→ ℎ∗ of H. It satisfies
(𝑌 𝜇)∗ = 𝑌−𝜇 for all 𝜇 ∈ 𝑄∨. The following definition is from [8, §3.6].
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Definition 6.42. Let M be a H-module.

1. A F𝑟 -bilinear map (·, ·) : 𝑀 × 𝑀 → F is said to be ∗-sesquilinear if
(a) (·, ·) is F-linear in the first component,
(b) (𝑚, 𝑚′) = (𝑚′, 𝑚)∗ for all 𝑚, 𝑚′ ∈ 𝑀 .

2. We say that M is pseudo-unitarizable if there exists a nonzero ∗-sesquilinear form (·, ·) on M such that

(ℎ𝑚, 𝑚′) = (𝑚, ℎ∗𝑚′) ∀ ℎ ∈ H, ∀𝑚, 𝑚′ ∈ 𝑀.

Define 𝑁𝑤 ∈ Q (𝑤 ∈ 𝑊) by

𝑁𝑤 (𝑥) :=
∏

𝑎∈Π (𝑤)

(
𝑘−1
𝑎 𝑥𝑎

∨
− 𝑘𝑎

𝑘𝑎𝑥𝑎
∨
− 𝑘−1

𝑎

)
. (6.38)

The following theorem relates to [8, Thm. 3.6.1] via Remark 6.12.

Theorem 6.43. Let 𝑐 ∈ 𝐶𝐽 and fix a J-generic 𝔱 ∈ 𝑇 ′𝐽 ∩ Hom(𝑄∨,F×𝑢).

1. There exists a unique ∗-sesquilinear form (·, ·)𝐽 ,𝔱 on P (𝑐)𝔱 such that(
𝑃𝐽𝑦 (𝑥; 𝔱), 𝑃𝐽𝑦′ (𝑥; 𝔱)

)
𝐽 ,𝔱 := 𝛿𝑦,𝑦′𝑁

𝑤𝑦 (𝔰𝐽 𝔱) ∀ 𝑦, 𝑦′ ∈ O𝑐 . (6.39)

2. P (𝑐)𝔱 is pseudo-unitarizable.
3. If (·, ·) is a nonzero ∗-sesquilinear form on P (𝑐)𝔱 realising the pseudo-unitarity of P (𝑐)𝔱 , then (·, ·) =

𝑑 (·, ·)𝐽 ,𝔱 for some 𝑑 ∈ F×𝑟 .

Proof. Write 𝑡𝑦 := 𝔰𝑦𝔱𝑦 for 𝑦 ∈ O𝑐 (see (6.16)). We have 𝑡𝑦 ∈ Hom(𝑄∨,F×𝑢) by the assumptions on
𝑞, 𝑘𝑎 and 𝔱.

(1) For 𝑤 ∈ 𝑊 𝐽 the quadratic norm 𝑁𝑤 (𝔰𝐽 𝔱) is well defined since 𝔱 is J-generic (it may be zero).
Furthermore, {𝑃𝐽𝑦 (𝑥; 𝔱)}𝑦∈O𝑐 is a F-basis of P (𝑐)𝔱 . The result then follows directly from the observation
that 𝑁𝑤 (𝔰𝐽 𝔱) ∈ F𝑟 for all 𝑤 ∈ 𝑊 𝐽 .

(2) We show that P (𝑐)𝔱 is pseudo-unitary with respect to (·, ·)𝐽 ,𝔱. It suffices to show that(
𝜋𝑐,𝔱 (𝛿(ℎ))𝑃

𝐽
𝑦 (𝑥; 𝔱), 𝑃𝐽𝑦′ (𝑥; 𝔱)

)
𝐽 ,𝔱 =

(
𝑃𝐽𝑦 (𝑥; 𝔱), 𝜋𝑐,𝔱 (𝛿(ℎ)∗)𝑃𝐽𝑦′ (𝑥; 𝔱)

)
𝐽 ,𝔱

for ℎ = 𝑥𝜇 (𝜇 ∈ 𝑄∨) and ℎ = 𝑇𝑗 (0 ≤ 𝑗 ≤ 𝑟).
For ℎ = 𝑥𝜇, we have 𝛿(𝑥𝜇) = 𝑌−𝜇; hence, 𝛿(𝑥𝜇)∗ = 𝑌 𝜇. Since 𝑡𝜇𝑦 ∈ F𝑢 and the 𝑃𝐽𝑦 (𝑥; 𝔱) are orthogonal

with respect to (·, ·)𝐽 ,𝔱 , we have(
𝜋𝑐,𝔱 (𝑌

−𝜇)𝑃𝐽𝑦 (𝑥; 𝔱), 𝑃𝐽𝑦′ (𝑥; 𝔱)
)
𝐽 ,𝔱 = 𝑡

𝜇
𝑦

(
𝑃𝐽𝑦 (𝑥; 𝔱), 𝑃𝐽𝑦′ (𝑥; 𝔱)

)
𝐽 ,𝔱

= 𝑡
𝜇
𝑦′𝑁

𝑤𝑦 (𝔰𝐽 𝔱)𝛿𝑦,𝑦′ =
(
𝑃𝐽𝑦 (𝑥; 𝔱), 𝜋𝑐,𝔱 (𝑌 𝜇)𝑃𝐽𝑦′ (𝑥; 𝔱)

)
𝐽 ,𝔱

for 𝑦, 𝑦′ ∈ O𝑐 .
Finally, consider the case that ℎ = 𝑇𝑗 (0 ≤ 𝑗 ≤ 𝑟). Then 𝛿(𝑇𝑗 )

∗ = 𝛿(𝑇−1
𝑗 ). By Theorem 6.26 and

Corollary 5.23, the following two statements are equivalent:

(a) For all 𝑦, 𝑦′ ∈ O𝑐 ,(
𝜋𝑐,𝔱 (𝛿(𝑇𝑗 ))𝑃

𝐽
𝑦 (𝑥; 𝔱), 𝑃𝐽𝑦′ (𝑥; 𝔱))𝐽 ,𝔱 = (𝑃𝐽𝑦 (𝑥; 𝔱), 𝜋𝑐,𝔱 (𝛿(𝑇−1

𝑗 ))𝑃
𝐽
𝑦′ (𝑥; 𝔱)

)
𝐽 ,𝔱 .
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(b) For 𝑤 ∈ 𝑊 𝐽 satisfying 𝑠 𝑗𝑤 ∈ 𝑊
𝐽 ,

����
𝑘 𝑗 𝑡

𝛼∨𝑗
𝑤𝑐 − 𝑘−1

𝑗

𝑡
𝛼∨𝑗
𝑤𝑐 − 1

����𝑁𝑠 𝑗𝑤 (𝔰𝐽 𝔱) =
����
𝑘−1
𝑗 𝑡

𝛼∨𝑗
𝑤𝑐 − 𝑘 𝑗

𝑡
𝛼∨𝑗
𝑤𝑐 − 1

����𝑁𝑤 (𝔰𝐽 𝔱).
Statement (b) can be checked directly using Lemma 2.1 and (6.38), which completes the proof.

(3) Suppose that (·, ·) is a nonzero ∗-sesquilinear form on P (𝑐)𝔱 which also realises the pseudo-
unitarity of P (𝑐)𝔱 . Set

𝑑 := (𝑥𝑐 , 𝑥𝑐) ∈ F𝑟 .

We will show that (·, ·) = 𝑑 (·, ·)𝐽 ,𝔱 (and consequently, 𝑑 ∈ F×𝑟 ).
By the simplicity of the Y-spectrum S (P (𝑐)𝔱 ), we have

(𝑃𝐽𝑦 (𝑥; 𝔱), 𝑃𝐽𝑦′ (𝑥; 𝔱)) = 𝛿𝑦,𝑦′
(
𝑃𝐽𝑦 (𝑥; 𝔱), 𝑃𝐽𝑦 (𝑥; 𝔱)

)
(𝑦, 𝑦′ ∈ O𝑐).

We have (𝑆𝑌𝑗 )
∗ = 𝑆𝑌𝑗 for 𝑗 ∈ [0, 𝑟] (this can be verified by looking at its 𝛿-image and using (2.40));

hence,

(𝑆𝑌𝑤 )
∗ = 𝑆𝑌

𝑤−1 (𝑤 ∈ 𝑊).

For 𝑤 ∈ 𝑊 𝐽 , we then obtain(
𝑃𝐽𝑤𝑐 (𝑥; 𝔱), 𝑃𝐽𝑤𝑐 (𝑥; 𝔱)

)
=

(
𝜋𝑐,𝔱 (𝑆

𝑌
𝑤−1𝑆

𝑌
𝑤 )𝑥

𝑐 , 𝑥𝑐
)

𝑟𝑤 (𝔰𝐽 𝔱)∗𝑟𝑤 (𝔰𝐽 𝔱)

=
(𝑥𝑐 , 𝑥𝑐)n𝑤 (𝔰𝐽 𝔱)
𝑟𝑤 (𝔰𝐽 𝔱)∗𝑟𝑤 (𝔰𝐽 𝔱)

=
(
𝑥𝑐 , 𝑥𝑐

)
𝑁𝑤 (𝔰𝐽 𝔱) = 𝑑

(
𝑃𝐽𝑤𝑐 (𝑥; 𝔱), 𝑃𝐽𝑤𝑐 (𝑥; 𝔱)

)
𝐽 ,𝔱 ,

where the first equality is by definition of 𝑃𝐽𝑦 (𝑥; 𝔱) (see (6.15)), the second equality follows from (6.10),
and the third equality from the explicit expressions (6.11), (6.14) and (6.38) of n𝑤 (𝑥), 𝑟𝑤 (𝑥) and 𝑁𝑤 (𝑥),
respectively. It follows that (·, ·) = 𝑑 (·, ·)𝐽 ,𝔱, as desired. �

It is easy to check that

Φ+ =
⋃
𝑤 ∈𝑊

Π(𝑤).

For 𝐽 � [0, 𝑟], this implies that

Φ+ \Φ+𝐽 =
⋃

(𝑤,𝑢) ∈𝑊 𝐽×𝑊𝐽

𝑢
(
Π(𝑤)

)
.

In the present context, Theorem 6.43 gives the following sharpening of Theorem 6.15.
Corollary 6.44. Keep the assumptions of Theorem 6.43. Then
1. (·, ·)𝐽 ,𝔱 is nondegenerate iff

(𝔰𝐽 𝔱)
𝑎∨ ≠ 𝑘2

𝑎 ∀ 𝑎 ∈
⋃
𝑤 ∈𝑊 𝐽

Π(𝑤).

2. P (𝑐)𝔱 is reducible if (𝔰𝐽 𝔱)𝑎
∨
= 𝑘2

𝑎 for some 𝑎 ∈
⋃
𝑤 ∈𝑊 𝐽 Π(𝑤).
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Proof. (1) By (6.39), the sesquilinear form (·, ·)𝐽 ,𝔱 is degenerate iff 𝑁𝑤 (𝔰𝐽 𝔱) = 0 for some 𝑤 ∈ 𝑊 𝐽 . In
view of (6.38), this is equivalent to (𝔰𝐽 𝔱)𝑎

∨
= 𝑘2

𝑎 for some 𝑎 ∈ Π(𝑤).
(2) The radical

Rad𝐽 ,𝔱 := {𝑝 ∈ P | (𝑝, ·)𝐽 ,𝔱 ≡ 0}

of (·, ·)𝐽 ,𝔱 is a proper H-submodule of P (𝑐)𝔱 by Theorem 6.43. It is nonzero iff (·, ·)𝐽 ,𝔱 is degenerate. The
result now follows from part (1). �

Note that by Π(𝑤𝑦) = −𝑤−1
𝑦 Π(𝑤−1

𝑦 ), (2.31), Corollary 5.22, and (6.38), we have the explicit expres-
sions

𝑁𝑤𝑦 (𝔰𝐽 𝔱) =
∏

𝑎∈Φ+:𝑎 (𝑦)<0

(
𝑘−1
𝑎 𝑡−𝑎

∨

𝑦 − 𝑘𝑎

𝑘𝑎𝑡
−𝑎∨
𝑦 − 𝑘−1

𝑎

)
(𝑦 ∈ O𝑐)

for the quadratic norms, where 𝑡𝑦 = 𝔰𝑦𝔱𝑦 ∈ 𝑇 . By Proposition 6.20, the quadratic norms for the monic
quasi-polynomials 𝐸 𝐽𝑦 (𝑥; 𝔱) are

(
𝐸 𝐽𝑦 (𝑥; 𝔱), 𝐸 𝐽𝑦 (𝑥; 𝔱)

)
𝐽 ,𝔱 =

∏
𝑎∈Φ+:𝑎 (𝑦)<0

(𝑘𝑎𝑡
−𝑎∨
𝑦 − 𝑘−1

𝑎 ) (𝑘
−1
𝑎 𝑡−𝑎

∨

𝑦 − 𝑘𝑎)

(𝑡−𝑎
∨

𝑦 − 1)2
(𝑦 ∈ O𝑐).

Remark 6.45. In case of Cherednik’s polynomial representation 𝜋 = 𝜋0,1𝑇 , there exists a concrete
realization of the ∗-sesquilinear form (·, ·)0,1𝑇 : P × P → F. It is of the form

(𝑝1, 𝑝2)[1,𝑟 ],1𝑇 = ct(𝑝1𝑝
∗
2W) (𝑝1, 𝑝2 ∈ P)

with 𝑝∗ :=
∑
𝜇∈𝑄∨ 𝑑

∗
𝜇𝑥
−𝜇 for 𝑝 =

∑
𝜇∈𝑄∨ 𝑑𝜇𝑥

𝜇 ∈ P , with ct the constant term map (picking the
coefficient of 𝑥0 in the expansion in monomials), and with W an explicit weight function (see, for
example, [29, §5.1]). Such a realisation for (·, ·)𝐽 ,𝔱 is not known when (𝐽, 𝔱) ≠ ([1, 𝑟], 1𝑇 ).

6.8. The Whittaker limit

In this section, we take F = K(𝑞 1
2ℎ ) for some field K of characteristic zero and we assume that sh𝑘

1
2 and

lg𝑘
1
2 are in K. Set

P (𝑐) :=
⊕
𝑦∈O𝑐

K𝑥𝑦 ⊂ K[𝐸] (𝑐 ∈ 𝐶+).

Let Q be the quotient field of P := P (0) , and set

KQ [𝐸] := Q ⊗P K[𝐸] .

For 𝑐 ∈ 𝐶+, let Q(𝑐) ⊂ KQ [𝐸] be the Q-submodule generated by P (𝑐) . We view Q(𝑐) as K-submodule
of Q(𝑐) in the natural way.

Denote by 𝐻0 ⊂ 𝐻 the finite and affine Hecke algebra over K, respectively. They are regarded as
K-subalgebras of H in the natural way.
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Lemma 6.46.
1. The formulas

( 𝑓 𝑥𝑦) � 𝑇𝑖 := 𝑘
𝜒Z (𝛼𝑖 (𝑦))
𝑖 𝑠𝑖 ( 𝑓 𝑥

𝑦) + (𝑘𝑖 − 𝑘−1
𝑖 )

(
𝑓 𝑥𝑦 − 𝑠𝑖 ( 𝑓 )𝑥

𝑦−�𝛼𝑖 (𝑦) �𝛼
∨
𝑖

1 − 𝑥𝛼
∨
𝑖

)
(6.40)

for 1 ≤ 𝑖 ≤ 𝑟 , 𝑓 ∈ Q and 𝑦 ∈ 𝐸 define a K-linear right 𝐻0-action on KQ [𝐸].
2. The 𝐻0-action (6.40) on KQ [𝐸] extends to a K-linear right 𝐻-action by

( 𝑓 𝑥𝑦) � 𝑇0 := ( 𝑓 𝑥𝑦−𝜑
∨

) � 𝑇−1
𝑠𝜑 (6.41)

for 𝑓 ∈ Q and 𝑦 ∈ 𝐸 .
3. K[𝐸], Q(𝑐) and P (𝑐) are 𝐻-submodules of KQ [𝐸] for all 𝑐 ∈ 𝐶+.
4. Let 𝑐 ∈ 𝐶𝐽 . The restriction 𝜋𝑋−loc

𝑐,𝔱 |𝛿 (𝐻 ) of the X-localised quasi-polynomial representation 𝜋𝑋−loc
𝑐,𝔱 :

H𝑋−loc → End(Q(𝑐) ) to 𝛿(𝐻) ⊂ H𝑋−loc does not depend on 𝔱 ∈ 𝑇𝐽 . Furthermore,

𝑓 � ℎ = 𝜋𝑋−loc
𝑐,𝔱 (𝛿(ℎ)) ( 𝑓 ) ∀ 𝑓 ∈ Q(𝑐) , ∀ ℎ ∈ 𝐻. (6.42)

Proof. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇𝐽 . For 𝑖 ∈ [1, 𝑟], 𝑓 ∈ Q and 𝑦 ∈ O𝑐 , we have in Q(𝑐) ,

𝜋𝑋−loc
𝑐,𝔱 (𝛿(𝑇𝑖)) ( 𝑓 𝑥

𝑦) = 𝜋𝑋−loc
𝑐,𝔱 (𝑇𝑖) ( 𝑓 𝑥

𝑦)

= 𝑘
𝜒Z (𝛼𝑖 (𝑦))
𝑖 𝑠𝑖 ( 𝑓 𝑥

𝑦) + (𝑘𝑖 − 𝑘−1
𝑖 )

(
𝑓 𝑥𝑦 − 𝑠𝑖 ( 𝑓 )𝑥

𝑦−�𝛼𝑖 (𝑦) �𝛼
∨
𝑖

1 − 𝑥𝛼
∨
𝑖

)
(6.43)

by (4.17). Furthermore, we have by (2.47),

𝜋𝑋−loc
𝑐,𝔱 (𝛿(𝑇0)) ( 𝑓 𝑥

𝑦) = 𝜋𝑋−loc
𝑐,𝔱 (𝑇−1

𝑠𝜑 𝑥
−𝜑∨)( 𝑓 𝑥𝑦) = 𝜋𝑋−loc

𝑐,𝔱 (𝛿(𝑇−1
𝑠𝜑 )) ( 𝑓 𝑥

𝑦−𝜑∨). (6.44)

This shows that 𝜋𝑋−loc
𝑐,𝔱 |𝛿 (𝐻 ) is independent of 𝔱 ∈ 𝑇𝐽 . Hence, (6.42) defines a 𝔱-independent K-linear

right 𝐻-action � on Q(𝑐) . By the explicit formulas (6.43) and (6.44), the 𝐻-action � on Q(𝑐) is
characterised by the formulas (6.40) and (6.41). The remaining statements now follow immediately. �

The adjoint torus over K is denoted by

𝑇 := Hom(𝑄∨,K) ⊂ 𝑇 = Hom(𝑄∨,F).

Let 𝐽 � [0, 𝑟] and set

𝑇
red
𝐽 := {𝔱 ∈ 𝑇 | 𝔱𝐷𝛼

∨
𝑗 = 1 ∀ 𝑗 ∈ 𝐽}.

Choose 𝜆𝐽 ∈ 𝐶
𝐽 such that 𝜆𝐽 ∈ 1

2ℎ𝑃
∨ (see Subsection 6.1). Recall that 𝑞𝜆𝐽 ∈ 𝑇𝐽 is the character which

takes the value

𝑞 〈𝜆𝐽 ,𝛼
∨ 〉 = 𝑞𝛼(𝜆𝐽 )𝛼 ∈ Q

(
𝑞

1
2ℎ
)
⊂ F

at the coroot 𝛼∨ ∈ Φ∨0 (see Subsection 6.1). Note that

𝑞𝜆𝐽𝑇
red
𝐽 ⊆ {𝔱 ∈ 𝑇

′
𝐽 | 𝔱 is 𝐽-generic}. (6.45)

Let Freg ⊂ F be the subring consisting of the elements 𝑑 ∈ F = K(𝑞 1
2ℎ ) which are regular at

𝑞 −
1

2ℎ = 0. Specialisation at 𝑞− 1
2ℎ = 0 defines a ring homomorphism Freg → K, 𝑑 ↦→ 𝑑 which we extend
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to a ring homomorphism

Freg [𝐸] → K[𝐸], 𝑓 ↦→ 𝑓 :=
∑
𝑦∈𝐸

𝑑𝑦𝑥
𝑦 ( 𝑓 =

∑
𝑦∈𝐸

𝑑𝑦𝑥
𝑦 ∈ Freg [𝐸]).

We call 𝑓 ∈ K[𝐸] the Whittaker limit of 𝑓 ∈ Freg [𝐸]. Write

P (𝑐)reg :=
⊕
𝑦∈O𝑐

Freg𝑥
𝑦 .

Proposition 6.47. Let 𝑐 ∈ 𝐶𝐽 , 𝔱 ∈ 𝑇 red
𝐽 and 𝑦 ∈ O𝑐 . Then

1. 𝐸 𝐽𝑦 (𝑥; 𝑞𝜆𝐽 𝔱) ∈ P (𝑐)reg .

2. The Whittaker limit 𝐸 𝐽𝑦 (𝑥) ∈ P
(𝑐)

of 𝐸 𝐽𝑦 (𝑥; 𝑞𝜆𝐽 𝔱) is independent of 𝜆𝐽 and 𝔱.
3. For 𝑗 ∈ [0, 𝑟], we have

𝐸
𝐽
𝑠 𝑗 𝑦 (𝑥) � 𝑇𝑗 =

{
𝜅𝐷𝑠 𝑗 (𝑦)

−1𝐸
𝐽
𝑦 (𝑥) if 𝛼 𝑗 (𝑦) < 0,

𝑘 𝑗𝐸
𝐽
𝑦 (𝑥) if 𝛼 𝑗 (𝑦) = 0.

(6.46)

Remark 6.48. Note that 𝜅𝐷𝑠 𝑗 (𝑦) ≠ 𝑘−1
𝑗 when 𝛼 𝑗 (𝑦) = 0, so it is necessary to distinguish the two cases

in part (3) of the proposition (an explicit formula for 𝐸 𝐽𝑠 𝑗 𝑦 (𝑥) � 𝑇𝑗 when 𝛼 𝑗 (𝑦) > 0 follows from (6.46)
and the Hecke relation (2.39) for 𝑇𝑗 ).

Proof. For 𝑦 ∈ O𝑐 , write 𝑡𝑦 := 𝑤𝑦 (𝑞
𝜆𝐽𝔰𝐽 𝔱) ∈ 𝑇 (see (6.45) and (6.16)). Then

𝑡
𝛼∨𝑗
𝑦 = 𝑞

𝛼𝑗 (𝑤𝑦𝜆𝐽 )
𝛼𝑗 (𝔰𝑦𝔱𝑦)

𝐷𝛼∨𝑗 (6.47)

with 𝑞
𝛼𝑗 (𝑤𝑦𝜆 𝑗 )
𝛼𝑗 ∈ Q

(
𝑞

1
2ℎ
)

and (𝔰𝑦𝔱𝑦)𝐷𝛼
∨
𝑗 ∈ K, and Corollary 6.30 gives

𝜋𝑐,𝑞𝜆𝐽 𝔱 (𝛿(𝑇𝑗 ))𝐸
𝐽
𝑠 𝑗 𝑦 (𝑥; 𝑞𝜆𝐽 𝔱)+ ���

𝑘 𝑗 − 𝑘−1
𝑗

𝑡
−𝛼∨𝑗
𝑦 − 1

���𝐸 𝐽𝑠 𝑗 𝑦 (𝑥; 𝑞𝜆𝐽 𝔱)

= 𝜅𝐷𝑠 𝑗 (𝑦)
−1𝐸 𝐽𝑦 (𝑥; 𝑞𝜆𝐽 𝔱) if 𝛼 𝑗 (𝑦) < 0

(6.48)

(we used here that 𝜅𝐷𝑠𝑖 (𝑠𝑖𝑦) = 𝜅𝐷𝑠𝑖 (𝑦)
−1 by (5.8), and 𝑡

𝛼∨𝑗
𝑠 𝑗 𝑦 = 𝑡

−𝛼∨𝑗
𝑦 ). We now use (6.48) to prove (1)

and (2) by induction to ℓ(𝑤𝑦).
If ℓ(𝑤𝑦) = 0, then 𝑦 = 𝑐 and 𝐸 𝐽𝑐 (𝑥; 𝑞𝜆𝐽 𝔱) = 𝑥𝑐 ∈ P (𝑐)reg . Furthermore, 𝐸 𝐽𝑐 (𝑥) = 𝑥𝑐 .
Let 𝑦 ∈ O𝑐 with ℓ(𝑤𝑦) > 0 and suppose that for all 𝑦′ ∈ O𝑐 with ℓ(𝑤𝑦′ ) < ℓ(𝑤𝑦), we have

𝐸 𝐽𝑦′ (𝑥; 𝑞𝜆𝐽 𝔱) ∈ P (𝑐)reg with 𝐸
𝐽
𝑦′ (𝑥) independent of𝜆𝐽 and 𝔱. Take 0 ≤ 𝑗 ≤ 𝑟 such that ℓ(𝑠 𝑗𝑤𝑦) = ℓ(𝑤𝑦)−1.

By Corollary 5.23, we have 𝛼 𝑗 (𝑦) < 0 and 𝑠 𝑗𝑤𝑦 = 𝑤𝑠 𝑗 𝑦 – in particular, ℓ(𝑤𝑠 𝑗 𝑦) < ℓ(𝑤𝑦). Since both
c and 𝜆𝐽 lie in 𝐶𝐽 and 𝛼 𝑗 (𝑦) = 𝛼 𝑗 (𝑤𝑦𝑐) < 0, we also have 𝛼 𝑗 (𝑤𝑦𝜆𝐽 ) < 0 by Corollary 5.23(1).
Taking also (6.47) into account, we conclude that the left-hand side of (6.48) lies in P (𝑐)reg . Hence,
𝐸 𝐽𝑦 (𝑥; 𝑞𝜆𝐽 𝔱) ∈ P (𝑐)reg , and the Whittaker limit of (6.48) gives

𝐸
𝐽
𝑦 (𝑥) = 𝜅𝐷𝑠 𝑗 (𝑦)𝐸

𝐽
𝑠 𝑗 𝑦 (𝑥) � 𝑇𝑗 .

The right-hand side does not depend on 𝜆𝐽 and 𝔱 by the induction hypothesis. This completes the proof
of the induction step.

https://doi.org/10.1017/fms.2025.33 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2025.33


Forum of Mathematics, Sigma 77

The Whittaker limit of (6.48) yields the first case of (6.46). The second case is immediate from
Corollary 6.30. �

Corollary 6.49. Let 𝑐 ∈ 𝐶𝐽 and 𝑦 ∈ O𝑐 . Then

𝐸
𝐽
𝑦 (𝑥) =

𝑘 (𝑐)

𝑘 (𝑦)
𝑥𝑐 � 𝑇𝑤−1

𝑦
.

Proof. This follows from Proposition 6.47, Corollary 5.23 and (5.8) by induction to ℓ(𝑤𝑦). �

In Theorem 6.51, we will give an explicit formula for 𝐸 𝐽𝑦 (𝑥) only involving the 𝐻0-action on K[𝐸].
We need for this the following preparatory lemma.

Lemma 6.50. If 𝑐 ∈ 𝐶+ and 𝑦 ∈ O𝑐 ∩ 𝐸−, then 𝑦 = 𝑣𝑐 + 𝜇 for some 𝑣 ∈ 𝑊0 and 𝜇 ∈ 𝑄∨ ∩ 𝐸−.

Proof. We may assume without loss of generality that 𝐸 = 𝐸 ′ (i.e., Φ0 spans E).
First, suppose that 𝑦 ∈ O𝑐 ∩ 𝐸−. Write 𝑦 = 𝑣𝑐 + 𝜇 with 𝑣 ∈ 𝑊0 and 𝜇 ∈ 𝑄∨. For 𝛼 ∈ Φ+0 , we have

𝛼(𝜇) = 𝛼(𝑦) − 𝛼(𝑣𝑐) < 1, since 𝛼(𝑦) < 0 and |𝛼(𝑣𝑐) | ≤ 1. Since 𝜇 ∈ 𝑄∨, it follows that 𝛼(𝜇) ≤ 0, so
𝜇 ∈ 𝑄∨ ∩ 𝐸−.

The general case follows by continuity. Indeed, let 𝑦 ∈ O𝑐 ∩ 𝐸−. Let {𝑦ℓ }∞ℓ=1 be a sequence in 𝐸−

converging to y. Denote 𝑐𝑦ℓ ∈ 𝐶+ by 𝑐ℓ . By the first paragraph, we have 𝑦ℓ = 𝑣ℓ𝑐ℓ +𝜇ℓ for some 𝑣ℓ ∈ 𝑊0
and 𝜇ℓ ∈ 𝑄∨ ∩ 𝐸−. Since 𝑊0 is finite, we may assume by passing to a subsequence that 𝑣ℓ = 𝑣 ∈ 𝑊0
is constant. Since 𝐶+ is compact (by the assumption that 𝐸 = 𝐸 ′), we may assume by passing to a
subsequence that 𝑐ℓ converges to some 𝑐′ ∈ 𝐶+. Since 𝑄∨ ∩ 𝐸− is discrete, it then follows that 𝜇ℓ = 𝜇
is constant for ℓ sufficiently large. We then have 𝑦 = 𝑣𝑐′ + 𝜇, so 𝑐′ = 𝑐. The result now follows, since
𝜇 ∈ 𝑄∨ ∩ 𝐸−. �

Recall that 𝑔𝑦 ∈ 𝑊0 denotes the unique element of minimal length such that 𝑦− = 𝑔𝑦𝑦.

Theorem 6.51. For 𝑐 ∈ 𝐶𝐽 and 𝑦 ∈ O𝑐 , we have

𝐸
𝐽
𝑦 (𝑥) =

𝑘 (𝑦−)

𝑘 (𝑦)
𝑥𝑦− � 𝑇−1

𝑔−1
𝑦
. (6.49)

Proof. First, we prove the theorem for 𝑦 ∈ O𝑐 ∩ 𝐸−.
In this case, the right-hand side of (6.49) is simply 𝑥𝑦 . Since 𝐸

𝐽
𝑦 (𝑥) = 𝑥𝑦 + l.o.t. it suffices to show

that 𝐸 𝐽𝑦 (𝑥) ∼ 𝑥𝑦 , where we write 𝑝 ∼ 𝑝′ if p and 𝑝′ in P (𝑐) differ by a nonzero constant multiple.
Write 𝑦 ∈ O𝑐∩𝐸− as 𝑦 = 𝑣𝑐+𝜇 with 𝑣 ∈ 𝑊0 and 𝜇 ∈ 𝑄∨∩𝐸−; see Lemma 6.50. Set 𝑤 := 𝜏(𝜇)𝑣 ∈ 𝑊 .

Then 𝑤 = 𝑤𝑦ℎ𝑦 for a unique ℎ𝑦 ∈ 𝑊𝐽 and

ℓ(𝑣) + ℓ(𝜏(𝜇)) = ℓ(𝑤) = ℓ(𝑤𝑦) + ℓ(ℎ𝑦),

where the first equality is due to (2.13). It follows that

𝛿(𝑇𝑤−1 ) = 𝛿(𝑇𝑣−1𝑌−𝜇) = 𝑥𝜇𝑇𝑣 (6.50)

and 𝑇𝑤−1
𝑦

= 𝑇−1
ℎ−1
𝑦
𝑇𝑤−1 . Since 𝑥𝑐 � 𝑇−1

ℎ−1
𝑦
∼ 𝑥𝑐 by Proposition 6.47(3), we get from Corollary 6.49 that

𝐸
𝐽
𝑦 (𝑥) ∼ 𝑥𝑐 � 𝑇𝑤−1

𝑦
∼ 𝑥𝑐 � 𝑇𝑤−1 .

By Lemma 6.46 and (6.50), we then have for 𝔱 ∈ 𝑇𝐽 ,

𝐸
𝐽
𝑦 (𝑥) ∼ 𝜋𝑐,𝔱 (𝛿(𝑇𝑤−1 ))𝑥𝑐 = 𝑥𝜇𝜋𝑐,𝔱 (𝑇𝑣 )𝑥

𝑐 ∼ 𝑥𝜇+𝑣𝑐 = 𝑥𝑦 ,
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where the final step is due to Corollary 5.10. Hence, 𝐸 𝐽𝑦 (𝑥) = 𝑥𝑦 , which completes the proof of (6.49)
when 𝑦 ∈ O𝑐 ∩ 𝐸−.

Suppose now that 𝑦 ∈ O𝑐 is arbitrary. Take a reduced expression 𝑔−1
𝑦 = 𝑠𝑖1 · · · 𝑠𝑖ℓ . Since 𝑔−1

𝑦 ∈ 𝑊
𝑦−
0 ,

formula (2.12) implies that

𝛼𝑖𝑚 (𝑠𝑖𝑚+1 · · · 𝑠𝑖ℓ 𝑦−) < 0

for 1 ≤ 𝑚 ≤ ℓ. Hence, by (5.8) and by repeated application of Proposition 6.47(3),

𝐸
𝐽
𝑦 (𝑥) = 𝐸

𝐽
𝑔−1
𝑦 𝑦−
(𝑥) =

𝑘 (𝑦−)

𝑘 (𝑦)
𝐸
𝐽
𝑦− (𝑥) � 𝑇−1

𝑔−1
𝑦
.

The result now follows since 𝐸
𝐽
𝑦− (𝑥) = 𝑥𝑦− by the previous paragraph. �

Let 𝑐 ∈ 𝐶𝐽 , 𝔱 ∈ 𝑇
red
𝐽 and 𝑦 ∈ O𝑐 . By Lemma 6.46 and Proposition 6.47, both 𝐸 𝐽 ,+𝑦 (𝑥; 𝑞𝜆𝐽 𝔱) and

𝐸 𝐽 ,−𝑦 (𝑥; 𝑞𝜆𝐽 𝔱) lie in Freg [𝐸], and their Whittaker limits 𝐸
𝐽 ,+
𝑦 (𝑥) and 𝐸

𝐽 ,−
𝑦 (𝑥) do not depend on 𝜆𝐽 and

𝔱. We now take a close look at 𝐸 𝐽 ,−𝑦 (𝑥), since they are closely related to spherical metaplectic Whittaker
functions (see Section 10). We list the main formulas for 𝐸 𝐽 ,+𝑦 (𝑥) at the end of the subsection.

First, note that

𝐸
𝐽 ,−
𝑦 (𝑥) = 0 if 𝑦 ∉ 𝐸 reg ∩O𝑐

by (6.36). Furthermore, 𝐸 𝐽 ,−𝑣𝑦 (𝑥) (𝑣 ∈ 𝑊0) is a nonzero constant multiple of 𝐸 𝐽 ,−𝑦 (𝑥) when 𝑦 ∈ 𝐸 reg∩O𝑐 .

Corollary 6.52. Suppose 𝑐 ∈ 𝐶𝐽 and 𝑦 ∈ 𝐸− ∩O𝑐 . Then

𝐸
𝐽 ,−
𝑦 (𝑥) = 𝜅𝑤0 (0)

−2
∑
𝑣 ∈𝑊0

(−1)ℓ (𝑣) 𝜅𝑣 (0)𝜅𝑣 (𝑦)𝐸
𝐽
𝑣𝑦 (𝑥). (6.51)

Furthermore,

𝜅𝑣 (𝑦)𝐸
𝐽
𝑣𝑦 (𝑥) = 𝑥𝑦 � 𝑇−1

𝑣 (𝑣 ∈ 𝑊0). (6.52)

Proof. We first prove (6.52). For 𝑣 ∈ 𝑊0, we have 𝑔𝑣𝑦 = 𝑣−1 since 𝑦 ∈ 𝐸−, and hence by (6.49),

𝐸
𝐽
𝑣𝑦 (𝑥) =

𝑘 (𝑦)

𝑘 (𝑣𝑦)
𝑥𝑦 � 𝑇−1

𝑣 .

Then use that 𝑘 (𝑣𝑦)/𝑘 (𝑦) = 𝑘𝑣 (𝑦) = 𝜅𝑣 (𝑦), since 𝑦 ∈ 𝐸 reg.
There are two ways one can arrive at (6.51). First, one can take the Whittaker limit of (6.34) after

fixing 𝔱 := 𝑞𝜆𝐽 𝔱′ ∈ 𝑇 ′𝐽 with 𝔱′ ∈ 𝑇
red
𝐽 . By Lemma 6.46, Proposition 6.47 and (6.49), it then follows that

𝐸
𝐽 ,−
𝑦 (𝑥) = 𝜅𝑤0 (0)

−2
∑
𝑣 ∈𝑊0

(−1)ℓ (𝑣) 𝜅𝑣 (0) 𝑥𝑦 � 𝑇−1
𝑣 , (6.53)

and (6.51) follows from (6.52). Second, one can take the Whittaker limit of the formula in Proposi-
tion 6.41 after fixing 𝔱 := 𝑞𝜆𝐽 𝔱′ ∈ 𝑇 ′𝐽 with 𝔱′ ∈ 𝑇

red
𝐽 . To perform the specialisation in this case, one notes

that for 𝛽 ∈ Φ+0 ,

𝑡
𝛽∨

𝑦 = 𝑞
𝛽 (𝑤𝑦𝜆𝐽 )

𝛽

(
𝔰𝑦𝔱𝑦

)𝛽∨
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and the q-power is strictly negative, since 𝑦 = 𝑤𝑦𝑐 ∈ 𝐸− implies 𝑤𝑦𝜆𝐽 ∈ 𝐸−. The Whittaker limit of
the formula in Proposition 6.41 then gives (6.51) (compare with the proof of Corollary 6.38). �

Lemma 6.53. The formulas

𝑠𝑖 � 𝑥𝑦 :=
𝑘
𝜒Z (𝛼𝑖 (𝑦))
𝑖 (𝑥𝛼

∨
𝑖 − 1)

(𝑘𝑖𝑥
𝛼∨𝑖 − 𝑘−1

𝑖 )
𝑥𝑠𝑖 𝑦 +

(𝑘𝑖 − 𝑘−1
𝑖 )

(𝑘𝑖𝑥
𝛼∨𝑖 − 𝑘−1

𝑖 )
𝑥𝑦−�𝛼𝑖 (𝑦) �𝛼

∨
𝑖 ,

𝑓 � 𝑥𝑦 := 𝑓 𝑥𝑦

for 𝑖 ∈ [1, 𝑟], 𝑓 ∈ Q and 𝑦 ∈ O𝑐 define a left 𝑊0 �Q-action on KQ [𝐸]. Furthermore, if 𝑐 ∈ 𝐶𝐽 , then
𝜎𝑐,𝔱 |𝑊0�Q does not depend on 𝔱 ∈ 𝑇𝐽 , and

𝑣 � ( 𝑓 𝑥𝑦) = 𝜎𝑐,𝔱 (𝑣) ( 𝑓 𝑥
𝑦) (𝑣 ∈ 𝑊0, 𝑓 ∈ Q, 𝑦 ∈ O𝑐). (6.54)

Proof. It suffices to note that (6.54) is correct for 𝑣 = 𝑠𝑖 (1 ≤ 𝑖 ≤ 𝑟) and 𝑦 ∈ O𝑐 . This follows
immediately from the definition of 𝜎𝑐,𝔱; see Theorem 4.9. �

In the following lemma, we describe the right 𝐻0-action on KQ [𝐸] in terms of Demazure-Lusztig
type operators.

Lemma 6.54. For 𝑖 ∈ [1, 𝑟] and 𝑓 ∈ KQ [𝐸], we have

𝑓 � 𝑇𝑖 = 𝑘𝑖 𝑓 + 𝑘
−1
𝑖

(
1 − 𝑘2

𝑖 𝑥
𝛼∨𝑖

1 − 𝑥𝛼
∨
𝑖

) (
𝑠𝑖 � 𝑓 − 𝑓

)
. (6.55)

Proof. This follows from (6.42), (6.54) and Remark 4.11. �

Proposition 6.55. Let 𝑐 ∈ 𝐶𝐽 and 𝑦 ∈ O𝑐 . Then

𝐸
𝐽 ,−
𝑦 (𝑥) =

���
∏
𝛼∈Φ+0

1 − 𝑘−2
𝛼 𝑥−𝛼

∨

1 − 𝑥−𝛼∨
���
∑
𝑣 ∈𝑊0

(−1)ℓ (𝑣)𝑣 � 𝐸
𝐽
𝑦 (𝑥).

In particular,

𝐸
𝐽 ,−
𝑦 (𝑥) =

���
∏
𝛼∈Φ+0

1 − 𝑘−2
𝛼 𝑥−𝛼

∨

1 − 𝑥−𝛼
∨

���
∑
𝑣 ∈𝑊0

(−1)ℓ (𝑣)𝑣 � 𝑥𝑦 (𝑦 ∈ 𝐸− ∩O𝑐). (6.56)

Proof. The first formula follows by taking the Whittaker limit of (6.35) after fixing 𝔱 = 𝑞𝜆𝐽 𝔱′ ∈ 𝑇 ′𝐽 with
𝔱′ ∈ 𝑇

red
𝐽 . Then (6.56) follows from (6.49). �

We now give the main formulas for 𝐸
𝐽 ,+
𝑦 (𝑥). Let 𝑐 ∈ 𝐶𝐽 and 𝑦 ∈ O𝑐 . Then 𝐸 𝐽 ,+𝑣𝑦 (𝑥) (𝑣 ∈ 𝑊0) is a

nonzero scalar multiple of 𝐸 𝐽 ,+𝑦 (𝑥), and

𝐸
𝐽 ,+
𝑦 (𝑥) = 𝜅𝑤0 (0)

2
∑
𝑣 ∈𝑊0

𝜅𝑣 (0)−1𝐸
𝐽
𝑦 (𝑥) � 𝑇−1

𝑣 .
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In particular, for 𝑦 ∈ 𝐸− ∩O𝑐 , it follows from (6.46) and (6.52) that

𝐸
𝐽 ,+
𝑦 (𝑥) = 𝜅𝑤0 (0)

2���
∑
𝑣 ∈𝑊0,𝑦

𝜅𝑣 (0)−2���
∑
𝑣 ∈𝑊

𝑦
0

𝜅𝑣 (0)−1𝑥𝑦 � 𝑇−1
𝑣

= 𝜅𝑤0 (0)
2���
∑
𝑣 ∈𝑊0,𝑦

𝜅𝑣 (0)−2���
∑
𝑣 ∈𝑊

𝑦
0

𝜅𝑣 (𝑦)

𝜅𝑣 (0)
𝐸
𝐽
𝑣𝑦 (𝑥).

(6.57)

The latter formula can also be directly obtained by taking the Whittaker limit of the formula in Corol-
lary 6.38 after taking 𝔱 = 𝑞𝜆𝐽 𝔱′ with 𝔱′ ∈ 𝑇

red
𝐽 . Then one uses the fact that 𝛽(𝑤𝑦𝜆𝐽 ) < 0 for 𝛽 ∈ Π(𝑣)

(𝑣 ∈ 𝑊 𝑦
0 ) since 𝛽(𝑦) < 0, and that

∑
𝑣 ∈𝑊0,𝑦 𝜅𝑔−1

𝑦+ 𝑣
(0)2 = 𝜅𝑤0 (0)2

∑
𝑣 ∈𝑊0,𝑦 𝜅𝑣 (0)

−2.
Taking the Whittaker limit of the formula in Proposition 6.39, we obtain the expression

𝐸
𝐽 ,+
𝑦 (𝑥) =

���
∏
𝛼∈Φ+0

1
1 − 𝑥−𝛼∨

���
∑
𝑣 ∈𝑊0

𝜅𝑣 (0)2
���
∏
𝛼∈Φ+0

(
1 − 𝑘

2𝜒 (𝑣−1𝛼)
𝛼 𝑥−𝛼

∨ )��� 𝑣 � 𝐸
𝐽
𝑦 (𝑥).

In particular, for 𝑦 ∈ 𝐸− ∩O𝑐 ,

𝐸
𝐽 ,+
𝑦 (𝑥) =

���
∏
𝛼∈Φ+0

1
1 − 𝑥−𝛼

∨

���
∑
𝑣 ∈𝑊0

𝜅𝑣 (0)2
���
∏
𝛼∈Φ+0

(
1 − 𝑘

2𝜒 (𝑣−1𝛼)
𝛼 𝑥−𝛼

∨ )��� 𝑣 � 𝑥𝑦

=
∑
𝑣 ∈𝑊0

���
∏
𝛼∈Φ+0

(
1 − 𝑘2

𝛼𝑥
−𝑣𝛼∨

1 − 𝑥−𝑣𝛼
∨

)��� 𝑣 � 𝑥𝑦 ;

(6.58)

cf. the proof of Proposition 6.39 for the second equality.

Remark 6.56. For 𝜇 ∈ 𝑃∨ and 𝑣 ∈ 𝑊0, we have 𝑣 � 𝑥𝜇 = 𝜎𝑐,𝔱 (𝑣)𝑥
𝜇 = 𝑥𝑣𝜇 by (6.54) and Re-

mark 4.10(1). Hence, the right-hand side of (6.58) for 𝑦 = 𝜇 ∈ 𝑃∨,− ∩ O𝑐 gives the familiar explicit
expression of Macdonald’s spherical function on a 𝔭-adic Lie group [26] (which is the Hall-Littlewood
polynomial in type A). Since 𝐸 [1,𝑟 ],+𝜇 (𝑥) (𝜇 ∈ 𝐸− ∩ 𝑄∨) is a symmetric Macdonald polynomial by
Remark 6.34, and the monic symmetric Macdonald polynomials are invariant under the simultaneous
inversion of the parameters q and 𝑘𝛼 (𝛼 ∈ Φ0), this is in agreement with the interpretation of Macdon-
ald’s spherical function as the 𝑞 → 0 limit of the symmetric Macdonald polynomial, see [27, §10].

For 𝜇 ∈ 𝑃∨,−, write

𝑠𝜇 (𝑥) =
���
∏
𝛼∈Φ+0

1
1 − 𝑥−𝛼∨

���
∑
𝑣 ∈𝑊0

(−1)ℓ (𝑣)𝑥−𝜌
∨+𝑣 (𝜇+𝜌∨) =

∑
𝑣 ∈𝑊0

∏
𝛼∈Φ+0

(
𝑥𝑣𝜇

1 − 𝑥−𝑣𝛼∨

)
,

which is Weyl’s formula for the character of the associated finite dimensional irreducible representation
of the complex simply connected semisimple Lie group with underlying root system Φ∨0 (the highest
weight 𝜇 is relative to Φ∨,−0 ). It is the Schur function for type A.

Recall that 𝜉𝑦 is the unique element in 𝑦+𝑃∨ such that 0 ≤ 𝛼𝑖 (𝜉𝑦) < 1 for 𝑖 ∈ [1, 𝑟] (see Remark 4.12).

Proposition 6.57. Let 𝑐 ∈ 𝐶𝐽 and 𝑦 ∈ 𝐸− ∩O𝑐 . For the quasi-polynomial 𝐸 𝐽 ,+𝑦 (𝑥) = 𝐸
𝐽 ,+
𝑦 (𝑥; k) in the

limiting case k = 0, we have

𝐸
𝐽 ,+
𝑦 (𝑥; 0) = 𝑥 𝜉𝑦 𝑠𝑦−𝜉𝑦 (𝑥).
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Proof. Note that 𝑦 − 𝜉𝑦 ∈ 𝑃∨,− since 𝑦 ∈ 𝐸−. By (6.54) and Remark 4.12, we have for 𝑣 ∈ 𝑊0,

𝑣 �k=0 𝑥𝑦 = 𝜎k=0
𝑐,𝔱 (𝑣)𝑥

𝑦 = 𝑥 𝜉𝑦+𝑣 (𝑦−𝜉𝑦 ) ,

and hence, the result follows from (6.58). �

We will see in Section 10 that the 𝐸
𝐽
𝑦 (𝑥) and 𝐸

𝐽 ,−
𝑦 (𝑥) are, after some elementary modifications,

the metaplectic Iwahori-Whittaker and metaplectic spherical Whittaker functions from [34] and [15],
respectively. Hence, 𝐸 𝐽𝑦 (𝑥; 𝔱) and 𝐸 𝐽 ,−𝑦 (𝑥; 𝔱) are q-analogues of metaplectic Whittaker functions, de-
pending on the additional parameters 𝔱 ∈ 𝑇𝐽 . The results in this subsection then relates to the metaplectic
theory as follows:

1. Lemma 6.53 corresponds to Chinta’s and Gunnells’ [13, 14] Weyl group action on rational functions,
used to construct the local parts of Weyl group multiple Dirichlet series (see also [38, §3.3]).

2. Formula (6.52) corresponds via (6.55) with Patnaik’s and Puskas’ [34, Cor. 5.4] expression of the
metaplectic Iwahori-Whittaker function in terms of metaplectic Demazure-Lusztig operators.

3. Formula (6.56) corresponds to McNamara’s [30, Thm. 15.2] Casselman-Shalika type formula for the
metaplectic spherical Whittaker functions.

4. Formula (6.53) corresponds Chinta’s, Gunnells’ and Puskas’ [15, Thm. 16] expression of the meta-
plectic spherical Whittaker function in terms of metaplectic Demazure-Lusztig operators.

In Section 10, we give further details about these connections with metaplectic representation theory
and metaplectic Whittaker functions.

7. Quasi-polynomial representations of extended double affine Hecke algebras

In this section, we generalise the results of the previous sections to extended root data. We assume
throughout this section that J is a proper subset of [0, 𝑟].

7.1. Extended root datum and extended affine Weyl groups

For 𝑒 ∈ Z>0, let (L×2)𝑒 be the set of pairs (Λ,Λ′) with Λ,Λ′ ∈ L (see (2.27)) satisfying the additional
requirement that

〈Λ,Λ′〉 ⊆ 𝑒−1Z. (7.1)

Our choice of normalisation of the root system Φ0 implies that 𝑄∨ ⊆ 𝑄; hence, (𝑄∨,Λ′) ∈ (L×2)𝑒 for
all Λ′ ∈ L.

Furthermore, if either Λ or Λ′ is contained in 𝐸 ′, then (Λ,Λ′) ∈ (L×2)𝑒 when ℎ|𝑒. Indeed, if either Λ
or Λ′ is contained in 𝐸 ′, then 〈Λ,Λ′〉 ⊆ 〈𝑃∨, 𝑃∨〉, and 〈𝑃∨, 𝑃∨〉 ⊆ ℎ−1Z since 𝑄∨ ⊆ 𝑄 and 𝑃∨ ⊆ 1

ℎ𝑄
∨

(see Proposition 2.10).
Note that if (Λ2,Λ′2) ∈ (L×2)𝑒 and if Λ1,Λ′1 ∈ L are such that Λ1 ⊆ Λ2 and Λ′1 ⊆ Λ′2, then

(Λ1,Λ′1) ∈ (L×2)𝑒.

Definition 7.1. For (Λ1,Λ′1), (Λ2,Λ′2) ∈ (L×2)𝑒, we write

(Λ1,Λ
′
1) ≤ (Λ2,Λ

′
2)

if Λ1 ⊆ Λ2 and Λ′1 ⊆ Λ′2.

Definition 7.1 turns (L×2)𝑒 into a partially ordered set with least element (𝑄∨, 𝑄∨).
The lattice Λ′ ⊂ 𝐸 is 𝑊0-invariant. The resulting group

𝑊Λ′ := 𝑊0 � Λ
′
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is called the extended affine Weyl group. It contains W as normal subgroup, and 𝑊Λ′/𝑊 
 Λ′/𝑄∨. We
denote its elements by 𝑣𝜏(𝜆) (𝑣 ∈ 𝑊0, 𝜆 ∈ Λ′), and write (𝑤, 𝑦) ↦→ 𝑤𝑦 (𝑤 ∈ 𝑊Λ′ , 𝑦 ∈ 𝐸) for the
𝑊Λ′-action on E by reflections and translations. Extend the group epimorphism 𝐷 : 𝑊 � 𝑊0 to a group
epimorphism 𝐷 : 𝑊Λ′ � 𝑊0 by 𝐷 (𝑣𝜏(𝜆)) := 𝑣 for 𝑣 ∈ 𝑊0 and 𝜆 ∈ Λ′.

The contragredient𝑊Λ′-action provides a linear action on the space 𝐸∗ ⊕R of affine linear functionals
on E. The action is explicitly given by (2.3). The condition that 𝛼(Λ′) ⊆ Z for all 𝛼 ∈ Φ0 implies that
the affine root system Φ ⊂ 𝐸∗ ⊕ R is 𝑊Λ′-stable. We extend the length function ℓ : 𝑊 → Z≥0 to 𝑊Λ′

using formula (2.11). It satisfies (2.13) for 𝜇 ∈ Λ′ and 𝑣 ∈ 𝑊0.
In Definition 2.3, we introduced, for 𝑦 ∈ 𝐸 , the element 𝑤𝑦 ∈ 𝑊 as the unique element of minimal

length such that 𝑤𝑦𝑐𝑦 = 𝑦, as well as the finite Weyl group element 𝑣𝑦 := 𝑤−1
𝑦 𝜏(𝜇𝑦) ∈ 𝑊0, where

𝜇𝑦 = 𝑤𝑦 (0). For 𝑦 = 𝜆 ∈ 𝑄∨ one has 𝜇𝜆 = 𝜆; hence,

𝜏(𝜆) = 𝑤𝜆𝑣𝜆 (𝜆 ∈ 𝑄∨). (7.2)

We now generalise the factorisation (7.2) to 𝜆 ∈ Λ′ as follows.
Let 𝜆 ∈ Λ′. By, for example, [29, (2.4.5)], there exists a unique 𝑤𝜆,Λ′ ∈ 𝜏(𝜆)𝑊0 ⊂ 𝑊Λ′ of minimal

length. The resulting finite Weyl group element

𝑣𝜆,Λ′ := 𝑤−1
𝜆,Λ′𝜏(𝜆) ∈ 𝑊0 (𝜆 ∈ Λ′)

is the shortest element in 𝑊0 such that 𝑣𝜆,Λ′𝜆 = 𝜆−. Furthermore, ℓ(𝑤𝜆,Λ′𝑣) = ℓ(𝑤𝜆,Λ′ ) + ℓ(𝑣) for
𝑣 ∈ 𝑊0 (for details see, for example, [29, §2.4]). We thus have the decomposition

𝜏(𝜆) = 𝑤𝜆,Λ′𝑣𝜆,Λ′ (𝜆 ∈ Λ′)

with ℓ(𝜏(𝜆)) = ℓ(𝑤𝜆,Λ′ ) + ℓ(𝑣𝜆,Λ′ ). Note that 𝑤𝜆,Λ′ ≠ 𝑤𝜆 for 𝜆 ∈ Λ′ \𝑄∨, but we do have

𝑤𝜆,Λ′ = 𝑤𝜆, 𝑣𝜆,Λ′ = 𝑣𝜆 (𝜆 ∈ 𝑄∨). (7.3)

To compare 𝑤𝜆,Λ′ and 𝑤𝜆 for 𝜆 ∈ Λ′ \𝑄∨, we first need to describe the elements of the subgroup

ΩΛ′ := {𝜔 ∈ 𝑊Λ′ | ℓ(𝜔) = 0}

of 𝑊Λ′ in detail. It stabilises 𝐶+ and Δ . For 𝑗 ∈ [0, 𝑟] and 𝜔 ∈ ΩΛ′ , we write 𝜔( 𝑗) ∈ [0, 𝑟] for the index
such that 𝜔(𝛼 𝑗 ) = 𝛼𝜔 ( 𝑗) . Then we have 𝜔𝑠 𝑗𝜔

−1 = 𝑠𝜔 ( 𝑗) .
We now recall some well-known facts about the abelian quotient group Λ′/𝑄∨ and ΩΛ′ (see, for

example, [29, §2.5] for details). First, note that 𝜇+𝑄∨ = 𝑊𝜇 for all 𝜇 ∈ Λ′, since Λ′ ∈ L. Hence, the set

Λ′min := 𝐶+ ∩ Λ
′ = {𝜆 ∈ Λ′ | 0 ≤ 𝛼(𝜆) ≤ 1 ∀𝛼 ∈ Φ+0}

of minuscule weights in Λ′ forms a complete set of representatives of Λ′/𝑄∨. The inverse of the set-
theoretic bijection Λ′min

∼
−→ Λ′/𝑄∨, 𝜁 ↦→ 𝜁 +𝑄∨ is concretely given by 𝜇 +𝑄∨ ↦→ 𝑐𝜇 for 𝜇 ∈ Λ′. The

following result is well known (see, for example, [29, §2.5]).
Proposition 7.2.
1. The assignment𝜔 ↦→ 𝜔(0)+𝑄∨ defines a group isomorphismΩΛ′

∼
−→ Λ′/𝑄∨. Its inverse is explicitly

given by 𝜇 +𝑄∨ ↦→ 𝑤𝑐𝜇 ,Λ′ for 𝜇 ∈ Λ′.
2. 𝑊Λ′ = ΩΛ′ �𝑊 .

A reduced expression of 𝑤 ∈ 𝑊Λ′ is an expression 𝑤 = 𝜔𝑠 𝑗1 · · · 𝑠 𝑗ℓ with 𝜔 ∈ ΩΛ′ , 0 ≤ 𝑗𝑖 ≤ 𝑟 and
ℓ = ℓ(𝑤). The roots in Π(𝑤) are still described by (2.12).

The elements 𝑣𝜁 ,Λ′ ∈ 𝑊0 (𝜁 ∈ Λ′min) satisfy

Π(𝑣𝜁 ,Λ′ ) = {𝛼 ∈ Φ
+
0 | 𝛼(𝜁) = 1},

Φ+0 \ Π(𝑣𝜁 ,Λ′ ) = {𝛼 ∈ Φ
+
0 | 𝛼(𝜁) = 0};

(7.4)
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see [29, §2.5]. Furthermore, for 𝜁 ∈ Λ′min, we have

𝜁 ′ := −𝑤0𝜁 = −𝑣𝜁 ,Λ𝜁 ∈ Λ
′
min,

𝑤𝜁 ′,Λ′ = 𝑤−1
𝜁 ,Λ′ , 𝑣𝜁 ′,Λ′ = 𝑣−1

𝜁 ,Λ′ (see [29, (2.5.9)]), and

𝑤𝜁 ,Λ′𝑦 = 𝜁 + 𝑣−1
𝜁 ,Λ′𝑦 (𝑦 ∈ 𝐸).

The minuscule weights admit the following explicit description. Recall the functions 𝑛𝑖 : Φ0 → Z
for 1 ≤ 𝑖 ≤ 𝑟 , which encode the expansion coefficients of the roots in simple roots: 𝛼 =

∑𝑟
𝑖=1 𝑛𝑖 (𝛼)𝛼𝑖

for all 𝛼 ∈ Φ0. Define

𝐼Λ′ := {𝑖 ∈ [1, 𝑟] | 𝑛𝑖 (𝜑) = 1 & (𝜛∨𝑖 + 𝐸co) ∩ Λ
′ ≠ ∅}. (7.5)

For 𝑖 ∈ 𝐼Λ′ , (𝜛∨𝑖 + 𝐸co) ∩Λ′ is a coset in Λ′/(Λ′ ∩ 𝐸co), and we fix a representative 𝜛∨𝑖,Λ′ once and for
all. The set Λ′min of minuscule weights is invariant for the translation action of Λ′ ∩ 𝐸co.

Lemma 7.3. {0} ∪ {𝜛∨𝑖,Λ′ }𝑖∈𝐼Λ′ is a complete set of representatives of the Λ′ ∩ 𝐸co-orbits in Λ′min.

Proof. See, for example, [29, §2.5] and [44, §9.3.4]. �

For 𝜆 ∈ Λ′, the element 𝑤𝜆,Λ′ ∈ 𝑊Λ′ is related to the shortest element 𝑤𝜆 ∈ 𝑊 such that 𝜆 = 𝑤𝜆𝑐𝜆
in the following way.

Lemma 7.4. For 𝜆 ∈ Λ′, we have 𝑐𝜆 ∈ Λ′ and 𝑤𝑐𝜆 ,Λ′ ∈ ΩΛ′ . Furthermore,

𝑤𝜆 = 𝑤𝜆,Λ′𝑤
−1
𝑐𝜆 ,Λ′

(7.6)

in 𝑊Λ′ .

Proof. Fix 𝜆 ∈ Λ′ and write 𝜁 := 𝑐𝜆. Then clearly, 𝜁 ∈ 𝐶+ ∩ Λ′ = Λ′min. Hence, 𝑤𝜁 ,Λ′ ∈ ΩΛ′ by
Proposition 7.2, proving the first statement.

For the second statement, first note that

𝑤𝜆,Λ′𝑤
−1
𝜁 ,Λ′ (0) = 𝜆 − 𝑣−1

𝜆,Λ′𝑣𝜁 ,Λ′𝜁 .

This lies in 𝑄∨ since 𝜆 ∈ 𝜁 +𝑄∨; hence, 𝑤𝜆,Λ′𝑤−1
𝜁 ,Λ′ ∈ 𝑊 .

Now note that
𝑤𝜆,Λ′𝑤

−1
𝜁 ,Λ′ (𝜁) = 𝑤𝜆,Λ′ (0) = 𝜏(𝜆) (0) = 𝜆.

So 𝑤𝜆,Λ′𝑤
−1
𝜁 ,Λ′ and 𝑤𝜆 are two elements in W mapping 𝜁 to 𝜆. Since 𝑤𝜆 ∈ 𝑊 𝜁 , this implies that

ℓ(𝑤𝜆,Λ′ ) = ℓ(𝑤𝜆,Λ′𝑤
−1
𝜁 ,Λ′ ) ≥ ℓ(𝑤𝜆) (the equality follows from the fact that 𝑤−1

𝜁 ,Λ′ ∈ ΩΛ′). However,
𝑤𝜆𝑤𝜁 ,Λ′ ∈ 𝜏(𝜆)𝑊0, so by definition of 𝑤𝜆,Λ′ ∈ 𝑊Λ′ , we have ℓ(𝑤𝜆) = ℓ(𝑤𝜆𝑤𝜁 ,Λ′ ) ≥ ℓ(𝑤𝜆,Λ′ ) with
equality iff 𝑤𝜆𝑤𝜁 ,Λ′ = 𝑤𝜆,Λ′ . Combining the two inequalities, we conclude that ℓ(𝑤𝜆,Λ′ ) = ℓ(𝑤𝜆), and
hence, 𝑤𝜆 = 𝑤𝜆,Λ′𝑤

−1
𝜁 ,Λ′ . �

Remark 7.5. Note that 𝑐𝜆 = 0 iff 𝜆 ∈ 𝑄∨, in which case, 𝑤0,Λ′ = 1 and (7.6) reduces to (7.3).

7.2. The extended double affine Hecke algebra

Fix lattices (Λ,Λ′) ∈ (L×2)𝑒 and assume that 𝑞 ∈ F× has an 𝑒th root 𝑞 1
𝑒 ∈ F×, which we fix once and

for all. We write

𝑞ℓ/𝑒 := (𝑞
1
𝑒 )ℓ , 𝑞ℓ/𝑒𝛼 := (𝑞

1
𝑒 )

2ℓ
‖𝛼‖2

for ℓ ∈ Z (recall that 2/‖𝛼‖2 ∈ Z by the choice of normalisation of Φ0).
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The extended affine Weyl group 𝑊Λ′ then acts on 𝑇Λ by q-dilations and reflections. In particular,
𝜏(𝜆) ∈ 𝑊Λ′ (𝜆 ∈ Λ′) acts by 𝜏(𝜆)𝑡 = 𝑞𝜆𝑡 (here, 𝑞𝜆 ∈ 𝑇Λ is the torus element mapping 𝜇 ∈ Λ to 𝑞 〈𝜆,𝜇〉).
Later on, we will also use the 𝑊Λ-action on 𝑇Λ′ by q-dilations and reflections.

Remark 7.6. The natural map 𝑗Λ : 𝑇𝑃∨ → 𝑇Λ from Corollary 2.9 is W-equivariant. Furthermore, if
(𝑃∨,Λ′) ∈ (L×2)𝑒, then 𝑗Λ is 𝑊Λ′-equivariant if either Λ ⊂ 𝐸 ′ or Λ′ ⊂ 𝐸 ′.

The contragredient representation gives a 𝑊Λ′-action on PΛ by algebra automorphisms. The explicit
formulas for the action are given by (2.32). The action of the subgroup ΩΛ′ on PΛ is given by

𝑤𝜁 ,Λ′ (𝑥
𝜆) = 𝑞−〈𝑣𝜁 ,Λ′ 𝜁 ,𝜆〉𝑥

𝑣−1
𝜁 ,Λ′

𝜆 (7.7)

for 𝜁 ∈ Λ′min and 𝜆 ∈ Λ. The formulas 𝑇𝑗 ↦→ 𝑇𝜔 ( 𝑗) (𝜔 ∈ ΩΛ′ , 0 ≤ 𝑗 ≤ 𝑟) extend the action of ΩΛ′ on
P = P𝑄∨ to an action of ΩΛ′ on H by algebra automorphisms.

Definition 7.7. The smashed product algebra H𝑄∨ ,Λ′ := ΩΛ′ �H is the Y-extended double affine Hecke
algebra.

Concretely, we have the commutation relation 𝜔𝑇𝑗 = 𝑇𝜔 ( 𝑗)𝜔 for 𝜔 ∈ ΩΛ′ and 0 ≤ 𝑗 ≤ 𝑟 in H𝑄∨ ,Λ′ ,
as well as the commutation relations

𝑤𝜁 ,Λ′𝑥
𝜇 = 𝑞−〈𝑣𝜁 ,Λ′ 𝜁 ,𝜇〉𝑥

𝑣−1
𝜁 ,Λ′

𝜇
𝑤𝜁 ,Λ′ (7.8)

in H𝑄∨ ,Λ′ for 𝜁 ∈ Λ′min and 𝜇 ∈ 𝑄∨.
The extended affine Hecke algebra 𝐻Λ′ is the subalgebra ΩΛ′ � 𝐻 of H𝑄∨ ,Λ′ . Multiplication defines

a F-linear isomorphism P ⊗ 𝐻Λ′
∼
−→ H𝑄∨ ,Λ′ . If 𝑤 = 𝜔𝑠 𝑗1 · · · 𝑠 𝑗ℓ ∈ 𝑊Λ′ (𝜔 ∈ ΩΛ′ , 0 ≤ 𝑗𝑖 ≤ 𝑟) is a

reduced expression, then

𝑇𝑤 := 𝜔𝑇𝑗1 · · ·𝑇𝑗ℓ ∈ 𝐻Λ′

is well defined.
There exists a unique group homomorphism Λ′ → 𝐻Λ′ , 𝜆 ↦→ 𝑌𝜆, such that

𝑌𝜆 = 𝑇𝜏 (𝜆) (𝜆 ∈ Λ′+ := Λ′ ∩ 𝐸+). (7.9)

Note that 𝑌 𝜇 for 𝜇 ∈ 𝑄∨ reduces to the corresponding element in H, as defined in Subsection 2.7. Then

{𝑇𝑣𝑌
𝜆 | 𝑣 ∈ 𝑊0, 𝜆 ∈ Λ

′}

is a basis of 𝐻Λ′ , and the cross relations (2.46) in 𝐻Λ′ hold true for 𝜇 ∈ Λ′ and 1 ≤ 𝑖 ≤ 𝑟 .
The elements in ΩΛ′ , viewed as elements in H𝑄∨ ,Λ′ , factorise as follows:

𝑤𝜁 ,Λ′ = 𝑌 𝜁𝑇−1
𝑣𝜁 ,Λ′

(𝜁 ∈ Λ′min). (7.10)

Definition 7.8. The extended double affine Hecke algebra HΛ,Λ′ is the algebra generated by PΛ and 𝐻Λ′

subject to the cross relations (2.40) for 0 ≤ 𝑗 ≤ 𝑟 and 𝑝 ∈ PΛ, as well as the relations (7.8) for 𝜁 ∈ Λ′min
and 𝜇 ∈ Λ.

Note that

HΛ,Λ′ 
 ΩΛ′ � HΛ,𝑄∨ (7.11)

with the action of ΩΛ′ on HΛ,𝑄∨ by algebra automorphisms defined by (7.7) and 𝜔(𝑇𝑗 ) := 𝑇𝜔 ( 𝑗) for
𝜔 ∈ ΩΛ′ and 0 ≤ 𝑗 ≤ 𝑟 . The algebra HΛ,𝑄∨ is the X-extended double affine Hecke algebra.

https://doi.org/10.1017/fms.2025.33 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2025.33


Forum of Mathematics, Sigma 85

The duality anti-involution 𝛿 of H defined in Theorem 2.14 extends to an anti-algebra isomorphism
𝛿 : HΛ,Λ′ → HΛ′,Λ by

𝛿(𝑌𝜆) = 𝑥−𝜆 (𝜆 ∈ Λ′).

Note that 𝛿 restricts to an anti-algebra isomorphism H𝑄∨ ,Λ′
∼
−→ HΛ′,𝑄∨ , and

𝛿
(
𝑤𝜁 ,Λ′

)
= 𝑇−1

𝑣−1
𝜁 ,Λ′

𝑥−𝜁 (𝜁 ∈ Λ′min).

The extended X-intertwiners are defined by

𝑆𝑋𝜔𝑤 := 𝜔𝑆𝑋𝑤 ∈ H𝑄∨ ,Λ′ (𝜔 ∈ ΩΛ′ , 𝑤 ∈ 𝑊).

They satisfy (2.51) for 𝑤 ∈ 𝑊Λ′ and 𝑝 ∈ PΛ. The extended Y-intertwiners are

𝑆𝑌𝑤 := 𝛿(𝑆𝑋
𝑤−1 ) ∈ HΛ,𝑄∨ (𝑤 ∈ 𝑊Λ).

In particular,

𝑆𝑌𝑤𝜁 ,Λ = 𝛿
(
𝑤−1
𝜁 ,Λ) = 𝑥𝜁𝑇𝑣−1

𝜁 ,Λ
(𝜁 ∈ Λmin). (7.12)

The extended Y-intertwiners 𝑆𝑌𝑤 (𝑤 ∈ 𝑊Λ) satisfy (2.59) for 𝑝 ∈ PΛ′ .

7.3. The extended quasi-polynomial representation

Recall the definition of the base-point 𝔰𝑦 ∈ 𝑇Λ′ (𝑦 ∈ 𝐸) from (5.2). We have the following extension of
Lemma 5.3.

Lemma 7.9. For 𝜔 ∈ ΩΛ and 𝑦 ∈ 𝐸 , we have (𝐷𝜔)𝔰𝑦 = 𝔰𝜔𝑦 in 𝑇Λ′ .

Proof. Let 𝜁 ∈ Λmin such that 𝜔 = 𝑤𝜁 ,Λ = 𝜏(𝜁)𝑣−1
𝜁 ,Λ (see Proposition 7.2). By the definition (5.2) of

𝔰𝑦 , we have

𝑣−1
𝜁 ,Λ𝔰𝑦 = 𝔰𝑤𝜁 ,Λ𝑦

∏
𝛼∈Φ+0\Π (𝑣𝜁 ,Λ)

𝑘
(𝜂 (𝛼(𝑣−1

𝜁 ,Λ𝑦))−𝜂 (𝛼(𝑤𝜁 ,Λ𝑦)))𝛼

𝛼

∏
𝛽∈Π (𝑣𝜁 ,Λ)

𝑘
−(𝜂 (−𝛽 (𝑣−1

𝜁 ,Λ𝑦))+𝜂 (𝛽 (𝑤𝜁 ,Λ𝑦)))𝛽

𝛽

(7.13)

in 𝑇Λ′ . The second line of (7.4) gives

𝜂(𝛼(𝑣−1
𝜁 ,Λ𝑦)) − 𝜂(𝛼(𝑤𝜁 ,Λ𝑦)) = 𝜂(𝛼(𝑣−1

𝜁 ,Λ𝑦)) − 𝜂(𝛼(𝑣−1
𝜁 ,Λ𝑦)) = 0

for 𝛼 ∈ Φ+0 \ Π(𝑣𝜁 ,Λ); hence, the product over 𝛼 in (7.13) is equal to 1. Formula (5.1) and the first line
of (7.4) imply that the product over 𝛽 in (7.13) is equal to 1. �

For 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇Λ′,𝐽 , we extend the quasi-polynomial representation 𝜋𝑐,𝔱 |𝑄∨ of H to HΛ,Λ′ under
suitably further restrictions on 𝔱 ∈ 𝑇Λ′,𝐽 . It is convenient to discuss the extension to the Y-extended
double affine Hecke algebra H𝑄∨ ,Λ′ first, in which case, we do not need to impose additional conditions
on 𝔱 ∈ 𝑇Λ′,𝐽 .

Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇Λ′,𝐽 . Recall the notation 𝔱𝑦 := 𝑤𝑦𝔱 ∈ 𝑇Λ′ (𝑦 ∈ O𝑐) from Definition 4.1. We
then have a 𝔱-dependent 𝑊Λ′ � P-action (𝑤, 𝑝) ↦→ 𝑤𝔱𝑝 on P (𝑐) , with the action of 𝑣 ∈ 𝑊0 and 𝜏(𝜇)
(𝜇 ∈ Λ′) given by (4.3). Note that(

𝑤𝜁 ,Λ′
)
𝔱 (𝑥

𝑦) = 𝔱−𝜁
𝑣−1
𝜁 ,Λ′

𝑦
𝑥
𝑣−1
𝜁 ,Λ′

𝑦
(𝜁 ∈ Λ′min, 𝑦 ∈ O𝑐). (7.14)
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Lemma 7.10. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇Λ′,𝐽 .
The quasi-polynomial representation 𝜋𝑐,𝔱 |𝑄∨ : H → End(P (𝑐) ) (see Theorem 4.5) extends to a

representation 𝜋𝑄
∨ ,Λ′

𝑐,𝔱 : H𝑄∨ ,Λ′ → End(P (𝑐) ) by

𝜋𝑄
∨ ,Λ′

𝑐,𝔱 (𝜔) (𝑥𝑦) := 𝜔𝔱 (𝑥
𝑦) (𝜔 ∈ ΩΛ′ , 𝑦 ∈ O𝑐).

Following the notations from Theorem 4.5, we denote the H𝑄∨ ,Λ′-module (P (𝑐) , 𝜋𝑄
∨ ,Λ′

𝑐,𝔱 ) again by P (𝑐)𝔱 .

Proof. Note that 𝔱 |𝑄∨ ∈ 𝑇𝐽 ; hence, the quasi-polynomial representation 𝜋𝑐,𝔱 |𝑄∨ of H is well defined.
Since

𝑤𝔱 (𝑝𝑥
𝑦) = 𝑤(𝑝)𝑤𝔱 (𝑥

𝑦) (𝑤 ∈ 𝑊Λ′ , 𝑝 ∈ P , 𝑦 ∈ O𝑐), (7.15)

the commutation relations 𝜔𝑥𝜇 = 𝜔(𝑥𝜇)𝜔 in H𝑄∨ ,Λ′ for 𝜔 ∈ ΩΛ′ and 𝜇 ∈ 𝑄∨ are respected by the
proposed extension 𝜋𝑄

∨ ,Λ′

𝑐,𝔱 of 𝜋𝑐,𝔱 |𝑄∨ toH𝑄∨ ,Λ′ . It remains to check that the same is true for the relations
𝜔𝑇𝑗 = 𝑇𝜔 ( 𝑗)𝜔 (𝜔 ∈ ΩΛ′ , 0 ≤ 𝑗 ≤ 𝑟). Note that 𝑘𝜔 ( 𝑗) = 𝑘 𝑗 , 𝜔𝑠 𝑗 = 𝑠𝜔 ( 𝑗)𝜔 and

𝜒Z(𝛼𝜔 ( 𝑗) (𝐷𝜔(𝑦))) = 𝜒Z(𝛼𝜔 ( 𝑗) (𝜔𝑦)) = 𝜒Z(𝛼 𝑗 (𝑦));

hence, it suffices to show that

𝜔𝔱
(
∇ 𝑗 (𝑥

𝑦)
)
= ∇𝜔 ( 𝑗) (𝜔𝔱 (𝑥

𝑦))

for 𝜔 ∈ ΩΛ′ , 0 ≤ 𝑗 ≤ 𝑟 and 𝑦 ∈ O𝑐 .
Fix 𝜔 ∈ ΩΛ′ and 0 ≤ 𝑗 ≤ 𝑟 . By (2.31), which holds true for 𝑤 ∈ 𝑊Λ′ and 𝑎 ∈ Φ, and (7.15) we have

𝜔𝔱
(
∇ 𝑗 (𝑥

𝑦)
)
=

(
1 − 𝑥

−�𝐷𝛼𝑗 (𝑦) �𝛼
∨
𝜔 ( 𝑗)

1 − 𝑥
𝛼∨
𝜔 ( 𝑗)

)
𝜔𝔱 (𝑥

𝑦). (7.16)

Now note that 𝐷𝛼𝜔 ( 𝑗) ((𝐷𝜔)𝑦) = 𝐷 (𝜔−1𝛼𝜔 ( 𝑗) ) (𝑦) = 𝐷𝛼 𝑗 (𝑦); hence, the right-hand side of (7.16) is
equal to ∇𝜔 ( 𝑗) (𝜔𝔱 (𝑥

𝑦)), as desired. �

In terms of the new notation from Lemma 7.10, the quasi-polynomial representation 𝜋𝑐,𝔱 is equal to
𝜋𝑄

∨ ,𝑄∨

𝑐,𝔱 .
In the same way, Theorem 4.9 extends as follows.

Lemma 7.11. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇Λ′,𝐽 . The formulas

𝜎𝑄
∨ ,Λ′

𝑐,𝔱 (𝑠 𝑗 ) (𝑥
𝑦) :=

𝑘
𝜒Z (𝛼𝑗 (𝑦))
𝑗 (𝑥𝛼

∨
𝑗 − 1)

(𝑘 𝑗𝑥
𝛼∨𝑗 − 𝑘−1

𝑗 )
𝑠 𝑗 ,𝔱 (𝑥

𝑦) +
(𝑘 𝑗 − 𝑘−1

𝑗 )

(𝑘 𝑗𝑥
𝛼∨𝑗 − 𝑘−1

𝑗 )
𝑥𝑦−�𝐷𝛼𝑗 (𝑦) �𝛼

∨
𝑗 ,

𝜎𝑄
∨ ,Λ′

𝑐,𝔱 (𝜔) (𝑥𝑦) := 𝜔𝔱 (𝑥
𝑦),

𝜎𝑄
∨ ,Λ′

𝑐,𝔱 ( 𝑓 ) (𝑥𝑦) := 𝑓 𝑥𝑦

for 0 ≤ 𝑗 ≤ 𝑟 , 𝑦 ∈ O𝑐 , 𝜔 ∈ ΩΛ′ and 𝑓 ∈ Q define a representation

𝜎𝑄
∨ ,Λ′

𝑐,𝔱 : 𝑊Λ′ �Q→ End(Q(𝑐) ).
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As the next step, we introduce a natural extension of the quasi-polynomial representation fromH𝑄∨ ,Λ′
to HΛ,Λ′ . Its representation space will be

P (𝑐)Λ :=
⊕
𝑦∈OΛ,𝑐

F𝑥𝑦 ,

where OΛ,𝑐 is the 𝑊Λ-orbit of 𝑐 ∈ 𝐶𝐽 in E. We realise it as a quotient of the induced HΛ,Λ′-module

𝑉𝑐,𝔱 := HΛ,Λ′ ⊗H𝑄∨ ,Λ′ P
(𝑐)
𝔱

under suitable further restrictions on 𝔱 ∈ 𝑇Λ′,𝐽 .
We first consider the HΛ,Λ′-module 𝑉𝑐,𝔱 in more detail.

Lemma 7.12. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇Λ′,𝐽 . As a H𝑄∨ ,Λ′-module, we have

𝑉𝑐,𝔱 

⊕
𝜔∈ΩΛ

P (𝜔𝑐)𝜔𝔱 .

Proof. Applying 𝛿 to the decomposition (7.11), it follows that the subspaces

𝑉𝑐,𝔱 (𝜔) := span{𝑆𝑌𝜔 ⊗H𝑄∨ ,Λ′ 𝑓 | 𝑓 ∈ P (𝑐)𝔱 } (𝜔 ∈ ΩΛ)

are H𝑄∨ ,Λ′-submodules of 𝑉𝑐,𝔱 , and

𝑉𝑐,𝔱 =
⊕
𝜔∈ΩΛ

𝑉𝑐,𝔱 (𝜔).

It is easy to check that𝑉𝑐,𝔱 (𝜔) 
 P (𝜔𝑐)𝜔𝔱 asH𝑄∨ ,Λ′-modules, with the isomorphism mapping 𝑆𝑌𝜔⊗H𝑄∨ ,Λ′ 𝑥
𝑐

to 𝑥𝜔𝑐 . �

Let 𝑐 ∈ 𝐶𝐽 and write

ΩΛ,𝐽 := {𝜔 ∈ ΩΛ | 𝜔(𝐽) = 𝐽}.

Denote by 𝑊Λ,𝑐 the fix-point subgroup in 𝑊Λ of c, and by ΩΛ,𝑐 the fix-point subgroups in ΩΛ of c.
Then ΩΛ,𝑐 ⊆ ΩΛ,𝐽 and 𝑊Λ,𝑐 = ΩΛ,𝑐 �𝑊𝐽 . Write Ω𝑐Λ for a complete set of representatives of ΩΛ/ΩΛ,𝑐 .
The 𝑊Λ-orbit OΛ,𝑐 := 𝑊Λ𝑐 then decomposes as

OΛ,𝑐 =
⊔
𝜔∈Ω𝑐

Λ

O𝜔𝑐 .

In particular, we have

P (𝑐)Λ =
⊕
𝜔∈Ω𝑐

Λ

P (𝜔𝑐) .

as P-modules.
We now look for a quotient of the inducedHΛ,Λ′-module𝑉𝑐,𝔱 admitting a quasi-polynomial realisation

on P (𝑐)Λ . For this, we need to restrict to the following parameter subset of 𝑇Λ′,𝐽 to the following subset.

Definition 7.13. For 𝑐 ∈ 𝐶𝐽 , write

Λ𝑇𝑐Λ′ := {𝔱 ∈ 𝑇Λ′,𝐽 | 𝜔𝔱 = 𝔱 ∀𝜔 ∈ ΩΛ,𝑐}.

The second and third example below should be compared to Lemma 3.3.
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Example 7.14.

1. For 𝜔 ∈ ΩΛ and 𝑐 ∈ 𝐶+, we have 𝜔(Λ𝑇𝑐Λ′ ) =
Λ𝑇𝜔𝑐Λ′ .

2. For 𝑐 ∈ 𝐶𝐽 , we have 𝑄∨𝑇𝑐Λ′ = 𝑇Λ′,𝐽 . Furthermore, the restriction map 𝑇Λ′,𝐽 → 𝑇𝐽 , 𝑠 ↦→ 𝑠 |𝑄∨ restricts
to a map Λ𝑇𝑐Λ′ →

Λ𝑇𝑐
𝑄∨

(Lemma 3.3(2) does not have an apparent extension to the present context).
3. For all 𝑐 ∈ 𝐶+, the subset Λ𝑇𝑐Λ′ of 𝑇Λ′ is a 𝑇Λ′, [1,𝑟 ]-subset (use here the fact that 𝑇Λ, [1,𝑟 ] ⊆ 𝑇𝑊0

Λ ).
4. If 𝜁 ∈ Λmin, then

Λ𝑇
𝜁
Λ′ = 𝑞𝜁𝑇Λ′, [1,𝑟 ] .

Indeed, note that Λ𝑇0
Λ′ = 𝑇Λ′, [1,𝑟 ] since ΩΛ,0 = {1} and J(0) = [1, 𝑟], and so

Λ𝑇
𝜁
Λ′ = 𝑤𝜁 ,Λ (

Λ𝑇0
Λ′ ) = 𝑞𝜁 𝑣−1

𝜁 ,Λ (𝑇Λ′, [1,𝑟 ] ) = 𝑞𝜁𝑇Λ′, [1,𝑟 ] .

Here, we used part (2) and the fact that 𝑤𝜁 ,Λ = 𝜏(𝜁)𝑣−1
𝜁 ,Λ ∈ ΩΛ maps 0 to 𝜁 .

The lifting properties of characters as described in Lemma 3.3 do not seem to extend easily to Λ𝑇𝑐Λ′ .
For 𝔱 ∈ Λ𝑇𝑐Λ′ , the induced module 𝑉𝑐,𝔱 admits the following natural family of intertwiners.

Lemma 7.15. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ Λ𝑇𝑐Λ′ . For each 𝜔 ∈ ΩΛ,𝑐 , there exists a unique intertwiner

𝜙𝜔 ∈ EndHΛ,Λ′

(
𝑉𝑐,𝔱
)

such that

𝜙𝜔
(
𝑆𝑌𝜔′ ⊗H𝑄∨ ,Λ′ 𝑥

𝑐 ) = 𝑆𝑌𝜔′𝜔 ⊗H𝑄∨ ,Λ′ 𝑥
𝑐 (𝜔′ ∈ ΩΛ). (7.17)

Proof. Let 𝜔′ ∈ ΩΛ. Since 𝜔 ∈ ΩΛ,𝑐 , the condition 𝜔𝔱 = 𝔱 and the proof of Lemma 7.12 provide
isomorphisms

𝑉𝑐,𝔱 (𝜔
′)
∼
−→ P (𝜔

′𝑐)
𝜔′𝔱

∼
−→ 𝑉𝑐,𝔱 (𝜔

′𝜔)

of H𝑄∨ ,Λ′-modules. The resulting H𝑄∨ ,Λ′-linear isomorphism 𝑉𝑐,𝔱 (𝜔
′)

∼
−→ 𝑉𝑐,𝔱 (𝜔

′𝜔) is characterised
by

𝑆𝑌𝜔′ ⊗H𝑄∨ ,Λ′ 𝑥
𝑐 ↦→ 𝑆𝑌𝜔′𝜔 ⊗H𝑄∨ ,Λ′ 𝑥

𝑐 .

Hence, (7.17) gives rise to a well-defined intertwiner 𝜙𝜔 ∈ HomH𝑄∨ ,Λ′ (𝑉𝑐,𝔱). A straightforward check
shows that 𝜙𝜔 also intertwines the 𝛿(ΩΛ)-action on 𝑉𝑐,𝔱. �

Recall that for 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇Λ′,𝐽 , we introduced W-translates 𝔱𝑦 ∈ 𝑇Λ′ for 𝑦 ∈ O𝑐 in Definition 4.1.
In case 𝔱 ∈ Λ𝑇𝑐Λ′ ⊆ 𝑇Λ′,𝐽 , we extend this construction to 𝑊Λ-translates as follows.

Definition 7.16. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ Λ𝑇𝑐Λ′ . Define 𝔱𝑦;𝑐 ∈ 𝑇Λ′ for 𝑦 ∈ OΛ,𝑐 by

𝔱𝑤𝑐;𝑐 := 𝑤𝔱 (𝑤 ∈ 𝑊Λ). (7.18)

Note that (7.18) is well defined since 𝔱 ∈ Λ𝑇𝑐Λ′ implies that 𝑤𝔱 = 𝔱 for all 𝑤 ∈ 𝑊Λ,𝑐 . Furthermore,
𝔱𝑦;𝑐 = 𝔱𝑦 for 𝑦 ∈ O𝑐 , and more generally,

𝔱𝑦;𝑐 = (𝜔𝔱)𝑦 when 𝑦 ∈ O𝜔𝑐 and 𝜔 ∈ ΩΛ. (7.19)

Furthermore, note that for 𝜔 ∈ ΩΛ, we have 𝜔
(Λ𝑇𝑐Λ′ ) = Λ𝑇𝜔𝑐Λ′ ⊆ 𝑇Λ′,𝜔 (𝐽 ) by Example 7.14(1), and

(𝜔𝔱)𝑦;𝜔𝑐 = 𝔱𝑦;𝑐 when 𝑦 ∈ OΛ,𝑐 and 𝜔 ∈ ΩΛ. (7.20)

https://doi.org/10.1017/fms.2025.33 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2025.33


Forum of Mathematics, Sigma 89

For 𝑤 ∈ 𝑊Λ and 𝑦 ∈ OΛ,𝑐 , we have 𝔱𝑤𝑦;𝑐 = 𝑤𝔱𝑦;𝑐 . For translations, this implies that

𝔱𝑦+𝜆;𝑐 = 𝑞𝜆𝔱𝑦;𝑐 (𝑦 ∈ OΛ,𝑐 , 𝜆 ∈ Λ). (7.21)

Lemma 4.2 now immediately generalises as follows.

Lemma 7.17. For 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ Λ𝑇𝑐Λ′ , the extended affine Weyl group 𝑊Λ′ acts linearly on P (𝑐)Λ by

𝑣𝔱;𝑐 (𝑥
𝑦) := 𝑥𝑣𝑦 (𝑣 ∈ 𝑊0),

𝜏(𝜇)𝔱;𝑐 (𝑥
𝑦) := 𝔱−𝜇𝑦;𝑐𝑥

𝑦 (𝜇 ∈ Λ′)

for 𝑦 ∈ OΛ,𝑐 .

Note that 𝑤𝔱;𝑐 (𝑝 𝑓 ) = 𝑤(𝑝)𝑤𝔱;𝑐 ( 𝑓 ) for 𝑤 ∈ 𝑊Λ′ , 𝑝 ∈ PΛ and 𝑓 ∈ P (𝑐)Λ , and

𝑠0,𝔱;𝑐 (𝑥
𝑦) = 𝔱𝜑

∨

𝑦;𝑐𝑥
𝑠𝜑 𝑦 ,

(𝑤𝜁 ,Λ′ )𝔱;𝑐 (𝑥
𝑦) = 𝔱−𝜁

𝑣−1
𝜁 ,Λ′

𝑦;𝑐
𝑥
𝑣−1
𝜁 ,Λ′

𝑦 (7.22)

for 𝑦 ∈ OΛ,𝑐 and 𝜁 ∈ Λ′min (cf. (7.14)). Note furthermore that
(
𝑤𝜁 ,Λ′

)
𝔱;𝑐 (𝑥

𝑦) is a constant multiple of
𝑥 (𝐷𝑤𝜁 )𝑦 , and that for 𝑐 ∈ 𝐶𝐽 , 𝜔 ∈ ΩΛ and 𝔱 ∈ Λ𝑇𝑐Λ′ ,

𝑤𝔱;𝑐 (𝑥
𝑦) = 𝑤𝜔𝔱 (𝑥

𝑦) (𝑤 ∈ 𝑊Λ′ , 𝑦 ∈ O𝜔𝑐). (7.23)

We now have the following extension of Lemma 7.10 to HΛ,Λ′ .

Theorem 7.18. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ Λ𝑇𝑐Λ′ .

1. The formulas

𝜋Λ,Λ
′

𝑐,𝔱 (𝑇𝑗 )𝑥
𝑦 := 𝑘

𝜒Z (𝛼𝑗 (𝑦))
𝑗 𝑠 𝑗 ,𝔱;𝑐 (𝑥

𝑦) + (𝑘 𝑗 − 𝑘−1
𝑗 )∇ 𝑗 (𝑥

𝑦),

𝜋Λ,Λ
′

𝑐,𝔱 (𝑥
𝜆)𝑥𝑦 := 𝑥𝑦+𝜆,

𝜋Λ,Λ
′

𝑐,𝔱 (𝜔)𝑥
𝑦 := 𝜔𝔱;𝑐 (𝑥

𝑦)

(7.24)

for 0 ≤ 𝑗 ≤ 𝑟 , 𝜆 ∈ Λ, 𝜔 ∈ ΩΛ′ and 𝑦 ∈ OΛ,𝑐 define a representation

𝜋Λ,Λ
′

𝑐,𝔱 : HΛ,Λ′ → End(P (𝑐)Λ ).

We denote the resulting HΛ,Λ′-module by P (𝑐)Λ,𝔱 .
2. As H𝑄∨ ,Λ′-modules,

P (𝑐)Λ,𝔱 =
⊕
𝜔∈Ω𝑐

Λ

P (𝜔𝑐)𝜔𝔱 . (7.25)

3. P (𝑐)Λ,𝔱 is a quotient of 𝑉𝑐,𝔱.

Proof. Fix 𝜔 ∈ Ω𝑐Λ. We first show that

𝜋Λ,Λ
′

𝑐,𝔱 (ℎ)𝑥
𝑦 = 𝜋𝑄

∨ ,Λ′

𝜔𝑐,𝜔𝔱 (ℎ)𝑥
𝑦 (𝑦 ∈ O𝜔𝑐) (7.26)

for ℎ = 𝑇𝑗 (0 ≤ 𝑗 ≤ 𝑟), ℎ = 𝑥𝜇 (𝜇 ∈ 𝑄∨) and ℎ = 𝜔′ (𝜔′ ∈ ΩΛ′). Observe that the right-hand side is well
defined since 𝜔𝑐 ∈ 𝐶𝜔 (𝐽 ) and 𝜔𝔱 ∈ 𝑇Λ′,𝜔 (𝐽 ) . Formula (7.26) is trivially correct for ℎ = 𝑥𝜇 (𝜇 ∈ 𝑄∨),
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and it follows from (7.23) when ℎ = 𝜔′ (𝜔′ ∈ ΩΛ′). For ℎ = 𝑇𝑗 (0 ≤ 𝑗 ≤ 𝑟), formula (7.26) follows
from the observation that

𝑠𝑎,𝜔𝔱 (𝑥
𝑦) = (𝜔𝔱)−𝑚𝛼

∨

𝑦 𝑥𝑠𝛼𝑦 = 𝔱−𝑚𝛼
∨

𝑦;𝑐 𝑥𝑠𝛼𝑦 = 𝑠𝑎,𝔱;𝑐 (𝑥
𝑦)

for 𝑦 ∈ O𝜔𝑐 and 𝑎 = (𝛼, 𝑚) ∈ Φ, where we have used (7.19) in the second equality.
Proof of (1): In view of Lemma 7.10 and the previous paragraph, it suffices to show that the formulas

(7.24) respect the defining relations of HΛ,Λ′ involving the generators 𝑥𝜆 (𝜆 ∈ Λ). The properties of the
action (𝑤, 𝑓 ) ↦→ 𝑤𝔱;𝑐 ( 𝑓 ) of 𝑤 ∈ 𝑊Λ′ on 𝑓 ∈ P (𝑐)Λ mentioned directly after Lemma 7.17 imply that
𝜋Λ,Λ

′

𝑐,𝔱 respect the relation 𝜔𝑥𝜆 = 𝜔(𝑥𝜆)𝜔 in HΛ,Λ′ (𝜔 ∈ ΩΛ′ , 𝜆 ∈ Λ). Using (4.6), the cross relations
(2.40) for the operators 𝜋Λ,Λ

′

𝑐,𝔱 (𝑇𝑗 ) and 𝜋Λ,Λ
′

𝑐,𝔱 (𝑥
𝜆) (0 ≤ 𝑗 ≤ 𝑟 , 𝜆 ∈ Λ) are verified by a direct computation.

Proof of (2): This is immediate from (7.26) and part (1).
Proof of (3): This is clear from part (2) and Lemma 7.12. �

Remark 7.19.
1. Cherednik’s polynomial representation of the extended double affine Hecke algebra is

𝜋Λ,Λ
′

0,1𝑇Λ′
: HΛ,Λ′ → End(PΛ).

2. Let 𝑐 ∈ 𝐶+ and 𝑐′ ∈ 𝐶+ ∩OΛ,𝑐 . Then 𝑐′ = 𝜔𝑐 for a unique 𝜔 ∈ ΩΛ, and

𝜋Λ,Λ
′

𝜔𝔱;𝜔𝑐 = 𝜋Λ,Λ
′

𝔱;𝑐 (𝜔 ∈ ΩΛ)

by Example 7.14(2) and (7.20). In particular, for 𝜁 ∈ Λmin, we have P (𝜁 )Λ = PΛ and

𝜋Λ,Λ
′

𝜁 ,𝔱 = 𝜋Λ,Λ
′

0,𝑤−1
𝜁 ,Λ𝔱

= 𝜋Λ,Λ
′

0,𝑞−𝜁 𝔱 (7.27)

for 𝔱 ∈ Λ𝑇
𝜁
Λ′ = 𝑞𝜁𝑇Λ′, [1,𝑟 ] (see Example 7.14(4)). For the second equality of (7.27), we used that

𝑤−1
𝜁 ,Λ′𝔱 = 𝑣𝜁 ,Λ′ (𝑞

−𝜁 𝔱) = 𝑞−𝜁 𝔱 since 𝑞−𝜁 𝔱 ∈ 𝑇Λ′, [1,𝑟 ] ⊆ 𝑇𝑊0
Λ′ .

We now compare extended quasi-polynomial representations for different choices of lattices (Λ,Λ′).
Proposition 7.20. Let (Λ1,Λ′1), (Λ2,Λ′2) ∈ (L×2)𝑒 such that (Λ1,Λ′1) ≤ (Λ2,Λ′2). Let 𝑐 ∈ 𝐶𝐽 and
𝔱 ∈ Λ2𝑇𝑐Λ′2

.

Then the inclusion map P (𝑐)Λ1
↩→ P (𝑐)Λ2

defines an embedding

P (𝑐)Λ1 ,𝔱 |Λ′1
↩→ P (𝑐)Λ2 ,𝔱

of HΛ1 ,Λ′1
-modules, where we view HΛ1 ,Λ′1

as subalgebra of HΛ2 ,Λ′2
in the natural way.

Proof. We have ΩΛ1 ⊆ ΩΛ2 , and hence, the restriction map 𝑇Λ′2 → 𝑇Λ′1 , 𝔱 ↦→ 𝔱 |Λ′1 restricts to a group
homomorphism

Λ2𝑇𝑐Λ′2
→ Λ1𝑇𝑐Λ′1

.

Furthermore, a direct check shows that

𝜋
Λ1 ,Λ′1
𝑐,𝔱 |Λ′1
(ℎ) = 𝜋

Λ2 ,Λ′2
𝑐,𝔱 (ℎ) |P (𝑐)Λ1

∀ ℎ ∈ HΛ1 ,Λ′1

for 𝔱 ∈ Λ2𝑇𝑐Λ′2
. �

The action of the commuting family of operators 𝜋Λ,Λ
′

𝑐,𝔱 (𝑌
𝜇) (𝜇 ∈ Λ′) on the cyclic vector 𝑥𝑐 is

described as follows.
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Lemma 7.21. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ Λ𝑇𝑐Λ′ . Then

𝜋Λ,Λ
′

𝑐,𝔱 (𝑌
𝜇)𝑥𝑐 = (𝔰𝐽 𝔱)

−𝜇𝑥𝑐 ∀ 𝜇 ∈ Λ′. (7.28)

Proof. By Proposition 7.20 and Theorem 4.5(2), formula (7.28) is correct for 𝜇 ∈ 𝑄∨. It thus suffices
to prove the lemma for 𝜇 ∈ Λ′min. Fix 𝜁 ∈ Λ′min. Then

𝜋Λ,Λ
′

𝑐,𝔱 (𝑌
𝜁 )𝑥𝑐 = 𝜋Λ,Λ

′

𝑐,𝔱 (𝑤𝜁 ,Λ′ )𝜋𝑐,𝔱 (𝑇𝑣𝜁 ,Λ′ )𝑥
𝑐 = 𝜅𝑣𝜁 ,Λ′ (𝑐)𝜋

Λ,Λ′

𝑐,𝔱 (𝑤𝜁 ,Λ′ )𝑥
𝑣𝜁 ,Λ′𝑐

= 𝜅𝑣𝜁 ,Λ′ (𝑐)
(
𝑤𝜁 ,Λ′

)
𝔱;𝑐 (𝑥

𝑣𝜁 ,Λ′𝑐) = 𝜅𝑣𝜁 ,Λ′ (𝑐)𝔱
−𝜁 𝑥𝑐

with the first equality by (7.10) and Proposition 7.20, the second equality by Corollary 5.10 and the
fourth equality by (7.22). The result now follows from the fact that

𝔰−𝜁𝐽 = 𝔰−𝜁𝑐 =
∏
𝛼∈Φ+0

𝑘
−𝜂 (𝛼(𝑐))𝛼(𝜁 )
𝛼 = 𝜅𝑣𝜁 ,Λ′ (𝑐),

where the last equality follows from (7.4). �

Corollary 5.10 now extends as follows.

Proposition 7.22. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ Λ𝑇𝑐Λ′ . Define the surjective linear map 𝜓Λ,Λ′

𝑐,𝔱 : HΛ,Λ′ � P (𝑐)Λ by

𝜓Λ,Λ′

𝑐,𝔱 (𝑥
𝜆𝑇𝑣𝑌

𝜇) := 𝜅𝑣 (𝑐) (𝔰𝐽 𝔱)
−𝜇𝑥𝜆+𝑣𝑐 (𝜆 ∈ Λ, 𝑣 ∈ 𝑊0, 𝜇 ∈ Λ

′).

Then

𝜓Λ,Λ′

𝑐,𝔱 (ℎ) = 𝜋Λ,Λ
′

𝑐,𝔱 (ℎ)𝑥
𝑐 ∀ ℎ ∈ HΛ,Λ′ . (7.29)

Proof. First, note that it suffices to prove (7.29) for ℎ ∈ 𝐻Λ′ since 𝜓Λ,Λ′

𝑐,𝔱 (𝑥
𝜆ℎ′) = 𝑥𝜆𝜓Λ,Λ′

𝑐,𝔱 (ℎ
′) and

𝜋Λ,Λ
′

𝑐,𝔱 (𝑥
𝜆ℎ)𝑥𝑐 = 𝑥𝜆𝜋Λ,Λ

′

𝑐,𝔱 (ℎ) (𝑥
𝑐) for 𝜆 ∈ Λ and ℎ′ ∈ 𝐻Λ′ . By a similar argument, it follows from

Lemma 7.21 and Theorem 7.18(2) that it suffices to prove (7.29) for ℎ ∈ 𝐻0. But 𝜓Λ,Λ′

𝑐,𝔱 |H = 𝜓𝑐,𝔱 |𝑄∨ ;
hence, this follows from Corollary 5.10. �

Corollary 7.23. Let 𝑐 ∈ 𝐶+ and 𝔱 ∈ Λ𝑇𝑐Λ′ . Then

𝜋Λ,Λ
′

𝑐,𝔱 (𝑆
𝑌
𝜔)𝑥

𝑐 = 𝜅𝐷𝜔 (𝑐)𝑥
𝜔𝑐 (𝜔 ∈ ΩΛ).

In particular, 𝜋Λ,Λ
′

𝑐,𝔱 (𝑆
𝑌
𝜔)𝑥

𝑐 = 𝑥𝑐 for 𝜔 ∈ ΩΛ,𝑐 , and

𝑆𝑌𝜔 ⊗H𝑄∨ ,Λ′ 𝑓 ↦→ 𝜋Λ,Λ
′

𝑐,𝔱 (𝑆
𝑌
𝜔) 𝑓 (𝜔 ∈ ΩΛ, 𝑓 ∈ P (𝑐) )

defines an epimorphism 𝑉𝑐,𝔱 � P (𝑐)Λ,𝔱 of HΛ,Λ′-modules.

Proof. Write 𝜔 = 𝑤𝜁 ,Λ ∈ ΩΛ (𝜁 ∈ Λmin), Then we have

𝜋Λ,Λ
′

𝑐,𝔱 (𝑆
𝑌
𝑤𝜁 ,Λ )𝑥

𝑐 = 𝜋Λ,Λ
′

𝑐,𝔱 (𝑥
𝜁𝑇𝑣−1

𝜁 ,Λ
)𝑥𝑐 = 𝜅𝑣−1

𝜁 ,Λ
(𝑐)𝑥𝜁+𝑣

−1
𝜁 ,Λ𝑐 = 𝜅𝐷𝑤𝜁 ,Λ (𝑐)𝑥

𝑤𝜁 ,Λ𝑐 ,

where we used Proposition 7.22 in the second equality. The last statement now follows from Theo-
rem 7.18 and the proof of Lemma 7.12. �
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7.4. Twist parameters

The group isomorphism Λ′/𝑄∨
∼
−→ ΩΛ′ from Proposition 7.2(1) allows one to identify Λ𝑇0

Λ′ =
𝑇Λ′, [1,𝑟 ] 
 Hom(Λ′/𝑄∨,F×) with the character group Hom(ΩΛ′ ,F×) of ΩΛ′ . Concretely, the multi-
plicative character of ΩΛ′ corresponding to 𝔱 ∈ 𝑇Λ′, [1,𝑟 ] is given by 𝑤𝜁 ,Λ′ ↦→ 𝔱𝜁 (𝜁 ∈ Λ′min). Note that
𝑤𝑐𝜇 ,Λ′ ↦→ 𝔱𝜇 for 𝜇 ∈ Λ′.

Definition 7.24. For 𝔱 ∈ 𝑇Λ′, [1,𝑟 ] , let Ξ𝔱 be the algebra automorphism of the extended double affine
Hecke algebra HΛ,Λ′ 
 ΩΛ′ �HΛ,𝑄∨ defined by ℎ ↦→ ℎ (ℎ ∈ HΛ,𝑄∨ ) and 𝑤𝜁 ,Λ′ ↦→ 𝔱−𝜁𝑤𝜁 ,Λ′ (𝜁 ∈ Λ′min).

In particular, Ξ𝔱 (𝑥
𝜆) = 𝑥𝜆 and Ξ𝔱 (𝑇𝑗 ) = 𝑇𝑗 for 𝜆 ∈ Λ and 𝑗 ∈ [0, 𝑟].

Proposition 7.25. Let 𝑐 ∈ 𝐶𝐽 , 𝔱′ ∈ Λ𝑇𝑐Λ′ and 𝔱 ∈ 𝑇Λ′, [1,𝑟 ] . Then

𝜋Λ,Λ
′

𝑐,𝔱′𝔱 = 𝜋Λ,Λ
′

𝑐,𝔱′ ◦ Ξ𝔱 . (7.30)

Furthermore, Ξ𝔱 (𝑌
𝜇) = 𝔱−𝜇𝑌 𝜇 for all 𝜇 ∈ Λ′.

Proof. Fix 𝔱′ ∈ Λ𝑇𝑐Λ′ and 𝔱 ∈ 𝑇Λ′, [1,𝑟 ] . Then 𝔱′𝔱 ∈ Λ′𝑇𝑐Λ by Example 7.14(3), and

(𝔱′𝔱)𝑦;𝑐 = 𝔱′𝑦;𝑐𝔱 ∀ 𝑦 ∈ OΛ,𝑐 . (7.31)

Indeed, if 𝑔 ∈ 𝑊Λ is such that 𝑦 = 𝑔𝑐, then (𝔱′𝔱)𝑦;𝑐 = 𝑔(𝔱′𝔱) = (𝑔𝔱′) ((𝐷𝑔)𝔱) = 𝔱′𝑦;𝑐𝔱 since 𝐷𝑔 ∈ 𝑊0 and
𝔱 ∈ 𝑇𝑊0

Λ′ .
Let Θ𝔱 : 𝑊Λ′ → F× be the group homomorphism defined by 𝑤 ↦→ 1 (𝑤 ∈ 𝑊) and 𝑤𝜁 ,Λ′ ↦→ 𝔱−𝜁

(𝜁 ∈ Λ′min). Since 𝜏(𝜇) ∈ 𝑤𝑐𝜇 ,Λ′𝑊 for all 𝜇 ∈ Λ′, we have

Θ𝔱 (𝜏(𝜇)) = 𝔱−𝜇 ∀ 𝜇 ∈ Λ′.

We claim that

𝑤𝔱′𝔱;𝑐 (𝑥
𝑦) = Θ𝔱 (𝑤)𝑤𝔱′;𝑐 (𝑥

𝑦) (7.32)

for 𝑤 ∈ 𝑊Λ′ and 𝑦 ∈ OΛ,𝑐 . Formula (7.32) is trivial for 𝑤 ∈ 𝑊0. If 𝑤 = 𝜏(𝜇) ∈ 𝑊 (𝜇 ∈ Λ′), then it
follows from (7.31) that

𝜏(𝜇)𝔱′𝔱;𝑐 (𝑥
𝑦) = (𝔱′𝑦;𝑐𝔱)

−𝜇𝑥𝑦 = Θ𝔱 (𝜏(𝜇))𝜏(𝜇)𝔱′;𝑐 (𝑥
𝑦)

for 𝑦 ∈ OΛ,𝑐 , which completes the proof of (7.32).
Formula (7.30) follows immediately from (7.32). Finally, we have Ξ𝔱 (𝑌

𝜇) = 𝔱−𝜇𝑌 𝜇 for 𝜇 ∈ Λ′ since
𝑌 𝜇 ∈ 𝑤𝑐𝜇 ,Λ′𝐻 by (7.9). �

Proposition 7.25 implies, under suitable generic conditions on 𝔱 ∈ Λ𝑇𝑐Λ′ , that the simultaneous
eigenfunctions of the commuting operators 𝜋Λ,Λ

′

𝑐,𝔱 (𝑌
𝜇) (𝜇 ∈ Λ′) will only depend on the coset 𝔱𝑇Λ′, [1,𝑟 ]

inside Λ𝑇𝑐Λ′ . The precise statement will be given in Theorem 7.26(3).
It follows from Remark 7.19 and Proposition 7.25 that for 𝜁 ∈ Λmin and 𝔱 ∈ Λ𝑇

𝜁
Λ′ = 𝑞−𝜁𝑇Λ′, [1,𝑟 ] , the

extended quasi-polynomial representation

𝜋Λ,Λ
′

𝜁 ,𝔱 : HΛ,Λ′ → End(PΛ)

is the twisted version 𝜋Λ,Λ
′

0,1𝑇Λ′
◦ Ξ𝑞−𝜁 𝔱 of the Cherednik representation 𝜋Λ,Λ

′

0,1𝑇Λ′
. The corresponding com-

muting Y-operators are related by the formula

𝜋Λ,Λ
′

𝜁 ,𝔱 (𝑌
𝜇) = 𝑞 〈𝜁 ,𝜇〉𝔱−𝜇 𝜋Λ,Λ

′

0,1𝑇Λ′
(𝑌 𝜇) ∀ 𝜇 ∈ Λ′.
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7.5. The extended eigenvalue equations

In this subsection, we consider the monic quasi-polynomial simultaneous eigenfunctions of 𝜋Λ,Λ
′

𝑐,𝔱 (𝑌
𝜇)

(𝜇 ∈ Λ′).

Theorem 7.26. Let 𝑐 ∈ 𝐶𝐽 , and let O be a W-orbit in OΛ,𝑐 . Let 𝔱 ∈ Λ𝑇𝑐Λ′ such that

(𝔰𝑦𝔱𝑦;𝑐) |Λ′ ≠ (𝔰𝑦′𝔱𝑦′;𝑐) |Λ′ when 𝑦, 𝑦′ ∈ O and 𝑦 ≠ 𝑦′. (7.33)

For all 𝑦 ∈ O, we have
1. There exists a unique simultaneous eigenfunction

𝐸Λ,Λ′
𝑦;𝑐 (𝑥; 𝔱) ∈ P (𝑐)Λ

of the commuting operators 𝜋Λ,Λ
′

𝑐,𝔱 (𝑌
𝜇) (𝜇 ∈ Λ′) satisfying

𝐸Λ,Λ′
𝑦;𝑐 (𝑥; 𝔱) = 𝑥𝑦 + l.o.t. (7.34)

2. We have

𝜋Λ,Λ
′

𝑐,𝔱 (𝑌
𝜇)𝐸Λ,Λ′

𝑦;𝑐 (·; 𝔱) = (𝔰𝑦𝔱𝑦;𝑐)
−𝜇𝐸Λ,Λ′

𝑦;𝑐 (·; 𝔱) ∀ 𝜇 ∈ Λ′. (7.35)

3. If 𝔱 satisfies the more stringent genericity conditions

(𝔰𝑦𝔱𝑦;𝑐) |𝑄∨ ≠ (𝔰𝑦′𝔱𝑦′;𝑐) |𝑄∨ when 𝑦, 𝑦′ ∈ O and 𝑦 ≠ 𝑦′ (7.36)

then

𝐸Λ,Λ′
𝑦;𝑐 (𝑥; 𝔱) = 𝐸𝜔 (𝐽 )𝑦 (𝑥; (𝜔𝔱) |𝑄∨), (7.37)

where 𝜔 ∈ ΩΛ is such that O = O𝜔𝑐 .
Proof. (1)&(2). It suffices to prove that

𝜋Λ,Λ
′

𝑐,𝔱 (𝑌
𝜇)𝑥𝑦 = (𝔰𝑦𝔱𝑦;𝑐)

−𝜇𝑥𝑦 + l.o.t. (𝜇 ∈ Λ′). (7.38)

By Proposition 7.20, Theorem 7.18(2), (7.20) and Proposition 5.28, this is correct for 𝜇 ∈ 𝑄∨. A
straightforward extension of the proof of Proposition 5.28 shows that it holds true for all 𝜇 ∈ Λ′.

(3) The extra assumption on 𝔱 implies that (𝜔𝔱) |𝑄∨ ∈ 𝑇 ′
𝜔 (𝐽 )

; hence, 𝐸𝜔 (𝐽 )𝑦

(
𝑥; (𝜔𝔱) |𝑄∨

)
is well

defined. The result is now an immediate consequence of Theorem 7.18(2) and Theorem 6.3(1). �

As a special case of Theorem 7.26(3), we have for 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇 ′𝐽 ,

𝐸 𝐽𝑦 (𝑥; 𝔱) = 𝐸𝑄
∨ ,𝑄∨

𝑦;𝑐 (𝑥; 𝔱) (𝑦 ∈ O𝑐).

The index c is to indicate that 𝐸Λ,Λ′
𝑦;𝑐 (𝑥; 𝔱) depends on the choice of the representative of OΛ,𝑐 inside

𝐶+. The quasi-polynomials for different choices of representatives are related as follows.

Corollary 7.27. Let 𝑐 ∈ 𝐶+ and choose a W-orbit O in OΛ,𝑐 . Fix 𝔱 ∈ Λ𝑇𝑐Λ′ satisfying (7.33). Then
𝜔𝔱 ∈ 𝑇Λ′ lies in 𝜔𝔱 ∈ Λ𝑇𝜔𝑐Λ′ and satisfies (7.33), and

𝐸Λ,Λ′
𝑦;𝜔𝑐 (𝑥;𝜔𝔱) = 𝐸Λ,Λ′

𝑦;𝑐 (𝑥; 𝔱) ∀ 𝑦 ∈ O. (7.39)

Proof. This follows immediately from the characterisation of 𝐸Λ,Λ′
𝑦;𝑐 (𝑥; 𝔱) as given in Theorem 7.26(1).

�

The following is an extension of Theorem 7.26(3).
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Corollary 7.28. Let (Λ1,Λ′1), (Λ2,Λ′2) ∈ (L×2)𝑒 such that (Λ1,Λ′1) ≤ (Λ2,Λ′2). Let 𝑐 ∈ 𝐶+ and choose
a W-orbit O in OΛ1 ,𝑐 . Fix 𝔱 ∈ Λ2𝑇𝑐Λ′2

such that (7.33) holds true for Λ′ = Λ′1. Then for all 𝑦 ∈ O,

𝐸
Λ1 ,Λ′1
𝑦;𝑐 (𝑥; 𝔱 |Λ′1 ) = 𝐸

Λ2 ,Λ′2
𝑦;𝑐 (𝑥; 𝔱). (7.40)

In particular, the quasi-polynomial 𝐸Λ1 ,Λ′1
𝑦;𝑐 (𝑥; 𝔱 |Λ′1 ) (𝑦 ∈ O) satisfies the extended eigenvalue equations

𝜋
Λ2 ,Λ′2
𝑐,𝔱 (𝑌 𝜇)𝐸

Λ1 ,Λ′1
𝑦;𝑐 (·; 𝔱 |Λ′1 ) = (𝔰𝑦𝔱𝑦;𝑐)

−𝜇𝐸
Λ1 ,Λ′1
𝑦;𝑐 (·; 𝔱 |Λ′1 ) ∀ 𝜇 ∈ Λ′2. (7.41)

Proof. Note that (7.33) also holds true for Λ′ = Λ′2 since Λ′1 ⊆ Λ′2. Hence, both sides of (7.40) are well
defined. The result now follows from Theorem 7.26(1) and Proposition 7.20. �

Remark 7.29. Let 𝜁 ∈ Λ∩𝐸co and impose the assumptions of Theorem 7.26(1). Then (7.33) also holds
true for 𝜏(𝜁)O since 𝔰𝑦+𝜁 = 𝔰𝑦 , and

𝐸Λ,Λ′

𝑦+𝜁 ;𝑐 (𝑥; 𝔱) = 𝑥𝜁 𝐸Λ,Λ′
𝑦;𝑐 (𝑥; 𝔱) (𝜁 ∈ Λ ∩ 𝐸co)

for all 𝑦 ∈ O (compare with Lemma 6.6(2) and its proof).

Under appropriate generic conditions on 𝔱, one can now transport the results on the quasi-polynomial
eigenfunctions 𝐸 𝐽𝑦 (𝑥; 𝔱) from Section 6.1 to 𝐸Λ,Λ′

𝑦;𝑐 (𝑥; 𝔱) using Theorem 7.26(3). We finish this subsection
by giving an explicit example.

For an element 𝑤 ∈ 𝑊Λ, define 𝑑𝑤 ∈ P and 𝑘𝑤 (𝑦) by (6.6) and (5.7), respectively.

Proposition 7.30. Let 𝑐 ∈ 𝐶𝐽 and choose a W-orbit O in OΛ,𝑐 . Let 𝜔 ∈ ΩΛ such that O = O𝜔𝑐 . Fix
𝔱 ∈ Λ𝑇𝑐Λ′ satisfying (7.36) and suppose that 𝔱 is J-regular. Then

1. For 𝑦 ∈ O, we have

𝐸Λ,Λ′
𝑦;𝑐 (𝑥; 𝔱) = 𝑑𝑤𝑦𝜔 (𝔰𝐽 𝔱)

−1𝑘𝑤𝑦𝜔 (𝑐)
−1𝜋Λ,Λ

′

𝑐,𝔱 (𝑆
𝑌
𝑤𝑦𝜔)𝑥

𝑐 .

2. Assume that (7.36) also holds true for the W-orbit 𝜔−1O = O𝑐 in OΛ,𝑐 . Then

𝐸Λ,Λ′
𝜔𝑦;𝑐 (·; 𝔱) = 𝑘𝜔 (𝑦)

−1𝜋Λ,Λ
′

𝑐,𝔱 (𝑆
𝑌
𝜔)𝐸

𝐽
𝑦 (·; 𝔱 |𝑄∨) (𝑦 ∈ O𝑐).

Proof. (1) Fix 𝑦 ∈ O𝜔𝑐 . Then Corollary 7.23, (7.26) and Proposition 7.20 give

𝜋Λ,Λ
′

𝑐,𝔱 (𝑆
𝑌
𝑤𝑦𝜔)𝑥

𝑐 = 𝜅𝐷𝜔 (𝑐)𝜋𝜔𝑐,𝜔𝔱 (𝑆
𝑌
𝑤𝑦 )𝑥

𝜔𝑐 .

Applying Theorem 6.13, we get

𝜋Λ,Λ
′

𝑐,𝔱 (𝑆
𝑌
𝑤𝑦𝜔)𝑥

𝑐 = 𝑘𝑤𝑦 (𝜔𝑐)𝜅𝐷𝜔 (𝑐)𝑑𝑤𝑦 (𝔰𝜔 (𝐽 )𝜔𝔱)𝐸
𝜔 (𝐽 )
𝑦 (𝑥; (𝜔𝔱) |𝑄∨),

so by (7.37), it suffices to show that

𝑑𝑤𝑦 (𝔰𝜔 (𝐽 )𝜔𝔱) = 𝑑𝑤𝑦𝜔 (𝔰𝑐𝔱),

𝑘𝑤𝑦 (𝜔𝑐)𝜅𝐷𝜔 (𝑐) = 𝑘𝑤𝑦𝜔 (𝑐).
(7.42)

For the first equation of (7.42), note that by Lemma 7.9, we have

𝑑𝑤𝑦 (𝔰𝜔 (𝐽 )𝜔𝔱) = 𝑑𝑤𝑦 (𝜔(𝔰𝐽 𝔱)) = (𝜔
−1𝑑𝑤𝑦 ) (𝔰𝐽 𝔱).
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But Π(𝑤𝑦𝜔) = 𝜔−1Π(𝑤𝑦) since 𝜔 ∈ ΩΛ; hence, 𝜔−1𝑑𝑤𝑦 = 𝑑𝑤𝑦𝜔 in P . For the second equation, it
suffices to show that

𝑘𝜔 (𝑦) = 𝜅𝐷𝜔 (𝑦). (7.43)

Write 𝜔 = 𝑤𝜁 ,Λ (𝜁 ∈ Λmin). Then we compute for 𝑦 ∈ 𝐸 ,

𝑘 (𝑤𝜁 ,Λ𝑦) =
∏
𝛼∈Φ+0

𝑘
𝜂 (𝛼(𝑣−1

𝜁 ,Λ𝑦+𝜁 ))/2
𝛼

=
∏

𝛼∈Π (𝑣𝜁 ,Λ)

𝑘
𝜂 (𝛼(𝑣−1

𝜁 ,Λ𝑦)+1)/2
𝛼

∏
𝛽∈Φ+0\Π (𝑣𝜁 ,Λ)

𝑘
𝜂 (𝛽 (𝑣−1

𝜁 ,Λ𝑦))/2
𝛽

=
∏

𝛼∈Π (𝑣𝜁 ,Λ)

𝑘
−𝜂 (−𝛼(𝑣−1

𝜁 ,Λ𝑦))/2
𝛼

∏
𝛽∈Φ+0\Π (𝑣

−1
𝜁 ,Λ)

𝑘
𝜂 (𝛽 (𝑦))/2
𝛽

=
∏

𝛼∈Π (𝑣−1
𝜁 ,Λ)

𝑘
−𝜂 (𝛼(𝑦))/2
𝛼

∏
𝛽∈Φ+0\Π (𝑣

−1
𝜁 ,Λ)

𝑘
𝜂 (𝛽 (𝑦))/2
𝛽 = 𝑘 (𝑦)𝜅𝑣−1

𝜁 ,Λ
(𝑦),

where we have used (7.4) in the second equality, (5.1) and

𝑣𝜁 ,Λ (Φ
+
0 \ Π(𝑣𝜁 ,Λ)) = Φ+0 \ Π(𝑣

−1
𝜁 ,Λ)

in the third equality, and 𝑣𝜁 ,Λ (Π(𝑣𝜁 ,Λ)) = −Π(𝑣−1
𝜁 ,Λ) in the fourth equality. Now (7.43) follows, since

𝐷𝑤𝜁 ,Λ = 𝑣−1
𝜁 ,Λ.

(2) Let 𝜔 ∈ ΩΛ and 𝑦 ∈ O𝑐 . Then 𝜔𝑤𝑦𝜔
−1 = 𝑤𝜔𝑦 , Proposition 6.13 and part (1) of the proposition

give

𝜋Λ,Λ
′

𝑐,𝔱 (𝑆
𝑌
𝜔)𝐸

𝐽
𝑦 (·; 𝔱 |𝑄∨) = 𝑑𝑤𝑦 (𝔰𝐽 𝔱)

−1𝑘𝑤𝑦 (𝑐)
−1𝜋Λ,Λ

′

𝑐,𝔱 (𝑆
𝑌
𝑤𝜔𝑦𝜔)𝑥

𝑐

=
𝑑𝜔𝑤𝑦 (𝔰𝐽 𝔱)𝑘𝜔𝑤𝑦 (𝑐)

𝑑𝑤𝑦 (𝔰𝐽 𝔱)𝑘𝑤𝑦 (𝑐)
𝐸Λ,Λ′
𝜔𝑦;𝑐 (·; 𝔱).

Note that 𝑑𝜔𝑤 = 𝑑𝑤 (𝜔 ∈ ΩΛ, 𝑤 ∈ 𝑊Λ) in P since Π(𝜔𝑤) = Π(𝑤). The result then follows from the
observation that

𝑘𝜔𝑤𝑦 (𝑐)

𝑘𝑤𝑦 (𝑐)
=

𝑘 (𝜔𝑤𝑦𝑐)

𝑘 (𝑤𝑦𝑐)
=

𝑘 (𝜔𝑦)

𝑘 (𝑦)
= 𝑘𝜔 (𝑦).

�

7.6. The theory for the GL𝑟+1 root datum

In this subsection, we make the results of the previous two subsections explicit for the root datum
associated to GL𝑟+1.

Let {𝜖𝑖}𝑟+1𝑖=1 be the standard orthonormal basis of R𝑟+1, and fix a positive integer ℓ ∈ Z>0. Then

Φ0 :=
{
(𝜖𝑖 − 𝜖 𝑗 )/ℓ | 1 ≤ 𝑖 ≠ 𝑗 ≤ 𝑟 + 1

}
⊂ R𝑟+1

is a root system of type 𝐴𝑟 , with roots having squared norm 2/ℓ2 (this particular normalisation of the
basis will be convenient for the metaplectic theory; see Sections 9 and 10). Take 𝛼𝑖 := (𝜖𝑖 − 𝜖𝑖+1)/ℓ
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(1 ≤ 𝑖 ≤ 𝑟) as the simple roots of Φ0. Then 𝜑 = (𝜖1 − 𝜖𝑟+1)/ℓ, and hence,

𝛼0 =
(
(𝜖𝑟+1 − 𝜖1)/ℓ, 1

)
.

The alcove 𝐶+ consists of the vectors 𝑦 = (𝑦1, . . . , 𝑦𝑟+1) ∈ R
𝑟+1 satisfying

𝑦𝑟+1 ≤ 𝑦𝑟 ≤ · · · ≤ 𝑦1 ≤ 𝑦𝑟+1 + ℓ. (7.44)

The face 𝐶𝐽 consists of the vectors 𝑦 ∈ 𝐶+ such that

1. 𝑦𝑖+1 = 𝑦𝑖 if 𝑖 ∈ 𝐽0,
2. 𝑦1 = 𝑦𝑟+1 + ℓ if 0 ∈ 𝐽,
3. the remaining inequalities in (7.44) are strict.

We now take (Λ,Λ′) := (ℓZ𝑟+1, ℓZ𝑟+1) ∈ (L×2)1, with ℓZ𝑟+1 the lattice generated by the basis
{ℓ𝜖𝑖}

𝑟+1
𝑖=1 of R𝑟+1. The abelian group ΩℓZ𝑟+1 is a free group of rank 1 generated by

𝑢 := 𝑤ℓ 𝜖1 ,ℓZ𝑟+1 = 𝜏(ℓ𝜖1)𝑠1 · · · 𝑠𝑟 .

Then 𝑣ℓ 𝜖1 ,ℓZ𝑟+1 = 𝑠𝑟 · · · 𝑠2𝑠1 and 𝑢𝛼 𝑗 = 𝛼 𝑗+1 (0 ≤ 𝑗 ≤ 𝑟) by (2.3), where the indices are read modulo
𝑟 + 1 (this will be done throughout this example).

Note that (R𝑟+1)co = R𝜛 and (R𝑟+1)co ∩ ℓZ𝑟+1 = Z𝜛 with

𝜛 := ℓ(𝜖1 + · · · + 𝜖𝑟+1).

Furthermore, 𝐼ℓZ𝑟+1 = [1, 𝑟] (see (7.5)). A complete set of representatives of the (R𝑟+1)co ∩ ℓZ
𝑟+1-orbits

inside (ℓZ𝑟+1)min is {0} ∪ {𝜛∨
𝑖,ℓZ𝑟+1

}𝑟𝑖=1 with

𝜛∨
𝑖,ℓZ𝑟+1

:= ℓ(𝜖1 + · · · + 𝜖𝑖) (1 ≤ 𝑖 ≤ 𝑟).

For 𝑠, 𝑖 ∈ Z, we have

𝑢𝑠 (𝑟+1)+𝑖 = 𝜏(𝑠𝜛)𝑢𝑖

and

𝑢𝑖 = 𝑤𝜛∨
𝑖,ℓZ𝑟+1

(1 ≤ 𝑖 ≤ 𝑟)

(see, for example, [44, §9.3.5]).

Lemma 7.31. We have

ΩℓZ𝑟+1 ,𝑐 = {1} ∀ 𝑐 ∈ 𝐶+. (7.45)

In particular, ℓZ𝑟+1𝑇𝑐
ℓZ𝑟+1

= 𝑇ℓZ𝑟+1 ,𝐽 for 𝑐 ∈ 𝐶𝐽 and

OℓZ𝑟+1 ,𝑐 =
⊔

(𝑠,𝑖) ∈Z×[0,𝑟 ]
O𝑢𝑖𝑐+𝑠𝜛 .

Proof. If 𝑢𝑠 ∈ ΩℓZ𝑟+1 ,𝑐 , then 𝑐 = 𝑢𝑠 (𝑟+1)𝑐 = 𝑐 + 𝑠𝜛; hence, 𝑠 = 0. �

For 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇ℓZ𝑟+1 ,𝐽 , the 𝐴𝑟 -type quasi-polynomial representation 𝜋𝑐,𝔱 : H → End(P (𝑐) )
can thus be extended to a representation

𝜋̃𝑐,𝔱 := 𝜋ℓZ
𝑟+1 ,ℓZ𝑟+1

𝑐,𝔱 : H̃→ End(P (𝑐)
ℓZ𝑟+1
)
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of the double affine Hecke algebra

H̃ := HℓZ𝑟+1 ,ℓZ𝑟+1 (7.46)

of type GL𝑟+1. Note that H̃ depends on a single multiplicity parameter 𝑘 ∈ F×. Algebraic generators of
H̃ are 𝑥𝜆 (𝜆 ∈ ℓZ𝑟+1), 𝑇𝑖 (1 ≤ 𝑖 ≤ 𝑟) and 𝑢±1 (note that 𝑇0 = 𝑢𝑇𝑟𝑢

−1). The corresponding commuting
elements 𝑌 𝜇 ∈ H̃ for 𝜇 = ℓ

∑𝑟+1
𝑖=1 𝑚𝑖𝜖𝑖 ∈ ℓZ

𝑟+1 (𝑚𝑖 ∈ Z) are explicitly given by

𝑌 𝜇 = (𝑌 ℓ 𝜖1 )𝑚1 · · ·
(
𝑌 ℓ 𝜖𝑟+1

)𝑚𝑟+1
with

𝑌 ℓ 𝜖𝑖 := 𝑇−1
𝑖−1 · · ·𝑇

−1
2 𝑇−1

1 𝑢𝑇𝑟 · · ·𝑇𝑖+1𝑇𝑖 (1 ≤ 𝑖 ≤ 𝑟 + 1). (7.47)

For 𝑖 = 𝑟 + 1, this should be read as 𝑌 ℓ 𝜖𝑟+1 = 𝑇−1
𝑟 · · ·𝑇

−1
2 𝑇−1

1 𝑢.
For 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇ℓZ𝑟+1 ,𝐽 , the extended quasi-polynomial representation

𝜋̃𝑐,𝔱 : H̃→ End(P (𝑐)
ℓZ𝑟+1
)

is then characterised by the formulas

𝜋̃𝑐,𝔱 (𝑇𝑖)𝑥
𝑦 = 𝑘

𝜒Z (𝛼𝑖 (𝑦))
𝑖 𝑥𝑠𝑖 𝑦 + (𝑘𝑖 − 𝑘−1

𝑖 )∇𝑖 (𝑥
𝑦),

𝜋̃𝑐,𝔱 (𝑢)𝑥
𝑦 = 𝔱−ℓ 𝜖𝑟+1𝑦;𝑐 𝑥𝑠1 · · ·𝑠𝑟 𝑦 ,

𝜋̃𝑐,𝔱 (𝑥
𝜆)𝑥𝑦 = 𝑥𝑦+𝜆

for 𝑖 ∈ [1, 𝑟], 𝜆 ∈ ℓZ𝑟+1 and 𝑦 ∈ OℓZ𝑟+1 ,𝑐 . For the corresponding monic quasi-polynomial eigenfunctions

𝐸𝑦;𝑐 (𝑥; 𝔱) := 𝐸ℓZ
𝑟+1 ,ℓZ𝑟+1

𝑦;𝑐 (𝑥; 𝔱)

of the 𝜋̃𝑐,𝔱 (𝑌
𝜇) (𝜇 ∈ ℓZ𝑟+1), we then have the following result.

Corollary 7.32. Let 𝑐 ∈ 𝐶𝐽 and 𝔱 ∈ 𝑇ℓZ𝑟+1 ,𝐽 . Choose a W-orbit O in OℓZ𝑟+1 ,𝑐 and assume that the
generic conditions (7.33) hold true for Λ′ = ℓZ𝑟+1.

1. We have

𝐸𝑦+𝑠𝜛;𝑐 (𝑥; 𝔱) = 𝑥𝑠𝜛𝐸𝑦;𝑐 (𝑥; 𝔱) (7.48)

for 𝑦 ∈ O and 𝑠 ∈ Z.
2. If O = O𝑢𝑖𝑐 (𝑖 ∈ Z) and 𝔱 satisfies the genericity conditions (7.36), then

𝐸𝑦;𝑐 (𝑥; 𝔱) = 𝐸𝑢
𝑖 (𝐽 )
𝑦 (𝑥; (𝑢𝑖𝔱) |𝑄∨) ∀ 𝑦 ∈ O𝑢𝑖𝑐 . (7.49)

Proof.
(1) This is a special case of Remark 7.29.

(2) This is a special case of Theorem 7.26(3). �

Remark 7.33. Writing 𝑖 = 𝑠(𝑟 + 1) + 𝑗 in (7.49) with 𝑠 ∈ Z and 𝑗 ∈ [1, 𝑟], we have 𝑢𝑖 (𝐽) = 𝑢 𝑗 (𝐽) and
(𝑢𝑖𝔱) |𝑄∨ = (𝑞𝑠𝜛𝑢 𝑗𝔱) |𝑄∨ = (𝑢 𝑗𝔱) |𝑄∨ , and so

𝐸𝑦;𝑐 (𝑥; 𝔱) = 𝐸𝑢
𝑗 (𝐽 )
𝑦 (𝑥; (𝑢 𝑗 𝔱) |𝑄∨) ∀ 𝑦 ∈ O𝑢𝑖𝑐 .

This is in agreement with (7.48) in view of Lemma 6.6(2).
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We finish this subsection by giving explicit descriptions of 𝑇ℓZ𝑟+1 ,𝐽 and 𝑇 red
ℓZ𝑟+1 ,𝐽

.
Identifying 𝑇ℓZ𝑟+1 with (F×)𝑟+1 by

𝑇ℓZ𝑟+1
∼
−→ (F×)𝑟+1, 𝔱 ↦→ (𝔱1, . . . , 𝔱𝑟+1)

with 𝔱𝑖 := 𝔱ℓ 𝜖𝑖 (1 ≤ 𝑖 ≤ 𝑟 + 1), we have 𝔱𝛼
∨
0 = 𝑞ℓ

2
𝔱𝑟+1𝔱−1

1 and 𝔱𝛼
∨
𝑖 = 𝔱𝑖𝔱−1

𝑖+1 (1 ≤ 𝑖 ≤ 𝑟). Furthermore, u
then acts on (F×)𝑟+1 by

𝑢𝔱 = (𝑞ℓ
2
𝔱𝑟+1, 𝔱1, . . . , 𝔱𝑟 ).

Combined with (7.45), we then conclude that for 𝑐 ∈ 𝐶𝐽 ,

ℓZ𝑟+1𝑇𝑐
ℓZ𝑟+1

= 𝑇ℓZ𝑟+1 ,𝐽 
 {𝔱 ∈ (F×)𝑟+1 | 𝔱 𝑗 = 𝔱 𝑗+1 ( 𝑗 ∈ 𝐽0) and 𝔱1 = 𝑞ℓ
2
𝔱𝑟+1 if 0 ∈ 𝐽}.

An explicit description of 𝑇 red
ℓZ𝑟+1 ,𝐽

is as follows. Let 𝐽 � [0, 𝑟], which we regard as subset of [1, 𝑟 +1]
by identifying 0 ≡ 𝑟 + 1. Then 𝔱 ∈ 𝑇ℓZ𝑟+1 lies in 𝑇 red

ℓZ𝑟+1 ,𝐽
if and only if

𝔱𝑖 = 𝔱𝑖+1 = · · · = 𝔱 𝑗 = 𝔱 𝑗+1

for all subintervals [𝑖, 𝑗] of [1, 𝑟 + 1] such that 𝑖 − 1, 𝑗 + 1 ∉ 𝐽 (here, the numbers are read modulo 𝑟 + 1
again). In particular, 𝑇 red

ℓZ𝑟+1 ,𝐽
is a subtorus of 𝑇ℓZ𝑟+1 of dimension #([0, 𝑟] \ 𝐽); cf. Remark 6.2 in case

of adjoint root datum.
In the case 𝐽 = [1, 𝑟] corresponding to the usual Macdonald polynomials, one thus has

𝑇ℓZ𝑟+1 , [1,𝑟 ] = 𝑇 red
ℓZ𝑟+1 , [1,𝑟 ] = {𝑧

𝜛 | 𝑧 ∈ F×}.

8. Uniform quasi-polynomial representations

In this section, we re-parametrise the quasi-polynomial representation in a way that allows us to naturally
glue them together to form a uniform quasi-polynomial representation on F[𝐸]. The part of the re-
parametrisation which does not involve twisting will be given by a map

Ĝ → {𝐸 → 𝑇Λ′ }, ĝ ↦→ {𝑦 ↦→ 𝔱𝑦 (ĝ)}

satisfying 𝔱𝑐 (ĝ) ∈ 𝑇Λ′,J(𝑐) (see (3.5)) for all 𝑐 ∈ 𝐶+. The resulting uniform quasi-polynomial represen-
tation of H𝑄∨ ,Λ′ will be a gauged version of⊕

𝑐∈𝐶+

𝜋𝑄
∨ ,Λ′

𝑐,𝔱𝑐 (ĝ)
: H𝑄∨ ,Λ′ → End(F[𝐸]),

which now depends on q, k and on the parametrising set Ĝ of the different choices of uniformizations
of the induction parameters of the quasi-polynomial representations.

Throughout this section, we fix 𝑒 ∈ Z>0 and a pair (Λ,Λ′) ∈ (L×2)𝑒. We assume throughout this
section that F contains a lcm(𝑒, 2ℎ)th root 𝑞

1
lcm(𝑒,2ℎ) of q, which we fix once and for all.

We often do not record the dependence on Λ′ when dealing with multiplicative characters t of Λ′
defined as products of co-character values 𝑧𝛼 (𝑧 ∈ F×, 𝛼 ∈ Φ0) since its interpretation as multiplicative
character on Λ′ is unambiguous (for an example of such a multiplicative character, see (3.12)). If it is
important to specify the lattice, then we write 𝑡 |Λ′ .
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8.1. The g-parameters

The re-parametrisation of the quasi-polynomial representation is based on factorisations of multiplica-
tive characters in terms of co-characters. An important example is the following factorisation of the
multiplicative character 𝑞pr𝐸′ (𝜆) ∈ 𝑇Λ′ for 𝜆 ∈ Λ.
Lemma 8.1. Let 𝜆 ∈ Λ. Then as multiplicative character of Λ′, we have

𝑞pr𝐸′ (𝜆) |Λ′ =
∏
𝛼∈Φ+0

(
𝑞𝛼(𝜆)/ℎ𝛼

)𝛼
|Λ′ .

Proof. Let 𝜆 ∈ Λ. Then pr𝐸′ (𝜆) ∈ pr𝐸′ (Λ) ∈ L; hence, 𝑞pr𝐸′ (𝜆) is well defined as multiplicative
character of Λ′. For 𝜇 ∈ Λ′, we have

𝑞 〈pr𝐸′ (𝜆) ,𝜇〉 = 𝑞
1
ℎ

∑
𝛼∈Φ+0

𝛼(𝜆) 〈𝛼∨ ,𝜇〉

=
∏
𝛼∈Φ+0

(
𝑞𝛼(𝜆)/ℎ𝛼

)𝛼(𝜇)
,

where we used Proposition 2.10 in the first equality and the fact that 𝛼(𝜆) and 𝛼(𝜇) are integers in the
second equality. �

For general multiplicative characters 𝔱 ∈ 𝑇Λ′ , we have the following result. Recall that

Λ′ ∩ 𝐸 ′ ⊆
1
ℎ
𝑄∨

by Proposition 2.10.

Lemma 8.2. Let 𝔱 ∈ 𝑇Λ′ and suppose that there exists a 𝔱̃ ∈ 𝑇 1
ℎ𝑄
∨ such that

𝔱̃ |Λ′∩𝐸′ = 𝔱 |Λ′∩𝐸′ .

For 𝛼 ∈ Φ0, denote by 𝜅𝛼 (̃𝔱) ∈ F× the value of 𝔱̃ at 𝛼∨/ℎ.

1. We have

𝔱 |Λ′∩𝐸′ =
∏
𝛼∈Φ+0

𝜅𝛼 (̃𝔱)
𝛼 |Λ′∩𝐸′ (8.1)

as multiplicative characters of Λ′ ∩ 𝐸 ′ ∈ L.
2. We have

𝜅−𝛼 (̃𝔱) = 𝜅𝛼 (̃𝔱)
−1, 𝜅𝑣𝛼 (̃𝔱) = 𝜅𝛼 (𝑣

−1̃𝔱), 𝜅𝛼 (𝑞
𝜆𝔱) = 𝑞𝛼(𝜆)/ℎ𝛼 𝜅𝛼 (̃𝔱)

for 𝑣 ∈ 𝑊0 and 𝜆 ∈ Λ, where 𝑞𝜆 is viewed here as the multiplicative character of 1
ℎ𝑄
∨ mapping 𝜇 to

𝑞 〈𝜆,𝜇〉 for 𝜇 ∈ 1
ℎ𝑄
∨.

Proof. (1) Let 𝜆 ∈ Λ′ ∩ 𝐸 ′. By Proposition 2.10, we have

𝔱𝜆 = 𝔱̃ pr𝐸′ (𝜆) = 𝔱̃
∑
𝛼∈Φ+0

𝛼(𝜆)
ℎ 𝛼∨

.

Since 𝛼(𝜆) ∈ Z, we conclude that

𝔱𝜆 =
∏
𝛼∈Φ+0

(̃
𝔱 𝛼
∨/ℎ )𝛼(𝜆) = ∏

𝛼∈Φ+0

𝜅𝛼 (̃𝔱)
𝛼(𝜆) .

(2) This follows by a direct check. �
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Let Gamb be the group of tuples f := ( 𝑓𝛼)𝛼∈Φ0 of functions 𝑓𝛼 : R→ F× (the group operation f · f ′
is component-wise pointwise multiplication). For fixed 𝑦 ∈ 𝐸 and f ∈ Gamb, consider the multiplicative
character

𝔱𝑦 (f) :=
∏
𝛼∈Φ+0

𝑓𝛼 (𝛼(𝑦))
𝛼 . (8.2)

Then f ↦→ 𝔱𝑦 (f) |Λ′ defines a group homomorphism Gamb → 𝑇Λ′ .

Remark 8.3. Suppose that 𝑞
1

lcm(𝑒,2ℎ) is part of an injective group homomorphism R ↩→ F×, 𝑑 ↦→ 𝑞 𝑑 .
1. For 𝑦 ∈ 𝐸 , write 𝑞𝑦 |Λ′ for the multiplicative character of Λ′, defined by the formula 𝜇 ↦→ 𝑞 〈𝑦,𝜇〉 for

𝜇 ∈ Λ′. Then we have for 𝑐 ∈ 𝐶𝐽 ,

𝑞𝑐 |Λ′ ∈ 𝑇Λ′,𝐽 , 𝑞pr𝐸′ (𝑐) |Λ′ ∈ 𝑇Λ′,𝐽 .

2. The map 𝐶𝐽 ∩ 𝐸 ′ → 𝑇𝐽 , 𝑐 ↦→ 𝑞𝑐 |𝑄∨ is an injective map with image the set of characters 𝑡 ∈ 𝑇𝐽
taking values in the subgroup {𝑞𝑑}𝑑∈R of F×. Indeed, for such t, its pre-image log𝑞 (𝑡) ∈ 𝐶𝐽 ∩ 𝐸 ′ is
the unique vector such that 𝑡𝛼∨𝑖 = 𝑞 〈𝛼

∨
𝑖 ,log𝑞 (𝑡) 〉 for 𝑖 ∈ [1, 𝑟]. By (the proof of) Lemma 8.2, we then

also have

𝑡 = 𝔱log𝑞 (𝑡) (p̂) |𝑄∨

in T, with p̂ = (𝑝𝛼)𝛼∈Φ0 ∈ Gamb defined by

𝑝𝛼 (𝑑) := 𝑞2𝑑/ℎ ‖𝛼 ‖2 (𝛼 ∈ Φ0, 𝑑 ∈ R). (8.3)

In fact, for this choice of p̂ ∈ Gamb, we have

𝔱𝑦 (p̂) |Λ′ = 𝑞pr𝐸′ (𝑦) |Λ′ (𝑦 ∈ 𝐸), (8.4)

which immediately follows from (2.29).

We will now consider a subset Ĝ ⊂ Gamb such that for all ĝ ∈ Ĝ, the map

𝐸 → 𝑇Λ′ , 𝑦 ↦→ 𝔱𝑦 (ĝ) |Λ′

is W-equivariant. The conditions are motivated by Lemma 8.2(2) and Remark 8.3(2).

Definition 8.4. Denote by Ĝ the tuples ĝ = (𝑔̂𝛼)𝛼∈Φ0 ∈ Gamb satisfying

1. 𝑔̂𝑣𝛼 (𝑑 + ℓ) = 𝑞ℓ/ℎ𝛼 𝑔̂𝛼 (𝑑),
2. 𝑔̂𝛼 (−𝑑) = 𝑔̂𝛼 (𝑑)

−1,
3. 𝑔̂𝛼 (0) = 1
for 𝑣 ∈ 𝑊0, 𝛼 ∈ Φ0, ℓ ∈ Z and 𝑑 ∈ R.

The restriction of ĝ𝛼 to 1
2Z is determined by the sign 𝜖 ∈ {±1} such that

𝑔̂𝛼
(1
2
)
= 𝜖𝑞

1
2ℎ
𝛼 .

Furthermore, the invariance properties from Definition 8.4(1)&(2) may be reformulated as an equivari-
ance property for suitable actions of the infinite dihedral group on R and F×. The restriction of 𝑔̂𝛼 to
R \ 1

2Z is then determined by 𝑔̂𝛼 |(0,1/2) , which may be chosen arbitrarily.

Example 8.5. p̂ ∈ Gamb defined in Remark 8.3(2) lies in Ĝ.
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Remark 8.6. The subset Ĝ is a G-coset in Gamb, with G the subgroup of Gamb consisting of tuples
g = (𝑔𝛼)𝛼∈Φ0 satisfying

1. 𝑔𝑣𝛼 (𝑑 + ℓ) = 𝑔𝛼 (𝑑),
2. 𝑔𝛼 (−𝑑) = 𝑔𝛼 (𝑑)

−1,
3. 𝑔𝛼 (0) = 1

for 𝑣 ∈ 𝑊0, 𝛼 ∈ Φ0, ℓ ∈ Z and 𝑑 ∈ R.

Lemma 8.7. Let ĝ ∈ Ĝ. Then

𝔱𝜆(ĝ) |Λ′ = 𝑞pr𝐸′ (𝜆) |Λ′ (8.5)

for all 𝜆 ∈ Λ.

Proof. For 𝜆 ∈ Λ and 𝛼 ∈ Φ+0 , we have 𝛼(𝜆) ∈ Z; hence,

𝑔̂𝛼 (𝛼(𝜆)) = 𝑞𝛼(𝜆)/ℎ𝛼

by Definition 8.4(1)&(3). The result now follows from Lemma 8.1. �

Lemma 8.8. Let ĝ ∈ Ĝ, g ∈ G and 𝑦 ∈ 𝐸 . Then

1. 𝔱𝑦 (ĝ) |Λ′ ∈ 𝑇Λ′ does not depend on the choice Φ+0 of positive roots,
2. We have 𝔱𝑤𝑦 (ĝ) |Λ′ = (𝑤𝔱𝑦 (ĝ)) |Λ′ for all 𝑤 ∈ 𝑊𝑃∨ .
3. We have 𝔱𝑤𝑦 (ĝ) |𝑃∨ = (𝑤𝔱𝑦 (ĝ)) |𝑃∨ for all 𝑤 ∈ 𝑊Λ.
4. We have 𝔱𝑤𝑦 (g) = (𝐷𝑤)𝔱𝑦 (g) for all 𝑤 ∈ 𝑊Λ.

Proof. (1) This follows from the fact that 𝑔̂−𝛼 (−𝑑) = 𝑔̂−𝛼 (𝑑)
−1 = 𝑔̂𝛼 (𝑑)

−1.
(2)&(3) For 𝑣 ∈ 𝑊0, we have

𝔱𝑣𝑦 (ĝ) =
∏
𝛼∈Φ+0

𝑔̂𝑣𝛼 (𝛼(𝑦))
𝑣𝛼 =

∏
𝛼∈Φ+0

𝑔̂𝛼 (𝛼(𝑦))
𝑣𝛼 = 𝑣𝔱𝑦 (ĝ)

in 𝑇Λ′ , where we have used (1) in the first equality. For 𝜆 ∈ Λ, we have in 𝑇Λ′ ,

𝔱𝑦+𝜆(ĝ) =
∏
𝛼∈Φ+0

𝑔̂𝛼 (𝛼(𝑦) + 𝛼(𝜆))
𝛼 =

∏
𝛼∈Φ+0

𝑞𝛼(𝜆)𝛼/ℎ𝛼 𝑔̂𝛼 (𝛼(𝑦))
𝛼 = 𝑞pr𝐸′ (𝜆) 𝔱𝑦 (ĝ), (8.6)

where the last equality is due to Lemma 8.1. When 𝜆 ∈ 𝑃∨, we conclude from (8.6) that 𝔱𝑦+𝜆(ĝ) =
𝑞𝜆𝔱𝑦 (ĝ) = 𝜏(𝜆)𝔱𝑦 (ĝ) in 𝑇Λ′ , which proves (2). For (3), note that for 𝜆 ∈ Λ,

𝑞pr𝐸′ (𝜆) |𝑃∨ = 𝑞𝜆 |𝑃∨

since 𝑃∨ ⊂ 𝐸 ′. Hence, (8.6) also implies that 𝔱𝑦+𝜆(ĝ) |𝑃∨ = (𝜏(𝜆)𝔱𝑦 (ĝ)) |𝑃∨ for all 𝜆 ∈ Λ. This proves (3).
(4) This is immediate for 𝑤 = 𝜏(𝜆) with 𝜆 ∈ Λ since 𝑔𝛼 is 1-periodic. For 𝑤 = 𝑣 ∈ 𝑊0, it follows as

in the proof of (2). �

Denote 𝑇 red
Λ,𝐽 := 𝑇 red

Λ,𝐽 ∩ 𝑇Λ, with 𝑇Λ given by (3.5).

Corollary 8.9. Let 𝑐 ∈ 𝐶𝐽 , ĝ ∈ Ĝ and g ∈ G. We then have 𝔱𝑐 (ĝ) |Λ′ ∈ 𝑇Λ′,𝐽 and 𝔱𝑐 (g) |Λ′ ∈ 𝑇 red
Λ′,𝐽 .

Proof. Let 𝑐 ∈ 𝐶𝐽 and 𝑗 ∈ 𝐽. We have 𝑠 𝑗𝔱𝑐 (ĝ) = 𝔱𝑠 𝑗𝑐 (ĝ) = 𝔱𝑐 (ĝ) in 𝑇𝑃∨ by Lemma 8.8(2). By (2.37),
we conclude that 𝔱𝑐 (ĝ)𝛼

∨
𝑗 = 1. Hence, 𝔱𝑐 (ĝ) ∈ 𝑇Λ′,𝐽 . Clearly, 𝔱𝑐 (ĝ) |Λ′∩𝐸co ≡ 1; hence, 𝔱𝑐 (ĝ) ∈ 𝑇Λ′,𝐽 .

The statement about 𝔱𝑐 (g) follows in the same way, now using Lemma 8.8(3). �
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We will now add a 𝑇Λ′, [1,𝑟 ]-factor to 𝔱𝑦 (ĝ) (cf. Lemma 3.3). For the associated extended quasi-
polynomial representations of H𝑄∨ ,Λ′ , this corresponds to twisting by an algebra automorphism Ξ𝔱

(𝔱 ∈ 𝑇Λ′, [1,𝑟 ] 
 Hom(ΩΛ′ ,F×)); see (the proof of) Proposition 7.25.

Definition 8.10.

1. Denote by CΛ,Λ′ the space of functions 𝔠 : 𝐸co → 𝑇Λ′, [1,𝑟 ] such that

𝔠(𝑦 + 𝜆) = 𝑞𝜆𝔠(𝑦) ∀ 𝑦 ∈ 𝐸co, ∀𝜆 ∈ pr𝐸co (Λ). (8.7)

2. For 𝔠 ∈ CΛ,Λ′ , ĝ ∈ Ĝ and 𝑦 ∈ 𝐸 , set

𝔱𝑦 (ĝ, 𝔠) := 𝔱𝑦 (ĝ)𝔠
(
pr𝐸co (𝑦)

)
∈ 𝑇Λ′

(we suppress the dependence on the two lattices Λ,Λ′).

Since 𝔠(𝑦) |𝑄∨ = 1𝑇 for 𝔠 ∈ CΛ,Λ′ and 𝑦 ∈ 𝐸co, the set CΛ,Λ′ identifies with the set of functions
𝐸co/pr𝐸co (Λ) → Hom(Λ′/𝑄∨,F×) 
 Hom(ΩΛ′ ,F×). In particular, CΛ,Λ′ is nonempty. Note that

𝔠(pr𝐸co (𝜆)) = 𝑞pr𝐸co (𝜆)𝔠(0) (𝜆 ∈ Λ) (8.8)

as multiplicative characters of Λ′. Furthermore, if (Λ𝑖 ,Λ′𝑖) ∈ (L×2)𝑒 and (Λ1,Λ′1) ≤ (Λ2,Λ′2), then the
assignment 𝔠 ↦→ 𝔠(·) |Λ′1 defines a map CΛ2 ,Λ′2

→ CΛ1 ,Λ′1
.

For 𝜇 ∈ Λ′, we have

𝔱𝑦 (ĝ, 𝔠)𝜇 = 𝔱𝑦 (ĝ)pr𝐸′ (𝜇)𝔠(pr𝐸co (𝑐𝑦))
𝜇 . (8.9)

Special cases of this formula are

𝔱𝑦 (ĝ, 𝔠)𝜇 = 𝔱𝑦 (ĝ)𝜇 (𝜇 ∈ 𝑄∨), 𝔱𝑦 (ĝ, 𝔠)𝜈 = 𝔠(pr𝐸co (𝑐𝑦))
𝜈 (𝜈 ∈ Λ′ ∩ 𝐸co).

Example 8.11. Consider the setup of Remark 8.3. Then

𝔠(𝑦) := 𝑞𝑦 ∈ 𝑇Λ′ (𝑦 ∈ 𝐸co)

lies CΛ,Λ′ . Taking p = (𝑝𝛼)𝛼∈Φ0 ∈ Ĝ with 𝑝𝛼 (𝑑) defined by (8.3), we then have for any 𝑦 ∈ 𝐸 ,

𝔱𝑦 (p̂, 𝔠) = 𝔱𝑦 (p̂)𝑞pr𝐸co (𝑦) = 𝑞𝑦 (8.10)

in 𝑇Λ′ . Here, we used (8.4) for the second equality.

Lemma 8.8 and Corollary 8.9 generalize as follows.

Lemma 8.12. Let ĝ ∈ Ĝ, 𝔠 ∈ CΛ,Λ′ and 𝑦 ∈ 𝐸 .

1. For 𝑤 ∈ 𝑊Λ, we have

𝔱𝑤𝑦 (ĝ, 𝔠) = 𝑤𝔱𝑦 (ĝ, 𝔠)

in 𝑇Λ′ .
2. 𝔱𝑐 (ĝ, 𝔠) ∈ Λ𝑇𝑐Λ′ for 𝑐 ∈ 𝐶+. In particular, for 𝑐 ∈ 𝐶𝐽 , we have 𝔱𝑐 (p̂, 𝔠) ∈ 𝑇Λ′,𝐽 .
3. For 𝑦 = 𝜆 ∈ Λ, we have

𝔱𝜆 (ĝ, 𝔠) = 𝑞𝜆𝔠(0)

as multiplicative characters of Λ′.
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Proof. (1) By Lemma 8.8(2) and the fact that 𝔠 takes values in 𝑇𝑊0
Λ′ , we have 𝔱𝑣𝑦 (ĝ, 𝔠) = 𝑣𝔱𝑦 (ĝ, 𝔠) in 𝑇Λ′

for 𝑣 ∈ 𝑊0. Let 𝜆 ∈ Λ. By (8.6), we have

𝔱𝑦+𝜆(ĝ) = 𝑞pr𝐸′ (𝜆) 𝔱𝑦 (ĝ)

in 𝑇Λ′ . By (8.7), we have

𝔠(pr𝐸co (𝑦 + 𝜆)) = 𝑞pr𝐸co (𝜆)𝔠(pr𝐸co (𝑦))

in 𝑇Λ′ . Combining both formulas, we conclude that

𝔱𝑦+𝜆(ĝ, 𝔠) = 𝑞𝜆𝔱𝑦 (ĝ, 𝔠)

in 𝑇Λ′ , which completes the proof.
(2) Suppose now that 𝑐 ∈ 𝐶𝐽 . Then 𝔱𝑐 (ĝ, 𝔠) ∈ 𝑇Λ′,𝐽 by Corollary 8.9 and by the fact that 𝔠 takes

values in 𝑇Λ′, [1,𝑟 ] . Furthermore, for 𝜔 ∈ ΩΛ,𝑐 ,

𝜔𝔱𝑐 (ĝ, 𝔠) = 𝔱𝜔𝑐 (ĝ, 𝔠) = 𝔱𝑐 (ĝ, 𝔠)

by part (1) of the lemma. Hence, 𝔱𝑐 (ĝ, 𝔠) ∈ Λ𝑇𝑐Λ′ .
(3) For 𝜆 ∈ Λ, we have in 𝑇Λ′ ,

𝔱𝜆 (ĝ, 𝔠) = 𝔱𝜆 (ĝ)𝔠(pr𝐸co (𝜆)) = 𝑞pr𝐸′ (𝜆)𝑞pr𝐸co (𝜆)𝔠(0) = 𝑞𝜆𝔠(0),

where we used Lemma 8.7 and (8.9) for the second equality. �

Remark 8.13. Let ĝ ∈ Ĝ, 𝔠 ∈ CΛ,Λ′ and 𝑐 ∈ 𝐶+. Applying Definition 7.16 to the multiplicative character
𝔱𝑐 (ĝ, 𝔠) ∈ Λ𝑇𝑐Λ′ gives rise to the multiplicative characters

𝔱𝑐 (ĝ, 𝔠)𝑤𝑐;𝑐 = 𝑤𝔱𝑐 (ĝ, 𝔠) ∈ 𝑇Λ′ (𝑤 ∈ 𝑊Λ).

It then follows from Lemma 8.12 that

𝔱𝑐 (ĝ, 𝔠)𝑤𝑐;𝑐 = 𝔱𝑤𝑐 (ĝ, 𝔠) ∈ 𝑇Λ′ (𝑤 ∈ 𝑊Λ) (8.11)

in 𝑇Λ′ .

The following extension of Lemma 7.17 is a direct consequence of Lemma 8.12(2).

Lemma 8.14. Let ĝ ∈ Ĝ and 𝔠 ∈ CΛ,Λ′ . The formulas

𝑤 ·̂g,𝔠 𝑥
𝑦 := 𝑤𝔱𝑐𝑦 (ĝ,𝔠)𝑥

𝑦 (𝑤 ∈ 𝑊Λ′ , 𝑦 ∈ 𝐸)

define a linear left 𝑊Λ′-action on F[𝐸].

Concretely, by Remark 8.13, we have the formulas

𝑣 ·̂g,𝔠 𝑥
𝑦 := 𝑥𝑣𝑦 (𝑣 ∈ 𝑊0),

𝜏(𝜇) ·̂g,𝔠 𝑥
𝑦 := 𝔱𝑦 (ĝ, 𝔠)−𝜇𝑥𝑦 (𝜇 ∈ Λ′),

for 𝑦 ∈ 𝐸 . Furthermore,

𝑠0 ·̂g,𝔠 𝑥
𝑦 = 𝔱𝑦 (ĝ, 𝔠)𝜑

∨

𝑥𝑠𝜑 𝑦 , (𝑤𝜁 ,Λ′ ) ·̂g,𝔠 𝑥
𝑦 = 𝔱𝑣−1

𝜁 ,Λ′
𝑦 (ĝ, 𝔠)

−𝜁 𝑥
𝑣−1
𝜁 ,Λ′

𝑦 (8.12)
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for 𝜁 ∈ Λ′min, which follows from Remark 8.13 and (7.14). Since 𝔠 takes values in 𝑇Λ′, [1,𝑟 ] , we have that

𝑤 ·̂g,𝔠 𝑥
𝑦 = Θ𝔠 (pr𝐸co (𝑦))

(𝑤)
(
𝑤𝔱𝑐𝑦 (ĝ) (𝑥

𝑦)
)

for 𝑤 ∈ 𝑊Λ′ and 𝑦 ∈ 𝐸 by (7.32). In particular, the 𝔠-dependence of the 𝑊Λ′-action ·̂g,𝔠 on F[𝐸]
(and later on, in Theorem 8.19, the 𝔠-dependence of the corresponding extended double affine Hecke
algebra representation), corresponds to twisting the representations by multiplicative characters of ΩΛ′;
cf. Proposition 7.25.

Example 8.15. Consider the setup of Example 8.11. Then we have

𝜏(𝜇) ·̂p,𝔠 𝑥
𝑦 = 𝑞−〈𝜇,𝑦〉𝑥𝑦 (𝜇 ∈ Λ′, 𝑦 ∈ 𝐸), (8.13)

so in this case, ·̂p,𝔠 is the standard 𝑊Λ′-action on F[𝐸] by q-translations and reflections.

8.2. The uniform quasi-polynomial representation

For ĝ ∈ Ĝ, 𝔠 ∈ CΛ,Λ′ and 𝑐 ∈ 𝐶+, we have the extended quasi-polynomial representation

𝜋Λ,Λ
′

𝑐,𝔱𝑐 (ĝ,𝔠)
: HΛ,Λ′ → End(P (𝑐)Λ )

from Theorem 7.18, since 𝔱𝑐 (ĝ, 𝔠) ∈ Λ𝑇𝑐Λ′ by Lemma 8.12(2). Their direct sum turns F[𝐸] into an
HΛ,Λ′-module, with an explicit (ĝ, 𝔠)-dependent HΛ,Λ′-action in terms of truncated Demazure-Lusztig
operators.

To connect it to metaplectic representation theory, in particular to the GL𝑟+1-type double affine
Hecke algebra representation from [38, §5], it is convenient to fix a representative p̂ of Ĝ and twist the
HΛ,Λ′-actions 𝜋Λ,Λ

′

𝑐,𝔱𝑐 (p̂·g,𝔠)
on P (𝑐)Λ by a linear automorphism of P (𝑐)Λ that separates the parameters g ∈ G

from p̂ · g ∈ Ĝ (the explicit connection to the metaplectic representation theory will be the subject of
Section 10). The linear automorphism, depending on g ∈ G, is defined as follows.

Lemma 8.16. Let 𝑐 ∈ 𝐶+ and g ∈ G. There exists a unique PΛ-linear automorphism Γ (𝑐)Λ,g of P (𝑐)Λ
satisfying

Γ (𝑐)Λ,g (𝑥
𝑤𝑐) =

���
∏

𝛼∈Π (𝐷𝑤)

𝑔𝛼 (𝛼(𝑐))
���𝑥𝑤𝑐 (𝑤 ∈ 𝑊Λ). (8.14)

Proof. Let Fcl be the algebraic closure of F. Write Gcl for the space of g-parameters G over the field Fcl
(see Remark 8.6). For 𝛼 ∈ Φ0, choose g̃ = (𝑔̃𝛼 (𝑑))𝛼∈Φ0 ∈ Gcl satisfying 𝑔̃𝛼 (𝑑)

2 = 𝑔𝛼 (𝑑) for 𝛼 ∈ Φ0
and 𝑑 ∈ R. Define 𝛾g̃ : 𝐸 → F×cl by

𝛾g̃ (𝑦) :=
∏
𝛼∈Φ+0

𝑔̃𝛼 (𝛼(𝑦)). (8.15)

Then

𝛾g̃ (𝑦 + 𝜇) = 𝛾g̃ (𝑦) (𝜇 ∈ Λ),

𝛾g̃ (𝑣𝑦) =
���
∏

𝛼∈Π (𝑣)

𝑔𝛼 (𝛼(𝑦))
−1���𝛾g̃ (𝑦) (𝑣 ∈ 𝑊0).

(8.16)
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Let Γ (𝑐)Λ,g be the Fcl-linear automorphism of
⊕

𝑦∈OΛ,𝑐
Fcl𝑥

𝑦 defined by

Γ (𝑐)Λ,g (𝑥
𝑦) :=

𝛾g̃ (𝑐)

𝛾g̃ (𝑦)
𝑥𝑦 (𝑦 ∈ OΛ,𝑐). (8.17)

Then

Γ (𝑐)Λ,g (𝑥
𝑤𝑐) =

���
∏

𝛼∈Π (𝐷𝑤)

𝑔𝛼 (𝛼(𝑐))
���𝑥𝑤𝑐 (𝑤 ∈ 𝑊Λ)

by (8.16). Hence, Γ (𝑐)Λ,g does not depend on the choice of g̃, and it restricts to a F-linear automorphism
of P (𝑐)Λ satisfying (8.14). Note that Γ (𝑐)Λ,g is PΛ-linear due to Λ-translation invariance of 𝛾g̃. �

Remark 8.17. If 𝑐′ ∈ OΛ,𝑐 ∩ 𝐶+, then 𝑐′ = 𝜔𝑐 for some 𝜔 ∈ ΩΛ and

Γ (𝑐)Λ,g =
���
∏

𝛼∈Π (𝐷𝜔)

𝑔𝛼 (𝛼(𝑐))
���Γ (𝜔𝑐)Λ,g

in view of (8.17) and (8.16).

The 𝑊Λ′-action ·̂g,𝔠 on F[𝐸] from Lemma 8.14 preserves P (𝑐)Λ . The following lemma shows that
Γ (𝑐)Λ,g intertwines the 𝑊Λ′-action ·̂p,𝔠 on P (𝑐)Λ with a twisted version of the 𝑊Λ′-action ·̂g,𝔠 on P (𝑐)Λ , where
ĝ := p̂ · g.

Lemma 8.18. Let 𝑐 ∈ 𝐶+, p̂ ∈ Ĝ, g ∈ G and 𝔠 ∈ CΛ,Λ′ . Set ĝ := p̂ · g ∈ Ĝ. Then

Γ (𝑐)Λ,g
(
𝑤 ·̂p,𝔠 Γ

(𝑐) −1
Λ,g (𝑥𝑦)

)
=
���
∏

𝑎∈Π (𝑤)

𝑔𝐷𝑎 (𝑎(𝑦))
���𝑤 ·̂g,𝔠 𝑥𝑦

for 𝑤 ∈ 𝑊Λ′ and 𝑦 ∈ OΛ,𝑐 .

Proof. We use the notations introduced in the proof of Lemma 8.16. Fix 𝑐 ∈ 𝐶+. By a standard argument
using (2.12) and Remark 8.6(1), it suffices to prove that

Γ (𝑐)Λ,g
(
𝑠 𝑗 ·̂p,𝔠 Γ

(𝑐) −1
Λ,g (𝑥𝑦)

)
= 𝑔𝐷𝛼𝑗 (𝛼 𝑗 (𝑦)) 𝑠 𝑗 ·̂g,𝔠 𝑥

𝑦 (8.18)

for 𝑗 ∈ [0, 𝑟] and 𝑦 ∈ OΛ,𝑐 and

Γ (𝑐)Λ,g
(
𝜔 ·̂p,𝔠 Γ

(𝑐) −1
Λ,g (𝑥𝑦)

)
= 𝜔 ·̂g,𝔠 𝑥

𝑦 (8.19)

for 𝜔 ∈ ΩΛ′ and 𝑦 ∈ OΛ,𝑐 .
For 𝑖 ∈ [1, 𝑟] and 𝑦 ∈ OΛ,𝑐 , we have

Γ (𝑐)Λ,g
(
𝑠𝑖 ·̂p,𝔠 Γ

(𝑐) −1
Λ,g (𝑥𝑦)

)
=

𝛾g̃ (𝑦)

𝛾g̃ (𝑠𝑖𝑦)
𝑥𝑠𝑖 𝑦 = 𝑔𝛼𝑖 (𝛼𝑖 (𝑦)) 𝑠𝑖 ·̂g,𝔠 𝑥

𝑦 ,

which is (8.18) for 𝑗 = 𝑖 ∈ [1, 𝑟]. By (8.12), we have for 𝑦 ∈ OΛ,𝑐 ,

Γ (𝑐)Λ,g
(
𝑠0 ·̂p,𝔠 Γ

(𝑐) −1
Λ,g (𝑥𝑦)

)
=

𝛾g̃ (𝑦)

𝛾g̃ (𝑠𝜑𝑦)
𝔱𝑦 (p̂, 𝔠)𝜑

∨

𝑥𝑠𝜑 𝑦 .
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Since 𝔱𝑦 (ĝ, 𝔠) = 𝔱𝑦 (p̂, 𝔠)𝔱𝑦 (g), formula (8.18) for 𝑗 = 0 then follows from the fact that

𝔱𝑦 (g)𝜑
∨

= 𝑔𝜑 (𝜑(𝑦))
∏

𝛼∈Π (𝑠𝜑 )

𝑔𝛼 (𝛼(𝑦)) =
𝛾g̃ (𝑦)

𝑔𝐷𝛼0 (𝛼0 (𝑦))𝛾g̃(𝑠𝜑𝑦)

by (2.4), (2.18) and (8.16).
It remains to prove (8.19). By (8.12), we have for 𝑦 ∈ 𝐸 and 𝜁 ∈ Λ′min,

𝑤𝜁 ,Λ′ ·̂g,𝔠 𝑥
𝑦 = 𝔱𝑣−1

𝜁 ,Λ′
𝑦 (g)

−𝜁 (𝑤𝜁 ,Λ′ ·̂p,𝔠 𝑥
𝑦).

Formula (8.19) will thus follow from the equality

𝛾g̃ (𝑦)

𝛾g̃ (𝑣
−1
𝜁 ,Λ′𝑦)

= 𝔱𝑣 −1
𝜁 ,Λ′

𝑦 (g)
−𝜁 (𝜁 ∈ Λ′min). (8.20)

This in turn follows from a straightforward computation using (7.4), (8.16) and Remark 8.6. �

We now have the following uniform variant of the quasi-polynomial representation 𝜋Λ,Λ
′

𝑐,𝔱 of HΛ,Λ′

from Theorem 7.18.
Theorem 8.19. Let g ∈ G, p̂ ∈ Ĝ and 𝔠 ∈ CΛ,Λ′ .
1. The formulas

𝜋Λ,Λ
′

g,p̂,𝔠 (𝑇𝑗 )𝑥
𝑦 := 𝑘

𝜒Z (𝛼𝑗 (𝑦))
𝑗 𝑔𝐷𝛼𝑗 (𝛼 𝑗 (𝑦))

−1𝑠 𝑗 ·̂p,𝔠 𝑥
𝑦 + (𝑘 𝑗 − 𝑘−1

𝑗 )∇ 𝑗 (𝑥
𝑦),

𝜋Λ,Λ
′

g,p̂,𝔠 (𝑥
𝜆)𝑥𝑦 := 𝑥𝑦+𝜆,

𝜋Λ,Λ
′

g,p̂,𝔠 (𝜔)𝑥
𝑦 := 𝜔 ·̂p,𝔠 𝑥

𝑦

(8.21)

for 𝑗 ∈ [0, 𝑟], 𝜆 ∈ Λ, 𝜔 ∈ ΩΛ′ and 𝑦 ∈ 𝐸 define a representation

𝜋Λ,Λ
′

g,p̂,𝔠 : HΛ,Λ′ → End(F[𝐸]).

2. Let 𝑐 ∈ 𝐶+. Then P (𝑐)Λ is aHΛ,Λ′-submodule of (F[𝐸], 𝜋Λ,Λ
′

g,p̂,𝔠), and the PΛ-linear automorphism Γ (𝑐)Λ,g

of P (𝑐)Λ realises an isomorphism

Γ (𝑐)Λ,g :
(
P (𝑐)Λ , 𝜋Λ,Λ

′

g,p̂,𝔠 (·) |P (𝑐)Λ

) ∼
−→ P (𝑐)

Λ,𝔱𝑐 (ĝ,𝔠)

of HΛ,Λ′-modules, where ĝ := p̂ · g ∈ Ĝ.

Proof. Fix 𝑐 ∈ 𝐶+. The linear operators on F[𝐸] defined by (8.21) preserve P (𝑐)Λ , and 𝔱𝑐 (ĝ, 𝔠) ∈ Λ𝑇𝑐Λ′
by Corollary 8.9. In view of Theorem 7.18, it thus suffices to show that

Γ (𝑐)Λ,g
(
𝜋Λ,Λ

′

g,p̂,𝔠 (ℎ)Γ
(𝑐) −1
Λ,g (𝑥𝑦)

)
= 𝜋Λ,Λ

′

𝑐,𝔱𝑐 (ĝ,𝔠)
(ℎ)𝑥𝑦 (𝑦 ∈ OΛ,𝑐) (8.22)

for ℎ = 𝑇𝑗 (0 ≤ 𝑗 ≤ 𝑟), ℎ = 𝑥𝜆 (𝜆 ∈ Λ) and ℎ = 𝜔 (𝜔 ∈ ΩΛ′).
For ℎ = 𝑥𝜆 (𝜆 ∈ Λ), this is trivial. For ℎ = 𝑇𝑗 , note that Γ (𝑐)Λ,g commutes with the truncated divided

difference operator ∇ 𝑗 since Γ (𝑐)Λ,g is P-linear. Hence, in this case, (8.22) follows from Lemma 8.18.
Finally, for ℎ = 𝜔 (𝜔 ∈ ΩΛ′), formula (8.22) follows from Lemma 8.14 and (8.19). �

Remark 8.20. Recall that both the definition of the extended quasi-polynomial representation 𝜋Λ,Λ
′

𝑐,𝔱𝑐 (ĝ,𝔠)

of HΛ,Λ′ and of Γ (𝑐)Λ,g ∈ EndPΛ (P
(𝑐)
Λ ) depend on the choice of a representative c of the 𝑊Λ-orbit OΛ,𝑐
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inside 𝐶+ (see Remark 7.19 and Remark 8.17). This is no longer the case for
(
P (𝑐)Λ , 𝜋Λ,Λ

′

g,p̂,𝔠 (·) |P (𝑐)Λ

)
, but

now it depends on a choice of a base-point p̂ ∈ Ĝ. Note that for all 𝑐 ∈ 𝐶+,

𝜋Λ,Λ
′

g,p̂,𝔠 (·) |P (𝑐)Λ

 𝜋Λ,Λ

′

g′,p̂′,𝔠 (·) |P (𝑐)Λ

when p̂ · g = p̂′ · g′, in view of Theorem 8.19(3).
The uniform quasi-polynomial representations for different root data are related as follows.

Lemma 8.21. Let (Λ𝑖 ,Λ′𝑖) ∈ (L×2)𝑒 such that (Λ1,Λ′1) ≤ (Λ2,Λ′2). Then

𝜋
Λ2 ,Λ′2
g,p̂,𝔠 |HΛ1 ,Λ

′
1
= 𝜋

Λ1 ,Λ′1
g,p̂,𝔠 ( ·) |Λ′1

.

Proof. This is immediate (cf. Proposition 7.20). �

8.3. Uniform quasi-polynomial eigenfunctions

In the following theorem, we introduce the uniform versions of the monic quasi-polynomial eigenfunc-
tions 𝐸Λ,Λ′

𝑦;𝑐 (𝑥; 𝔱) from Theorem 7.26.

Proposition 8.22. Let O ⊂ 𝐸 be a W-orbit, p̂ ∈ Ĝ, 𝔠 ∈ CΛ,Λ′ and g ∈ G such that

𝔰𝑦𝔱𝑦 (ĝ, 𝔠) ≠ 𝔰𝑦′𝔱𝑦′ (ĝ, 𝔠) in 𝑇Λ′ when 𝑦, 𝑦′ ∈ O and 𝑦 ≠ 𝑦′, (8.23)

where ĝ := p̂ · g ∈ Ĝ. For each 𝑦 ∈ O, the following holds true.
1. There exists a unique joint eigenfunction EΛ,Λ′

𝑦 (𝑥; g, p̂, 𝔠) ∈ F[𝐸] of the commuting operators
𝜋Λ,Λ

′

g,p̂,𝔠 (𝑌
𝜇) (𝜇 ∈ Λ′) satisfying

EΛ,Λ′
𝑦 (𝑥; g, p̂, 𝔠) = 𝑥𝑦 + l.o.t. (8.24)

2. We have

𝜋Λ,Λ
′

g,p̂,𝔠 (𝑌
𝜇)EΛ,Λ′

𝑦 (·; g, p̂, 𝔠) = (𝔰𝑦𝔱𝑦 (ĝ, 𝔠))−𝜇EΛ,Λ′
𝑦 (·; g, p̂, 𝔠) ∀ 𝜇 ∈ Λ′. (8.25)

3. We have

Γ
(𝑐𝑦 )

Λ,g

(
EΛ,Λ′
𝑦 (𝑥; g, p̂, 𝔠)

)
=
���
∏

𝛼∈Π (𝑣−1
𝑦 )

𝑔𝛼 (𝛼(𝑐𝑦))
���𝐸Λ,Λ′
𝑦;𝑐𝑦 (𝑥; 𝔱𝑐𝑦 (ĝ, 𝔠)). (8.26)

Proof. Write 𝑐 = 𝑐𝑦 ∈ 𝐶+. Note that (8.23) implies the genericity condition (7.33) for 𝔱 = 𝔱𝑐 (ĝ, 𝔠) ∈
Λ𝑇𝑐Λ′ , in view of (8.11). Hence, the right-hand side of (8.26) is well defined. The result now follows
immediately from Theorem 8.19(2), Theorem 7.26(1)&(2) and Lemma 8.16. �

Note that

EΛ,Λ′
𝑦 (𝑥; g, p̂, 𝔠) = 𝑥𝑦 when 𝑦 ∈ 𝐶+

by (8.24). In particular, this holds true when 𝑦 ∈ 𝐸co = 𝐶 [1,𝑟 ] .
The explicit formula for the Y-weight of EΛ,Λ′

𝑦 (𝑥; g, p̂, 𝔠) ∈ F[𝐸] is

𝔰𝑦𝔱𝑦 (ĝ, 𝔠) = 𝔠(pr𝐸co (𝑦))
∏
𝛼∈Φ+0

(
𝑘
𝜂 (𝛼(𝑦))
𝛼 𝑔̂𝛼 (𝛼(𝑦))

)𝛼
, (8.27)
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where ĝ = p̂ · g. Note that (8.25) in particular implies that

𝜋Λ,Λ
′

g,p̂,𝔠 (𝑌
𝜁 )EΛ,Λ′

𝑦 (·; g, p̂, 𝔠) = 𝔠(pr𝐸co (𝑐𝑦))
−𝜁 EΛ,Λ′

𝑦 (·; g, p̂, 𝔠) (𝜁 ∈ Λ′ ∩ 𝐸co) (8.28)

for all 𝑦 ∈ O.

Proposition 8.23. Let (Λ𝑖 ,Λ′𝑖) ∈ (L×2)𝑒 such that (Λ1,Λ′1) ≤ (Λ2,Λ′2). Let O ⊂ 𝐸 be a W-orbit,
p̂ ∈ Ĝ, 𝔠 ∈ CΛ2 ,Λ′2

and g ∈ G such that

𝔰𝑦𝔱𝑦 (ĝ, 𝔠(·) |Λ′1 ) ≠ 𝔰𝑦′𝔱𝑦′ (ĝ, 𝔠(·) |Λ′1 ) in 𝑇Λ′1 when 𝑦, 𝑦′ ∈ O and 𝑦 ≠ 𝑦′, (8.29)

where ĝ := p̂ · g ∈ Ĝ. Then

EΛ2 ,Λ′2
𝑦 (𝑥; g, p̂, 𝔠) = EΛ1 ,Λ′1

𝑦 (𝑥; g, p̂, 𝔠(·) |Λ′1) ∀ 𝑦 ∈ O. (8.30)

Proof. Note that (8.29) implies that (8.23) holds true for Λ′ = Λ′2. Hence, both sides of (8.30) are
well defined. Furthermore, both sides of (8.30) are joint eigenfunctions of 𝜋Λ,Λ

′

g,p̂,𝔠 (𝑌
𝜇) (𝜇 ∈ Λ′1) by

Lemma 8.21. The result now follows from Proposition 8.22(1) applied to the pair of lattices (Λ,Λ′) =
(Λ1,Λ′1). �

The relation between EΛ,Λ′
𝑦 (𝑥; g, p̂, 𝔠) and the quasi-polynomial eigenfunctions relative to the adjoint

root datum is as follows.

Corollary 8.24. Let O ⊂ 𝐸 be a W-orbit, p̂ ∈ Ĝ, 𝔠 ∈ CΛ,Λ′ and g ∈ G. Set ĝ := p̂ · g ∈ Ĝ and suppose
that the genericity conditions (8.29) hold true for Λ′1 = 𝑄∨. For 𝑦 ∈ O, we then have

Γ
(𝑐𝑦 )

𝑄∨ ,g
(
EΛ,Λ′
𝑦 (𝑥; g, p̂, 𝔠)

)
=
���
∏

𝛼∈Π (𝑣−1
𝑦 )

𝑔𝛼 (𝛼(𝑐𝑦))
���𝐸J(𝑐𝑦 )
𝑦 (𝑥; 𝔱𝑐𝑦 (ĝ) |𝑄∨). (8.31)

Under these assumptions, EΛ,Λ′
𝑦 (𝑥; g, p̂, 𝔠) does not depend on 𝔠 ∈ CΛ,Λ′ .

Proof. We have Γ (𝑐)Λ,g |P (𝑐) = Γ (𝑐)
𝑄∨ ,g (𝑐 ∈ 𝐶+) and EΛ,Λ′

𝑦 (𝑥; g, p̂, 𝔠) ∈ P (𝑐𝑦 ) ; hence, the left-hand side of
(8.31) is well defined.

Since (𝑄∨, 𝑄∨) ≤ (Λ,Λ′), formula (8.31) then follows from Proposition 8.23, (8.26) and the fact that

E𝑄
∨ ,𝑄∨

𝑦;𝑐𝑦 (𝑥; 𝔱𝑐𝑦 (ĝ, 𝔠(·) |𝑄∨)) = 𝐸
J(𝑐𝑦 )
𝑦 (𝑥; 𝔱𝑐𝑦 (ĝ)).

Here, we have also used that 𝔠(·) |𝑄∨ ≡ 1𝑇 . �

Changing the perspective by extending the eigenvalue equations from adjoint root datum to extended
root data leads to the following main result of this subsection.

Theorem 8.25. Let O ⊂ 𝐸 be a W-orbit, p̂ ∈ Ĝ and g ∈ G. Suppose that

𝔰𝑦𝔱𝑦 (ĝ) ≠ 𝔰𝑦′𝔱𝑦′ (ĝ) in 𝑇 when 𝑦, 𝑦′ ∈ O and 𝑦 ≠ 𝑦′, (8.32)

where ĝ := p̂ · g ∈ Ĝ. Then

E𝑦 (𝑥; g, p̂) := E𝑄
∨ ,𝑄∨

𝑦 (𝑥; g, p̂, 1𝑇 ) (𝑦 ∈ O)

satisfies for all (Λ,Λ′) ∈ (L×2)𝑒 and all 𝔠 ∈ CΛ,Λ′ ,

𝜋Λ,Λ
′

g,p̂,𝔠 (𝑌
𝜇)E𝑦 (·; g, p̂) = (𝔰𝑦𝔱𝑦 (ĝ, 𝔠))−𝜇E𝑦 (·; g, p̂) ∀ 𝜇 ∈ Λ′. (8.33)
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Furthermore,

Γ
(𝑐𝑦 )

𝑄∨ ,g
(
E𝑦 (𝑥; g, p̂)

)
=
���
∏

𝛼∈Π (𝑣−1
𝑦 )

𝑔𝛼 (𝛼(𝑐𝑦))
���𝐸J(𝑐𝑦 )
𝑦 (𝑥; 𝔱𝑐𝑦 (ĝ) |𝑄∨). (8.34)

Proof. Fix (Λ,Λ′) ∈ (L×2)𝑒 and 𝔠 ∈ CΛ,Λ′ . By (8.9), the parameter conditions (8.32) imply (8.23).
Furthermore, 𝔠(·) |𝑄∨ = 1𝑇 ; hence, (8.30) shows that

EΛ,Λ′
𝑦 (𝑥; g, p̂, 𝔠) = E𝑦 (𝑥; g, p̂)

for all 𝑦 ∈ O. Then (8.33) follows from (8.25), and (8.34) from (8.31). �

Remark 8.26. Under special conditions on the parameters g and p̂, the quasi-polynomials
EΛ,Λ′
𝑦 (𝑥; g, p̂, 𝔠) (𝑦 ∈ O) may depend on 𝔠 ∈ CΛ,Λ′ . For instance, this is the case when (Λ,Λ′) = (𝑄∨, 𝑃∨)

with 𝑄∨ � 𝑃∨ if the Y-spectrum satisfies (8.23) but not (8.32).
Further results for E𝑦 (𝑥; g, p̂) and EΛ,Λ′

𝑦 (𝑥; g, p̂, 𝔠), such as orthogonality and symmetrisation, can be
directly obtained from the corresponding results for 𝐸Λ,Λ′

𝑦;𝑐 (𝑥; 𝔱) and 𝐸 𝐽𝑦 (𝑥; 𝔱) using (8.26) and (8.31).
By Lemma 8.12(1), the 𝑊Λ′-action ·̂p,𝔠 on F[𝐸] extends to a 𝑊Λ′ � PΛ-action, with PΛ acting by

multiplication operators (cf. Lemma 4.2). This extends to a𝑊Λ′�QΛ-action on FQΛ [𝐸] := QΛ⊗PΛF[𝐸];
cf. Subsection 4.5.
Theorem 8.27. For p̂ ∈ Ĝ, g ∈ G and 𝔠 ∈ C, the formulas

𝜎Λ,Λ′

g,p̂,𝔠 (𝑠 𝑗 ) (𝑥
𝑦) :=

𝑘
𝜒Z (𝛼𝑗 (𝑦))
𝑗 (𝑥𝛼

∨
𝑗 − 1)

𝑔𝐷𝛼𝑗 (𝛼 𝑗 (𝑦)) (𝑘 𝑗𝑥
𝛼∨𝑗 − 𝑘−1

𝑗 )
𝑠 𝑗 ·̂p,𝔠 𝑥

𝑦 +
���

𝑘 𝑗 − 𝑘−1
𝑗

𝑘 𝑗𝑥
𝛼∨𝑗 − 𝑘−1

𝑗

���𝑥𝑦−�𝐷𝛼𝑗 (𝑦) �𝛼
∨
𝑗 ,

𝜎Λ,Λ′

g,p̂,𝔠 (𝜔) (𝑥
𝑦) := 𝜔 ·̂p,𝔠 𝑥

𝑦 , 𝜎Λ,Λ′

g,p̂,𝔠 ( 𝑓 )𝑥
𝑦 := 𝑓 𝑥𝑦

for 𝑦 ∈ 𝐸 , 0 ≤ 𝑗 ≤ 𝑟 , 𝜔 ∈ ΩΛ′ and 𝑓 ∈ QΛ define a representation

𝜎Λ,Λ′

g,p̂,𝔠 : 𝑊Λ′ �QΛ → EndF(FQΛ [𝐸]).

Proof. One can derive the result from Lemma 7.11 by similar arguments as in the proof of Theorem 8.19,
using the extension of Γ (𝑐)Λ,g to a QΛ-linear automorphism of QΛ ⊗PΛ P

(𝑐)
Λ . Alternatively, one can repeat

the proof of Theorem 4.9, now using the HΛ,Λ′-representation 𝜋Λ,Λ
′

g,p̂,𝔠 . �

9. Metaplectic representations and metaplectic polynomials

In this subsection, we generalise the GL𝑟+1-type metaplectic double affine Hecke algebra representation
and the associated metaplectic polynomials from [38, §5] to arbitrary root systems using the uniform
quasi-polynomial representation for extended double affine Hecke algebras (Theorem 8.19) and the
corresponding uniform quasi-polynomials (Theorem 8.25). This section provides full proofs for the
results announced in [38, §5].

The metaplectic double affine Hecke algebra action is an action on spaces PΛ of polynomials on a
torus 𝑇Λ, with Λ ∈ L. It depends on a metaplectic datum, which is a pair (𝑛,Q) with 𝑛 ∈ Z>0 and
Q : Λ→ Q a nonzero 𝑊0-invariant quadratic form that restricts to an integer-valued quadratic form on
𝑄∨. The metaplectic datum leads to a finite root systemΦ𝑚0 , the so-called metaplectic root system, which
is isomorphic to either Φ0 or Φ∨0 (see Subsection 9.1). Its associated co-root lattice 𝑄𝑚∨ is contained
in 𝑄∨.

The metaplectic representation will be realised as a sub-representation of the uniform quasi-
polynomial representation relative to the metaplectic root system Φ𝑚0 , with the parameters (g, p̂, 𝔠) fixed
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in such a way that the twisted 𝑊0 � 𝑄
𝑚∨-action ·̂p,𝔠 on PΛ reduces to the standard action by q-dilation

and reflection operators.
The associated uniform quasi-polynomials E𝑦 (𝑥; g, p̂) ∈ PΛ (𝑦 ∈ Λ) will provide the metaplectic

polynomials.
The g-dependence reduces to a dependence on so-called metaplectic parameters ℎ ∈M(𝑛,Q) which,

in the context of representation theory of metaplectic covers of reductive groups over a non-archimedean
local field, are certain Gauss sums (see, for example, [15, 14]).

In the remainder of the section, we fix a metaplectic datum (𝑛,Q), and we assume that Q takes
positive values on co-roots. We write 𝜅ℓ ∈ Z>0 for the natural number

𝜅ℓ := Q(𝛼∨) (𝛼 ∈ ℓΦ0) (9.1)

for ℓ ∈ {sh, lg}.

9.1. The metaplectic parameters

Write B : Λ × Λ→ Q for the 𝑊0-invariant symmetric bilinear pairing

B(𝜆, 𝜇) := Q(𝜆 + 𝜇) −Q(𝜆) −Q(𝜇) (𝜆, 𝜇 ∈ Λ).

Then

B(𝜆, 𝛼∨) = Q(𝛼∨)𝛼(𝜆) (𝜆 ∈ Λ, 𝛼 ∈ Φ0) (9.2)

and

𝑚(𝛼) :=
𝑛

gcd(𝑛,Q(𝛼∨)) =
lcm(𝑛,Q(𝛼∨))

Q(𝛼∨) (𝛼 ∈ Φ0) (9.3)

defines a 𝑊0-invariant Z>0-valued function on Φ0. The associated metaplectic root system is defined by

Φ𝑚0 := {𝛼𝑚 | 𝛼 ∈ Φ0} with 𝛼𝑚 := 𝑚(𝛼)−1𝛼.

Then Φ𝑚0 
 Φ0 if m is constant, and Φ𝑚0 
 Φ∨0 otherwise (see [38]). In particular, the Weyl group of
Φ𝑚0 is still 𝑊0. The fixed basis {𝛼1, . . . , 𝛼𝑟 } of Φ0 determines a basis {𝛼𝑚1 , . . . , 𝛼𝑚𝑟 } of Φ𝑚0 . Note that
Φ𝑚∨0 = {𝛼𝑚∨}𝛼∈Φ0 , with 𝛼𝑚∨ = 𝑚(𝛼)𝛼∨. Write

𝑄𝑚∨ := ZΦ𝑚∨0 ⊆ 𝑄∨

for the coroot lattice of Φ𝑚0 .
Let Φ𝑚 := Φ𝑚0 × Z be the affine root system of Φ𝑚0 , with corresponding extended basis

{𝛼𝑚0 , 𝛼𝑚1 , . . . , 𝛼𝑚𝑟 }. Then 𝛼𝑚0 = (−𝜗𝑚, 1) with 𝜗𝑚 ∈ Φ𝑚+0 the highest root in Φ𝑚+0 . For the underlying
root 𝜗 ∈ Φ+0 , this means that

𝜗 =

{
𝜑 if 𝑚 is constant,
𝜃 otherwise,

where 𝜃 ∈ Φ+0 is the highest short root.
Consider the affine Weyl group 𝑊𝑚 = 𝑊0 � 𝑄𝑚∨ corresponding to the affine root system Φ𝑚. The

associated simple reflections are denoted by

𝑠𝑚𝑗 := 𝑠𝛼𝑚𝑗 ∈ 𝑊
𝑚 ( 𝑗 ∈ [0, 𝑟]).
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Then 𝑠𝑚𝑖 = 𝑠𝑖 for 𝑖 ∈ [1, 𝑟], and 𝑠𝑚0 = 𝜏(𝜗𝑚∨)𝑠𝜗 . The fundamental alcove is now given by

𝐶𝑚+ := {𝑦 ∈ 𝐸 | 𝛼𝑖 (𝑦) > 0 (1 ≤ 𝑖 ≤ 𝑟) & 𝜗(𝑦) < 𝑚(𝜗)}.

Its faces are denoted by 𝐶𝑚𝐽 for 𝐽 � [0, 𝑟].
Let k : Φ𝑚 → F× be a multiplicity function on Φ𝑚. Its values at simple roots are denoted by

𝑘 𝑗 := 𝑘𝛼𝑚𝑗 for 𝑗 ∈ [0, 𝑟]. Write G𝑚 for the g-parameter space G with respect to the root system Φ𝑚0 (see
Remark 8.6).
Definition 9.1. We write M = M(𝑛,Q) for the set of tuples

ℎ := (ℎ𝑠 (𝛼))𝑠∈Q(𝛼∨)Z, 𝛼∈Φ0

with ℎ𝑠 (𝛼) ∈ F× satisfying

ℎ𝑠+lcm(𝑛,Q(𝛼∨)) (𝑣𝛼) = ℎ𝑠 (𝛼) (𝑣 ∈ 𝑊0, 𝑠 ∈ Q(𝛼∨)Z),
ℎ0 (𝛼) = −1,

ℎ𝑠 (𝛼)ℎ−𝑠 (𝛼) = 𝑘−2
𝛼𝑚 (𝑠 ∈ Q(𝛼∨)Z \ lcm(𝑛,Q(𝛼∨))Z)

(9.4)

for all 𝛼 ∈ Φ0.
We call M(𝑛,Q) the set of metaplectic parameters relative to the metaplectic datum (𝑛,Q). Note that

for ℎ ∈M(𝑛,Q) ,

ℎlcm(𝑛,Q(𝛼∨))/2(𝛼) ∈ {±𝑘
−1
𝛼𝑚 } if 𝑚(𝛼) ∈ 2Z (9.5)

in view of (9.3).
Lemma 9.2. We have a surjective map

G𝑚 �M(𝑛,Q) , g ↦→ ℎg = (ℎg
𝑠 (𝛼))𝑠∈Q(𝛼∨)Z, 𝛼∈Φ0

with ℎ
g
𝑠 (𝛼) ∈ F× defined by

ℎ
g
𝑠 (𝛼) := −𝑘−𝜒Z\lcm(𝑛,Q(𝛼∨) )Z (𝑠)

𝛼𝑚 𝑔𝛼𝑚 (𝑠/lcm(𝑛,Q(𝛼∨))). (9.6)

Proof. This is a straightforward check, which is left to the reader. �

Remark 9.3. For the metaplectic representation of the affine Hecke algebra defined in [38, Thm. 3.7],
parameters ℎ𝑠 (𝛼) (𝑠 ∈ Z, 𝛼 ∈ Φ0) are used which satisfy

ℎ𝑠+𝑛 (𝑣𝛼) = ℎ𝑠 (𝛼) (𝑣 ∈ 𝑊0, 𝑠 ∈ Z),

ℎ0 (𝛼) = −1,
ℎ𝑠 (𝛼)ℎ−𝑠 (𝛼) = 𝑘−2

𝛼𝑚 (𝑠 ∈ Z \ 𝑛Z)

(9.7)

for all 𝛼 ∈ Φ0 (see [38, Def. 3.5]), although the metaplectic representation only depends on the
parameters ℎ𝑠 (𝛼) with 𝑠 ∈ Q(𝛼∨)Z and 𝛼 ∈ Φ0, which naturally form a tuple of metaplectic parameters
in M(𝑛,Q) . Conversely, note that a tuple ℎ = (ℎ𝑠 (𝛼))𝑠∈Q(𝛼∨)Z,𝛼∈Φ0 ∈M(𝑛,Q) of metaplectic parameters
can be extended to a set of parameters (ℎ𝑠 (𝛼))𝑠∈Z,𝛼∈Φ0 in such a way that (9.7) holds true. For instance,
one can take the extension

ℎgcd(𝑛,Q(𝛼∨))𝑠 (𝛼) := ℎQ(𝛼∨)𝑠ℓ𝛼 (𝛼) (𝑠 ∈ Z),

ℎ𝑠 (𝛼) := 𝑘−1
𝛼𝑚 (𝑠 ∈ Z \ gcd(𝑛,Q(𝛼∨))Z)

for 𝛼 ∈ Φ0, where ℓ𝛼 ∈ Z is such that gcd(𝑛,Q(𝛼∨)) − ℓ𝛼Q(𝛼∨) ∈ 𝑛Z.
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9.2. The metaplectic basic representation

In [38, Thm. 5.4], we introduced the metaplectic basic representation of the GL𝑟+1 double affine Hecke
algebra. In this subsection, we introduce the metaplectic basic representation for extended double affine
Hecke algebras for all types.

The metaplectic representation depends on q, k and on metaplectic parameters ℎ ∈M(𝑛,Q) . To keep
the notations manageable, we will suppress the dependence on ℎ ∈M(𝑛,Q) from the notations.

Let H𝑚 := H(k, 𝑞) be the double affine Hecke algebra associated to the root system Φ𝑚0 (see
Definition 2.12), which we call the metaplectic double affine Hecke algebra. We denote by L𝑚 the set
of finitely generated abelian subgroups Λ𝑚 ⊂ 𝐸 such that

𝑄𝑚∨ ⊆ Λ𝑚 & 𝛼(Λ𝑚) ⊆ 𝑚(𝛼)Z ∀𝛼 ∈ Φ0. (9.8)

Note that it is the set L from Definition 2.8, with the role of Φ0 taken over by Φ𝑚0 .
We have the following supplement to Lemma 9.2.

Lemma 9.4. Let Λ ∈ L and g ∈ G𝑚. For 𝛼 ∈ Φ0 and 𝜆 ∈ Λ, we have

𝑔𝛼𝑚 (𝛼
𝑚(𝜆)) = −𝑘1−𝜒Z (𝛼(𝜆)/𝑚(𝛼))

𝛼𝑚 ℎ
g
Q(𝛼∨)𝛼(𝜆) (𝛼). (9.9)

Proof. By (9.3), we have

𝛼𝑚(𝜆) =
Q(𝛼∨)𝛼(𝜆)

lcm(𝑛,Q(𝛼∨)) ,

and 𝛼(𝜆) ∈ Z since 𝜆 ∈ Λ. Hence, we can apply (9.6) to obtain

𝑔𝛼𝑚 (𝛼
𝑚 (𝜆)) = −𝑘

𝜒Z\lcm(𝑛,Q(𝛼∨) )Z (Q(𝛼∨)𝛼(𝜆))
𝛼𝑚 ℎ

g
Q(𝛼∨)𝛼(𝜆) (𝛼).

The result now follows from the identity

𝜒Z\lcm(𝑛,Q(𝛼∨))Z(Q(𝛼∨)𝛼(𝜆)) = 1 − 𝜒Z(𝛼(𝜆)/𝑚(𝛼)),

which follows from an elementary computation using (9.3). �

Let Λ𝑚′ ∈ L𝑚 such that 〈Λ,Λ𝑚′〉 ⊆ Z. One can, for instance, take Λ𝑚′ = 𝑄𝑚∨, since the inclusions
𝑄𝑚∨ ⊆ 𝑄∨ ⊆ 𝑄 imply that

〈Λ, 𝑄𝑚∨〉 ⊆ 〈𝑃∨, 𝑄𝑚∨〉 ⊆ Z.

The metaplectic extended affine Weyl group 𝑊Λ𝑚′ = 𝑊0 �Λ𝑚′ acts on PΛ by q-dilations and reflections,

𝑣(𝑥𝜆) := 𝑥𝑣𝜆 (𝑣 ∈ 𝑊0), 𝜏(𝜇) (𝑥𝜆) := 𝑞−〈𝜆,𝜇〉𝑥𝜆 (𝜇 ∈ Λ𝑚′)

for all 𝜆 ∈ Λ (cf. Subsection 2.6 and Subsection 7.3). Note that 𝑠𝑚0 (𝑥
𝜆) = 𝑞𝑚(𝜗)𝜗 (𝜆)𝜗 𝑥𝑠𝜗𝜆.

Let ℓ ∈ Z>0 and write 𝑟ℓ (𝑠) ∈ {0, . . . , ℓ − 1} for the remainder of 𝑠 ∈ Z modulo ℓ. Define linear
maps ∇𝑚𝑗 : PΛ → PΛ for 𝑗 ∈ [0, 𝑟] by

∇𝑚0 (𝑥
𝜆) :=

(
1 − (𝑞𝑚(𝜗)𝜗 𝑥−𝜗

∨
) (𝑟𝑚(𝜗) (−𝜗 (𝜆))+𝜗 (𝜆))

1 − (𝑞𝑚(𝜗)𝜗 𝑥−𝜗
∨
)𝑚(𝜗)

)
𝑥𝜆,

∇𝑚𝑖 (𝑥
𝜆) :=

(
1 − 𝑥 (𝑟𝑚(𝛼𝑖 ) (𝛼𝑖 (𝜆))−𝛼𝑖 (𝜆))𝛼

∨
𝑖

1 − 𝑥𝑚(𝛼𝑖 )𝛼
∨
𝑖

)
𝑥𝜆
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for 𝜆 ∈ Λ and 𝑖 ∈ [1, 𝑟]. We now have the following action of the metaplectic double affine Hecke
algebra on the space PΛ of polynomials on 𝑇Λ.

Theorem 9.5. Fix Λ ∈ L and ℎ ∈M(𝑛,Q) .
For Λ𝑚,Λ𝑚′ ∈ L𝑚 such that Λ𝑚 ⊆ Λ and 〈Λ,Λ𝑚′〉 ⊆ Z, the formulas

𝜋𝑚Λ (𝑇0)𝑥
𝜆 := −𝑘0ℎB(𝜆,𝜗∨) (𝜗)𝑞

𝑚(𝜗)𝜗 (𝜆)
𝜗 𝑥𝑠𝜗𝜆 + (𝑘0 − 𝑘−1

0 )∇
𝑚
0 (𝑥

𝜆),

𝜋𝑚Λ (𝑇𝑖)𝑥
𝜆 := −𝑘𝑖ℎ−B(𝜆,𝛼∨𝑖 ) (𝛼𝑖)𝑥

𝑠𝑖𝜆 + (𝑘𝑖 − 𝑘−1
𝑖 )∇

𝑚
𝑖 (𝑥

𝜆),

𝜋𝑚Λ (𝑥
𝜇)𝑥𝜆 := 𝑥𝜆+𝜇,

𝜋𝑚Λ (𝜔)𝑥
𝜆 := 𝜔(𝑥𝜆)

(9.10)

for 𝜆 ∈ Λ, 𝑖 ∈ [1, 𝑟], 𝜇 ∈ Λ𝑚 and 𝜔 ∈ ΩΛ𝑚′ define a representation

𝜋𝑚Λ : HΛ𝑚 ,Λ𝑚′ → End(PΛ),

where HΛ𝑚 ,Λ𝑚′ is the extension of the metaplectic double affine Hecke algebra H𝑚 by the lattices
(Λ𝑚,Λ𝑚′).

Proof. Without loss of generality, we may assume that F contains a (2ℎ)th-root 𝑞 1
2ℎ of q. Write Ĝ𝑚 for

the set Ĝ of ĝ-parameters relative to the root system Φ𝑚0 (Definition 8.4). For p̂ ∈ Ĝ𝑚, g ∈ G𝑚 and
𝔠 ∈ CΛ𝑚 ,Λ𝑚′ , the uniform quasi-polynomial representation 𝜋Λ

𝑚 ,Λ′𝑚

g,p̂,𝔠 : HΛ𝑚 ,Λ𝑚′ → End(F[𝐸]) relative
to the finite root system Φ𝑚0 (see Theorem 8.19) contains PΛ as a subrepresentation, because Λ𝑚 ⊆ Λ.
Denote

𝜋g,p̂,𝔠;Λ := 𝜋Λ
𝑚 ,Λ𝑚′

g,p̂,𝔠 (·) |PΛ : HΛ𝑚 ,Λ𝑚′ → End(PΛ)

for its representation map. Its defining formulas are

𝜋g,p̂,𝔠;Λ(𝑇𝑗 )𝑥
𝜆 := 𝑘

𝜒Z (𝛼
𝑚
𝑗 (𝜆))

𝑗 𝑔𝐷𝛼𝑚𝑗 (𝛼
𝑚
𝑗 (𝜆))

−1𝑠𝑚𝑗 ·̂p,𝔠 𝑥
𝜆 + (𝑘 𝑗 − 𝑘−1

𝑗 )∇ 𝑗 (𝑥
𝜆),

𝜋g,p̂,𝔠;Λ(𝑥
𝜇)𝑥𝜆 := 𝑥𝜆+𝜇,

𝜋g,p̂,𝔠;Λ(𝜔)𝑥
𝜆 := 𝜔 ·̂p,𝔠 𝑥

𝜆

(9.11)

for 𝜆 ∈ Λ, 𝑗 ∈ [0, 𝑟], 𝜇 ∈ Λ𝑚 and 𝜔 ∈ ΩΛ𝑚′ , with ∇ 𝑗 the truncated divided difference operator (4.5)
relative to the root system Φ𝑚0 .

Fix p̂ ∈ Ĝ𝑚 and 𝔠 ∈ CΛ𝑚 ,Λ′𝑚 such that

𝑝𝛼𝑚 (𝑧) := 𝑞𝑚(𝛼)
2𝑧/ℎ

𝛼 (𝑧 ∈ 𝑛−1Z), 𝔠(𝜆) := 𝑞𝜆 (𝜆 ∈ pr𝐸co (Λ)). (9.12)

For this specific choice, we have

𝑞𝜆 = 𝔱𝜆 (p̂, 𝔠) (𝜆 ∈ Λ) (9.13)

in 𝑇Λ′𝑚 (compare with Example 8.11). In particular, 𝑤 ·̂p,𝔠 (𝑥𝜆) = 𝑤(𝑥𝜆) for 𝑤 ∈ 𝑊Λ𝑚′ and 𝜆 ∈ Λ. The
defining formulas (9.11) for the corresponding representation 𝜋g;Λ := 𝜋g,p̂,𝔠;Λ of HΛ𝑚 ,Λ𝑚′ reduce to

𝜋g;Λ (𝑇𝑗 )𝑥
𝜆 = 𝑘

𝜒Z (𝛼
𝑚
𝑗 (𝜆))

𝑗 𝑔𝐷𝛼𝑚𝑗 (𝛼
𝑚
𝑗 (𝜆))

−1𝑠𝑚𝑗 (𝑥
𝜆) + (𝑘 𝑗 − 𝑘−1

𝑗 )∇ 𝑗 (𝑥
𝜆),

𝜋g;Λ (𝑥
𝜇)𝑥𝜆 = 𝑥𝜆+𝜇,

𝜋g;Λ (𝜔)𝑥
𝜆 = 𝜔(𝑥𝜆)

(9.14)
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for 𝑗 ∈ [0, 𝑟], 𝜔 ∈ ΩΛ𝑚′ , 𝜇 ∈ Λ𝑚 and 𝜆 ∈ Λ. We now show that (9.14) matches with the defining
formulas for 𝜋𝑚Λ under the correspondence (9.6) between g-parameters and metaplectic parameters.

Let g ∈ G𝑚 and set ℎ := ℎg ∈ M(𝑛,Q) in the defining formulas (9.10) for 𝜋𝑚Λ . It is then clear that
𝜋g;Λ (𝑝) = 𝜋𝑚Λ (𝑝) for 𝑝 ∈ PΛ𝑚 , and 𝜋g;Λ (𝜔) = 𝜋𝑚Λ (𝜔) for 𝜔 ∈ ΩΛ𝑚′ . So it suffices to show that

𝜋g;Λ (𝑇𝑗 ) = 𝜋𝑚Λ (𝑇𝑗 ) ( 𝑗 ∈ [0, 𝑟]). (9.15)

To show this, first note that

∇ 𝑗 (·) |PΛ = ∇𝑚𝑗

as endomorphisms of PΛ, since 𝑟ℓ (𝑠) = 𝑠 − ℓ� 𝑠ℓ � for 𝑠 ∈ Z and ℓ ∈ Z>0 and

B(𝜆, 𝛼∨) = lcm(𝑛,Q(𝛼∨))𝛼𝑚(𝜆)

for 𝜆 ∈ Λ and 𝛼 ∈ Φ0 by (9.2) and (9.3) (compare with the proof of Lemma 9.4). Then (9.15) follows
from

−𝑘𝛼𝑚ℎ
g
−B(𝜆,𝛼∨) (𝛼) = 𝑘

𝜒Z (𝛼
𝑚 (𝜆))

𝛼𝑚 𝑔𝛼𝑚 (𝛼
𝑚(𝜆))−1 (𝛼 ∈ Φ0, 𝜆 ∈ Λ), (9.16)

which in turn is a consequence of (9.9) and (9.4). �

Definition 9.6. We write P𝑚Λ for PΛ endowed with the HΛ𝑚 ,Λ𝑚′-actions 𝜋𝑚Λ from Theorem 9.5. We call
𝜋𝑚Λ the metaplectic basic representation.
Remark 9.7.
1. The condition 〈Λ,Λ𝑚′〉 ⊆ Z in Theorem 9.5 may be relaxed to 〈Λ,Λ𝑚∨〉 ⊆ 𝑒−1Z when q has an 𝑒𝑡ℎ

root in F.
2. Suppose that Λ1,Λ2 ∈ L with Λ1 ⊆ Λ2 and that Λ𝑚,Λ𝑚′ ∈ L𝑚 such that Λ𝑚 ⊆ Λ1 and 〈Λ2,Λ𝑚′〉 ⊆
Z. Then

𝜋𝑚Λ2
(·) |PΛ1

= 𝜋𝑚Λ1

as representations of HΛ𝑚 ,Λ𝑚′ .
Corollary 9.8. Let Λ ∈ L and ℎ ∈M(𝑛,Q) . Let Λ𝑚,Λ𝑚′ ∈ L𝑚 such that Λ𝑚 ⊆ Λ and 〈Λ,Λ𝑚′〉 ⊆ Z.
The inclusion map PΛ𝑚 ↩→ PΛ is a morphism

P (0)Λ𝑚 ,1𝑇Λ𝑚′
↩→ P𝑚Λ

of HΛ𝑚 ,Λ𝑚′-modules, (i.e., the HΛ𝑚 ,Λ𝑚′-submodule (PΛ𝑚 , 𝜋
𝑚
Λ (·) |PΛ𝑚 ) of P𝑚Λ is Cherednik’s polynomial

representation of HΛ𝑚 ,Λ𝑚′).
Proof. Note that ∇𝑚𝑗 (·) |PΛ𝑚 is the standard divided difference operator associated to the simple root
𝛼𝑚𝑗 ∈ Φ

𝑚. Furthermore, for 𝜆 ∈ Λ𝑚 and 𝛼 ∈ Φ0, we have

B(𝜆, 𝛼∨) = lcm(𝑛,Q(𝛼∨))𝛼𝑚(𝜆) ∈ lcm(𝑛,Q(𝛼∨))Z

by (9.2) and (9.3); hence, ℎB(𝜆,𝛼∨) (𝛼) = −1 (see Definition 9.1). Hence, the defining formulas (9.10)
for 𝜋𝑚Λ , restricted to PΛ𝑚 , reduce to the defining formulas for 𝜋Λ

𝑚 ,Λ𝑚′

0,1𝑇Λ𝑚′
. �

Remark 9.9.
(1) The restriction of 𝜋𝑚Λ to the affine Hecke algebra generated by 𝑇1, . . . , 𝑇𝑟 and 𝑥𝜈 for 𝜈 ∈ 𝑄𝑚∨

coincides with the metaplectic representation of the affine Hecke algebra from [38, Thm. 3.7] (be
aware that the finite root system in [38], denoted by Φ, is Φ∨0 in the present paper).
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(2) We show in this remark that for the GL𝑟+1 root datum, Theorem 9.5 reduces to [38, Thm. 5.4].
Recall the notations from Subsection 7.6. Let Φ0 = {𝜖𝑖 − 𝜖 𝑗 }1≤𝑖≠≤ 𝑗≤𝑟+1 be the root system of type
𝐴𝑟 with ℓ = 1 (i.e., the roots have squared length equal to 2). As simple roots, we take 𝛼𝑖 := 𝜖𝑖 − 𝜖𝑖+1
for 𝑖 = 1, . . . , 𝑟 . Let (𝑛,Q) be an associated metaplectic datum. Write 𝜅 = 𝜅lg ∈ Z>0 for the value
of Q at co-roots. The resulting multiplicity function m is identically equal to 𝑛/gcd(𝑛, 𝜅); hence,
the metaplectic root system Φ𝑚0 = 𝑚−1Φ0 is the root system of type 𝐴𝑟+1 from Subsection 7.6 with
ℓ = 𝑚 (i.e., the squared length of the roots is equal to 2/𝑚2).

Take Λ =
⊕𝑟+1

𝑖=1 Z𝜖𝑖 , which lies in L, and

(Λ𝑚,Λ𝑚′) = (𝑚Z𝑟+1, 𝑚Z𝑟+1) ∈ (L𝑚)×2.

Then

H̃𝑚 = H𝑚Z𝑟+1 ,𝑚Z𝑟+1

is the GL𝑟+1-type double affine Hecke algebra of type GL𝑟+1 relative to the 𝐴𝑟 root system Φ𝑚0 . The
resulting representation

𝜋𝑚
Z𝑟+1

: H̃𝑚 → End(PZ𝑟+1 )

is the metaplectic basic representation 𝜋̂ (𝑛,𝜅) from [38, Thm. 5.4].

The proof of Theorem 9.5 implies that the metaplectic basic representation 𝜋𝑚Λ is a sub-representation
of a uniform quasi-polynomial representation; hence, it is isomorphic to a direct sum of extended quasi-
polynomial representations (see Theorem 8.19(2)). We now describe this isomorphism in more detail.

Let Λ ∈ L. The set

𝑋𝑚 (Λ) := Λ ∩ 𝐶
𝑚

+

parametrizes the 𝑊𝑚-orbits in Λ,

Λ =
⊔

𝑐∈𝑋𝑚 (Λ)

O𝑐 . (9.17)

Note that 𝑋𝑚 (Λ) = Λmin when Λ ∈ L𝑚. Consider the associated decomposition

PΛ =
⊕

𝑐∈𝑋𝑚 (Λ)

P (𝑐) (9.18)

as P𝑄𝑚∨ -modules. In fact, (9.18) is a decomposition asW𝑚-modules, withW𝑚 the double affine Weyl
group associated to the metaplectic root system Φ𝑚0 ; see Proposition 2.11. For g ∈ G𝑚, consider the
P𝑄𝑚∨ -linear automorphism ⊕

𝑐∈𝑋𝑚 (Λ)

Γ (𝑐)
𝑄𝑚∨ ,g

of PΛ. By Lemma 9.4 and Lemma 9.2, we can express it entirely in terms of the metaplectic parameters
ℎg associated to g, leading to the following lemma.

In the following lemma, the elements 𝑐𝑦 ∈ 𝐶
𝑚

+ and 𝑣𝑦 ∈ 𝑊0 (see Definition 2.3) are relative to the
metaplectic root system Φ𝑚0 .
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Lemma 9.10. For fixed ℎ = (ℎ𝑠 (𝛼))𝑠,𝛼 ∈M(𝑛,Q) , the formulas

Γ𝑚 (𝑥𝜆) := ���
∏

𝛼∈Π (𝑣−1
𝜆 )

(
− 𝑘

1−𝜒Z (𝛼(𝑐𝜆)/𝑚(𝛼))
𝛼𝑚 ℎQ(𝛼∨)𝛼(𝑐𝜆) (𝛼)

)����𝑥𝜆 (𝜆 ∈ Λ)

define a P𝑄𝑚∨ -linear automorphism Γ𝑚 = Γ𝑚ℎ of PΛ satisfying

Γ𝑚ℎg =
⊕

𝑐∈𝑋𝑚 (Λ)

Γ (𝑐)
𝑄𝑚∨ ,g (g ∈ G𝑚).

Proof. This follows from Lemma 8.16, Lemma 9.2 and Lemma 9.4. �

For ℎ ∈M(𝑛,Q) and 𝜆 ∈ Λ, write

𝔱𝜆 (ℎ) :=
∏
𝛼∈Φ+0

(
−𝑘

1−𝜒Z (𝛼(𝜆)/𝑚(𝛼))
𝛼𝑚 ℎQ(𝛼∨)𝛼(𝜆) (𝛼)

) 𝛼
𝑚(𝛼)

, (9.19)

viewed as multiplicative character of Λ𝑚′ for any Λ𝑚′ ∈ L𝑚. Note that

𝔱𝜆(ℎ
g) = 𝔱𝜆 (g) (g ∈ G𝑚), (9.20)

where we use the definition (8.2) of 𝔱𝜆(f) relative to the metaplectic root system Φ𝑚0 . By Lemma 8.12(2)
and Lemma 9.2, we conclude that for 𝑐 ∈ 𝑋𝑚 (Λ) and ℎ ∈M(𝑛,Q) ,

𝔱𝑐 (ℎ) ∈ 𝑇
red
J(𝑐) ,Λ𝑚′ and 𝑞𝑐 , 𝑞𝑐𝔱𝑐 (ℎ) ∈

Λ𝑚𝑇𝑐Λ𝑚′ . (9.21)

Corollary 9.11. Let Λ ∈ L and ℎ ∈M(𝑛,Q) .

1. The P𝑄𝑚∨ -linear automorphism Γ𝑚 of PΛ defines an isomorphism

P𝑚Λ
∼
−→

⊕
𝑐∈𝑋𝑚 (Λ)

P (𝑐)
𝑞𝑐𝔱𝑐 (ℎ)

of H𝑚-modules.
2. For Λ𝑚,Λ𝑚′ ∈ L𝑚 such that Λ𝑚 ⊆ Λ and 〈Λ,Λ𝑚′〉 ⊆ Z, we have

P𝑚Λ 

⊕

𝑐∈𝑋𝑚 (Λ,Λ𝑚)

P (𝑐)Λ𝑚 ,𝑞𝑐𝔱𝑐 (ℎ)
(9.22)

as HΛ𝑚 ,Λ𝑚′-modules, where 𝑋𝑚(Λ,Λ𝑚) is a complete set of representatives of the ΩΛ𝑚 -orbits in
𝑋𝑚 (Λ).

Proof. Without loss of generality, we may assume that F contains a (2ℎ)𝑡ℎ root of q.
Let g ∈ G𝑚 such that ℎ = ℎg. Choose p̂ ∈ Ĝ𝑚 and 𝔠 ∈ CΛ𝑚 ,Λ𝑚′ satisfying (9.12). Then

P𝑚Λ = (PΛ, 𝜋
Λ𝑚 ,Λ𝑚′

g,p̂,𝔠 (·) |PΛ) (9.23)

as HΛ𝑚 ,Λ𝑚′-modules, by the proof of Theorem 9.5. Then Lemma 9.10 and Theorem 8.19(2) show that
the automorphism Γ𝑚 of PΛ is an isomorphism

P𝑚Λ
∼
−→

⊕
𝑐∈𝑋𝑚 (Λ)

P (𝑐)
𝔱𝑐 (ĝ,𝔠)
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of H𝑚-modules, where ĝ := p̂ · g. Then (1) follows from the fact that

𝔱𝜆(ĝ, 𝔠) = 𝑞𝜆𝔱𝜆(g) = 𝑞𝜆𝔱𝜆(ℎ
g) (𝜆 ∈ Λ) (9.24)

by (9.13) and (9.20).
Part (2) follows in a similar manner, now using that 𝑋𝑚 (Λ,Λ𝑚) parametrizes the 𝑊Λ𝑚 -orbits in Λ,

leading to the decomposition

PΛ =
⊕

𝑐∈𝑋𝑚 (Λ,Λ𝑚)

P (𝑐)Λ𝑚

of PΛ as PΛ𝑚 -modules. The isomorphism

P𝑚Λ
∼
−→

⊕
𝑐∈𝑋𝑚 (Λ,Λ𝑚)

P (𝑐)Λ𝑚 ,𝑞𝑐𝔱𝑐 (ℎ)

of HΛ𝑚 ,Λ𝑚′-modules is then realised by
⊕

𝑐∈𝑋𝑚 (Λ,Λ𝑚) Γ
(𝑐)
Λ𝑚 ,g, where Γ (𝑐)Λ𝑚 ,g is the PΛ𝑚 -linear automor-

phism of P (𝑐)Λ𝑚 from Lemma 8.16 and g ∈ G𝑚 is such that ℎ = ℎg. �

Remark 9.12. Remark 7.19 and the fact that Γ𝑚 restricts to the identity on PΛ𝑚 show that Corol-
lary 9.11(2) is consistent with Corollary 9.8.

Corollary 9.11(2) and Proposition 7.25 allow to add twist parameters to 𝜋𝑚Λ : HΛ𝑚 ,Λ𝑚′ → End(PΛ),
with the twist parameters encoding a choice of multiplicative character of ΩΛ𝑚′ for each 𝑊𝑚-orbit in
OΛ. We do not give full details here, since the metaplectic polynomials defined in Subsection 9.4 do
not depend on these twist parameters.

We now look for the number of free ℎ𝑠 (𝛼)-parameters in the metaplectic basic representation
𝜋𝑚Λ : HΛ𝑚 ,Λ𝑚′ → End(PΛ). Consider the subgroup

𝑍𝑚Λ,lg := {𝜑(𝜆) mod 𝑚(𝜑)Z | 𝜆 ∈ Λ}

of Z/𝑚(𝜑)Z and the subgroup

𝑍𝑚Λ,sh :=

{
{𝜃 (𝜆) mod 𝑚(𝜃)Z | 𝜆 ∈ Λ} if 𝜃 ≠ 𝜑,

{0} if 𝜃 = 𝜑

of Z/𝑚(𝜃)Z, where 0 is the neutral element of Z/𝑚(𝜃)Z. Both subgroups are independent of the lattices
Λ𝑚 and Λ𝑚′.

For 𝑠 ∈ Z>0, the 2-group Z2 acts on Z/𝑠Z by group automorphisms via sign changes. Any subgroup Z
of Z/𝑠Z is Z2-stable, and its subgroup 𝑍 inv of Z2-fixed elements is of order 1 if [Z/𝑠Z : 𝑍] is odd and of
order 2 otherwise. This in particular applies to the subgroups 𝑍𝑚Λ,lg ⊆ Z/𝑚(𝜑)Z and 𝑍𝑚Λ,sh ⊆ Z/𝑚(𝜃)Z.

Write

𝑍
𝑚,reg
Λ,ℓ := 𝑍𝑚Λ,ℓ \ 𝑍

𝑚,inv
Λ,ℓ ⊆ 𝑍𝑚Λ,ℓ .

Then 𝑍
𝑚,reg
Λ,sh = ∅ if Φ0 = Φlg

0 is simply laced. Let

𝑍
𝑚,reg
Λ,ℓ ⊆ 𝑍

𝑚,reg
Λ,ℓ

be a complete set of representatives of the Z2-orbits in 𝑍
𝑚,reg
ℓ .
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Proposition 9.13. The metaplectic basic representation 𝜋𝑚Λ : HΛ𝑚 ,Λ𝑚′ → End(PΛ) depends on∑
ℓ∈{sh,lg}

#𝑍𝑚,reg
Λ,ℓ

free parameters {ℎ𝜅ℓ 𝑧 (𝜑ℓ) | 𝑧 ∈ 𝑍
𝑚,reg
Λ,ℓ , ℓ ∈ {sh, lg}} and on∑

ℓ∈{sh,lg}

(
#𝑍𝑚,inv

Λ,ℓ − 1
)

choices of signs {ℎ𝜅ℓ 𝑧 (𝜑ℓ) | 𝑧 ∈ 𝑍𝑚,inv
Λ,ℓ \ {0}, ℓ ∈ {sh, lg}}.

Proof. This follows from Definition 9.1, (9.5), Theorem 9.5, (9.2) and (9.3). �

Note that the maximum number of signs in 𝜋𝑚Λ is 2.

Remark 9.14. By Proposition 9.13, the metaplectic representation 𝜋𝑚Λ can be defined over the field
F = Q

(
𝑞, k 1

2 , ℎ̌
)
, where ℎ̌ stands for the parameters ℎ𝜅ℓ 𝑧 (𝜑ℓ) (𝑧 ∈ 𝑍

𝑚,reg
Λ,ℓ , ℓ ∈ {sh, lg}) viewed as

indeterminates.

Remark 9.15. Consider the GL𝑟+1 metaplectic basic representation 𝜋𝑚
Z𝑟+1

: H̃ → End(PZ𝑟+1 ) (see
Remark 9.9(2)). In this case, the multiplicity function k is a single scalar 𝑘 ∈ F×, 𝑍𝑚sh = {0} and

𝑍𝑚lg = Z/𝑚Z;

hence, 𝑍𝑚,reg
lg = 𝑍𝑚lg \ {0} if m is odd and 𝑍

𝑚,reg
lg = 𝑍𝑚lg \ {0, 𝑚/2} if m is even. As representatives for

the Z2-orbits in 𝑍
𝑚,reg
ℓ , we can take

𝑍𝑚lg = {ℓ | ℓ ∈ Z : 1 ≤ ℓ < 𝑚
2 } ⊂ Z/𝑚Z,

which is empty if 𝑚 ≤ 2. We conclude that the representation 𝜋𝑚
Z𝑟+1

does not have free metaplectic
parameters if 𝑚 ≤ 2, and it has �𝑚−1

2 � free metaplectic parameters if 𝑚 > 2. Furthermore, 𝜋𝑚
Z𝑟+1

depends on a sign 𝜖 ∈ {±1} when m is even. This is in accordance with [38, §5].

9.3. A metaplectic affine Weyl group action on rational functions

Denote by Q𝑚 the quotient field of P𝑄𝑚∨ . For a finitely generated abelian subgroup 𝐿 ⊂ 𝐸 , let FQ𝑚 [𝐿]
be the Q𝑚-subalgebra of FQ𝑚 [𝐸] generated by 𝑥𝜆 (𝜆 ∈ 𝐿). In view of (9.16), we can now formulate the
following metaplectic version of Theorem 8.27.

Corollary 9.16. For ℎ ∈M(𝑛,Q) , the formulas

𝜎𝑚Λ (𝑠
𝑚
0 ) (𝑥

𝜆) := −𝑘0ℎB(𝜆,𝜗∨) (𝜗)

(
𝑥𝛼

𝑚∨
0 − 1

𝑘0𝑥
𝛼𝑚∨0 − 𝑘−1

0

)
𝑞𝑚(𝜗)𝜗 (𝜆)𝜗 𝑥𝑠𝜗𝜆

+

(
𝑘0 − 𝑘−1

0

𝑘0𝑥
𝛼𝑚∨0 − 𝑘−1

0

)
𝑥𝜆−�−𝜗

𝑚 (𝜆) �𝛼𝑚∨0 ,

𝜎𝑚Λ (𝑠
𝑚
𝑖 ) (𝑥

𝜆) := −𝑘𝑖ℎ−B(𝜆,𝛼∨𝑖 ) (𝛼𝑖)

(
𝑥𝛼

𝑚∨
𝑖 − 1

𝑘𝑖𝑥
𝛼𝑚∨𝑖 − 𝑘−1

𝑖

)
𝑥𝑠𝑖𝜆 +

(
𝑘𝑖 − 𝑘−1

𝑖

𝑘𝑖𝑥
𝛼𝑚∨𝑖 − 𝑘−1

𝑖

)
𝑥𝜆−�𝛼

𝑚
𝑖 (𝜆) �𝛼

𝑚∨
𝑖 ,

𝜎𝑚Λ (𝜔) (𝑥
𝜆) := 𝜔(𝑥𝜆), 𝜎𝑚Λ ( 𝑓 )𝑥

𝜆 := 𝑓 𝑥𝜆
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for 𝜆 ∈ Λ, 1 ≤ 𝑖 ≤ 𝑟 , 𝜔 ∈ ΩΛ𝑚′ and 𝑓 ∈ FQ𝑚 [Λ𝑚] define a representation

𝜎𝑚Λ : 𝑊Λ𝑚′ � FQ𝑚 [Λ𝑚] → EndF(FQ𝑚 [Λ]).

Note that 𝜎𝑚Λ = 𝜋𝑚,𝑋−loc
Λ ◦ �; cf. Remark 4.10.

The restriction of 𝜎𝑚Λ to 𝑊0 � FQ𝑚 [Λ𝑚] reduces to [38, Prop. 3.19(iii)] (with the role of the root
system replaced by the dual root system). Let 𝜌∨ and 𝜌𝑚∨ be the half-sum of positive co-roots for Φ0
and Φ𝑚0 , respectively. Then the conjugated 𝑊0-action

𝜎CG
Λ (𝑣) 𝑓 := 𝑥𝜌

∨−𝜌𝑚∨𝜎𝑚Λ+𝑃∨ (𝑣)
(
𝑥−𝜌

∨+𝜌𝑚∨ 𝑓
)

(𝑣 ∈ 𝑊0, 𝑓 ∈ FQ𝑚 [Λ]) (9.25)

reduces to the Chinta-Gunnells’ [13, 14] action when the multiplicity functions k and ℎ𝑠 are constant;
see [38, Thm. 3.21 & Cor. 3.22] (the right-hand side of (9.25) is well defined, since Q has a unique
extension to a 𝑊0-invariant rational quadratic form on Λ + 𝑃∨). This follows from the explicit formula

𝜎CG
Λ (𝑠𝑖) ( 𝑓 𝑥

𝜆) = 𝑘2
𝑖 ℎQ(𝛼∨𝑖 )−B(𝜆,𝛼∨𝑖 ) (𝛼𝑖)

(
1 − 𝑥−𝛼

𝑚∨
𝑖

1 − 𝑘2
𝑖 𝑥
𝛼𝑚∨𝑖

)
(𝑠𝑖 𝑓 )𝑥

𝛼∨𝑖 +𝑠𝑖𝜆

+

(
1 − 𝑘2

𝑖

1 − 𝑘2
𝑖 𝑥
𝛼𝑚∨𝑖

)
(𝑠𝑖 𝑓 )𝑥

𝜆+�−(𝜆,𝛼𝑚∨𝑖 ) �𝛼
𝑚∨
𝑖

(9.26)

for 𝑖 ∈ [1, 𝑟], 𝑓 ∈ FQ𝑚 [Λ𝑚] and 𝜆 ∈ Λ, which easily follows from Corollary 9.16 (see [38, Cor. 3.22]).
Hence,

T 𝑚𝑖 ( 𝑓 ) := − 𝑓 +

(
1 − 𝑘2

𝑖 𝑥
𝛼𝑚∨𝑖

1 − 𝑥𝛼
𝑚∨
𝑖

) (
𝑓 − 𝑥𝛼

𝑚∨
𝑖 𝜎CG

Λ (𝑠𝑖) ( 𝑓 )
)

= − 𝑓 +

(
1 − 𝑘2

𝑖 𝑥
𝛼𝑚∨𝑖

1 − 𝑥𝛼
𝑚∨
𝑖

) (
𝑓 − 𝑥𝜌

∨

𝜎𝑚Λ (𝑠𝑖) ( 𝑓 𝑥
−𝜌∨)

)
= − 𝑘𝑖𝑥

𝜌∨𝜋𝑚,𝑋−loc
Λ (𝑇−1

𝑖 ) ( 𝑓 𝑥
−𝜌∨)

(9.27)

for 𝑖 ∈ [1, 𝑟] and 𝑓 ∈ FQ𝑚 [Λ] are the metaplectic Demazure-Lusztig operators from [15, (11)] when
the multiplicity functions k and ℎ𝑠 are constant (see Remark 4.11 for the third equality in (9.27)). By
the third equality in (9.27), the (𝑊0, {𝑠1, . . . , 𝑠𝑟 })-braid relations of the metaplectic Demazure-Lusztig
operators (see, for example, [15, Prop. 7]) are a consequence of Theorem 9.5. In fact, Corollary 9.16
and Theorem 9.5 extend the Chinta-Gunnells 𝑊0-action and the 𝐻0-action by metaplectic Demazure-
Lusztig operators to actions of the affine Weyl group W and the affine Hecke algebra H, respectively.
Including the action of P by multiplication operators, they promote to actions of the double affine Weyl
groupW and the double affine Hecke algebra H, respectively.

Remark 9.17. Recently, the Chinta-Gunnells 𝑊0-action (9.25) and the associated 𝐻0-action by meta-
plectic Demazure-Lusztig operators have been generalised to arbitrary Coxeter groups in [35, §3.3]. In
case of the affine Weyl group (𝑊, {𝑠0, . . . , 𝑠𝑟 }), we expect that the resulting representations of W and
H (see [35, Prop. 3.3.4]) are isomorphic to 𝜎𝑚Λ |𝑊 and 𝜋𝑚Λ |𝐻 with appropriate choices of k and ℎ.

9.4. Metaplectic polynomials

In this subsection, we use the quasi-polynomial eigenfunctions 𝐸 𝐽𝑦 (𝑥; 𝔱) from Theorem 6.3 to construct
the root system generalisations of the metaplectic polynomials from [38, Thm. 5.7].
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Let Λ ∈ L. The torus elements 𝔰𝜆 (𝜆 ∈ Λ) relative to the metaplectic root system Φ𝑚0 are given by

𝔰𝜆 :=
∏
𝛼∈Φ+0

𝑘
𝜂 (𝛼𝑚 (𝜆))𝛼𝑚

𝛼𝑚 =
∏
𝛼∈Φ+0

(
𝑘
𝜒Z>0 (𝛼(𝜆)/𝑚(𝛼))−𝜒Z≤0 (𝛼(𝜆)/𝑚(𝛼))

𝛼𝑚

) 𝛼
𝑚(𝛼) ; (9.28)

see (5.2). We will view 𝔰𝜆 and 𝑞𝜆𝔰𝜆𝔱𝜆(ℎ) as multiplicative character of Λ𝑚′ for any lattice Λ𝑚′ ∈ L𝑚.
Note that by Proposition 5.4, Lemma 8.8(4) and (9.20), we have for 𝑐 ∈ 𝑋𝑚 (Λ),

𝑤(𝑞𝑐𝔰𝑐𝔱𝑐 (ℎ)) = 𝑞𝑤𝑐𝔰𝑤𝑐𝔱𝑤𝑐 (ℎ) (𝑤 ∈ 𝑊𝑚). (9.29)

Theorem 9.18. Let Λ ∈ L and let O be a 𝑊𝑚-orbit in Λ. Choose metaplectic parameters ℎ ∈M(𝑛,Q)
such that in 𝑇𝑄𝑚∨ ,

𝑞𝜆𝔰𝜆𝔱𝜆 (ℎ) ≠ 𝑞𝜆
′

𝔰𝜆′𝔱𝜆′ (ℎ) if 𝜆, 𝜆′ ∈ O and 𝜆 ≠ 𝜆′. (9.30)

For all 𝜆 ∈ O, we then have

1. There exists a unique simultaneous eigenfunction 𝐸𝑚𝜆 (𝑥) ∈ PΛ of the commuting operators 𝜋𝑚Λ (𝑌
𝜇)

(𝜇 ∈ 𝑄𝑚∨) satisfying

𝐸𝑚𝜆 (𝑥) = 𝑥𝜆 + l.o.t.

2. For all Λ𝑚′ ∈ L𝑚 satisfying 〈Λ,Λ𝑚′〉 ⊆ Z, we have

𝜋𝑚Λ (𝑌
𝜇)𝐸𝑚𝜆 =

(
𝑞𝜆𝔰𝜆𝔱𝜆 (ℎ)

)−𝜇
𝐸𝑚𝜆 ∀ 𝜇 ∈ Λ𝑚′.

3. We have

Γ𝑚
(
𝐸𝑚𝜆 (𝑥)

)
=
���
∏

𝛼∈Π (𝑣−1
𝜆 )

(
− 𝑘

1−𝜒Z (𝛼(𝑐𝜆)/𝑚(𝛼))
𝛼𝑚 ℎQ(𝛼∨)𝛼(𝑐𝜆) (𝛼)

)����𝐸
J(𝑐𝜆)
𝜆 (𝑥; 𝑞𝑐𝜆𝔱𝑐𝜆 (ℎ) |𝑄𝑚∨),

where 𝑐𝜆 ∈ 𝐶
𝑚

+ and 𝑣𝜆 ∈ 𝑊0 (see Definition 2.3) are relative to the metaplectic root system Φ𝑚0 .

Proof. Note that under the assumption on Λ𝑚′ ∈ L𝑚 as stated in part (2), the metaplectic representation
𝜋𝑚Λ : H𝑄𝑚∨ ,Λ𝑚′ → End(PΛ) is well defined since 𝑄𝑚∨ ⊆ Λ.

(1) This follows from Corollary 9.11(1) and Theorem 6.3.
(2) This is a direct consequence of part (1), Theorem 7.26(2)&(3) and (9.29).
(3) This follows from Corollary 9.11(1). The normalisation factor can be derived from Lemma 9.10.

�

Remark 9.19. Suppose that F contains a (2ℎ)𝑡ℎ root 𝑞 1
2ℎ of q. Let g ∈ G𝑚 such that ℎ = ℎg, and choose

p̂ ∈ Ĝ𝑚 satisfying (9.12). Then

𝐸𝑚𝜆 (𝑥) = E𝜆 (𝑥; g, p̂),

which follows from the proof of Corollary 9.11.

We call 𝐸𝑚𝜆 ∈ PΛ the monic metaplectic polynomial of degree 𝜆 ∈ Λ relative to the metaplectic
datum (𝑛,Q) and the choice of lattice Λ ∈ L, which we suppress from the notations.

It follows from Theorem 9.18 that the metaplectic basic representation 𝜋𝑚 : H → End(PΛ) is Y-
semisimple if (9.30) holds true for all W-orbits O = O𝑐 (𝑐 ∈ 𝑋𝑚 (Λ)) in Λ. Its Y-spectrum then consists
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of the multiplicative characters

𝑞𝜆𝔰𝜆𝔱𝜆(ℎ) = 𝑞𝜆
∏
𝛼∈Φ+0

(
−𝑘

1−2𝜒Z≤0 (𝛼(𝜆)/𝑚(𝛼))

𝛼𝑚 ℎQ(𝛼∨)𝛼(𝜆) (𝛼)
) 𝛼
𝑚(𝛼)

(𝜆 ∈ Λ) (9.31)

(the explicit formula follows from (9.28) and (9.19)). Note that by (9.21), we have for 𝑐 ∈ 𝑋𝑚 (Λ),

𝑞𝑐𝔰𝑐𝔱𝑐 (ℎ) ∈ 𝐿J(𝑐) , 𝑞𝑐 , 𝑞𝑐𝔱𝑐 (ℎ) ∈ 𝑇J(𝑐) , 𝔱𝑐 (ℎ) ∈ 𝑇
red
J(𝑐) .

Remark 9.20. To compare (9.31) with the spectrum of the GL𝑟+1-type metaplectic polynomials in
[38, §5.4], note that

𝑞𝜆𝔰𝜆𝔱𝜆(ℎ) = 𝑞𝜆
∏
𝛼∈Φ+0

(
𝜎
(ℎ)

Q(𝛼∨)𝛼(𝜆) (𝛼)
)− 𝛼

𝑚(𝛼)

with 𝜎
(ℎ)
𝑠 (𝛼) defined by

𝜎
(ℎ)
𝑠 (𝛼) :=

{
𝑘−1
𝛼𝑚 if 𝑠 ∈ lcm(𝑛,Q(𝛼∨))Z>0,

−𝑘𝛼𝑚ℎ−𝑠 (𝛼) if 𝑠 ∈ Q(𝛼∨)Z \ lcm(𝑛, Q(𝛼∨))Z>0.

This follows by a direct computation using (9.3) and (9.4).

We conclude this section by considering the type 𝐴𝑟 metaplectic polynomials in a bit more detail. We
use the notations from Remark 9.9(2). We thus have the explicit realisation of the 𝐴𝑟 -type root system
Φ0 inR𝑟+1 as {𝜖𝑖−𝜖 𝑗 }𝑖≠ 𝑗 with {𝜖𝑖}𝑟+1𝑖=1 the standard orthonormal basis ofR𝑟+1, and we have a metaplectic
datum (𝑛,Q) giving rise to the constant metaplectic multiplicity function 𝑚 = 𝑛/gcd(𝑛, 𝜅) ∈ Z>0.

Take Λ = Z𝑟+1 ∈ L, so that

PZ𝑟+1 = F[𝑥±1
1 , . . . , 𝑥±1

𝑟+1]

with 𝑥𝑖 := 𝑥 𝜖𝑖 for 𝑖 ∈ [1, 𝑟 + 1]. The resulting 𝐴𝑟 -type monic metaplectic polynomials

𝐸𝑚𝜆 (𝑥) ∈ PZ𝑟+1 = F[𝑥±1
1 , . . . , 𝑥±1

𝑟+1]

of degree 𝜆 ∈ Z𝑟+1 then satisfies

𝜋𝑚
Z𝑟+1
(𝑌 𝜇)𝐸𝑚𝜆 =

(
𝑞𝜆𝔰𝜆𝔱𝜆(ℎ)

)−𝜇
𝐸𝑚𝜆 ∀ 𝜇 ∈ 𝑚Z𝑟+1, (9.32)

with 𝜋𝑚
Z𝑟+1

: Ĥ = H𝑚Z𝑟+1 ,𝑚Z𝑟+1 → End(PZ𝑟+1) the GL𝑟+1 metaplectic basic representation. The Coxeter-
type expressions for the Y-elements are determined by the formulas

𝑌𝑚𝜖𝑖 = 𝑇−1
𝑖−1 · · ·𝑇

−1
2 𝑇−1

1 𝑢𝑇𝑟 · · ·𝑇𝑖+1𝑇𝑖 ∈ H̃ (1 ≤ 𝑖 ≤ 𝑟 + 1),

which follows from (7.47) with ℓ = 𝑚.

Remark 9.21. When all the free parameters are formal (i.e., when F = Q(𝑞, k 1
2 , ℎ̌) (see Remark 9.14)),

then the generic condition (9.30) is valid for all W-orbits O in Z𝑟+1, and hence, the commuting operators
𝜋𝑚
Z𝑟+1
(𝑌 𝜇) (𝜇 ∈ 𝑚Z𝑟+1) are simultaneously diagonalisable. By inspection of the spectrum (see (9.31)),

their common eigenspaces are one-dimensional. In this situation, 𝐸𝑚𝜆 (𝑥) ∈ PZ𝑟+1 can be characterised as
the unique Laurent polynomial

∑
𝜆′ ∈Z𝑟+1 𝑑𝜆′𝑥

𝜆′ satisfying the eigenvalue equations (9.32) and satisfying
𝑑𝜆 = 1. This proves [38, Thm. 5.7] and shows that 𝐸𝑚𝜆 (𝑥) is the GL𝑟+1 metaplectic polynomial 𝐸 (𝑚)𝜆 (𝑥)
from [38, §5.4].
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10. Limits to metaplectic Iwahori-Whittaker functions

In this section, we show that the Whittaker limits of the metaplectic polynomials 𝐸𝑚𝜆 (𝑥) and their
anti-symmetric versions produce metaplectic Iwahori-Whittaker and metaplectic spherical functions,
respectively. The key point is to relate formula (6.52) for the Whittaker limit 𝐸 𝐽𝑦 (𝑥) of 𝐸 𝐽𝑦 (𝑥; 𝔱) with
the expression of the metaplectic Iwahori-Whittaker function in terms of metaplectic Demazure-Lusztig
operators obtained by Patnaik and Puskas in [34, (6.48)].

We freely use the notations from the previous section and from Subsection 6.8. In particular, we
assume that the ground field F is K(𝑞 1

2ℎ ) with K of characteristic zero and that the multiplicity functions
k and ℎ𝑠 take value in K×. We write M(𝑛,Q) for the subset of parameters ℎ ∈M(𝑛,Q) with multiplicity
functions ℎ𝑠 taking values in K×. We furthermore assume that Λ ∈ L contains 𝑃∨.

In this section, we work in the metaplectic context. We thus have a fixed metaplectic datum (𝑛, Q), and
the quasi-polynomials 𝐸 𝐽𝑦 (𝑥; 𝔱) and 𝐸 𝐽 ,−𝑦 (𝑥; 𝔱) and their Whittaker limits 𝐸

𝐽
𝑦 (𝑥) and 𝐸

𝐽 ,−
𝑦 (𝑥) occurring

in this section will be relative to the metaplectic affine root system Φ𝑚 and a choice of a multiplicity
function k on Φ𝑚. Recall that the Whittaker limit boils down to specialising coefficients at 𝑞− 1

2ℎ = 0
(see Subsection 6.8).

Remark 10.1. The link to representation metaplectic Whittaker functions for metaplectic covers of
reductive groups requires the field K to be a non-archimedean local field containing the 𝑛th roots of
unity, and with the cardinality of its residue field equal to 1 modulo 2𝑛 (here, n is the positive integer
from the metaplectic datum (𝑛,Q)). In this case, the multiplicity function k takes on the constant value
k with 𝑘−2 equal to the cardinality of the residue field. The multiplicity functions ℎ𝑠 of the metaplectic
paramaters ℎ ∈ M(𝑛,Q) are also constant and are equal to certain Gauss sums. For further details,
see [15, 34].

Let 𝐻𝑚0 be the finite Hecke algebra over K viewed as subalgebra of H𝑚 in the natural way. Consider
the right 𝐻𝑚0 -action on KQ𝑚 [Λ], defined by

( 𝑓 𝑥𝜆) �𝑚 𝑇𝑣 := 𝜋𝑚,𝑋−loc
Λ (𝑇𝑣−1 ) ( 𝑓 𝑥𝜆)

for 𝑣 ∈ 𝑊0, 𝑓 ∈ Q𝑚 and 𝜆 ∈ Λ. This is the metaplectic analog of the 𝐻0-action defined in Lemma 6.46.
In fact, by Corollary 9.11(1), we have

Γ𝑚
(
𝑓 𝑥𝜆 �𝑚 𝑇𝑣

)
= Γ𝑚( 𝑓 𝑥𝜆) � 𝑇𝑣 (𝑣 ∈ 𝑊0), (10.1)

where � now denotes the right 𝐻𝑚0 -action (6.40) on KQ𝑚 [Λ].
Define 𝛾𝜇 = 𝛾𝜇 (ℎ) ∈ K× for 𝜇 ∈ Λ by

𝛾𝜇 :=
∏

𝛼∈Π (𝑣−1
𝜇 )

(
−𝑘

1−𝜒Z (𝛼(𝑐𝜇)/𝑚(𝛼))
𝛼𝑚 ℎQ(𝛼∨)𝛼(𝑐𝜇) (𝛼)

)
,

where 𝑐𝜆 ∈ 𝐶
𝑚

+ and 𝑣𝜆 ∈ 𝑊0 (see Definition 2.3) are defined relative to the metaplectic root system Φ𝑚0 .
Then Γ𝑚(𝑥𝜇) = 𝛾𝜇𝑥

𝜇 for all 𝜇 ∈ Λ; see Lemma 9.10. We furthermore write

𝜅𝑚𝑣 (𝑦) :=
∏
𝛼∈Φ𝑚

0

𝑘
−𝜂 (𝛼𝑚 (𝑦))
𝛼𝑚 (𝑣 ∈ 𝑊0, 𝑦 ∈ 𝐸);

cf. (4.10).
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Lemma 10.2. For 𝜆 ∈ Λ and ℎ ∈ M(𝑛,Q) , the Whittaker limit 𝐸𝑚𝜆 (𝑥) of the metaplectic polynomial
𝐸𝑚𝜆 (𝑥) ∈ PΛ is well defined. Then

Γ𝑚 (𝐸
𝑚
𝜆 (𝑥)) = 𝛾𝜆 𝐸

J(𝑐𝜆)
𝜆 (𝑥) ∀𝜆 ∈ Λ (10.2)

and

𝐸
𝑚
𝜆 (𝑥) = 𝑥𝜆 (𝜆 ∈ Λ ∩ 𝐸−),

𝐸
𝑚
𝑣𝜆(𝑥) =

𝛾𝑣𝜆
𝜅𝑚𝑣 (𝜆)𝛾𝜆

𝑥𝜆 �𝑚 𝑇−1
𝑣 (𝑣 ∈ 𝑊0, 𝜆 ∈ Λ ∩ 𝐸−).

(10.3)

Proof. By Theorem 9.18, we have

Γ𝑚(𝐸𝑚𝜆 (𝑥)) = 𝛾𝜆 𝐸
J(𝑐𝜆)
𝜆

(
𝑥; 𝑞𝑐𝜆𝔱𝑐𝜆 (ℎ) |𝑄𝑚∨

)
(10.4)

for 𝜆 ∈ Λ. Since 𝛾𝜇 does not depend on 𝑞
1

2ℎ , it follows from (10.4) and Proposition 6.47 that the
Whittaker limit 𝐸𝑚𝜆 (𝑥) of 𝐸𝑚𝜆 (𝑥) exists, and that (10.2) holds true.

By (6.49), we have 𝐸
𝑚
𝜆 (𝑥) = 𝑥𝜆 for 𝜆 ∈ Λ ∩ 𝐸−. For 𝜆 ∈ Λ ∩ 𝐸− and 𝑣 ∈ 𝑊0, we have by (6.52) and

(10.1),

Γ𝑚
(
𝐸
𝑚
𝑣𝜆(𝑥)

)
=

𝛾𝑣𝜆
𝜅𝑚𝑣 (𝜆)

𝑥𝜆 � 𝑇−1
𝑣

=
𝛾𝑣𝜆

𝜅𝑚𝑣 (𝜆)𝛾𝜆
Γ𝑚 (𝑥𝜆) � 𝑇−1

𝑣

=
𝛾𝑣𝜆

𝜅𝑚𝑣 (𝜆)𝛾𝜆
Γ𝑚
(
𝑥𝜆 �𝑚 𝑇−1

𝑣

)
,

which concludes the proof of the lemma. �

For 𝜆 ∈ Λ, define the antisymmetric variant of the metaplectic polynomial 𝐸𝑚𝜆 (𝑥) by

𝐸𝑚,−𝜆 (𝑥) := 𝜋𝑚Λ (1−)𝐸
𝑚
𝜆 (𝑥),

with 1− ∈ 𝐻
𝑚
0 given by (6.33).

Corollary 10.3. For ℎ ∈ M(𝑛,Q) and 𝜆 ∈ Λ, the Whittaker limit 𝐸𝑚,−𝜆 (𝑥) of 𝐸𝑚,−𝜆 (𝑥) is well defined.
Furthermore,

Γ𝑚
(
𝐸
𝑚,−
𝜆 (𝑥)

)
= 𝛾𝜆 𝐸

J(𝑐𝜆) ,−
𝜆 (𝑥) ∀𝜆 ∈ Λ, (10.5)

and for 𝜆 ∈ Λ ∩ 𝐸−,

𝐸
𝑚,−
𝜆 (𝑥) = 𝜅𝑚𝑤0 (0)

−2
∑
𝑣 ∈𝑊0

(−1)ℓ (𝑣) 𝜅𝑚𝑣 (0)
𝜅𝑚𝑣 (𝜆)𝛾𝜆

𝛾𝑣𝜆
𝐸
𝑚
𝑣𝜆(𝑥). (10.6)

Proof. By Corollary 9.11(1), we have

Γ𝑚
(
𝐸𝑚,−𝜆 (𝑥)

)
= 𝛾𝜆 𝜋𝑐𝜆 ,𝑞𝑐𝜆 𝔱𝑐𝜆 (ℎ) (1−)𝐸

J(𝑐𝜆)
𝜆

(
𝑥; 𝑞𝑐𝜆𝔱𝜆(ℎ) |𝑄𝑚∨

)
= 𝛾𝜆 𝐸

J(𝑐𝜆) ,−
𝜆

(
𝑥; 𝑞𝑐𝜆𝔱𝜆(ℎ) |𝑄𝑚∨

)
.
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Hence, the Whittaker limit 𝐸𝑚,−𝜆 (𝑥) of 𝐸𝑚,−𝜆 (𝑥) exists, and (10.5) holds true. For 𝜆 ∈ Λ ∩ 𝐸−, we have
by (10.5), Corollary 6.52 and (10.2),

Γ𝑚
(
𝐸
𝑚,−
𝜆 (𝑥)

)
= 𝜅𝑚𝑤0 (0)

−2
∑
𝑣 ∈𝑊0

(−1)ℓ (𝑣) 𝜅𝑚𝑣 (0)𝜅𝑚𝑣 (𝜆)𝛾𝜆 𝐸
J(𝑐𝜆)
𝑣𝜆 (𝑥)

= 𝜅𝑚𝑤0 (0)
−2
∑
𝑣 ∈𝑊0

(−1)ℓ (𝑣) 𝜅𝑚𝑣 (0)
𝜅𝑚𝑣 (𝜆)𝛾𝜆

𝛾𝑣𝜆
𝐸
𝑚
𝑣𝜆(𝑥),

which completes the proof. �

To relate (10.3) to formula [34, (6.48)] of the metaplectic Iwahori-Whittaker function, we need
to compare the 𝑊0-action 𝜎CG

Λ and the metaplectic Demazure-Lusztig operator T 𝑚𝑖 with [34, (4.7)]
and [34, (4.10)]. The operator 𝑤𝛼𝑖∗ in [34, (4.7)] corresponds to 𝐼 ◦ 𝜎CG

Λ (𝑠𝑖) ◦ 𝐼, where I is
the F-algebra automorphism of FQ𝑚 [Λ] mapping 𝑥𝜆 to 𝑥−𝜆 for all 𝜆 ∈ Λ. In this identification,
the parameters (𝑛(𝛼∨𝑖 ), 𝑣) in [34, (4.10)] correspond to (𝑚(𝛼𝑖), k2). Similarly, the operator T𝛼𝑖 in
[34, (4.10)] corresponds to

T̃ 𝑚𝑖 := 𝐼 ◦ T 𝑚𝑖 ◦ 𝐼, (10.7)

with T 𝑚𝑖 the metaplectic Demazure-Lusztig operator (9.27).
The T̃ 𝑚𝑖 (𝑖 ∈ [1, 𝑟]) satisfy the braid relations by the last formula of (9.27) (this was originally

observed in [15, Prop. 7]), and hence, we can define for 𝑣 ∈ 𝑊0 the linear operator

T̃ 𝑚𝑣 := T̃ 𝑚𝑖1 · · · T̃
𝑚
𝑖ℓ

acting on KQ𝑚 [Λ], where 𝑣 = 𝑠𝑖1 · · · 𝑠𝑖ℓ is a reduced expression of 𝑣 ∈ 𝑊0.

Definition 10.4. For 𝜆 ∈ Λ ∩ 𝐸+ and 𝑣 ∈ 𝑊0, set

W𝑣,𝜆 := T̃ 𝑚𝑣
(
𝑥𝜆
)
, W𝜆 :=

∑
𝑣 ∈𝑊0

W𝑣,𝜆

in PΛ.

The expressions [34, Cor. 5.4] and [34, (5.8)] of the metaplectic Iwahori-Whittaker function and the
spherical Whittaker function in terms of metaplectic Demazure-Lusztig operators show that in the realm
of representation theory of metaplectic covers of reductive groups (see Remark 10.1), the polynomial
W𝑣,𝜆 is a metaplectic Iwahori-Whittaker function and W𝜆 is a metaplectic spherical Whittaker function
(the formula expressing the metaplectic spherical Whittaker function in terms of metaplectic Demazure-
Lusztig operators was originally obtained in [15, Thm. 16]).

In the following theorem, we express W𝑣,𝜆 and W𝜆 in terms of the Whittaker limits 𝐸
𝑚
𝜆 (𝑥) and

𝐸
𝑚,−
𝜆 (𝑥) of the metaplectic polynomials 𝐸𝑚𝜆 (𝑥) and 𝐸𝑚,−𝜆 (𝑥).

Theorem 10.5. Let ℎ ∈M(𝑛,Q) and 𝜆 ∈ Λ ∩ 𝐸+.

1. For 𝑣 ∈ 𝑊0, we have

W𝑣,𝜆 = (−1)ℓ (𝑣) 𝜅𝑚𝑣 (0)
𝜅𝑚𝑣 (−𝜆 − 𝜌∨)𝛾−𝜆−𝜌∨

𝛾−𝑣 (𝜆+𝜌∨)
𝑥−𝜌

∨

𝐼
(
𝐸
𝑚
−𝑣 (𝜆+𝜌∨) (𝑥)

)
.

2. We have

W𝜆 = 𝜅𝑚𝑤0 (0)
2 𝑥−𝜌

∨

𝐼
(
𝐸
𝑚,−
−𝜆−𝜌∨ (𝑥)

)
. (10.8)
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Proof. (1) Substituting (10.7) and the last equality of (9.27), we have

W𝑣,𝜆 = T̃ 𝑚𝑣
(
𝑥𝜆
)
= (−1)ℓ (𝑣) 𝜅𝑚𝑣 (0) 𝑥−𝜌

∨

𝐼
(
𝜋𝑚,𝑋−loc
Λ

(
𝑇−1
𝑣−1

)
(𝑥−𝜆−𝜌

∨

)
)

= (−1)ℓ (𝑣) 𝜅𝑚𝑣 (0) 𝑥−𝜌
∨

𝐼
(
𝑥−𝜆−𝜌

∨

�𝑚 𝑇−1
𝑣

)
.

(10.9)

Note that −𝜆 − 𝜌∨ ∈ Λ ∩ 𝐸−, so the result follows from (10.3).
(2) This follows directly by combining part (1) and (10.6). �

Remark 10.6. Formulas (10.2) and (10.5) now also allow to express W𝑣,𝜆 and W𝜆 in terms of 𝐸 𝐽𝑦 (𝑥)
and 𝐸

𝐽 ,−
𝑦 (𝑥).

Finally, we shortly explain how McNamara’s [30, Thm. 15.2] Casselman-Shalika type formula for
the metaplectic spherical Whittaker function can be derived from (6.56). First, note that Γ𝑚 has a unique
extension to a Q𝑚-linear automorphism of KQ𝑚 [Λ]. Define a linear 𝑊0-action on KQ𝑚 [Λ] by

𝑣 �𝑚 ( 𝑓 𝑥𝜆) := 𝜎𝑚Λ (𝑣) ( 𝑓 𝑥
𝜆)

for 𝑣 ∈ 𝑊0, 𝑓 ∈ Q𝑚 and 𝜆 ∈ Λ. Then Corollary 9.16, (4.19) and Corollary 9.11(1) imply that

Γ𝑚
(
𝑣 �𝑚 ( 𝑓 𝑥𝜆)

)
= 𝑣 � Γ𝑚( 𝑓 𝑥𝜆) (𝑣 ∈ 𝑊0), (10.10)

where 𝑣 � ( 𝑓 𝑥𝜆) = 𝜎𝑐𝜆 ,𝑞𝑐𝜆 𝔱𝜆 (ℎ) (𝑣) ( 𝑓 𝑥
𝜆) (see (6.54)).

Proposition 10.7. Let 𝜆 ∈ Λ ∩ 𝐸−. Then

𝐸
𝑚,−
𝜆 (𝑥) =

���
∏
𝛼∈Φ+0

1 − 𝑘−2
𝛼𝑚𝑥

−𝛼𝑚∨

1 − 𝑥−𝛼𝑚∨
���
∑
𝑣 ∈𝑊0

(−1)ℓ (𝑣)𝑣 �𝑚 𝑥𝜆 (10.11)

and

𝐼 (W𝜆) = 𝜅𝑚𝑤0 (0)
2���
∏
𝛼∈Φ+0

1 − 𝑘−2
𝛼𝑚𝑥

−𝛼𝑚∨

1 − 𝑥−𝛼
𝑚∨

���
∑
𝑣 ∈𝑊0

(−1)ℓ (𝑣)
( ∏
𝛼∈Π (𝑣−1)

𝑥𝛼
𝑚∨ )

𝜎CG
Λ (𝑣)

(
𝑥−𝜆
)
. (10.12)

Proof. The proof of (10.11) follows by combining (10.5), (6.56) and (10.10). Substituting (10.11) into
(10.8) and using that

𝑥𝜌
∨ (

𝑣 �𝑚 𝑥−𝜆−𝜌
∨ )

= 𝑥𝜌
𝑚∨

𝜎𝐶𝐺Λ (𝑣)
(
𝑥−𝜆−𝜌

𝑚∨ )
by (9.25), we get

𝐼 (W𝜆) = 𝜅𝑚𝑤0 (0)
2���
∏
𝛼∈Φ+0

1 − 𝑘−2
𝛼𝑚𝑥

−𝛼𝑚∨

1 − 𝑥−𝛼𝑚∨
���
∑
𝑣 ∈𝑊0

(−1)ℓ (𝑣)𝑥𝜌
𝑚∨

𝜎CG
Λ (𝑣)

(
𝑥−𝜆−𝜌

𝑚∨ )
.

The result now follows from the fact that

𝜌𝑚∨ − 𝑣𝜌𝑚∨ =
∑

𝛼∈Π (𝑣−1)

𝛼𝑚∨.

�
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In the context of representation theory of metaplectic reductive groups over non-archimedean local
fields (see Remark 10.1), formula (10.12) reduces to McNamara’s [30, Thm. 15.2] Casselman-Shalika
type formula for the metaplectic spherical Whittaker function; see also [38, Thm. 4.9].

11. Index of symbols

In the first column of the following table, we list spaces, groups and sets that will frequently occur in
the paper. In the second column, we list the notations that we try to use throughout the paper for their
elements.

R d

E y
𝐸∗ 𝜉

𝐶+ c
Φ0 𝛼, 𝛽
𝑄∨ 𝜇, 𝜈
L Λ
Λ 𝜆

Λ′min 𝜁
𝑊0 v
Φ 𝑎, 𝑏
W 𝑢, 𝑤
W g
ΩΛ′ 𝜔

{0, . . . , 𝑟 } j
{1, . . . , 𝑟 } i

F× z

§1.7 Conventions

F, 𝑞,Hom(𝐺, 𝐻), 𝑇Λ, 𝑅[𝐴],PΛ, 𝑥
𝜆, 𝑡𝜆, [ℓ, 𝑚].

§2.1 Root systems and Weyl groups

𝐸, 〈·, ·〉, ‖ · ‖, 𝐸co, 𝐸
reg, 𝐸±, 𝑦±, 𝐸

′, 𝐸 ′±, pr𝐸′ , pr𝐸co , 𝑚,Φ0,Φ±0 ,Δ0 = {𝛼𝑖}𝑟𝑖=1, 𝜑, 𝑄,
Φ∨0 ,Δ

∨
0 = {𝛼∨𝑖 }

𝑟
𝑖=1,𝑊0, 𝑤0, 𝑠𝛼, 𝑠𝑖 , 𝑄

∨, 𝑃∨, 𝑃∨,±, 𝜛∨𝑖 .

§2.2 Affine root systems and affine Weyl groups

𝐸𝑎,reg, 𝐶±,O𝑦 , 𝐸∗ ⊕ R
𝐷
� 𝐸∗,Φ,Φ±,Δ = {𝛼 𝑗 }𝑟𝑗=0,𝑊,𝑊𝑦 , 𝑠𝑎, 𝑠0, 𝜏(𝜇),𝑊

𝐷
� 𝑊0.

§2.3 Length function and parabolic subgroups

ℓ(𝑤),Π(𝑤), 𝑐𝑦 , 𝑤𝑦 , 𝜇𝑦 , 𝑣𝑦 , J(𝑐),Φ𝐽 ,Φ±𝐽 ,𝑊𝐽 ,𝑊
𝐽 .

§2.4 The Coxeter complex of W

Σ(Φ), 𝐶𝐽 , 𝐶𝐽 ,FΣ (𝐸, 𝑋).

§2.5 The double affine Weyl group

Φ∨, 𝑎∨, 𝐾, 𝑄∨,W,L,Λ, Λ̂, 𝑗Λ, q.
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§2.6 Algebras of q-difference reflection operators

F, 𝑞𝛼, 𝑇Λ, 𝑇, 𝑡𝜆, 𝜛, 𝑧 𝜉 , 𝑧𝜇,PΛ,P ,QΛ,Q,𝑊 � P ,𝑊 �Q.

§2.7 The double affine Hecke algebra

shΦ0,
lgΦ0,

sh𝑘, lg𝑘, 𝑘, k, 𝑘𝑎, 𝑘 𝑗 , 𝜒±, 𝜒,H = H(k, 𝑞), 𝐻 = 𝐻 (k), 𝐻0 = 𝐻0 (k),
P𝑌 , 𝑇𝑤 , 𝑌 𝜇,𝑈0, 𝑝(𝑌

±1), 𝛿.

§2.8 Intertwiners

𝑆𝑋𝑗 , 𝑆
𝑋
𝑤 , 𝑆

𝑌
𝑗 , 𝑆

𝑌
𝑤 ,�,H

𝑋−loc,H𝑌−loc, 𝑆𝑋𝑗 , 𝑆
𝑋
𝑤 , 𝑆

𝑌
𝑗 , 𝑆

𝑌
𝑤 .

§3.1 Induction parameters

𝑇Λ,𝐽 , 𝑇
red
Λ,𝐽 , 𝑇𝐽 , 𝑇

red
𝐽 , 𝑇𝐺Λ , 𝑇Λ, 𝑇Λ,𝐽 , 𝐿Λ,𝐽 , 𝐿𝐽 , 𝐿

𝐽 , 1𝑇Λ ,𝑊 red
𝐽 , 𝐽0,Φ𝐽0 ,Φ0,𝐽0 ,Φ

+,𝐽
0 ,

𝑚(𝜑), ℎ, 𝜂𝐽 (𝛼), 𝑛𝑖 (𝛼), 𝔰𝐽 .

§3.2 The H-moduleM𝐽𝑡

H𝑋𝐽 ,H
𝑌
𝐽 , 𝜒

𝑋
𝐽 ,𝑡 , 𝜒𝐽 ,𝑡 , 𝐻𝐽 ,F𝐽 ,𝑡 , 1𝐽 ,𝑡 ,M

𝐽
𝑡 , 𝑚

𝐽
𝑡 , 𝐽 (𝑡), 𝐿

𝐽 ,F𝑋𝐽 ,𝑡 ,
𝑋M𝐽𝑡 , 𝜋, 𝑡sph,M(𝑇), E , 𝑚𝐽𝑤 ;𝑡 , 𝜇𝑤 , 𝑣𝑤 .

§4.1 Spaces of quasi-polynomials

𝑅, 𝑅[𝐸], 𝑥𝑦 , 𝑥 (𝑦,𝑚) ,P (𝑐) , 𝔱𝑦 , 𝑤𝔱 , 𝑇
∨
R
,P𝛾 , [𝑐].

§4.2 Truncated divided difference operators

∇𝑎,∇ 𝑗 .

§4.3 The quasi-polynomial realisation of M𝐽𝑡

𝜒𝐵, 𝜂, 𝜅𝑣 (𝑦), 𝜋𝑐,𝔱 ,P (𝑐)𝔱 , 𝜙𝑐,𝔱.

§4.4 The face dependence of the quasi-polynomial representation

𝑒𝐽 ,ℎ
𝑤,𝑤′;𝔱, pr𝔱′𝑐,𝑐′ .

§4.5 Affine Weyl group actions on quasi-rational functions

FQ [𝐸],Q𝛾 , 𝜎𝑐,𝔱, 𝑠 𝑗 , 𝜋𝑋−loc
𝑐,𝔱 , 𝜑, 𝜉𝑦 .

§5.1 Properties of the base point 𝔰𝐽

𝔰𝑦 , 𝑘 (𝑦), 𝑘𝑤 (𝑦).

§5.2 The H-action on P (𝑐)

𝜓𝑐,𝔱 , 𝐻𝑖,𝑚.
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§5.4 The parabolic Bruhat order on E

≤𝐵, (𝐸, ≤), ≺, ≺𝛼, sgn.

§5.5 Triangularity properties

𝐺𝔱 (𝑎).

§6.1 Genericity conditions for the multiplicity function

𝑇 ′𝐽 , 𝜆𝐽 , 𝑞
𝑦 , 𝑃, 𝜛𝑖 , 𝐼

co, 𝔱(z), 𝑊 𝐼
0 .

§6.2 The monic Y-eigenbasis of P (𝑐)𝔱

𝑚𝐽𝑦 (𝑥; 𝔱), 𝑑𝐽𝑦,𝑦′;𝔱, 𝑑
𝐽
𝑤,𝑤′;𝔱,S (𝑀), 𝑀 [𝑠], 𝐸 𝐽𝑦 (𝑥; 𝔱), 𝑒𝐽𝑦,𝑦′;𝔱, 𝑒

𝐽
𝑤,𝑤′;𝔱.

§6.3 Creation operators and irreducibility conditions

𝑑𝑤 (𝑥), 𝜖𝑤,𝑢 , 𝜖
′
𝑤,𝑢 ,P

(𝑐)
<𝑤 , 𝑛𝑤 .

§6.4 Closure relations

𝑒𝐽 ,𝐽
′

𝑤,𝑢′;𝔱′ .

§6.5 The normalised Y-eigenbasis and pseudo-duality

𝑟𝑤 (𝑥), 𝑃
𝐽
𝑦 (𝑥; 𝔱), 𝑡𝑦 , 𝜌𝑤 .

§6.6 (Anti)symmetrisation

1±,Q(𝑐) ,+𝔱 ,P (𝑐) ,+𝔱 , 𝐸 𝐽 ,±𝑦 (𝑥; 𝔱), 𝑃𝐽 ,+𝑦 (𝑥; 𝔱),O+𝑐 ,𝑊0,𝑦± ,𝑊
𝑦±
0 , 𝑔𝑦 , 𝐶

±
𝑦 (𝑦

′).

§6.7 Pseudo-unitarity and orthogonality relations

∗,F×𝑢 ,F𝑟 , 𝑇𝑢 , 𝑇𝑟 , 𝑁𝑤 (𝑥), (·, ·)𝐽 ,𝔱 , 𝑝∗, ct,W .

§6.8 The Whittaker limit

K,Freg,P
(𝑐)

,P ,P (𝑐)reg ,Q
(𝑐)

,Q, 𝑑, 𝑓 , 𝐻0, 𝐻, 𝑇, 𝑇
red
𝐽 , 𝐸

𝐽
𝑦 (𝑥), 𝐸

𝐽 ,±
𝑦 (𝑥), �, �, 𝑠𝜇.

§7.1 Extended root datum and extended affine Weyl groups

𝑒, (L×2)𝑒, (Λ1,Λ′1) ≤ (Λ2,Λ′2), 𝑞
ℓ/𝑒, 𝑞ℓ/𝑒𝛼 ,𝑊Λ,ΩΛ, 𝑤𝜆,Λ, 𝑣𝜆,Λ,Λmin, 𝜁

′, 𝜔( 𝑗), 𝐼Λ′ , 𝜛
∨
𝑖,Λ′ .

§7.2 The extended double affine Hecke algebra

HΛ,Λ′ , 𝐻Λ′ ,Λ′+.

§7.3 The extended quasi-polynomial representation

P (𝑐)Λ , 𝜋Λ,Λ
′

𝑐,𝔱 ,P (𝑐)Λ,𝔱 , 𝜎
𝑄∨ ,Λ′

𝑐,𝔱 , 𝑉𝑐,𝔱, 𝑉𝑐,𝔱 (𝜔), 𝜙𝜔 ,𝑊Λ,𝑐 ,ΩΛ,𝐽 ,ΩΛ,𝑐 ,Ω𝑐Λ,
Λ𝑇𝑐Λ′ , 𝔱𝑦;𝑐 , 𝑤𝔱;𝑐 , 𝜓

Λ,Λ′

𝑐,𝔱 .
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§7.4 Twist parameters

Ξ𝔱,Θ𝔱.

§7.5 The extended eigenvalue equations

𝐸Λ,Λ′
𝑦;𝑐 (𝑥; 𝔱).

§7.6 The theory for the GL𝑟+1 root datum

𝜖𝑖 , 𝑢, 𝜛, 𝜛∨
𝑖,ℓZ𝑟+1

, H̃, 𝜋̃𝑐,𝔱 , 𝑌𝑖 , 𝐸𝑦;𝑐 (𝑥; 𝔱).

§8.1 The g-parameters

𝔱̃, 𝜅𝛼 (̃𝔱),Gamb, f, 𝑓𝛼, Ĝ, 𝑞𝑦 , ĝ, 𝑔̂𝛼,G, g, 𝑔𝛼, CΛ,Λ′ , 𝔠, 𝔱𝑦 (ĝ, 𝔠), 𝑤 ·̂p,𝔠 𝑥𝑦 .

§8.2 The uniform quasi-polynomial representation

Γ (𝑐)Λ,g,Fcl, g̃, 𝛾g̃, 𝜋
Λ,Λ′

g,p̂,𝔠 .

§8.3 Uniform quasi-polynomial eigenfunctions

EΛ,Λ′
𝑦 (𝑥; g, p̂, 𝔠), E𝑦 (𝑥; g, p̂),FQΛ [𝐸], 𝜎

Λ,Λ′

g,p̂,𝔠 .

§9 Metaplectic representations and metaplectic polynomials

𝑛,Q, 𝜅ℓ .

§9.1 The metaplectic parameters

B, 𝑚(𝛼),Φ𝑚0 , 𝛼𝑚, 𝑄𝑚∨,Φ𝑚, 𝜗, 𝜃, 𝑠𝑚𝑗 , 𝐶
𝑚
+ , 𝐶

𝑚𝐽 ,G𝑚,M = M(𝑛,Q) , ℎ, ℎ𝑠 (𝛼), ℎg, ℎ
g
𝑠 (𝛼), ℓ𝛼.

§9.2 The metaplectic basic representation

H𝑚,L𝑚,Λ𝑚,Λ𝑚′, 𝑟ℓ (𝑠),∇𝑚𝑗 , 𝜋𝑚Λ ,HΛ𝑚 ,Λ𝑚′ , Ĝ𝑚, 𝜋g,p̂,𝔠;Λ, 𝜋g;Λ,P𝑚Λ , 𝑋𝑚 (Λ),
Γ𝑚 = Γ𝑚ℎ , 𝔱𝜆(ℎ), 𝑋

𝑚 (Λ,Λ𝑚), 𝜅, H̃, 𝑍𝑚Λ,ℓ , 0, 𝑍
𝑚,inv
Λ,ℓ , 𝑍

𝑚,reg
Λ,ℓ , 𝑍

𝑚,reg
Λ,ℓ , ℎ̌.

§9.3 A metaplectic affine Weyl group action on rational functions

Q𝑚,FQ𝑚 [𝐿], 𝜎𝑚Λ , 𝜌∨, 𝜌𝑚∨, 𝜎CG
Λ , T 𝑚𝑖 .

§9.4 The metaplectic polynomials

𝐸𝑚𝜆 , 𝜎
(ℎ)
𝑠 (𝛼).

§10 Limits to metaplectic Iwahori-Whittaker functions

M(𝑛,Q) , 𝐻
𝑚
0 , �𝑚, 𝛾𝜇 = 𝛾𝜇 (ℎ), 𝜅

𝑚
𝑣 (𝑦), 𝐸

𝑚
𝜆 (𝑥), 𝐸

𝑚,−
𝜆 (𝑥), 𝐸

𝑚,−
𝜆 , T̃ 𝑚𝑖 , T̃ 𝑚𝑣 ,W𝑣,𝜆,W𝜆, �𝑚.
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