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Abstract

We introduce an explicit family of representations of the double affine Hecke algebra H acting on spaces of quasi-
polynomials, defined in terms of truncated Demazure-Lusztig type operators. We show that these quasi-polynomial
representations provide concrete realisations of a natural family of cyclic Y-parabolically induced H-representations.
We recover Cherednik’s well-known polynomial representation as a special case.

The quasi-polynomial representation gives rise to a family of commuting operators acting on spaces of quasi-
polynomials. These generalize the Cherednik operators, which are fundamental in the study of Macdonald poly-
nomials. We provide a detailed study of their joint eigenfunctions, which may be regarded as quasi-polynomial,
multi-parametric generalisations of nonsymmetric Macdonald polynomials. We also introduce generalizations of
symmetric Macdonald polynomials, which are invariant under a multi-parametric generalization of the standard
Weyl group action.

We connect our results to the representation theory of metaplectic covers of reductive groups over non-
archimedean local fields. We introduce root system generalizations of the metaplectic polynomials from our previous
work by taking a suitable restriction and reparametrization of the quasi-polynomial generalizations of Macdonald
polynomials. We show that metaplectic Iwahori-Whittaker functions can be recovered by taking the Whittaker limit
of these metaplectic polynomials.
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1. Introduction

Nonsymmetric Macdonald polynomials [29, 8, 37, 19, 44] are a remarkable family of functions that
depend on several parameters — usually two or three, but as many as six for the Koornwinder setting. For
suitable choices of parameters, they specialise to many important families of special functions arising
in the representation theory of reductive groups, including spherical functions and Iwahori-Whittaker
functions. In turn, Macdonald polynomials can be understood in terms of the representation theory of
Cherednik’s double affine Hecke algebra H. More precisely, they are simultaneous eigenfunctions of a
certain commutative subalgebra Py C H in Cherednik’s polynomial representation of H on the group
algebra P of a coroot lattice Q".

In this paper, we discuss a generalisation of Macdonald polynomials, which can be understood via
a family of representations 7.4 of H on the subspace P(¢) of the group algebra of Q¥ ®; R generated
by an affine Weyl group orbit O, in Q¥ ®z R. Here, c is the representative of the orbit that lies in the
fundamental alcove, and t represents a number of additional representation parameters.

We refer to elements in the representation space as quasi-polynomials, and to m.+ as the quasi-
polynomial representation. The simultaneous eigenfunctions of the commuting operators n. () (h €
Py ) provide our quasi-polynomial generalisations of Macdonald polynomials. They depend on the usual
Macdonald parameters as well as on the additional representation parameters t.

We establish an explicit connection to the representation theory of metaplectic covers of re-
ductive groups over non-archimedean local fields and the associated metaplectic Whittaker func-
tions [12, 30, 15, 34, 35]. In our previous work [38], we introduced a metaplectic affine Hecke algebra
action via explicit formulas and provided a direct construction as an induced representation. We showed
that the Chinta-Gunnells [ 13, 14] action of the Weyl group, originally used to construct Weyl group multi-
ple Dirichlet series, can be recovered from this affine Hecke algebra action through localization. We also
related this affine Hecke algebra action to the metaplectic Demazure-Lusztig operators from [34, 15, 35].
This is related to the context of the present paper as follows. If the orbit O, is contained in the rational
vector space OV ®z Q, then the quasi-polynomials in P(¢) can be regarded as polynomials under an
appropriate reparametrization. Moreover, under a suitable transformation, the restriction of the repre-
sentation m. + to the affine Hecke algebra generated by 71, - - - , 7, and P recovers the metaplectic affine
Hecke algebra representation of [38]. Under these identifications, the quasi-polynomial generalizations
of Macdonald polynomials extend the metaplectic polynomials introduced in [38], and studi ed further
in [39], from type A to an arbitrary root system. We also recover the metaplectic Iwahori-Whittaker and
spherical Whittaker functions [34, 30] as Whittaker limits of these metaplectic polynomials and their
antisymmetric versions.

In the following six subsections, we provide an overview of our main results on the quasi-polynomial
representations and associated generalisations of the Macdonald polynomials relative to adjoint root
datum.

1.1. Double affine Weyl group actions on quasi-polynomials

To set the stage, it is instructive to first introduce the quasi-polynomial representations of the double
affine Weyl group.

Let @\ be a reduced irreducible root system, realised within the linear dual of a Euclidean space F,
and normalised so that long roots have squared length 2/m? for some natural number m € Z.. Let
® = @) X Z be the associated irreducible affine root system of untwisted type. The coroot lattice Q"
of @ is isomorphic to QV + m?ZK, where QV is the coroot lattice of @ and K is the central element
in the associated untwisted affine Lie algebra. The affine Weyl group W of @ is a semidirect product
W = Wo=QV, where Wy is the Weyl group of @g. The double affine Weyl group is the semidirect product

W=WxQ'=Wyx0")xQ", (1.1)

where the W-action (w, 1) — w - i on QV is determined by the pairing of Q" into the center m>ZK of
W induced by the inner product (-, -) on E.
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We fix simple roots g, a1, . .., a, for @ such that ay, ..., @, are simple roots for ®@y. Let cx}’ be the

corresponding simple coroots. Then ag = (—¢, 1), where ¢ is the highest root for @, and ag =m?K—¢".
The simple reflection associated to «; is denoted by s; € W. The affine root hyperplane configuration
in E provides a decomposition of E in closed alcoves, each closed alcove being a fundamental domain
for the action of W on E by reflections and translations. The choice of simple roots singles out the
fundamental open alcove C,. We write O for the W-orbit in E containing ¢ € E+.

The face decomposition of C, is the disjoint union

C, = |_| c’
r)

with C” the vectors ¢ in C, satisfying a;(c) = O if and only if j € J.

Let F be a field of characteristic zero and fix ¢ € F* not a root of unity. Let 7 := Hom(Q", F*) be the
F-torus consisting of multiplicative characters t : Q¥ — F*. We will denote the value of t at 4 € QY
by t#. Consider the associated affine subtorus

Ty ={teT |t% =1 VjeJ}

of dimension r — #J, where t#+/K := ¢’t# The field F should contain a sufficiently large root of ¢ to
ensure that 7; # 0 for subsets J containing 0.
Denote by

F[E] = @ Fx’

yeE

the group algebra of E, viewed as additive group. It splits up as the direct sum of the P-submodules
Pl =P, 0, FX¥ (c € Cy).

For ¢ € C’, the space P(¢) of quasi-polynomials admits a natural family of W-actions -; depending
on g and t € T;. The action of W QV is by reflections and translations of the exponents of the
quasi-monomials x”, with m?K acting as multiplication by q’"z. In particular, this part of the action is
independent of t. The action of the standard abelian subgroup {7(u)},cov in W = Wo< Q" is defined by

T(ex” =ty (neQ’,yeO.), (1.2)

where t,, € T is the multiplicative character u — £ 1 with w y € W the element of shortest length such
that wy ¢ = y (actually, one may take here any w € W satisfying wc = y). Note that s 1x¥ := (s;)1x” for
y € O, is explicitly given by

- . Voo
sipx” =x%Y (1 <i<vr), sox” = t;ﬁ xteY
with s, € Wy the reflection associated to the highest root ¢ € ®.

Incase J ={1,...,r},c =0and t = 17, we reobtain the standard action of W on P by polynomial
g-difference reflection operators, since

(W), (x7) = g~ )x (u,v € QY).
In this case, we write w(x*) for wi, x* (w € W).

In this paper, we deform the W-action -t on P(¢) to an action of the double affine Hecke algebra H.
The resulting quasi-polynomial representation of H plays a central role in this paper.
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1.2. The quasi-polynomial representation

Cherednik’s [8] double affine Hecke algebra (DAHA) is a certain flat deformation H = H(k, ¢) of
F[W]/(m?*K - q’”Z) ~ W = P depending on a multiplicity function k = (k,),ce. We consider in this
paper the case that k is invariant for the extended affine Weyl group. This means that k, € F* only
depends on the length ||| of the gradient @ € @ of the affine root a = (a, £) € ®. In particular, there
are at most two distinct values of the k,. We write k; = kaj;-

The double affine Hecke algebra H has an explicit definition in terms of generators and relations (see
Definition 2.12). The generators are T; (0 < j < r) and x* (u € QV). The subalgebra generated by 7
(0 < j < r)is the affine Hecke algebra H = H(K) of W. Its defining relations are the (W, {sq, ..., s, })-
braid relations and the Hecke relations (7 —k ;) (T} +ij1) = 0. The subalgebra generated by x* (u € Q)
is P. The commutation relations between the 7; and x* are k-deformations of s jx* = s;(x*)s; in WxP,
given explicitly by

Ex“—sj@“ﬂ}z(kj—k;5(£::id£2). (1.3)

1—x%

22 2 . . . .
Note here that x% = x™ K*~¢" = g™ x~¢". The right-hand side can be alternatively written as

1 _x—D(xj(;l)aJY
(kj = k| ——— "
! ! 1-x%

with Da; € @ the gradient of «;. In particular, (1.3) makes sense in H, since Da;(u) € Z. Together
with the well-known fact that H ® P ~ H as vector spaces by multiplication (Cherednik’s [8] PBW
theorem for H), this gives an explicit generalisation of the first isomorphism in (1.1).

Also, the decomposition W =~ Wy = Q" has a natural analog in H, known as the Bernstein-Zelevinsky
decomposition of H (see [25]). It provides a subalgebra Py = P QY FY* of H, isomorphic to P, such
that Hy® Py ~ H as vector spaces, with Hy the subalgebra of H generated by 7; (1 < i < r). The duality
anti-involution § of H interchanges the two copies of P inside H. Concretely, it satisfies §(Y#) = x™#
and 6(T;) =T;forpye QVand1 <i<r.

Let yg : R — {0, 1} for a subset B C R be the characteristic function of B, and let |[-] : R — Z
be the floor-function (i.e., |d] for d € R is the largest integer < d). For 0 < j < r, the truncated
divided-difference operator V; is the linear operator on F[E] defined by

|y lDasm]ay
Vj(xy) = 1—av xY (yGE)
—Xx J

Its restriction to P is the usual divided-difference operator.

The first main result of this paper is the following DAHA analog of the W-module (P(¢), ) (c € C7,
t € T;), in which T} acts by a Demazure-Lusztig type operator involving the truncated divided-difference
operator V. We call 7. 1 the quasi-polynomial representation of H.

Theorem 1.1. Let J € {0,...,r}, c € C’ and t € T;. The formulas
et (Tj)x = k/}/Z(aj(y))Sj’txy + (kj = K3V, (),
et (xH)x? = XY

for0<j<r, ueQ'andy e O, define a representation .y : H — End(P(<)).

The representation 7 := 7o, 1, : H — End(P) is Cherednik’s [8] polynomial representation of H. In
this case, J = {1,...,r}, and the commuting operators 7(¥Y*) (u € Q") are the Cherednik operators.
The polynomial representation & can alternatively be obtained by inducing the trivial one-dimensional
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H-representation to H. As a second main result of this paper we extend this result to the quasi-polynomial
representation 7. (c € C”) by inducing a one-dimensional representation of the Y-parabolic subalgebra
HY of H generated by 6(7;) (j € J) and Py.

The relevant one-dimensional H’J’—representations are parametrised by the affine subtorus

Ly={teT [t% =k;? VjeJ}
of T. The one-dimensional Hg -representation associated to ¢ € Ly is then defined by

Xr YRy =17 (neQY),  xu(8(T)) =k; (jeJ).

We write M ; for the resulting induced H-module, and m ; for its canonical cyclic vector.
Consider

syi= [ [ k& e (veB),

.
acd]

withn := yz_, — xz, : R = {-1,0, 1} (a discrete analog of the Heaviside function). The map y + s,
is constant on faces, and we write s; € T for its value on C’. We then have L; = s;7; and

Theorem 1.2. Let ¢ € C’ andt € Ty. Then My 5,1 ~ (P, . +) as H-modules, with the isomorphism
determined by mj 1 — x°.

In particular, .t =~ n.s 1 if c and ¢’ lie in the same face of a.

Quite remarkably, for all 4 € QY and v € Wy, the vector x*T,my s,+ € My 5,4 is mapped to an
explicit constant multiple of the quasi-monomial x#*V¢ (see Theorem 4.5(3)). Actually, it is this formula
which forms the starting point of the proof of both Theorem 1.1 and Theorem 1.2.

1.3. Quasi-polynomial eigenfunctions

The quasi-polynomial representations .t give rise to a family of quasi-polynomials, which generalize
the nonsymmetric Macdonald polynomials. These quasi-polynomials enjoy many properties paralleling
the classical case; for example, they are joint eigenfunctions of 7. +(Y#) for u € QV, satisfy a triangu-
larity condition, and can be constructed explicitly via intertwiners. Their definition is as follows.
Let ¢ € C’. Define a partial order on O, by
ysy S wySpWy,
with <p the Bruhat order on (W, {so, ..., s,}). Denote by TJ’ C T; the set of characters t € T for
which the syt (y € O.) are pairwise different in T (it does not depend on the choice of ¢ € C 7.

Theorem 1.3. Let ¢ € C/ and t € T;. For each 'y € O, there exists a unique joint eigenfunction
E; (x;1) € P(©) of the commuting operators ne 4 (Y*) (u € Q) satisfying

EJ(t)=x"+ >\ ] x” (el €F). (14)
y'<y
Furthermore,
e d(YFYES (x31) = (syty) ES (x31) VueQY. (1.5)

In particular, {E; (x;t)}yco, is a basis of P() consisting of joint eigenfunctions of the com-
muting operators 7. t+(Y#) (u € QV). Furthermore, the quasi-polynomial eigenfunction of smallest
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degree is trivial,
E! (x;t) = x°.

The choice of the vector ¢ € C” only influences the quasi-exponents in the quasi-monomial expansion
of the EyJ (x;1). In other words, the coefficients

J — ’
Cwowit = Cwewreit (W’W € W)

are independent of ¢ € C J (see Theorem 6.3). Furthermore, if J* 2 J, then C 7" lies in the closure
of C7, and the quasi-polynomial E; (x:t) for t € Tj, can be recovered from E (x;s;'s;t) (see
Proposition 6.16).

Example 1.4. Consider F = Q(q, Kk, z1, . . ., z,-) with indeterminates ¢, k4, z1, . . . , 2, Where k, = kj, if
[|[Dall = ||Db||. For I € {1,...,r},let I°® be its complement. Then

wi ’

iel°
where @; denotes the i™ fundamental weight of ®@g. Then

x; l_[ztw) (yeO,)

i€l

E;(x;zl,...,zr) = E§

depend on the indeterminates ¢,k and z; (i € I°°). Quasi-polynomial eigenfunctions over Q(¢, k) can
be obtained by specialisation of the z;’s.

The situation is a bit more intricate when 0 € J since the z;’s will no longer be independent; see
Subsection 6.1.

IflreT {’ .

.....

is the monic nonsymmetric Macdonald polynomial of degree i € Q. The Macdonald polynomials and
their normalised and (anti)symmetric variants have remarkable properties. They satisfy orthogonality
relations with explicit quadratic norm formulas [28, 6, 8, 29], have explicit evaluation formulas, and are
self-dual (see, for example, [29, 8] and references therein). They admit combinatorial formulas [36, 18],
arise as spherical functions on quantum groups (see, for example, [33, 24, 17]), admit interpretations
as partition functions on integrable lattice models [2], and degenerate to Heckman-Opdam polynomi-
als [27], spherical functions on p-adic reductive groups [27], and Iwahori-Whittaker functions [22, 11].
In this paper, we discuss generalisations of a number of these properties to the quasi-polynomial setup:

1. We define a normalized version P; (x;t) of E; (x;1) using the action of normalised Y-intertwiners
on the lowest-degree quasi-polynomial eigenfunction x€. It leads to an explicit expression of E yJ (x;t)
in terms of Y-intertwiners (Theorem 6.13). This entails a quasi-polynomial analog of the evaluation
formula for Macdonald polynomials.

2. We obtain a weak form of duality for P; (x;1), called pseudo-duality, by showing that the H-action
on P§ (x;1) can be alternatively described in terms of an H-action on y € O, by discrete Demazure-
Lusztig operators (Theorem 6.26).

3. We establish orthogonality relations and quadratic norm formulas for the quasi-polynomial eigen-
functions E3 (x;t) and PJ (x;t) (Theorem 6.43).

4. We construct (anti)symmetric variants EyJ **(x;t) of the quasi-polynomial eigenfunctions EyJ (x;1)
by (anti)symmetrisation with respect to the trivial (resp., sign) idempotent of Hy. They generalize
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the (anti)symmetric Macdonald polynomials. The symmetric variants E ; " (x; 1) are invariant under
the Wy-action obtained by localizing 7.+ (see Theorem 4.9 and Lemma 6.32). We obtain explicit
expansion formulas of £ ; **(x; 1) in terms of the quasi-polynomials {E ; (x31)}y7ew,y (Corollary 6.38
and Proposition 6.41).

5. We establish the existence of the Whittaker limit g — oo of E ; (x;t)and E ; " (x;t) (Proposition 6.47
and Corollary 6.52). For y in the closure of the negative Weyl chamber and y’ € Wyy, we obtain an
explicit formula for the limit ¢ — oo of E7,(x; ) in terms of the .. |, -action on x” (Theorem 6.51).
It generalises a formula due to Patnaik-Puskas [34, Cor. 5.4], which expresses the metaplectic Iwahori-
Whittaker function in terms of metaplectic Demazure-Lusztig operators. We will say more about the
link with metaplectic representation theory in Subsection 1.5.

We also consider the theory for reductive root data, when both P and Py in H are extended to group
algebras of a finitely generated abelian subgroup A C E satisfying

QY CA and a(A) CZ Va € @y. (1.6)

When only Py is extended to the group algebra of such a lattice A’, then the associated Y-extended
double affine Hecke algebra Hpv s is a smashed product algebra Q < H, with Q5 =~ A’/QY the
subgroup of the extended affine Weyl group Wy, := Wy < A’ consisting of elements of length zero. The
associated extended quasi-polynomial representation th A s Hov.ar — End(P(“)) now depends on
parameters t € Tx/ y, where Ty ; is the affine subtorus of’TAr = Hom(A’, F*) consisting of the elements
t € Ty satisfying t % =1 for all JjeJ.

The extra representation parameters in ﬂ'Qt A compared to 7. 4| ov are captured by the kernel
Ty q1,...,ry Of the restriction map Ty — T. It identifies with the character group of Qs and natu-

rally embeds into the automorphism group of ]HIQv A = Q=< H fixing H point-wise. We call these

extra parameters twist parameters because n'Q t{' witht’ € T, {1

the automorphism of Hgv a- associated to t’ Since these automorphisms rescale the Y* (u € Q ) the

,,,,, r} coincides with ﬂ?:’Al twisted by
quasi-polynomials E7, T(x;tlov) (v € O,) are eigenfunctions of all the commuting operators 7T (Y H)
(u € A’) under sultable generic conditions on the parameters (Theorem 7.26).

The full double affine Hecke algebra Hx - depends on two lattices A, A’. The extension of the quasi-

polynomial representation 7I'Qt 1o H - requires adding (¢, A)-dependent constraints on t € Ty s,

as well as enlarging the representation space. It will be discussed in detail in Section 7. In case of
the GL,,; root datum, the quasi-polynomial eigenfunctions give rise to the metaplectic polynomials
introduced in our previous work [38, §5.4]. We will say more about the root system generalisations of
these metaplectic polynomials in Subsection 1.5.

1.4. The uniform quasi-polynomial representation

The quasi-polynomial representations defined in Theorem 1.1 can be naturally combined into a family
of H-representations on F[E]. The parametrisation of this family of uniform quasi-polynomial repre-
sentations requires that ¢ € FX has a (2h)"" root qﬁ in F, where £ is the Coxeter number of Wj.

To motivate the parametrisation, it is instructive to consider an important special case first, which
requires the stronger assumption that ¢ € F* is part of an injective group homomorphism

R — FX, d g?. (1.7)
Then
B 7e.q - H - End(F[E]) (1.8)
ceC,
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is the prototypical example of a uniform quasi-polynomial representation, where ¢¥ € T (y € E) is the
character u — ¢¥#) of QV. Note that for the underlying W-action on F[E] (given by (1.8) for k = 1),
the translations 7(u) € W are simply acting by g-dilations x¥ s ¢~ (*¥)x¥ (y € E). Furthermore, for
¢’ € C’ and t € Ty, we have mory = m¢ 4c for some ¢ € C’ if t takes values in {¢9}4er. The new
set of parameters that we will assign to the uniform quasi-polynomial representation (1.8) is the tuple
{Pataecw, With po : R — F* given by po(d) := qi/h, where g := ¢*1%I”, The link with the original
representation parameters of the quasi-polynomial representation is through the formula

g°= || Pala(e)®

.
acd]

for the character g€ € T.
In general, we will consider the group G¥™ of tuples f = (f4)q <, consisting of F*-valued functions
fa onR. Let G be the subgroup of G2 consisting of the tuples g = (g4 )aca, sSatisfying

gval(d+10) =ga(d) (veWy, t€2), (1.9)
ga(=d) = go(d)~" and g, (0) = 1. If we replace (1.9) by the quasi-invariance condition
Brald+0)=qd"8ald)  (veWy, (D),

we obtain a G-coset in G*™P_ which we will denote by QA .
Foratuple f = (fo)aco, € G and y € E, we set

t®) = | | faleO)? €T (1.10)

"
acd]

Then t.(g) € Ty forc € C/ wheng € G.
Theorem 1.5. Let p € G and g € G. The formulas

mep(T)x” = K= g0 (i) + (ki = kTHVi) (=i <),
g5 (To)x” = kOO g ()t () x% + (ko — k") Vo(x?)

and ﬂg,ﬁ(x’l)xy = x¥* for A € QY define a H-representation on ¥[E), which is isomorphic to
ceC, e te (p-g)-
In the main text, we prove a version of this theorem for the extended double affine Hecke algebra
H A see Theorem 8.19. In that case, the extra twisting parameters are added by replacing t, (p),
viewed as a multiplicative character of A’, by

ty (P, ©) := 1, (P)e(pre,, ().

Here, prg_ is the orthogonal projection of E onto the orthocomplement E¢, of R@B’ inE,andc: E;o —
Tn (1,7 satisfies ¢(y + ) = g#c(y) for u € prg_(A').

The isomorphism 7y 5 ~ EBC C, et (pg) 1N (the extended version of) Theorem 1.5 will be realised
by an explicit g-dependent linear automorphism of F[ E], which is diagonalised by the quasi-monomial
basis {x”},cg of F[E]. As a consequence, we obtain simultaneous quasi-polynomial eigenfunctions
Ey(x;8,p) of mg 5(Y*) (u € QV) by appropriately rescaling the quasi-monomials in the quasi-monomial
expansion (1.4) of E; (x;t.(p - g)) (see Corollary 8.24).

If L C E is a Wy-invariant, finitely generated abelian subgroup containing A, then Py := €f,.; Fx
is a H-subrepresentation of 74 5 containing the quasi-polynomial eigenfunctions &£, (x; g, p) of degree
A € L. Since Py may be viewed as the space of polynomials on the torus 7; := Hom(L,F*), we

A
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thus obtain a polynomial representation of H with 74 5(7;)|p, acting by truncated Demazure-Lusztig
operators (these operators are still truncated since the roots @ € @ are allowed to take non-integral values
on L). The decomposition of L into W-orbits provides a decomposition of 7 5(-)|p, as a direct sum
of quasi-polynomial representations, with the number of free parameters in 7, 5(-)|p, depending on L.
This representation plays an important role in establishing the connection to metaplectic representation
theory, which we discuss in the next subsection.

1.5. The metaplectic theory

The metaplectic root system @' and the associated metaplectic double affine Hecke algebra H™ are
defined in terms of a metaplectic datum. A metaplectic datum is a pair (n, Q) consisting of a positive
integer n and a rational Wy-invariant quadratic form Q on A taking integral values on QV. The associated
symmetric bilinear form on A will be denoted by B. The metaplectic root system @' := {@"}4ea,
consists of the rescaled roots o’ = m(a)~'@ where

n
" el Q)

This is a root system with basis {a/{”, ...,a}, which is isomorphic to either ®( or <I>(\)/ . We denote
by ¢ € @ the root such that ¢ is the long root of ®f'. The simple affine root for the associated
metaplectic affine root system @ is ' = (=", 1). The co-root lattice """ of @ is contained in
A, and ™ (A) € m(a)™'Z for a € ®. The metaplectic double affine Hecke algebra H™ is the double
affine Hecke algebra relative to the metaplectic root system @'. It depends on a choice k = (kgm)gm com
of a multiplicity function of ®".

To connect the uniform quasi-polynomial representation and the associated quasi-polynomial eigen-
functions with the metaplectic representation theory and the associated metaplectic polynomials
from [38], we consider the polynomial representation 7y 5(-)|p, With @y and H replaced by their meta-
plectic variants @' and H™, with L a lattice A satisfying (1.6) relative to the original, nonmetaplectic
root system ®g, and with base-point p satisfying t,(p) = ¢* for all A € L. The remaining parameter
dependencies are captured by the set M, q) of tuples & = (hs(@))seQ(aV)z,acd, consisting of Wy-
invariant functions i, : ®y — F* (s € Q(a")Z) satisfying the additional requirements that s +— h(a)
is a lem(n, Q(a"))-periodic function, ho(a) = —1, and

hy(@)h_g(@) = k2 Vs e Q(a")Z\ lem(n, Q(a¥))Z.

The explicit relation with the parameter set G for the uniform quasi-polynomial representation is
described in Lemma 9.2. This specialisation leads to the following metaplectic basic representation of
H™. Let r¢(s) € {0,...,¢ — 1} be the remainder of s € Z modulo ¢ € Z., and write k; = ka;_ﬂ for
0<j<r. '

Theorem 1.6. Let h € M, q). The formulas

T (To)xt = —kohp a9y (9) g D7V x50

o

) - -

» 1—(q:;( )% ﬂv)(rm(ﬂ)( 9()+9(2)) .

+ (k() - ko ) m(9) v ’
1- (Qﬁ' x_ﬂ )m(ﬂ)

N a 1 — xTm(ay (@i (D) =i (1) R
ﬂX’(Tl)x = _kih—B(/l,aiV)(ai)xSl + (k, - kl_ ) X7,

| — ymlanay
m A _ A+
Ay (e )xt = xTH

for1 <i<r,ueQ™ and A € A define a representation 7' : H™ — End(Py).
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The metaplectic basic representation 7'’ naturally extends to the metaplectic extended double affine
Hecke algebra; see Theorem 9.5.

At this stage, we can make the link with the (announced) results in [38]. The representation 7",
restricted to the metaplectic affine Hecke algebra generated by P and Ti,...,T, is the metaplectic
affine Hecke algebra representation from [38, Thm. 3.7]. When the multiplicity functions k and &, are
constant, it recovers, after localisation, Chinta’s and Gunnells’ [13, 14] Wy-action on a suitable subspace
of rational functions on T, which plays an important role in the construction of the local parts of Weyl
group multiple Dirichlet series. By X-localisation of the double affine Hecke algebra, Theorem 1.6 gives
rise to families of W-actions which generalise the Chinta-Gunnells action; see Corollary 9.16 (compare
also with [35, §3.3] and [23] where the Chinta-Gunnells action is extended to an arbitrary Coxeter
group). These W-actions actually extend to actions of the double affine Weyl group W, with the second
coroot lattice QV acting by translations of the exponents of the monomials. The localisation procedure
can also be applied to the (uniform) quasi-polynomial representations .+ and 4 5; see Theorem 4.9
and Theorem 8.27 for the resulting W-actions.

Rescaling the quasi-monomials in the expansion (1.4) gives rise to simultaneous eigenfunctions
E'!'(x) € Py of the commuting operators 7' (Y#) (u € Q™) satisfying

2.p°

ET(x)=x"+ Z eTJ,x’Y (e v €F)
r<a

under suitable generic conditions on the metaplectic parameters 1 € M, q); see Theorem 9.18. An
antisymmetric version of the metaplectic polynomial E7'(x), denoted E}" (x), is obtained by acting
by the sign-idempotent of the finite Hecke algebra in H™ on E7(x). For the root datum of type
GL,+1, the representation 7{' of the extended metaplectic double affine Hecke algebra recovers the
representation introduced in [38, Thm. 5.4], and the E'}' (x) are the metaplectic polynomials introduced in
[38, Thm. 5.7].

We consider the ¢ — oo limit of the metaplectic polynomials, for which we need to assume that
F = K(qﬁ) and that the remaining parameters k and A take values in the multiplicative group K* of
the field K of characteristic zero. The Whittaker limit

Ey)=EfMl 4 (AN

of E'(x) then defines a Laurent polynomial in P with coefficients in K. They are related to metaplectic
Iwahori-Whittaker functions [34] as follows.

Suppose that K is a non-archimedean local field containing the n'™ roots of unity, with the cardinality
v of its residue field congruent 1 module 2. In [34], Patnaik and Puskas introduced Iwahori-Whittaker
functions for metaplectic covers of reductive groups over K. They expressed them in terms of certain
metaplectic Demazure-Lusztig operators which depend on certain Gauss sums g, as well as on v;
see [34, Cor. 5.4]. Comparing this with the analogous formula for ET (x) in terms of truncated Demazure-
Lusztig operators (Theorem 6.51), we establish in Subsection 10 the following link between E;n (x) and
metaplectic Iwahori-Whittaker functions. Let I the linear automorphism of P, satisfying I (x*) = x™#
for 4 € A, let E}" (x) be the Whittaker limit of E"""(x), and denote by p" the half-sum of positive
CO-TOOtS.

Theorem 1.7. Suppose that the multiplicity function K is constantly equal to v=2 and the multiplicity

functions hg of the metaplectic parameters h are constantly equal to g;. For v € Wy and for A € A lying
in the closure of the positive Weyl chamber,

x_va(ETv(/l+pV) (x)) and x_va(Er,n/’l:pv (x))
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are constant multiples of metaplectic Iwahori-Whittaker functions and metaplectic spherical Whittaker
functions, respectively.

In Subsection 10, we also recover McNamara’s [30] Casselman-Shalika type formula for the meta-
plectic spherical Whittaker function as a consequence of the explicit expansion formula of E yj T (xst)
as a linear combination of the quasi-polynomial eigenfunctions E ; (x;1) (' € Wyy), derived earlier in
Subsection 6.6.

1.6. Structure of the paper

In Section 2, we collect basic properties of the affine Weyl group W and the double affine Hecke
algebra H.

In Section 3, we introduce the class of Y-parabolically induced cyclic H-modules M.

In Section 4, we introduce the quasi-polynomial representation m. ;. We state the main theorem
that the quasi-polynomial representation is well defined and isomorphic to ME{J ; in Subsection 4.3. We

discuss the dependence of 7.t onc € C 7 and J in Subsection 4.4, and localise it to obtain a nontrivial
W-action on quasi-rational functions in Subsection 4.5.

Section 5 is devoted to the proof of the main theorem. As part of the proof, we establish in Subsec-
tion 5.5 triangularity properties of the commuting operators 7.+ (Y#) (u € QV) with respect to the basis
of quasi-monomials, ordered by the parabolic Bruhat order on their exponents.

In Section 6, we define the quasi-polynomial generalisations E ; (x; ) of the monic Macdonald poly-
nomials for adjoint root data. We show how they can be explicitly created from the quasi-monomial
x€ by acting by Y-intertwiners in Subsection 6.3. Their dependence on J C {0,...,r} is discussed in
Subsection 6.4. Pseudo-duality for the normalised versions P; (x;1t) of the quasi-polynomials E yJ (x;1)

is derived in Subsection 6.5, quasi-polynomial generalisations Ef’t(x; t) of the (anti)symmetric Mac-
donald polynomials are discussed in Subsection 6.6, and orthogonality relations and quadratic norm
formulas are obtained in Subsection 6.7. The Whittaker limit ¢ — co of Ej (x;t) and E; T (x3t) s
considered in Subsection 6.8.

In Section 7, we generalise the results of Sections 4-6 to reductive root data (including the GL, | root
datum as a special case). We reinterpret the role of the extra parameters in terms of twisting by automor-
phisms of the extended double affine Hecke algebra in Subsection 7.4. In Subsection 7.5, we introduce
the analogs of the quasi-polynomial eigenfunctions E j (x; 1) for reductive root datum. We furthermore
show that, under suitable generic conditions on the parameters, they are independent of the twist
parameters and reduce to the quasi-polynomial eigenfunctions for the underlying adjoint root datum.

In Section 8, we introduce the uniform quasi-polynomial representation (Subsection 8.2), the associ-
ated uniform quasi-polynomial eigenfunctions (Subsection 8.3), and we explicitly relate the latter to the
quasi-polynomial eigenfunctions E; (x;1), using an automorphism that rescales the quasi-monomials.

In Section 9, we attach to a metaplectic datum a polynomial representation of the metaplectic double
affine Hecke algebra, called the metaplectic basic representation (Subsection 9.2), and we show that it is
isomorphic to a suitable sub-representation of the uniform quasi-polynomial representation. We obtain
an affine version of the Chinta-Gunnells’ Wy-action on rational functions by X-localising the metaplectic
basic representation in Subsection 9.3. We introduce metaplectic polynomials, which are simultaneous
eigenfunctions for the action of Py under the metaplectic basic representation, and relate them to the
quasi-polynomial eigenfunctions E ; (x;1) in Subsection 9.4,

In Section 10, we show the existence of the Whittaker limit of the metaplectic polynomial. In
the context of representation theory of metaplectic covers of reductive groups over non-archimedean
local fields, we prove that the Whittaker limit of the metaplectic polynomial is a metaplectic Iwahori-
Whittaker function up to some elementary twists. We rederive McNamara’s [30] Casselman-Shalika
type formula for the metaplectic spherical Whittaker function from the Whittaker limit of an explicit
expansion formula for the anti-symmetrised version of the quasi-polynomial eigenfunction derived in
Subsection 6.6.
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1.7. Conventions

We take F to be a field of characteristic zero, and we fix ¢ € F* not a root of unity (it contains the case
of formal variable ¢ by taking F = K(g) for some field K of characteristic zero). For a commutative
ring R and an abelian group A, we write R[A] = @y <4 Rx” for the group algebra of A over R (i.e.,

x¥xY = x> fory,y’ € A and x° = 1). We will often apply this to the case that A is a Euclidean space.

For groups G and H, we write Hom(G, H) for the class of group homomorphisms G — H. For a
finitely generated free abelian group A, we write T := Hom(A, F*) for the F-torus of multiplicative
characters A — F*, and P, = F[A] for the group algebra of A over F. Alternatively, it is the algebra of
regular F-valued functions on T, where the monomial x* maps ¢ € T}, to its value ¢! at A € A. Finally,
for £,m € Z with € < m, we write [{,m] :={{,£+1,...,m}.

2. Preliminaries on double affine Weyl and Hecke algebras

In this section, we fix the notations for root systems, reflection groups and double affine Weyl and
Hecke algebras. For ease of reference, we also list well-known properties that will be regularly used
in subsequent sections. For further details, see, for instance, [21, 29] for root systems and reflection
groups, and [8, 29] for double affine Weyl and Hecke algebras.

2.1. Root systems and Weyl groups

Let E be an Euclidean space with scalar product (-, -) and corresponding norm || - ||. Let E* be its linear
dual. We turn E* into an Euclidean space by transporting the scalar product of E through the linear
isomorphism E — E*, y > (y, -). The resulting scalar product and norm on E* are denoted by (-, -)
and || - || again.

Let @y C E* be a reduced irreducible root system in spang{e | @ € ®p}. We normalise ®g in such
a way that long roots have squared length equal to 2/m? for some m € Z. Set E¢o = Ngea,Ker(a),
and write E’ C E for the orthogonal complement of E, in E, so that £ = E’ @ E, (orthogonal direct
sum). Write prg, and prg_ for the corresponding projections onto E” and E.,, respectively.

For a € @, write s, € GL(E™) for the reflection

se(é) =¢-¢(@Na (£ €EY),

where oV € E is the unique vector such that (y, @) = 2a(y)/||||* for all y € E. The Weyl group Wy
of @y is the subgroup of GL(E*) generated by s, (@ € ®y). The root system @y C E* is Wy-invariant.
We denote by Q C E* the root lattice of @y.

Write @ = {@"}qca, C E for the associated coroot system. Note that ®; C E’, and note furthermore
that E’ = spang{@" | @ € ®}. The coroot lattice and co-weight lattice of @ are

Q' =70y, PV ={1€E' |a(d) €Z VYacd).
They are full sub-lattices of E’, and Q¥ C PV. By the choice of normalisation of the roots in @, we
have Q" € m?Q upon identifying E* ~ E via the scalar product (-, -) on E.
Consider the action of Wy on E with s, (@ € @) acting as the orthogonal reflection in the hyperplane
a”'(0),
se(y) =y-a(e’  (y€E).
Then (vé)(y) = £(v™'y) forv € Wy, ¢ € E* and y € E; hence,

v(aY) = (va)" (v € Wy, a € ®y).

In particular, ®; C E is Wy-invariant, and hence, so are the lattices Q" and P".
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FixasetAg := {ay, ..., a,} of simple roots and write &y = @8 Ud>6 for the resulting natural division
of the root system in positive and negative roots. Let A(\)’ = {a}’, ..., a, } be the associated set of simple
coroots for @ and <1>g ** the associated sets of positive and negative coroots. We have PV = (B!_, Zw,’
with wiv € E’ (1 <i < r) the fundamental weights with respect to A, characterised by a,-(wj\/) =0;,;
(1 <i,j<r).SetP* :=x3"  Zsow, for the cones of dominant and anti-dominant co-weights in
PY, respectively.

The Weyl group Wy is a Coxeter group, with Coxeter generators the simple reflections s; := s,
(1 <i < r). We write wg € Wy for the longest Weyl group element, and ¢ € ®f for the highest root.
Note that E’ is Wy-invariant, and Wy acts trivially on E,.

We write

E*:={yeE | a(y) 20 Vae ®y} 2.1
for the regular elements in E, and E, C E™® for the fundamental Weyl chamber with respect to Ay,
Ei={yeE|a(y) >0 Vaecd]}.

The Weyl chamber opposite to E, will be denoted by E_. Note that E.. are E,-translation invariant,
and E; := E’ N E, form complete sets of representatives of the E,-orbits. Furthermore, Ei are
fundamental domains for the Wy-action on E. For y € E, we denote by y. € E. the unique element
such that Woy N E, = {y.}. Note that PV"* = PV N E,.

2.2. Affine root systems and affine Weyl groups

The affine Weyl group is the semi-direct product group W := Wy =< QY. We extend the Wy-action on E
to a faithful W-action on E by affine linear transformations, with u € Q" acting by

T(u)y =y+u (y € E).

We will regularly identify W with its realisation as a subgroup of the group of affine linear automorphisms
of E.

Note that Wy c W is the subgroup of elements w € W fixing the origin 0 € E. More generally, we
write

Wy ={weW | wy=y} (y € E), 2.2)

which is always a finite subgroup of W.

The affine Weyl group W contains, besides the orthogonal reflections s, (@ € @), orthogonal
reflections in affine hyperplanes. The affine hyperplanes can be described by an affine root system @ of
untwisted type in the following manner.

We identify E* @ R with the space of affine linear functionals on E by interpreting (¢,d) € E* @R
as the affine linear functional y + £(y) + d (y € E). The affine root system ® is then defined by

®:={(a,f) | ae Py & €Z} CE"®R.

For an affine root a = (@, ) € ®, we denote by s, the orthogonal reflection in the affine hyperplane
a~'(0) c E. We then have for a € ®,

sa(y)=y—a(yea".
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In particular,
Sqa=7(~ta")sq €W (a =(a,f) € D),

showing that the affine Weyl group W is generated by the reflections s, (a € ®).
The formulas

V(é:, d) = (Vf, d)’ T(,U) (f’ d) = (f’ d- é:(/l)) (23)

forv € Wy, u € QY and (£,d) € E* @ R define a linear W-action on the space E* @ R of affine linear
functionals on E. It is contragredient to the action of W on E by reflections and translations,

W) =fw'y) (weW,feE ®R, y€cE).

Note that @ ¢ E* @ R is W-stable.
We identify E* with the subspace {(£,0) | £ € E*} of E*®R via the embedding & — (£,0) (¢ € E*).
This is an embedding of Wy-modules. The second formula of (2.3) then gives

T(ué = (£, -(n)  (E€E, ueQ’).
The set A := {ay, . .., @, }, with the simple affine root @ defined by
ag = (—p,1) € D, 2.4)

forms a basis of the affine root system ®. It gives rise to the division ® = ®* U ®~of @ in positive and
negative roots, with

D = ZooA N D = BF U {(a,0) | (,€) € Dy X Zog} 2.5)
and @~ := —®*. The reflection
50 1= Sap = T(QDV)S¢ ew (2.6)

is called the simple affine reflection of W. The affine Weyl group W is a Coxeter group with Coxeter
generators so, . . . , Sy.

Let D : E* @ R — E* be the projection on the first component. Note that D f is the gradient of
f € E* ® R, viewed as affine linear functional on E. It induces a group epimorphism W - W, which
we also denote by D, by requiring that

D(wf)=(Dw)Df (weW, fe E*®R).

Concretely, D(vt(u)) =vforv e Wopand u € QV.
The action of W on E preserves

EC™ :={yeE|a(y)#0 Vace ®}. 2.7

The connected components of E4™¢ are called alcoves. The resulting W-action on the set of alcoves is
simply transitive. The alcove

C,={y€eE|a(y)>0 Vaed*}

2.8
={yeE|0<a(y) <l Vaedj} 28)

is the fundamental alcove in E. For y € E, we write
O, =Wy 2.9)
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for the W-orbit of y in E. We thus have

EOTeE = L| o., E= |_| O, (2.10)

ceCy ceC,

(disjoint unions).

2.3. Length function and parabolic subgroups
We recall some properties of the length function
{(w) := Card(TTI(w)), H(w) :=d* Nnw o~ (2.11)

that we will frequently use.
Lemma2.1. Let0 < j <randw e W.
1. [€(sjw) = €(w)| = 1.

2. We have
sjw)y=tw)+1 o wla;ed?,
and then I1(s;jw) = {w‘laj} U II(w) (disjoint union).
Proof. See, for example, [29, (2.2.8)]. O

The length £(w) of w € W is the smallest nonnegative integer £ for which there exists an expression
w =s;, ---5j, of was product of £ simple reflections (0 < j; < r). Such shortest length expressions are
called reduced expressions. If w = s;, - - - 5}, is a reduced expression, then

I(w) = {b1,...,be} with by, :=5j,---5;,.., () (1 <m<{E), be:i=qaj. (2.12)
Restricting ¢ to Wy gives the length function of W, relative to {si, ..., s,}. The following important
length identity

ey = D, e -1+ > le@l (ueQ'.veWy), (213

+ — + +
(yE(IJoﬁv(DO aed)oﬂv<1>0

is obtained by explicitly describing the affine roots in IT(7(u)v) (see, for example, [29, (2.4.1)]).
Fix a subset J C [0, r]. The associated parabolic subgroup W; C W is the subgroup of W generated
by s; (j € J). Write W for the set of elements w € W such that

Lww’) = E(w) +€(w") Vw' e W;.
Write ®; := ® N spanz{@;};c; and @7 := ®* N ®;; then
W/ ={weW|wd}C o). (2.14)

Lemma 2.2. Fix a subset J C [0, r].

1. W/ is a complete set of representatives of W/W; (the elements in W are called the minimal coset
representatives of W /W ).
2. Letw e W' and 0 < j < r. Then

sjw¢WJ s s;wWy =wW,,

and then sjw = ws . for some j' € J (in particular, £(s;jw) = £(w) + 1).
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Proof.
(1) See, for example, [3].
(2) This follows from [16, Lem. 3.1 & Lem. 3.2]. m]

The stabiliser subgroup W, of ¢ € C, is parabolic,
We =Wy
with J(¢) C [0, r] given by
J(¢):={je[0,r] | sjc=c}. (2.15)

Definition 2.3. For y € E, we write

1. ¢, for the unique element in C, such that y € Wcy,
2. wy for the unique element in W7(¢») such that wycy = y.
3. py :=wy(0) € Q¥ and vy := wi't(uy) € Wo.

Fix v € QY. Then we have ¢, = 0 and y, = v. In particular, w, is the unique element in 7(v)Wy of
minimal length and

E(wyv) =£€(wy) +€(v) Vv eWw,. (2.16)
By [29, §2.4], v,, € W, is the unique element of minimal length in W such that v, v = v~, and by (2.13),
we have
wy=71(v) VYveQ'NnE_. (2.17)
For v = ¢¥, we have
WV = 80, VeV = Sy,

and hence, £(7(¢")) = 1 + {(v,v). In addition, we have

M(s,) = {o € B | a(¢") = 1} U {g}, o1
OF \T(s,) = {a € ®F | a(¢") = 0}. '

For details see, for example, [29, §2.4].
The following proposition reduces to [7, Thm. 1.4] when y € Q.

Proposition 2.4. For y € E, we have
M(w;") ={a € ®* | a(y) <0}

Proof. Let a € ®* with a(y) < 0. Then (wj'a)(cy) = a(y) < Oand ¢y € C, so wj'a € ® . In
particular, a € H(w;l).

Conversely, if a € H(w;l), then w;la € @7; hence, a(y) = (w;la)(cy) < 0. If a(y) = 0, then
sqay = y; hence, s,wy € wyW, . But wy is the element of minimal length in wyWe,, so C(sawy) >
£(wy), and hence, £(w}'sq) > £(w3'). This implies w}'a € ®* by [21, Prop. 5.7], which contradicts

the fact that a € H(w;l). Hence, a(y) < 0, which completes the proof. O
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2.4. The Coxeter complex of W

Let X(®) be the poset consisting of faces of the affine hyperplane arrangement {a~'(0) | a € ®} in E.
Concretely,

(@) ={wC’ | J<[0,r] & we W’}
with
c’ ={ceC, | aj(c)=0 (jeJ)&aj(c)>0 (j€[0,r]\ )}
Note that the faces are E.,-translation invariant, C[!"] = E,, and
E= U F (2.19)
Fex (D)
(disjoint union). The poset structure on X(®) is defined in terms of inclusion of closures of faces:

F < F'if F C F . The closure Cy of C’ is given by

C, = |_| ck (2.20)
JCKc[0,r]

(disjoint union), so that C?" < ¢’ iff J c J’ ¢ [0, r].
We obtain an abstract simplicial complex by adding @ to X(®). It is isomorphic to the Coxeter
complex

{wWj; | JC[0,r] &w e W},

partially ordered by opposite inclusion.

For a set X, write Fx (E, X) for the set of functions E — X which are constant on faces. It canonically
identifies with the space F(Z(®), X) of functions £(®) — X. The following lemma provides a large
class of examples when X = R.

Lemma 2.5. Suppose that g : R — R is a function such that g|(m, m+1) is constant for all m € Z. Let
a € ®. Then

yeglay)  (YeEE) (2.21)
lies in Fx(E,R).

Proof. Let a € @ with Da € ®j. It suffices to check that (2.21) is constant on ¢’ (J ¢ [0,r]). Fix
y e ¢! ¢ C,.Note that 0 < Da(y) < 1 by (2.8).

Suppose that a(y) € Z. If Da(y) = 0, then Da € ®; N ®;; hence, Da € spang{Da;}jes. If
Da(y) = 1, then necessarily ¢(y) = 1 (i.e., 0 € J). It again follows that Da € span{Dc;};c;. In
particular, in both cases, a|s is constant.

If a(y) ¢ Z, then Da ¢ span{Dc;};e;, and hence, a(y’) ¢ Z for all y’ € C’. Since C’ is convex
and a is an affine linear function on E, this forces a|c. to take values in an interval (m, m + 1) for some
m € Z. |

In case X = W, we have the following example.
Lemma 2.6. The function y — wy, lies in Fs(E,W).

Proof. Fix a face F = wC’ (J ¢ [0,r], w € W/). For y € F, we have ¢, € C’; hence, wy, € W’.
Furthermore, F = w,C” since y = wycy,. Consequently wy, = w. o
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2.5. The double affine Weyl group
The dual affine root system is
®:={a" |ac D} CcE®R,
with a" the affine coroot
a’ = (a",2¢/||lall?) (a=(a,t) €®). (2.22)
Note that 2/||a||* € Zso (@ € @g) by our convention on the length of the roots, and
ay = m*K — (¢",0)

with K := (0,1) € E ® Z, in view of the convention that long roots have squared norm 2/m?. Hence,
®" generates the affine coroot lattice

0V :=0"em’ZK c E®R,

and the simple coroots a}/ (0 < j < r) form a basis of 0.
The affine Weyl group W acts linearly on E @ R by

v (y,d) = (vy,d), () - (v,d) = (y,d =, y)) (2.23)

forv € Wy, u € Q¥ and (y, d) € E & R. We denote the action (2.23) with a dot to avoid confusion with

the W-action on E by translations and reflections. Note that the linear isomorphism E @R — E* @ R,
(y,d) — ((y,),d), intertwines the W-actions (2.3) and (2.23).
For a € ® and w € W, we have

sq - (v,d) = (y,d) — Da(y)a", w-a’ = (wa)". (2.24)
In particular, ®" and QV are W-invariant. Explicitly, w - K = K for all w € W and
V= v, (V) p=p— (v, K
forv e Woand u,v € QV.
Definition 2.7. The double affine Weyl group is the semidirect product
W:=WxQ. (2.25)
The action (2.23) of W on E & R then extends to a W-action by

(u+€K) - (y,d) =(y+u,d+¢) (2.26)

forueQV, (e m2Z, y € E and d € R (which no longer is a linear action). Note that m2K generates
the center of W. _
We next consider, for a special class of finitely generated abelian subgroups A in E @ R containing

pay . . . N _ 2
QV’:the F-linear extension of the W-action (2.23) and (2.26) on A to the group algebra P; = @ 7ex Fx
of A over F (see Subsection 1.7).

Definition 2.8. Denote by L the set of finitely generated abelian subgroups A C E satisfying

0"CA & a(A)CZ Vaced,. (2.27)
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Note that if A € £, then L is Wy-invariant. Furthermore, A N E’, prg,(A) € £ and
Q" CANE’ Cprp(A) CPY.
As a consequence, we have the following:
Corollary 2.9. For A € L, we have a group homomorphism
jn Ty > Tn,  ja) =2 (1e ). (2.28)

The following proposition is useful for writing co-weights as Q-linear combination of co-roots. Recall
that / is the Coxeter number of W.

Proposition 2.10. Forall y € E, we have

1
5 2 =prp(y). (2.29)

.
acdy

In particular, prg,(A) € P¥ C +QV forall A € L.

Proof. Tt suffices to prove (2.29) for y € E’. It then follows by applying Schur’s lemma to the irreducible
Woy-module E’ and using the fact that & = #®(/r; see [40, Thm. 1.1 & Lem. 7.2]. The second statement
is immediate. m]

For A € L, consider the lattice

A=A®ZKCcE®R

containing QV. Note that A is W-invariant. Set
q=xKe Ps.
Then P; can be alternatively viewed as the group algebra of A over the Laurent polynomial ring F [q*'],
P = P Fia1x.
AeA

We now immediately obtain the following result.

Proposition 2.11. Let A € L. The F-linear extension of the W-action (2.23) and (2.26) on A to P3 is
F[q*']-linear. Furthermore, for A € A, we have

(K(x") = qx" (Cem’Z), pt) =xt (ne ), 030,
v(xt) =x" (v e W), r(v)(xY) =Vt (ve QY), '
and forw e W, A€ Aanda € ®, we have
w(x’i) = xw'z, w(x“v) =x(wa)", (2.31)

Without much loss of generality, one may absorb q into the ground field F (by replacing F by F(q)).
This is convenient for our purposes, since it allows to interpret (2.30) as an action by g-difference
reflection operators on the F-torus 7. We discuss it in detail in the following subsection.
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2.6. Algebras of q-difference reflection operators

Recall that we fixed a parameter ¢ € F* from the outset, which is assumed not to be a root of unity (see
Subsection 1.7).

Let A € L. The W-action on P5; from Proposition 2.11 descends to a W-action on the polynomial
algebra P, via the specialisation map

Pi>Pa D dal@xt o ) dalg)x! (da(q) € Flq*']).

AeA AeA

The resulting action of the affine Weyl group W on P, is by algebra homomorphisms,
v =2 () =gt (ve W, pe QY), (2.32)

while 0 acts by (u + (K)(x?) = gq** for 1 € Q¥ and € € m*Z. The resulting action of the group
algebra F[W] of W over F on P, descends to an action of the quotient algebra F[W]/(m?K — qmz).

Denote the smashed product algebra relative to the W-action (2.32) on Px by W x Py, and write
P = PQV. Then

F[W]/(m*K — ¢"™) — W= P (2.33)

as F-algebrasby w — w (w € W) and u — x* (u € QV). Hence, Py becomes a W = P-module.
Viewing Py as the regular F-valued functions on Ty, the action (2.32) can be interpreted as an action
by g-difference reflection operators (i.e., it is the contragredient action of a W-action on T by g-dilations
and reflections). We will now describe this W-action on T, in detail and extend it to an appropriate
inverse system of tori.
Let A € £.For & € Q and z € FX, we denote by z¢ € T, the multiplicative character

A 78 (1 €A). (2.34)

Note that 75|y = ja(z%|pv) since £(2) = &(prg. (1)) for € € Q.
We have the following special case of this construction. Our assumption on the normalisation of the
root system @ allows to view Q" as a sub-lattice of Q via the Wy-equivariant isomorphism

More precisely, since ||¢||> = 2/m? (m € Z), the co-root lattice Q" identifies with a sub-lattice of
mQ. Then we obtain the multiplicative characters z# € T) (u € QV) satisfying A — z{¥#) (1 € A). In
particular, for u € 0V, we have the multiplicative character g# € T, mapping A € A to ¢, Note that
vzé =z andvzH = z"H forve Wy, £ e Qand u € Q.

Fix A € L. Since A is Wy-invariant, Wy acts by group automorphisms on T via the contragredient
action on Ty . Extend the Wy-action on T to a W-action by

()t = gt't (teTh, peQY). (2.35)

Note that the map (2.28) is W-equivariant, and

w(p)) (1) = p(w™'1) (weW,pePa,teTn),

with the W-action on Px given by (2.32).
Write

_2_
qa =qlF (o € Do),
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which are integral powers of g by the convention that ||¢||> = 2/m? for some m € Z. For an affine
roota = (a,f) € ® and A € A, we have

sa(x) = g T Wxsat, (2.36)
From now on, we will be working with specialised q, unless explicitly stated otherwise. In particular,
x MK = gl e Py (e, meZ),
and (2.31) is interpreted accordingly as identity in PPx. Note that for a € @ and ¢ € T, we have
sat = (174 )Py, (2.37)

a

where 1~ € F*¥ is the evaluation of x™@ € P, att, and (17" )P4 € T} is the resulting multiplicative

character of A.

Let Qx be the quotient field of P, which identifies with the field of rational functions on T, and
set @ := Qpv. We extend the W-action on P, to a W-action on Q4 by field automorphisms, and write
W = Q, for the associated smashed product algebra over F.

2.7. The double affine Hecke algebra

The double affine Hecke algebra H = H(K, g) is a flat deformation of F[W]/(m?*K — qmz) ~ WP, with

its deformation parameters encoded by a multiplicity function k : ® — F*. In this paper, we restrict

attention to multiplicity functions that only depend on the length of the gradient of the affine root.
Write "® and 2@, for the short and long roots in @y, respectively. Fix

Shk,lgk c FX,

and assume that both are admitting square roots in F, which we fix once and for all. If all the roots have
the same length, then we will view the roots as long roots, and we will denote 2k by k. We write for
a€oQ,

kg ="k if Dae’d (s € {sh,1g}).
Then k : ® — F*, a — k, is W-invariant map (it is in fact invariant for the action of the extended
affine Weyl group; see Section 7). We write k; := ko, for 0 < j < r. Then k; = kj iff Da lies in the

Wo-orbit of Da . In particular, ko = k.
Cherednik’s [8] equal lattice double affine Hecke algebra is the following deformation of W »< P.

Definition 2.12. The double affine Hecke algebra H = H(k, ¢) is the unital associative F-algebra
generated by Tp, ..., T, and x* (u € QV), subject to the following relations:

a. The braid relations
T;1.1;...=TpTiTj--- (m ;» factors on each side) (2.38)

for0 < j # j’ <r, withm; the order of s;s; in W,
b. The Hecke relations

(T; — k) (Tj+k;") =0 (O<j<r), (2.39)
e xH =x" (L pe@V)andx® =1,
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d. The cross relations

u i [ = s (k)
Tjxt = s; ()T = (kj = k)| ————~— (2.40)
1 —x"J
for0 < j <rand u € QV, with the W-action (2.32) on P.
Note that 7; € H* with inverse 7' = T; — k; + k' by (2.39). Furthermore, note that
H(l,q) — WxP (2.41)

as algebras, with 1 the multiplicity function identically equal to 1 and the isomorphism given by 7}, — w
(w € W) and x* > x* (u € QV).

Remark 2.13. The cross relations (2.40) in H can alternatively be written as

1 = x-@(wa;

aY )xl‘ (lslsr)7

Tixh = x5MT; = (k; —k;‘)(
— X"

(2.42)

, 1 - AR YA
ToxH — qg(ﬂ)xs¢y7~() = (ko — kal)( (g4 ) )x”

1 —gex¢"
in view of (2.36).
For w € W with reduced expression w = s, ---5;, (0 < j; < {), we write
TW =1 ij EH,

which is independent of the choice of reduced expression, due to the braid relations (2.38). It follows
from (2.13) that there exists a unique group homomorphism

oY — H*, Y+
such that
YH =Ty VYueQ'NE,. (2.43)
Let
X+ @ — {0,1}

be the characteristic function of CD;-;. Then we have

v =TT (v e W), (2.44)
where
X=X+~ X- (2.45)
(see, for example, [29, (3.3.6)]). In particular,
Y¢ =TT,
The Poincaré-Birkhoff-Witt (PBW) theorem [8, Thm. 3.2.1] for H states that

{x"T, Y |ve Wy & u,v € Q¥}
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as well as {x*T,, | u € Q¥,w € W} are linear F-linear bases of H. In particular, the subalgebra of H
spanned by x* (u € QV) is isomorphic to P, as is the subalgebra Py of H spanned by Y* (u € Q). For
p= ZMEQV dxt € P, we will write

p(YE!) = Z d, Y= € Py.
neQy

The finite Hecke algebra Hy = Hy(K) is the subalgebra of H generated by T7i,...,7,. The finite
Hecke algebra Hj has {T,, | v € Wy} as a F-linear basis. The defining relations in terms of Ty, ..., 7,
are the Hecke relations (2.39) and the braid relations (2.38) for 1 < j # j’ < r.

The affine Hecke algebra H = H(K) is the subalgebra of H generated by Ty, . . ., T;.. The affine Hecke
algebra H has {T,, | w € W} as a F-linear basis. The defining relations in terms of the generators
To, ..., T, are the Hecke relations and the braid relations. Another F-linear basis of the affine Hecke
algebra H is {T,Y* | v € Wy & u € QV}. The defining relations of H in terms of the subalgebra Hy
and Py are the Bernstein-Zelevinsky cross relations

(2.46)

YH — YSik
YHT; — TY5H = (k; — k;‘)(—)

-y o

fori=1,...,rand u € QV; see [25].
The following theorem is due to Cherednik; see, for example, [8, §3.3.2].

Theorem 2.14. There exists a unique anti-algebra involution 6 : H — H satisfying §(Y#) = x™
(LeQV)and 5(T;) =T; (1 <i <r).

We call ¢ the duality anti-involution of H. Note that
5(Tp) = Ts;lx_‘pv. (2.47)
It is sometimes convenient to rewrite §(7p) in terms of the element
Up =g, x* Ty = q,'x* T, )Y ¢ €H, (2.48)
which satisfies
STy = g UoY? . 6(To) =Y ¢ Tox ¢ (2.49)

and the Hecke relation (Uo — ko) (Up + k; 1) = 0. The outer automorphism of H, defined as conjugation
by the Gaussian in the polynomial realisation of H, maps Tp to a scalar multiple of Uy I (see, for
example, [9]).

2.8. Intertwiners

We recall in this subsection well-known facts about Cheredniki’s X-intertwiners and Y-intertwiners for
the double affine Hecke algebra H; see, for example, [8, §3.3.3]. For 0 < j < r, write

S¥ = (x% = 1)Tj+k; — k' € HL (2.50)

The following theorem introduces the X-intertwiners Siﬁ eH(weW).

Theorem 2.15. For w € W, set

X ._ X X
SX =8¥..s% em,

https://doi.org/10.1017/fms.2025.33 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.33

Forum of Mathematics, Sigma 25

wherew = s, -+-5;, (0 < j; <r)isareduced expression. Then SX is well defined and

SXp =w(p)s¥,
SX .88 = [ (ke —kax®) (k3" = kax™) @.51)
acll(w)
inHforpePandw e W.

Let HX-1°¢ be the ring of fractions of H with respect to the multiplicative set P*. The canonical
algebra embedding P < HX1°¢ extends to an algebra embedding Q —s HX~'°¢. Multiplication defines
a F-linear isomorphism

Q ®p H — HX 7o, (2.52)
The cross relations in HX1°¢ are
[ f =il
Tif =s;(NT; = (kj—k ,1>(—10v (2.53)
1 —x"i
for0<j<rand f € Q. Set
- 1 o _q ki— k7!
(G p— s¥ = T+ | ———L | e pXloe (2.54)
ij"f — k7! ij”f — k7! k,xa-f — k!
J
for 0 < j < r. Then (Sj.‘)2 =1forj=0,...,r. The normalised X-intertwiners S?‘V € HX7loc (w e W)

are defined by

X _ X ... X
Sw = Ji Sjr’

where w = s, - - 5;, may now be any expression of w € W as product of simple reflections. Note that
1
Sv=s5 11 (—) (2.55)
—aV —1
a€ell(w) kax=¢" —kq
The following result is from [41, §3.1].
Theorem 2.16. The assignment

wefSXf  (weW,feQ)

defines an isomorphism 3 : W =< Q — HX~1¢ of algebras.

Write HY 7°° for the ring of fractions of H with respect to the multiplicative set Py. The duality
anti-involution ¢ extends to an algebra anti-isomorphism HX~1°¢ — HY-1°¢ which we again denote by
0. The Y-intertwiners are defined by

Y ._ X Y ._ X
SV =6(5%),  Sh=6(5% ),

and the normalised versions by 3‘37 = 6(§5.() and S?v = 6(?;_1) for 0 < j < rand w € W. Note that

SY € Hand :S'?V € HY ¢, Furthermore,

_ Y oY Y
=Sy st ...s"
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if w=sj ---s;, is areduced expression of w € W. The same holds true for gfv (in this case, it holds
true for any expression w = s, - - - 5, as product of simple reflections). For later reference, we write out
explicitly some of the key formulas for the Y-intertwiners.

For 0 < j < r, we have

ST =6(TH (Y)Y = 1) +k; - k3. (2.56)
Note here that for j = 0, we are evaluating the polynomial X% = q@“”v in Y~!, so that (Y"1 =
qu‘/’v (which is not equal to y~% = q;'Y‘/’V). The Hecke relations (2.39) provide the alternative
expression
ST = 8T ((r )% 1)+ (k= k;H(r™HY. 2.57)
An expression for Sy in terms of Uy is
Sy = (Uo(qeY® = 1) +ko—ky')qeY ¢ . (2.58)

For p € P and w € W, we have

SEp@ ™ =w(p)(r s,

TSt = [ (ka' - ke H®) (kG = ka(r ™) (2.59)
acll(w)
in H. Finally, we have
1
=55 ] (—) (2.60)
w w _ v _1
aell(w) ka(Y~1)" — kg

forw e W.

3. Y-parabolically induced cyclic H-modules

Throughout this section, we fix a lattice A € L. As before (see Subsection 2.6), we will omit A from the
notations when A = QV.

3.1. Induction parameters

Definition 3.1. For J C [0, r], write

Thy={teTy [t =1 Vjel}

v 3.1
TG ={teTy [tP% =1 VjelJ}

Note that 7)) C T is a subtorus. Furthermore, Ty ; = T3¢ if I C [1,7], and (1 ) = T[S, = {17}

with 17 the neutral element of T =Tgv. If Tp ; # 0, then Ty j is a T/r\e‘}, -coset since

(l‘l‘,)av — tavt/DaV

fort,t’ € Tp and a € ®. In the following lemma, we provide a natural, mild condition on g € F ensuring
that 7; # 0 for all J ¢ [0, r].

Let & be the Coxeter number of Wy — that is, & is the order of 5155 - - - 5, in Wy (see, for example, [21,
Chpt. 3] and [40]).
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Lemma 3.2. T; # 0 for all J < [0, r] if ¢ has a (2h)"* root in F.
Proof. Tt I C [1,r], then T; # 0 without restrictions on ¢ since 7; contains 17.

Fix now a subset J C [0, r] containing 0. Write Jy := [1,r] N J, which is a proper subset of [1,r].
Fort € T, write ¢; := t% (i € [1,7]). Thent € T, iff ¢; = 1 for i € Jy and

1_[ ' =qg, (3.2)

ie[l,r\Jo

where m; € Z. are the coefficients in the expansion ¢ = }I_, m;a; of ¢" in simple co-roots. It thus
remains to show that there exists ¢; € F (i € [1,r] \ Jo) satisfying (3.2) when ¢ has a (2/)"" root in F.

It is clear from (3.2) that such ¢; exists if g, has a mé,h root in F for all £ € [1,r]. Since g, is an
integer power of g (due to our choice of normalisation of the root lengths; cf. Subsection 2.1), this is the

case when ¢ has a m(¢)"" root in F, where
m(p) = lem(m;).

By direct inspection using Table 2 of [20, §12], we have m(¢) = 1 for types A, and B,., m(¢) = 2 for
types C,, D, and G, m(¢) = 6 for types Eg and Fy, m(¢) = 12 for type E; and m(¢) = 60 for type Eg.
Comparing with the Coxeter numbers, which are explicitly listed in [21, §3.18, Table 2], one checks by
direct inspection that

m(p)|2h. (3.3)

Hence, T; # 0 if ¢ has a (2h)"" root in F. o

Let Wfd C Wy be the image of the parabolic subgroup W; C W under the group epimorphism
D : W -» W,. We then have

red

Tas STV, TR TV (3.4)

Here, TAG C Ta, for a subgroup G C W, denotes the set of G-fixed elements in T5. By (2.37), the
inclusions (3.4) are equalities if Da/;(A) = Zforall j € J.

Note that Ty j is a Ty [1,,]-subset of T for all J ¢ [0, 7], since Ty [1,/] = T/r\e‘%l e Write

Th = {F€Th | Slane, = 1}, Tay :=Try NTy, (3.5)

which are TA,[I,F]—subsets of Tx. The following lemma, which explains how characters ¢t € Ty can be
lifted to T, will be useful when we discuss the quasi-polynomial representation for extended double
affine Hecke algebras in Section 7.

Lemma 3.3. Let J ¢ [0, r].

1. We have injective maps
Tag/Ta 11, = Ty, Tag/Ta 1) = Ty

defined by sTx [1,r] = slov and s7~",\,[1,r] — s|ov, respectively.
2. The maps in (1) are bijective if the restriction map Ty, (n),; — Ty, s &= S|gv is surjective.

The condition in (2) is, for instance, met when F is algebraically closed.

Proof.
(1) This is clear.
(2) For s € Ty, (n)» define s € Ty by

5= sPe (D (1€ A). (3.6)
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It gives rise to a bijective map

Tory, (0),T — Tass s 3.7)

satisfying s|gv = s|ov for all s € Ty, (a),s; cf. Corollary 2.9. Combined with the assumption that
the restriction map Ty, (r),y — Ty, 5 slgv is surjective, we conclude that the maps in (1) are
surjective. i

The following subsets of T will serve as induction parameters for a class of cyclic double affine
Hecke algebra modules, to be defined shortly.

Definition 3.4. For J C [0, ], we set
Lag={teTy 1% =k;> VjelJ). (3.8)

Note that the condition 1% = k;? reduces to 1¢" = g k2.
We next construct an explicit base element s; € Tpv such that

Ly =55Txy

in Tp, where s; is regarded as multiplicative character of A via Corollary 2.9.

The image a(C”) of the restriction of the root a € @ to the face C7 is either {0}, {1}, or it is
contained in the open interval (0, 1) (see the proof of Lemma 2.5). We record these three cases by the
indicator function

-1 if a(C’) = {0},
ns(a) =30 if a(C’) € (0,1), 3.9
1 if a(C’) = {1}.

It can be alternatively described as follows. Set
Jo:=[1Lr]NnJ, (3.10)

and denote by @ ;, C Py the parabolic root subsystem with basis {a;};c,. Write CDS 5= <I>3 Ndg g,
For @ € ®f, denote by n;(a) (1 <i < r) the nonnegative integers such that @ = 37, n;(@)a;.

Lemma 3.5. For J ¢ [0, r], we have

-1 ifaecdt

0,Jo°
nr(@ =10 if @ e ®\ (P57 uDg ),
1 ifaed)’,
where
(I)a-,l - {a e @ | ni(a) =ni(p) Vie[l,r]\Jo} l:fO elJ, 3.11)
0 ifo¢J.
Proof. This is similar to the proof of Lemma 2.5. O
Definition 3.6. For A € £ and J ¢ [0, r], define the base-point s; € Tp by
5y = ]—[ (@) (3.12)

aedf
(i.e., s; is the multiplicative character mapping A € A to Hueq,a Kkl (”)a(’l)).
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Special cases are

S[1,r] = l—[ ko, sqy = kg» sp = 17,

+
aedy

with 17, the neutral element of 75. Note that s; s = ja($s|pv) € Ta since s; maps prg_ (A) to 1.

Proposition 3.7. For J C [0, r], we have

In particular, Ly = $;Ta,j inTa forall A € L.

Proof. Leti € Jo. Since 5;C’ = C”, we have n; (s;@) = n;(a) for all @ € ® \ {e;}. Furthermore,
ns(a;) = —1, and hence,

5iS) = ki—m(m)ai 1_[ kz./(a)sm - kiZ‘YiSJ.
aedi\{a;}

v
By (2.37), we conclude that s = k72.

Assume now that O € J. It then remains to show that 5fv = k%p. By (2.18), we have

@

548 = k;Zm(w)«p k;m(ﬂ) 5.

aedf: a(p¥)=1

Clearly, 17 (¢) = 1, and the 2-group (~s,,) acts freely on {@ € @] | a(¢") = 1} since @y is reduced.
Let Z be a complete set of representatives of the (—s,)-orbits in {@ € ®f | a(¢’) = 1}. Then we
conclude that

(7]
Sp8) = k;Zw l_[ k;(m(a)ﬂn(—aw)) 5.
aeZ

But for & € Z, we have nj (—a + ¢) = -1y (@) (cf. Lemma 3.5); hence, 5,55 = k;z‘sz. By (2.37), we
then have sfv = k%p, which completes the proof of the proposition. O

3.2. The H-module M/

We introduce a family of H-modules, obtained by induction from one-dimensional representations of

Y-parabolic subalgebras.

Definition 3.8. Let J ¢ [0, r].

1. The X-parabolic subalgebra Hz C H is the unital subalgebra generated by T; (j € J) and P.

2. The Y-parabolic subalgebra H; C H is the image of H’f under the duality anti-involution §.
Concretely, Hg C H is the unital subalgebra generated by 6(7;) (j € J) and Py. For i € Jy, the

generator §(T;) is simply 7;. If O € J, then the algebraic generator §(Tp) = Y~ Tox™¢" of Hg may be

replaced by Uj, since Y ¢ e ]HI§

Lemma 3.9. For t € Lj, there exists a unique algebra homomorphism )(;(’t : H§ — F satisfying
Xy, (p)=p(@) (peP)and x[ ,(T;) =k; (j €J).
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Proof. Let Hy C H be the parabolic sub-algebra generated by 7; (j € J). A presentation of H}f in terms
of P and Hj is given by Definition 2.12, with the indices j and j’ now taken from the subset J.

The assignment 7; +— k; (j € J) defines the trivial one-dimensional representation of H;. To show
that it extends to a well-defined algebra map )(j(’t : HY — F satisfying )(j(’t(p) =p(t) (p € P), it

suffices to show that the cross relations (2.40) for p € P and j € J are respected by ,\/f .
If j € Jand k? = 1,thent € L; implies t“ﬁfY = 1; hence, s;t = t. In this case, the cross relation (2.40)
reduces to T;p = s;(p)T;, which is clearly respected by )(j{ .

IfjeJand k? # 1, then 1% = k]‘.2 # 1, and a direct computation shows that )(j‘ , respects the cross
relation (2.40). o

Corollary 3.10. Fort € Ly, there exists a unique algebra map xj ; H’JZ — F satisfying
x1.:(p(Y)) = p(t™) (peP),
X1.(T;) = ki (i € Jo), (3.13)
Xa.a(Tox™®") = k1™ if 0el.

Proof. Composing the anti-algebra isomorphism &gy : HY — HY with XY, HY — F gives a
well-defined algebra map

X=X, 0 Sl HY - F. (3.14)
A direct check shows that y; ; satisfies (3.13). O
Write
F;,=Fl;,

for the one-dimensional H)J' -module with representation map y ;.
Definition 3.11. We call

M/ :=H @ Fo s
the Y-parabolically induced cyclic H-module relative to J € [0,r] and 7 € L;.
Write
mj = 1@y 1, € M.
It is a cyclic vector of MY, and
hm! = x;.(hm]  VheHY.

In particular, p(Y)m; = p(t~")m; for all p € P.In Cherednik’s terminology [8, §3.6], M/ is a Y-cyclic
H-module, and the H-module Mf’ (t € T) is the universal Y-cyclic H-module Zy [¢~'] from [8, §3.6.1].
See [45] for a geometric approach to the representation theory of H.

Remark 3.12.

1. Fort € T, write
J(0) = {j € [0.r] | 1 = k72 (3.15)
Then Ly = [ ;55 L (disjoint union) with

L' ={teT |J0t)=J"}.
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If' e L/ andJ’' 2 J, then Mz],' is a quotient of Mtj,. In Theorem 6.15, we will show that M,J is
a simple H-module for generic t € L”.
2. The H-representations M! (I C [1,7] & t € L') are analogues of the so-called standard modules
M (A, Triv) of the rational Cherednik algebra, as defined in [1]. Here, A € h* with }) := E ®g C, and
Triv is the trivial representation of Wy ,, with Wy 3 € W the stabiliser subgroup of A.

The ‘Fourier dual’ of M,J (t € Ly) is the X-parabolically induced cyclic H-module
Xyl X
Mt = H®H§ FJ,[’

. X . . X . . X
with F; ; the one-dimensional H7 -module with representation map x7 ,.

Remark 3.13. The following explicit realisations of the Y-parabolically and X-parabolically induced
H-modules are known:

1. Cherednik’s [8] polynomial representation 7 : H — End(P), defined in terms of Demazure-Lusztig
operators (see (4.8)). It is isomorphic to MZ[SL}’:] with

ton =510 = | | ko € Lyt (3.16)

.
acd]

Under suitable generic conditions on g and k, nonsymmetric Macdonald polynomials provide the
simultaneous eigenfunctions of the commuting Cherednik operators w(Y*) (u € QV).

2. Analytic realisation of the universal Y-cyclic H-module Mf’ for generic t € T. In this case, F = C
and 0 < k4,9 < 1, and M? is realised as subrepresentation of the space M(T’) of meromorphic
functions on the complex torus 7, with the action again defined by Demazure-Lusztig operators. The
cyclic vectors m? are £(-, wot) with £ Cherednik’s [10] global spherical function £ € M(T X T),
also known as the basic hypergeometric function [43, Thm. 2.13]. The simultaneous eigenfunctions
for the action of the commuting Cherednik operators on M(T') are of the form £(-, ") for appropriate
t'eT.

3. Cherednik’s realisation of XM for generic ¢+ € L; on the space of finitely supported F-valued
functions on W/W;, with the action defined in terms of discrete Demazure-Lusztig type operators [8,
§3.4.2]. The delta-functions are the simultaneous eigenfunctions for the action of the multiplication
operators x* (u € Q).

In the following section, we realise the Y-parabolically induced H-modules M{ (t € Ly) on spaces
of quasi-polynomials. The resulting simultaneous eigenfunctions for the action of Y# (u € Q") become
quasi-polynomial generalisations of the nonsymmetric Macdonald polynomials.

Lemma 3.14. Fort € Ly, set
myy., =06(T,-)m] eM]  (weW’). (3.17)
Then {m{m | w € W/} is a basis of M/ .

Proof. The Poincaré-Birkhoff-Witt Theorem for H implies that H is a free left H‘;‘ -module with basis
{T,,-1 | w € W/ }. Now apply the anti-involution 6 and recall that H = §(HY). o

Lemma 3.15. For u € Q¥ N E_ and v € Wy such that T(u)v € W”, we have
J _ J
M7y = xXHT,my .

Proof. By (2.16) and (2.17), we have

mi(u)v;t = 6(TV’] T(*,U))m‘tl'
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But-ueQVn E.: hence, Tr(—y) = Y™ by (2.43). Consequently,
mjuo“t=5(Yﬂ050;4yn{=x#7;m{.
[m]

Remark 3.16. For w € W, write u,, € QY and v,, € Wy such that w = 7(u,,)v,,. We will prove in
Theorem 4.5(3) that {x*~T,, m! | w € W/} is also a basis of M. The quasi-polynomial realisation of
M/ (Theorem 4.5) provides an explicit description of the H-action on the basis {x**T,, m! | w € W/}
of M/, with the action described in terms of truncated Demazure-Lusztig operators.

4. Quasi-polynomial and quasi-rational representations

Let ¢ € E be an element lying in the face C’ of C,. In this section, we will give explicit realisations of
the H-modules M/ (¢ € L) on the space of quasi-polynomials with exponents in the affine Weyl group
orbit O.. By localisation, we also obtain nontrivial families of W-actions on spaces of quasi-rational
functions.

4.1. Spaces of quasi-polynomials

The group algebra F[E] contains P, as sub-algebra for all A € £. The formula v(x”) :=x"Y (v € Wy,
y € E) defines a Wy-action on F[ E] by algebra automorphisms, which is compatible with the Wy-action
on Py. We write

x0 = ¢ e FIE] (y,¢) e EXZ.

For ¢ € C,, write

Pl = @ Fx”.

yeO,

We call P©) the space of quasi-polynomials with exponents in O...

Definition 4.1. Let A € £, c € C’ andt € Ty ;. For y € O,, define
ty i=wyt € Th. “.1)
Note that
twy = wty weW,yeO,)
since W/ = {wy}yeo. and t € T; € TW/. In particular,
tyu =gty  (y€Oc, peQ’). (4.2)

In the following lemma, we identify W < P with H(1, ¢) by the isomorphism (2.41).

Lemma 4.2. For ¢ € C’ and t € Ty, the formulas Kix¥ := gx* and
vix =x", (e =Y, () = (v e Wy, u,v € Q) 4.3)

for'y € O, define a F-linear W-action on P'°). The resulting F|W]-action on P'¢) descends to an
action of W » P via the isomorphism (2.33). Furthermore,

M} — (P9, ) as modules over H(1,q) ~ W =< P

with the isomorphism defined by (x”v)mtj B XM (ue QY v e Wp).
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Proof. Tt is a direct check that (4.3) defines a W-action on P For the last statement, note that
T(u)x® =t7H#x¢ forall u € QV, and for i € Jy (see (3.10)),

S(si)x€ = 57 4x¢ = x5 = x°.

If 0 € J, then ¢ = soc = s, +¢" and 6(s9) = ¢"s, € W; hence,
6(S())txc — (‘p\/)txs¢c — xs¢c+‘pv — xc'

Hence, there exists a unique morphism M; — (P(), 1) of W < P-modules satisfying m; + x¢. Then
(xHv)my maps to (uv)x© = x#*V¢ for u € Q¥ and v € Wj. O

In the special case ¢ = 0, we necessarily have t = 1. In this case, the W = P-action on PO = p
reduces to the action introduced in Subsection 2.6,

wipxt = w(xH) (weW, ueQ’).
Note that formula (2.36) generalises to
Sax” = t;mvxs"y (a=(a,l) ed, yeO,). 4.4)
In particular, so x> =t} ' xSe¥ for y € O,.
The natural extension of formula (2.31) to the present context is as follows.

Lemmad4.3. Letc € C’, t €Ty, y € O, and a € ® such that a(y) € Z. Then

Da" _ ,Da(y)
L7 =4qp,
2. Sqx” = xy~Da(y)a’,

Proof. Write @ := Da € ®¢ and n := a(y) € Z. The affine root b := w;l(a, —n) € O satisfies
b(cy) = 0. Since ¢, € C’, we conclude that b € ®;. Note that {a,...,e,} is a basis for the affine
coroot system ®"; hence, the coroot b lies in H jeJ Za}’, and hence, t*” = 1. Then

L=t = (wy) @™ =gy,

where the second equality follows from (2.31). Hence, t;’v = qg(y ), which proves (1).

Set £ :=a(0) € Z. Then a = (a, ) and

_raV ¢ ) _ v
Sa,txy = ty{a x%eY = qda a(y)xsl'y =xY Da(y)a

s

where we have used (4.4) for the first equality, (1) for the second equality, and (2.36) and (2.3 1) for the
last equality. This proves (2). O

Let T]g be the space of Q" -orbits in E, with Q" acting on E by translations. It is a real torus admitting
a natural Wy-action. For y € Ty, set

P, = @ny,

y€Y
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which is a cyclic P-submodule of F[E]. It equals P when 7 is the neutral element of T;;. Writing
[c] :=c+ QY €T, we have

PO = P P,

YeWslc]

since Wo[c] =~ We/QV, which allows one to think of P(¢) as vector-valued polynomial functions on 7.

The spaces P, (y € TRv ) naturally arise in the Bethe ansatz for the trigonometric Gaudin
model [31, 32]. They also serve as the ambient spaces of the multivariable Baker-Akhiezer functions;
see, for example, [4, 5, 42]. Multivariable Baker-Akhiezer functions are terminating power series so-
lutions of the spectral problem for the Macdonald operators, which exist for special values of k; (for
instance, when k; a nonpositive integral power of qa; ). In [4, 31, 32], elements in P,, are called quasi-
polynomials or quasi-exponentials.

For rational weights ¢ € Q®z Q", we may view P () as subspace of the space of polynomials on the
torus Hom(A, F*) for an appropriate lattice Q¥ C A C E’. This is a natural viewpoint in the context of
metaplectic representation theory; see Subsection 9.2.

In Subsection 4.3, we deform the t-dependent W < P-action on P9 to an action of the double affine
Hecke algebra H, with the T;’s acting by truncated Demazure-Lusztig operators.

4.2. Truncated divided difference operators
For a € @, let V, be the linear operator on F[E] defined by

1 — x~LPa(y)la"
Va(xy) = T x (y [S E), (45)

where |z| € Z is the floor of z € R. Note that V, is well defined, since the numerator is divisible by
1-x"in F[E]. The subspaces P(“) (¢ € C,) are V,,-stable.
We will write V; := V(,J., so that

1— (q;lxwv) ()]

1—gex¢"

[ = -laiylay
Vo(xy) = ( x— xY

)xy, Vi(x¥) = ( v

1 —x%
forl<i<randyekE.

Lemma 4.4. Fora € ® and y,y’ € E such that a(y’) € Z, we have

. [1=xDatha")
V() = x—v X,
1—xa (4.6)
Vo (x3) = P00y (1) = Vo (0 )2
Proof. This is a straightforward verification which we leave to the reader. O

It follows from (2.31) and the first formula in (4.6) that V, restricts to the usual divided difference
operator on Py (A € L),

H— sq(xt)  xH —xSak

1—xa" = 1—xa

Vi) == (4 € A). @.7)
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Cherednik’s [8, Thm. 3.2.1] polynomial representation 7 : H — End(7P) is then explicitly defined by

m(Tj)xk = kjsj(xt) + (kj = k7)V;(x9),

(4.8)

a(xV)xt = xH

forO<j<randd,ueQV.

In the next subsection, we introduce families of quasi-polynomial representations 7.t : H —
End(P(“)) (c € C’, t € Ty). The action of P will still be by multiplication operators. The action of T;
will be reminiscent to formula (4.8) for 71(7}); its first term will involve the t-twisted W-action on P,
and its second term the truncated divided difference operator V j|p).

4.3. The quasi-polynomial realisation of M/
Denote by yp : R — {0, 1} the characteristic function of the subset B C R. Definep : R — {-1,0, 1}
by

n=Xz.o — XZSO’ (49)

and set

Ky (y) = ]_[ k10N e Wy, y € E). (4.10)
acell(v)

Note that k,, € Fx(E,F*) by Lemma 2.5.
Theorem 4.5. Let J € [0,7], c € CY and t € T;.
(1) The formulas

et (Tj)xY = k;.‘Z(aj(y))sj,txy +(kj— k;l)Vj(xy),

(4.11)
Tet(xH)x? = XY
foro<j<r,ueQ¥andye O turn P\ in a H-module, which we denote by Pt<c).
(2) There exists a unique isomorphism
v o plo)
et - MS]t — Pt
of H-modules satisfying ¢. (ms{]t) = x°.
(3) We have
¢C,t(x”TvaJ,t) =k, (c)xH*ve (LeQ’,veWw). (4.12)

. J J . . J
In particular, {x*~ T, mg | we W’} is a basis of M .

Note that the H-action on Pt(c) reduces to the t-dependent W = P-action on P(¢) from Lemma 4.2
when k, =1 forall a € ®.

Furthermore, for ¢ = 0 and t = 17, 79,1, : H — End(P) is Cherednik’s polynomial representation
7 (see (4.8)). In this case, the theorem is due to Cherednik; see [7, Thm. 2.3] and [9, Thm. 3.1]. We call
et the quasi-polynomial representation of H.

The proof of Theorem 4.5 is relegated to Section 5. The proof of part (1), which will be given in
Subsection 5.2, will follow closely the proof of [38, Thm. 3.7] introducing the metaplectic affine Hecke
algebra action on Laurent polynomials (in Section 9, we will show how [38, Thm. 3.7] follows from
Theorem 4.5). Similarly as in the context of Cherednik’s basic representation and its associated Macdon-
ald polynomials (the special case ¢ = O and t = 17), the proof of parts (2) and (3) in Subsections 5.4-5.5,
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as well as the existence of the quasi-polynomial eigenfunctions of 7.+ (Y1) (1 € Q") in Section 6, will
require a detailed analysis of the triangularity properties of the truncated Demazure-Lusztig operators
net(T;) (j € [0,r]). For a detailed discussion of the triangularity properties of Demazure-Lusztig
operators in the context of Cherednik’s polynomial representation, see, for example, [29, §4.6].

In the following two subsections, we give some direct consequences of Theorem 4.5.

4.4. The face dependence of the quasi-polynomial representation

The quasi-polynomial representations 7. ¢ are equivalent for different values of ¢ € C’ by Theo-
rem 4.5(2). Fort € T; and ¢, ¢’ € C”, the isomorphism is explicitly given by

P(c) P(c/) X X (we W), (4.13)
As a direct consequence of (4.13), we obtain the following result.

Corollary 4.6. Let J € [0,7],t € Ty, w € W/ and h € H. Then

reahx"e = Y et e veed!

w,w’;t
wewd

with coefficients e (EF(w' e WY ) independent of the choice of ¢ € C”.

The closure relations between the faces C’ of C+ are translated to quotient relations for the quasi-
polynomial representations n. + (see Remark 3.12(1)).

Corollary 4.7. Let J C J' € [0,r], c€ C’, ¢’ € C’" and t’ € Ty

1. There exists a unique epimorphism

of H-modules mapping x€ to x'.
2. We have

pré o (7€) = KV((C)) B (ue QY v e W)
V

Proof. Writet’ :=s;t' €Ly, C Ly =5 JT] Recall from Remark 3.12(1) that we have an epimorphism
Y M > MJ of H-modules mapping m}, to m},. Then

=gewovod L, P P
has the desired properties (use Theorem 4.5 (2)&(3)). ]
Remark 4.8. LetJ C [1,7] and c € C’. Then Corollary 4.7 gives an epimorphism pr ,PS(C)S - 731(3)
0

of H-modules. The co-domain is Cherednik’s basic representation, and

prl,TO(x/HVC) _ ( l_[ k:;’"(“(c)))x” (u € 0V, ve Wo).
acell(v)

4.5. Affine Weyl group actions on quasi-rational functions

We derive an affine Weyl group action on quasi-rational functions by localizing the quasi-polynomial
representation 7.t (Theorem 4.5(1)). In Section 10, we will show that this action gives rise to an
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affine analog of Chinta and Gunnells’ Wy-action on rational functions [13, 14]. The approach in this
subsection follows the paper [38], where the Chinta-Gunnells’ Wy-action was obtained by localization
of an appropriate metaplectic affine Hecke algebra representation.

Consider the Q-algebra

FolE] = Qe&p FIE],

which is isomorphic to the localization of F[E] by P*. The algebra W =< Q naturally acts on Fg[E].
For y € T/, denote by Q,, the Q-submodule of Fg[E] generated by P,. Then

Q, =Y Vyey.

Write Q(¢) for the Q-submodule of Fo[E] generated by P (c € a), so that

Q9= € o,
]

yeWslc

Note that Q(¢) is a cyclic Wy < Q-submodule of Fo[E].
Fix ¢ € C’ and t € T;. The W x P-action on P(¢) from Lemma 4.2 extends to a W < Q-action on
Q(©)_ The following theorem provides a k-deformation of this action.

Theorem 4.9. Let J € [0,r], ¢ € C’ and t € T;. The formulas

z(@;(y) ,_aV -1
| SR i-1 kj—k;
Jj ()C J )Sj’txy + ( J j ) xy_LDaj(y)Ja}/

(kjx = k") (kjx = k) ’ (4.14)
ot () () = fx

Oet(s;)(x”) =

for0<j<r,yeO.and f e Qturn Q' into a W = Q-module, which we denote by Qt(c).
Proof. Let §; be the linear operator on P() defined by
() =0T (e 0, (4.15)
Note that
55 () = 51(p)3 (%) (4.16)
forO0 < j<r,yeO.andp € P. We extend §; to a linear operator on Q(©) by requiring (4.16) to hold

true for all p € Q.

Transporting the HX'_action of the induced HX1°°-module HX !¢ @y Pt<c) to Q') through the
linear isomorphism

QW S H M eu P, f¥eb feux’  (feQyeO.)
(see (2.52)) gives a representation

ﬂz{t—loc . HX—IOC N End(Q(C)).
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X loc ;

By (2.53) and (4.16), the representation map 7 is explicitly given by

TN = K s (1) + (k= ,‘-1>(‘fx _SJW))

1 —x" 4.17)

XL (fx) = £ fx

forO0<j<r,yeO;and f, f' € Q. By Theorem 2.16, we obtain a representation ot : W< Q —
End(Q(®)), defined by

Tet(w® f) = m)¢ Joe(SX £) (weW, feQ). (4.18)

Then ot (f")(fx¥) = ff'xY for f, f’ € Qand y € O, and

Tet(s) = 1 (ST)

X loc xQ'IY -1 kj B k]_1
=tev |
ij J —kj_-l ij J —k_-l

k/j\.,/Z((Vj()’)) (x(ljv _ 1) (k _ k l)

= aV Sj,t
(ijf—k]‘.l) (kx1—k 1)
as linear operators on Q(¢). O

Remark 4.10.
1. Note thatfor0 < j <r, f € Qandy € O, we have
spa(fx?) =5;(fx) if a;(y) €Z

by Lemma 4.3(2), and hence, ot (s;)(fx¥) = §;(fx”) if @;(y) € Z. In particular, 0y 1, reduces to
the standard W = Q-action on Q@ = Q as described in Subsection 2.6.
2. We have

et =757 0 3 (4.19)

by Theorem 2.16 and (4.18).

Remark 4.11. Theorem 4.9 allows to rewrite the truncated Demazure-Lusztig type operators ﬂ'i_( t‘loc (Ty)

(see (4.11)) as standard Demazure-Lusztig operators involving the W-action ot on Q)

1 — k2x%
AN =k f + kG 1—’a (GexGHf=Ff)  (feQ9).
—x%
This follows from (4.19) and the fact that
1 (1= kixa;
-y (TJ) = kj +k]_ T o (Sj - 1)
1—-x%

in W < Q. This formula shows that nf t‘IOC(Tj) is a so-called metaplectic Demazure-Lusztig operator
(see [15, 34, 35]) in the context of metaplectic representation theory of reductive groups over non-
archimedean local fields; see Section 10 for further details.
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Remark 4.12. In the limit case where k = 0 (meaning k, = 0 for all @ € ®), the W-action from
Theorem 4.9 does not depend on t and satisfies

AV HE) =50 (0<j<rye0,),

with §; defined by (4.15). For y € O, let &, € y + P be the unique element satisfying 0 < a;(&y) < 1
forall 1 <i <r.Then §(xY) = x&*0=&) fori € [1,r]; hence,

KD (1) (x7) = x5 OE)

for all v € Wy. In particular, this is a shift of the standard Wy-action.

5. The proof of the main theorem

This section is dedicated to the proof of Theorem 4.5. As a byproduct, we obtain triangularity properties
of the commuting operators 7. +(Y#) (1 € Q") which will play an important role in the construction of
the quasi-polynomial generalisations of the Macdonald polynomials in Section 6.

5.1. Properties of the base point s

Recall the step function 77 defined by (4.9). It satisfies the identities

n(x) +n(=x) = —2x03 (%), n(x)+n(l-x)=0 (5.1
for all x € R.

Definition 5.1. Let A € L. For y € E, set

Sy 1= l_[ kz(a(y))a € Th. (5.2)

"
acdy]

Note that 5y [x = ja(sy|pv) since sy, maps prg_(A) to 1.
For J ¢ [0,r], the element 5; € Tpv (see (3.12)) can be recovered from s, as follows.

Lemma 5.2. Let A € L. The function'y w— s, lies in Fs(E,Tp). Furthermore,
s.=s; if ceC’. (5.3)

Proof. The first statement follows from Lemma 2.5 applied to g = 7. The second statement follows
from (3.9) and (3.12). m]

We now analyse how the affine Weyl group W acts on s, € Tx.

Lemma 5.3. Let y € E and j € [0, r].

DaV 4
L Ifs; € Wy, thens, = k> and spasy =k sy,
2. Ifs; € W\ Wy, then spa;Sy = $s;y-

Proof. Let1 <i <r. ThenTl(s;) = {a;}; hence,

Si5y = 1_[ kz(a(Siy))a - 5Siyki—<n(m(y))+n(—m(y)))m.

afesitbo
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Suppose that s;y = y. Then a;(y) = 0; hence, 17(a;(y)) + n(—a;(y)) = =2, so0 s5;8y = syk?ai in
)™ by (2.37), 50 (5, )* = k7 in Ty. This in particular holds true for

—Q,
Tpv. However, s5;5y = 6, (s,

A = PV. Hence, s;l" =k2

Suppose that s;y # y. Then a;(y) # 0; hence, n(a;(y)) +n(—a;(y)) = 0 by the first equality of (5.1).
It follows that s5;5, = sg,.

The proof for j = 0 is a bit more involved. First note that

S8y = Ssy I—[ kfln(a(sgay))—n(a(Soy)))a l_[ kl—g(17(—,3(S¢Y))+77(ﬁ(so)’))),3 (5.4)
ae®{\I(s,) BE(sy)

since Ky, = k,, for all y € ®g. Now a € ®f \ II(s,,) implies a(¢") = 0 by (2.18); hence,

n(a(syy)) —n(a(soy)) = n(a(y)) —n(a(y)) =0.

Hence, the product over @ € ®; \ TI(s,,) in (5.4) is equal to 1. By the explicit description (2.18) of
II(s,), we then have

S8y = 5S()yk;(17(2—</J(y))+17(90(y)))cp 1_[ 1B sey))tn(Blsey)+D)B

B
Be®): BlpY)=1

The product over 8 is equal to 1 by (5.1), so we conclude that

S¢Sy = E;Soyk;(n(2—<p(y))+n(t/>(y)))</J_

Suppose that soy = y. Then ¢(y) = 1; hence, 7(2 — ¢(y)) + n1(¢(y)) = 2n(1) = 2 and 5,5, = syk;w
in Ty. Similarly as before, this implies that s, ¢ = k;z.

Suppose that soy # y. Then ¢(y) # land n(2—¢(y))+n(¢(y)) = 0 (indeed, itis 0+0if p(y) € R\Z,
itis—1+1if o(y) € Z>y anditis 1 — 1if ¢(y) € Z<1). Hence, 5,5, = $,y. O

Proposition 5.4. Let A € L. We have
sy = (Dwy)se,
inTp forally € E.

Proof. Write ¢ :=c,, € C,and J := J(c). Fix a reduced expression wy = s, --- s, for w, € W/ and
write Yy, = s, ---sj,¢ (1 <m <€) and ypy1 := c. Then s, yus1 # ym form = 1...,¢. Repeated
application of Lemma 5.3(2) then gives s, = (Dw,)s.. O

Recall from Proposition 3.7 that L j = s;Ta,; for A € L. Furthermore, for ¢ € C’/ andt e Tr.g,
we defined t, € Tp (y € O) by t, := wyt (see Definition 4.1).

Corollary 5.5. Let c € C’ and t € Ty ;. For y € O, we have
syty = wy(sst)

in TA.

Proof. This follows from

wy(s7t) = (Dwy)sy) (wyt) = sty

for y € O., where the second equality follows from Proposition 5.4. O
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We will also need analogous results for scalar-valued functions on E, in particular for ,, : E — F*
(see (4.10)). Recall the characteristic function y. : ®y — {0, 1} of d)g.

Lemma 5.6.
1. Foru,v e Woandy € E,
k() =) [ kT (5.5)

aevI(u)
where x = x4+ — X--
2. If y € E™, then k., (y) = k,(vy)ky, (y) for all u,v € Wj.

Proof. (1) Formula (5.5) follows from a direct computation, using that IT(u«v) is the disjoint union of
the subsets IT(v) \ (®F N (-v™'TI(«))) and ®F N v~ TI(u).
(2) By (5.1), we have n(—x) = —n(x) for x € R*. Hence, for y € E™8, formula (5.5) reduces to

kv =) [ KT =0 0k ().

aevITI(u)
O
We next introduce an affine version of «, (y). Set
n(a(y)

k() =[] ka (y € E), (5.6)

(16(1)3

and define

k(w
k() = KO e ew). (5.7)

k(y)

The k,, (y) satisfy the cocycle condition k. (y) = ky, (W y)k, (y) for w,w’ € W and y € E. Note,
furthermore, that

kO +p) _ [T ket -naoms

ke (y) = O

"
aedy

forye Eand u € QY.
By Lemma 2.5, we have k, k,, € Fx(E,F*) forallw € W.

Lemma 5.7. ForO < j <randy € E,

Proof. We need to show that
ks, () = k; 1) if a;(y) #0,
ks (y) = 1_[ k(—ln(a(y)) if ao(y) #0 (5.9)
acell(sy)

for 1 <i < r. The first line follows directly from Lemma 2.1 and (5.1). For the second line one computes,
using (2.18),

k(soy) = kz(—ap(y)+2)/2 H kg(a(swy)+l)/2 ]—[ kg(ﬁ(y))/z.
acll(so)\{¢} BEDI\II(s,)
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By (5.1), one then gets

— 2 2 —
ks, (y) = kf;l( e(M+2)+n(e(y)))/ 1_[ kan(a(y)).
ac€ll(sy)

Since (2 — x) + n(x) = 0 if x # 1 (see the proof of Lemma 5.3), this reduces to the second formula
in (5.9). m]

5.2. The H-action on P

In this subsection, we give the proof of Theorem 4.5(1). Fix ¢ € C’ and t € T;. An important role in
the proof is played by the following map.

Definition 5.8. Define the surjective linear map ¢4 : H - P(<) by
et (HTYY) = Ky (€)(sct) 7V akve (5.10)

for u,v € Q¥ and v € Wy,
Note that . +(1) = x€.
Lemma 5.9. Let h’ € H. Then

wc,t(hh/) = ﬂ'c,t(h)wc,t(h,)

forh=T; (0< j<r)and h=xH (ueQ).

Proof. For the duration of the proof, we write
t:=s.telLy. (5.11)

Recall that y. : ®y — {0, 1} is the characteristic function of ®F, and y := y; — y-. Note that for
v € Wy, we have y (v 'a;) = =1 iff £(s;v) = €(v) + 1 by Lemma 2.1.

The lemma is immediate for 2 = x” (v € Q"). We split the proof for » = T in two cases.

Casel: h=T; withl <i<r.

This case is similar to the proof of [38, Thm. 3.7]; see, in particular, [38, Lemma 3.2]. We shortly
discuss it here for completeness. Fix v € Wy and u,v € QV. By the cross relation (2.40) in H and the
fact that T;T,, = y—(v™'a;) (k; — ki‘l)Tv +Ty,;v, we have for v € Wy and u,v € QY

wc,t (’Ti-xllTvYV) = KS,‘V (C)l‘_v_xs"/‘l+sivc

- -1 : -1 . . (5.12)
+ky, ()™ (k; — k; )(Vi(xﬂ)xvc +y-(v Cl’[)x‘sll“'vc).
By Lemma 2.1, we have 0 < y (v "'a;)a;(ve) < 1 since ¢ € Cy, and
Ks;v(€) = Kv(c)k;)((vflai”l()((f‘ @) a; (ve))
by (5.5). So (5.12) reduces to
Vet (TixHTYY) = &y (C)t—v(k;/\/("*lai)n()((v"m)ai(vc))xs,.#.,_sivc
(5.13)
+ (ki - k;l)(vi(xﬂ)xvc +X_(V—1a,l_)xs,-y+vc))_
However,
Ted (T et (WY = iy ()™ (20N by (g — 1)V (e) ), (5.14)
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and

Vi(xH)xVe + xSiHtve if —1<a;(ve) <0,
Vi (xHVE) = Vi (xH)xve if 0<a;(ve) <1, (5.15)

Vi (xH)xVe — xSit+siveif aqq(ve) = 1.

To show that (5.13) is equal to (5.14), we distinguish subcases depending on whether vc lies on one of
the three affine root hyperplanes H; ,, := {z € E | @i(z) = m} (m € {-1,0, 1}) or that it lies between
H; m and H; ;41 form = —1 and m = 0. The cases vc € H; _1, and vc lying between H; _; and H; o, are
taken together as case 1a.

Case la: —1 < a;(ve) < 0.Thenvla; € @y, n(=a;(ve)) = xz(ai(ve)) and y_(v~'a;) = 1. Taking
(5.15) into account, it follows now directly that (5.13) is equal to (5.14).

Case 1b: a;(vc) = 0. Then s;ve = ve and n(y (v"'@;)a;(ve)) = —1, but it is undetermined whether

La; is a positive or a negative root. The expression (5.13) simplifies to

v
Yet (TixﬂTvYV)
=Ky (C)t—v(k;\/(v’l(li)xsiy+vc + (kl _ ki—l)(vi(x,u)xvc +X*(V—la’i)xsiu+vc)>

- Kv(c)t_v(kixsi”+"c + (k- ki_l)Vi(x”)xvc).

Note here that for v='a; € @, the last equality follows by combining the first and third term, which has
the effect that it flips the prefactor ki‘l of the first term to k;. Formula (5.15) now reduces this expression
to (5.14).

Case Ic: 0 < a;(vc) < 1. Thenv™'a; € @ so y-(v"'a;) =0, and furthermore, n(a;(vc)) =0 =
xz(a;(vc)). Taking also (5.15) into account, it follows that (5.13) is equal to (5.14).

Case 1d: a;(ve) = 1. Then y_(v"'a;) = 0 and 5(a;(vc)) = 1, so

1

Vea T TLY) = s (™ (I e 4 (kg = K7V (). (5.16)

while (5.14) by (5.15) becomes
Ted (Tt (HTY) = Ky ()™ (e 557 o (ks = k7 ) (i ()€ = x0057€) ).
Moving the correction term of the divided difference operator to the front is altering the prefactor k; of
XSTHESIVE o ki‘l. This reduces the last expression to (5.16).
Case 2: h = Ty. Fix v € Wy and p, v € QY. By (2.44), we have
o1V _ _
T, =Ts, o Y™ % + xe (v ') (ky - kwl)Tv

for v € Wy (recall here that kg = k). Combined with the cross relation (2.42) in H and the definition
of Y. 1, we get

wc,t(TOX#TvYV) = Ks‘pv(C)f_v+v_](pvqg('u)xs“’lﬁs‘pvc

+ky ()t (kg — k;l)(V()(xﬂ)xvc +/\{+(v_1¢))q$(”)xswﬂ+vc).

Now apply (5.5) to ks, (c) and use (2.18) to arrive at

-1 -1 ve v
Ks‘pv(c):Kv(C)ki(V e)nx(ve)e(ve)) l—l k; (a) (517)

+
aed)o
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with €, (@) := —x(va)n(x (v 'a)a(ve))a(pY) for @ € ®y. Since €, (-a) = €, (a) for all @ € @y,
the product over @ € @ in (5.17) is unchanged when taking a different choice of positive roots for @.
Choosing v®{ as set of positive roots, we get

_ x(v o) n(x(vTe)e(ve)) -n(a(e)a(ve’)
szv(c) = Kv(c)k<p 1_[ ka
aed)z;

kf;(v_l <P)77(X(V_1<P)<P(VU))STV_I ®Y

=Ky (c) ¢ s

where the last equality follows from the explicit expression of s, (see Definition 5.1). By (5.11), we
conclude that

l,[/c,t(T()xﬂTva) =K, (C)l_v (tv'lgov ki(‘/_l‘ﬁ)ﬂ(/\.’("_l‘P)‘P(VC))qﬁ(Il)xs‘p;Hs‘pvc

(5.18)
+(ky = k;l)(vo(xp)xvc +X+(V71‘p)q$(ﬂ)xs¢y+vc)).
However,
met(To)et KT, YY) =
¥ pxz (5.19)
=Ky (C)fv(t" ' k)(/(f(<P(VC))q$(ll)ngo,U+S¢,vc +(ky - k;l)Vo(x”Wc))
since t;f:vc =q Zﬁ“‘)tv" ¢" by Definition 4.1. Furthermore,
Vo(x#)xvc _ qg(,u+v6)xs¢,u+s¢vc if (,D(VC) -1,
Vo(x#*¢) = { Vo (xH)xVe it —1<p(ve) <0, (520)

Vo(xH)x€ + qg(”)xsﬁ"’“"c if 0<e(ve) <.

Now as in case 1, we prove that the expression (5.18) is equal to (5.19) by distinguishing various cases
related to the position of vc relative to the affine root hyperplanes {z € E | ¢(z) = m} (m = 1,0, 1).
Since there are various additional subtleties, we discuss the cases in detail.

Case 2a: 0 < ¢(vc) < 1. Then v'p € ®F; hence, y(v''p) = 1, n(e(vc)) = xz(e(vc)) and
x+(v"1p) = 1. The desired result now follows immediately from (5.20).

Case 2b: ¢(vc) = 0. Then n(¢(vc)) = —1, syve = ve, and e’ = by Lemma 4.3. Substitution
into (5.18) gives

-x(v7! s ve
Vea (Tt T YY) = k() (kA9 g aons
+(ky — k;l)(Vo(x”)x"c +X+(v—1¢)q£(ﬂ)xs¢p+vc))
- KV(C)fV("«ﬁQi(mxs“’wvc +(ky — k;l)Vo(x”)xVC).

Note here that for v='p € @/, the second equality follows by combining the first and third term. By

(5.20), this expression reduces to (5.19) (using once more e = 1).

Case 2¢: =1 < @(vc) < 0. Thenv7lyp € @y, n(—¢(ve)) = 0 and x+(v7lp) = 0. Using (5.20), it
follows that (5.18) equals (5.19).

Case 2d: ¢(ve) = —1. Then vlyp € @y, n(-¢(ve)) =1, y+(v o) =0, and e’ = q;] by
Lemma 4.3. Hence,

Vet (ToxHT,Y") = KV(c)t_v(k;lqi(“wc)xs“’”““*’vc ¥ (ky - k;l)vo(x#)xVC). (5.21)
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By (5.20), the expression (5.19) becomes

ﬂc,t(To)lﬂC,t(x”TvY") =Ky (C)I*V(k(pqg(ﬂ"'vc)x&p;t+s¢vc
. (5.22)
+ (k‘;7 - k;l)(vo(x#)xvc _ qi(#+Vﬂ)xs¢y+s¢vc))'

Then (5.22) reduces to (5.21) by combining the first and third term in (5.22) into a single term. m]

Lemma 5.9 implies that ker(y. ) € H is a left ideal; hence, H/ker(y t) is canonically a left H-
module. Now consider P(¢) as left H-module by transporting the left H-action on H/ ker(y 1) through
the linear isomorphism H/ker (. +) — P induced by Ve t- By Lemma 5.9 again, its representation
map is characterised by (4.11). This completes the proof of Theorem 4.5(1).

Corollary 5.10. View H as left H-module with respect to the left-regular H-action.

1. The surjective linear map Y.+ : H - Pt(c), defined by (5.10), is H-linear.
2. We have

Ve t(h) = me 1 (h)x© Vh e H.

In particular, 7. +(T,)x¢ = &, (c)xV€ for all v € Wy.

Proof.
(1) This is immediate from the paragraph preceding the corollary.
(2) By (1), we have

Yeit(h) =met(Mye (1) =met(Mx®  VheH.

The second statement then follows from (5.10). m]

5.3. The H-module Pt(c) as quotient of M/ |

Take c € C” andt € T;. Thens.t € Ly, so we have the one-dimensional representation y Josot - H§ —F
from (3.14).

Lemma 5.11. We have rt; 1(h)x¢ = xj.s.t(h)x forall h € Hg

Proof. Write t :=s.t € L; for the duration of this proof.
For u € 0V, we have by Corollary 5.10,

Tet (V)X = ey (YH) = 171X =y (YF)x“.
For i € Jy, we have «y, (c¢) = k; and s;¢ = ¢ since @;(c) = 0; hence,
7ot (0(T))x = me p(Ti)x® = kix® = x7,:(6(T;))x,

where we used Corollary 5.10(2) for the second equality.
Suppose that 0 € J, so that soc = ¢ and ¢(c) = 1. We need to show that m. 1(6(Tp))x¢ = kx€.
Using 6(T; 1) = x# ' T;'Y#", we compute

7rc,t((5(T0_l))xC = t“‘vzrc,t(x‘/’vTO_l)xC = q‘pk‘pt_‘/’vxc,

where the second equality follows from a direct computation using that

kxS =k
met(Tp)x” = kx” + — (x>~ @ (v)aj -x¥) if ye O, and a;(y) € Z.
x =1
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Now ¢(c) = 1 and t € T; implies that t¢' = q;l by Lemma 4.3, and s?’v = k;z by Lemma 5.3(1).
Hence, nc,t(é(To_l))xc = k;lx", as desired. O
Corollary 5.12. There exists a unique epimorphism ¢. 1 MEJ M Pt(c) of H-modules such that

Yei(h) =dei(hml )  VheH.

Furthermore,
et Tyml ) = k(X (ueQY,veW). (5.23)
Proof. The first part is an immediate consequence of Corollary 5.10(1) and Lemma 5.11. For (5.23),
note that
et (xﬂTvm‘s]Ct) = l//c,t(xﬂTv) = Kv(C)le—vc
for u € QY and v € W, where the second equality follows from (5.10). O

5.4. The parabolic Bruhat order on E

The restrictions of the Bruhat order on W to the subsets W7 (J < [0, r]) of minimal coset representatives
can be glued together to a partial order on E, which we call the parabolic Bruhat order on E. This
subsection is devoted to a detailed study of its properties. In the next subsection, we will continue with
the proof of Theorem 4.5 by showing that the action of §(7;) on Pt(c) is triangular with respect to the
basis {x”},co,. of monomials, partially ordered by the restriction of the parabolic Bruhat order to the
set O, of quasi-exponents.

Let <p be the Bruhat order on W with respect to the simple reflections so, . . ., s, (see [21, Chpt. 5]
for details). We write w < w’ if w <p w’ and w # w’. The following two properties of <p are well
known.

Lemma 5.13.
1. Let w,w’ € Wand 0 < j <, satisfyingw < w’ <g s;jw’. Then we have sjw <g s;jw’.
2. Fora € ® andw € W, we have

wsq <gw © aclllw)U-II(w) o £€(wsy) < {t(w).

Proof. (1) See, for example, [21, Prop. 5.9].
(2) See [29, (2.3.3)]. O
Definition 5.14. For y,z € E, we write y < zif y € Wzand wy, <p w.

In other words, elements in E from different W-orbits are incomparable, and the restriction of < to a
W-orbit O, (c € C7) corresponds to the Bruhat order on w through the natural bijection O, — W/,
y > wy (which, in turn, can be regarded as the natural partial order on the coset space W/W, ~ W’
induced by <p). In particular, < defines a partial order on E.

We will now establish an alternative description of the partial order <.

Definition 5.15. Let @ € @ and y, z € E. Write y <, z if the following two conditions hold true:

1. y = s,z for some a € ® with Da = «a,
2. either |a(y)| < |a(z)| or a(y) = —a(z) > 0.

Let < be the transitive closure of the relations <, (@ € (Dg) onE.
Remark 5.16.

1. For @ € @, we have y <, sy iff a(y) > 0.
2. Elements from different W-orbits in E are incomparable with respect to <.
3. The relation < on Q" coincides with the relation <of introduced by Haiman in [19, (5.14)].

Let sgn : Z — {-1, 1} be the sign function, so sgn(m) = ﬁ for m # 0 and sgn(0) = 1.
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Proposition 5.17. Let c € C,, w € W and a = (, ) € ® witha € @] The following three statements
are equivalent.

1. sqw <g wand a(wc) # 0.
2. sgn(f)a(wc) < 0.
3. sawce <q We.

Proof. (1)&(2): By Lemma 5.13(2), the identity w™'s,w = Sy-14, and the description (2.5) of @*, we
have

saw <gw o sgn(f)wla e d.

Furthermore, for b € ® with b(c) # 0, we have b € ® iff b(c) < 0, since ¢ € C,. The result follows
from these observations and the fact that (w™'a)(c) = a(wc).

2)=@3): If £ = 0, then a(wc) < 0; hence, s,wc = sawc <g we by Remark 5.16(1). If € # 0, then
0 < |€] < —sgn(£)a(wc), which implies that

la(we)| = —sgn()a(wce) > +sgn(€) (a(wce) +20).

Here, the inequality for the minus-sign follows from |£| > 0, and the inequality for the plus-sign follows
from |[€| < —sgn(£)a(wc). Hence, |a(wc) + 2£| < |a(wc)|, and we conclude that

la(sqwe)| = |la(we) +2€] < |a(wc).

Hence, s,wc <4 wc.

(3)=(2): We have either |a(wc) +2£| < |a(wc)| or a(wc) +2¢€ = a(wc) < 0. In the second case, we
have £ = 0, and hence, sgn(€)a(wc) = a(wc) < 0, as desired. Now suppose that |a(wc)+2£| < |a(wc)].
Then a(wc) # 0. If a(wc) > 0, then € € Z.y and —a(wc) — 2€ < a(wc) (.e., —a(wc) < 0).
If a(we) < 0, then £ € Zs¢ and a(wc) + 26 < —a(wc) (ie., a(wc) < 0). So again, we have
sgn(f)a(wce) < 0, as desired. O

Corollary 5.18. Let w,w’ € W withw <g w’. Then we < w'c forall ¢ € Ch.
Proof. Let ¢ € C, and suppose that w <g w’. Then there exists a chain

’

— ’ ’ ! ’ .
w=lw, <B wy <p--<B W 1 <B Wy, =W

with w} € W satisfying w;._] = sb_,w’,. (1 < j < m) for affine roots b; € ® with g; := Db; € ®f. If
bj(w;._lc) =0, then w}_lc = w;.c. If bj(w}_lc) # 0, then w}_lc <g; w}c by Proposition 5.17. Hence,
we < w'c. O

Proposition 5.19. The relation < on E coincides with the partial order < on E.

Proof. Lety,z € E. If y < z, then wy, <p w; and ¢y, = c,. Write ¢ := ¢y. Then we get y = wyc <
w;c = z by Corollary 5.18.

Suppose that y < z. Then y and z lie in the same W-orbit by Remark 5.16(2); hence, ¢y, = c,. Write
¢ = cy. There exists a chain

Y =)0 < Y1 =By Bt Ym—1 By, Ym =2

with B1,...,Bm € ®j and y; € O, satisfying y;—1 = sp,y; for some b; € ® with Db; = ;. Then
sp;wy, < wy, (1 < j < m) by Proposition 5.17. Since wy,_ ¢ = y;—1 = sp,wy;c and wy, , is a
minimal coset representative of Wy, We, we have Wy, | <B sbjwyj;hence, Wy, < wy; (1 < j <m).
This implies w, <p w_; hence, y < z. O

Corollary 5.20. Let y,z € E and 0 < j < r, and suppose that y < z < sjz. Then s;y < s;z.
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Proof. Let ¢ € Cy4 such that y,z € O,.. Since wy,, is a minimal coset representative of the coset
sjw;We, we have wg,, <p sjw.. By the assumption z < s5;z, we have w, <p wy,;. Combining the two
relations, we get w, <p s;w,. Since furthermore y < z, we conclude that

Wy <p Wz; <p SiWz.
Hence, sjw, <p sjw, by Lemma 5.13(1). Then s;y < s;z by Corollary 5.18 and Proposition 5.19. O

Proposition 5.21. Let y € E and a € ®*. Then y < s,y iff a(y) > 0.

Proof. Supposethaty < s,y. Thena(y) # Oandwy <p wy,y. Writing sqwy = w,yw’ withw’ € W,
we have

’
Wy <B Ws,y SB Ws,yW = SgWy

since £(wg,yw’) = €(wy,y) +€(W’). Sowy <p sawy, which implies that w;la € ®* by [21, Prop. 5.7].
It follows that a(y) = (w;la)(cy) > 0. Since a(y) # 0, this forces a(y) > 0.

For the converse implication, let a = (a, ) € ®* such that a(y) = € + a(y) > 0. The condition that
a is a positive root implies that £ € Zsg if « € @, and £ € Z,g if a € D). It follows that

a(sqy) =—a(y) -2 <0.

Hence, |a(sqy)| = a(y) + 2¢£. Since £ € Zs(, we conclude that a(y) < |a(sqy)|. If a(y) = |a(sqy)],
then £ = 0,s0a(y) = a(y) > 0. Then a(y) = —a(sqy) = —a(sqy) > 0. We conclude that y < s,y, and
hence, y < s,y by Proposition 5.19. If a(y) < |a(s,y)|, then £ € Z~( and
—a(y) = —(a(y) +6) +{ < (a(y) +O) + { = |a(say)|.
Hence, |a@(y)| < |a(s,y)|. Consequently, y < s,y, S0y < s,y by Proposition 5.19. O
Corollary 5.22. Let y € E and a € ®*. Then s,y < y iffa € H(w;l) iffa(y) < 0.
Proof. Combine Proposition 2.4 and Proposition 5.21. O
Corollary 5.23. Letc € C’, y € O, and j € [0, r].
L. Ifa;(y) # 0, then wy;y = s;wy and
L(sjwy) =t(wy)x1 & «aj(y) 20.

2. Ifaj(y) =0, then ws,y = wy and £(s;wy) = €(wy) + 1.
Proof. (1) If a;(y) # O, then s,y # y, and so, s;wy & wy,W,. Hence, s;w, € W’/ by Lemma 2.2(2).
Furthermore, s;wyc = sjy = wg;yc; hence, sjwy = wy,y. If @;(y) > 0, then wy <p s;wy by
Proposition 5.21; hence, {(s;wy,) = €(wy,) + 1 by Lemma 5.13(2). Similarly, if a;(y) < 0, then
ws,;y < wy by Corollary 5.22; hence, {(s;wy) = {(wy) — 1 by Lemma 5.13(2) again.

(2) If @j(y) =0, then sy = y, so the first equality is trivial. Then s;w, € w,W,; hence, the second

part of the statement follows from Lemma 2.2(2). O

We conclude this subsection with the following lemma, which explicitly describes root strings with
respect to <.

Lemma 5.24. Let « € ®j and y € O.. Then we have the following:

1. Ifa(y) € Re, then sqy —ta” <4 yfor0 <€ < —1-|a(y)],
2. Ifa(y) € Zsy, theny — ba” <4 yforl1 <€ < a(y) -1,
3. If a(y) € Roy \ Zsy, then sqy + a <o yforl <€ < |a(y)].
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Proof. (1) Write yp := sqy — fa¥ with0 < £ < -1 — |a(y)]. Then y, = s,y with a := (a, ) € ®. If
¢ =0, then a(yg) = —a(y) > 0,and so, yo <o y.If 1 <€ < —1—[a(y)], then
a(y) <2+2la(y)] —a(y) £ =20 -a(y) = a(ys) < —a(y).

Hence, |a(y¢)| < |a(y)], and so y¢r <o .
(2) Write y, := y — £a”¥ with 1 < € < a(y) — 1. Then we have y, = s,y witha = (a,{ — a(y)) € ®
since a(y) € Z, and —a(y) +2 < a(y) —2¢ = a(ys) < a(y) — 2. Hence, |a(y¢)| < |a(y)|, and so,

ye <a y-
(3) Write yg := sqy + a” with 1 < € < |a(y)]. Then y, = s,y with a = (a, —€) € ®, and

—a(y) <2-a(y) 20 -a(y) =a(ye) <2la(y)] - a(y) <a(y),
where the last inequality is a consequence of the fact that a(y) ¢ Z. Hence, |a(y¢)| < |a(y)|, and so,

Ye <a Y- o

5.5. Triangularity properties

Throughout this subsection, we fix ¢ € C’ and t € T;. We will analyse the triangularity properties
of the action of Y# (1 € Q) and §(7;) (0 < j < r) on Pt(c) with respect to the basis {x”},c0, of
quasi-monomials, partially ordered by the parabolic Bruhat order on O..

Definition 5.25. For f € F[E] and y € E, we write
f=dx” +1lo.t. (5.24)

if f is of the form

f=dx + Z d.x*  (d,d, €F).

z<y
If d # 0, then y is called the leading exponent of f, and d its leading coefficient.

Remark 5.26. If f € F[E] is of the form (5.24), then f is a quasi-polynomial. In fact, z < y forces
z€ Wy,sothat f € P(y)  Furthermore, for yeO.(ce C”7), we have

#zeE|z<y}<o

since #{w € W/ | w <g wy} < oo.

We now first show that the linear operators 7. +(Y*) (u € QV) are triangular. For an affine root
a € @, define G¢(a) € End(P9) by

1 — xlDa(y)a’

Gi(a)x” = kO 4 (k, - k;‘)( -

)Sa,txy (y € O.).

Using Lemma 4.2 and the fact that wyx? for w € W is a scalar multiple of x(P*)Y  one shows that
Gi(aj) = s me1(T}) (j=0,...,7) (5.25)
and
Gi(wa) = tht(a)wt_l (weW, aed) (5.26)

as linear operators on P,
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Lemma 5.27. Fix a = (@, () € ® witha € ®j and { € Z. Then
Gi(a)x’ = k;n(d(y))xy +Lo.t.

forally € O,.

Proof. Note that

et _ kG ifa(y) & Z>o,
o kiz(Z(a(y)) if a(y) € R\ Zsyp.

Keeping in mind Lemma 4.3, one then obtains by direct computations,

Gi(a)x — k;’](d(y))xy

(kg — k(1 +x7@ 4+ g xUrleODa’yg Y if a(y) € Reg,

0 if0<a(y) <1,
(k;! - ko) (x™ +x720" o 4 x(U-aNa Yy ifa(y) € Zo,

(k' - ka)(x9 +x2 4. +xLa(Y)J“V)sa’txy ifa(y) e Rap \ Z>1.

Since x4 = qf;x"V and s, tx¥ = t;f‘lvxy‘“(y)"v by (4.4), the result now follows from Lemma 5.24. O

Proposition 5.28. For u € Q¥ and y € O, we have
Tet(Y)xY = (syty) HxY + Lo.t.
in P,

Proof. It suffices to prove the proposition for 4 € Q¥ N E,.
If T(u) = sj, -+ - s}, is a reduced expression and by, ..., b,, are the associated positive affine roots
in II(7(u)) (see (2.12)), then

ﬂc,t(yﬂ) = T(,u)th(bl) T Gt(bm)

as linear operators on P by the equivariance properties (5.25) and (5.26) of Gy(a). Furthermore,
since 4 € Q¥ N E, we have

M) = | | (@0 10<<a(p).

"
acd]

Combined with Lemma 5.27, we get for y € O,

et (YH)xY 1_[ k;;(Da(y)) T(upxY + Lot

aell(z(u))

_ n k;n(a(y))a(ﬂ) t;“xy+1.o.t.

o+
aedy

= (syty) 27 + lout.

in P as desired. O

Recall k,, € Fx(E,F*) (w € W), defined by (5.7).
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Proposition 5.29. Forc € C T and w € W7, we have
et (6(Tyy-1))x¢ = ky ()X + Lo.t.

(here wc is the action of w on ¢ € E by translations and reflections).

Proof. Letw = sj, -5, be areduced expression for w € W/, so that
et (0(Ty-1))x = 7 4 (6(T,)) - - - me 1 (6(T5,))xC.
Write IT(w) = {b1,...,bp} with b; :=s;, ---5j, a; (1 <i<m)and b, = «aj,. Then
@, (8j,, - 8j.c)=bi(c) >0 (i=1,...,m)
since w € W7 . Tt thus suffices to show for j =0,...,r that
7ot (0(T)))xY = ky; (¥)x™Y +Lo.t. if ye O, and «;(y) > 0. (5.27)
Fory e O, and 1 <i < r, we have

ki_lxx"y + lo.t. if a;(y) € Zxo,

(a 5.28
ku(a‘(y))xS"y + lo.t. otherwise. (528)

ﬂc,t(Ti_l)xy = {

This follows in a similar way as Lemma 5.27, using as extra ingredients Proposition 5.2 1 and the fact that

-1 ifzeR\Z,
Lﬂ+tﬁj—{0 frezZ (5.29)

(below we give the similar, but more involved, proof of the variant (5.32) of formula (5.28) for the
simple reflection s¢). As an easy consequence of Proposition 5.21 and the Hecke relations (2.39) for T;,
we conclude that for | <i <randy € O, with ;(y) > 0,

Rep(TEYRY = k1O s 4 1ot (5.30)

Then (5.27) for j > 0 follows from (5.8), (5.30) and the fact that §(7;) =T; for 1 <i <r.
For (5.27) with j = 0, we first note that for Uy = q;lx‘vao‘l € H (see (2.48)),

1 — x-lao)+i]ay

ﬂc,t(Ual)xy — kiz(ao(y))t;ﬁvxsq,y—ag + (kg — k;l) ( )xyW(Y (5.31)

vV
1-—x%

for y € O,. Here, we used that t;{v‘pv = q;zt;pv (see Definition 4.1), and the fact that g, ,x™¢" = x%.
We will now first show that for y € O,

gm0 50y 4 1ot if € Z<1,
ﬂc,t(U(;l)xy :{ v 49 e(y) <1

5.32
kﬁZ(‘p(y))t;”vq;lx“Oy + lo.t. otherwise (532)

(note here that x*0¥ = x7(#)s¢Y = xsey+e” = q¢xswy‘”g). If o(y) € Z<1, then ap(y) = 0, and it follows
from (5.31) and Lemma 4.3 that

mea(UghxY = k‘pxyfao(y)ag + (k;l — k(1 FXW0 4 +xm)(y)0(¥)xyfao(y)a§

- k;lxy—tlo(y)ﬂ(Y + (k;l — k(1 W _,_x(l—(lo(y))ﬂg)xy,
with the second equation interpreted as k;l)cy when aq(y) = 0.
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When ¢(y) = 1 (i.e.,ap(y) = 0), itis now clear that (5.32) is correct. If ¢(y) € Z1, thenay(y) € Zso,
and hence, y < sy by Proposition 5.21. In particular, for ¢(y) = 0, we get

et (U = ke =000 4 (k! — kp)x¥ = k) g™ % + Lot

as desired. If ¢(y) € Z, then Lemma 5.24(1) and Proposition 5.19 give y+£p¥ < yfor1 < £ < —¢(y).
In addition, y < sgy by Proposition 5.21, and so, (5.32) is correct. Suppose that ¢(y) € R\ Z<;. Then
(5.31) gives

ﬂcvt(U(;l)xy = t)‘fvxsw_a‘\’/ + (k;] —ky)(1 ST 4 +x‘L"0(Y)J‘Yg)xY.
We have ¢(soy) = ap(y)+1 =2—-¢(y) € Ry \Zs1, and hence, y +£¢" < soy for0 < £ < —|(y)] by
Lemma 5.24(3) and Proposition 5.19. Furthermore, |ao(y)] = —L¢(y)] by (5.29), so (5.32) is correct.

If1 < p(y) <2,then |ap(y)+1] =0, and (5.32) immediately follows from (5.31). Finally, we consider
the case ¢(y) € Rs;. Then 1 + ag(y) € R, and so (5.31) gives

Te(Uy i = K PO o=l g (kg (6 422 4 4 x (2o Dag ),
Now ¢(soy) € R, so Lemma 5.24(1) and Proposition 5.19 give y — £¢" < sgy for 1 < £ <
-2 — |—¢(y)]. This completes the proof of (5.32).

Fix y € O, with @y(y) > 0. Formula (5.32), the Hecke relation for Uy, Lemma 4.3 and Proposi-
tion 5.21 imply that

Rt (UEHRY = k7O g0y 4 Lo, (5.33)
By the formula §(Tp) = ¢, y-¢' U;', (5.33) and Proposition 5.28, we conclude that

me +(6(Tp))x” = k;"(‘“’(y))(ssoytsoy)“’vt;"vq;zxsoy + Lo.t.
But ap(y) > 0 implies soy # y; hence, Lemma 5.3(2) and Corollary 5.5 give
(5SoytS()y)‘pv = (Sapsy)‘pv (SOJ[y)‘pv = q%ps;‘pvt;‘pv.
So we obtain
7o t(6(Tp))x = s;‘ﬁvkg(wy))xsoy + lLo.t.,

where we have also used (5.1) to rewrite the k ,-factor. Now observe that

s;W:k;nW(y)) 1_[ k;il(ﬂ(y»

aell(sy)

by Definition 5.1 and (2.18). We conclude that

ren @@ =| [ k" o+ 1ot

aell(sy)

The proof of (5.27) for j = 0 now follows from (5.9). m|
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5.6. Completion of the proof

Fix ¢ € C’ and t € T;. To complete the proof of Theorem 4.5 it remains to show that the epimorphism
Dot MSJ 7 Pt(c) of H-modules, defined in Corollary 5.12, is an isomorphism.
Note that ¢ + maps the standard basis element m{v ot = (S(wal)ms]‘t (weW’)of Msj.t to

et (6(T-1))x¢ = kyy ()X + Lot

It follows that {¢c,t(m£ 5_t) | w € W’} is linear independent in P¢); hence, indeed, ¢t is an

isomorphism of H-modules.

6. Quasi-polynomial generalisations of Macdonald polynomials

In this section, J will be a fixed proper subset of [0, r]. We show that for ¢ € C’, the corresponding
commuting operators 7.+ (Y#) (u € QV) are simultaneously diagonalisable under suitable restrictions
on the character t € T;. We study their simultaneous eigenfunctions, which are quasi-polynomial
generalisations of the Macdonald polynomials.

6.1. Simple spectrum conditions

Let ¢ € C’. We will construct in this section simultaneous eigenfunctions for the commuting operators
met(YH) (u € QV) when the character t lies in the following subset of 7.

Definition 6.1. Denote by 7 € T the set of elements t € T; for which the map
wl =T, w = w(sst) 6.1)
is injective.
If c € C/, then W/ = {w y}yeo. and the condition can be rephrased as the requirement that

Oc - T, y = Syty — ty l—[ kg(a()’))a

o+
(te'il)o

is injective, where t, = wyt (see Corollary 5.5). We will now show that for / = I C [1,r], we have
TI’ # 0 under generic conditions on k,, and that for 0 € J ¢ [0, r], we have TJ’ # 0 if we in addition
assume that F contains a (2k)"" root of g.

In the classical context of Cherednik’s basic representation, we have J = [1,r], Tj1 1 = {Ir},
c!brl = {0} and Oy = Q. The requirement that 17 € T[’l’rJ then amounts to generic conditions on k.,
since ¢ is not a root of unity and

s, (17), = g* 1_[ kz(a(/l))a (ue’)

+
acdy

(here, we use that (17),, = g¥, in view of (4.2)).

If J=1C [1,r], then Wy is already a parabolic subgroup of Wy, and we denote by Wé the resulting
minimal coset representatives of Wo/W;. For ¢ € C!, each y € O,. can be uniquely written as y = i +vc
withu € Q¥ andv € Wé, and

Syty = q”(vt) l_l kz(a(ﬂﬂ)c))u.

.
a/ECDO
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For generic kg, the maps Q¥ — T, u +— g* Hdeq)s kZ(a(’”vc))“ v e WOI) are injective, and the
requirement t € 77 results in generic conditions on t € 77.
Finally, consider the general case J C [0, 7] when F contains a (2/)"" root qﬁ of g. Recall that this

assumption on g ensures that 7y # @ by Lemma 3.2. In fact, one can construct elements in 7 as follows.
Fory e ﬁPV, let g¥ € T be the character which takes the value

q(y,a/ ) :qg(y)

at the coroot @V € (DE)/ . Using the table [20, Table 2, Chpt. 3] containing the explicit values of the
expansion coefficients n;(¢) of ¢ as positive integral linear combination of simple roots, as well as the
corresponding explicit values 4 = 1+ },7_, n;(¢) for the Coxeter number, it follows by a straightforward
case-by-case check that C’ N ﬁPV # 0 (cf. the proof Lemma 3.2). Then for

yec’ ntpY, (6.2)
we have gV € Ty andw, gV = ¢* (y € O,,). Since the values of s, = v}'s; (v € O,,) are monomials
in "k and '¢k (with possibly negative exponents), we have g/ € T; for generic k.

Remark 6.2. Let P C E* be the weight lattice of ®y. Initially it is actually a full lattice in (E”)*, which
we view as a sublattice of E* by declaring the weights to be zero on Ec,. Let {w;}_, C E* be the
fundamental weights with respect to Ag. Write I°° := [1,r] \ I for a subset I C [1,r]. For a subset
J<[0,r]and z := (Z[)iejg(’ e (F)*0°, set

t(z) := 1—[ z;-vj.

jele
Then
red _ {{t(z) |2 F* ) if Jo =1,
7T {t(z) |z e F & iy 2™ =1} if Jo#J,
where ¢V = Y7 m;a; (m; € Z) is the expansion of ¢ € @ in simple coroots.

6.2. The monic Y-eigenbasis of Pt(c)

For ¢ € C’ and t € Ty, we have encountered so far two natural bases of Pt(c), the basis {x”},co, of
quasi-monomials and the basis {m§ (x;1)}yeo, with

my (x;1) = w1 ¢ (6(T, )¢ (v € Op). (6.3)

The latter basis corresponds to the basis {m{v s ttwewy of ng ; through the isomorphism ¢, t from
Theorem 4.5(2). The change of basis matrix between these two bases is triangular with respect to the
partially ordered set (O, <),

m? (x31) = ky, ()2 + Z al x> (yeO,) (6.4)

y'<y

(d; yit € F) by Proposition 5.29. Note that for u, w € W/ satisfying u < w, the coefficient

d‘] — d]

w,ut * we,uc;t
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of x“ in the expansion (6.4) of m?, . (x; t) does not depend on ¢ € C” by Corollary 4.6. We now construct

fort e TJ’ a third basis of Pt(c) consisting of simultaneous eigenfunctions of 7. +(Y#) (u € QV), which
is always triangular with respect to the basis of quasi-monomials.
We start with introducing some general terminology. For a left H-module M and s € T, write

M[s] :={meM | p¥)m=p(sHm VpeP}

We call s € T a Y-weight of M if M[s] # 0. A nonzero vector in M|[s] is called a Y-weight vector of
weight s. The set of all Y-weights of M is called the Y-spectrum of M and will be denoted by S(M).
Following Cherednik [8, §3.6], we say that M is Y-semisimple if

M = @ M(s].
sES(M)

The Y-spectrum of a Y-semisimple H-module M is called simple if dimp(M[s]) =1 for all s € S(M).
A basis of M consisting of Y-weight vectors is called a Y-eigenbasis of M.

Theorem 6.3. Let c € C’ and t € T},
1. Fory € O, there exists a unique simultaneous eigenfunction of the commuting operators w. +(Y*) €

End(P©) (u € QV) of the form

J( ) — J ! J
Ej(x;t) =x" + Z ey’y,;txy (ey’y,;t eF).
Y'<y
2. EJ(x;t) € PV [syty] for y € O..

3. {EJ] (x;1)}yeo, is a Y-eigenbasis of’Pt(C). In particular, ’Pt(c) ~ M, is Y-semisimple, with simple
Y-spectrum {syt,}yco..
4. Foru,w € W’ such that u <g w, the coefficient

J NI |
€yt = Cweucst
of X< in the monomial expansion of EY, .(x;t) does not depend on ¢ € C”.

Proof. Parts (1)&(2) are due to Proposition 5.28, part (3) is a direct consequence of (1),(2) and
Theorem 4.5(2), and part (4) follows from (4.13). m]

Remark 6.4.

1. If 17 € T[’l’rJ and u € Oy = QV, then

E " (xi17) e PY

is the monic non-symmetric Macdonald polynomial of degree u (see, for example, [8, 29]).
2. Force C’,teT;and y € O, we have by (6.4) and Theorem 6.3(1),

E; (x;1) = kwy(c)_lm; (xst) +---
with - - - meaning a linear combination of the m; ,(x;t) with y” < y.
The following corollary is immediate.

Corollary 6.5. Let c € C' and t €T},

1. The transition matrices between the three bases {x” },co,., {m§ (x;t)}yeo, and {Ej (x;t)}yeo. of

Pt(c) are triangular with respect to <.
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2. Identifying (O, <) with (W’ , <) as partially ordered sets by the map
w’ = O, W wc,

the transition matrices A = (Qy,w )y wewJ between the bases in (1) do not depend on c € c’.

In the following lemma, we give two elementary properties of the monic quasi-polynomials E ; (x;1).

Lemma 6.6. Forc € C’ andt € TJ', we have

1. El(x,t) = x°.
2. El_(x;t) = xZEi(x;t) wheny € O, and z € E,.

y+z

Proof.

(1) By Theorem 4.5(2), we have x€ € Pt(c) [sst]. Now apply Theorem 6.3.
(2) This follows from the fact that ¢ + z € C7, O¢y, = O, + z and

et (h)xy+z = xzﬂc,t (h)xy
for all h € H. |
6.3. Creation operators and irreducibility conditions

The Y-semisimple H-module Pt(c) (cecC’ te T}) has simple Y-spectrum {w(s;1t)},,ews by The-
orem 6.3. In this subsection, we will use the action of Y-intertwiners S’V’V (w € W) to create the
quasi-polynomial EY, . (x;t) € Pt(c) [w(s,1)] from the quasi-monomial x¢ € Pt(c) [ss1].

Lemma 6.7. Let M be a H-module, s € S(M), and w € W. Then va maps M[s] to M[ws].

Proof. For a polynomial p = ¥ ,cov a,x € P and w € W, write

Py = Z a,w(x™) = Z agx™"H eP.

HeQy pHeQy
Then we have p(Y)SY, =S¥ pt (Y~!) by (2.59). For m € M|s], we then have
p(Y)Sy,m =Sy, pl, (Y ym = p}, (s)S},m = p((ws)™)S},m.
Hence, S¥,m € M[ws]. O

Applying the lemma to Pt<c) (c € C’,t € Ty), we conclude that

Tt (S5)x e PMw(sst)]  (wew), (6.5)
since x¢ € Pt(c) [ss1].
Forw € W, set
dy (x) = ﬂ x* 1) eP. (6.6)
a€ell(w)

Proposition 6.8. Let c € C’ and t € Ty.

1. et (S¥)x¢ =0ifwe W\ W/,
2. There exist €, € F (u,w € WY : u <g w) such that

et (SE)x° = dy (sstiml, (i) + Y epumi, (xih) 6.7)

ueW u<gw

forallw e WY,
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Proof. For the duration of the proof, we write t :==s;t € L;.
(1) Let j € J. It suffices to show that nc,t(S}/)x" = 0. Since x¢ € Pt(c) [¢] and 70 1 (6(T}))x = k;x€
by Theorem 4.5, substitution of the explicit expression (2.56) for S}/ gives

T (ST)x¢ = (k; (e = 1) + kj = kj')xe

This vanishes since t € L.
(2) The proof is by induction to £(w). Fix w € W’ with £(w) > 0. Write w = sju with j € [0,r]
and €(sju) = €(u) + 1. Then u € W/ by Lemma 2.2, and u <g w. Furthermore, S¥, = S}/SZ; and

dy (x) = (x®7 " Z1)d,, (x) (6.8)

by Lemma 2.1. By the induction hypothesis, the explicit expression (2.56) for S}’ and (6.5), we then
have for c € C’ and t € T,

Tea(S5)x¢ = (470" = Dre ((8(T))) +k; — k3 me 1 (SE)x¢
edw(Oml (i) + >0 (T = ey e ((5(T))m (x51) + P
weWJ:w'<gu
for some ¢, ,, € F, with

P = @ Fm?!, (x;1).

w”’eWd:w”<gw

It thus remains to show that ﬂc,t(é(Tj))m{V,C (x;t) € P(C) when w’ € W’ and w’ <g u. There are three
cases to consider.

Case 1: If €(sjw’) = £(w’) + 1 and s;w" ¢ W7, then siw’ =w’'s; with j* € J by Lemma 2.2, and
hence, 7. 4 (6(T;))m?, (x;t) = k;m?, (x; t) e P since w’ <p u < w.

Case 2: If £(sjw’) = £(w') + 1 and s;iw’ € WJ then 7.+ (6(T; ))mj (xt) =m?

Picvg since s;w’ <p sju =w by Lemma 5.13.
Case 3: If £(s;w’) = €(w’) — 1, then s;w’ < w’ < w and s;w’ € W’ by Lemma 2.2; hence,

W . (x; 1) lies in

et GTImy, (6 t) = m) (e t) + (kj = k7 mi,, . (x; 1)

lies in ’Picvz O

The basis elements m), .(x;t) (w € W) of ”P(L) can now be expanded in terms of 7. (SY)x¢
(u € W) when the leading coefficients d,, (s;t) (w € W’) in (6.7) are nonzero. This will be ensured
by the following generic conditionont € 7.

Definition 6.9. We say that t € T is J-regular if (51’[)“v # 1foralla e ®\ ®;.
‘We now have the following consequence of Proposition 6.8(2).
Corollary 6.10. Let ¢ € C’ andt € T;. Assume that t is J-regular.
1. Forw € W/, we have
1 C ’ C
m{vc(x; t) = 7.6,D ) ﬂc,t(va )x€ + Z ew’unc,t(Sg)x

uew’:u<gw

for some €, , €F.
2. {me4t(SY)x¢ | w € W/} is a Y-eigenbasis OfPt(c).
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Proof. For w € W/, we have II(w) C ®* @7 by (2.14); hence, d,, € P does not vanish at s;t for
J-regular t € T;. The corollary now follows from Lemma 3.14 and Proposition 6.8. O

In Theorem 6.3(3), we described the Y-spectrum of Pt(c) whent € TJ’, in which case the Y-spectrum
is simple. When the condition t € 77 is replaced by the assumption that t € T} is J-regular, we have the
following result.

Corollary 6.11. Let ¢ € C’ and suppose that t € Tj is J-regular. Then
1. ’Pt(c) is Y-semisimple.
2. Fors € T, we have

Dimg (P [s]) = #{w € W’ | s = w(s,1)}.

Remark 6.12. Suppose that t € T, is J-regular. Then Pt(c) (c € C’)is Y-semisimple with finite
dimensional Y-weight spaces, since ¢ is not a root of unity. In the terminology of Cherednik [8, §3.6.1],
Pt(c) ~M; | is a Y-cyclic, Y-semisimple H-module in category Oy .

In the following theorem, we relate 7. +(SY,)x¢ for c € C’, t € Ty and w € W to the monic quasi-
polynomial simultaneous eigenfunction EY, . (x;t) of the commuting operators 7. +(Y*) (u € Q") from
Theorem 6.3. This requires t € 77, but t does not have to be J-regular.

Theorem 6.13. Letc € C7, t € TJ’ and w € W’ Then
et (SK)xC = dyy (57 Ky () Ey . (x:1) (6.9)

with k., (y) € F and d,, € P defined by (5.7) and (6.6), respectively.

Proof. Letw € W/, We have . +(SY))x¢ = €, E},.(x;1) for some €, € F because the Y-weight space
Pt(c) [w(sy1)] is one-dimensional. By (6.7) and (6.4), we have

Tt (SY)x¢ = dy (57t)ky (0)x™€ + Lout.;

hence, Theorem 6.3(1) implies that €,, = d,, (s5t)k,, (¢). This concludes the proof. O

Corollary 6.14. With the assumptions of Theorem 6.13, we have

1. me4(S¥)x¢ =0 & d(s5t) =0forw e W,

2. Iftis J-regular, then {n.+(SY,)x},,cw is a Y-eigenbasis ofPt(C).

Proof. (1) is immediate from (6.9). For (2), it suffices to recall that the J-regularity of t ensures that

d, (sst) #0forallw € W/, m|

Theorem 6.15. Let ¢ € C’. Suppose that t € T} is J-regular and that (sst) # k% foralla € ®\®;.

Thens;t € L7, and Pt(c) is irreducible.

Proof. The first statement follows immediately from the definition of L7 C L; (see Remark 3.12(1)).
Suppose that M C Pt(c) is anonzero subrepresentation. By the assumptionsont, Pt(c) is Y-semisimple

with simple Y-spectrum, and {7, +(SY )x¢},, cw is a Y-eigenbasis of Pt(c). Hence, 7. +(SY)x¢ € M

for some w € W7 By (2.59), we then have

et (SY )7t (S5)x =y (s,1)x € M, (6.10)
with n,, € P defined by
ny, (x) = 1_[ (k' = kax® ) (k" = kax™). 6.11)
acll(w)
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Note that IT(w) € ®* \ @ by (2.14); hence, n,, (s;t) # 0 by the assumption that (syt) # k;;* for all
a € ®\ ®;. We conclude that x° € M; hence, M = Pt(c). O

6.4. Closure relations

Forc € C’/,t € Ty and w € WY, the coefficients e{v ut O XM (u € W) in the expansion of Evjvc(x; t)
in quasi-monomials do not dependent on ¢ € C” (see Theorem 6.3). In this subsection, we express the
et in terms of e{v et when J C J’ (i.e., when ¢’ c c’).

Recall the map prt ,, defined in Corollary 4.7.

c,c’?

. ,
coefficients e{v

Proposition 6.16. Let J C J'. Fix a J'-regular t' € T}, such that s;lsj/t’ € Ty lies in T; and is
J-regular. Let ¢ € C’ and ¢’ € C”’. Then

, _ , 0 if we W/ \w’',
prtc,c/(kw(c)Ev’vc(x;sj'sjft )) = { 4 \ (6.12)

kyw(cNET ,(x;t)  if we W/,

Proof. Letw € W/ . By (6.9), the left-hand side of (6.12) equals

1

t v
T ey S5,

By Proposition 6.8(1) and (6.9), it then suffices to show that
prz",c’ (nc,s;lsjlt’(sfv)xc) = ﬂC’,t'(va)xC/-

This follows from Corollary 4.7. O

Keep the assumptions of Proposition 6.16. For w € W/ and u’ € W/, consider the expression

’
’ KpulC
i = > ould) (6.13)
su’; KDu(C) WL, st
ueWnu'Wyruspw

involving the coefficients of E{VC(x;s;‘s s-t’) in its expansion in quasi-monomials. The following

consequence of Proposition 6.16 shows that (6.13) provides the coefficients of EY/ . (x; ') in its expansion
in quasi-monomials when w € W',

Corollary 6.17. Keep the assumptions of Proposition 6.16. Then
1. Ifw e W\ WY, then e{v’f =0forallu’ e W'

u't
2. Ifwe W' and w’ 5 w, then e{v”Ju,;t, =0.
3. If w e W', then efv”Jw;t, =ky(c")/ky(c).

4. Ifu',w e W andu’ <g w, then

7 kw(c) g

ew,u’;t/ - kW(C’) w,u’;t "

Proof. By Corollary 4.7, we have

- J J’ g
Pre o (Ej(xi87's,1) = Z NI o (wew’).

wew/’

The result now follows from Proposition 6.16. m}
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Consider the special case J' = [1,r], ¢/ = 0 and t’ = 17; cf. Remark 4.8. In this case, wlitrl =
{wu | p€QV}. LetJ C J' and ¢ € C7. Then we conclude from Proposition 6.16 that

kv, (0)

o i) (e Q).

1 J el
prc’T()(Ew/lc(x’ Sy Lsph)) =

Corollary 6.17(3) then yields the expression

e[l,r] _ kw,l(c) Z kpu(0) o’

wawuslr Ky, (0) Kpu () Wauisy' tipn

ueW’nw, Wo:u<pwa

for the coefficient of x* in the expansion of the nonsymmetric Macdonald polynomial E/[l]’r] (x;17) in
monomials.

6.5. The normalised Y-eigenbasis and pseudo-duality

The normalised version of the quasi-polynomial EyJ (x;t) that we will introduce in this subsection,
requires the following additional constrainton t € 7.

Definition 6.18. We say that t € T is J-generic if t is J-regular and (s;t)*  # k% forall a € @\ @Y.

Note that s;t € L’ if t € T; is J-generic. Furthermore, for ¢ € C’ and J-generic t € T/, the
irreducibility criterion for the quasi-polynomial representation Pt(c) (see Theorem 6.15) requires the

additional constraints (sjt)“v # k;z foralla € @~ \ @].
For w € W, define r,, € P by

Foo (X) 1= ]—[ (kax® = k1. (6.14)

a€ell(w)

Note that :S'?V =S¥ r, (Y1)~ in HY71¢ by (2.60). For w € W’ and J-generic t € T;, we have
rw(s57t) # 0 by (2.14), and hence, we may define for c € C’,

ﬂc,t(Szlv)xc

Pl (x:t) :=
we(51) rw(sst)

e Pl w(ssb)] (weWw’). (6.15)

Note that {P; (x;t)}yeo, is a Y-eigenbasis of Pt(c) by Corollary 6.10.

Remark 6.19. Adding to the assumptions of Proposition 6.16 the assumption that t” is J’-generic, we
have

pri (P o(x;5,spt)) = Pl (xst) (wew’).

This follows from (6.15) and the fact that prg’c, (x€) = x°.

The precise relation of the normalised quasi-polynomials (6.15) with the monic Y-eigenbasis
{E] (x;D)}yeo, of Pt(c) is as follows.

Proposition 6.20. Let ¢ € C’. For J-generict € T;andy € O, set

ty = wy(s;t) = syt € T. (6.16)
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Then
e -1
Py (x;t) = kﬁy ; (y—])E; (x:1) (y € Oc).
ae®*:a(y)<0 katy - ka
Proof. By Theorem 6.13, we have
Pl (x;t) = W};vfw(m) (w e W). (6.17)
w\>J

Now substitute w = w, € W/ (y € O,). Then kw, (c) = k(y)/k(c) by (5.7), and

dwy (5]12) = 1_[ ((Sjt)f(w)j‘a)v _ 1) _ 1_[ (t;av B ])

agn(wy ) acd*:a(y)<0
by (6.6), II(wy) = —w;ll'l(w;l), (2.31) and Corollary 5.22. In a similar manner, one verifies that
r =[] (katy™ - k5.
acd*:a(y)<0
Substituting these expressions in (6.17) gives the desired result. m}

Remark 6.21. Suppose that 17 € T’ - and that 17 is [1, r]-generic (this holds true for suitably generic
values of k, € F; cf. Subsection 6. 1) Then

P cir) e (ue0y=0Y)

are the normalised nonsymmetric Macdonald polynomials; that is, P,[ll’r] (x; I7) is the normalisation of
the monic nonsymmetric Macdonald polynomials £ },l’rj (x; 17) such that

P/[tl r](tsph; Ir) =1

This follows from Proposition 6.20 and the evaluation formula for the nonsymmetric monic Macdonald
polynomials,

. k(0 kaso@ — k7!

E/[ll ]([Sph; 1T) = % l_[ (u (,U c QV),
K aed:a(u)<0

see, for example, [29, (5.2.14)] and [6, §5].

We will now describe the action of §(7;) on Pt(c) in terms of a discrete Demazure-Lusztig operator
acting on O, (see Theorem 6.26). We first need to analyse the action of the affine Weyl group W on L
in more detail.

Forw € W, set

Pw = I—I k2Pa e,
aell(w1)

Lemma 6.22. [fw € Wy and t € Ly, then wt = p,,t.

Proof. This is correct for w = s; (j € J) since II(s;) = {a;} and ¢ € L, (see (2.37)). We now apply
induction to £(w). If w = us; withu € Wy, j € J and €(us;) = €(u) + 1, then

pw =k p, (6.18)
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by Lemma 2.1, and

2

wt:u(kj 2D(uay)

Py = (D) (P yut = &

t.

Applying the induction hypothesis to ut and using (6.18), we obtain wt = p,,t. O

Suppose that w € W/ and j € [0, r] satisfy s;w ¢ wW,. Then s;w € W’ by Lemma 2.2; hence,
both wt and s;wt are Y-weights of Mtj when ¢ € sJT]’ CLy.

We now analyse what happens with the Y-weights of M/ when w € WY/ and j € [0, 7] satisfy
siw € wWy.

Lemma 6.23. Lett € Ly, w € W/ and j € [0, r] such that sjw € wW,. Then

that is, j € J(wt) (see (3.15)). Furthermore, s jwt = kiDaf wt.

Proof. By Lemma 2.2, the assumption s;w € wW; implies that s;jw = ws; for some j’ € J, and
t(sjw) =L(w)+1=~L(wsj). Then wa = a;, and hence,

The second statement follows from (2.37). |

Corollary 6.24. Let ¢ € C’ and t € T;. Suppose that w € W’ and j € [0, r] such that siw € wWj.
Then

(et (8(T))) = kj)me 4 (Sh)x =0 (6.19)

ifk; #1.
Proof. For the duration of the proof, we write t :=s;t € L.

Let w € W’ and j € [0,7] such that sjw € wW,. Then s;w = ws; for some j’ € J, and
t(sjw) =L(w)+1={(ws) (see the proof of Lemma 6.23). Hence,

ﬂc,t(Sf)ﬂc,t(va)xC = ﬂc‘,t(Szjw)xC = ﬂc‘,t(Sg;Sf")xC =0

by (the proof of) Proposition 6.8(1). We have 7. +(SY,)x¢ € Pt(c) [wt], and j € J(wt) by Lemma 6.23;
hence,

et (V)% ) 7o g (S5)x€ = k7Pme 1 (S5)x¢.
Using the explicit expression (2.56) for S}/, we conclude that
0= 7e 4 (S7)me 4 (Sy)x¢ = (k7% = Drep(8(T))) +kj = k7 )me 4(S),)x¢.
The result then follows from the assumption that k? # 1. O

Remark 6.25. If t € T and t is J-regular, then the condition k; # 1 may be omitted in Corollary 6.24.
Indeed, assume that t € T is J-regular and that k% =1,andfixw € W’ and j € [0, r] with siw € wWy.
Then we have s;wt = wt by Lemma 6.23, where ¢t = s;yt. The cross relations (2.40) then show that
7ot (8(Tj))me (ST, )x¢ lies in Pt(c) [wi].Sincet € T}, it follows that . 4 (§(T;)) 7 1 (SY,)x€ is a constant
multiple of 7. +(SY, )x¢. The constant multiple can be computed by expanding 7. +(S¥,)x€ in terms of the
basis {m;}.(x;t)},ew . Since t is J-regular, d,, (t)m?, .(x;1) is the nonzero leading term in this expan-
sion (see Proposition 6.8(2)). By the proof of Proposition 6.8, the leading term of 7. + (6 (7)) 7 ¢ (SY)x©
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in its expansion along {m.(x;t)},ews will then be d,, ()me 1 (5(T;))m?, (x;t) = kjd,, (1)md, (x; 1),

uc

where the equality follows from Lemma 3.9. We conclude that (6.19) is valid.

In the following theorem, we show that the action of 6(7;) (0 < j < r) on the normalised Y-eigenbasis
{P; (x;1)}yeo, of Pt(c) is described by discrete Demazure-Lusztig operators acting on y € O.. We call
this the pseudo-duality property of the normalised quasi-polynomials P; (x;t) (y € Op).

Theorem 6.26. Let c € CY and t € T;. Suppose that t is J-generic. Then

vV

-1 @
= kjt
7e 4 (S(T)PL(xt) = kP (i) + | ——— |(PL, (x:t) = PY (x:1) (6.20)
-1’

forO0 < j<randy € O Here, t, € T is defined by (6.16) and the right-hand side of (6.20) should
always be read as ij§ (x;t) when s;y =y

Proof. Lety e O, and0 < j <r.
The case that s;y = y follows from Remark 6.25. Note that in this case, we have s;w, € w,W;, so
Lemma 6.23 gives

By = (s, 0% e = k72,

hence, the right-hand side of (6.20) is well defined when k2 # 1 and it simplifies to k ij (x;1).
In the remainder of the proof, we assume that s;y # y. This is equivalent to s;wy, = wy;y by
Lemma 2.2 and Corollary 5.23. Then

w;laj e II(wy) UII(swy) C P\ Dy
by Lemma 2.1 and (2.14), and
fy = (st %1

since t is J-generic, and hence in particular J-regular. So the right-hand side of (6.20) is well defined,
and formula (6.20) is equivalent to

vV

J kiK', kgl_kft;j J
7 (S(T)PY (xit) = [ ——2- [P () + | L7 |PY (st 6.21)
-1t 1-1t,7

To prove (6.21), we consider two cases.
Case 1: {(wy,y) = {(wy) + 1.
Consider the expansion

et (O(T)mes (S5, )x = > Cymer(Sh )X (Cy €F)
y' €O,
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in the Y-eigenbasis {ﬂc,t(S’y//)xc}yzeoc of Pt(c). Since {(wy;y) = €(wy) + 1, we then have

e t(SWJ X6 =me t(SYSY )x€
~((1y = s (8(T)) + k; = k7)o (ST, )¢ 622
=((ty” —1)c Hhy = k) mea(SE )X+ Y (1 = DCyme (ST, )x°.

€Oy}

The assumptions on t ensure that the ¢, (y € O.) are pairwise different Y-weights of Pt(c) and that

Pt(c) [#y] is spanned by ﬂc,t(vay )x€ for y € O,. Comparing the different Y-weight contributions on
both sides of (6.22) thus gives

Cy =0 unless y' € {y,s;y},

kj— k! 1
J
Cy = aV ’ Cs]y T
1-t,’ ty! =1
We conclude that
Y c kj B kJ_l Y c
ﬂc,t(é(Tj))ﬂc,t(Swy)x = v ﬂc,t(Swy)x + Y e t(wa y)x (623)
1-t’ ' =1

Then (6.15) and the identity s,y (ss1) = (kjt;yj - kj_.l)rwy (ss1) give (6.21).
Case 2: L(wy;y) = t(wy) — 1.
We can now apply the first case to s;y, yielding

2

J J ;1 J k;‘] k,t?]y J
ﬂc,t(é(Tj))sty(X;t): — v P‘y‘,.y(x;t)+ Py (x5 1). (6.24)
1- tsj.’y 1-1t¢ _,Jy

Now act on both sides with 6(7;), apply the Hecke relation ¢ (Tj)2 = (kj- k]T1 )6(T;)+1 to the left-hand

side, and substitute (6.24) for the resulting 7. +(8 (TJ-))PSij(x;t)’s in the equality. A straightforward
computation, avoiding rescaling of the equation, then shows that

k- kjl;tjvy
" |ret (8(T)) P (x: 1)
1 -z
J
Q\./ —(1/\-/
(k7' =kt ) (kj— k31 (k7! - kt’)(k‘.l—k-t.f)
= L Pty L] ().
(1- tsjjy)(l - tsjyj (1- tsjjy)(l - tsjyj)

Now dividing out the prefactor of 7. 1(6 (T-))PJ (x;t) (which is nonzero since t is J-generic) and using

that Is; ’ = t , we obtain the desired formula (6.21). O

Remark 6.27.

1. In case of Cherednik’s basic representation 731(3), Theorem 6.26 is an important intermediate step in
proving the well-known duality formula

P (s 1r) = P s 1) (mv e @Y)

https://doi.org/10.1017/fms.2025.33 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.33

Forum of Mathematics, Sigma 65

for the normalised nonsymmetric Macdonald polynomials; see [6, Thm 5.1]. An analogue of the
duality formula for the quasi-polynomial generalisations P; (x; 1) of the normalised nonsymmetric
Macdonald polynomials is not known.

2. The quasi-duality property (6.20), together with the eigenvalue equations

res (VP (uit) = (MP{(xit) (v € Oc, e QY)

for ¢ € C’ and J-generic t € T/, allows one to describe the H-action on Pt(c) entirely in terms
of an H-action on the space of F-valued functions on O, with 6(T;) (0 < j < r) acting by
discrete Demazure-Lusztig type operators (cf. Remark 3.13). The subspace of finitely supported F-
valued functions on O, forms a H-submodule, which alternatively can be obtained as a quotient of
Cherednik’s [8, §3.4.2] H-representation on the space of finitely supported F-valued functions on W
(cf. Remark 3.13(3)).

Corollary 6.28. Let c € C’ and t € T;. Suppose that t is J-generic. Then

7ed (V)P (xit) = (kjty’ = k5P (x:it) (6.25)
for j € [0,r] andy € O, where t, € T is defined by (6.16). In particular,

med(SY)PY(x:t) =0 if 55y = y. (6.26)

Proof. If sjy =y, then t;y S = kj‘.z; hence, the right-hand side of (6.25) is zero and the resulting equation
(6.26) follows from (2.56) and Remark 6.25. If s;y # y, then (6.25) follows from (2.56) and (6.20) by a
straightforward computation. O

Remark 6.29. Under additional assumptions on t, a proof of Corollary 6.28 that avoids Theorem 6.26
is as follows.

Formula (6.25) follows directly from the definition of P; (x;1) (see (6.15)) when s;wy ¢ WY, and
when s;wy, € W/ and €(s;jwy) = (wy) + 1. In the first case, use Proposition 6.8(1) and Lemma 6.23,
in the second case, use s;wy = wy;y and rg;y, (x) = (ij(wyfl"f)v - k]’.l)rw.v (x). When s;wy, € W/ and
t(sjwy) = t(wy) — 1, acting by S}/ on (6.25) and applying (2.59) gives

vV

a’ _ a) _ -a -
(kjty” =k me s (SPL () = (kjty” = k7 (kjty 7 = k7 Py ().

This yields (6.25) if the scalar factor k ; t;l - k;l can be divided out. This is ensured if (s Jt)“V # k2 for
alla € @~ \ @. Note that these are exactly the additional requirements on t ensuring the irreducibility
of m. t; see Theorem 6.15.

The action of §(T;) on the monic quasi-polynomials E yJ (x;1) can be described as follows. Recall the
constants «,, (y) € F* (y € E, v € Wy), defined by (4.10).

Corollary 6.30. Let c € C’ and assume that t € T} is J-generic.
The monic quasi-polynomials E; (x;t) € Pt(c) (y € O.) satisfy for0 < j <r,

, kjE;_(l)ﬁt) if a;(y) =0,
met(6(T)))Ey (x31) = (%)E;(x;t) +kps, (MEL (x:1) if a;(y) >0,

J
1-1,
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where t, € T is defined by (6.16). Furthermore, for'y € O. such that aj(y) < 0,

J kj = kj! 7
met(6(TH)Ey (x3t) = | —— [E5 (x:1)

y
1- t;’
aV —aV
(k= k30,7 ) (k= k3,
+Kkps; () : = E],(x1).

aY —a
(] _tyj)(l Iy J)
Proof. The statement when «;(y) = 0 is clear. If ;(y) > 0, then sjwy = wy, € WY and t(sjwy) =

t(wy) + 1 by Corollary 5.23. Furthermore, t;l 7 # 1; see the proof of Theorem 6.26. Then (6.23) and

(6.9) give
kj— k7! dyywy (57D kspwy ()1
S(T)E) (x:1) = | —— |EJ (x: 1) + —= - E]  (x:1).
Tet OB et =~ [ 0 = e Dk, (@ [For Y
y ’ i y

Simplifying the second factor using (6.8), (5.7) and Lemma 5.7 yields the desired result.
If &;(y) < 0O, then the formula follows from a direct computation using the previous case, the Hecke
relation (2.39) and Lemma 5.7. O

6.6. (Anti)symmetrisation
By (4.10), we have «,,(0) = [T 4eri(v) k- The element
L= ) k(0T = Ky (02 Y &y (0)7'T
veWw, veWw,

is, up to a normalisation factor, the trivial idempotent of Hy. Concretely, it satisfies

and 12 = (X, cw, kv (0)?) 1.
The following result follows by a direct computation.

Lemma 6.31. Leti € [1,r]. Then

S¥L, = (kix®™ — kiDL, LSV = L(k(r™)® — k)
in H. In particular, :S?( 1, =1, in HX"°¢ gnd Lj?’ =1, in HY “lec,
For ¢ € C’ and t € Ty, consider the PWo-submodule

Pt(C)’+ = ﬂc,t(1+)Pt(C)
of Pt(c). The interpretation of Pt(c) " as Wy-invariant quasi-polynomials requires the HX~1°-module
Qt(c) from the proof of Theorem 4.9, which contains Pt(c) as H-submodule.

Lemma 6.32. Let ¢ € C’ and t € T;. The Q™ -submodule Qt(c)’+ = nft‘l""(lJ,)Qt(C) of Qt(c) is
contained in {f € Qt(c) | oetW)f=f YveWh

Proof. For f € Qt(c)’+, we have 7X71¢(SX) f = f for all v € W, by Lemma 6.31. The lemma now

follows from the definition (4.18) of ‘the W = Q-action o t. O
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Definition 6.33. Let ¢ € C’ and t € T;. Define EJ " (x;t) € P\ (y € O,) by
Ey*(xi1) = mep (1) Ey (x: ).
If furthermore t is J-generic, then we define normalised versions P;’J’(x; t) € Pt(c)’+ of E; *(x;t) by
Pyt (et) = e i(1)Py () (v € Op).
Note that E5*(x;t) € Pt(c)’+ (v € Oc) for ¢ € C/ and t € T} satisfies the eigenvalue equations
met(P(N)Ey* (1) = p(sy 15 E) T (1) Vp e PW, (6.27)

since P;V % is the center of H. The same holds true for P;’+(x; 1).

Remark 6.34. If 11 € T[’1 E then El[ll’r]’Jr(x; 17) e PW (1 € Q) is, up to a normalisation factor, the
symmetric Macdonald polynomial of degree u € QV (see, for example, [29, §5.3]).

Proposition 6.35. Let ¢ € C’ and assume that t € T; is J-generic.

1. Fori € [1,r] such that a;(y) > 0, we have

J.+ n(ai(y)) ki_1 ~ kit;ti J.+
ELF () = k] S Bl (e,
1-1,¢
y

where t, € T is given by (6.16).
2. PSJ.I.’;(x;t) = P§’+(x;t)f0ri e[l,rlandy € O,.

Proof. (1) Leti € [1,r] such that a;(y) > 0. Then t;l"v # 1; see the proof of Theorem 6.26. We

“n(ai(),
k; ;

furthermore have «g, (y) = hence, Corollary 6.30 gives

(e ki — k!
EL(t) = k1 me (L) 7 (Ty) = | —— | |EY (x5 1)

iy IV y
-1,

. k._l - kilaiv
— kiﬂ(az()’)) i Yy E;’+(X;t),

v

-1y

where the second equality follows by a direct computation using 1,.7; = k;1,.
(2) It suffices to prove the statement under the additional assumption that @;(y) > 0. Then wy,, =
§siwy, E(wg,y) = €(wy) + 1 and I (wy,y) = {w;lai} U II(wy); hence,

Pl (x:) Tea(LeSY, DX mey(1.S)SY, )a
s t) = - / '
Py (871) Fwy (81) (Kity' — k1)

Applying Lemma 6.3 1, we conclude that
met(Le(k;' = ki(Y™) )P (x;1)
(k7' = kity)

Plr(xit) =

& = ﬂc,t(1+)P§ (x;t) = P;’J“(x;t),

as desired. m]

For c € E+, write OF := O, N E., which is a fundamental domain for the Wo-action on O...
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Corollary 6.36. Let ¢ € C’ and assume that t € T} is J-generic.
Then {E§’+ (x;t)}yeor and {P§’+(x; t)}yeor are bases 0f77t(c)’Jr consisting of simultaneous eigen-
functions of the commuting operators n.+(p(Y)) (p € PW).

Proof. By Proposition 6.35 and (6.27), it suffices to show that {E}J,’Jr(x; t)}yeor is alinear independent

set. But Theorem 6.26 shows that E;’Jr(x; t) lies in subspace spanned by E{y (x;t) (v € Wp); hence, the
linear independence is a consequence of Theorem 6.3(3). O

The coeflicients in the expansion of EJ’+ x;t as linear combination of the quasi-polynomials
p y q poly
Egy (X; t) (V S W()) can be exphcltly computed as follows.

Recall that y, denotes the unique element in E. N Wyy. Write Wo,y, for the subgroup of Wy
consisting of the elements v € W fixing y.. It is a parabolic subgroup. Denote by Wg * the minimal
coset representatives of Wo/Wj ,, . Denote by g, € W the unique element of minimal length such that

y- = gyy. Note that y - g7 ! defines a bijection Wyy —s Wg ~. Observe furthermore that gy, is the
minimal coset representative of woWy ,, . In particular, y_ = gy, v+ = woys.

Theorem 6.37. Let ¢ € C’ and assume that t € T} is J-generic. Set ty := wy(s,t) for y € O (see
(6.16)). Fory € O, we have

El*(st)= ), CHOE)(x:t) (6.28)

Y eWoy

with the coefficients C5(y’) € F determined by the following two properties:

PR s
Chy(y) = k10D ——L 2 |G for 1 i <7 suchthat ai(y) >0 (6.29)
11,
and
kg — k;'1P
’ -7 - B Y-
CLON=| D k(07 ke, Ok, () [ ] k"0 | ——— (6.30)
VWD, Bell () T=1y

Jory’ € Wyy.

Proof. Note that there exists an expansion of the form (6.28) for unique C; (y") € F; cf. Corollary 6.36.
It is clear that the two conditions (6.29) and (6.30) determine the coefficients Cy, (y”) € F uniquely.
The recursion relation (6.29) follows from Proposition 6.35(1). It thus remains to prove (6.30).
Fix y € O.. Note that

1, =1" Z ky (0)T,

veWy,y,

with 12* := Zuew()’* k,(0)T,. Then Corollary 6.30 gives

EJF sty =| ) k(0 pres(B)E] (x: ).

veWo,y,

Note that for u € Wg* and 1 < i < r, one has a;(uy,) =z 0iff s;u € Woy* and €(s;u) = €(u) £ 1
(this follows from the Weyl group variant of Corollary 5.23 with W and its fundamental alcove C,
replaced by Wy and its fundamental Weyl chamber E.). Again invoking Corollary 6.30, we then get
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from Lemma 5.6,

ChLo) = D) v (0) |kg,, (0)kg,, (34)- (6.31)

veWy,y,

+

We now derive the coeflicients C7, (y”) for arbitrary y” € Wyy recursively using the recursion relation

¥

k= kL
C(siy) = Cl (y)k; 10 —_ay for y' € Woy such that o;(y’) < 0 (6.32)

1-t,°
for y” € Wyy. The recursion relation (6.32) follows from the identity
ﬂc,t(Ti)E;,3+(x;f) = kiE;,iJ’(x;t),
expanding E)J),:Jr(x;t) as linear combination of quasi-polynomials E;,,, (x;1) (v € Wyy), and subse-

quently comparing the coefficient of E ;, (x; 1) on both sides using Corollary 6.30.

Now take y’ € Wyy and let g;,l = s, -+ 5;, be a reduced expression. Then H(g;,l) ={B1,...,B¢}
with B, := 84, - - - 5i,,,, (@;,,) for 1 < m < €. Furthermore,

Bm(y-) = i, (i = 5;,¥-) <0 (Ism<d)

since g;,l € Wg ~ (this follows from the Weyl group variant of Corollary 5.23 with W and C, replaced
by Wy and E_). By repeated application of (6.32), we conclude that

-1,-8"
kﬁ - k/i’ Iy,

C)-i)-+ () = C;r (y_) 1_[ kl—gﬂ(ﬁ(%)) 1 —

Bell(g)})
This completes the proof of the theorem. O

When considering the Whittaker limit of E§’+ (x;1) in Subsection 6.8, it is convenient to use the
explicit expansion formula for E}J, *(x;t) wheny € E_N O,.

Corollary 6.38. Let c € C’, and assume that t € T} is J-generic. Fory € E_n O, we have

1 - k2t
g =| 3 seor] 1 [
) Y

veWy,y acll(gy,
1— k25
kv (¥) B'y J
X§—||—E(x;t),
ﬁv vy
VEWOy K (O) Bell(v) 1- ty

where t, € T is defined by (6.16).

Proof. Using Lemma 5.6 and (6.29), we have for y € E_N O,

. (0)2 1- k_zlav
C;(y') = & aavy C;+ (yl).
Key., (O)Kgy+ (y+) ael’[(g;) = ty
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Substituting (6.30), the desired result follows after a direct computation using the fact that «,,(0) =
[Toenv) ke and &, (y) = [Maenev) k1O for v e W, (cf. Lemma 5.6). O

Within the ambient HX ~1°°_module Qt(c) of Pt(c), We can express E‘y”Jr (x; 1) as linear combination of
the o +(Wp)-translates of E; (x;1) as follows.

Proposition 6.39. Let ¢ € C’ and assume that t € T} is J-generic. For y € O, we have

1— kzX(V ll)x—a/

El ity = ) w0 [ | =" |reaE] (i)

veWy (l/Ed)a

where (recall) x(B) = £1 if B € @.
Proof. By [29, (5.5.14)], we have

o)

veWw, Q/E(I)a

and hence, in view of (4.19) and the definition of Eyj ’+(x; 1),

2 -
J .+ — X loc J a*
EP* (eit) = m () E] (et) = ) oea ()| B (i) ﬂ( — )

_(y\/
veW, acd?

in Q(“). The result now follows by a straightforward computation. O

Similar results can be obtained with respect to Hecke anti-symmetrisation. Write

—i= )L ED O = k0 (007 Y (D i (0T (6.33)

veWy veWy
which satisfies T;1- = —k;11_ = 1.T; (1 <i < r).
Definition 6.40. Let ¢ € C’ and t € T;. Define E} (x;1) € Pt(c) (y € O.) by
EJ " (x:1) == me (1) E (x31). (6.34)

We state below the basic formulas for E ; " (x; 1), but we do not provide detailed proofs, since they

are similar to the proofs for E‘y”+(x; 1).
Letce C’ andt € T;. Suppose that t is J-generic. Let 7, € T be given by (6.16). Then

) ki — k7! ty o
ElS (xit) = -k 0D ’— EJ(x;t) for 1 <i <r suchthat a;(y) > 0
-
and
J k 2 l J
El"(x:t) = ]_[ 1— Z( D)Mo (V) ES (x:1). (6.35)
acdt X VEWO

0
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Furthermore,
EJ"(x:it) =0 if y¢ E*8n O, (6.36)
and
E) ()= ) CEONEL(sD)  (yeO) (6.37)
Y eWpy

with C5 (y’) € F satisfying, for all y” € Wyy,

-a)

_ kil — ke,
Cyy (V) = k@O 2L 22 Aes(y') for 1< i < r such that a;(y) > 0,

—aY

nY -1

C;,(y) =0ify, € E, \ E, and, fory € E®¢ N O,

-1
-, Ky (+) T ,
R O e ) I R ]
KW()(O) -1 t -1
Bell(g)) y-

For the Whittaker limit of E ; " (x;1t) (see Subsection 6.8), it is again convenient to use the explicit
expansion of E;j_(x; t) in the quasi-polynomials £ {y_ (x;t) ve Wy)wheny_ € E_.

Proposition 6.41. Let ¢ € C’ and suppose that t € T} is J-generic. Fory € E_ N O, we have

1= k2 aV
EJ(it) = sy (02 [ ] (—“ty)

aedf 1- t;’l
k2B
B Y J
x D D000 [T [—S—||EL s,
vew, Bell(v) 1- tf

where ty € T is defined by (6.10).

6.7. Pseudo-unitarity and orthogonality relations

Let d — d* be a nontrivial automorphism of F of order two, and write

Fi={deF|d =d"},
F,:={dcF|d =d}.

for the subgroup (resp. subfield) of unitary (resp. real) elements in F. Write 7;, := Hom(Q",F}) and
T, := Hom(Q", F¥) for the associated compact and real tori, respectively. We assume in this subsection
that ¢, k, € F}; for all a € ®. In case a root of g is required (see Subsection 3.1), then we assume it to
lie in F}; too. Note that under these assumptions, s; € T, forall J € [0, r].
The formulas
T, =T.,' (weW),  (#)'=x* (neQ")

extend the automorphism d +— d* of F to a F,-algebra anti-involution 2 — h* of H. It satisfies
(Y#)* = Y™H for all u € QV. The following definition is from [8, §3.6].
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Definition 6.42. Let M be a H-module.

1. A F,-bilinear map (-,-) : M x M — F is said to be *-sesquilinear if
(a) (+,-) is F-linear in the first component,
(b) (m,m’)=(m’,m)" forallm,m’ € M.
2. We say that M is pseudo-unitarizable if there exists a nonzero *-sesquilinear form (-, -) on M such that

(hm,m’) = (m,h*m") VheH, Vm,m € M.

Define N € Q (w € W) by

NY(x) := ]_[

a€ell(w)

(6.38)

kx4 — kg,
kax® — k']

The following theorem relates to [8, Thm. 3.6.1] via Remark 6.12.

Theorem 6.43. Let ¢ € C’ and fix a J-generic t € T; N Hom(Q",F}).

1. There exists a unique *-sesquilinear form (-, )y + on Pt(c) such that
(P)(x:1), P (x31)) ;4 =6y N™ (s51)  Vy,y € O (6.39)

2. Pt(c) is pseudo-unitarizable.
3. If (-, ) is a nonzero *-sesquilinear form on 'Pt(c) realising the pseudo-unitarity Ofpt(C)’ then (-,) =
d (-, )yt for some d € FY.

Proof. Write t,, := s,t, for y € O, (see (6.16)). We have ¢, € Hom(Q",F}) by the assumptions on
q,k, and t.

(1) For w € W/ the quadratic norm N" (s,t) is well defined since t is J-generic (it may be zero).
Furthermore, {P; (x;t)}yeo, is a F-basis of Pt(c). The result then follows directly from the observation
that N¥ (s;t) € F, forall w € W/,

(2) We show that Pt(c) is pseudo-unitary with respect to (-, -)s t. It suffices to show that

(me 4 (B(M) Py (x31), Py, (x:1)) ;¢ = (Py (x5 1), e ¢ (() ) PY (x31)) 4
forh=x*(ueQ¥)and h=T; (0 < j <r).

For h = x*, we have § (x*) = Y™H; hence, 6§ (x*)* = Y*. Since t’yl € F,, and the P; (x; 1) are orthogonal
with respect to (-, -) ¢+, we have

(et (YTH)PY (x31), PL(x51)) ;o = 15 (P (x5 1), P (x5 1)), 4
= 1N (5,1)8y,y = (Py (63 1), we t (YH) Py, (63 1))
fory,y’ € O..

Finally, consider the case that h = T; (0 < j < r). Then 6(7})" = 6(Tj‘1). By Theorem 6.26 and
Corollary 5.23, the following two statements are equivalent:

(a) Forall y,y’ € O,

(me 4 (B(T)Py (x:1), P (x1)st = (P (x31), et (S(T7 )P (x31)) 5 4
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(b) For w € W/ satisfying sjw € w,

v 1 1 aV
kityl — k> 1 ks
Jtwe X wc J
—— [N (st = | NY (s1).
twe — 1 twe =1

Statement (b) can be checked directly using Lemma 2.1 and (6.38), which completes the proof.
(3) Suppose that (-,-) is a nonzero *-sesquilinear form on Pt(c) which also realises the pseudo-

unitarity of Pt(c). Set
d = (x°,x°) € F,.
We will show that (-,-) = d (-,-)s.+ (and consequently, d € F}).
By the simplicity of the Y-spectrum S (Pt(c)), we have
(P} (x;1), PL(x:1)) = 6y (P) (s 1), Py (1)) (3,) € Oc).

We have (S}/)* = Sf for j € [0,r] (this can be verified by looking at its 5-image and using (2.40));
hence,

(S =S, (wew).
For w € WY, we then obtain

(et (SY S5, )x¢,x€)
rw(s7t)*ry (s51)
(x€,x9)ny (ss1)
" (s (1)
(X, x)N" (5,1) = d Py (x531), Pre (x31)) 4,

(PL.(x;:1), Pl (x31))

where the first equality is by definition of P; (x;1) (see (6.15)), the second equality follows from (6.10),
and the third equality from the explicit expressions (6.11), (6.14) and (6.38) of n,, (x), r,, (x) and N* (x),
respectively. It follows that (-,-) = d (-, -)s ¢, as desired. O

It is easy to check that
ot = U (w).
weWw
For J ¢ [0, r], this implies that
o\ D = U u(Il(w)).
(w,u)eWJ xWy

In the present context, Theorem 6.43 gives the following sharpening of Theorem 6.15.
Corollary 6.44. Keep the assumptions of Theorem 6.43. Then

1. (-, )t is nondegenerate iff

)" #kz Yae | ) mw).

wew/

2. Py is reducible if (s, )" = k2 for some a € Uy, s TI(w).
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Proof. (1) By (6.39), the sesquilinear form (-, -); 1 is degenerate iff N* (s,t) = 0 for some w € W”. In
view of (6.38), this is equivalent to (syt) = k2 for some a € TI(w).
(2) The radical

Rad;jt:={peP|(p,)st=0}

of (-, )z ¢ is a proper H-submodule of ’Pt(c) by Theorem 6.43. It is nonzero iff (-, -); 1 is degenerate. The
result now follows from part (1). |

Note that by IT(w,) = —w;ll'[(w;l), (2.31), Corollary 5.22, and (6.38), we have the explicit expres-
sions

k59 — kg

M AT

) (yeO.)

aGCD*:a(y)<O(

for the quadratic norms, where t, = s,t, € T. By Proposition 6.20, the quadratic norms for the monic
quasi-polynomials E ; (x;1) are

(kat39" = k(K755 = ka)
(159 = 1)?

(E5 (1), Ey (v:1)) = (veOy).

aed*:a(y)<0

Remark 6.45. In case of Cherednik’s polynomial representation m = my,1,., there exists a concrete
realization of the *-sesquilinear form (-, -)o,1, : P X P — F. It is of the form

(P1> P21, = Ct(p1paWV) (p1,p2€P)

with p* = X eqvd,x™ for p = X, covdyx* € P, with ct the constant term map (picking the
coefficient of x* in the expansion in monomials), and with W an explicit weight function (see, for
example, [29, §5.1]). Such a realisation for (-, )7 ¢ is not known when (J,t) # ([1,r], 17).

6.8. The Whittaker limit

1 1
In this section, we take F = K(¢g 7 ) for some field K of characteristic zero and we assume that "k 2 and
2k are in K. Set

P = (DK cK[E]  (ceC.
y€O,

Let @ be the quotient field of P = 7_9(0), and set

K5[E] := Q ®5 K[E].

For ¢ € C,, let é(c) C KE[E ] be the O-submodule generated by 5(6). We view é(c) as K-submodule

of Q1) in the natural way.
Denote by Hy C H the finite and affine Hecke algebra over K, respectively. They are regarded as
K-subalgebras of H in the natural way.
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Lemma 6.46.
1. The formulas
Fx¥ = s (f)xy-Lailaf

(f27) T = KOsy (f0) + (ki = k) — (6.40)
—x%i

for1<i<r, feQandy € E define a K-linear right Hy-action on K5lE]
2. The Hy-action (6.40) on KQ[E] extends to a K-linear right H-action by

(fx) « Ty = (fx*%") « T, (6.41)

forfeéandyEE.

3. K[E], @ (C) and f(c) are H-submodules of KglE] forall c € C,.
X—loc .

4. Let c € C’. The restriction 7TX l"‘|5( ) of the X-localised quasi-polynomial representation i ot
HX ¢ — End(Q'9) to 6(H) c HX%¢ does not depend on t € T;. Furthermore,

fah=r50c@6m)(f)  VfeQ vhel. (6.42)

Proof. Letc € C’ andt € T;. Fori € [1,r], f € Qand y € O, we have iné(c),

TE S (T)) (f¥) = X (T (f*7)

_ ~ ¥ = s Fxy-Lla e (6.43)
— k;.\/Z(al(y))S[(fxy) + (k[ _ ki 1) f l(f) .
1 —x%
by (4.17). Furthermore, we have by (2.47),
XS (T0)) (f¥) = mX 9T ) () = w6 (T ) (£ 7). (6.44)

This shows that nf t‘1°°|5( H) is independent of t € T;. Hence, (6.42) defines a t-independent K-linear

right H-action < on é(c). By the explicit formulas (6.43) and (6.44), the H-action <« on é(c) is
characterised by the formulas (6.40) and (6.41). The remaining statements now follow immediately. O

The adjoint torus over K is denoted by
T :=Hom(Q",K) c T = Hom(Q", F).
LetJ ¢ [0, 7] and set
T5 = (teT|t2% =1 VjeJ).

Choose A7 € C’ suchthat A, € ﬁPV (see Subsection 6.1). Recall that gV € Ty is the character which
takes the value

g = g3 e Q(q¥) c F
at the coroot @ € @ (see Subsection 6.1). Note that
q’lJTrJed C{teT, |tis J-generic}. (6.45)

Let Freg C F be the subring consisting of the elements d € F = K(qﬁ) which are regular at

L T L . . -3 .
q 2 = 0. Specialisation at g~ 2= = 0 defines a ring homomorphism Fr; — K, d — d which we extend
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to a ring homomorphism

Fie[E] > K[E], [ fi= ZZyxy (f = Zdyxy € Freg[E]).

yeE yeE

We call f € K[E] the Whittaker limit of f € Fyeg[ E]. Write

Pr(ecg) = @ Freox”.

y€O,

Proposition 6.47. Letc € C/, t € Tr;d andy € O.. Then
1. Ey] (x;q%t) € P,(e?.

2. The Whittaker limit E; (x) € 7_7(0) 0fE§ (x; gV t) is independent of 15 and t.
3. For j € [0,r], we have

kps, (W ES (x)if @j(y) <0,

s (6.46)
Ky (x) if @;(y) = 0.

—J
Esjy(x) < Tj = {

Remark 6.48. Note that kps, () # k;l when o (y) = 0, so it is necessary to distinguish the two cases

in part (3) of the proposition (an explicit formula for E;j y(x) «Tj when a;(y) > 0 follows from (6.46)
and the Hecke relation (2.39) for T;).

Proof. Fory € O, write t, :=w, (g¥sst) € T (see (6.45) and (6.16)). Then
ty = qal ™Y (s,1,) P (6.47)

with qZ:;(WM") € Q(qﬁ) and (syty)D”JY € K, and Corollary 6.30 gives

-l
j ;
Te gt OTNE] (6 gV )+ | ——— |EJ  (x; g™ 1)
' t, ' -1) (6.48)
= kps, () 'EJ (x:qV1) if a;(y) <0
(we used here that kpg, (s;y) = Kps, (y)™!' by (5.8), and t;ljjy = t;aj ). We now use (6.48) to prove (1)
and (2) by induction to £(wy,).

If {(wy) =0, then y = c and EY (x; gV t) =x€ € Prg. Furthermore, Ef (x) = x°.

Let y € O, with £(wy) > 0 and suppose that for all y* € O, with £{(wy) < £(w,), we have
E;,(x;qﬂft) € Pr(e? withE;, (x) independent of 1; and t. Take O < j < rsuchthat{(s;wy) = €(wy)—1.
By Corollary 5.23, we have @;(y) < 0 and s;w, = wy;y — in particular, £(wy,y) < €(wy). Since both
c and A, lie in C’ and a;(y) = aj(wyc) < 0, we also have o;(wyd;) < 0 by Corollary 5.23(1).
Taking also (6.47) into account, we conclude that the left-hand side of (6.48) lies in Pr(efg) . Hence,
EyJ (x;qYVt) e P,(ecg), and the Whittaker limit of (6.48) gives

E, (x) = kps; ()’)Es_,y (x) «T;.

The right-hand side does not depend on A; and t by the induction hypothesis. This completes the proof
of the induction step.
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The Whittaker limit of (6.48) yields the first case of (6.46). The second case is immediate from
Corollary 6.30. O

Corollary 6.49. Let c € C’ and y € O,. Then

—J k(c)
Ey (x) = k(y) x€ < TW;I.
Proof. This follows from Proposition 6.47, Corollary 5.23 and (5.8) by induction to £(wy,). m}

In Theorem 6.51, we will give an explicit formula for Ei (x) only involving the Hy-action on K[E].
We need for this the following preparatory lemma.

Lemma 6.50. Ifc € C, andy € O. NE_, then y = vc + i for some v € Wy and 1 € Q¥ NE_.

Proof. We may assume without loss of generality that E = E’ (i.e., @ spans E).

First, suppose that y € O, N E_. Write y = vc + u with v € Wy and € Q. For @ € @, we have
a(p) = a(y) —a(ve) < 1, since a(y) < 0and |a(vc)| < 1. Since pu € QV, it follows that @(u) < 0, so
ueQ NE_.

The general case follows by continuity. Indeed, let y € O. N E_. Let {ye};2, be a sequence in E_
converging to y. Eenote Cy, € C. by c;. By the first paragraph, we have y, = vece+ue for some vy € Wy
and u, € Q¥ N E_. Since W is finite, we may assume by passing to a subsequence that v, = v € Wy
is constant. Since C, is compact (by the assumption that E = E’), we may assume by passing to a
subsequence that ¢, converges to some ¢’ € a. Since Q¥ N E_ is discrete, it then follows that He = U
is constant for ¢ sufficiently large. We then have y = v¢’ + y, so ¢’ = ¢. The result now follows, since
ueQ'NE_. o

Recall that g, € Wy denotes the unique element of minimal length such that y_ = g y.

Theorem 6.51. For ¢ € C’ and y € O, we have

E)(x) = KOS 1 g7t (6.49)

k(y) 8>

Proof. First, we prove the theorem for y € O, N E_.
—J
In this case, the right-hand side of (6.49) is simply x”. Since E (x) = x” + Lo.t. it suffices to show

that Ei (x) ~ x¥, where we write p ~ p’ if p and p’ in 5(6) differ by a nonzero constant multiple.

Write y € O.NE_asy = ve+uwithv € Woand u € QVNE_; see Lemma 6.50. Setw := 7(u)v € W.
Then w = wyh, for a unique hy, € W; and

) +L(t(p) = L(w) = L(wy) + £(hy),
where the first equality is due to (2.13). It follows that
6(Ty-1) =6(T,- Y H) =xHT, (6.50)

and TW;I = Th‘;l] T,,-1. Since x© « Th‘;ll ~ x¢ by Proposition 6.47(3), we get from Corollary 6.49 that

—J . .
Ey (x) ~x° « TW;1 ~x° «T,-1.
By Lemma 6.46 and (6.50), we then have for t € T,

—J
E,(x) ~ 7ot (8(T,-1))x = xHme 4 (Ty)x ~ XV = x7,
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where the final step is due to Corollary 5.10. Hence, E; (x) = x¥, which completes the proof of (6.49)

wheny € O. NE_.
Suppose now that y € O, is arbitrary. Take a reduced expression g;l =s;, - 8i,. Since g;l € Wg o,
formula (2.12) implies that

aim (sim+1 e Si(,y_) < O

for 1 < m < {. Hence, by (5.8) and by repeated application of Proposition 6.47(3),

Y _ k()7 -1
Ey (x) = Eg;ly_ (x) = WEy_ (.X) | Tg;l .
The result now follows since E;_ (x) = x¥- by the previous paragraph. O

Letce C/,te Trjed and y € O,. By Lemma 6.46 and Proposition 6.47, both Eyj’+(x; qVt) and
E)J,’_ (x; gV 1) lie in Fieo[E], and their Whittaker limits E;’+(x) and Ei’_ (x) do not depend on A; and
t. We now take a close look at 55’7 (x), since they are closely related to spherical metaplectic Whittaker

—J, .
functions (see Section 10). We list the main formulas for E +(x) at the end of the subsection.
First, note that

_J’_ .
Ey (x)=0 ify¢ E®®¥nO,

by (6.36). Furthermore, Eiy_ (x) (v € Wp) is anonzero constant multiple of f;’_ (x) wheny € E*8NQO,.

Corollary 6.52. Suppose c € C’ and y € E_ N O,. Then

By () =k (07 3 (<D ki, (00, (0)Eyy (0. (651
veWw,
Furthermore,
GO0 =2 <T (v eW). (652

1

Proof. We first prove (6.52). For v € Wy, we have g,, = v~ since y € E_, and hence by (6.49),

= — <T71.
k)" T

Then use that k(vy)/k(y) =k, (y) = k,(y), since y € E™€,
There are two ways one can arrive at (6.51). First, one can take the Whittaker limit of (6.34) after

fixing t := gVt € T; witht’ € Tr]ec‘. By Lemma 6.46, Proposition 6.47 and (6.49), it then follows that

By = k(07 3 () V(05 < T (653)
veW,

and (6.51) follows from (6.52). Second, one can take the Whittaker limit of the formula in Proposi-

—red
tion 6.41 after fixing t := g1’ € T; witht" € TrJe . To perform the specialisation in this case, one notes
that for 8 € @},

v Blwydy) v
i =dg " (gyty)
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and the g-power is strictly negative, since y = wyc € E_ implies wyAd; € E_. The Whittaker limit of
the formula in Proposition 6.41 then gives (6.51) (compare with the proof of Corollary 6.38). O

Lemma 6.53. The formulas

xz(ai(y) o a¥ _ -1
\Yi > _xy = ki < (x ' 1)x5iy + (klv—ki)xy_l_a'i(Y)Ja,y’
(kix% — kl_l) (kix% — kl_l)
frexr=fx

fori€[1,r], f € Qandy € O define a left Wy < Q-action on KZSIE]. Furthermore, if ¢ € C’, then
Ot |W0x§ does not depend on t € Ty, and

v (fxY) = ot (V) (fx) (veWy, feQ yeO,.). (6.54)

Proof. 1t suffices to note that (6.54) is correct for v = s; (1 < i < r) and y € O,. This follows
immediately from the definition of o7 1; see Theorem 4.9. O

In the following lemma, we describe the right Hy-action on K3I[E] in terms of Demazure-Lusztig
type operators.

Lemma 6.54. Fori € [1,r] and f € Kg[E], we have

1—k2 (yl.v
f<T,-=kif+kil(1—li-V)(si>f—f)- (6.55)

—x%

Proof. This follows from (6.42), (6.54) and Remark 4.11. m]

Proposition 6.55. Let c € CY and y € O,. Then

—J 1 - k2x o=l
E,” (x)= ]_[ e Z (=D v e E} (x).

acd} LR e
In particular,
—J.- 1 — k25 @
E, (x) = [_[ ﬁ Z =DMy e ¥ (yeE_NOL). (6.56)
a/edba veWw,

Proof. The first formula follows by taking the Whittaker limit of (6.35) after fixing t = g/’ € T} with
t' e T Then (6.56) follows from (6.49). O

—J,
We now give the main formulas for E +(x). Letc € C’/ and y € O,. Then Ef;'(x) (veWyisa

nonzero scalar multiple of E;’Jr(x), and

Ey () =0 (0% Y w0 (0)'Ey () < T
veWw,
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In particular, for y € E_N O, it follows from (6.46) and (6.52) that

Ey @) =0 Y w02 Y k(07 « 1!

veWo,y vEWOy 657)
- K —J
=k @ D 0O Y KV%;Evy(x).
veWo,y vew, "V

The latter formula can also be directly obtained by taking the Whittaker limit of the formula in Corol-
lary 6.38 after taking t = ¢g/t’ with t’ € TIJEd. Then one uses the fact that B(w,1;) < 0 for 8 € II(v)
(ve Woy) since B(y) < 0, and that Dvews, Kg;iv(0)2 = K, (0)? Yvewy, Kv (0)~2.

Taking the Whittaker limit of the formula in Proposition 6.39, we obtain the expression

—J + 1 2 -1 Y —J
E‘y (_x) = l_[ W Z KV(O)2 1—[ (1 — kQX(V a)x @ ) V> E‘y (x)
aed} veWw aedf

In particular, for y € E_nO,,

—J .+ _ 1 2 (v la) —qv
Ey ()C)— I—IW ZKV(O) l_[(l—ka/‘/ Xa) v e xY

a E‘DS veWy a E@S

) F (o P

veWo\ aed]

(6.58)

cf. the proof of Proposition 6.39 for the second equality.

Remark 6.56. For u € PY and v € Wy, we have v » x* = o, 1(v)x* = x"# by (6.54) and Re-
mark 4.10(1). Hence, the right-hand side of (6.58) for y = u € P¥'~ N O, gives the familiar explicit
expression of Macdonald’s spherical function on a p-adic Lie group [26] (which is the Hall-Littlewood
polynomial in type A). Since E ,[ll’r]*(x) (u € E_NQY)is a symmetric Macdonald polynomial by
Remark 6.34, and the monic symmetric Macdonald polynomials are invariant under the simultaneous
inversion of the parameters g and k. (@ € @), this is in agreement with the interpretation of Macdon-
ald’s spherical function as the ¢ — 0 limit of the symmetric Macdonald polynomial, see [27, §10].

For u € PV, write
=[] 1| By o= 5[] (25
HE 1 —xo - 1 —xve’)
aedf veWy veWy aedf

which is Weyl’s formula for the character of the associated finite dimensional irreducible representation
of the complex simply connected semisimple Lie group with underlying root system <I>g (the highest
weight u is relative to @g >7). It is the Schur function for type A.

Recall that &y is the unique element in y+P" such that 0 < a;(&y) < 1fori € [1,r] (see Remark 4.12).

Proposition 6.57. Let ¢ € C’ and y € E_ N O,. For the quasi-polynomial E;Jr(x) = E§’+(x; k) in the
limiting case k = 0, we have

—J ,+ !
Ey (x;0) = x® Sy-g, (%).
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Proof. Note that y — &, € PV~ since y € E_. By (6.54) and Remark 4.12, we have for v € Wy,
V Py X0 = Ug’:to(v)xy = xS O=&)
and hence, the result follows from (6.58). O

We will see in Section 10 that the Ej (x) and Ei’_(x) are, after some elementary modifications,
the metaplectic Iwahori-Whittaker and metaplectic spherical Whittaker functions from [34] and [15],
respectively. Hence, E; (x;t) and Ej’_ (x;t) are g-analogues of metaplectic Whittaker functions, de-
pending on the additional parameters t € 7;. The results in this subsection then relates to the metaplectic
theory as follows:

1. Lemma 6.53 corresponds to Chinta’s and Gunnells’ [13, 14] Weyl group action on rational functions,
used to construct the local parts of Weyl group multiple Dirichlet series (see also [38, §3.3]).

2. Formula (6.52) corresponds via (6.55) with Patnaik’s and Puskas’ [34, Cor. 5.4] expression of the
metaplectic Iwahori-Whittaker function in terms of metaplectic Demazure-Lusztig operators.

3. Formula (6.56) corresponds to McNamara’s [30, Thm. 15.2] Casselman-Shalika type formula for the
metaplectic spherical Whittaker functions.

4. Formula (6.53) corresponds Chinta’s, Gunnells’ and Puskas’ [15, Thm. 16] expression of the meta-
plectic spherical Whittaker function in terms of metaplectic Demazure-Lusztig operators.

In Section 10, we give further details about these connections with metaplectic representation theory
and metaplectic Whittaker functions.

7. Quasi-polynomial representations of extended double affine Hecke algebras

In this section, we generalise the results of the previous sections to extended root data. We assume
throughout this section that J is a proper subset of [0, r].

7.1. Extended root datum and extended affine Weyl groups

For e € Z-o, let (£*?), be the set of pairs (A, A’) with A, A’ € L (see (2.27)) satisfying the additional
requirement that

(AN C ez (7.1

Our choice of normalisation of the root system @ implies that Q¥ C Q; hence, (QV, A’) € (£*?), for
all A’ € L.

Furthermore, if either A or A’ is contained in E’, then (A, A’) € (£*?), when hle. Indeed, if either A
or A’ is contained in E’, then (A, A’Y C (PY,PY), and (PY,PV) C h™'Z since Qv C Q and PV C %QV
(see Proposition 2.10).

Note that if (A, A}) € (£*?), and if A1, A} € L are such that A; € Ay and A} € AJ, then
(A1, A)) € (L),

Definition 7.1. For (A1, A]), (A2, A}) € (LX), we write
(A1, N) < (Mg, A})
if Ay C Axand A] C AJ.

Definition 7.1 turns (£*?), into a partially ordered set with least element (QV, Q").
The lattice A’ C E is Wy-invariant. The resulting group

War = Wy < A’
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is called the extended affine Weyl group. It contains W as normal subgroup, and Wx /W =~ A’/QY. We
denote its elements by vr(1) (v € Wy, 4 € A’), and write (w,y) — wy (w € Wy, y € E) for the
W -action on E by reflections and translations. Extend the group epimorphism D : W — W to a group
epimorphism D : Wy, -» Wy by D(vt(A)) :=vforve Wyand 1 € A’.

The contragredient W,-action provides a linear action on the space E* @R of affine linear functionals
on E. The action is explicitly given by (2.3). The condition that a(A’) C Z for all @ € @ implies that
the affine root system @ C E* @ R is Wy,-stable. We extend the length function £ : W — Zs to Wy,
using formula (2.11). It satisfies (2.13) for u € A" and v € W

In Definition 2.3, we introduced, for y € E, the element w, € W as the unique element of minimal
length such that wycy, =y, as well as the finite Weyl group element v, := w;lr(py) € Wy, where
Hy =wy(0). For y =1 € Q¥ one has 1y = 4; hence,

() = wav, (1eQY). (7.2)

We now generalise the factorisation (7.2) to 2 € A’ as follows.
Let A € A’. By, for example, [29, (2.4.5)], there exists a unique wa a € 7(1)Wy € W, of minimal
length. The resulting finite Weyl group element

van =wih () eWy (A€

is the shortest element in Wy such that vy a4 = A_. Furthermore, {(wav) = {(wan) + €(v) for
v € Wy (for details see, for example, [29, §2.4]). We thus have the decomposition

7(A) =waavan (AeN)
with £(7(2)) = €(wan) +€(van). Note that wy ar # wy for 4 € A’ \ 0V, but we do have
WA = Wa, VAN = VA (1€QY). (7.3)
To compare w, o and w, for 4 € A’ \ OV, we first need to describe the elements of the subgroup
Qp :={w e Wy | {(w) =0}

of Wy in detail. It stabilises C; and A. For j € [0, r] and w € Q,/, we write w(j) € [0, r] for the index

such that w(a;) = a(;)- Then we have wsjw_l = Sw(j)-
We now recall some well-known facts about the abelian quotient group A’/Q" and Qp (see, for
example, [29, §2.5] for details). First, note that u+ Q" = Wy forall u € A’, since A’ € L. Hence, the set
A/

min

=C,NA ={leN |0<a(l) <1 Vaed}

of minuscule weights in A’ forms a complete set of representatives of A’/QY. The inverse of the set-
theoretic bijection A, — N/QY, ¢ — ¢+ QY is concretely given by u + QY cy for p e A’. The
following result is well known (see, for example, [29, §2.5]).

Proposition 7.2.

1. The assignment w — w(0)+Q" defines a group isomorphism Q- — A’ JQV. Its inverse is explicitly
given by i+ Q" v+ we, n for p e A
2. WA/ = QA/ X W
A reduced expression of w € W)y is an expression w = wsj, -+ 5;, with w € Qp, 0 < j; < 7 and
¢ = {(w). The roots in IT(w) are still described by (2.12).
The elements vy ar € Wy (£ € A/ ) satisfy
Mg n) ={a e | a(l) =1}

. 0 (7.4)
Oy \(ven) ={a@ e @) | a() =0}
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see [29, §2.5]. Furthermore, for { € A’ . , we have

min’
("= =wol = —ve Al € Ajins

Wer N = wgf A VON = vZ} v (see [29,(2.5.9)]), and

weny=L+viy  (VEE).

The minuscule weights admit the following explicit description. Recall the functions n; : ®y — Z
for 1 < i < r, which encode the expansion coefficients of the roots in simple roots: @ = 3}\_; n;(a)a;
for all @ € ®(. Define

Iy ={ie[lLir] | ni(¢)=1& (@) +Eco) NA" # 0} (7.5)

Fori € In, (w, + Eco) N A is a coset in A’/(A’ N E,), and we fix a representative @,’ i A once and for
all. The set A, of minuscule weights is invariant for the translation action of A’ N ECO

min*

Proof. See, for example, [29, §2.5] and [44, §9.3.4]. O

Lemma 7.3. {0} U {wl.’ A Jiely is a complete set of representatives of the A’ N E,-orbits in A

For A € A, the element w o € Wy is related to the shortest element w, € W such that 2 = w,c,
in the following way.

Lemma 7.4. For A € A’, we have cy € A" and w., pn € Qpr. Furthermore,
-1
Wy = W/l,A’Wc/l,/\' (76)

in War.

Proof. Fix A € A’ and write { := c,. Then clearly, { € E+ NA" = Al . Hence, wy o € Qp by
Proposition 7.2, proving the first statement.
For the second statement, first note that

-1 -1
w,l,Afw{,A,(()) =A=viavend.

This lies in QY since 1 € £ + QV; hence, w, A’W( N EW.
Now note that

waawza (0 = waa(0) = 7(2)(0) = 2

So wapaw3!,, and w, are two elements in W mapping ¢ to A. Since w; € W¢, this implies that

I A’
Ewan) = C(wanw ‘. A,) {(w,) (the equality follows from the fact that WZ » € Qa). However,
wawz n € T(A)Wp, so by definition of waa € Was, we have €(wa) = E(wawg ar) = (wa ) with
equality iff waw, a» = w a-. Combining the two inequalities, we conclude that £(wa a/) = £(w,), and

1
hence, w/l—w,lA/w{A, O

Remark 7.5. Note that ¢, = 0iff 2 € 0V, in which case, wo a- = 1 and (7.6) reduces to (7.3).
7.2. The extended double affine Hecke algebra

Fix lattices (A, A’) € (£*?), and assume that ¢ € F* has an e root qé € F*, which we fix once and
for all. We write

o= (qb), gl = (gF)er

for £ € Z (recall that 2/||||> € Z by the choice of normalisation of ®).
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The extended affine Weyl group Wy, then acts on T by g-dilations and reflections. In particular,
7(1) € Wy (1 € A') acts by 7(2)r = ¢''t (here, g* € T} is the torus element mapping p € A to g ‘b#)).
Later on, we will also use the Wx-action on T, by g-dilations and reflections.

Remark 7.6. The natural map ja : Tpv — T from Corollary 2.9 is W-equivariant. Furthermore, if
(PV,A’) € (L*?),, then j is Wy/-equivariant if either A ¢ E’ or A’ C E’.

The contragredient representation gives a Ws-action on P by algebra automorphisms. The explicit
formulas for the action are given by (2.32). The action of the subgroup €,/ on P, is given by

-1
wen (xh) = g~ e &y et (7.7)

for { € Al and A € A. The formulas 7; + T,,(j) (w € Qps, 0 < j < r) extend the action of Q4 on

min
P ="Pgv to an action of Q4 on H by algebra automorphisms.

Definition 7.7. The smashed product algebra Hpv as := Qas =< H is the Y-extended double affine Hecke
algebra.

Concretely, we have the commutation relation wT; = T, (jyw for w € Qp and 0 < j < 7 inHpv o,
as well as the commutation relations

-1
weaxt = g Ven ety (7.3)

inHgv a for € A/ and u € Q.

min

The extended affine Hecke algebra H ) is the subalgebra Qas < H of Hgv s,. Multiplication defines
a F-linear isomorphism P ® Hy/ - Hova. fw =wsj ---s;, € Wa(weQp,0< j; <r)isa
reduced expression, then

T, = O.)le "'Tj[ € Hy

is well defined.
There exists a unique group homomorphism A’ — Hys, A +— Y4, such that

Yt =T (AeA* =N NE,). (7.9)
Note that Y# for u € QY reduces to the corresponding element in H, as defined in Subsection 2.7. Then
{T,Y' | veWy, 1A}

is a basis of Hy/, and the cross relations (2.46) in Hys hold true for y € A’ and 1 <i < r.
The elements in Q/, viewed as elements in Hgv 4/, factorise as follows:

wen = YT, (CeN). (7.10)

Ve N min

Definition 7.8. The extended double affine Hecke algebra H - is the algebra generated by Px and Hu/
subject to the cross relations (2.40) for 0 < j < r and p € Py, as well as the relations (7.8) for £ € A, .
and p € A.

Note that
HA,A’ = QAr > HA’QV (71 1)

with the action of Q4+ on Hj ov by algebra automorphisms defined by (7.7) and w(T;) := Ty, for
w € Qp and 0 < j < r. The algebra Hy ¢v is the X-extended double affine Hecke algebra.
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The duality anti-involution ¢ of H defined in Theorem 2.14 extends to an anti-algebra isomorphism
§ : Ha o — Har A by

s(YY =x7 (1eN).
Note that ¢ restricts to an anti-algebra isomorphism Hgv / — Hys,ov, and

S(wen) = Tv__llA X6 (e M-
Z, ’

The extended X-intertwiners are defined by
SX .y =wSs eHovp  (weQu,weW).
They satisfy (2.51) for w € Wy, and p € P,. The extended Y-intertwiners are
Sro=0(8Y ) €Hpgr  (weWy).
In particular,

Swen =0WzA) =xT (£ € Amin). (7.12)

We A

The extended Y-intertwiners va (w € Wy) satisfy (2.59) for p € Pyr.

7.3. The extended quasi-polynomial representation

Recall the definition of the base-point s, € Ty (y € E) from (5.2). We have the following extension of
Lemma 5.3.

Lemma 7.9. For w € Q and y € E, we have (Dw)$y = S,y in Ty

Proof. Let { € Apin such that w = wy A = T(g)vzll\ (see Proposition 7.2). By the definition (5.2) of
sy, we have ‘

- (n(a(v i) -n(a(weay))a (=B +n(B(wz ay)))B
V,ASy =8 | | k e | | k °

APy W AY a B

@ €@\ (vz,A) Bel(vg A)

(7.13)

in T,. The second line of (7.4) gives

n(a(v;\») = n(@(weay) = n(a(vz ) = nla(v;y) =0

for @ € ®f \ T1(v, 4); hence, the product over « in (7.13) is equal to 1. Formula (5.1) and the first line
of (7.4) imply that the product over S in (7.13) is equal to 1. O

Forc € C/ andt € Ty ;, we extend the quasi-polynomial representation 7. | ov of H to H A’ under
suitably further restrictions on t € Txs ;. It is convenient to discuss the extension to the Y-extended
double affine Hecke algebra Hgv A first, in which case, we do not need to impose additional conditions
ont e TAr’J.

Let c € C’ and t € Ty ;. Recall the notation ty == wyt € Ty (y € O.) from Definition 4.1. We
then have a t-dependent Wy, =< P-action (w, p) +— wip on P(°), with the action of v € W and 7(u)
(u € A’) given by (4.3). Note that

_ -1 ,
(wea)y () =t AT (L€ Ay y € O0). (7.14)

N
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Lemma 7.10. Let c € C! andt € Tn
The quasi-polynomial representation e g, : H — End(P'9) (see Theorem 4.5) extends to a

representation ﬂ'Q tHova — End(P(©)) by
QV,A/ y . y
oy (@) =w(x”)  (weQn, yeO).

Following the notations from Theorem 4.5, we denote the Hov n-module (P, 7r ) again by 73<C)

Proof. Note that t|gv € T;; hence, the quasi-polynomial representation 7. g oV of H is well defined.
Since

wi(px¥) =w(p)wi(x”)  (weWp,peP,yeO.), (7.15)

the commutation relations wx* = w(x*)w in Hov o for w € Qu and u € QY are respected by the

proposed extension 72 ot A of e tlgy 1O Hgv, ar. It remains to check that the same is true for the relations

wlj =T,jHw(w e QAI 0<j< r) Note that k() = kj, ws; = 54,(jyw and
Xz(@w(j) (Dw(y))) = xz(aw(j) (wy)) = xz(a;(y));
hence, it suffices to show that
wt(V; (")) = Vo) (0t (x7))

forweQp,0<j<randyeO,.
Fix w € Qprand 0 < j < r. By (2.31), which holds true for w € Wy, and a € ®, and (7.15) we have

PO lal

1- w(j)
wt(V;(xY)) = ( )wt(xy). (7.16)

Vv
1 = x%0)

Now note that D, (j ((Dw)y) = D(w‘la/w(j))(y) = Da;(y); hence, the right-hand side of (7.16) is
equal to V() (wt(x”)), as desired. O

In terms of the new notation from Lemma 7.10, the quasi-polynomial representation 7 1 is equal to
QV oY
c t :

In the same way, Theorem 4.9 extends as follows.

Lemma 7.11. Let ¢ € C’ andt € Tpr,y. The formulas
, kXZ((Yj(y)) (x(l}/ _ 1) (k L k_l) ,
O'Qt A (s;))(x”) = / - sjt(x¥) + %xy—wdj(y)]aj’
(ija/«f - k]_l) (ija«f - k]_l)
M) () = o (),

N = f

or0<j<r,ye O, we Qu and f € Q define a representation
J y

a2 Wy Q — End(Q')).
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As the next step, we introduce a natural extension of the quasi-polynomial representation from Hgv A/
to Ha a'. Its representation space will be

PO = @ Ee,

)’GOA,C
where Op . is the Wp-orbit of ¢ € C 7 in E. We realise it as a quotient of the induced H s -module
Vet :=Han @uyy Pt(c)

under suitable further restrictions ont € Ty ;.
We first consider the Hj A--module V. ; in more detail.

Lemma 7.12. Let ¢ € C’ and t € Ty 5. As a Hgv a-module, we have
Vet = @ P‘(;;)C).
WEQN

Proof. Applying ¢ to the decomposition (7.11), it follows that the subspaces
Ver(w) =span{S, @, , [ | f€P)}  (weQy)

are Hgpv a/-submodules of V. 4, and

Vc,t = @ Vc,t(w)‘

wWEQN

Itis easy tocheck that V. t (w) =~ PL‘;’C) as Hgpv a-modules, with the isomorphism mapping SY ®x oV WX©
to x“°. o

Let ¢ € C’ and write
QA,J = {0.) € Qp | 0.)(.]) =J}.

Denote by Wy . the fix-point subgroup in Wy of ¢, and by Q4 . the fix-point subgroups in Q4 of c.
Then Qp . € Qp 7 and Wy o = Qp < W;. Write Qj\ for a complete set of representatives of Qp /QA .
The Wh-orbit Op . := Wac then decomposes as

OA,cz u Oa)c-

C
weQ

In particular, we have

P = P Pl

C
weQ

as P-modules.
‘We now look for a quotient of the induced H a--module V. + admitting a quasi-polynomial realisation

on ”P/(\C). For this, we need to restrict to the following parameter subset of Txs ; to the following subset.

Definition 7.13. For ¢ € C/, write
AT ={teThy lwt=t Yo e Q).

The second and third example below should be compared to Lemma 3.3.
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Example 7.14.

1. Forw e Qp and ¢ € E+, we have w(ATC,) = ATX,’C.
2. Forc € C’, we have QVTX, = Ty .. Furthermore, the restriction map T,y — T, s > s|gv restricts
to a map ATX, — ATéV (Lemma 3.3(2) does not have an apparent extension to the present context).

w

Forall ¢ € E+, the subset ATX, of Ty is a Tp |1,1-subset (use here the fact that Ty 1, € TXV").
4. If £ € Amin, then

AT,{, =4 Th [1.r]-
Indeed, note that *TY, = Ty 11, since Q0 = {1} and J(0) = [1, 7], and so
AT,f, =we (M) = q§VZ}A(TA',[1,r]) =q*Tn [1,r]-
Here, we used part (2) and the fact that wy A = T(()VZIA € Q) mapsOto (.

The lifting properties of characters as described in Lemma 3.3 do not seem to extend easily to ATX,.

Fort € ATK,, the induced module V. 1 admits the following natural family of intertwiners.

Lemma 7.15. Let ¢ € C’ and t € ATX,. For each w € Q ., there exists a unique intertwiner
bo € Endy, , (Ve )
such that
P (St ®rgy  X°) = 80,0, ®rgy , X° (@ € Q). (7.17)

Proof. Let w’ € Qu. Since w € Qp ¢, the condition wt = t and the proof of Lemma 7.12 provide
isomorphisms

Ver(w) — P v, (')

of Hgpv a--modules. The resulting Hov a--linear isomorphism V, t(w’) - Ve t(w’'w) is characterised
by

Y c Y
Sw’ ®HQV,A’ X Sw’w ®HQV,A/ X .

Hence, (7.17) gives rise to a well-defined intertwiner ¢, € Homy oV (Ve.1). A straightforward check
shows that ¢, also intertwines the d (€25 )-action on V. t. O

Recall thatforc € C7 andt € Ty, 7, weintroduced W-translates t, € Txr fory € O, in Definition 4.1.
Incaset € ATX, C Ty,;, we extend this construction to Wx-translates as follows.

Definition 7.16. Let c € C’ andt € ATX,. Define t.. € Ty for y € O by
twee i=wt (w € Wy). (7.18)

Note that (7.18) is well defined since t € ATX, implies that wt =t for all w € W, .. Furthermore,
ty.c =t, for y € O, and more generally,

ty.c = (wt)y, when y € Oy and w € Q4. (7.19)
Furthermore, note that for w € Q,, we have w(AT/‘\’,) = ATX,’C C Tn',w(J) by Example 7.14(1), and

(wt)y:we =ty;e when y € Op . and w € Q4. (7.20)
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For w € W and y € O, , we have t,, .. = wty... For translations, this implies that
ty+/l;c = q/lty;c (y € OA,C, e A) (721)
Lemma 4.2 now immediately generalises as follows.

Lemma 7.17. For ¢ € C’ and t € “T¢,, the extended affine Weyl group W acts linearly on P/(\C) by

A/!
Ve () = (v e W),
T(/J)t;c (xy) = t;;’é-xy (:u € A,)

Jory € Opc.
Note that wi..(pf) = w(p)wi.e(f) forw € Wa, p € Py and f € ”P/(\C), and
50t (XV) = f;’ﬁvcxs“’y ,
(7.22)

-
AW Yy — - V(’A,y
(o nhel) =t | x

fory € Opc and £ € A/, (cf. (7.14)). Note furthermore that (ws a'),..(x”) is a constant multiple of

xPwo)y and that for ¢ emicn’J, w€Qpandt € AT,
Wiie (07) = Wt (27) (weWa,yeOyue). (7.23)

We now have the following extension of Lemma 7.10 to Ha .

Theorem 7.18. Let ¢ € CY and t € ATX,.

1. The formulas
AN . (a; () _
ao N (T = K s e () + (k= KV (),
Y (e = 2, (7.24)
ﬂi\tA (w)x7 = W (x)
Jor0<j<r,deA weQp andy € O define a representation

ﬂé\”tA/ : HA,/\’ - End(P/(\C))

We denote the resulting H ar-module by P/(\ct) .
2. As Hov, ar-modules,

(c) _ (we)
Pl = P Pl (7.25)
weQ
3. ’P/(\Ct) is a quotient of V. 1.
Proof. Fix w € Q. We first show that
Ny =2l N (Y (v € Oue) (7.26)

forh=T; (0<j<r),h=x"(ueQ")and h=w’ (v € Q). Observe that the right-hand side is well
defined since wc € CY) and wt € Tx, (). Formula (7.26) is trivially correct for h = x* (u € oY),
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and it follows from (7.23) when & = w’ (v’ € Q). For h = T; (0 < j < r), formula (7.26) follows
from the observation that

Sawt(¥) = (h);™ x%aY = ] y5aY = g, 4.0 (x)

fory € Oy and a = (@, m) € @, where we have used (7.19) in the second equality.
Proof of (1): In view of Lemma 7.10 and the previous paragraph, it suffices to show that the formulas
(7.24) respect the defining relations of Hy s involving the generators x* (1 € A). The properties of the

action (w, f) = wi.(f) of w € Wa on f € P/(\C) mentioned directly after Lemma 7.17 imply that

ﬂ’C\tA respect the relation wx? = w(xYHw in Haa (w € Qpr, A € A). Using (4.6), the cross relations

(2.40) for the operators n?’t’\/(Tj) and ﬂé\t/\ : (xY) (0 < j < r, A € A) are verified by a direct computation.
Proof of (2): This is immediate from (7.26) and part (1).
Proof of (3): This is clear from part (2) and Lemma 7.12. O
Remark 7.19.

1. Cherednik’s polynomial representation of the extended double affine Hecke algebra is

AN
ﬂO,lTA, . HA,A’ i End(PA)

2. LetceCyandc¢’ € C. N OA.c- Then ¢’ = wc for a unique w € Q4, and

AN AN
ﬂwt;mc - ﬂt;c (w € QA)

by Example 7.14(2) and (7.20). In particular, for { € Ay, we have 79/(\'{) =Pp and

AN _ AN _ AN
Tst _RO,WE]At YRT (7.27)

fort e ATf, = quA',[l,r] (see Example 7.14(4)). For the second equality of (7.27), we used that
wZ}A,t =ven(g74t) = g ¢t since g6t € Ty 1, S THC.
We now compare extended quasi-polynomial representations for different choices of lattices (A, A’).

Proposition 7.20. Let (A1, A}), (A2, A)) € (L*?), such that (A1, A]) < (A, A). Let ¢ € ¢’ and

A2 C
te TA'z'

Then the inclusion map 77/(\61) — P/(\z) defines an embedding

of Ha,,n-modules, where we view Hn, n; as subalgebra of Ha, n; in the natural way.

Proof. We have Qu, € Q,,, and hence, the restriction map 7, N, TAE’ t > 1 N restricts to a group
homomorphism

A2 TC A 17°C
— SITY, .
Ay A

Furthermore, a direct check shows that

ALA, L A
ﬂ-c’tl/\i (h) = ﬂc,t (h)lpl(\cl) Vhe ]HIAI,A/l
fort € A2TX,. O
2

The action of the commuting family of operators ﬂé\’tN(Y”) (u € A’) on the cyclic vector x€ is
described as follows.
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Lemma 7.21. Let ¢ € C’ and t € ATX,. Then
AN yuy,co_ —u.c ’
T (YH)x© = (sy1)Hx Yuel. (7.28)

Proof. By Proposition 7.20 and Theorem 4.5(2), formula (7.28) is correct for u € QV. It thus suffices
to prove the lemma for u € A/, . Fix £ € A] ;.. Then

min*
AN AN AN ,
Ty (YO =m0 (W a)Te 4 (To, ) )56 = Koy ()T (We a)x e
= Ky, (€) (Wg,/\r)t;c(xvf""c) = Ky (c)t ™6 x¢

with the first equality by (7.10) and Proposition 7.20, the second equality by Corollary 5.10 and the
fourth equality by (7.22). The result now follows from the fact that

s;( - 5;{ — 1_[ k;ﬂ(a(c))(t(é') = Ky, (c),

acd}
where the last equality follows from (7.4). O
Corollary 5.10 now extends as follows.
Proposition 7.22. Let ¢ € C’ and t € *T¥,. Define the surjective linear map z,bi\tA cHpn > P/(\c) by
YN AT YY) =k () (s )R (Le A v e Wo, e A).
Then
y N (n) = 7Y (h)x Vh e Hpn. (7.29)

Proof. First, note that it suffices to prove (7.29) for h € Hys since :,l/é\’t/\' (xn') = xﬂlp?’t’\'(h’) and

ﬂ'é\t/\ (xth)x¢ = x’lﬂé\,’t/\,(h)(xc) for A € A and i’ € Hp . By a similar argument, it follows from

Lemma 7.21 and Theorem 7.18(2) that it suffices to prove (7.29) for h € Hy. But (//?’tA/ g = Yetlges
hence, this follows from Corollary 5.10. O

Corollary 7.23. Let c € E+ andt € ATX,. Then
ﬂé\”tA/(Si)xC = Kkpe(c)x®C (w € Q4p).
In particular, ﬂi_\”t‘/\/(Sﬁ)xc =x€ for w € Qp ¢, and
S, gy [N (SL)f (weQn, feP)

defines an epimorphism V. 1 - P/(\Ct) of Ha a--modules.

Proof. Write w = wy A € Qp ({ € Apin), Then we have
W(’A

AN (oY _ AN _ v e _
T (S, )x€= Ty (ngvg‘lA)xc = Kv;]A(c)x Ve = KDw 5 (€)x™EAE,

where we used Proposition 7.22 in the second equality. The last statement now follows from Theo-
rem 7.18 and the proof of Lemma 7.12. m}
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7.4. Twist parameters

The group isomorphism A’/Q¥ — Qu from Proposition 7.2(1) allows one to identify AT?, =
Tn[1,,) = Hom(A’/QY,F*) with the character group Hom(Qx, F*) of Q. Concretely, the multi-
plicative character of Qs corresponding to t € Tx/ (1] is given by wea > t5 (£ € A/ ). Note that
We,.n o tH for e A

Definition 7.24. For t € Tas |1, let E; be the algebra automorphism of the extended double affine
Hecke algebra HA’/\I ~ Qp NHA’QV defined by h— h(he HA’QV) and We N t_§W§’Af ({ € Ar,nin)’

In particular, Z¢(x?) = x* and E4(T;) = T; for 1 € A and j € [0, r].

Proposition 7.25. Let c € C7, t' € *T{, and t € Ty 11,,). Then

AN _ AN o
T =7 &t (7.30)

Furthermore, Z¢(Y#) = t7HY* forall yp € A’
Proof. Fixt’ € AT/‘\’, andt € Tp/ [1,]. Thent't € A'TX by Example 7.14(3), and

(tDye =)t ¥y eOae. (7.31)

Indeed, if g € W, is such that y = gc, then (t't)y;c = g(t't) = (gt")((Dg)t) =t t since Dg € Wy and
te TXYO.

Let ®; : Wa — F* be the group homomorphism defined by w +— 1 (w € W) and wy o t=¢
(¢ € Aly)- Since T(u) € we, AW for all u € A’, we have

min
O (t(p) =t Ve
We claim that
Wit (1) = Op(w)wye (x7) (7.32)

forw € Wa and y € Op . Formula (7.32) is trivial for w € Wy. If w = 7(u) € W (u € A’), then it
follows from (7.31) that

T(Wrte () = (1,727 = O (T (W) T (e (x7)

for y € O ., which completes the proof of (7.32).
Formula (7.30) follows immediately from (7.32). Finally, we have E(Y#) = t7#Y* for u € A’ since
Yt € we, ~H by (7.9). |

Proposition 7.25 implies, under suitable generic conditions on t € AT¢,, that the simultaneous

A/ b
eigenfunctions of the commuting operators ﬂé\tA (Y*) (u € A’) will only depend on the coset tTys |1,
inside ATX,. The precise statement will be given in Theorem 7.26(3).

It follows from Remark 7.19 and Proposition 7.25 that for { € A and t € ATf, =qg¢ Ta11,r] the
extended quasi-polynomial representation

n?:i\, : Haa — End(Py)

. . . AN o . . AN .
is the twisted version 7, 1y, ©Egct of the Cherednik representation 7, Iy The corresponding com-
A1y, W1y,

muting Y-operators are related by the formula

AN - AN
mpp (VF) = AR 0, (YH) VueA.
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7.5. The extended eigenvalue equations

In this subsection, we consider the monic quasi-polynomial simultaneous eigenfunctions of ﬂi\tA (Y®)
(neh).

Theorem 7.26. Let ¢ € C7, and let O be a W-orbit in O . Let t € “T§, such that
(syty:e)la # (Sytyc)la when y,y" € O and y #y'. (7.33)

For all y € O, we have

1. There exists a unique simultaneous eigenfunction
ENN (xt) e PO
of the commuting operators ”i\tA : (Y™) (u € N’) satisfying
ENN (x;t) =2 + Lo, (7.34)
2. We have
AN (PENY (58 = (st ) PERN (51 Ve (7.35)
3. Ift satisfies the more stringent genericity conditions
(syty:c)lov # (sytyc)lov  when y,y' € O and y #y' (7.36)
then
ENN (1) = EXY) (x5 (wt)|ov), (7.37)

where w € Qp is such that O = Q.
Proof. (1)&(2). It suffices to prove that

né\,’tA/ YH)x? = (syty:e) " + Lot (neN). (7.38)

By Proposition 7.20, Theorem 7.18(2), (7.20) and Proposition 5.28, this is correct for u € QY. A
straightforward extension of the proof of Proposition 5.28 shows that it holds true for all u € A’.

(3) The extra assumption on t implies that (wt)|gv € T, ; hence, E;“(]) (x5 (wt)|gv) is well
defined. The result is now an immediate consequence of Theorem 7.18(2) and Theorem 6.3(1). m]

As a special case of Theorem 7.26(3), we have for c € C/ and t € T},
E(x;t) = EZ:? (x31) (v € Oc).

The index c is to indicate that E;\CAI (x; t) depends on the choice of the representative of Op . inside
C,. The quasi-polynomials for different choices of representatives are related as follows.
Corollary 7.27. Let ¢ € C, and choose a W-orbit O in Ope. Fix t e ATK, satisfying (7.33). Then
wt € Ty lies in wt € ATX,’C and satisfies (7.33), and
E;\gc (x;wt) = EQCA, (x;1) VyeO. (7.39)
Proof. This follows immediately from the characterisation of EQCA (x;t) as given in Theorem 7.26(1).
O

The following is an extension of Theorem 7.26(3).
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Corollary 7.28. Let (A1, A7), (A2, A)) € (L2, such that (Ay, A} < (A, AN)). Letc € C., and choose
a W-orbit O in Op, ¢. Fixt e AZTX, such that (7.33) holds true for A" = A{. Then for all y € O,
2

A, Ay, A\
Ey ' (5tly) = Byl 2 (xh). (7.40)

ApLN,
In particular, the quasi-polynomial Ey;lc’ NS Afl) (v € O) satisfies the extended eigenvalue equations

A2, N, ApL,A AN ,
Ty T(YEg T (5tay) = (sytye) Eyd ! (5t Ve, (7.41)

Proof. Note that (7.33) also holds true for A" = A] since A| € A/. Hence, both sides of (7.40) are well
defined. The result now follows from Theorem 7.26(1) and Proposition 7.20. ]

Remark 7.29. Let { € AN E, and impose the assumptions of Theorem 7.26(1). Then (7.33) also holds
true for 7({)O since sy, = sy, and

EpY (xt) = X Bl (1) (£ € AN Eg)

for all y € O (compare with Lemma 6.6(2) and its proof).

Under appropriate generic conditions on t, one can now transport the results on the quasi-polynomial
eigenfunctions £ ; (x;1) from Section 6.1 to E;‘;L{V (x; 1) using Theorem 7.26(3). We finish this subsection
by giving an explicit example.

For an element w € W)y, define d,, € P and k., (y) by (6.6) and (5.7), respectively.

Proposition 7.30. Let ¢ € C’ and choose a W-orbit O in Op .. Let w € Qp such that O = O . Fix
te ATX, satisfying (7.36) and suppose that t is J-regular. Then

1. Fory € O, we have
Ep (x14) = dyy o (578 kg ()7 N (8, )xC

2. Assume that (7.36) also holds true for the W-orbit w™'O = O, in Op.c. Then

Egye(st) = ko) 7N (SLE] (5 lov) (y € O,).
Proof. (1) Fix y € O.. Then Corollary 7.23, (7.26) and Proposition 7.20 give

T (8Y )X = KD (O we ot (S )X°.

Applying Theorem 6.13, we get

, . 7

TN (8%, W)X = K, (WO KD (€)dy, (S0 () WD EYY) (x: (wh) ),

so by (7.37), it suffices to show that

dwy (5m(l)wt) = dwyw(sct)a

(7.42)
kwy (we)kpw(c) = kwyw(c)-

For the first equation of (7.42), note that by Lemma 7.9, we have

dwy (Sw(l)wt) = dwy (w(slt)) = (wildwy)(slt)'
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But II(wyw) = a)_IH(wy) since w € Q,; hence, a)_ldwy = dy, in P. For the second equation, it
suffices to show that

ko(y) =kpw(y)- (7.43)

Write w = wy A (£ € Apin). Then we compute for y € E,

n(a(v; y+0)) /2
kweay) =[] ko'
aEdDS
B U(n(v;l/\y)+1)/2 Tl(ﬁ(VEQI,\)’))/Q
=[] *a [T *
a€ll(vg A) BEP\IT(ve,A)
_ 1_[ et a2 1—[ kn(,B(y))/Z
(o4
a@ell(vs ) Bed} \l'l(v'1 )
_ 2 2
_ 1_[ kaﬂ(a(y))/ 1—[ kn(ﬁ()’))/ :k(y)KV{-’lA()’)’
acll (v, 1) BePH\I(v )

where we have used (7.4) in the second equality, (5.1) and
ve A (@G \TT(ve a)) = D5\ TI(v;'y)

in the third equality, and vy A(IT(vz A)) = —H(VZA) in the fourth equality. Now (7.43) follows, since
Dwga =V, Z, A

(2) Letw € Qp and y € O.. Then wwya)‘l = Wy, Proposition 6.13 and part (1) of the proposition
give

(o}

WYSEE] (itlg) = duy (s74) ko, (o) (ST,

_ wwy(s.lt)kwwy(c) AA'( t)
 dywy (571K, (€) Euie

Way @)X

Note that d o,y = dy (w0 € Qp, w € Wy) in P since IT(ww) = IT(w). The result then follows from the
observation that

Ko, (€) _ k(wwyo)  k(wy)
k(@ k(wyo) k()

= kw(y)

7.6. The theory for the GL, | root datum

In this subsection, we make the results of the previous two subsections explicit for the root datum
associated to GL, 1.
Let {e,»}f:ll be the standard orthonormal basis of R”*!, and fix a positive integer £ € Z-(. Then

(I)o::{(e,-—ej)/f | lsiier+1}cR’+1

is a root system of type A,., with roots having squared norm 2/£? (this particular normalisation of the
basis will be convenient for the metaplectic theory; see Sections 9 and 10). Take a; = (€ — €;4+1)/¢
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(1 <7 < r) as the simple roots of ®y. Then ¢ = (€] — €,+1)/¢, and hence,
ag = ((€41 —€1) /€, 1).
The alcove C, consists of the vectors y = (y1,.. ., yr+1) € R"*! satisfying
Yral SYr S-Sy Sy + L (7.44)

The face C” consists of the vectors y € C, such that

L.y = yiifi € Jo,
2. y1 =y +Lif0 € J,
3. the remaining inequalities in (7.44) are strict.

We now take (A,A’) = (€2, ¢2"*") € (L*?);, with £Z"*! the lattice generated by the basis
{¢ ei}l.r:11 of R"*!. The abelian group Q7+ is a free group of rank 1 generated by

U:=Wee pzret = 7(ler)sy - sp.

Then vyg, gzret = s -+ - 5251 and uaj = @41 (0 < j < r) by (2.3), where the indices are read modulo
r + 1 (this will be done throughout this example).
Note that (R"*!)., = Rw and (R, N €Z*! = Zw with

w:=Ll(e1+ -+ 6€41).

Furthermore, I,7-+1 = [1,7] (see (7.5)). A complete set of representatives of the (R"*!)., N £Z"*!-orbits

inside (£Z"*")min is {0} U (@) 1y Yy With
wi\f[Zr+l =Ll(e+- -+ €) (1<i<r).
For s,i € Z, we have
B D G

and

u'=w - 1<i<vr)
(see, for example, [44, §9.3.5]).
Lemma 7.31. We have

Qzrii . ={1}  VeeC.. (7.45)
In particular, 'KZHIT;ZH] =Tpzre1 y forc e C T and

O[Z"*',c = |_| Ouictsw-
(s,) €Zx[0,r]

Proof. If u® € Quzrii ., then ¢ = u*"*Ve¢ = ¢ + sw; hence, s = 0. o

For ¢ € C’ and t € Tyz+1y, the A,-type quasi-polynomial representation 7 : H — End(P(<))
can thus be extended to a representation
—_ r+1 r+l vt -
Tet = ﬂi% T H - End(P;;H)
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of the double affine Hecke algebra

H:= Hfzrﬂ’fzrﬂ (746)

of type GL,;. Note that H depends on a single multiplicity parameter k € F*. Algebraic generators of
H are x* (A € €Z"*"), T; (1 < i < r) and u*! (note that Ty = uT,u™"). The corresponding commuting
elements Y# e Hforu=+¢ Z?Ill mi€; € L2 (m; € Z) are explicitly given by

YH = (Yl’él)ml L. (Yt’er+|)mr+l
with
v =17\ T T T, T T (1<i<r+1). (7.47)

Fori = r + 1, this should be read as Y{&+1 = Tr‘1 . ~~T2‘1T1‘1u.
Forc € C’ andt € Tyzr+1 5, the extended quasi-polynomial representation

Tt s H — End(P),)

is then characterised by the formulas
Fea(T)x” = kPO 4 (= Vi),
Fet()x = £y,
Tet(xH)xy = x4
fori € [1,r],A € ¢Z ™ andy € Ogzr+1 .. For the corresponding monic quasi-polynomial eigenfunctions
Ey;c (x;t) = Eizcr“,(zr” (x;1)

of the 7. +(Y*) (u € £Z™*"), we then have the following result.

Corollary 7.32. Let ¢ € C’ and t € Tyzr+1 j. Choose a W-orbit O in Opzr+1 . and assume that the
generic conditions (7.33) hold true for N’ = €Z"™*!.

1. We have
Ey+sw;c(-"7;t) = xswa;c(X;t) (7.48)

forye Oands €Z
2. If O =0, (i € Z) and t satisfies the genericity conditions (7.36), then

Eye(xit) = B (x; (u't) ) Vye O, (7.49)
Proof.
(1) This is a special case of Remark 7.29.
(2) This is a special case of Theorem 7.26(3). m]

Remark 7.33. Writing i = s(r + 1) + j in (7.49) with s € Z and j € [1,r], we have u(J) = u/(J) and
Wit)lo = (¢*Tuit)lgv = (u/t)]gv, and so

Eye(xit) = EY D (x; @t)lg) Yy € Opie.

This is in agreement with (7.48) in view of Lemma 6.6(2).
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We finish this subsection by giving explicit descriptions of Tyz-+1 ; and T;%‘i“ I
Identifying T+ with (F¥)"*! by

Tpgrn — (Bt (t,. . te4)

with t; := t{& (1 <i < r+ 1), we have t% = qutr+1tl‘1 and t% = tit7} (1 <i < r). Furthermore, u
then acts on (FX)"*! by

ut = (g" tr b, ).
Combined with (7.45), we then conclude that for ¢ € C7,

ezr+l TC

i =Tz g = {t € ()™ |t =t (j € o) andty = ¢“t,yy if 0 € J).

An explicit description of T;%‘Ll S isas follows. Let J C [0, r], which we regard as subset of [1,r+1]

by identifying O = » + 1. Then t € T,z lies in Téf%‘iﬂ ; if and only if

t[:ti+1:"':tj:tj+l

for all subintervals [i, j] of [1,7+ 1] such thati — 1, j + 1 ¢ J (here, the numbers are read modulo r + 1
again). In particular, T;%‘Ll S isa subtorus of T;y-+1 of dimension #([0,7] \ J); cf. Remark 6.2 in case
of adjoint root datum.

In the case J = [1, r] corresponding to the usual Macdonald polynomials, one thus has

d
T[Zr+l’[1’r] = T;%””,[l,r] = {Zw | Z € FX}

8. Uniform quasi-polynomial representations

In this section, we re-parametrise the quasi-polynomial representation in a way that allows us to naturally
glue them together to form a uniform quasi-polynomial representation on F[E]. The part of the re-
parametrisation which does not involve twisting will be given by a map

Go{E—Tyv), Em{y—t@)

satisfying t.(g) € 7~"A/, J(c) (see (3.5)) forall c € C,. The resulting uniform quasi-polynomial represen-
tation of Hpv - will be a gauged version of

QV.N .
ﬂc,tc(g) : HQV’A/ i EHd(F[E]),

ceC,

which now depends on ¢, k and on the parametrising set G of the different choices of uniformizations
of the induction parameters of the quasi-polynomial representations.
Throughout this section, we fix e € Z.g and a pair (A, A’) € (£*?),. We assume throughout this

section that F contains a Icm(e, 2h)™ root qm of g, which we fix once and for all.

We often do not record the dependence on A’ when dealing with multiplicative characters ¢ of A’
defined as products of co-character values z% (z € F*, @ € @) since its interpretation as multiplicative
character on A’ is unambiguous (for an example of such a multiplicative character, see (3.12)). If it is
important to specify the lattice, then we write 7|/.

https://doi.org/10.1017/fms.2025.33 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.33

Forum of Mathematics, Sigma 99

8.1. The g-parameters

The re-parametrisation of the quasi-polynomial representation is based on factorisations of multiplica-
tive characters in terms of co-characters. An important example is the following factorisation of the
multiplicative character gP'#" (Y € Ty for 1 € A.

Lemma 8.1. Let A € A. Then as multiplicative character of A’, we have

qPrE’(/l)|A, — ]_[ (qg(/l)/h)a|A,_

QE(DE
Proof. Let A € A. Then prg, (1) € prg,(A) € L; hence, gP"= (D is well defined as multiplicative
character of A’. For u € A’, we have
g ore Do) = g Zaco @D aop)

- 1—[ (qg(ﬂ)/h)a(ﬂ),

+
acd]

where we used Proposition 2.10 in the first equality and the fact that (1) and @ (u) are integers in the
second equality. m}

For general multiplicative characters t € T+, we have the following result. Recall that
1
ANNE ¢ -0
c hQ
by Proposition 2.10.

Lemma 8.2. Let t € Ty and suppose that there exists ate T]L oY such that
tivne = thvne

For a € ®, denote by Ka(?) € F* the value of?at aV/h.

1. We have
thvoe = [ | ka®*Ivne ®.1)

"
aedy

as multiplicative characters of N’ N E’ € L.
2. We have

ka®=ke®  Ka®=ke®D,  kalg'D = g3 k0
forv e Woand A € A, where g is viewed here as the multiplicative character of %QV mapping [ to
q“”‘)fory € %Qv.
Proof. (1) Let A € A’ N E’. By Proposition 2.10, we have

— _ @)
t/l — tprEr(/l) — tzaetba ah a’

Since a(A) € Z, we conclude that

t= [T @m0 = ] ca®.

+ +
aeCI)O (YE(DO

(2) This follows by a direct check. ]
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Let G2 be the group of tuples f := (fy)qea, Of functions f, : R — F* (the group operation f - £’
is component-wise pointwise multiplication). For fixed y € E and f € G*°, consider the multiplicative

character
ty() = [ | fala)™. 8.2)
aed]
Then f — t, (f)|r defines a group homomorphism Gamb s T,

Remark 8.3. Suppose that g e s part of an injective group homomorphism R < F*, d + ¢¢.

1. For y € E, write ¢”| for the multiplicative character of A’, defined by the formula u > ¢%# for
u € A’. Then we have for c € C7,

qIln €Tp g, g"E |y € Ty y.

2. The map C’ N E’ — Ty, ¢ — q°|ov is an injective map with image the set of characters 1 € T}
taking values in the subgroup {g?}4cr of F*. Indeed, for such ¢, its pre-image log, (2) € C'NEis

the unique vector such that % = q<"iv dogg () for i e [1,r]. By (the proof of) Lemma 8.2, we then
also have

t = tiog, (1 (P)lo

in 7, with p = (Pa)aca, € G*™ defined by

Pa(d) i= g2d/hllal? (a € ®y,d €R). (8.3)

In fact, for this choice of p € G*™°, we have
@y ="V (y€E), (8.4)
which immediately follows from (2.29).
We will now consider a subset G ¢ G*™ such that for all ge G, the map
E — Ty, y ity (8)la

is W-equivariant. The conditions are motivated by Lemma 8.2(2) and Remark 8.3(2).

Definition 8.4. Denote by G the tuples g = (Za)aco, € G*™ satisfying

L 8ral(d+0) = 44"3a(d).
2. Zal(-d) = Zald)™",
3. 82(0) =1

forve Wy, ae€®y{eZandd € R.

The restriction of g, to %Z is determined by the sign € € {+1} such that

A(l)_ o
Sa ) =€q

Furthermore, the invariance properties from Definition 8.4(1)&(2) may be reformulated as an equivari-
ance property for suitable actions of the infinite dihedral group on R and F*. The restriction of g, to
R\ %Z is then determined by g, |(0,1/2), Wwhich may be chosen arbitrarily.

Example 8.5. p € G defined in Remark 8.3(2) lies in G
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Remark 8.6. The subset G is a G-coset in G™, with G the subgroup of G*™ consisting of tuples
g = (8a)aea, satisfying

L. gva(d+{) =go(d),
2. ga(—d) = ga(d)™",
3. 8a(0) =1

forve Wy, a € @y, € Zand d € R.
Lemma 8.7. Let g € G. Then

ti@®r = ¢"= Yy (8.5)
forall A € A.
Proof. For A € A and a € ®}, we have a (1) € Z; hence,

Zala() = g5 0"
by Definition 8.4(1)&(3). The result now follows from Lemma 8.1. m]

Lemma8.8. Letg€ G, g Gandy € E. Then

1. t,(8)ln € Ta does not depend on the choice @ of positive roots,
2. We have t,,y(8)Ix = (Wty (8))|a for all w € Wpv.

3. We have t,,y(8)|pv = (Wt (8))|pv for all w € Wi.

4. We have t,,,(g) = (Dw)t,(g) for all w € Wy.

Proof. (1) This follows from the fact that g_, (—d) = 3_o(d) ™! = 5o (d)7".
(2)&(3) For v € W,, we have
ty@ = [ ]| 8vale)’ = [ ] Zale)™ =vt,®
aECDz; areq)g
in Ty/, where we have used (1) in the first equality. For 4 € A, we have in Ty,

@ = [ ]| falem +a@)” = [ | 2" 8ala)* == Pt,@, (86

+ +
(IG(DO arE(DO

where the last equality is due to Lemma 8.1. When A € P, we conclude from (8.6) that t,.(g) =
gty (8) = 7()t, () in Ty, which proves (2). For (3), note that for A € A,

g"= V)pv = ¢'pv

since P¥ C E’. Hence, (8.6) also implies that ty.,(g)|pv = (T(1)t,(g))|pv forall 1 € A. This proves (3).
(4) This is immediate for w = 7(2) with A € A since g, is 1-periodic. For w = v € Wy, it follows as
in the proof of (2). O

Denote Tf\e‘} = T/r\e"} N TA, with TA given by (3.5).

Corollary 8.9. Let ¢ € C?, § € G and g € G. We then have t.(8)| € Tn,y and to(g)|n € T,

Proof. Let ¢ € C’ and j € J. We have s;t.(8) = ts,c(8) = t.(g) in Tpv by Lemma 8.8(2). By (2.37),

we conclude that t,. (’g\)“-fY = 1. Hence, t.(g) € Ty ;. Clearly, t.(g)|anE.,, = 1; hence, t.(g) € 77/\', J.
The statement about t.(g) follows in the same way, now using Lemma 8.8(3). O
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We will now add a Ty [1,,)-factor to t, () (cf. Lemma 3.3). For the associated extended quasi-
polynomial representations of Hgv as, this corresponds to twisting by an algebra automorphism Ej
(t € Ta,[1,/] = Hom(Q4, FX)); see (the proof of) Proposition 7.25.

Definition 8.10.
1. Denote by Cx a- the space of functions ¢ : Eco — Tar [1,-] such that
¢(y+A) =q'c(y) Vy€Ee YAepry (A). (8.7)

2. Forc e Can, g€ gandy € E, set

ty (8¢ = ty (’g\)c(prECO (y)) €Ty
(we suppress the dependence on the two lattices A, A’).

Since ¢(y)lov = 17 for ¢ € Caoar and y € E,, the set Ca - identifies with the set of functions
Eco/prg, (A) — Hom(A'/QY,F*) ~ Hom(Qx/, F¥). In particular, Cx s is nonempty. Note that

c(pri,, () = g7V (0) (1eA) (8.8)

as multiplicative characters of A’. Furthermore, if (A;, A) € (£*?), and (A, A7) < (A2, A)), then the
assignment ¢ — c(')l/\i defines a map CAZ,A’2 — CAI’A/I'
For u € A’, we have

ty (8 0" = t, (@™ W e(prg, (cy)". (8.9)
Special cases of this formula are
ty(@ 0" =t,@" (keQ’), @ =clprg, (c))” (veA NEy).
Example 8.11. Consider the setup of Remark 8.3. Then
¢ =¢q"€Tn (V€ Ecw)
lies Cp,ar. Taking p = (Pa)aew, € G with po(d) defined by (8.3), we then have for any y € E,
ty(@.0) =ty (g™ = ¢ (8.10)
in Ty-. Here, we used (8.4) for the second equality.
Lemma 8.8 and Corollary 8.9 generalize as follows.
Lemma 8.12. Lerg € G, ¢ € Cop and y € E.
1. For w € Wy, we have
twy (8, ¢) = wiy(g,0)
inTh.

2. te(8,¢) € AT, forc € C,. In particular, for ¢ € C?, we have t.(p,¢) € Tar_.
3. Fory =4 € A, we have

ta(@ ) = ¢*c(0)

as multiplicative characters of A’.
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Proof. (1) By Lemma 8.8(2) and the fact that ¢ takes values in TXY“ , we have t,, (g, ¢) = vty (g, ¢) in Tar
for v € Wy. Let 1 € A. By (8.6), we have

tyra(®) = ¢"= Wty (@)
in Tys. By (8.7), we have
¢(prg,, (v + ) = g5 Ve (prg, ()
in T),. Combining both formulas, we conclude that
tyea(8 ) = ¢ty (8 0)

in T/, which completes the proof.
(2) Suppose now that ¢ € C”. Then t.(g,¢) € Ta.; by Corollary 8.9 and by the fact that ¢ takes
values in Ty [1,,1. Furthermore, for w € Q4 ,

wt, (g’ ) = twe (E, o) =t (E’ )

by part (1) of the lemma. Hence, t. (g, ¢) € ATX,.
(3) For A € A, we have in Ty,

ta(8 ) = ta(@c(prg,, (1) = gPF W gPEa e (0) = ge(0),
where we used Lemma 8.7 and (8.9) for the second equality. O

Remark 8.13. Letg € Gce Canandc € C.. Applying Definition 7.16 to the multiplicative character
t.(g,¢) € ATX, gives rise to the multiplicative characters

te (8 Owee = whe(8.0) € Ty (w € Wp).
It then follows from Lemma 8.12 that
te(8 Owee =twe(@.¢) € Ty (w e Wy) (8.11)
inTy.
The following extension of Lemma 7.17 is a direct consequence of Lemma 8.12(2).

Lemma 8.14. Letg € G and ¢ € Ca.n- The formulas
Woge X =Wy goX (we Wy, y€E)

define a linear left W,-action on F[E].

Concretely, by Remark 8.13, we have the formulas

Vg X =xt (v € W),
7(u) g.¢ x = ty(ﬁ, o) HxY (e,

for y € E. Furthermore,

v - -1
50 g XY =ty (g, 0)% x%¢Y, (W) ge X = tvEINy(g, ) o x"en? (8.12)
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for £ € A, , which follows from Remark 8.13 and (7.14). Since ¢ takes values in Ty |1 ], we have that
W oge X = Ocpry, (v) (W) (We, @ (+)

for w € Wa and y € E by (7.32). In particular, the c-dependence of the W -action 5. on F[E]

(and later on, in Theorem 8.19, the ¢-dependence of the corresponding extended double affine Hecke
algebra representation), corresponds to twisting the representations by multiplicative characters of Qx-;
cf. Proposition 7.25.

Example 8.15. Consider the setup of Example 8.11. Then we have
T(W) 5. X =g Y (nedN,yeE), (8.13)

so in this case, -, is the standard Wy /-action on F[E] by g-translations and reflections.

8.2. The uniform quasi-polynomial representation

Forg e G.ceC A and ¢ € C,, we have the extended quasi-polynomial representation

na’t/:@c) cHopn — End(P/(\c))

from Theorem 7.18, since t.(g,¢) € ATX, by Lemma 8.12(2). Their direct sum turns F[E] into an
Ha, o -module, with an explicit (g, ¢)-dependent H _--action in terms of truncated Demazure-Lusztig
operators.

To connect it to metaplectic representation theory, in particular to the GL,;-type double affine
Hecke algebra representation from [38, §5], it is convenient to fix a representative p of G and twist the

H A--actions N on 73/(\6) by a linear automorphism of P/(\C) that separates the parameters g € G

c.te (i;'gs()
from p - g € G (the explicit connection to the metaplectic representation theory will be the subject of
Section 10). The linear automorphism, depending on g € G, is defined as follows.

Lemma 8.16. Let ¢ € C, and g € G. There exists a unique Py-linear automorphism FX; of P/(\C)
satisfying

rOwo= [] selae) (w € W) (8.14)
aell(Dw)

Proof. Let F; be the algebraic closure of F. Write G for the space of g-parameters G over the field F
(see Remark 8.6). For @ € @, choose g = (8o (d))aca, € Ga satisfying 2a(d)? = go(d) for a € @
and d € R. Define yz : E — F}; by

%) = [ | Zala (). (8.15)

@ e@g
Then

Yg(y + 1) = vz(y) (n €N,
(8.16)

0 =| [] gl (n)  (veWwo).
a€ll(v)
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Let F/(\‘;; be the F-linear automorphism of @ F.x” defined by

yEO/\YC

7g( )

(L) Y o
)=

(y € Opc). (8.17)

Then

roe =[] galele) e (w € W)

acll(Dw)

by (8.16). Hence, F/(\C; does not depend on the choice of g, and it restricts to a F-linear automorphism

of P/(\C) satisfying (8.14). Note that F/(\c; is Pa-linear due to A-translation invariance of yg. O

Remark 8.17. If ¢’ € Op . N a, then ¢’ = wc for some w € Q, and

r= [] gelalo)|r(e?

aell(Dw)

in view of (8.17) and (8.16).

The Wy-action -5 on F[E] from Lemma 8.14 preserves P/(\C). The following lemma shows that
F/(\‘f; intertwines the W-action -5 . on P/(\C) with a twisted version of the Wy -action -z  on P where
g=p-g
Lemma8.18. Letc € C,,pe G, ge Gandc € Can-Setg:=p-g€ G. Then

PO 0O @) =[] palatn o g

a€ell(w)
forw e Wy andy € Op .

Proof. We use the notations introduced in the proof of Lemma 8.16. Fix ¢ € C,. By a standard argument
using (2.12) and Remark 8.6(1), it suffices to prove that

TR (s e Ta ) = 8Dy (@7 () 57 e ¥ (8.18)
for j € [0,r] and y € O, and

rj\f;(w < (C) ")) = xY (8.19)

forw € Qpand y € Op c.
Fori € [1,r] and y € Oy ., we have

yg(Y) 5y

©)(¢. . PlO-1y
FA,g(Sl p.¢ I—‘/\,g ()C )) )/g(S y)

= gai (@i (y)) si g X7,

which is (8.18) for j =i € [1,r]. By (8.12), we have for y € Ox ,

7§(y)
Ya(sey)

A (50 5. Ty (6%) = ty (B, 0% x
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Since t, (g, ¢) =t (p, ¢)ty(g), formula (8.18) for j = 0 then follows from the fact that

¥g(y)
gD ay (@0 (¥))yg(54Y)

t(@¢ =2, [] galay) =

acell(sy)

by (2.4), (2.18) and (8.16).
It remains to prove (8.19). By (8.12), we have fory € Eand { € A[ .,

We N g xy = tv(*l/\,y(g)_’( (W{,A’ P.c xy)~
Formula (8.19) will thus follow from the equality

¥z(y)

—— =t (97 (L€ (8.20)
’)/g(V( Afy) A

This in turn follows from a straightforward computation using (7.4), (8.16) and Remark 8.6. O

We now have the following uniform variant of the quasi-polynomial representation n’c\’tA/ of Hp ar
from Theorem 7.18.

Theorem 8.19. Lerg € G, p € Gand ¢ € Can-
1. The formulas

BN T = kT g (g () sy e X+ (K = kDY),

A y . y+/l 8 21
s, ((x Y =x (8.21)
AN Yoo "
”g,ﬁ,c(‘”)x = W5 X

for je[0,r], 1€ A, w € Qn and y € E define a representation

AN,
ﬂg,ﬁ,c : HA,A — End(F[E])

2. Letc € C+ Then 73( <) is a Hp ar-submodule of (F[E], n ) and the Pa-linear automorphism F( )

of 77/(\ ) realises an isomorphism

(c) . (c) _AN (c)
Fre: (P Tep.cl )|7’(C)) — Prte@o

of Ha_n-modules, where g :=p - g € G.
Proof. Fix ¢ € C,. The linear operators on F[E] defined by (8.21) preserve P/(\C), and t.(g, ) € AT,
by Corollary 8.9. In view of Theorem 7.18, it thus suffices to show that
’ -1
Ml TG @) =2l e e (y € One) (8:22)
forh=T; (0<j<r),h=x'(QeANandh=wweQ).
For h = x* (1 € A), this is trivial. For h = T}, note that F(C) commutes with the truncated divided

difference operator V; since F(C) is P-linear. Hence, in this case, (8.22) follows from Lemma 8.18.
Finally, for 7 = w (a) € QA/) formula (8.22) follows from Lemma 8.14 and (8.19). |
AN
c,te (8,0)
of Ha s and of FX; € Endp, (P/(\C) ) depend on the choice of a representative ¢ of the Wx-orbit Ox .

Remark 8.20. Recall that both the definition of the extended quasi-polynomial representation
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inside C,, (see Remark 7.19 and Remark 8.17). This is no longer the case for (P/(\c), T, ( )|7)(C)) but

now it depends on a choice of a base-point p € G. Note that for all ¢ € C,,

AN
My e (lper = 7Tg 5. e )pe

whenp-g=p’ ¢, in view of Theorem 8.19(3).
The uniform quasi-polynomial representations for different root data are related as follows.
Lemma 8.21. Let (A;, A]) € (L£*?), such that (A1, A}) < (A2, A)). Then

As, A’2| ApLA,
bis = .
g.h.c AL 2P0y,
Proof. This is immediate (cf. Proposition 7.20). m]

8.3. Uniform quasi-polynomial eigenfunctions

In the follqwing theorem, we introduce the uniform versions of the monic quasi-polynomial eigenfunc-
tions E;\CA (x;t) from Theorem 7.26.

Proposition 8.22. Let O C E be a W-orbit, p € C’/\, ¢ € Can and g € G such that
syty (8, ¢) # syt (8,¢) in Ty when y,y" € O andy #y’, (8.23)

where g :=P-g € G. Foreachy € O, the following holds true.

1. There exists a unique joint eigenfunction 5§\ A (x;8,p,¢) € F[E] of the commuting operators
ng’ﬁl\;(Y“) (u € A’) satisfying

EMN(x;8.P.0) =x¥ + Lot (8.24)
2. We have
ret (YOEMN (188,00 = (1, @ O)EMY (g B Vued. (8.25)
3. We have
ro (@ wepo)=| [] gelele) BN (it @ o). (8.26)
aell(vyh)

Proof. Write ¢ = ¢, € C,. Note that (8.23) implies the genericity condition (7.33) for t = t.(g,¢) €

ATX,, in view of (8.11). Hence, the right-hand side of (8.26) is well defined. The result now follows
immediately from Theorem 8.19(2), Theorem 7.26(1)&(2) and Lemma 8.16. m]
Note that

Eﬁ”\/ (x;g,p,¢) =x when yeC,

by (8.24). In particular, this holds true when y € E., = CI17],
The explicit formula for the Y-weight of SQ’A (x;g,p.¢c) e F[E] is

syty (@ ¢) = cpr, ) [ | (k2" Zala(r))?, (8.27)

o+
aed)o
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where g = p - g. Note that (8.25) in particular implies that

e (YOEMN (8.8, 0) = c(pr, (¢,)) “EMY (g..0) (¢ € NN Ec) (8.28)

forall y € O.
Proposition 8.23. Let (A;,A]) € (L%, such that (A1, A]) < (A, A). Let O C E be a W-orbit,
pe G ce Ca,n, and g € G such that

syty (8 c()lar) # syty (8 c()la) in Tn, when y,y" € O andy #y’, (8.29)
where 8 :=p-g € G. Then

Z(x g, P’ () l(x g p,C( )|A/) Vy e 0. (8.30)

Proof. Note that (8.29) implies that (8.23) holds true for A" = AJ. Hence, both sides of (8.30) are
well defined. Furthermore, both sides of (8.30) are joint eigenfunctions of ﬂg o (Y H) (u € A)) by

Lemma 8.21. The result now follows from Proposition 8.22(1) applied to the pair of lattices (A, A’) =
(A1, A)). O

The relation between EQ’A/ (x; g, P, ¢) and the quasi-polynomial eigenfunctions relative to the adjoint
root datum is as follows.

Corollary 8.24. Let O C E be a W-orbit, p€ G, ¢ € CanandgeG. Setg =p-ge€ G and suppose
that the genericity conditions (8.29) hold true for A} = QV. Fory € O, we then have

To @V g po) =[] gel@ley) BN (ite, @lo0). (831)
ael'[(v;l)

Under these assumptions, 5§\ A (x;8,P, ¢) does not depend on ¢ € Cp_p'.

Proof. We have F(C) |7;<C) F(QCV) . (c € Cy) and EQ’A/ (x;g,P,¢) € P); hence, the left-hand side of
(8.31) is well deﬁned
Since (QY, Q) < (A, A’), formula (8.31) then follows from Proposition 8.23, (8.26) and the fact that

—~ J(c —~
2.2 (x3te, B <)o) = B3 (xite, (B).
Here, we have also used that c(-)|gv = 17. O

Changing the perspective by extending the eigenvalue equations from adjoint root datum to extended
root data leads to the following main result of this subsection.

Theorem 8.25. Let O C E be a W-orbit, p € G and g € G. Suppose that
syty(8) # 5yt (8) in T when y,y' € O andy #y’, (8.32)
where g :=p-g€G. Then
& (xigP) =68 Y (g lr) (€O
satisfies for all (A, N') € (L*?), and all ¢ € Cp

gpc(Y")S (58D = (5,t,(8,0))"E (8 Pp)  VYueA. (8.33)
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Furthermore,

c —~ J Cy —~
rop(Eg®) = [] galate,) ENY (i, @ o). (8.34)
acll(vy')

Proof. Fix (A,A’) € (£*?), and ¢ € Cy a. By (8.9), the parameter conditions (8.32) imply (8.23).
Furthermore, ¢(-)|ov = 17; hence, (8.30) shows that

EMN (x:g.P.0) =&y (x:8.D)
for all y € O. Then (8.33) follows from (8.25), and (8.34) from (8.31). m]

Remark 8.26. Under special conditions on the parameters g and P, the quasi-polynomials
EQ’A/ (x;8,P,¢) (y € O)may depend on ¢ € Cy . For instance, this is the case when (A, A’) = (Q", PY)
with Q¥ ¢ PV if the Y-spectrum satisfies (8.23) but not (8.32).

Further results for £, (x; g, p) and 5§\’A/ (x; 8, P, ©), such as orthogonality and symmetrisation, can be
directly obtained from the corresponding results for £ QCA’ (x;t) and Eyj (x;1) using (8.26) and (8.31).

By Lemma 8.12(1), the Wy-action -5 . on F[E] extends to a W = Pp-action, with P, acting by
multiplication operators (cf. Lemma4.2). This extends toa Wa < Qx-actiononFg, [E] := Op®p, F[E];
cf. Subsection 4.5.

Theorem 8.27. Forp € G, g € Gand ¢ € C, the formulas

xz(a; () a¥ o
AN YY) o= kj =~ -D y kj kj y=LDa;(y)]a}
O-g,ﬁ,c(sj)(x )= TR SR poam— 7,
gpa; (@ (y)) (kjx™ —k77) kjxi =k
AN Wy AN v ey
O—g,ﬁ,c(w)(x ) =W p X O—g,ﬁ,c(f)x = fx

forye E,0<j<r weQyand f € Qp define a representation

agA’g}; . Wa =< Qp — Endg(Fo, [E]).
Proof. One can derive the result from Lemma 7.1 1 by similar arguments as in the proof of Theorem 8.19,

using the extension of F/(\f; to a Q-linear automorphism of Qx ®p, PI(\C) . Alternatively, one can repeat

the proof of Theorem 4.9, now using the H a--representation ﬂ;\%\;. O

9. Metaplectic representations and metaplectic polynomials

In this subsection, we generalise the GL,,-type metaplectic double affine Hecke algebra representation
and the associated metaplectic polynomials from [38, §5] to arbitrary root systems using the uniform
quasi-polynomial representation for extended double affine Hecke algebras (Theorem 8.19) and the
corresponding uniform quasi-polynomials (Theorem 8.25). This section provides full proofs for the
results announced in [38, §5].

The metaplectic double affine Hecke algebra action is an action on spaces P, of polynomials on a
torus Tx, with A € L. It depends on a metaplectic datum, which is a pair (n, Q) with n € Z.o and
Q : A — Q a nonzero Wy-invariant quadratic form that restricts to an integer-valued quadratic form on
Q. The metaplectic datum leads to a finite root system @/, the so-called metaplectic root system, which
is isomorphic to either ®( or <1>g (see Subsection 9.1). Its associated co-root lattice Q™" is contained
inQV.

The metaplectic representation will be realised as a sub-representation of the uniform quasi-
polynomial representation relative to the metaplectic root system ®!*, with the parameters (g, p, ¢) fixed
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in such a way that the twisted Wy < Q™" -action “p,c o1 P reduces to the standard action by g-dilation
and reflection operators.

The associated uniform quasi-polynomials &y (x;g,p) € Pa (v € A) will provide the metaplectic
polynomials.

The g-dependence reduces to a dependence on so-called metaplectic parameters i € M, q) which,
in the context of representation theory of metaplectic covers of reductive groups over a non-archimedean
local field, are certain Gauss sums (see, for example, [15, 14]).

In the remainder of the section, we fix a metaplectic datum (n,Q), and we assume that Q takes
positive values on co-roots. We write k; € Z-¢ for the natural number

xke = Q(a) (a € ‘D) 9.1)

for £ € {sh,lg}.

9.1. The metaplectic parameters

Write B : A X A — Q for the Wy-invariant symmetric bilinear pairing
B4, 1) =QA+p) —-Q) —Q(r)  (LueN).
Then
B(1,a") = Q(a)a() (e A, ac dy) 9.2)

and

n _lem(n, Q(aY))
ged(n,Q(@Y)) — Q(aY)

defines a Wy-invariant Z(-valued function on @. The associated metaplectic root system is defined by

m(a) = (a € Dg) 9.3)

@' ={a" | @ € Do} with o™ := m(e) .

Then @' ~ @ if m is constant, and &' ~ @g otherwise (see [38]). In particular, the Weyl group of
@' is still Wo. The fixed basis {a1, ..., a,} of @ determines a basis {a/", ..., @;"} of ®f'. Note that
O = {a™ }gew,, With ™" = m(a)a” . Write

o™ =z c QY

for the coroot lattice of .

Let @™ := ®F X Z be the affine root system of @, with corresponding extended basis
{agh, e, ..., a"}. Then o' = (=9™, 1) with 9" € ®F'* the highest root in ®f'*. For the underlying
root ¢ € @, this means that

9= ¢ if m is constant,
0  otherwise,

where 6 € @ is the highest short root.

Consider the affine Weyl group W™ = W, =< O™V corresponding to the affine root system ®". The
associated simple reflections are denoted by

ST = Som € wm (j €0,r]).
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Then 57" = s; fori € [1,r], and 7' = 7(9™V)s 9. The fundamental alcove is now given by
Cl'={yeE | ai(y)>0 (1<i<r) & ) <m(F)}.

Its faces are denoted by C" for J ¢ [0, r].

Let k : ®" — F* be a multiplicity function on ®™. Its values at simple roots are denoted by
kj= k(,7n for j € [0, r]. Write G™ for the g-parameter space G with respect to the root system @' (see
Remark 8.6).

Definition 9.1. We write M = M, o) for the set of tuples

h = (hs(@))seQ(av)z, acwy

with hg (@) € F* satisfying

hs+lcm(n,Q(a/V))(Va') = hs(a) (V €Wy, s € Q(Q’V)Z)v
ho(a) = -1, (9.4)
hs(@)h_g(a@) = k;,zn (s € Q(aV)Z\ Iem(n, Q(a¥))Z)

for all @ € ®@y.

We call M, q) the set of metaplectic parameters relative to the metaplectic datum (7, Q). Note that
for h € M.,

Biem(nQ(av))/2(@) € {xkgm}  if m(e) € 2Z 9.5)
in view of (9.3).
Lemma 9.2. We have a surjective map
g" -» M(’hQ)? g ﬁg = (hg(a))seQ(aV)Z, aed

with h®(«) € F* defined by

- em(n,Q(aV Z(Y>
K (@) = =k " E Y g o (5 /Iem(n, Q(a)). 9.6)

(trn
Proof. This is a straightforward check, which is left to the reader. |

Remark 9.3. For the metaplectic representation of the affine Hecke algebra defined in [38, Thm. 3.7],
parameters hy(a@) (s € Z, a € @g) are used which satisfy

hen(va) = hy(a) (veWy,seZ),
ho(@) = -1, .7
hs(@)h_g(@) = kjm (s € Z\ nZ)

for all @ € @y (see [38, Def. 3.5]), although the metaplectic representation only depends on the
parameters i, () with s € Q(a")Z and @ € @y, which naturally form a tuple of metaplectic parameters
in M, q). Conversely, note that a tuple i = (hs(@))seQ(a¥)Z,acd, € M (n,q) of metaplectic parameters
can be extended to a set of parameters (/s (@))sez, e ed, in such a way that (9.7) holds true. For instance,
one can take the extension

hecd(n,Q(a¥))s (@) = hQ(av)se, (@) (s €2),
hs(a) := kg (s €Z\ ged(n,Q(a"))Z)

am

for @ € ®y, where £, € Z is such that gcd(n, Q(a")) — £,Q(a") € nZ.
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9.2. The metaplectic basic representation

In [38, Thm. 5.4], we introduced the metaplectic basic representation of the GL,,; double affine Hecke
algebra. In this subsection, we introduce the metaplectic basic representation for extended double affine
Hecke algebras for all types.

The metaplectic representation depends on g, k and on metaplectic parameters i € M, g). To keep
the notations manageable, we will suppress the dependence on i € M, q) from the notations.

Let H™ := H(k,q) be the double affine Hecke algebra associated to the root system ®f' (see
Definition 2.12), which we call the metaplectic double affine Hecke algebra. We denote by L™ the set
of finitely generated abelian subgroups A™ c E such that

O™ c A" & a(AN")Cm(a)Z Vaed. 9.8)

Note that it is the set £ from Definition 2.8, with the role of @ taken over by <I>6".
We have the following supplement to Lemma 9.2.

Lemma 9.4. Let A € Land g € G™. For a € ®y and A € A, we have
_ l-xz(a(d)/m(@)) g
gam (@™ (1)) = =k yum hQavya( (@)- ©.9)
Proof. By (9.3), we have

Qe
= et Q@)

and a (1) € Z since A € A. Hence, we can apply (9.6) to obtain

Xz\lem(n.Q(a¥))z(Q(aY) @ ()
ga'"(a’m(/l)) = _ka,%r\tl (rQtety th(aV)a(/l) (a,)

The result now follows from the identity
X2\lem(n,Q(2)z(Q(@)a () = 1 = yz(a()/m(a)),
which follows from an elementary computation using (9.3). O

Let A™ € £™ such that (A, A™) C Z. One can, for instance, take A"’ = Q™" since the inclusions
Q™Y c QY C Q imply that

(A,Q™) c(P".Q™) c L.
The metaplectic extended affine Weyl group Wam: = W< A acts on Py by g-dilations and reflections,
vt =2t (v e W), (@) () =gt (e A™)

for all 1 € A (cf. Subsection 2.6 and Subsection 7.3). Note that 57’ (x*) = g P o,

9
Let £ € Z. and write r¢(s) € {0,...,€ — 1} for the remainder of s el Z modulo ¢. Define linear

maps V;." : Py — Py for j € [0,r] by

1= (15" ) i P+ ()
V() = ( 4

1 - (qg(ﬂ)x—ﬂv)m(ﬂ)

mge Ay ._
Vi ('x ) T ( m(al)al\/

1= x("m(a,-)(ai(/l))—ai(/l))a,- R
X
1-x
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for A € A and i € [1,r]. We now have the following action of the metaplectic double affine Hecke
algebra on the space Py of polynomials on 7.

Theorem 9.5. Fix A € L and h € M, q).
For A", A™ € L™ such that N C A and (A, A") C Z, the formulas

A (To)x" = —kohp (2,00 (D) qly "7 Do+ (ko — kg Vg (x),
a(T)xt = —kih_B(a,ay)(@i)x* it (ki = KDV (Y,
i (xF)x?t = x T,

ﬂj\"((u)x’l = w(xt)

(9.10)

forae A ie[l,r], u € A" and w € Qpm define a representation
7l Ham amr — End(Pa),

where Ham am is the extension of the metaplectic double affine Hecke algebra H™ by the lattices
(A™, A™).

Proof. Without loss of generality, we may assume that F contains a (2/)™-root q2h of f g. Write Q’” for
the set G of g g-parameters relative to the root system ®f' (Definition 8.4). For p € gm, gecgma

¢ € Cam_am, the uniform quasi-polynomial representation n;\’ﬁ’c’\ : Ham Ao — End(F[E]) relative

to the finite root system <I>6” (see Theorem 8.19) contains Py as a subrepresentation, because A" C A.
Denote

A"l Aml
ﬂg’ﬁ,(;/\ = gp . ( )|73A HAm A End(PA)

for its representation map. Its defining formulas are

xz(af'(2) - -
ﬂg,ﬁ,c;A(Tj)x/l = kj ! gDaj'.” (a';n(/l)) ls;fi ¢ x/l + (k] - kjl)vj(x/l)s
Mg pen (FF)xt = 2, ©.11)
ﬂg’ﬁ’c;,\(w)x’l =W e xt
ford e A, je[0,r], p € A" and w € Qpm, with V; the truncated divided difference operator (4.5)
relative to the root system @'

Fixp € é’“ and ¢ € Cam_am such that

m(a/) z/h

Pam(z) =g (zen'2), ¢ =q* (Aeprg, (A). (9.12)

For this specific choice, we have
' =ta@.c)  (1eA) (9.13)

in Tpm (compare with Example 8.11). In particular, w 5 (xY) = w(x?t) for w € Wam and A € A. The
defining formulas (9.11) for the corresponding representation 7mg:n = 7g 5 .o Of Ham ams reduce to

xz(af' () - -
A (T)x' = K77 gpam (@ ()77 (6N + (kj = k5 HV (Y,
ﬂg;A(xu)x/l =y, (9.14)

77,5;,\((4))96’1 = w(x?)
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for j € [0,7], w € Qam, u € A™ and A € A. We now show that (9.14) matches with the defining

formulas for 7'{" under the correspondence (9.6) between g-parameters and metaplectic parameters.

Let g € G™ and set h := h® € M, q) in the defining formulas (9.10) for #". It is then clear that
nga(p) = ' (p) for p € Ppm, and g.p (w) = 7' (w) for w € Qpm. So it suffices to show that

nga(T)) = i (T}) (j €10,r]). (9.15)
To show this, first note that
ViO)lp, =V
as endomorphisms of Py, since r¢(s) = s — €| 7] for s € Zand ¢ € Z( and
B(A,a") =lecm(n, Q(a))a™ (1)

for 1 € A and @ € ®( by (9.2) and (9.3) (compare with the proof of Lemma 9.4). Then (9.15) follows
from

kamhfy oy (@) = K WV gm (@ (D) (@€ @y, A€ N), (9.16)

which in turn is a consequence of (9.9) and (9.4). |

Definition 9.6. We write P}" for P endowed with the Hpm am-actions 7' from Theorem 9.5. We call
7)) the metaplectic basic representation.

Remark 9.7.

1. The condition (A, A™) C Z in Theorem 9.5 may be relaxed to (A, A™") C ¢~'Z when g has an e'”
root in F.

2. Suppose that Aj, Ap € £ with A; € A and that A™, A™ € £™ such that A™ C A and (A, A™') C
Z. Then

m _ m
Ty, (O, =7y,
as representations of Hm pm.

Corollary 9.8. Let A € L and h € M, g). Let N, A™ € L™ such that A™ C A and (A,A"™') C Z.
The inclusion map Pym — Py is a morphism

Poni, PR

A™ ,lTA,n,

of Hpm am-modules, (i.e., the Ham am-submodule (Ppm, %! (+)|pym) of P)' is Cherednik’s polynomial
representation of Ham am).

Proof. Note that V;."(')Ip/\m is the standard divided difference operator associated to the simple root
a;” € @™, Furthermore, for 4 € A™ and a € ®(, we have

B(1,aY) =lecm(n, Q(a¥))a™ (1) € lem(n, Q(a¥))Z

by (9.2) and (9.3); hence, hp(a,ov) (@) = —1 (see Definition 9.1). Hence, the defining formulas (9.10)
Am’Am/

for 7r7\1, restricted to Ppm, reduce to the defining formulas for oy - m]
k4 Aml

Remark 9.9.

(1) The restriction of 7' to the affine Hecke algebra generated by 71, ...,7, and x” for v € Q™

coincides with the metaplectic representation of the affine Hecke algebra from [38, Thm. 3.7] (be
aware that the finite root system in [38], denoted by ®, is @ in the present paper).
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(2) We show in this remark that for the GL,,; root datum, Theorem 9.5 reduces to [38, Thm. 5.4].
Recall the notations from Subsection 7.6. Let @y = {€; — €;}1<iz<j<r+1 be the root system of type
A, with £ = 1 (i.e., the roots have squared length equal to 2). As simple roots, we take @; := €; — €]
fori =1,...,r. Let (n, Q) be an associated metaplectic datum. Write x = kig € Z for the value
of Q at co-roots. The resulting multiplicity function m is identically equal to n/gcd(n, x); hence,
the metaplectic root system ®g' = m~'® is the root system of type A, from Subsection 7.6 with
¢ = m (i.e., the squared length of the roots is equal to 2/m?).

Take A = @;:11 Ze;, which lies in £, and

(Am,Am/) — (erH’erH) c (Em)XZ.
Then
ﬁm = HmZ”‘*l,mZ”'l

is the GL, ;4 -type double affine Hecke algebra of type GL,,; relative to the A, root system (ID(')”. The
resulting representation

M H" - End(Pg+1)

is the metaplectic basic representation 7*) from [38, Thm. 5.4].

The proof of Theorem 9.5 implies that the metaplectic basic representation ' is a sub-representation
of a uniform quasi-polynomial representation; hence, it is isomorphic to a direct sum of extended quasi-
polynomial representations (see Theorem 8.19(2)). We now describe this isomorphism in more detail.

Let A € L. The set

X"™(A):=ANC,
parametrizes the W -orbits in A,

A= |_| O.. 9.17)
ceX™(A)

Note that X" (A) = Apin When A € L£™. Consider the associated decomposition

Py = @ p©) (9.18)
ceX™(A)

as Pomv-modules. In fact, (9.18) is a decomposition as W"'-modules, with W™ the double affine Weyl
group associated to the metaplectic root system ®”*; see Proposition 2.11. For g € G™, consider the
Pgmv-linear automorphism

EB lﬁ(Qc")”,g

ceX™(A)

of Px. By Lemma 9.4 and Lemma 9.2, we can express it entirely in terms of the metaplectic parameters
h® associated to g, leading to the following lemma.

In the following lemma, the elements ¢y, € fT and v, € Wy (see Definition 2.3) are relative to the
metaplectic root system @'
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Lemma 9.10. For fixed h = (hs(@))s, o € M (n,Q), the formulas

ety =[] (= kM D g aen (@) ! (1en)

ael‘l(v/;‘)

define a Pomv-linear automorphism I'™ = T'}" of Py satisfying
= P Tom, (geg™.
ceX™(A)
Proof. This follows from Lemma 8.16, Lemma 9.2 and Lemma 9.4. m]
For h € M) and A € A, write
ta(h) 1= [ ] (—ko= O hganacn (@)™, 9.19)
aedf

viewed as multiplicative character of A" for any A™ € £™. Note that

ta(h%) =t1(g) (geg™), (9.20)

where we use the definition (8.2) of t,(f) relative to the metaplectic root system @¢'. By Lemma 8.12(2)
and Lemma 9.2, we conclude that for c € X™(A) and h € M, q),

te(h) € TyeS) o and g€, g te(h) € M T (9.21)

Corollary 9.11. Let A € L and h € M, q).
1. The Pgmv-linear automorphism I'"™ of P defines an isomorphism
m _~ (c)
Pr—= D Piw
ceX™(A)

of H™-modules.
2. For N, A"™ € L™ such that N C A and (A, N"V") C Z, we have

m . (c)
PA - @ P/\m,q"tc (h) (922)
ceXm(A,A™)

as Ham am-modules, where X (A, A™) is a complete set of representatives of the Qam-orbits in
X™(A).

Proof. Without loss of generality, we may assume that F contains a (2/)"* root of g.

Let g € G™ such that & = h®. Choose p € G and ¢ € Cpm pm satisfying (9.12). Then

PR = (Pargst (lpy) 9.23)

as Hpm am-modules, by the proof of Theorem 9.5. Then Lemma 9.10 and Theorem 8.19(2) show that
the automorphism I of P, is an isomorphism

m "~ (c)
Py — @ P o

ceX™(A)
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of H™-modules, where g := p - g. Then (1) follows from the fact that

ta(8 ©) = g'ta(g) = gMta(h®) (A€ A) (9.24)

by (9.13) and (9.20).
Part (2) follows in a similar manner, now using that X" (A, A™) parametrizes the Wm-orbits in A,
leading to the decomposition

Pa = @ P/(\‘,,f

ceX (A,AM)

of Py as Pam-modules. The isomorphism

~ (c)
PR P P
ceXm(A,A™M)

,qte (h)

of Hpm am-modules is then realised by EB cexm(AAM) F(i,z o where F/(;,Z

phism of P,(\f,? from Lemma 8.16 and g € G is such that & = h®. m]

o is the Ppm-linear automor-

Remark 9.12. Remark 7.19 and the fact that "™ restricts to the identity on Ppam show that Corol-
lary 9.11(2) is consistent with Corollary 9.8.

Corollary 9.11(2) and Proposition 7.25 allow to add twist parameters to 71" : Ham am — End(Py),
with the twist parameters encoding a choice of multiplicative character of Qam for each W™-orbit in
Oa. We do not give full details here, since the metaplectic polynomials defined in Subsection 9.4 do
not depend on these twist parameters.

We now look for the number of free hg(a)-parameters in the metaplectic basic representation
it Hpm am — End(Py). Consider the subgroup

Z/’\'"lg = {p(1) mod m(p)Z | 1€ A}

of Z/m(¢)Z and the subgroup

m .
A,sh *—

{6(2) mod m(0)Z | A€ A} if 6 # ¢,
{0} if 0=¢

of Z/m(6)Z, where 0 is the neutral element of Z/m(6)Z. Both subgroups are independent of the lattices
A™ and A™.

For s € Z, the 2-group Z; acts on Z/sZ by group automorphisms via sign changes. Any subgroup Z
of Z/sZ is Z,-stable, and its subgroup Z™ of Z,-fixed elements is of order 1 if [Z/sZ : Z] is odd and of
order 2 otherwise. This in particular applies to the subgroups Z/’{”‘Jg C Z/m(p)Z and Zy g C Z/m(6)Z.

Write

m,reg . —m m,inv m
ZA,(,’ . ZA,[ \ZA,K < ZA,{"

Then Z\"\* = 0 if ®g = <I)z)g is simply laced. Let
Sm,reg m,reg
Zhy SZpy

be a complete set of representatives of the Z,-orbits in ZZ“eg.
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Proposition 9.13. The metaplectic basic representation ri'y : Ham am — End(Py) depends on

Z #Z

te{sh,lg}

free parameters {hy,,(¢¢) | z € Zm 8 ¢ € {sh,lg}} and on

(#Z/T’;”V - 1)
Ce{sh,lg}

choices of signs {hy,;(¢¢) | z € Z/'\"’{f"v \ {0}, € € {sh,Ig}}.
Proof. This follows from Definition 9.1, (9.5), Theorem 9.5, (9.2) and (9.3). |

Note that the maximum number of signs in 7}’ is 2.

Remark 9.14. By Proposition 9.13, the metaplectic representation 7y’ can be defined over the field
F = Q(q,k%,iz), where / stands for the parameters hi,z(@e) (z € ZT’ECg, ¢ € {sh,1g}) viewed as
indeterminates.

Remark 9.15. Consider the GL,,; metaplectic basic representation 777, : H — End(Pzr+1) (see

Remark 9.9(2)). In this case, the multiplicity function k is a single scalar k € F*, ZT! = {0} and
Z’g =Z/mZ;,

hence, Zm TR = =27\ {0} if m is odd and Zm T8 = =27\ {0, m/2} if m is even. As representatives for

the Z,- 0rb1ts in Zm 8 we can take

Zi={l|tez: 1<t<%}CZ/mi

which is empty if m < 2. We conclude that the representation n”! ., does not have free metaplectic

Zr+l
parameters if m < 2, and it has | "5~ L] free metaplectic parameters if m > 2. Furthermore, 7
depends on a sign € € {+1} when m is even. This is in accordance with [38, §5].

Zr+l

9.3. A metaplectic affine Weyl group action on rational functions

Denote by Q™ the quotient field of Pgmv. For a finitely generated abelian subgroup L C E, let Fom[L]
be the Q™ -subalgebra of Fom [ E] generated by x1 (A € L). In view of (9.16), we can now formulate the
following metaplectic version of Theorem 8.27.

Corollary 9.16. For h € M, ), the formulas

xa% —1 ,
o (so) (xh) = —kohp(a, 19V)(19)(T_1)qg(ﬂ)ﬂu)xml
() 0 = ko

_ -1
+ (&)xuﬂmunagﬁ

mv

kox @ —kal
@; —1 k k ! m mv
a[r\n(sfn)(x/l> = _kih—B(/l,a/’y) (ai)(%)x&ﬂ (W)xl—[m V] s
' X T X =k

U/'\"(w)(x’l) = w(x?h), o'/’\"(f)x/l = fxt
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forae N1 <i<r, weQprmand f € Fogn[A™] define a representation
O'Xl . WAmr [ FQm [Am] 4 EndF(FQm [A])

Note that o} = n:\"’X_IOC o J; cf. Remark 4.10.
The restriction of o} to W < Fgm [A™] reduces to [38, Prop. 3.19(iii)] (with the role of the root
system replaced by the dual root system). Let p¥ and p™" be the half-sum of positive co-roots for @

and @', respectively. Then the conjugated Wy-action

oS f = xpv_pmVO'Xin ) (x_pv+pmvf) (v € Wy, f €Fgm[A]) (9.25)

reduces to the Chinta-Gunnells’ [13, 14] action when the multiplicity functions k and & are constant;
see [38, Thm. 3.21 & Cor. 3.22] (the right-hand side of (9.25) is well defined, since Q has a unique
extension to a Wy-invariant rational quadratic form on A + PY). This follows from the explicit formula

1 — )C_a/lmv Ve,
SO (fx) = k?hom,.w-mw<C“)(W)(S"f)x%
i
(9.26)
2
n 1-k (s f)xHL=( ™) ey
1- kl.zx"rmv

fori € [1,r], f € Fon[A™] and A € A, which easily follows from Corollary 9.16 (see [38, Cor. 3.22]).
Hence,

. 1 — kZxe G
T == | (f o {(si) ()

1 —x%

1 — k2x@ v 9.27
=—f+(—x)(f o (s) (F2P")) 27

1 —xo"

= — kP X (T (P

fori € [1,r] and f € Fgom[A] are the metaplectic Demazure-Lusztig operators from [15, (11)] when
the multiplicity functions k and /4 are constant (see Remark 4.11 for the third equality in (9.27)). By
the third equality in (9.27), the (W, {s1, . . ., S, })-braid relations of the metaplectic Demazure-Lusztig
operators (see, for example, [15, Prop. 7]) are a consequence of Theorem 9.5. In fact, Corollary 9.16
and Theorem 9.5 extend the Chinta-Gunnells Wy-action and the Hp-action by metaplectic Demazure-
Lusztig operators to actions of the affine Weyl group W and the affine Hecke algebra H, respectively.
Including the action of P by multiplication operators, they promote to actions of the double affine Weyl
group W and the double affine Hecke algebra H, respectively.

Remark 9.17. Recently, the Chinta-Gunnells Wy-action (9.25) and the associated Hp-action by meta-
plectic Demazure-Lusztig operators have been generalised to arbitrary Coxeter groups in [35, §3.3]. In
case of the affine Weyl group (W, {so, ..., s,}), we expect that the resulting representations of W and
H (see [35, Prop. 3.3.4]) are isomorphic to o} |w and }'|y with appropriate choices of k and h.

9.4. Metaplectic polynomials

In this subsection, we use the quasi-polynomial eigenfunctions E ; (x;t) from Theorem 6.3 to construct
the root system generalisations of the metaplectic polynomials from [38, Thm. 5.7].
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Let A € L. The torus elements s, (4 € A) relative to the metaplectic root system @' are given by

5y = 1_[ (@ (@)™ _ 1—[ (kmo(aw/m(a))—mgo<au>/m<a>))ﬁ; 9.28)

a"l a,m
+ +
(YE(I)O aeCI)O

see (5.2). We will view s, and ¢"'s,t,(h) as multiplicative character of A™ for any lattice A™ € L™,
Note that by Proposition 5.4, Lemma 8.8(4) and (9.20), we have for ¢ € X"*(A),

W(qcsctc(ﬁ)) = qwcswctwc(ﬁ) (we Wm)- (9.29)

Theorem 9.18. Let A € L and let O be a W™ -orbit in A. Choose metaplectic parameters h € M, )
such that in Tgmv,

qsata(h) # ¢V sty (h) if LA €O and 1+ 1. (9.30)

For all A € O, we then have

1. There exists a unique simultaneous eigenfunction E''(x) € P of the commuting operators n{' (Y*)
(1 € Q™) satisfying

ETV(x) = xt+ Lot
2. Forall N™ € L™ satisfying (A, N"") C Z, we have
myu\pm _ a “Hrm mr
it (YEY = (q"sata(h)) " EY Ve A™.

3. We have

1- y c
l—‘m(E/'{l(x)) _ l_[ (_ kani(z(a(c/l)/m(oz))hQ(av)a(Cﬂ)(a)) E./]l( /l)(x;qc‘/ltc/l (ﬁ)|QmV),

aEH(v;l)

—_—m
where cy € C, and v, € Wy (see Definition 2.3) are relative to the metaplectic root system <I>('J".

Proof. Note that under the assumption on A € £™ as stated in part (2), the metaplectic representation
" Homv am — End(Py) is well defined since Q™" C A.
(1) This follows from Corollary 9.11(1) and Theorem 6.3.
(2) This is a direct consequence of part (1), Theorem 7.26(2)&(3) and (9.29).
(3) This follows from Corollary 9.11(1). The normalisation factor can be derived from Lemma 9.10.
O

Remark 9.19. Suppose that F contains a (2/4)"" root qi of g. Let g € G™ such that & = h®, and choose
P € G satisfying (9.12). Then

EY(x) = €a(x;8,P),

which follows from the proof of Corollary 9.11.

We call EV' € Py the monic metaplectic polynomial of degree A € A relative to the metaplectic
datum (n, Q) and the choice of lattice A € £, which we suppress from the notations.

It follows from Theorem 9.18 that the metaplectic basic representation 7" : H — End(P,) is Y-
semisimple if (9.30) holds true for all W-orbits O = O, (¢ € X" (A)) in A. Its Y-spectrum then consists
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of the multiplicative characters

a'sita® =" [ (ki =" P hgiaw @)™ @en ©3D
aedf
(the explicit formula follows from (9.28) and (9.19)). Note that by (9.21), we have for ¢ € X"*(A),
q°scte(h) € Ly, q°,qtc(h) € Ty, tc(h) € Tre(:c)

Remark 9.20. To compare (9.31) with the spectrum of the GL,.|-type metaplectic polynomials in
[38, §5.4], note that

st =" [ (08 an @) ™

aedf
with o )(a) defined by
® (o) kb if s€lem(n,Q(aY))Zso,
oy (@) :=
’ —kagmh_g(a) if s € Q(a)Z\lem(n, Q(a))Zso.

This follows by a direct computation using (9.3) and (9.4).

We conclude this section by considering the type A, metaplectic polynomials in a bit more detail. We
use the notations from Remark 9.9(2). We thus have the explicit realisation of the A, -type root system
®yinR™* as {¢;—¢; jtizj with {€}” ”1 the standard orthonormal basis of R”*!, and we have a metaplectic
datum (n, Q) giving rise to the constant metaplectic multiplicity function m = n/ged(n, ) € Zsy.

Take A = Z"* € L, so that

tl]

+1
Py =F[x7, ..., x5,

with x; := xS for i € [1,r + 1]. The resulting A, -type monic metaplectic polynomials

E"(x) € Pyra = F[x, . x2]|]
of degree A € Z"*! then satisfies
i (YEY = (gt sata() "EY Vuemz, (9.32)
with 77, H= H,,,zr+1 mzr+t — End(Pz1) the GL, | metaplectic basic representation. The Coxeter-

type expressions for the Y-elements are determined by the formulas
Yy =17 T T - T T € H (1<i<r+1),
which follows from (7.47) with £ = m.

Remark 9.21. When all the free parameters are formal (i.e., when F = Q(q, k%, 1) (see Remark 9.14)),
then the generic condition (9.30) is valid for all W-orbits O in Z"*!, and hence, the commuting operators
n%?m (Y*) (u € mZ' 1y are simultaneously diagonalisable. By inspection of the spectrum (see (9.31)),
their common eigenspaces are one-dimensional. In this situation, E'}'(x) € Pz~ can be characterised as
the unique Laurent polynomial ¥ ;.71 dyx? satisfying the eigenvalue equations (9.32) and satisfying
d, = 1. This proves [38, Thm. 5.7] and shows that E7' (x) is the GL,;; metaplectic polynomial E/(lm) (x)
from [38, §5.4].
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10. Limits to metaplectic Iwahori-Whittaker functions

In this section, we show that the Whittaker limits of the metaplectic polynomials E”}' (x) and their
anti-symmetric versions produce metaplectic Iwahori-Whittaker and metaplectic spherical functions,
respectively. The key point is to relate formula (6.52) for the Whittaker limit F; (x) of E; (x; 1) with
the expression of the metaplectic Iwahori-Whittaker function in terms of metaplectic Demazure-Lusztig
operators obtained by Patnaik and Puskas in [34, (6.48)].

We freely use the notations from the previous section and from Subsection 6.8. In particular, we
assume that the ground field F is K(qi) with K of characteristic zero and that the multiplicity functions
k and A, take value in K*. We write M, ) for the subset of parameters i € M, ) with multiplicity
functions kg taking values in K*. We furthermore assume that A € £ contains P".

In this section, we work in the metaplectic context. We thus have a fixed metaplectic datum (n, Q), and
the quasi-polynomials Eyj (x;t)and E )J "~ (x; 1) and their Whittaker limits E; (x) and Ei’_ (x) occurring
in this section will be relative to the metaplectic affine root system @ and a choice of a multiplicity
function k on @". Recall that the Whittaker limit boils down to specialising coefficients at q’ﬁ =0
(see Subsection 6.8).

Remark 10.1. The link to representation metaplectic Whittaker functions for metaplectic covers of
reductive groups requires the field K to be a non-archimedean local field containing the n'" roots of
unity, and with the cardinality of its residue field equal to 1 modulo 2n (here, n is the positive integer
from the metaplectic datum (n, Q)). In this case, the multiplicity function k takes on the constant value
k with k=2 equal to the cardinality of the residue field. The multiplicity functions &, of the metaplectic
paramaters & € M, q) are also constant and are equal to certain Gauss sums. For further details,
see [15, 34].

Let E(r)” be the finite Hecke algebra over K viewed as subalgebra of H™ in the natural way. Consider
the right Eg‘—action on Kgm [A], defined by

(fx) <" T, = 2570, ) (fx)

forv e Wy, f € Q™ and A € A. This is the metaplectic analog of the ﬁg-action defined in Lemma 6.46.
In fact, by Corollary 9.11(1), we have

" (fx* 4™ T,) =T"(fx") «T, (v € Wp), (10.1)

where <« now denotes the right ﬁgn-action (6.40) on Kgm [A].
Define y,, = v, (h) € K* for u € A by

1-xz cy)/m(a
Yu = ]_[ (_kan;v (e /m ))hQ(a/V)a(c,,) (a')),

QEH(V‘;I)

where ¢ € ET and v, € Wy (see Definition 2.3) are defined relative to the metaplectic root system d>0m.
Then I'"* (x#) = y,x* for all u € A; see Lemma 9.10. We furthermore write

Ko(y) = 1_[ k;z,(am(y)) (v € Wo, y € E);

aedy
cf. (4.10).
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Lemma 10.2. For A € Aand h € ﬂ(,,,Q), the Whittaker limit ET(x) of the metaplectic polynomial
EN (x) € Pp is well defined. Then

r"(E} () = v Ex ™ () VieA (10.2)
and
ET(X) =xt (Ae ANE.),
En(x) = K,v](%xﬂ < T (veWy e ANE.). (10.3)
Proof. By Theorem 9.18, we have
T (ER (x)) = ya E3V (x1 ¢“e, () o) (10.4)

for 4 € A. Since y,, does not depend on qﬁ, it follows from (10.4) and Proposition 6.47 that the
Whittaker limit E;n (x) of E7'(x) exists, and that (10.2) holds true.
By (6.49), we have E; (x) = x* for A€ ANE_.ForA € An E_ and v € Wy, we have by (6.52) and

(10.1),
M(ET (1) = 24t o 77!
Y Ky () ¥
Yva my . A -1
= I ()C ) «T
&y ()72 Y
Yva m(.A gm p—1
=——TI1"x"<"T,"),
Gy )
which concludes the proof of the lemma. [

For A € A, define the antisymmetric variant of the metaplectic polynomial E'}'(x) by
ET(x) = (1) EY (x),

with 1_ € H,, given by (6.33).

Corollary 10.3. For h € H(H,Q) and A € A, the Whittaker limit E;n’_(x) of EV""(x) is well defined.

Furthermore,
MEY () =y By () VaeA, (10.5)
and for A € ANE-,
B0 =02 Y 0o R g, (106)

veWwy

Proof. By Corollary 9.11(1), we have

™ (ER () = ¥a Tepgete, i A EY Y (x: g a(h) lgmv)
=y E3V7 (s ¢St (B) | gmv ).
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Hence, the Whittaker limit ET’_(x) of E'"" (x) exists, and (10.5) holds true. For 1 € AN E_, we have
by (10.5), Corollary 6.52 and (10.2),

Fm(ET’_(X)) = KWO(O) -2 Z (- 1)[’(\1) m(O)Km(/l)y/l EJ(c 1)( )
VEWO
- K ()Y —
= K07 3 (D ORI o),
veWy Yva
which completes the proof. D

To relate (10.3) to formula [34, (6.48)] of the metaplectic Iwahori-Whittaker function, we need
to compare the Wy-action O’EG and the metaplectic Demazure-Lusztig operator 7. with [34, (4.7)]
and [34, (4.10)]. The operator wg,* in [34, (4.7)] corresponds to [ o O'AG(S,) o I, where I is
the F-algebra automorphism of Fgom[A] mapping x* to x™* for all 1 € A. In this identification,
the parameters (n(a;’),v) in [34, (4.10)] correspond to (m(a;),k?). Similarly, the operator T,, in
[34, (4.10)] corresponds to

Tm=TloTmol, (10.7)

with 7" the metaplectic Demazure-Lusztig operator (9.27).

The ’7~;m (@ € [1,r]) satisfy the braid relations by the last formula of (9.27) (this was originally
observed in [15, Prop. 7]), and hence, we can define for v € W, the linear operator

acting on Kom [A], where v = s;, - - - 5;, is a reduced expression of v € Wj.

Definition 10.4. For 1 € AN E, and v € Wy, set

Wv,/l = ﬁm(x’l), W,1 = Z Wv,/l

veWy
in Py.

The expressions [34, Cor. 5.4] and [34, (5.8)] of the metaplectic Iwahori-Whittaker function and the
spherical Whittaker function in terms of metaplectic Demazure-Lusztig operators show that in the realm
of representation theory of metaplectic covers of reductive groups (see Remark 10.1), the polynomial
W, .1 is a metaplectic Iwahori-Whittaker function and W, is a metaplectic spherical Whittaker function
(the formula expressing the metaplectic spherical Whittaker function in terms of metaplectic Demazure-
Lusztig operators was originally obtained in [15, Thm. 16]).

In the following theorem, we express W, 4 and W, in terms of the Whittaker limits E;ﬂ (x) and
E;n’f(x) of the metaplectic polynomials E7"(x) and E}"™ (x).

Theorem 10.5. Let h € M(n,Q) and 1 € AN E+.
1. Forv € Wy, we have

K (=2 = pY)y-apv

A= (=DM (0)
Y-v(A+pY)

X [(E V(/l+pv)('x))

2. We have

Wa =k (0 x? 1(E" v (x). (10.8)
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Proof. (1) Substituting (10.7) and the last equality of (9.27), we have

Wv,AZﬁm(x )_( l)f(v) m(o)x - I( m,X— loc:( _l)(x_,l_p ))

(10.9)
= (1) OOy x P T(x P T,
Note that —1 — p¥ € A N E_, so the result follows from (10.3).
(2) This follows directly by combining part (1) and (10.6). m]

Remark 10.6. Formulas (10.2) and (10.5) now also allow to express W, 4 and W, in terms of E; (x)
and F;ﬁ (x).

Finally, we shortly explain how McNamara’s [30, Thm. 15.2] Casselman-Shalika type formula for
the metaplectic spherical Whittaker function can be derived from (6.56). First, note that I has a unique
extension to a Q"-linear automorphism of Kgm [A]. Define a linear Wy-action on Kom [A] by

v (fxh) = o () (fxY)
forv e Wy, f € @™ and A € A. Then Corollary 9.16, (4.19) and Corollary 9.11(1) imply that
(v ™ (fxh) =v e T"(fx?) (v e W), (10.10)

where v > (fx1) = 0, geaty(n) (V) (fx1) (see (6.54)).

Proposition 10.7. Let A € AN E_. Then

. - k2,
E (x)—(l—[ _“_):mv D=1 Oy e ! (10.11)

aedf veWw,

and
1 m-x mv
1V = 5,07 | ] “ Z( DOC T =)elort). 012
(IE(D+ - veWy aell(v-!)

Proof. The proof of (10.11) follows by combining (10.5), (6.56) and (10.10). Substituting (10.11) into
(10.8) and using that

¥’ (v x_’l_pv) = xpmvofG(v)(x_’l_pmv)
by (9.25), we get
m o2 - ka%"x il L) p™ _CG —A-p™Y
10V = OF| | | == | 2, (DO o O (™).
aecbg veWwy

The result now follows from the fact that

pmV _ mev — Z a,m\/'
aell(v-!)
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In the context of representation theory of metaplectic reductive groups over non-archimedean local
fields (see Remark 10.1), formula (10.12) reduces to McNamara’s [30, Thm. 15.2] Casselman-Shalika
type formula for the metaplectic spherical Whittaker function; see also [38, Thm. 4.9].

11. Index of symbols

In the first column of the following table, we list spaces, groups and sets that will frequently occur in
the paper. In the second column, we list the notations that we try to use throughout the paper for their

elements.

R d
E y
E* &
C, c
(I)o a,,B
oY MV
L A
A A
A:nin é’
Wy v
D a,b
w u,w
W g
.Q/\/ w
{0,....r) j
{1,..., r} i
F* z

§1.7 Conventions
F,q,Hom(G, H), Ty, R[A], Pa, x*, 14, [£, m].
§2.1 Root systems and Weyl groups

E, <" '>9 ” : ||7 ECO’ Erega Eis Y+, E/, Ejlz’ prE” prECO9 m, ®Os q)g’ A0 = {ai};:p @, Qa

\% Vo _ A% \% \ V,+ \
q)O’AO - {Cli {:l’WO’WO’S(I’sin ’P ’P +’wi .

§2.2 Affine root systems and affine Weyl groups

E“® C, 0y E* @R > E*,®, &%, A = {a; ¥ W. Wy, sa, 50, T(1), W 5 Wo.
§2.3 Length function and parabolic subgroups

L(w), II(w), ¢y, wy, iy, vy, J(c), @y, D, Wy, w.

§2.4 The Coxeter complex of W

(®),C’,Cy, Fs(E, X).

§2.5 The double affine Weyl group

®V,a",K,0", W, L,A, A, ja. q.
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§2.6 Algebras of ¢-difference reflection operators
F9 qg, TA9 T’ t/l9 wa Z§9 Zﬂa PAa 7)7 QA7 Q’ W X 7)9 W X Q
§2.7 The double affine Hecke algebra

Sh(I)Oa lg(DO» Shk,lgk» k7 k» ka» kj’Xi7X’H = H(k7 C]),H = H(k)aHO = HO(k),
PY7TW,Y119 UO’ p(Y:tl)96'

§2.8 Intertwiners
SX, X, 8Y, 8%, 3, HXloe, Y loc, X X ¥ SY.

§3.1 Induction parameters

d d T T d J +.J
T/\,J»TXTJ»TJ’T;e ,T/\G,T/\,T/\,‘[,L/\’J,L‘],L‘I, ITA7W;e ’JO’ ¢05®0,J()’¢0 ’

m(¢), h,ny (@), ni(a),s,.

§3.2 The H-module M/

IHI)J‘, H)J/,/\(j(’t,,w,,, Hy, ¥y 1y .M m! J0), L7, F‘}"t, XM, , tsph, M(T), E, m{v;t, Hws Vip-
§4.1 Spaces of quasi-polynomials

R,R[E], x>, x0m Pt w, T, Py, [c].

§4.2 Truncated divided difference operators

V., V).

§4.3 The quasi-polynomial realisation of M,J

XB>1, Kv()’),”c,t, Pt(C)’ ¢C,t'

§4.4 The face dependence of the quasi-polynomial representation

J.h t’

ew,w’;t’prc,c"

§4.5 Affine Weyl group actions on quasi-rational functions

N X -1
FQ [E]7 Q’y’ G—C,t’ Sj, ﬂ-(:,t 0C7 SD’ §y~

§5.1 Properties of the base point s;

Sy, k(¥), kw (¥).

§5.2 The H-action on P(©)

’l’c,t, Hi,m~
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§5.4 The parabolic Bruhat order on E

<B,(E, <), <, <q,gN.

§5.5 Triangularity properties

Gi(a).

§6.1 Genericity conditions for the multiplicity function
T}, 45.q%, P,w;, 1°,t(z), W].

§6.2 The monic Y-eigenbasis of Pt(c)

mi(x;t),d;’y/;t, S(M), M[s], Ej (x:t),e!

et
w,w’it’ vyt ww';t'

§6.3 Creation operators and irreducibility conditions
’ (c)
dy, (x), Ew,us €y yo> 7)<W’ Ny

§6.4 Closure relations

J,J!

e .
w,u’t’

§6.5 The normalised Y-eigenbasis and pseudo-duality

Fy (X), P)J, (x31), 1y, pw-

§6.6 (Anti)symmetrisation

1 Q(C)»"' P(C)’+ El-i t) PJ’+( t) O+ 11/ WY¢ Ci( /)
+ 1 LR sy (x» sty X5 ) c? O,yiy 0 7gy7 y y .

§6.7 Pseudo-unitarity and orthogonality relations

*7 F>u<a Fr» Tu’ Tr’ NW (x)3 (" .)J,t’ p*’ Cty W'

§6.8 The Whittaker limit

— — o) =) = = = — — — =i d —
K Foe. PP, P9, 0, 0,47, Ho BT, T} EL (1), E 5 (x), 4, %, 5,0

§7.1 Extended root datum and extended affine Weyl groups

e, (L), (A1, A}) < (A2, AS), g7, 45 W, Q@as wans Vass Amins s 0(j), I, @
§7.2 The extended double affine Hecke algebra

Haar, Hpr, A

§7.3 The extended quasi-polynomial representation

P(L) AN P(C)

A
Ct > At’ Ct Vct’ Ct(w) ¢(u7WAC’QAJ’QAC’Q > TC

AN
A tyies Whes lﬁc’t .

https://doi.org/10.1017/fms.2025.33 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.33

Forum of Mathematics, Sigma 129

§7.4 Twist parameters

g, Bf.

§7.5 The extended eigenvalue equations
ENN (x;1).

§7.6 The theory for the GL, . root datum

v o 7 T .
€,U,w, wi [Zr+l,H7 ﬂC,t, Yis Ey;C (-x9 t)

§8.1 The g-parameters
T, K(y(‘f), gamb’ f’ ftl’ év qy,g, §09 g’ g, g(h CA,A/s (, ty(g’ C), w .i)\,C ‘xy'

§8.2 The uniform quasi-polynomial representation

AN

(c) =
[y g Fe, 875 Mo 5ic

§8.3 Uniform quasi-polynomial eigenfunctions

EMN(x:g,P,0), & (x:2, D), Fo, [E] agfisf(’.

§9 Metaplectic representations and metaplectic polynomials

n,Q, kg.

§9.1 The metaplectic parameters

B, m(a), @', a™,Q"™, ®",9,0,s7,CY, C™,G"™, M = Mu.q). h, hs(@), b8, hE(a), €,
§9.2 The metaplectic basic representation

Hm, £m7 Am9 Am,’ rf(s)’ Vm’ ﬂ'm7 HA'",AW”’ gm’ g 5 A s Ao Pm, Xm(A)’
J A g.p.C 8 A

= l—*m, t,l(]’l), Xm(A, Am)’ K, ﬁ, 7 ,(_)’ Zm,inv Zm,reg, Zm,reg’ ]jl
h = AL

AW AL

§9.3 A metaplectic affine Weyl group action on rational functions
Q" Fon[L].of,p". o™, oSS, T/,

§9.4 The metaplectic polynomials

o (a).

§10 Limits to metaplectic Iwahori-Whittaker functions

My Ho s <" ¥ = yu (), k() Eq (x), T (0, Eq T T W1, Wa, B
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