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Active matter concerns many-body systems comproed of living or self-driven agents that collectively exhibit
macroscopic phenomena distinct from conventional passive matter. Using Schwinger-Keldysh effective field
theory, we develop a hydrodynamic framework for thermal active matter that accounts for energy balance,
local temperature variations, and the ensuing stochastic effects. By modeling active matter as a driven open
system, we show that the source of active contributions to hydrodynamics, violations of fluctuation-dissipation
theorems, and detailed balance is rooted in the breaking of time-translation symmetry due to the presence of fuel
consumption and an external environmental bath. In addition, our framework allows for nonequilibrium steady
states that produce entropy, with a well-defined notion of steady-state temperature. We use our framework of
active hydrodynamics to develop effective field theory actions for active superfluids and active nematics that offer
a first-principle derivation of various active transport coefficients and feature activity-induced phase transitions.
We also show how to incorporate temperature, energy, and noise in fluctuating hydrodynamics for active matter.
Our work suggests a broader perspective on active matter that can leave an imprint across scales.
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I. INTRODUCTION

The second law of thermodynamics posits that matter
should move toward disorder, finally reaching a state of ther-
mal equilibrium that maximizes entropy. To postpone this
ultimate fate of demise, living matter produces an excessive
amount of entropy that is released to its surroundings as
heat, thus allowing it to maintain its ordered state [1]. Living
organisms achieve this by burning fuel at the cellular level,
primarily adenosine-triphosphate (ATP), to maintain them-
selves at an operating temperature sufficiently higher than
the ambient temperature, ensuring an uninterrupted outflux
of entropy to the environment. These metabolic processes
of creating and releasing entropy allow living organisms
to undertake otherwise statistically unfavorable activities,
like self-replication, adaptation, self-organization, and spon-
taneous motion, and may be viewed as a local violation of the
second law of thermodynamics. At macroscopic scales, this
dynamics results in entirely new phases of matter, called ac-
tive matter [2], of which living systems are the most prominent
example, exhibiting collective behavior distinct from their
nonliving passive counterparts.

The inherent nonequilibrium nature of active matter main-
tained via the entropy exchange with the environment and
the self-driven nature of the microscopic constituents, leads
to novel collective behavior in the form of pattern formation,

“Contact author: j.armas@uva.nl
TContact author: a.jain@uva.nl
Contact author: r.lier@uva.nl

2470-0045/2025/112(5)/055401(39)

055401-1

nonequilibrium phase transitions, breaking of fluctuation-
dissipation theorems, and new forms of mechanical/elastic
responses. These properties are manifested in a plethora of
systems including active liquid crystals, active solids, and
active gels. In particular, active liquid crystals with polar
order exhibit a disordered/ordered flocking transition even
in two spatial dimensions [3—-8], while with nematic order
activity can give rise to nematic turbulence with spectacu-
lar spatially modulated patterns at mesoscopic scales [9—14].
In turn, active solids may display odd-elastic responses that
violate mechanical reciprocity [15] and may become sus-
ceptible to instabilities due to the presence of noise [16].
Besides being realized in biological systems, active matter
may also be engineered using motile particles with inbuilt bat-
teries, light-activated beads, mechanically/electrically driven
systems [17], or designed using metamaterials [18,19], and
colloidal particles [20,21].

To arrive at macroscopic descriptions of phases of mat-
ter, one can use a top-down reductionist approach, starting
from the microscopic constituents and their mutual interac-
tions. This approach is often quite difficult and only really
manageable for weakly interacting systems, using techniques
such as kinetic theory and agent-based modeling [22-24].
However, most collective behavior in nature turn out to be
largely agnostic to the underlying microscopic dynamics and
are effectively described by a handful of collective variables,
such as local temperature and density, and a few transport pa-
rameters, such as viscosity and conductivity. This allows one
to take a bottom-up emergent approach, commonly known
as hydrodynamics, to directly obtain effective theories for
phases of matter based on the laws of thermodynamics and the

©2025 American Physical Society
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underlying symmetries, such as rotations, translations, or
number conservation, and the relevant symmetry breaking
patterns. In this context, the most important guiding princi-
ple for passive phases of matter is the local second law of
thermodynamics, which requires that the local rate of entropy
production must be nonnegative everywhere throughout the
system. Despite being just an inequality, this requirement is
immensely constraining for hydrodynamic models as it needs
to be satisfied for every possible configuration admitted by the
system.

The presence of local fuel consumption allows active sys-
tems to bypass the usual constraints on transport imposed
by the local second law of thermodynamics, thus allowing
for a wider range of transport properties. The standard pre-
scription to derive these novel effects is to incorporate a
fuel source into the framework of hydrodynamics, e.g., in
models of polar/nematic gels and viscoelasticity [5,25-30].
Fuel consumption leads to novel contributions to the hydro-
dynamic constitutive relations, such as odd strains arising
from interactions between nonreciprocal springs [15,31-33]
and active nematic stresses in liquid crystals responsible for
nematic turbulence [13,14,34]. In contrast with passive sys-
tems, active hydrodynamic constitutive relations induced by
fuel consumption do not obey the usual fluctuation-dissipation
theorems (FDTs) nor Onsager’s reciprocity relations [35-38]
that are rooted in microscopic time-reversal dynamics.

The absence of standard fluctuation-dissipation statistics,
microscopic time reversibility, and second law constraints
suggests a more phenomenological approach to active hydro-
dynamics based solely on the relevant symmetries for a given
phase of matter. This viewpoint has been pursued in various
works, for instance in the widely studied Toner-Tu hydrody-
namic model [3,4] of active matter with polar order (see also
Ref. [2] for a review of many hydrodynamic models of active
matter). However, many active systems still operate relatively
close to equilibrium, suggesting that instead of abandoning
entirely the framework of passive hydrodynamics, one should
depart from it slowly as the strength of activity is increased.
This can be done by retaining the local equilibrium hypothesis
and introducing activity perturbatively by means of a control
parameter [25,39].

One of the main uses of hydrodynamics is extracting cor-
relation functions. To do so, one must first specify the global
equilibrium state, or a global steady state for active matter,
around which the hydrodynamic variables locally fluctuate.
However, one is immediately faced with a problem. Since
fuel consumption constantly injects energy into the system,
the local temperature rises indefinitely and it is impossible to
formulate a steady state at fixed temperature. See Ref. [25]
for a review of temperature dynamics in the presence of fuel
sources. Indeed, for this reason, temperature is often not taken
as a collective variable in theories of active hydrodynamics
(see, e.g., Ref. [2]). Consequently, it is not possible to access
the correlation functions of energy that are a hallmark of
nonequilibrium systems [40].

The solution we propose is to model active systems as
driven open systems and to incorporate, in addition to the
energy source arising from fuel consumption, an energy sink
within the hydrodynamic model to remove the excess energy.
To model this, we take inspiration from a large body of

literature developing hydrodynamic models with momentum
or charge sinks, in systems with approximate translation or
U(1) symmetries [41-46]. In our case, the approximate sym-
metry is time translations, associated with the approximately
conserved energy density. However, energy sinks are concep-
tually different from momentum or charge sinks because the
latter do not extract entropy from the system, while energy
sinks cause entropy to be released to the environment. Inter-
actions between the fuel source and the energy sink define
the global steady state temperature of the active system, in
turn determining the rate at which entropy is released to the
environment.

Since active systems operate around nonequilibrium steady
states, their dynamics cannot be well-described by deter-
ministic models and one must also account for stochastic
thermal noise. To this end, and to systematise the role of
fuel source and energy sink in active hydrodynamics, we use
the methodology of Schwinger-Keldysh effective field theory
(SK-EFT) [47-53]. SK-EFT is a systematic symmetry-based
effective action approach to hydrodynamics that has stochastic
noise built into the framework. It features a discrete Kubo-
Martin-Schwinger (KMS) symmetry that is responsible for
imposing FDTs, Onsager’s relations, and the local second law
of thermodynamics in passive systems. We propose a suitably
generalized active KMS symmetry that allows for systematic
violations of each of these requirements in terms of the rates of
fuel consumption and heat loss, perturbatively controlled by
the strength of activity. The proposal stems from the physical
requirement that when an active system runs out of fuel and
all external forces are turned off, dubbed the famine state, it
must behave as an ordinary passive system. The active KMS
symmetry can be understood as a field theoretic realization of
the principle of microscopic reversibility when subjected to
external work [54,55] as we demonstrate in our work.

We apply this new framework of active hydrodynamics
to active superfluids and active nematics, while sketching
potential extensions to several other active phenomena. We
systematically study how active contributions may arise in the
hydrodynamic constitutive relations, and cause violations of
FDTs, Onsager’s relations, and the local second law of ther-
modynamics. Depending on the choice of parameters, these
models admit activity-induced phase transitions between the
ordered and disordered states and present the perfect oppor-
tunity for approaching active phase transitions [56] from a
Wilsonian renormalization group perspective. We also pro-
vide the first-ever computation of energy correlation functions
in active matter and show how to incorporate temperature,
energy and noise within the framework of fluctuating hydro-
dynamics.

A few recent works used EFT techniques for modeling
certain aspects of active matter. In Ref. [27], a SK-EFT
model for active nematics was constructed by including a fuel
source, as done previously for conventional models of active
hydrodynamics [5,25]. In Ref. [57], a complimentary EFT
approach to nonequilibrium systems based on the Fokker-
Planck equation and stationary probability distributions was
presented and applied to systems without time-reversal sym-
metry. Furthermore, Ref. [57] discussed a version of FDT
applicable to states described by nonthermal stationary dis-
tributions, generalizing previous work of Refs. [58,59]. In
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this paper, we move beyond, and extend, these works by
accounting for both fuel consumption and entropy loss to the
environment within the framework of SK-EFTs. This allows
us to make several advances in active hydrodynamics: (i) all
active contributions can be seen to arise from the explicit
breaking of time-translation symmetry; (ii) the framework
allows for nonequilibrium steady states that produce entropy,
with a well-defined notion of steady-state temperature; (iii)
the active hydrodynamic equations include temperature as
a dynamical collective variable; (iv) we can systematically
access symmetric and retarded correlation functions of energy
and heat loss to the environment; and (v) concretely identify
the source of violations of FDTs and detailed balance in the
presence of activity.

Organization: The structure of this work is as follows.
In Sec. II, we review previous formulations of active matter
hydrodynamics and then establish a general hydrodynamic
framework for active matter starting from the principle of en-
ergy balance and the existence of a famine state. In particular,
we introduce the notion of active KMS symmetry in SK-EFTs
and discuss how it relates to the systematic violations of
the local second law of thermodynamics, FDTs, and detailed
balance. Then, in Sec. III, we consider a simple toy model of
active superfluids without momentum conservation, and dis-
cuss the salient features of our model such as active transport
coefficients and activity-induced phase transitions. We also
show that the obtained correlators do not rely on the SK-EFT
and can be obtained in a more conventional way using the
principles of nonequilibrium fluctuating hydrodynamics. In
Sec. IV, we extend this construction to active nematics. We
conclude in Sec. V with a discussion of future directions.

The paper is accompanied by several Appendixes. In
Appendix A, we provide a comparison of our formalism
with the conventional framework of active hydrodynamics. In
Appendix B, we provide an in-depth review of the SK for-
malism for passive hydrodynamics and give the details of its
extension to active hydrodynamics. In Appendix C, we pro-
vide a detailed construction of SK effective actions for active
diffusion, active superfluids, active hydrodynamics, and active
nematics. Last, in Appendix D, we provide a comprehensive
glossary of symbols and notation employed in this work.

II. FIELD THEORY FOR ACTIVITY
A. Activity engines

Consider a physical system that burns fuel from a reservoir
for energy that it uses to stay active. For instance, this may be
ATP used by cells, food consumed by a bacterial population,
or internal batteries of motile particles. Burning fuel produces
heat proportional to the chemical energy differential AE at
rate rg, leading to the energy balance equation

9,6 + 0;ie' = LreAE, (D)

where € and €' are the energy density and flux. The parameter
£ serves as a bookkeeping tool to keep track of any con-
tributions tied to the inflow and outflow of energy. We will
assume ¢ to be sufficiently small, so that we remain in a
regime where local energy conservation is still approximately
applicable. Alternatively, following Ref. [25], we can also

Environment

System

FIG. 1. Schematic representation of energy balance between the
system, fuel reservoir, and environment. Without the environment
component, fuel consumption would lead to an indefinite build-up
of energy or heat in the system.

work with total conserved energy density €, that includes
the fuel contribution; a detailed comparison is provided in
Appendix A. Depending on the underlying symmetry struc-
ture, we may also need to account for conservation equations,
e.g., momentum, mass, or particle conservation, and Gold-
stone equations for spontaneously broken symmetries. We
shall return to these considerations in detail later.

The first law of thermodynamics, de = T'ds, relates the
energy density € to the entropy density s of the fluid and its
local temperature 7'. Using this, we can recover

,. 1, AE
8[S + Bis = —FE B,T +£I"FT, (2)

where T's' = €’ denotes the heat flux. The total entropy of the
system plus fuel must locally be produced, i.e.,

3 + 9;s' = 0. (3)
Therefore, we are led to the constitutive relations

€ =—kdT+..., rp=LyeAE, (4)

where ¥ > 0 is thermal conductivity and yr > 0 is a coeffi-
cient that controls the rate of fuel depletion. Ellipsis denote
further derivative corrections. For simplicity, we will assume
re to not admit any derivative corrections throughout this
work, which amounts to the physical assumption that the fluid
does not backreact on the fuel burning process.

Plugging the constitutive relations from Eq. (4) back into
Eq. (1), we find that fuel consumption results in a steady
build-up of energy in the system d,e ~ £>yrAE2. Corre-
spondingly, the system continuously heats up in time, with
T ~ L>ye AE?/c,, where ¢, = d¢/dT is the heat capacity.

For the system to reach a homogeneous active steady state
in the presence of fuel consumption, we must also include a
sink in the energy balance equation. To wit,

9,6 + 9;¢' = Lre AE — LrekpTE, (3)

where kg rg denotes the rate of entropy loss to the environment
of ambient temperature 7g, and kg is the Boltzmann constant.
See Fig. 1. The energy sink simultaneously removes entropy
from the system, so the second law of thermodynamics takes
a modified form,

3 + 0;s' + Lkgre = 0. (6)

This says that the entropy of an active system, plus the entropy
lost to the environment, is locally produced. We will derive
this relation more systematically in Sec. I C using Schwinger-
Keldysh effective field theory. Once again, using the first law
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Environment

System

FIG. 2. Schematic representation of the famine state. When the
fuel reservoir is absent, the system can still exchange heat with
the environment and reaches a unique equilibrium state maintained
at the environment temperature 7g.

de = T'ds, we find

95 + 0;s' + lkgre = 1faT+e AE—i—Zk AT
is + O;s BIE = —77€0 T BIE

(7

implying that the rate of heat loss is proportional to the
thermal gradient AT = T — Tg between the system and the
environment, i.e.,

re = Lyekg AT + ..., (8)

controlled by the coefficient yg > 0.

A homogeneous active steady state is achieved when the
energy re AE received from the fuel consumption in Eq. (5) is
balanced by the heat loss rgkg 7. This happens at the steady-
state temperature

=114 7FAE )
O = E A bl
ve K3T2

which is above the ambient temperature as the system is
subjected to a chemical gradient AE # 0. It will be useful
to identify some dimensionless measure for quantifying the
strength of activity. There are two natural candidates: an ex-
ternal measure & = (AE /(kgTg) that measures the amount
of energy being injected by the fuel relative to the environ-
ment, and a dynamical measure 8 = £ AT /Tg that measures
the operating temperature of the active system relative to the
environment. In the steady state (9), the two are related by
R = lyr/ye N

When an active system runs out of fuel, i.e., AE =0, it
cools down to a global thermal equilibrium state with 7y = Tg.
We refer to this lack of fuel/food as the famine state; see Fig. 2.
This state is effectively described by ordinary passive hydro-
dynamics, but with short-lived energy or heat fluctuations with
the characteristic relaxation rate

_ CkgTeye

Cy

Ie (10)
This story is analogous to the recently developed hydro-
dynamic framework for approximate or weakly explicitly
broken symmetries, featuring approximately conserved re-
laxed charges [41-46]. In this instance, the approximate
symmetry is time translations, associated with the approxi-
mately conserved energy density. The passive statement of the
local second law in Eq. (3) is restored in the famine state when
the source of activity is absent. To wit, when Tg is constant,
Egs. (5) and (6) together imply that d;Sgam + 9;sk,, > 0, with

Sam =5 — €/Tg and sk, =s' — €'/Tg. Note that this does
not work when the environment temperature 7g is varying in
space or time. The spatial or temporal gradients of Tg act as
thermal engines that drive the system away from the famine
state. We shall only consider a homogeneous and stationary
environment in this paper.

Instead of the activity being supported by a chemical en-
gine, we may also consider other engines of activity, such
as an external thermal gradient, electric fields, or mechanical
forcing. If we remain agnostic of the details of the engine
itself, many such physical scenarios merely amount to rein-
terpretations of ¢ and AE. For example, consider a 2D active
system driven by electric fields or mechanical forcing trans-
verse to the plane [17,20,21,60]. In these cases, rg and AE
may be interpreted as the transverse components of the charge
flux/momentum density and electric fields/acceleration, re-
spectively. The source of driving may also be inhomogeneous
in time and/or space, modeled by a nonconstant profile for
AE, e.g., AE o sin(€2t) for an oscillatory activity engine
with frequency 2. However, we will only consider homo-
geneous activity engines throughout this work for simplicity.
Last, we may also consider external electric fields or mechani-
cal forcing within the dimensionality of the active system, but
this additionally requires one to introduce momentum sinks
to balance the momentum imparted by the external fields. We
will comment on this case toward the end of this paper.

B. Active KMS symmetry

Hydrodynamics describes the evolution of conserved
charges in a physical system and is characterized by the con-
stitutive relations for the conserved fluxes expressed in terms
of the conserved densities, and possibly order parameters of
spontaneously broken symmetries. In addition to symmetries,
the construction of constitutive relations for a passive system
is guided by physical requirements such as the local second
law of thermodynamics [61] and the existence of local ther-
mal equilibrium [62,63]. However, active systems may freely
dump entropy into the environment thereby violating the local
second law. They also operate around nonequilibrium steady
states and typically do not admit stable thermal equilibrium
states. To help us traverse this uncharted territory, we look to-
ward Schwinger-Keldysh (SK) hydrodynamics [47-53], which
is a recently developed effective field theory framework for
hydrodynamics that, in principle, applies arbitrarily far from
equilibrium.

The primary ingredient in SK hydrodynamics is the KMS
symmetry. It is an incarnation of microscopic reversibility
and ensures that the thermal correlators of hydrodynamic op-
erators satisfy the FDTs and Onsager’s reciprocity relations
[35-38]. For two-point symmetric and retarded correlators,
denoted G5 and GR, respectively, these statements read in
Fourier space

1
Goo = M(G?w F Goo),
Goor = £GH 0, (11)

where By = 1/(kgTp), and O, O’ represent the hydrody-
namic operators of interest such as the conserved densities
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and fluxes. The upper/lower signs in Eq. (11) apply when
the time-reversal eigenvalues of the two operators are the
same/opposite. Analogous statements apply for higher-point
functions [38].

In the SK formalism, FDTs, Onsager’s relations, and their
higher-point generalizations are all realized via a discrete
symmetry of the effective field theory, known as the KMS
symmetry. In simplest terms, we introduce a pair of external
sources, denoted S,, S,, that can be used to compute the ex-
pectation values of the operators O as well as their symmetric
and retarded correlators, i.e.,

(0) = 58’ nZ,
i —i8 —i8
, = — nz,
00" ss/, s,
5 —is
GR,, = — Z, 12
00" §g. s, n (12)

and similarly for higher-point correlation functions. Here Z =
| Dy Dy, exp(i [ dt L) is the SK generating functional of the
theory, with the Lagrangian L, and v, ¥, collectively denote
the physical and stochastic dynamical fields [64]. Heuristi-
cally, s, can be understood as the true background fields and
S, as the associated thermal noise. For example, to obtain
the correlation functions of conserved particle number/charge
density and flux operators associated with an internal U(1)
symmetry, we need to introduce the associated background
gauge field and its noise partner. Whereas for correlation
functions of conserved currents associated with spacetime
symmetries, i.e., energy density, energy flux, momentum
density, and stress tensor, we need to couple the theory to
a background spacetime geometry and noise partners; see
Appendix B 1 for more details. We will see particular exam-
ples later in Secs. III and IV.

The KMS symmetry can be stated as the invariance of the
theory under a discrete transformation

KMS
Sy —> ne 'S,

Su 5 116 84 = NeSa + iBodS,), (13)

where ng denotes the time-reversal eigenvalue. Throughout
this paper, the right-hand sides of KMS transformation are
understood to be evaluated at (—z7, X). The KMS symmetry is

realized on the dynamical fields as ¥, ¥, M3 neV, NeYa,
where the explicit form of 1, depends on the model under
consideration and will be discussed later in explicit examples.
Depending on the application in mind, the KMS symmetry
can analogously be defined for other kinds of reversibil-
ity symmetries involving combinations of spatial-parity and
charge-conjugation, such as PT, CT, or CPT. More details on
the KMS symmetry and its derivation from the full quantum
KMS symmetry is provided in Appendix B 2.

To describe an active system, we need two new ingredients
in the SK framework: First, we need a fuel source which
generates the activity [25]. Second, we need a heat sink that
balances out the continual influx of energy from the fuel
source. These two ingredients are modeled using the external
fuel and environment sources ®"E and the associated noise

partners ®"-E. Physically, these may be interpreted as the pair
of external sources coupled to the rate operators rg g intro-
duced in Sec. IT A, and for a homogeneous and nonstochastic
fuel source and environment, take the value

oFf = —AEr, OF =kpTgr, oF =0F=0. (14
For inhomogeneous profiles of AE or Tg, we can instead
identify ® = — [ dr AE and ®F = [ dr Tk.

To set up the active KMS symmetry, let us recall the
hydrostatic principle which states that a passive system al-
ways flows toward global thermal equilibrium when coupled
to time-independent nonstochastic background fields, i.e.,
9,8, = S, = 0. A crucial observation in this regard is that the
external noise fields in such configurations remain zero under
KMS transformation (13). While this need not generically ap-
ply to the fuel/environment fields, we do expect the system to
flow to global thermal equilibrium in the famine state, AE =
Ty — Te = 0, i.e., PE = kpTpt, ®F, ®7-F = 0. Requiring that
the KMS transformation leaves the noise fields vanishing in
and only in the famine state, fixes the KMS transformation to

KMS
of 22 —of,

KMS
oF 23 _oF,
F KMS  &F _ F_ . F
b, — -0, =-b, —ify0,P,,

KMS

oF =5 —F = —oF —igy9,oF + i, (15)

with time-reversal eigenvalues —1. Note the additional “7”
shift in the KMS transformation of ®F. This is the active KMS
transformation, suitable for describing out-of-equilibrium
systems coupled to a thermal bath. An appropriate extension
to the quantum regime is provided in Appendix B 3.

The background field variations §®F = ®F — kpTet,
8@5 = <I>5 satisfy the standard KMS symmetry (13) in the
famine state, hence the correlators in this state satisfy FDTs
and Onsager’s relations. Departing from the famine state, the
background field configuration itself breaks the KMS sym-
metry and the system has to settle in a nonequilibrium steady
state that causes violations of FDTs and Onsager’s relations in
Eq. (11). Note that the effective field theory still realizes the
active KMS symmetry (15), but it relates states with QDZ'E =0
to states with CDGF*E # 0. This is philosophically similar to
how applying external magnetic fields to a rotationally invari-
ant theory leads to anisotropic low-energy observables and
rotations relate states with different orientations of external
magnetic fields. Except that in our case, the active KMS sym-
metry maps physical steady states without noise in an active
system to auxiliary stochastic states with nonzero noise.

As a final comment, we note that while the environment
fields <I>Ea are essential for our construction, the role of fuel
fields @fa may instead be played by any of the other back-
ground fields s, relevant to the system under consideration.
The only requirement for driving activity is that 9,S, # 0. This
may be achieved, e.g., via a second heat bath with a tem-
perature different from 7g. Alternatively, one may consider
background electric fields or mechanical driving, however,
this introduces anisotropy in the system and also requires the
introduction of a momentum sink to counter the momentum
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imparted by the external fields [60]. Last, apart from repre-
senting a fuel source such as ATP or food, the fuel fields
®F  can also be used for modeling internal batteries of motile

particles, or, in two dimensions, electric fields or mechanical
driving transverse to the plane of the system.

C. Energy balance, unitarity, and the second
law of thermodynamics

Just like the two copies of background sources, all the
global symmetries in the SK framework are also doubled.
The “r-type symmetries” ensure that the classical equations of
motion are invariant under symmetry transformations, while
the “a-type symmetries” are responsible for imposing the re-
spective conservation equations. For instance, the symmetries
relevant for energy balance are the doubled time translations.
The r-type time translations act on all the fields as usual, i.e.,
f@)— f(@t+ xD), for a constant parameter x’. Whereas, the
a-type time translations only act on the a-type noise fields and
mix them with the physical fields. Collectively denoting the
background sources as S, , = (Sy.q» (oF ZCDEa), we have

ra’
S, = S, + x.0:S,, (16)

for a constant parameter x.. The transformations of the
noise dynamical fields ¥, are more involved, depending on
the particulars of the system under consideration, and will
be discussed later. Using the standard Noether procedure,
Eq. (16) implies the balance of energy

de + die' = —O0ds, — €red, ®F — Lrgd, ®F, (17)

which extends Eq. (5) to account for the energy imparted or
removed by time-dependent external fields.

The SK framework also features a set of constraints arising
from the unitarity of the microscopic time-evolution operator
[49,53]. These are summarized as

L =0, L

oy, =—L% ImL>0, (18)

where f, represents all the a-type fields. To implement the
second condition later in the text, it is useful to introduce the
SK-unitarity operator

(' =C ) g (19)

so that LT = —L. In particular, f; = —f".

The KMS symmetry, energy balance, and the unitarity
constraints, together conspire to give rise to the local second
law of thermodynamics for passive systems [65]. This is the
statement that there exists an entropy density s and associated
flux s’ such that entropy is locally produced as in Eq. (3).
However for active systems, owing to the additional “i” term
in the active KMS symmetry (15), one finds that the local
second law modifies to Eq. (6). We will see how this works
in specific examples later, while a general derivation of the
active second law from the active KMS symmetry is presented
in Appendix B 4.

fa—0

D. Microscopic reversibility and detailed balance

Let us take a quick detour to see how the (active) KMS
symmetry relates to microscopic reversibility and detailed
balance. Given that the system starts from an initial state

¥ (ti) = ¥, at time #;, the conditional probability distribution
for it to follow a path ¥ (¢) until a final time # is given by a
path integral over the noise fields

I g
POy 1. 1) = N/D%exp(i/ erw,m,g,éa)),

(20)

with boundary conditions v, (# ) = 0. Using this, we can also
obtain the conditional probability distribution for the system
to transition to the final state ¥ (f) = ¥, by integrating over
all the paths

¥
Py 190 1) = /w Dy P ). QD)

The normalization NV in Eq. (20) is fixed such that the proba-
bilities add up, i.e., [ dy P(Yy, 1| ¥, 1) = 1.

Under KMS transformation, L K—MS> L —iBp0,;$2, where
we have kept the possible temporal boundary term but the
spatial boundary terms may be ignored. It is convenient to
include a time translation along with the time-reversal trans-
formation while implementing KMS on a finite time interval,
Of(t) = nef(—t + t; + tr), so that the interval maps to itself.
Repeating the KMS transformation brings L back to itself,
which requires that 2 does not contain any a-type noise fields
and is even under time reversal. Note that the definition of
Q is ambiguous because L can be redefined with arbitrary
boundary terms. This may typically be fixed by requiring
that L is invariant under all the relevant continuous symme-
tries without leftover boundary terms [66]. With this choice,
Q. 1) = Q(Y, s,(t)) can be interpreted as the grand canon-
ical free-energy distribution of states.

The KMS symmetry implies a relation between the prob-
abilities of the original and time-reversed processes. Let us
denote Po(ne¥|nevs, 1) as the conditional probability for
the system to start from v (i) = ney¥; and traversing the
time-reversed path @y (r) = ney¥(®r), in the presence of
time-reversed background sources g8, ,(©1). Relegating de-
tails to Appendix B 5, we find

Po(meyIneys. i) _ oD~ oWy (22)
IP(I//“/,w ti) ’

where AQ = Q(Yy, tr) — Q(Y;, 1) is the free-energy differen-
tial between the end states, and

exp(—pBoWy ) = <exp <—,BO f dr dx W)> , (23)
v

denotes the dissipative work done on the system during for-
ward path ¥ (¢), averaged over the thermal noise, i.e.,

W = —009,s, + Lre AE + Lrekg AT
= —(Ods, + tred, ®F + Lred, ®F) + trekpTy.  (24)

defined as the total energy supplied by the sources, fuel, and
environment in Eq. (17), minus the heat lost to the environ-
ment in Eq. (6). Equation (22) is the field-theoretic realization
of microscopic reversibility from nonequilibrium statistical
mechanics [67,68]. It states that, in the presence of activity,
the likelihood of a process versus its time reverse is no longer
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governed by just the free-energy differential AQ2 between the
end states, but also the dissipative work W,, performed on the
system [54,58].

An equivalent statement for the transition probabilities can
be obtained by summing over all paths, i.e.,

U’@(ﬂ@'ﬁi, tf|77®¢fv %) _ eﬂUAQ_ﬁOW, (25)
[P('/’f’ tfl"pia tl)

where W is now averaged over all paths, defined as

Sy DY exp(=BoWy) POV |9y, 1)
o DY PO 19y, 1) '

Equation 25 is the generalization of the principle of detailed
balance in the presence of external work W. When all the
background fields are time-independent and the fuel source is
turned off, i.e., 9;S,, AE = 0, and the system temperature has
equilibrated with the environment temperature, i.e., T = T,
we recover the original statement of detailed balance [39,69].

A consequence of detailed balance is that, in the absence of
external driving or activity, a transition is more likely to occur
than its time reversal if it decreases the free energy. Since this
statement applies for arbitrary states, a passive system left
to its own devices will ultimately settle into the state with
least free energy, known as the principle of thermodynamic
stability. However, comparing free energies is not sufficient
to determine the preferred state of an active system, and one
must also account for the heat lost to the environment. In
principle, one may use Eq. (25) to determine the strength of
activity required to induce an active phase transition to a state
with higher free energy that is forbidden in passive systems.
We leave such explorations for future work.

exp(—foW) =

(26)

III. ACTIVE SUPERFLUIDS

To draw a qualitative picture of our framework, let us
consider a toy model featuring a conserved number density
n, together with the energy density €. The energy balance and
charge conservation equations can be summarized as

d€ + 0’ = Eij'—trp0, ®F — trgd, ©F,
dn+9;j' =0, 27)

where j denotes the number flux. We have denoted the active
contributions arising from the fuel and environment fields in
blue for emphasis. We have also introduced the background
U(1) gauge field sources A,, A; coupled to n, j* that contribute
to the energy balance equation via the associated electric field
E; = 0;A; — 9,A;. Charge conservation may be understood as
a consequence of an underlying U(1) symmetry that acts on
the background fields as A, — A; + 9, A, A; = A; + 9;A. We
may also introduce background “clock fields” n,, n; coupled
to €, €'; however, the resultant equations are quite involved
due to nonlinearities and we have relegated a full treatment
to Appendix B 1. Note that the energy balance equation in
Eq. (27) differs from our previous expression in Eq. (17)
by a redefinition € — € — A;n, € — €’ — A, ' to make the
equations gauge invariant.

Furthermore, our toy model consists of a complex scalar
field ¥ charged under the U(1) symmetry as W — We™A,

This can be used to study the superfluid phase where W
attains a nonzero expectation value (V) = W, and the U(1)
symmetry is spontaneously broken. The massless fluctuations
of W around the ground state are parametrized as W = Wye'?,
where ¢ is the superfluid Goldstone field. Its dynamics is
governed by the Josephson equation that will be determined
in our formalism by varying the SK effective action, given in
Eq. (43).

A. Fields and symmetries

The primary dynamical ingredients in a SK-EFT featuring
energy balance and charge conservation are: temperature 7T,
chemical potential u, and the partner stochastic noise fields
X!, ¢,. To accommodate the possibility of spontaneous sym-
metry breaking, we also introduce the complex scalar field
W, = W and its stochastic partner W,. The background U(1)
gauge field is doubled in the SK framework to A, 4, A, 4i. We
may identify A,;, A,; as the classical gauge field A;, A; and
shall use the two notations interchangeably. The same holds
for the doubled clock fields n,. 4, 1y.q;-

The effective theory is invariant under doubled U(1) global
symmetries as well as doubled time translations discussed
around Eq. (16). The action of r-type time translations is
given by time diffeomorphisms on all the fields as usual;
see Appendix B. The remaining symmetries act on various
dynamical and background fields as

Xy = Xy = Xa
$a = Pa— Ao — X0 A,
W, —> e M,
A — A + A,
A — A+ 0iA,,
A = Au + 3 Do+ XA — A g,
Ay = Agi + 0ihg + xL0A; — A dix.,
Nar —> Mg + X\0m — n,d x.,

Nai = Ngi + X50mi — nyd; x5, (28)

while T, u, n,, n; are invariant. A detailed derivation can
be found of these symmetry transformations can be found in
Appendixes B 2 and C 2. In the following, it will be useful to
define the quantities

Ny = n 3, X, + X 0,m, + ny,

Ny = m0:.X! + X 0,m; + ngi,

By = 3pa + A0, X, + X 0,A; + Aus,

Bii = 3ipa + A10iX; + X 0,A; + Ai, (29)

which are invariant under Eq. (28). We also define the gauge-
covariant derivatives of the complex scalar fields as D, = 9; &
iA;, D; = 0; £ iA,;, with positive sign for ¥, W, and negative
sign for W*, W7,

The KMS transformation of the background fields is
given in Eq. (13), whereas it acts as just as a time-reversal
transformation on the physical dynamical fields, with the
time-reversal eigenvalues summarized in Table I. Note that the
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TABLE I. Time-reversal-even and -odd quantities used in this
work. The r-type background fields are identified with the unlabeled
ones. The director field ¢; and its noise partner g, may be time-
reversal even or odd based on the system under consideration.

T-even T-odd

Xi, 8,- t, 8}

n, e, T jlem

A, Aurs 1y, Ny, hij, huii Ay, Agi, ni, g, Ui, U,il
' ®E, OF, oF, oF

T, u, X, X!, @ar !

Re WV, Re VY, ImV¥, ImY,, ¢, ¢,

Oij» Qij

time reversal acts oppositely on the real and imaginary parts

of W, so W EMS @+, The a-type noise dynamical fields are

taken to transform under KMS as
KMS 4 .
X, — —Xi = —X; —i(B — po),

a

KMS

Yo —> —Pa = —@, — (B —A;) — Bolto),
v, 28§ = wr 4 ipD, v — v,
wi 2§, = —w, —igD,w — puw, (30)

where 8 = 1/(kgT). Here By = 1/(kgTp) and pg are the in-
verse global temperature chemical potential. Note that these
transformations do not respect complex-conjugation, but do
respect the SK-unitarity operation (19). We can define the
hatted-versions of the quantities in Eq. (29) by replacing the

a-type field with their hatted versions, such that f, KM n@fa.

Finally, when activity is present, the a-type time-
translation symmetry requires that the fuel and environment
background fields from Sec. II B appear in specific combina-
tions

AE = —3,®F, kpTg = 9,9F,

N E =¢ofE 4 ox'a, o7 F, (31)
with the hatted versions

1 =nf —itpAE, 115 =115 — itpks AT,  (32)

A

KMS
so that IH-E — —T11FE

B. Schwinger-Keldysh effective action

We are now ready to construct the SK effective action.
As the simplest first step, we invoke a physical assumption
that the active system under consideration only has control
over how the heat is dumped into the environment and not
on how it is drawn from the fuel source. This entails, e.g.,
that the rate rg of fuel consumption does not depend on the
thermodynamic variables T, u, or their derivatives. In terms
of the SK formalism, this means that the “fuel part” of the
Lagrangian is fixed to the simple form

Lr = ikgTyelF ITF, (33)

which respects all the SK symmetries in Sec. III A as well
as the unitarity constraints in Eq. (18). The coefficient y¢

appearing here is the same as we saw in Eq. (8). Noting
the composition of TI7 in Eq. (31), we see that the fuel
fields only talk to the fluid via T and X]. This simple fuel
Lagrangian is sufficient to obtain all the universal features
of active hydrodynamics agnostic of the details of the fuel
burning process. One may easily generalize Eq. (33) if one
wishes to simultaneously describe the fuel sector. By contrast,
we shall allow the environment fields to nontrivially couple
with all the hydrodynamic degrees of freedom.

Let us start with the “fluid part” of the SK Lagrangian
depending only on the dynamical fields 7', x, and their noise
partners. For example, we may write down

Lt = —€Ny +nBy + ikgT*kNyN! + ikgTo BB,
+ ik TyeETIE. (34)

The terms in the first line are composed of the SK model for
energy diffusion [70] and charge diffusion [71]. In addition to
the densities n and €, we have introduced the thermal conduc-
tivity «, charge conductivity o, and heat relaxation coefficient
ve. All the coefficients are functions of the thermodynamic
variables T and u. Generically, we may also introduce a ther-
moelectric conductivity o, coupling the energy and charge
sectors that has been considered in Appendix C 1.

Next, we consider the “superfluid part” that contains the
order parameter W and its noise partner in addition to the
hydrodynamic fields. Consider

v

Ly = fyD'U(DW*N, + iV*B,; — D;WF) — aw*ql:
. * iH’)"lﬁE *11E 7, i“’)"¢E ~E
+ikpToy (W ———W*TI- ) (W, + W,
kBTE BTE
T . . R
i fukie WD (Bl — BaTlg)
. T 7 E *FTE F
+1T—EaE(qJ U, Iy —wwir;) — (.)" (35)

The last term denotes the SK-unitarity-conjugate defined us-
ing Eq. (19). We have also introduced the superfluid density
parameter fy, diffusion parameter oy, and a few active pa-
rameters Age, A,g, and ag whose significance will be clear
momentarily. ¥ is subjected to a potential V, which is a
function of |W|?> = W*W and may take the representative form

V =alV]* + lag|W|*, (36)

where a, a4 are phenomenological parameters that determine
the shape of the potential. All these coefficients may be func-
tions of T and u. A more exhaustive analysis of the allowed
terms in the superfluid Lagrangian appears in Appendix C 2,
while their description appears in Table II.

One may check that the theory is invariant under the global
symmetries in Eq. (28). The first two conditions in Eq. (18)
are satisfied by construction, while the third one requires

veF =0, (37)

which guarantees the positivity of Im /L. The KMS
symmetry requires that n, €, and fy are derived from
the free-energy density F via the thermodynamic

k>0, 020, oy=0,
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TABLE II. Thermodynamic and transport coefficients of a sim-
ple (active) superfluid without momentum conservation. The gray
coefficients have not been included in the main text, but have been
detailed in Appendixes C 1 and C 2.

Passive transport

P Thermodynamic pressure

€ Energy density

n Particle/charge density

K Thermal conductivity

o Charge/particle conductivity

ox Cross-conductivity between €’ and j
a, ay Parameters of superfluid potential V
fi=2W21fy Superfluid density

op =2W20y Superfluid conductivity

Ang Cross-conductivity between j and 9,¢
Aeg Cross-conductivity between €’ and 9;¢

Active transport

VF Controls rate of fuel consumption due to AE
Ve Controls rate of entropy loss due to AT
ag Alters the equilibrium state W,
AgE Screens w in the Josephson equation for d,¢
ME Screens f; in the charge flux
AeE Screens f; in the energy flux
relations
- av 5
dF = —sdT — ndu + fud(D'V*D,V) + 3|\I—’|2d|\y| ,
€e=Ts+ un+ F, (38)

where s is the entropy density. Noting these relations, one may
verify that the SK Lagrangian is KMS-invariant up to a total
derivative term —id;(BF) that drops out from the effective
action. Comparing with our discussion in Sec. II D, we have
Bo2= [ d?x BF. Assuming fy to be independent of W, the
free-energy density takes the familiar Landau-Ginzburg form

F=—p+ fuDW'DW +V, (39)

where p is the thermodynamic pressure of the fluid.

C. Spontaneous symmetry breaking
Extremizing the SK effective action with respect to W,
yields the equation of motion for the order parameter

1 : 1 1%
DW= —Di(foD'W) — — (2 4 Rag | W
= (feD'W) a\;,<8|\11|2 + aE)

+ in(1 + RAge) VW, (40)

where X = (AT /Tg denotes the strength of activity. In gen-
eral, the equation of motion also contains an auxiliary noise
part, which is classically set to zero by extremizing with
respect to 7', i, and W, provided that the a-type background
noise fields are turned off. This part is important in stochas-
tic hydrodynamics when computing correlation functions of
hydrodynamic operators. In the SK framework, however, cor-
relation functions are computed directly using the effective
action, so we do not need to concern ourselves with the ex-
plicit form of such stochastic corrections.

ag>0

ag<0

a>0 a<0 ag<0

FIG. 3. Effective potential of W in an active superfluid. For
a > 0, the system exists in the spontaneously unbroken or fluid
phase in the absence of activity (black), while for a < 0 it exists
in the spontaneously broken or fluid phase. For a/ag > 0 (green),
increasing activity retains the system in the same phase and drives it
further from criticality (red), while for a/ag < 0 (orange), increasing
activity eventually flips the potential and induces a phase transition.

The qualitative behavior of W depends on the form of the
potential V in Eq. (36) and the coefficient ag. If the combina-
tion a 4+ Nag > 0, then the order parameter W is gapped with
the gap-scale (a 4+ Rag)/oy and we are in the fluid phase.
However, if a + RXag < 0, then the potential is minimized at

(i) = vy = - @1)
as
thereby spontaneously breaking the U(1) symmetry and lead-
ing us to the superfluid phase.

Depending on the signs of the parameters a and ag, the
activity may induce or destroy the superfluidity order. In par-
ticular, if @ > 0 and ag < 0, the system exists in the fluid
phase in the famine state and activity induces superfluidity
beyond the critical scale

a YE a
h=Te(1--2L), AE=keTx [-ZE L. (42
Lag vr Lag

In contrast, if a < 0 and ag > 0, then the system already exists
in the superfluid phase in the famine state and activity beyond
the critical scale (42) destroys superfluidity. See Fig. 3. In the
remaining two cases, activity does not alter the phase of the
system. We should emphasize that our framework of active
hydrodynamics is only really reliable for “small activity,”
controlled by ¢, so that we do not stray too far from thermal
equilibrium. In this sense, strictly speaking, our model can
describe active phase transitions when the famine state is
already close to criticality, i.e., the dimensionless ratio |a/ag|
is sufficiently small.

The U(1) phase of W in the superfluid phase becomes a
massless Goldstone mode. Parametrizing the phase fluctua-
tions as W = Wye'® in Eq. (40), we can obtain the Josephson
equation for ¢, i.e.,

1 .
& = hpp + —0i(f:€), (43)
%

where & = 0,¢ + A;, & = 0;¢ + A; are the superfluid poten-
tial and velocity, respectively, and we have identified the
superfluid density f; and diffusion parameter o, as

fi =29 fu, o4 =2%0y. (44)

The coefficient A4 in front of the chemical potential term
in Eq. (43) is 1 for passive superfluids, but the presence of
activity improves it to

Ap =14 NhgE, (45)
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controlled by the active coefficient A4g. In other words, the su-
perfluid Goldstone experiences a screened chemical potential
Agu in the presence of activity instead of the true thermo-
dynamic chemical potential w. This behavior is reminiscent
of the pseudospontaneous symmetry breaking pattern found
in superfluids in the presence of approximate U(1) symmetry
[43].

The Lagrangian (35) is useful for describing the dynamics
of the full U(1) order parameter W, together with the transition
between the fluid and active superfluid phases. However, once
we have settled into the superfluid phase sufficiently far from
the phase transition point, we may integrate out || and its
noise partner to arrive at the low-energy description exclu-
sively for the massless Goldstone ¢ and the hydrodynamic
degrees of freedom. In practice, this integrating-out procedure
is quite technical, so a better strategy is to directly build the
SK effective theory for ¢ from scratch. Since our construc-
tion is rooted in symmetries, the final effective description
would be the same as that obtained after the integrating-out
procedure, albeit up to renormalization of coefficients and
higher-derivative corrections. To this end, we introduce the
noise field ¢, partner to the superfluid Goldstone, with the
KMS transformation

KMS N

G —> —Pa = —¢s — IB(& — ). (46)
In terms of this, we have
Ly = [, (& Nu — Bai — 3ia)
. MAgE —E\( 2 | MAGE ~E
kg T 3 I a I
+ ikp o¢<¢ +kBTE a)(qﬁ +kBTE a
— ikpT fihe' (Buf15 — B,IIE), 47)

that together with Eq. (34) describes the superfluid phase.
All coefficients appearing here may be functions of T, pu,
and £2 = ££'. One may check that this yields the correct
Josephson equation in Eq. (43). The low-energy thermody-
namic relations are given as

dF = —sdT —ndu + L f,dg?,
e=Ts+ un+ F, (48)

which ensure the KMS symmetry. Assuming constant Wy, it
is straightforward to obtain Eq. (47) from Eq. (35) by setting
U = Ype' and W, = iPyp,e®. More generally, ¥y may be
a function of T, u, and &2, in which case a more careful
derivation is warranted as given in Appendix C 2.

D. Constitutive relations and the second law

The energy balance and charge conservation equations in
Eq. (27) are obtained by extremizing the SK effective action
with respect to X! and ¢,. The corresponding constitutive
relations are given by

€ = —f&E — k0T, ' = fE —o(T0L —E),
(49)
where we have identified

Ay = 1HRAE. (50)

In the presence of activity, the superfluid density f; as ob-
served by ¢ in Eq. (43) is different from the superfluid density
X.fs as appearing in j' in Eq. (49). The source of activity in
Egs. (43) and (49) is attributed to the heat exchange rates

i K i
e = yeknAT — fitet' (To5 — ;) — juhsed (£€),
e = LY AE, (51)

obtained by varying the SK action with respect to ®F and ®F,
respectively. We have recovered the rates in Eq. (8) for our
model, together with the higher-derivative corrections. Due to
the simplifications in our toy model, we do not see any active
corrections to the energy flux €/, but in general they also re-
ceive corrections similar to those in the charge flux j*. Further-
more, in writing Eqs. (49) and (51), we have already integrated
out the magnitude || of the order parameter. This is why the
active parameter ag from Eq. (40) does not appear in Eq. (51)
explicitly and is hidden within the renormalizations of other
active coefficients. A more comprehensive discussion of these
considerations is presented in Appendix C 2.

The SK structure outlined above conspires to give rise to
the active modification to the second law of thermodynamics
given in Eq. (6). Using Eq. (48), we find that

9,5 + 0;5'+kpre

1 2 %
—«(=aT) + —(TE),»—
T T T

+ %széATz + %zZAEZ >0, (52)

E2 la )2
~E) + 5o OED

where the heat flux is given as
Ts' =€ —pj' + f£' & — 1)
= 0T + po (Tai% — Ei)+NMAnE]‘s$i. (53)

The positivity of the right-hand side of Eq. (52) is guaranteed
by the positivity constraints on the dissipative coefficients in
Eq. (37).

E. Linearized mode spectrum and violation
of fluctuation-dissipation theorem

Let us use the SK-EFT for active superfluids developed
in the previous subsections to compute the linearized mode
spectrum and symmetric and retarded two-point correlation
functions. In particular, we will compute for the first time
energy density correlation functions within the context of
hydrodynamics of active matter. We will also see how activity
gives rise to systematic violations of FDT in Eq. (11). Con-
sider the steady states of the hydrodynamic model

X(; = Qa = ¢a =0,
(54)

T=Ty, wpn=py, @=~Agnot,

with Tj given in Eq. (9). In particular, note that ¢ # pot as
it would be in the thermal equilibrium state in the absence
of activity. For illustrative purposes, let us turn off the cross-
susceptibility, de/du = 0, and assume that all the transport
coefficients are constants. We also focus on states with a
particular value of the chemical potential satisfying A4 o = 0.
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Under these assumptions, the energy and charge fluctuations
decouple from each other and give rise to a relaxed energy
diffusion mode and a superfluid sound mode

w=—il.—iD&*+ ...,
w = vk — é(Dn F DR .. (55)

where we have identified the parameters

o A
Dn:_» Vs = nf:v» D¢:£7
X

X O¢

K

De ==
Cy

(56)

where y = dn/du denotes the charge susceptibility and ¢, =
0€¢ /0T the heat capacity. The energy relaxation rate ['c has
been given in Eq. (10).

The retarded and symmetric correlation functions can be
obtained by varying the SK generating functional with respect
to the doubled background sources; see Eq. (12). For example,
for the charge density correlators we find

Infik? — (io — Dyk?)o k?

Gr, = , 57

" (i — Dyk®)(iw — Dgk?) + v2k> G70)
G = 2kaTh liw — Dyk?*|*0 k* + A% f2 /oy k*

" |(iw — D,k2) (i — Dyk?) + v2k2[*

2kpT;
— B0, G;lfn
w
2kgTox Dy rnevik*
BIOXZ 6 ZnEDs R. (57b)

+ 2

|(i> — Duk?)(iw — Dyk?) + v2K2|
Note also that the symmetric correlator is strictly nonnegative
because of the constraint on o in Eq. (37). However, these
correlators violate FDT when activity is present, i.e., 8 # 0.
For the energy density correlators we find

—c,To(T'e + Dekz)

GR = , 58
“«T Tio_T.—Di (58a)
2k, TH(T e + D k? 2k T,
Gi: BC ()( et 62) _ B OImGi, (58b)
liw — T — Dk?| 1)

which obeys FDT as the active coefficients decouple from
energy fluctuations. We can similarly work out the other cor-
relators involving j' or €'.

F. Violation of fluctuation-dissipation theorem
from fluctuating hydrodynamics

To close this section, we show that the FDT violation
Eq. (57) is not dependent on the usage of doubled sources as is
done with SK-EFT, but can also be obtained with an approach
based on nonequilibrium fluctuating hydrodynamics [40]. To
obtain the symmetric correlator, we generalize the constitutive
equations of Eq. (49) to

€ = —f&E — kT + .,

J= —afE — a(Ta"% — Ei) ol (59)

and take for Eq. (51) instead
e = tyeknAT — fitet’ (To 5 — 1) + ve.

rF = Ly AE + v, (60)

and also generalize the Josephson equation of Eq. (43) to
1 .
& = Ao + 0—3;(fs§’) + vy, (61)
¢

where v, with a € {e, n, E, F, ¢} are stochastic fluxes whose
variances are given by

(Ua(x, DU (X, 1)) = AgS(x — X8 — 1), (62)

Let us again focus on charge conservation. To obtain the noise
variances A, 4, we go to the famine state by taking AE = 0.
Then, linearizing and again assuming € and n are decoupled
yields

S D¢k2 —iw
=A,
" AE=0 k2v? 4+ (Dyk? — iw)(Dpk? — iw)
K ?
+ Ay Sk — | .
k2v? + (D,k? — iw)(Dyk? — iw)

(63)

When AE = 0, FDT should be upheld. Therefore, it follows
from comparison with Eq. (57a) that

A, =20kgTy, (64a)
2ks Ty
Ay =220 (64b)
O¢p

Having tuned the noise in the famine state, we assume that
upon departing from the famine state by turning on weak
activity, the noise is not affected by this [58,72]. Repeating
the computation of the symmetric correlator with Eq. (64) and
the activity turned on, we then obtain Eq. (57b). For energy we
find

Ak + Agl*(kpTe)?
w? + (Te + Dk?)?

from which it follows that to match with (58b) one must take

S
G lag=0 =

Ac = 2D.kpe, Ty, (65a)
Ag = 2yekgTo. (65b)

Additionally taking
Ar = 2yekpTy, (66)

Eq. (66) leads one to find outside of the famine state that

S _ Dekpe, Tok® +ye € (k Te)* +ye (* AE?
Gee = 2ksTo @ +(TA+DK?Y ’
which matches with Eq. (58b) if one uses Egs. (9) and (10).
The operational procedure outlined in this section can be used
to compute energy correlation functions within fluctuating
hydrodynamics applied to active matter.

IV. ACTIVE NEMATICS

Having gained some insights using our simple toy model,
we now proceed to apply our formalism of active hydrody-
namics to a physically richer model of active matter, namely
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active nematics, with applications such as bacterial popula-
tions [73-76], microtubule-motor protein mixtures [77,78],
epithelial cells [79-81], and swarming sperm cells [82]. A
nematic liquid crystal is characterized by the presence of
long-range orientational order in a physical system, thereby
spontaneously breaking the global rotational symmetry. The
order parameter for nematicity is a symmetric traceless tensor
Qij = (ajaj — 1/d 8;j)micro, constructed by averaging over the
orientations a; of all individual constituents with a'a; = 1.
Note that Q;; is invariant under the flip of individual orienta-
tions a; — —a;, hence the nematic phase describes elongated
rod-like constituents without a defined head or tail. We will
mostly be interested in a uniaxial nematic, where the individ-
ual constituents align themselves along a single macroscopic
director field p;, with p'p; = 1, i.e.,

1
Qi = Qo(Pin - 55”), (67)
with Qp representing the strength of alignment [9].

The theory of active nematic hydrodynamics is char-
acterized by the associated energy, momentum, and mass
conservation equations taking the form

d€ + 0’ = —lred, dF — €rgd, dF,
dr? 4+ 8,7 = Lrpd! dF + trgd’ ©F,
dp+ =0, (68)

where we have introduced the mass density p, momentum
density 7' = pu', stress tensor ¥/, with u’ being the fluid
velocity. Note that, generically, the spatially inhomogeneous
profiles of the fuel and environment fields ®7F also im-
part momentum to the system in Eq. (68), but these terms
drop out for the homogeneous configuration in Eq. (14). The
conservation equations together can be seen as determining
the dynamics of the fluid temperature T, fluid velocity u’,
and mass chemical potential ©. We still need an equation of
motion for the nematic order parameter Q;;, which will be
obtained by extremizing the SK effective action for the theory.

A. Fields and symmetries

Since we have introduced conserved momentum into our
setup, we need to add new degrees of freedom in the SK
framework, i.e., fluid velocity u' and the associated noise
field X/, in addition to T, u, X!, and ¢, already introduced
in Sec. Il A. Furthermore, to describe the nematic phase we
need to introduce the order parameter Q;; and its noise partner
Q.ij. The dynamical fields realize doubled U(1) symmetry,
and doubled space- and time-translation symmetries. The ac-
tion of r-type space and time translations is given as usual
diffeomorphisms on all the fields. The remaining symmetries
act as

X — X! — x!,
X, = X, — X
Ga—> Pa— Ao — X A, — XA, (69)

while leaving T, u, U, Qij, and Q,; invariant. We avoid
introducing the associated background fields in the main text
for simplicity, but a detailed treatment can be found in the
Appendixes. We also restrict our attention to systems that

feature Galilean boost symmetry. N, N,; defined in Eq. (29)
are Galilean-covariant, but B,;, B, are not and we instead
define

Bat = Bat + %Narﬁza
Bai = Bai + atXai - MiNat + %Naiﬁzv
Ha,‘j = 28(iXaj) — 2N[,(,-uj). (70)

The chemical potential p also needs to be improved to
the Galilean-invariant mass chemical potential @ = u + %ﬁz.
Due to new spacetime symmetries, the definitions in Eq. (31)
also need to be modified to

AE = —(3 +u'd)®], kpTe = (3 + u'd,)}bF,
nhE = el F +o(xta, + X9, )0 E. (71)

More details can be found in the Appendixes.

As with the superfluid model, the KMS transformation
acts on the new physical dynamical fields u’, Q;; as merely
a time-reversal transformation, with the time-reversal eigen-
values given in Table I, while the noise fields are taken to
transform as

xi 2 %= x4 i,

KMS A ,d
Quij — Qaij = Luaij + llgaQij

+ iB(Oiun Q)" + 0jun Q") (72)

where d/dt = 9, + u'd; denotes the time derivative along the
fluid flow. The derivation of these transformations can be
found in Appendixes B 2 and C 4.

To model a nematic liquid crystal, Q;; and Q,;; need to
be traceless. We can achieve this by including the following
Lagrange multiplier terms in the SK Lagrangian

Ly = tr(Q)r(Qu) + 3tr(Q) (Nar + u'Nyi + M), (73)

where the terms in the second line are necessitated by KMS.
Therefore, tr(Q) and tr(Q,) are set to zero onshell.

B. Schwinger-Keldysh effective action

We can use the ingredients outlined above to write down
the SK effective action for an active nematic liquid crystal.
The “fuel part” of the Lagrangian is still given by Eq. (33),
but with the modified definitions in Eq. (71). The “fluid part”
is given as

Li= — &Ny + U'Ny) + p(Bu + u'By;)

1 N N
+ E(/) ulu.l — ‘7:8”)%“1']' —+ ikBTzKNajN;

i L 2 i

+ EkBTn HainZj + ZkgT(é‘ - En)Ha;H(ljj
. i1 T . ~ ~

+ lkBT]/EHEHE =+ ET—EPE(SU (HainE — Haljns)

(74)
The passive contributions here are taken from Ref. [83], where
we have introduced the internal energy density ¢, mass density

p, free-energy density F, thermal conductivity «, shear vis-
cosity 1, and bulk viscosity ¢. Among the active contributions,
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the ye term is analogous to the one in Eq. (34), while pg
is a new term that would give rise to an active correction to
pressure.

Moving onto the “nematic part,” the simplest SK La-
grangian for the order parameter Q;; is written analogous to
the superfluid model in Eq. (35), but slightly more involved
due to the tensorial structure of Q;;. To wit

. (d 1
Lo =Kd* Q| —0;iNux + 50" QijHani
dr 2
+ ZKQaiQ”kQJI'](ak/Haij + k1t jNai + 29ttty Naj)

v .
- (— + KQa"Q’fak) Quij

00;;

. ij 1 ijkl A 1 ymn
+ ikgTop| Q7 — 5 Hart )| Laij — EyijmnHa

i ij  _9E klij

“keT (207 + —E- J
+ ks < eQ +kBTEQk1V >
x (Haij 115 — HaiTIE)

T g . .
— lT—EaEQ"(Qa,-,»HE — Qui;TIE), (75)

where we have introduced a single elastic constant Ky, ne-
matic conductivity oy, and the nematic shear coupling tensor
Vijt that is symmetric-traceless in the first two indices and
symmetric in the last two. The interpretation of these con-
stants is given in Table III. The potential V may depend
arbitrarily on Q;;. For instance, we may take a simple form [9]

V = latr(Q?) — Lastr(Q%) + tastr(0*), (76)

where a, as, and a4 are phenomenological parameters similar
to Eq. (36). The form of the potential is sufficient to de-
scribe the nematic phase in d < 3 spatial dimensions, because
higher-traces of Q;;, i.e., tr(Q") for n > 4, are not indepen-
dent. We will need to account for these traces in higher-

TABLE III. Thermodynamic and transport coefficients of an (ac-
tive) nematic with Galilean boost symmetry.

Passive transport

Thermodynamic pressure
Internal energy density
Mass density

Thermal conductivity

RIS A& 0

e Shear and bulk viscosity
Nematic-shear coupling
a, as, dg Parameters of nematic potential V
K =203K, Frank elasticity constant
o, =20%0, Nematic diffusivity parameter
Active transport

VE Controls rate of fuel consumption due to AE
Ve Controls rate of entropy loss due to AT
ag Alters the equilibrium state Q,
PE Active correction to pressure
AE Gives rise to active-nematic stress '/ ~ QY

dimensions. The active coefficients ag and Ag play a similar
role to their namesakes from the active superfluid model.

The SK Lagrangian outlined above is invariant under all the
global symmetries of the SK framework. The Lagrangian also
satisfies the conditions in Eq. (18), provided that we demand

k=20, n=20, ¢=20, ver20.  (77)

Finally, the SK Lagrangian is KMS-invariant, provided that ¢,
p, and Ky are related to F via the thermodynamic relations

og 2 0,

e=Ts+ pw + F,

1 ; 1%
dF = —sdT — pdw + EKQd(a 0;;0") + 30, dQ;j,
i
1 . P 1%
de=Tds+ @ d,O + —KQd(a Qijale‘]) + _inj'
2 00;;
(78)

With these in place, the SK Lagrangian is KMS-invariant up
to a boundary term —id,(8F) — id;(BF u'). Assuming Ky to
be constant, we arrive at the Landau-de Gennes free energy
[9,84,85]

F=—p+1Kp0*0;;0,07 + V. (79)

The generalization to multiple elastic constants is straightfor-
ward and has been discussed in the Appendix.

C. Spontaneous symmetry breaking

The equation of motion for the nematic order parameter Q;
can be obtained by extremizing the SK effective action with
respect to Q,;;. We find

d 1 e 1

EQU = %(Hij_NaEQij) + Sijudtu, (80)
where H;; is the thermodynamic conjugate to Q;; and S; ki 18
the generalized advection tensor, defined as

Hij = 9(Kpd* Qi) — — (trace),

av
90;;

Sijki = Oridjn — Quibjw + Vijii- (81)
Whether the system ends up in the nematic phase or the
fluid phase depends on the potential V in Eq. (76) and
the activity parameter ag. The system admits a fluid phase
for a + Rag > 0 with (Q;;) = 0. Whereas, when a + Rag <
%a%/w, the system admits a nematic phase with (Q;;) =
Qo(p?pg — 1/d §;;), where p? is a fixed unit vector and Qy is

given by [85]

0p= |4
" T asl\ d - Day

d—2d} d—2d}
B, 25 e | 82
8d a4+\/ 8d ay “ThNE[ (82

Both the fluid and nematic phases are admitted in the
overlapping regime 0 < a4+ Rag < %a% /as. In thermal
equilibrium, the system prefers the phase with lower free
energy, with a first-order phase transition between them at the
coexistence point a, = dg;dzag /as. We do not have the luxury
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to compare the free energies to determine thermodynamic
stability of a nonequilibrium steady state in the presence of
activity; see our discussion at the end of Sec. Il D. However,
for small activity, we can expect the first-order phase transi-
tion to happen somewhere in the vicinity of a, ~ dg—;,zag /as.

Similar to our discussion for active superfluids around
Eq. (42), activity may induce or destroy the nematic phase
transition when a and ag have opposite signs.

The fluctuations of Q;; in the fluid phase are gapped and
the low-energy description is just given by the Lagrangian
(74). In the nematic phase, however, we need to account
for the Goldstone modes associated with the spontaneously
broken rotation symmetry generators, parametrized in terms
of the nematic director p; given in Eq. (67). The associated

equation of motion can be read off from Eq. (80) as

d P! . _
P = K )+ (0B + v P ), (83)
t op
where p;; = 8;; — pip; is the projector transverse p;, and we
have identified the Frank constant K, relaxation coefficient o,
and the shear coupling coefficient y as
2/Qo i
v = S pippy' .

K =20;Kp, T
(84)

Op = ZQSUQv

The effects of activity are hidden within Qy.

We can write down a low-energy effective theory for the
director p; directly, akin to the superfluid model in Eq. (47).
To this end, we need to define the KMS noise partner p,; to the
director, satisfying p'p,; = 0, with the KMS transformation

KMS . d . .
Pai — NTPui = T)T(Pai + lﬁapi + zﬂa[iujjpj) (85)

Note that since the original nematic order parameter Q;; has
a p; —> —p; symmetry, we are free to choose either time-
reversal eigenvalue for p;, p,. In terms of these, the active
nematic Lagrangian takes the simple form

oF oF
Enem - - < + —ak>pai

api A(api)
oF d 1
. iNa +_al iHa
a(&w»(dr” LT "’)
dF ;
+ a(a'p[k)pj](akﬂaij + Ot Nai + 201Ny )
. i Y ik o v ykj
+ ikgTo | p, — SPp Harj \ Pui — EpiijHa

+ %kBTQO)\EPipj (Haiy T1IE — Aoy TIE),  (86)
with the normalization conditions imposed by the Lagrange
multiplier terms

Loorm = (P'pi = D(P' paj)
+ (¢ qe = 1’ (N + u'Nai + 3Hal'). - (87)
The low-energy thermodynamic relations are given as
e=Ts+ pw + F,
dF = —sdT — pdw + 1Kd(3'p/9;p)), (88)

which ensure the KMS-invariance of the theory. As with
the superfluid case, Eq. (86) can be obtained from Eq. (75)
quite simply under the assumption that Qg is constant, by
identifying Q;; as in Eq. (67) and Qi; = 2Qop(ipaj)- For a
nonconstant Oy, a more careful calculation needs to be per-
formed to obtain the renormalization of various coefficients
appearing in Eq. (86), which we leave for future work.

D. Constitutive relations and the second law

Extremizing the SK effective action with respect to X/, X; s
and ¢,, we recover the energy, momentum, and mass con-
servation equations, with the energy density € = ¢ + % pii2,
momentum density 7’ = pu', and mass density p. The asso-
ciated energy flux and stress tensor

, 1 . y
€ = <g + Epiiz — ]-'—i—pEEkBAT>M’+AEQ’-’uj€kBAT

8F
80u
— 2nuj8(iuj> — {uiakuk —K aiT—ak(X[ik]juj),
= puu) — (F—pelkg AT )87 +Ag Q7 tky AT
8F
80u
— 0ol — 8V k=20, XK (89)

— Kod'Q" 8 — u; (""" — 25"

+ Kod'0"07/0u — (M7 — 2810/

The grayed out terms are total-derivatives and drop out
of the conservation equations whose form is discussed in
Appendix C 4; the remaining contributions are sometimes re-
ferred to as the “canonical” constitutive relations. Note that
while the full stress tensor is symmetric, the canonical part is
not. The distinctive active feature in these constitutive rela-
tions ~Ag Q" term in the stress tensor that is absent in passive
nematics [85,86], whereas activity can allow such terms to
appear [25,87,88]. The active contributions in blue may be
attributed to the rates

re = Lyekp AT + pedi’ + iTagQ" Q)

+ (AeQ" + agQuy" " )du;,
rg = ﬂ)/FAE. (90)

We can also reduce these constitutive relations in terms of the
director p; instead of the full Q;;, but we do not perform this
exercise here.

Using the thermodynamic relations in Eq. (78), we can
verify that the constitutive relations satisfy the second law of
thermodynamics

95 + 0;5'+kpre

1 2 2 c 1
= k| =T @uujy)? 4+ = @'+ ——(Hij)?
K(T ) +T((u”)+T( u)-i—TUQ( )
+ %ezkgAﬂ n ?EZAEZ >0, ©1)

where the heat flux is given by
. . , 1 , ; oo d
Ts' =€ — Fu' — (w — §ﬁ2>pu’ —u;v’" + KQB’QHEQM

=Tsu' +«0'T, (92)
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The positivity of the right-hand side of Eq. (91) follows from
the constraints in Eq. (77).

Having formulated the SK effective action and equations of
motion for our thermal theory of active nematics, one may
proceed as Sec. IITE and perform a linearized analysis of the
mode spectrum and correlation functions. This would also
enable us to compute the violations of FDT analogous to
Eq. (57).

Interestingly, active nematics suffer from a linear insta-
bility to splay or bend deformations arising from the 7/ ~
AeQ" term in the constitutive relations [13,14]. This drives
the system into a state of nematic turbulence [10,11], in-
validating any linearized results. In the turbulent regime, it
is possible to describe an active nematic through numerical
simulations, which is found to be dominated by the prolifer-
ation of topological defect pairs [9,12,88-91]. Although it is
not possible to analytically extract observables in a generic
nematic turbulent state at the moment, there may still be
physical circumstances where the instability is suppressed. In
particular, the linear instability is suppressed for dry active
nematics [92,93] and can also be suppressed by finite system
size effects [6,14,94,95]. In such cases, it would be possible
to extract the linearized mode spectrum and correlation func-
tions, as is done for the case of active superfluids in Sec. Il E.
For nonequilibrium systems, it has been shown theoretically
and experimentally through light-scattering experiments that
the energy correlations display long-range behavior charac-
teristic of their nonequilibrium state [40,96]. We leave these
explorations for future work; see Ref. [97].

V. BUZZ OF ACTIVITY

In this work we have developed a new hydrodynamic
framework for active matter with local temperature fluctua-
tions. The primary ingredient in this framework is the first law
of thermodynamics, i.e., energy balance: while the internal
energy of an active system is not necessarily conserved, it
must be balanced by the work done by the fuel source that
drives activity and the heat lost to the environment in the
process. This means that to appropriately model the thermal
fluctuations of active matter, we must regard it as a driven
open system and add both a fuel source and a distinct energy
sink into the hydrodynamic framework, modeled in this work
using the background scalar fields ®" and ®F, respectively.
In field-theoretic terms, these are seen as background sources
coupled to the operators rr and rg, measuring the rates of fuel
consumption and heat loss, respectively. Another important
ingredient that was used in our framework is the existence of
a famine state: When an active system runs out of fuel, it must
behave passively, i.e., it must obey the FDTs.

The SK-EFT formalism is perfectly suited for our pur-
poses. It is a symmetry-based effective field theory approach
to stochastic systems that, in principle, applies arbitrary far
from equilibrium [47-53]. In particular, the energy balance
and (nonlinear) FDT requirements are built into the SK-EFT
formalism through time-translation symmetry and discrete
KMS symmetry. While an active system by itself is not
invariant under time translations, the symmetry does apply
when acting simultaneously on the fuel/environment compo-
nents; see Refs. [43-45] for a similar procedure for other

symmetries. Furthermore, by requiring that the active system
respects the original KMS symmetry in the famine state, we
derived a new active KMS symmetry, which makes the SK-
EFT formalism suitable for modeling active matter in contact
with a thermal bath (see Sec. IIB). We point out that it is
possible to extract the lessons arising from SK-EFT that we
learnt from this work and devise an operational procedure
for implementing dynamical temperature, energy and stochas-
tic noise in fluctuating hydrodynamics, as we explained in
Sec. III F.

The time-translation symmetry, active KMS symmetry, and
the unitarity constraints built into the SK-EFT framework,
together yield the second law of thermodynamics appropriate
for active systems. The active second law of thermodynamics
dictates that only the total entropy, i.e., the sum of the entropy
of the system and the entropy lost to the environment, is
increasing. This is unlike passive systems, where entropy in-
creases locally (see Sec. I1 C). We also explored how the active
KMS symmetry is related to microscopic reversibility and
gives rise to an active correction to the principle of detailed
balance in terms of the work performed by the external fields,
as well as the fuel/environment sources (see Sec. II D).

We have applied our hydrodynamic framework for active
matter to two interesting examples, namely active superfluids
in Sec. III and active nematics in Sec. IV. In both these
examples, we discussed how coupling to fuel/environment
sources may generate entirely new active transport parameters
in the hydrodynamic equations that are forbidden for passive
systems. These active parameters are entirely fixed in terms of
the fuel consumption and heat loss rate operators, rg and rg.
These coefficients characterise the explicit structure of FDT
violation in frequency- and wavevector-dependent retarded
and symmetric correlation functions. As a proof of concept,
we have provided the first computation of energy correlation
functions in active matter in Sec. III E, which were previously
inaccessible in other formalism for the hydrodynamics of ac-
tive matter. Similar computations can be performed for other
active phases including active nematics and the various phases
that we describe below in this section. We expect that novel
physical phenomena (so far unnoticed) associated with energy
balance such as long range order may arise in active systems
with additional broken symmetries.

Our hydrodynamic framework is particularly useful when
the active system under consideration is operating sufficiently
close to thermal equilibrium, meaning that the strength of
activity 8 = £(T — Tg)/Tg is small, where ¢ is a small book-
keeping parameter. Assuming £ to scale on par with the spatial
derivatives O(9), which are treated as small in hydrodynam-
ics, this allows us to systematically organize the active and
passive corrections to the hydrodynamic constitutive relations
order-by-order in derivatives. In Secs. III and IV, we have
focused on leading-order active corrections, while we will
comment on a few potentially interesting subleading-order
corrections later in this section.

Our hydrodynamic framework ceases to be applicable
when the steady fuel consumption drives the system arbi-
trarily far away from equilibrium, as the Onager relations
that were used to constrain the action assume small devia-
tions from equilibrium. Furthermore, stochastic fluctuations
entirely decouple from dissipation as the system departs from
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equilibrium. Nonetheless, hydrodynamic models have histor-
ically been known to apply well beyond their strict regime of
applicability, so we may hope that our hydrodynamic model
continues to provide useful insights even for active matter far
from equilibrium.

While we have focused our attention to simple models of
active superfluids and active nematics for concreteness, the
active hydrodynamic framework developed in this work opens
up possibilities for symmetry-based systematic modeling of
active phenomena far beyond these specific examples. We
outline a few of these potential avenues in the following.

A. Dissipation versus response versus fluctuation

Ordinarily, as a result of FDT in a passive hydrodynam-
ics, the transport coefficients controlling dissipation in the
constitutive relations are the same coefficients controlling the
strength of the retarded and symmetric correlators. However,
this may no longer be the case in active hydrodynamics.
Consider, for example, the fluid part of the superfluid effective
action written in Eq. (34). We may add to this new active terms
of the kind

_i1<o‘tET8iﬁ _ o‘rEEi) (B.TIE + B,TIE),  (93)
T T
which modify the conductivity contribution in the flux to ji ~
—0T9'(11/T) + o:E', where 0, = 0 + Ro.. Switching off
the superfluid part, the three kinds of conductivities, o, o,
and o, show up differently in the retarded and symmetric
correlators of density as

R —arkz G — 2kpTyo k2 94)
"o —o/x kK" iw — oy x K2

The “transport conductivity” oy controls the poles of both the
retarded and symmetric correlators, and thus the linearized
mode spectrum. However, the “response conductivity” oy
and the “fluctuation conductivity” o control the strength of
retarded and symmetric correlators, respectively. All three no-
tions of conductivity may generically be different in an active
system. We should note that for weak activity, £ ~ O(9), the
terms in Eq. (93) formally appear at (O(3?) in the constitutive
relations, which makes sense because these are active correc-
tions on top of the already derivative suppressed dissipative
corrections. Therefore, at least for weakly active systems, they
are generically less important than the other active corrections
considered in Sec. III.

A similar strategy may be employed for adding active
corrections to viscosities in a hydrodynamic model with con-
served momentum, i.e.,

L (nFa<iuf> + 143551'/‘ Skuk> (Hai TIE + Haiy TIE),  (95)
Te 2

that corrects the viscosity terms in the stress tensor as
T~ —2n,3u — 83k, where n, = n+ 8nf and ¢ =
n+ NQE are the “transport viscosities.” Unlike conductiv-
ities, however, spacetime symmetries generically force the
“response viscosities” to be the same as “transport viscosi-
ties,” while these may generically differ from the “fluctuation
viscosities” n and ¢ in an active system.

Staring at Eqs. (93) and (95), we may notice that these
are similar in form to the A,g term in Eq. (35) or the Ag
term in Eq. (75), except that the signs in the parenthesis are
different due to different time-reversal eigenvalues. This is
indeed the common theme for generating active corrections
in the constitutive relations, by writing down cross terms with
the activity sources; see Refs. [5,25,27].

B. Sign-indefinite dissipation

A consequence of the active corrections to the dissipative
transport coefficients is that they may be sign-indefinite. Go-
ing back to the conductivity corrections in Eq. (93), we note
that neither of o or oF are required to be nonnegative by
the SK unitarity constraints in Eq. (18); only o needs to be
nonnegative. This is essentially requiring that the symmetric
correlator, which computes the variance of a stochastic ran-
dom variable, must be nonnegative, while no such requirement
exists for the retarded correlator in the absence of FDT. This
is to say that o; or o, may turn negative for sufficiently strong
activity. Interestingly, since o; controls the pole of the corre-
lation functions in Eq. (94), this also means that such active
systems will become unstable for sufficiently strong activity.
While a purely diffusive system becomes unstable as soon as
oy turns negative, this feature is sensitive to the details of the
mode spectrum. For example, the superfluid mode spectrum in
Eq. (55) remains stable until o; becomes sufficiently negative
to overcome the Goldstone diffusion parameter Dy = f;/0y.
Similar considerations also apply for the transport viscosities
ne and ;.

C. Odd viscosity and odd elasticity

Another class of active phenomena that has gained recent
traction are odd viscosity and odd elasticity, which can arise in
two-dimensional parity-violating systems. For the former, let
us consider the case where parity is broken but time-reversal
symmetry is present. In that case, odd viscosity is prohibited
for passive systems, however for active systems one can add a
term to the SK-EFT Lagrangian

T o A A
—i] 8™ e dgury (Hai Y15 + Hayy TIE), (96)
E

where €/ is the 2D antisymmetric Levi-Civita symbol. This
results in an odd-elasticity term in the stress tensor of the
kind 7V ~ —287 89 u;), which is forbidden by the
Onsager’s relations in passive time-reversal symmetric hy-
drodynamics. Note that for weak activity, £ ~ O(d), the
contribution in Eq. (96) appears at O(3?). In contrast, odd-
elasticity appears already at O(d) at weak activity. Directly
importing the form in Eq. (96), we may write

iTiEKotS[kejl g (Hai; Y15 — Hai TIE), (97)
where u;; is the strain tensor and the sign inside the paren-
thesis is + because u;; is even under time-reversal symmetry.
This results in the odd-elasticity contribution to the stress
tensor that take the form 7V ~ 28K° §F(ieNlyy,, introduced
in Ref. [15].
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D. Explicitly broken symmetries

Just like the explicitly broken time-translation symmetry,
many active systems of interest also explicitly break other
internal and/or spacetime symmetries. Examples include: bro-
ken number/charge conservation in Malthusian active matter
[98—100] where entities may replicate or die over time; broken
spatial-translations and/or boosts when the system is sub-
jected to physical barriers or friction [3]; broken rotations
when subjected to electromagnetic fields or acceleration [17];
and also broken topological symmetries [45,56,101]. Explic-
itly broken or approximate symmetries can be modeled by
introducing the appropriate sink background fields in the hy-
drodynamic framework [43,45], just like ®F plays the role of
an energy sink in our construction.

For instance, we introduce a momentum sink for broken
spatial-translations in the form of a background scalar field
®!, one for each spatial direction, with the noise partner CIDfl
in the SK framework. They feature the regular KMS trans-
formation (13) with time-reversal eigenvalue +1, and take
values § l’ x'and 0, respectively, for a homogeneous momentum
source. The SK-EFT Lagrangian now contains new terms
such as

. A T do,; . N
ikgT oIl T, — ,T—Eog?(nmnf +11,,005),  (98)

where T = ¢®! + ¢(X!9, + X/9;)®’, and ¢ is taken to col-
lectively control all forms of explicit symmetry breaking.
Together, they give rise to a contribution on the right-hand
side of the momentum conservation equation in Eq. (68),
which for a homogeneous background configuration takes the
form 7w’ ~ —20gu', where Log = Lo + Rof,. Since ogy
must be strictly nonnegative for passive systems, provided
that none of the other momentum-imparting background fields
are turned on, the only allowed solution is u' = 0. However,
when activity is turned on, o, is no longer sign-definite and
the momentum equation may admit other favorable solutions
where o¢ goes to 0 instead.

This effect is most evident for fluids without boost symme-
try, in which case the coefficients may take the form oy =
A+ Bii* and of, = Ag, with A, B> 0 and Ag < 0. When
€A + RAg > 0, the system prefers the solution with u’ =
0. Whereas, when ¢A + RAg < 0, the system spontaneously
picks a state with i> = —(A + X/£Ag)/B. This is precisely
the structure underlying the Toner-Tu model of flocking [3].
Using the combination of broken translations, broken boosts,
and activity, one may also generate all other terms in the
Toner-Tu model; we leave an in-depth analysis for future
work.

E. Active polar

In Sec. IV, we studied active nematic liquid crystals
described by the order parameter Q;;, whose low-energy dy-
namics reduces to the director p;, together with the constraint
p* =1 and p; — —p; symmetry. If we were to relax these,
then we may describe an active polar liquid crystal where
the microscopic constituents feature distinct heads and tails
[3-7]. The free-energy density J now contains a potential
V(p?) = $a p* + }asp* that controls the transition between
the ordered and disordered phases similar to our discussion

in Sec. IVC. The explicit structure of the hydrodynamic
description depends on the time-reversal eigenvalue of p;,
which the nematic phase is agnostic to on account of the
pi — —p; symmetry. For example, p; is time-reversal-odd if
it models the individual spins of microscopic constituents or
time-reversal-even if it models the individual dipole moments.

For time-reversal-even p;, the free-energy density F may
contain new terms at one-derivative order, e.g., fi piaip,
% f>p'9;p*, which contribute to SK-EFT Lagrangian in
Eq. (86) accordingly. They generate a number of new terms
in the equation for d,p; in Eq. (83), i.e., Aapidip, A39;/7,
AapiD Ok p?, Asdip, Aepip*dip, with the coefficients Ay 6
fixed in terms of fi,. Importantly, the advective term like
X1 pFoyp; is forbidden in purely passive polar liquid crystals.
By contrast, all these terms are forbidden in a passive polar
liquid crystal for time-reversal-odd p;. These constraints may
be overcome by introducing activity into the model, via new
contributions in the SK-EFT Lagrangian

T ; e
—lT—Emp"akp + . ) (Pail1E F pulll), (99)

where the upper/lower sign is applicable for even/odd p; under
time reversal. Note that even though activity can be used to
generate every possible term in the equation for 9, p;, casting
both the even and odd cases on the same footing, the two
scenarios remain qualitatively distinct. In particular, for weak
activity, the terms allowed by passivity in either of these cases
dominate over those only allowed by activity.

Along the same lines, we noted that passive polar dynamics
sets the advective coefficient A; = O for both time-reversal-
even and -odd p;, and this must be generated purely from
activity. This should be contrasted with the Toner-Tu model
of flocking, where the role of the vector order parameter p;
is played by the velocity u' of the individual constituents, as
opposed to the fixed properties like spin or dipole moment. In
this case, the passive dynamics is actually governed by the
Navier-Stokes equations arising from momentum conserva-
tion and does allow for the advective term with A; = 1 as seen
from Eq. (89). We need activity to make this term different
from 1.

F. Electrically driven fluids

Instead of a fuel source ®F, we may consider driving
activity through one of the other background fields in the de-
scription, such as electric fields E; in a charged fluid [60,102].
Since electric fields impart both energy E;j’ and momentum
E;n to the fluid, we are forced to include both the energy sink
@Ea and the momentum sink @’ , introduced around Eq. (98).
Taking j' = nu', energy and momentum balance leads to the
steady states

I’le,'Ei

— |, P — 100
Z4kéTEZVEO'¢t> ‘ Loy, (100)

TZTE(1+

Starting from this steady state, it is possible to retrace the
discussion in this paper and formulate a hydrodynamic the-
ory which includes electric field driving-induced contributions
that are not bound by the local second law of thermodynamics.
This example makes it clear that the framework we introduced
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in this paper can in general account for driven open systems,
including systems for which the driving source does not orig-
inate from microscopic processes of burning fuel.

G. Active phase transitions

In Secs. IIIC and IV C, we discussed how the strength
of activity may be used as a control parameter to induce
phase transitions between the ordered and disordered states
in our active hydrodynamic models that may be forbidden
in passive systems. Active phase transitions are theoretically
challenging because they do not have a notion of free-energy
minimization and thus our usual theory of phase transitions
based on Euclidean statistical field theory does not apply. The
SK-EFT framework developed in this work perfectly sets the
stage for a Wilsonian renormalization group approach to study
activity-induced phase transitions. While we have not pursued
this line of inquiry in this work, we anticipate that the models
proposed in this work will help further our understanding
of active phase transitions and we plan to return to these
considerations in future work.

H. Kinetic theory, holography, and other driven open systems

In this work, we have developed a systematic framework
for constructing hydrodynamic models for active matter based
on symmetries. However, such modeling typically features a
number of undetermined transport coefficients that need to
be fixed either through experiments or through an explicit
microscopic calculation. At weak coupling, one can use the
techniques of kinetic theory to derive the transport coefficients
[22,103]. It will be interesting to revisit this approach for
thermal active matter in the presence of fuel source and energy
sink, as done previously for hydrodynamics with momentum
sinks [104].

However, our analytical tools are quite limited in the strong
coupling regime where the hydrodynamic models are most
reliable. Holography or the AdS/CFT correspondence pro-
vides an alternative route to derive the qualitative features
of transport coefficients in a strongly coupled fluid, using a
higher-dimensional gravitational theory [105-107]. However,
the standard paradigm of holography only applies to relativis-
tic systems, which has hindered its utilization for studying
active matter models that typically do not feature energy
conservation. By contrast, the formalism of active hydrody-
namics developed in this work systematically accounts for
energy conservation and dynamical temperature, and while we
have only applied this to nonrelativistic systems, we do not
anticipate any conceptual obstructions to extending these to
relativistic systems. If so, it will be interesting to return to the
prospect of active holography in another work. We also expect
that the extension of this framework to relativistic driven open
systems will offer new insights into other nonequilibrium sys-
tems beyond the holographic setup, including in the context
of astrophysics.

I. Mechanosensitivity and complex environments

Throughout this work we have assumed that there is no
backreaction on the fuel burning process and hence that the
rate rg does not receive hydrodynamic corrections. Generi-

cally, however, the flow and transport properties of the fluid
can affect the fuel consumption process and result in ac-
tive systems becoming mechanosensitive [5,25,26,28]. These
effects can be taken into account by introducing generic hy-
drodynamic corrections in rg, similar to how we have derived
corrections to rg in this work. Mechanosensitivity is expected
to be a general feature of certain classes of active systems,
playing a role in the cytoskeleton and cell motility [S5]. We
expect to return to this topic and single out generic features of
this fuel consumption process in energy correlation functions.

A related problem of interest is to understand how active
matter behaves in complex environments [108]. This question
is relevant not only for cell motility and its role in various bio-
logical processes, but also for understanding bacterial growth
and collective motion under varying external conditions. The
formalism we introduced here allows to model time and spa-
tially modulated environment sources by giving a nontrivial
profile to CIDrE. A concrete application is to study the collective
motion of active matter when subjected to an external temper-
ature gradient. We leave these interesting questions for future
work.
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APPENDIX A: CHEMICAL FUEL AND COMPARISON
TO JULICHER et al.

In this Appendix we carefully review the work of Ref. [25]
and show how it can fit into our work. We note, however,
that this framework does not take into account environmental
sinks and thus does not host nonequilibrium steady states.
Let us start with the conservation equations for total energy,
momentum, and number densities of chemical ingredients as
outlined in Ref. [25], i.e.,

i
atetol + aiemt = O,

dm’/ + 9,17 =0,
g + 0ijly = (A1)
where « = 0, ..., N labels different chemical species, char-

acterized by constant mass per unit particle m*. The mass and
momentum densities are given as p = m®n, and &' = m“j’.
Given that the total mass is conserved, we have m“r, = 0,
leading to

dp+ 9 =0. (A2)
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We can decompose the rates into r, = —ryal,, where indepen-

dent rates r; are the independent rates of chemical reactions

and @/, are stoichiometric coefficients. Thermodynamic rela-

tions can be summarized as
dew = Tds + (u* — im®@?)dn, + u'dm;,

p=Ts+ (,u"‘ — zm"’uz)na +u'm — €. (A3)

Due to Galilean symmetry, we can also express this in terms

of the total internal energy density & = €gof — % pii%, i.e
dew = Tds + u%dny, p=Ts+ ung — 1. (A4)

From here we can derive

. 1 . ) 1 .. i, o
Os + 0;8' = — ?(s’ —su")o;T — F(TU —péY — pu'u!)ou;
LG nad)op + Sran >0, (AS)
[ — — Ny i -7
T Jo u” T 1 M
where we have identified the heat current
Ts' = el + Si*n’ — tu; — pu®ji + pud, (A6)

and defined Ap! = a{x u*. From here we can read out the
constitutive relations consistent with the second law of ther-
modynamics. In particular, we find the rates

= My A, (AT)

for positive semidefinite matrix M;;. Using these, we can
obtain temperature dynamics from energy conservation

oT =

1 ] ; Os
—| Ap' +Ta,
an,

v o

)M 1A ,u’ + gradient terms,
T

(A8)

where ¢, = Tds/0T|,, is the specific heat. This results in a
steady increase of temperature when the activity parameters
Ap! are turned on. However, when an energy sink is intro-
duced as in Sec. Il A, we achieve a steady state at

1 as
Th=Te(1l+—=5——(An +T MyA' ).
0 E( EzkéTEzyE( M aaaaT> 1J M)

(A9)

To make the mapping to the formalism presented in
Sec. IT A more precise, note that only one linear combination
of number densities, i.e., the mass density p, is conserved.
Therefore, we can arbitrarily redefine n, — ny + g4 (€01, Ha)
for arbitrary functions g, (p, &), such that m*g, = 0. The
conservation equations take the same form after appropriately
modifying the definitions of j’ and r,. This also modifies the
definitions of
l—>l<l+uajaﬂagﬂ> &—>

%Jﬁa, (A10)

where 7,4 is the inverse of 8,4 + 0g,/dng. This hints at the
inherent ambiguity in defining temperature in active systems.
To fix this ambiguity, let us isolate the mass density contribu-
tions in the thermodynamic relations, leading to

dstot =Tds+ ZD'mtd,O + A/lel’ll,

pP=Ts+ wp + AM’”I — Eot (A1)

where n; = afn, are independent nonconserved particle
densities and @ = pem®/m?* is the total mass chemical
potential. Here af denotes the “inverse stoichiometric coef-
ﬁcients " satisfying the relations a "“a,’s =85 —m*mg /m? and
a%al = §]. In particular, using the last relauon we have that
Wit = wtot(p, T, Apy). To fix the aforementioned ambiguity,
we require that the total energy density splits cleanly into a
system part and a fuel part,

Elot(s’ n[)tv jTi) - G(S’ 10, ]Ti) + IO 8F(n1/p)9
et (S, ne) = &(s, p) + p er(ng/p), (A12)

where we have defined € = ¢ + %pﬁz. The parametrization is
chosen such that the mass chemical potential splits into

a(p T ) = @ (p. T +ep = — Al (ALY
along with the thermodynamic relations
de =Tds+wdp, p=Ts+wp—c¢,
dep = Ay,’d%. (A14)

It is easy to check that the energy and entropy balance equa-
tions now become

0;€ + 3,‘€i = LreAE,

. 1 . . | . .
05 + 0;8' = _T(Sl —su")o;T — 7(1” —pé&Y — pu'u!)ou;
L
+ ZreAE, (A15)
T
together with
oo = €' e+ Ay = i)
Ts' =€ + un—t”u —wrn' +pu. (A16)

We isolate the constant {AE representing the strength of
activity, by defining Ay’ = v/£AE. In terms of this, the net
fuel burning rate is identified as

e =y — (], n,ui)aivl. (A17)

Note that momentum and mass conservation equations re-
main unaltered. With this parametrization, one finds that
alds/dny|r = 0 and thus

e = viM . (A18)

We have hence recovered the formalism presented in the main
text, without the energy sink. However, besides the inclusion
of a sink mechanism, the formalism presented in the main text
also poses two additional benefits: It is operationally simpler
as one does not need to keep track of individual chemical
species and it is easily generalisable to other kinds of activity
sources such as electric of mechanical driving.

APPENDIX B: DETAILS OF SCHWINGER-KELDYSH
FORMALISM

In this Appendix we give the details of the SK for-
malism for active systems. The following discussion is a
straightforward generalization of nonrelativistic SK hydrody-
namics [83,109] to include background thermal bath fields;
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see also Refs. [49,51,52] for the original relativistic formula-
tion. We begin with a brief review of nonrelativistic spacetime
geometries in Appendix B 1, which provide the appropriate
background sources for conserved currents associated with
spacetime symmetries. We then give a self-contained review
of the SK formalism and KMS symmetry for passive hydrody-
namics in Appendix B 2, followed by the extension to include
fuel and environment background fields in Appendix B 3.
Finally, in Appendixes B4 and B5 we provide proofs of
the (active) second law of thermodynamics and microscopic
reversibility from the SK-EFT framework. The discussion in
this Appendix will be mostly formal; the actual construc-
tion of the SK-EFT effective actions has been relegated to
Appendix C.

We will employ a covariant notation for spacetime co-
ordinates (x*) = (¢, x'), with the spacetime indices running
over i, v,...=0,1,2,... and the spatial indices running
over i,j,...=1,2,.... Later in the SK construction in
Appendix B2, we will also introduce worldvolume co-
ordinates (c®), with the indices running over «, 8, ... =
0,1,2,.... Importantly, despite the covariant notation, our
construction is entirely nonrelativistic.

1. Nonrelativistic geometries

We are interested in physical systems that feature global
symmetries: time translations, spatial translations, spatial ro-
tations, U(1) transformations, and possibly boosts. To keep
track of the respective conserved currents, it is convenient to
introduce the associated background fields. In nonrelativistic
setting without necessarily a boost symmetry, the appropri-
ate structure is given by a curved Aristotelian background
[109-111]. It features a clock-form 7, coupled to the energy
current €”, a degenerate symmetric spatial metric £, coupled
collectively to the momentum density 7% (s.t. w#n, = 0)
and the symmetric stress tensor /' (s.t. t#"n, = 0), and
a U(l) gauge field A, coupled to the charge current j*.
Since h,, is degenerate, there exists a unique vector field
v* such that v*h,, =0, normalized as v*n, =1, which
represents the preferred observer with respect to whom the
notions of space and time are defined. We can also define an
“inverse” spatial metric A", satistying h;, = h*’hy,, = 38} —
v#n, and n,h*¥ = 0. Tensorial indices can be raised and low-
ered by contractions with #*" and h,,,, respectively. However,
note that these operations are not generically invertible, e.g.,
X, h"h,, # X, for some X,,. We may introduce a spacetime
connection on Aristotelian backgrounds given as

%, = v 8un, + 30 (uhop + uhup — 8phy), (B

used to define a covariant derivative V, that acts on a mixed-
index tensor as V, X} = 9,X} + '}, X7 — I'7, X7, and simi-
larly for higher-rank tensors. Note that V,n,, V, h"? = 0, but
vV, v, V,h,, #0. It is also convenient to define a gradient
operator V), =V, + F v”, where F}, = 29,n,) and anal-
ogously F,, = 20;,A,;. This has the property that V;LX" =
1//v 8,(/y X*), with y = det(n,n, + hy,).

The action of global symmetries can simply be realized
as background diffeomorphisms x*(x) and gauge transfor-
mations A(x) that act on various background fields as usual.
In flat spacetime, the Aristotelian background fields take

the trivial values n,,, v* = (1, 6), Ry, B*Y = ((0, 6), (6, 8ij))s
A, = 0, which is only invariant under the global part of the
transformations given as

fx)=t+d,
H) = AL +d)),
A(x) = A, (B2)

where a', ' are the parameters of spacetime translations,
A"j € SO(d) of rotations, and A of global U(1) transforma-
tions. This set does not contain the boost symmetry, which
needs to be supplied separately when relevant.

To model active systems, we will also introduce the fuel
and environment background fields ®f g coupled to the rate
operators rf g introduced in Sec. II.

Given the effective action S of the theory, the conserved
currents can be defined via taking variations with respect to
the background fields

1
88 = / —€e"8n,, + (v(”“rr”) + Er”")(Shw + j*8A,

+ rg®F + trpdF, (B3)

where fx is short-hand notation for the integral measure
[ d¥*1x /y. We will denote the active contributions arising
from the external baths in blue for emphasis. Requiring the
symmetry transformations to leave the action S invariant, we
are led to the conservation equations

[ S N 13} A
Vet ==vfl — ", Vot
V;L(v“n” + ) = W, — BV M,

(B4)

77—
wl =Y

where we have identified the forces f, = —F] "+
Fj'+Lrgd, e + £red, Pr. See Refs. [109-111] for more
details on these conservation equations.

To describe a relativistic/Galilean system, we need to ad-
ditionally impose the Lorentzian/Galilean boost symmetry on
the background sources, respectively. Specifically for Galilean
systems, this is realized via the Milne transformations

vt — v 4+ b,

o = hyy — 2n¢,byy + nunvbz,

Ay — Ay +by — in, b, (BS)

where b is the boost parameter satisfying b*n, = 0, and
we have defined b, = hy,b", b*> = b*b,. The background
fields n, and h*" are Milne-invariant. The Aristotelian ge-
ometric structure with Milne transformations is called a
Newton-Cartan geometry [112,113]. Specializing to the flat
background described before Eq. (B2), these transformations
act on the spatial coordinates as

x = x = b, (B6)
as expected. Requiring the action in Eq. (B3) to be Milne-
invariant sets the charge flux equal to the momentum density,
ie.,

j“h/,w =Ty, (B7)
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as we expect for a Galilean system. We do not concern our-
selves with relativistic systems in this work. Note that the
connection (B1) is not Milne-invariant. In fact, no connection
can be constructed out of the geometric structure at hand
that is simultaneously Milne- and U(1)-invariant. However,
one may write such a connection if provided with a Milne-
invariant vector field, which in our case can be provided by
the covariant fluid velocity u*, normalized as u*n, = 1. The
Milne-invariant connection can then be written as [114]

re = v*o,n, + 5h Oy + 0hyy — dphy)

h**,
(B8)

A 1 -2 - 1 -2
+ nF,h” + 3" Fj, — (i — gnquit )Fvn)p

with the associated covariant derivative operator Vl% and the
gradient operator V;f = V& + F;,u". Note that this connec-
tion is not a purely geometric object, but may be used to make

the Galilean symmetry manifest where required. More details
can be found in Refs. [83,114-119].

2. Passive Schwinger-Keldysh formalism

We will start with a lightning review of the SK formal-
ism for passive nonrelativistic hydrodynamics constructed in
Refs. [83,109]. Readers familiar with the formalism may skim
this discussion for the notation being used and proceed di-
rectly to Appendix B 3.

Fluid worldvolume, dynamical fields, and global symme-
tries. SK field theories are defined on a closed-time contour,
with leg “1” going forward in time and leg “2” returning
backward in time to the initial state. Each leg of the contour
is equipped with its own set of degrees of freedom and back-
ground fields. SK hydrodynamics is set up as a sigma-model
on an auxiliary “worldvolume” with coordinates o, where
the dynamical fields live. To describe a passive fluid featur-
ing conserved energy, momentum, and charge, the dynamical
field content consists of a pair of coordinate fields Xl’fz(a)
defining two copies of “SK spacetime” and a pair of U(1)
phase fields ¢ 2(o). The subscripts label the respective legs
of the contour. Depending on the system under consideration,
each leg of the contour may also feature certain additional
fields, for instance order parameters associated with sponta-
neous symmetry breaking, that we shall return to for specific
applications.

SK hydrodynamics realizes the global spacetime and in-
ternal symmetries independently on the two spacetimes. Each
global symmetry comes in pairs and acts on each SK space-
time independently, i.e.,

Xlt,2 - Xlt,2 + atl,zv
Xli,2 - A1,2ij(X1j,2 + a{,z - b{,lel,z)v
Y12 —> @12 — A, (B9)

We may also replace Galilean boosts with Lorentz boosts for
relativistic systems, or skip them altogether for boost-agnostic
systems [109—111]. It is convenient to gauge these symmetries
by introducing the Aristotelian background fields n; 5, (X »),
h1 2,0 (X1,2), and Ay 5, (X; ») on each SK spacetime, reviewed
in Appendix B 1, that transform under the global symmetries
as usual. The action on the dynamical fields, however, is now

given as simply
X{, = X" (X12),

012 = 012 — A1 2(X12). (B10)

In practice, we can define objects that are invariant under
global symmetries as simple pullbacks of background fields
onto the fluid worldvolume, i.e.,

Ni2q = N1,2u(X12) 3aX1’fzs
hi2ap = h12u0 (X1.2) 3a X[, 36X 5,
A 2g = A1 2 (X12) 3o X[ + Bupr2- (B11)

We have dropped the explicit dependence on worldvolume
coordinates for clarity.

It is useful to introduce an average-difference basis f, =
(fi + f2)/2, fo=(fi — fo)/h for various dynamical and
background fields. The average “r” combinations are un-
derstood as the “physical” macroscopic fields, while the
difference “a” combinations as the stochastic noise associated
with them.

Fluid worldvolume symmetries. In addition to the global
symmetries above, we also impose local diffeomorphisms
0’ (0) and U(1) gauge transformations A (o) of the worldvol-
ume acting on the dynamical fields as

X{(0) = X5 (0'(0) = X{'5(0),

@12(0) = ¢} ,(07(0)) = @12(0) + A(0). (B12)

All the global symmetry invariants in Eq. (B11) are invariant
under worldvolume gauge transformations, except for A,
that transforms as A,, — A,, + 0,A. Worldvolume diffeo-
morphisms act on all global symmetry invariants as usual.

The effective theory is also endowed with a thermal vector
(3" (o) and a chemical shift Ag(c), transforming as

B*(0) = B*(0") = B (0)dgo" (o),

Mg(o) — /\EB(O’,) = Ng(o) — %91 (0). (B13)

Without loss of generality, we may partially fix the worldvol-
ume symmetries to set 3% = (Bo, 0) and Mg = Bojo, Where
Bo = (kgTp)~! is some reference global temperature and 1o
is some reference chemical potential.

Physical spacetime formulation. The worldvolume pic-
ture of SK hydrodynamics with two copies of spacetimes
is theoretically neat and appealing. However, for practical
purposes, it is more transparent to move to a single physical
spacetime formulation, defined via x* = X/*(c). We can use
pullbacks with respect to this map to define objects that are
invariant under the fluid worldvolume diffeomorphisms. Due
to the nonlinear nature of the theory, the relations between
the average-difference quantities on the worldvolume and
those on the spacetime are quite nontrivial. However, the
relations simplify in the classical (4 — 0) limit, i.e.,

do“
Nru = Xk Ny = Ny + O(h)’
do“
Nau = Wmaa = Ngy + £Xanru + O(h),
o 9o P
Hr v = _[hr = hr v O(n )
" ox® 9xv *p wo + O
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a B
Hu//.v = ?}Zﬂ %[haaﬁ = hauv + £)Q,hrp.v + O(h),
do“
Bru = &x_ﬂArot = Aru + 3#% + O(fl),
do“
By, = t‘)x_ﬂAaa =Ag + 0,900 + £x,Ar + O(R), (B14)

up to quantum corrections, where £x, denotes a Lie derivative
along X/*. These quantities will be used as building blocks
to construct the SK effective action. The fluid worldvolume
gauge transformations become the diagonal spatial shift sym-
metry on the physical spacetime, acting only on B,, among
these building blocks, i.e., B,, — B, + 9,A. We can define
the physical spacetime thermal vector §# and chemical shift
Ag as

dx*

Ap = 10,0 + Mg

These objects are dynamical and can be used to define
the local temperature kg7 = 1/8, fluid velocity u* = */8,
and chemical potential u = (Ag + B*A,,)/B, where B =
/B#n,,. The compromise for passing onto the physical
spacetime formulation is that the r-part of the physical space-
time diffeomorphisms (B10) becomes nonmanifest and takes
the form x* — x*(x), which acts on various fields on the
physical spacetime as diffeomorphisms according to their ten-
sor structure.
For convenience, we introduce the collective notation

Dynamical fields: ¢ = (8", Ag),  VYa = (X, ¢ra),

. — (M (1 v) Ky e
Currents: O,, = (Gr,a’ PAINGE S o diga J,’a),

(B15)

Background fields: S,, = (—7.au, 31auv: Aran)

Global symmetry invariants: W, , = (=N .au. 3Hy.a0, Bray),
(B16)

which will be useful in the forthcoming discussion. These
sets are appropriately extended in the presence of additional
degrees of freedom parametrizing spontaneous symmetry
breaking.

For later use, let us record the action of global symmetries
(B10) on various dynamical and background fields. As noted
above, the r-type diffeomorphisms in Eq. (B10) act as usual
on all the fields. Whereas, a-type diffeomorphisms only act on
the a-type fields, i.e.,

Sq = Sq+ £,,8,, XM — X! — xl,

(B17)

while leaving ¢, invariant, where x/* denotes the parameter of
a-type diffeomorphisms. The r-type and a-type gauge trans-
formations act on the U(1) sector as

Ar,a;L - Ar,a;L + a;LAr,aa Qr —> O — Ara

Yo —> 0 — Ao —XFO, A, (B18)

One may check that these symmetries leave the quantities in
Eq. (B14) invariant.

SK generating functional. The fundamental object of in-
terest in nonequilibrium field theory is the SK generating

functional Z[s,,s,], which can be used to probe various
nonequilibrium operators via the variational formulas such
as those in Eq. (12). In SK hydrodynamics, the generating
functional is obtained by performing a path integral of the
effective action S[vy, ¥, S,, S.], as in

Z[sy, sdl Z/Dlﬁ Dy exp(iS[V, Ya, S, 8al).  (B19)

In practice, the effective action may be construct using the
building blocks W, ,, u*, T, and u, arranged order-by-order
in derivatives. Varying the effective action with respect to
the two types of sources, we can read out the associated
operators
8§ = /(’)r 88, + O, - 85, (B20)
X
The O, operators (obtained by varying with respect to S,) can
be understood as physical, while the O, operators (obtained
by varying with respect to S,) as their stochastic noise coun-
terparts. The classical constitutive relations are given by O =
Orlf,—0. One may check that the associated conservation
equations (B4) are obtained by extremizing the action with
respect to ¥, dynamical fields, while varying with respect
to ¥ fields yields the equivalent equations for the stochastic
noise.
The SK generating functional is required to satisfy the
following three conditions

Z[s,,8,=01=1, Z[s,, —s.] = Z*[Sr’ Sals

Re Z[s,, S,] <0, (B21)

arising from generic properties of quantum field theories de-
fined on a closed-time contour. More details regarding the
underlying physics can be found in the review of Ref. [53].
These conditions can naturally be extended to the effective
action as given in Eq. (18). We can arrange S as a series
in powers of ¥,, in which case the three conditions mean
that: § must at least be linear in W¥,, the terms with even-
powers of W, must be imaginary, and these imaginary terms
must be arranged into a quadratic form with nonnegative
coefficients.

Dynamical KMS symmetry. While the SK conditions (B21)
are satisfied for arbitrary nonequilibrium field theories de-
fined on a closed-time contour, the SK generating functional
Z[s,, s,] for a thermal system is also required to satisfy
a discrete dynamical KMS symmetry. Let us assume that
the microscopic theory underlying our hydrodynamic fea-
tures a discrete symmetry © that includes the time-reversal
transformation T. Depending on the physical system under
consideration, this could be just T, or some combination in-
volving spatial-parity charge-conjugation transformation such
as PT, CT, CPT. The KMS symmetry is defined as the
invariance of the Schwinger-Keldysh generating functional
Z[s,, S,] under a transformation of the background fields
[120]

510) M 95,x),  $:(0) 2% @s,(x + il OFy), (B22)

where the ®S; is evaluated on the complex spacetime argu-
ments x* + ih OB, with B} = uy /(kgTy) being the thermal
vector associated with the inertial equilibrium observer. More
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details can be found in, e.g., Refs. [53,121]. For classical
nonequilibrium field theories valid at small frequencies o <
kg T/, the classical truncation of the KMS symmetry is more
relevant, given by

s, M ©s, + O),

Sy = ©8, = O(s, + ifld,s,) + Oh).  (B23)

The action of KMS symmetry on the dynamical fields is
naturally defined on the the fluid worldvolume as

X'0) 25 ox!(o),

X o) 25 0Xf (o + i OP) — i OB,
KMS
pi1(0) —> Op (o),

02(0) = Oy (0 + i OB). (B24)

Importantly, the extra constant contribution in the transfor-
mation X, is taken so that KMS symmetry preserve the
equilibrium configuration X{fz(a) =68t @i2(0)=0. In
the physical spacetime formulation in the classical limit, these
give rise to

g 2 e+ o),
X! 250X = (X! +i(B" — BY)) + O,
o 25 0g, + O(h),

00 = Op, = O(gq + i£50,) + Oh). (B25)

These transformation properties induce the following dynami-
cal KMS transformation on the building blocks of the effective
action

v, ™ 0w, + 0m),

b, 5 0%, = W, + ifs¥,) + O),

v ™ ey + o). (B26)

Galilean hydrodynamics. The SK setup so far has been
boost-agnostic, i.e., it applies to systems that may or may not
possess a boost symmetry. To describe a Galilean system, we
also need to impose the Milne boost symmetry (B5) on the
two sets of spacetime background fields (1,2, 21 240, A1,24)

independently [83]. In the classical limit, W, fields only
transform under the diagonal Milne boosts that act in the
same way as Eq. (B5). Milne boosts act quite compli-
catedly on the W, fields, though we can write down the
combination

Hu/w = guv + 2Nr(uBav) - 2Na(u (ﬁv) - %er)ﬁz)v
(B27)

that is Milne-invariant together with N,,,. Here #"* = u* — v*
denote the spatial components of the fluid velocity, with
ii, = H,,,ii", and ii* = @i, is the fluid velocity squared.
We can also use this to define a Galilean-invariant version
By, ie., Bay = Hapott” — AN, Hapou’u”, used in Eq. (70).
Furthermore, the chemical potential p defined in Eq. (B15)
is not Galilean-invariant and we instead need to improve the
definition as

pr = p(u+ Lid).

known as the mass chemical potential. The definitions of fluid
velocity and temperature are already Galilean-invariant.

This finishes our lightening review of the formal aspects
of passive nonrelativistic SK hydrodynamics. Next, we will
discuss how to introduce activity into the framework. Later in
Appendix C, we will see these concepts applied to particular
examples.

(B28)

3. Active ingredients

To extend the SK framework discussed above to active
hydrodynamics, we need to introduce the background fuel
and environment fields on each spacetime CIJ']:’ZE(XLZ) from
Sec. IIB. The pullbacks onto the worldvolume are defined
simply as

OFF = T T (X1 2), (B29)
that are evaluated on the worldvolume coordinates o%. We
can define the average-difference basis of these worldvolume
fields <D>E‘aE, which can be further pulled onto the physical
spacetime defined by identifying x* = X*, denoted as I'I,F”ME.
In the classical limit, the objects ITF;F are related to the back-

ground fields @EbE as

nhE = ¢afE 4+ Om),

NHE = ¢ohE 4 ety ®FF + On). (B30)

We have included a factor of ¢ in these definitions for
later convenience. The SK effective action S[yr, ¥, S,, S,]
is constructed similar to the passive case, where s, =

(Sr.as @Ea, @Ea) contains the fuel/environment background
fields as well, and is still required to satisfy the conditions
in Eq. (18). The SK generating functional Z[s,, s_] is defined
similarly to Eq. (B19).

We impose the regular KMS symmetry (B22) on the fuel
fields

S,

oF () 2 00F (), dF(x) 3 0df(x + i ©f)).
(B31)
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The qualitative point of departure from passive hydrody-
namics is the new active KMS symmetry imposed on the
environment fields, i.e.,

PE(x) 25 @dF (),

KMS

dE(x) —> OB (x + i O ) — ih. (B32)

The activity arises because of the additional —i% term in the
KMS transformation of QDZE. This term is similar to the addi-
tional term introduced in the KMS transformation of X;' in
Eq. (B24), which was required to ensure that the equilib-
rium configuration X{',(0) = 8,0 is preserved by KMS.
Whereas, the additional term here means that the environ-
ment field configuration (DIIE,Z = Tgt is only preserved by KMS
when Ty = Tg, i.e., the system temperature is same as the envi-
ronment temperature. Recall from Eq. (9) that Ty — Tg o< AE?
in an active steady state, meaning that the environment field
configuration is never preserved by KMS when the fuel is
available to provide heat. Accordingly, the fuel field config-
uration d>'1:2 = —AE't is also only preserved by KMS when
the fuel chemical differential is absent, i.e., AE = 0. This
also means that retarded and symmetric correlation functions
computed in a state with 7Ty # Tg or AE # 0 will not satisfy
FDTs. Equation (B32) implies a KMS transformation for the
FFF fields as

nf 25 enf + om),

F KMS ~~F Fo . F
M) — OI1, = O(T1], + i£3I1}) + O(h),
nE 2 onE + om),

& ks OrE = o(nk + i NE — i) + Om).  (B33)

We should emphasize that the full Schwinger-Keldysh gen-
erating functional Z[s,, s,] for active hydrodynamics respects
the KMS symmetry. However, this symmetry is “spurious” in
the sense that it nontrivially relates a fuel and environment
configuration ®F = —AE ¢, ®F = kg7t to another config-

J

Im [OL(OV, O,, Os

2o

©s,)]

uration ®F = —AEt —ilAE /Ty, 5 =kgTet — iiAT /Ty,
shifted by imaginary terms that are nonzero in the presence
of activity.

4. Second law of thermodynamics

In this Appendix, we discuss how the local second law
of thermodynamics emerges from the SK formalism and, in
particular, how the derivation gets modified in the presence
of activity. The derivation presented here differs slightly from
the one given originally in Ref. [65], but essentially follows
the same line of reasoning. Comparing the a-type time trans-
lations in Eq. (17) against the KMS transformations Egs. (13)
and (15), we make a crucial observation that the inhomoge-
neous shift piece in the KMS transformations of s, and @5 can
be undone by an imaginary a-type time translation with x! =
—ifo. This does not apply to our environment field ®E, due to
the additional “7” term in the active KMS transformation. Let
us denote the combined transformation of the noise dynamical
fields under KMS and this imaginary a-type time transla-
tion as Y, — O, +ig,) = OX! + if", pa + i£p¢p,). The
SK Lagrangian, L = [ d% L(, ¥, S,, S,), is invariant un-
der this combined transformation, up to a total derivative term,
leading to

OLOY, O, +igr), OS,, OS,)lee . oF

= LW, Va, S,.8,) + idN' (Y, 8,) +idN(¥,s,)
(B34)

Note that repeating the KMS symmetry takes £ back to itself,
meaning that N, A" do not contain any a-type noise fields
and have time-reversal eigenvalue +1, —1. Also, note that the
total-derivative terms need to be imaginary to preserve £' =
—L from Eq. (18).

Since Eq. (B34) is valid for any field arguments, we can
evaluate it at <I>E > <I>E +iand ¥, — V¥, — ig,, and use the
second condition in Eq. (18), to find

= Im [‘C’(wv I;/fa_igr? §r’ §a)‘®§—>®§+i + ial‘-/\/‘t(‘(/f7 §r) + lalNl(I/f’ §r)]

1
2
1
2

Im [£(¢7 I//a_igh §r7 §a)|<b5~><l>5+i - E*(I//’ ‘/fa+igr, §ra §d)‘q>5*>¢57"] + arN[(w, §r) + aiNi(I//5 §r)
I [L(Y. Ya—igr: S0 80) e L oe y; T LU —Va—i8r 80 —80) | ge o] + AN (V. 8,) + AN'(Y. 8,).

(B35)

Note that the expression in the first line is merely the time-reversed Im £ evaluated on time-reversed field arguments. The
third condition in Eq. (18) requires Im £ to be nonnegative for all possible field configurations, so this expression must also be
nonnegative. As for the last line in Eq. (B35), we can set S,, ®" > 0 and Taylor expand the two £ terms in their remaining
a-type arguments v, & ig, and ®F £ i. The Oth order pieces in these expansions vanish due to the first condition in Eq. (18),
i.e., £ vanishes when all a-type arguments are turned off. The first-order pieces are quite important, but they turn out to be
independent of v, and CIDE, taking the form

1 1 . 5L E . . SL . 5L E . . 8L ;
zlm [.. -](lstorder) = Elm [(% - lgr)m + (d)a + l)(S@E + (=Y, — lgr)m + (—(I)a + l)@} + o, (11) + 31'/\/(1)

8L 8L ; ;
= —gr— + o + at (tl) + 3,./\/’(’1) = ZrE + a[./\/(tl) + 8[./\/-(11),

B36
5y, | 5E (B36)
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where we have identified possible total-derivative terms left
over after integration-by-parts. In the last line, we have used
the classical equations of motion §£/8v, = 0, and identi-
fied €rg = SL/SQDS. This is how rg makes its way into the
second law statement. The fields v, and ®F appear first in
the second-order pieces. Denoting O(y), (®7)") terms in the
Lagrangian as £ ~ (—i)"™"*1 €., ¥ (LDE)", where £,
may be a differential operator, we have

%Im [ . ~](2nd order) — %’8(2,0) (wg - gi)
+ Eﬂ(l,l)(lﬁaq’s + g x 1)
+ 5020 ((95)" —1x1). (B37)

Similarly, we can find kth-order terms as
k

1 1
zlm [. . Jkth ordery = ,;) mi\/(m,kfm)lm
. . m . \k—m
x (= (Y — ig)" (LD +i€)").

(B38)

If we assume Gaussian noise, meaning that the Lagrangian
is at most quadratic in noise fields, then the expansion ends
at the second order. In this case, we may evaluate Eq. (B35)
at s,, " 0, ¥, > g,, and ®F > —1, which kills the
second-order contributions from Eq. (B37), and we arrive at
the desired statement of the second law of thermodynamics,

95" + 0;s' + tkgre = A > 0, (B39)
with
1 1. A A
_st :Nz +'N’(tl)’ —Sl ZNI +Mll)’
kg kg
1
k—A =Im[OL(OY, Og,, ©s,,{0,0, —£})] > 0. (B40)
B

This argument also works in the presence of non-Gaussian
noise, but we need to find the appropriate substitution values
for v, and ®F that sets the second- and higher-order terms
in Eq. (B38) to zero, possibly up to total-derivative terms that
correct the entropy density and flux. In practice, we can solve
for v, and CDE order-by-order in derivatives. Typically, the
potential corrections from the kth-order terms only affect the
constitutive relations at O(3*~1)|;~2, and thus we can safely
ignore these for our purposes. A more comprehensive nonper-
turbative derivation of the second law from the SK formalism
can be found in Ref. [65].

5. Microscopic reversibility

In this Appendix, we give the details of the derivation of
microscopic reversibility in Eq. (22) from the SK path inte-
gral. The conditional probability distribution for the system to
traverse the time-reversed path ®v () = ne¥ (Ot), given that
it starts at @y () = ne Yy, in the presence of time-reversed
background sources 1S, ,(—t), is given by the path integral

Po(OY|nety, ti)
- jiv/Dw,,exp (i‘/‘fdtL(®l//,®l/fa,®§r, ®§a)).

(B41)

ra

To relate this to the probability distribution of the forward
path, let us consider the following manipulations of the SK
path integral

/Dwa exp [i/;“ dr L(®Y, ©Y,; Os,, © Sa)]
- /Dwa exp[i/t_tf dt L(®Y, ©Y,; Os,, ®$a)}
_ /Dwaexp[i/t_tfdt@(L(w,wa;§,,§a)
+ ﬁom(w,g,))]

— eﬁom/p% exp[i/fdt Ly, wa;gr,ga)]. (B42)

In the first step, we have changed the path integration vari-
ables, ¥, — 1/?a, which is legal provided that '(ﬁa(tj’f) =0.
The precise physical interpretation of this, of course, depends
on the model under consideration and the KMS transforma-
tion properties of the i, fields. In hydrodynamic models,
this typically means that the initial and final states are at
the same temperature and chemical potentials, see Eq. (30),
and By is equal to the initial/final inverse temperature. In
the second step, we have used the KMS symmetry of the
Lagrangian, while in the final step we have performed the
coordinate relabeling t — —¢ +t; 4+ t;. We have almost ar-
rived at a relation between the original and time-reversed
path probabilities, except that the path integrals in the first
and last lines are evaluated at different values of the noise
sources. To bring them in the same form, consider evaluating
Eq. (B42) at S, > S, — ifod;S,, ®F > ®F —iByd,®F, and
®E > ®F — B3, ®F + i. This converts the noise sources in
the first line to just ©s,, while those in the last line will get
shifted as

It
/D% exp [l/ dt L(®y, ©y,; Os,, @&)}
4

tr
= A% / Dy, exp |:i / dt L(W, Y438, Sa —i—iﬂow,)}
ti

r )
= (P22 exp|:,30 f drdixw, - —}
A 8§a
Iy
X /lela exp |:l/ dt L(wv I//a;§r1 §a)}v (B43)
5
where we have introduced the notation W, =

—(0;S,, 8,CI>rE, 8,@',5 —kgTp). In the second step, we have
represented the shifts in the a-type sources as Taylor series
expansion in variational derivatives. Note that the a-type
sources couple to the respective operators O = (O, £rg, Lrg),
so we can replace the variational derivatives with the
appropriate operators insertions, leading to

/Dtﬁa exp |:i /rf dt L(Oy, Ov,; ©s,, ®§a):|

= eﬂ“AQ<exp[—ﬁo drd?x O - wr:l>
v
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X /.Dwaexp [iffdtL(l/f’ wu;§r7§a)i|

tf
= e Ae-Folly / Dmexp[i / er(w,wa;g,,y].
ti

(B44)

The notation {...)y denotes that the averaging is only done
over v, fields for fixed i. This yields the microscopic re-
versibility relation in Eq. (22). Furthermore, by integrating
Eq. (B44) over all paths f v//-f Dyr, we recover the active de-
tailed balance relation in Eq.‘ (25).

Instead of integrating over all paths, let us only integrate
Eq. (B44) over the paths and final states that require a fixed
amount of work, Wy, = W), averaged over all the initial states
drawn from the free-energy distribution

w(y, 1) = exp(BoF (1) — PoS2(¥, 1)),

-1
F(t) = EIOg/diﬁeXP(—ﬂoQ(iﬁ,t)). (B45)

This recovers Crook’s fluctuation theorem for nonequilibrium
processes [55]

Pe[—Wol
P[Wol

where AF = F(t;) — F(t;) and P[Wy] is the total probability
of the forward trajectories that require work W, given by

= exp (BoAF — BoWp), (B46)

PWy) = /d'/’idlﬁf w(¥y, 1) Wy, — Wo) P(¥ ¥y, 1).
(B47)

Last, we can integrate Eq. (B46) over all W, to obtain the
Jarzynski equality [122,123], relating the average work done
during a process to the differential of total free energy

(exp(—pBoW)) = exp(—BoAF),

where the averaging is understood over all processes and all
final states drawn from the w(;, #;) distribution. This equality
can also be obtained directly from the active detailed balance
condition in Eq. (25) by integrating over the initial states from
the w(y;, 1) distribution.

(B48)

APPENDIX C: DETAILS OF SCHWINGER-KELDYSH
EFFECTIVE ACTIONS

In this Appendix, we use the SK formalism from
Appendix B to construct effective action descriptions for var-
ious active systems that appear in the bulk of this paper. In
particular, we discuss active diffusion in Appendix C 1, active
superfluids in Appendix C2, active fluids in Appendix C 3,
and active nematics in Appendix C4. As in the main text, we
assume the coupling between the fluid and fuel sectors to be
minimal for simplicity, physically meaning that the fluid only
uses the heat provided by the burning of fuel but does not
back-react on the burning process itself. For concreteness, we
will also choose ® = T to set up the KMS symmetry and only
work in the classical limit. For parity-preserving systems, this
is equivalent to the choice ® = PT as well.

We will organize the effective field theory in a double
perturbative expansion in small derivatives, controlled by 9,,,
as well as small activity, controlled by £. For concreteness, we
take £ ~ O(9) and we take the derivative ordering of various
background and dynamical fields as follows:

My s Ay ~ O@%), By, hapns Agy ~ O@Y),
oFE~ 00", oFE~ 0@,
u', T~ 0@%), X" g, ~0@°). (C1)

In the presence of spontaneous symmetry breaking, we will
also need to choose a derivative ordering for the associated
order parameters and Goldstone fields, which we will address
when we get there. We will ignore ((33) and higher-order
terms in the SK effective action. In terms of the constitutive
relations, this means that we will ignore O(9%) and higher
contributions to the conserved currents and rate operators.

1. Active diffusion

Let us start with a simple toy model of active diffusion
without conserved momentum, where the only relevant in-
gredients are the energy and charge conservation. We take
the momentum sector to be trivial by setting u' = 0, X/ =
0, h,y = ((0,0), (0, 8;;)), and h,,, = 0. This further implies
v* = (1/n,,0) and h*" = ((mn*/n?, —n' /n,), (—n'/n,, §7)).
The relevant conservation equations are

dun€") = FJLe" — F, j" —trgd, @F — tred, o,
du(n, j*) = 0, (C2)

which generalize Eq. (27) in the presence of n,. Note that
J7 =n and [, = [dtd?xn, when hy, is flat.

Truncating the effective theory to at most quadratic order
in a-type fields, and assuming minimal coupling to the fuel
sector, we can write down a simple effective Lagrangian for
active diffusion

_Nau T
L=—eu'Ny +nu"By, +ikgT | Bau
Belg
Tkh*' o h*’ 0
x | oxh"™™  oh*’ 0
0 0 ve/ B2
_Naﬂ
x | Bu |+ikeTyeTIFITE, (C3)
BellE

where fg = 1/(kg7g). We have introduced the energy density
€, charge density n, thermal conductivity «, charge conductiv-
ity o, thermoelectric conductivity o, and active coefficients
ve.F- All coefficients appearing here are functions of 7 and .

The action (C3) is manifestly invariant under the spacetime
global symmetries and worldvolume gauge symmetries. It
also trivially obeys the first two SK conditions in Eq. (18),
while the third one requires

Tk 2 O'>2</O—3 (e} 2 O? YEF 2 Ov (C4)
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which is sufficient to set Im S > 0 order-by-order in deriva-
tives, i.e.,

2

Blm £ = (TK - GX>(NW + 0%

o
Ox 2 2
+ 0 (B = 55Nu + 00N+ ye(TT5)

+ y(F)’ > 0. (C5)
The squares of vector objects above are understood appropri-
ately contracted with A*”. The terms in the first line in Eq.
(C3) are KMS-invariant provided that the charge density n and
energy density € satisfy the thermodynamic relation (48); we
may check that the KMS variation of these terms is given as

—eut i£gNyy, +nu' ifgB,, = i(—eu"d,B+nud,(Bu))

= 28,(8p). (C6)
n;

which drops out from the effective action as a boundary term.

The classical constitutive relations may be obtained by
varying the effective action with respect to the associated
a-type background fields and setting all the a-type fields to
zero. We find

e =eu — TV — o, VH,
Jj4=nu" —o Vi — o, VH,
re = )/EZkBAT,

rF = YrlAE, (C7)

where we have introduced the notation
V M v V 1 n v
= TaﬂF — Fu’, en = FBMT + Fu’. (C8)

Turning off F/;’U and oy, we recover the “fluid part” of the
constitutive relations presented in Eq. (49). The “superfluid
part” will be discussed in Appendix C 2.

v
L=—(eu — fyBY)Ny + (nu" — fyE")Byy, — 2 fyRe [D*U*D,W,] — 2

T ol —reefu B

o oM —hefeB
+ kg7 U] | reefuEY Mg fo B velBg
Gq;)ue(z)DV‘IJ* Uq;)\mﬁDU\I‘* —aE\I’*
U\[;)\.6¢quf U\p)\.n¢,DU\I-’ —(ZE\I'

2. Active superfluids

SK effective action. To model an active superfluid, we need
to introduce the associated order parameter for each SK space-
time, i.e., a pair of complex scalar fields ¢; ,(c). We take
these to transform under the worldvolume U(1) symmetry, i.e.,
&1, — e *®y,. In the physical spacetime formulation, the

associated average-difference basis can be used to define
“pr,a = eiw’d])r,a + O(h)» (C9)

which we met in Sec. III. These derived fields are invariant
under the worldvolume U(1) symmetry but instead transform
under the diagonal part of the spacetime U(1) symmetry. The
action of KMS is defined as

Do) 2B @0 (o), Do) > OPi(o + il OF),

M 0d, (0 + ih OF),

(C10)

with the time-reversal eigenvalues +1. In the classical limit,
this leads to

(o) 25 0,(0), i)

v, 2 ol + om),
U, > —OU = O +ip D,V — Bu’) + O(h),

9w, + om),
- —0¥, = —O(, + if"D, W, + pu¥,) + O(h),
(C11)

where the dagger operation has been defined in Eq. (19) and is
composed of a complex conjugation together with a sign-flip
of the a-type fields. We shall identify W, with W.

The derivative counting for the order parameter is a bit
subtle. To begin with, we take W ~ O(3%), ¥, ~ O(d").
However, the U(1) phase of W is a massless Goldstone mode
whose spacetime derivatives need not be small, so we take
Im (U*D, V) ~ O(3°) but keep Re (¥*D, W) ~ O(3"). Last,
since Im (W*u*D,¥) = w|W|? + ... due the Josephson equa-
tion (43), we will take the difference (u#*D,, — iu)W ~ O@Y,
which also ensures that ¥, ~ O(8!) in Eq. (C11).

Using the new ingredients outlined above, the SK effective
Lagrangian for an active superfluid can be constructed by
generalizing Eq. (C3) as

v
v

RO

a

aMzRe[\p*\yu]
—0uhegDFW* —gy ey DIW
—ouhn DU —Gy s DIV
agV* agV B, + ikeTyeIE 1T, (C12)
0 o
oy 0
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where for compactness we have identified E# = 2Im [W*D#* W], B/ = 2Re [ D; W*D*W]. The vector U, given by

—Ng
B,

pelE : (C13)

U, — iYegD*UN,,, + iy,pD*WB,, +ifeurse WIIE

—Ul + iy sDFWN,, —

and the hatted version %, is given as usual by converting all
the a-type fields with their hatted versions. The Lagrangian
has been designed to identically satisfy the first two conditions
in Eq. (18), as well as the KMS-symmetry. In particular, using
the thermodynamic relation in Eq. (38), whereby D'W*D;¥
is replaced with the covariant version #*"D,¥*D, W, we can
verify that the KMS variation of the terms in the first two lines
add up to a total derivative

— (eu — fuBY)ifpN,, + (nu" — fy B)ifgB,,
— 2ifyRe [D*W*D, ("D, ¥ — iBuW)]

.V .
— 2ZWRC [\I’*(ﬂMDM\II — lﬂ/J,\IJ)]

; 1 iz
= —i( Tetp = Tnys + futy(D" V"D, W)

oV
W

+ (C14)

£ﬁ|w|2) = ——5,(BF).

n
Note that some entries in the coefficient matrix in Eq. (C12)
are antisymmetric because of the time-reversal transformation
contained within the KMS transformation. We have chosen to
represent the possible symmetric cross-couplings between the
Goldstone and other sectors in the definition of *J, instead,
which will turn out to be convenient later. The thermal/charge
conductivity matrices are allowed to admit anisotropic pieces
for a superfluid, e.g.,

oM = o h* + 04nis DH WDV W, (C15)

and similarly for «** and 02", The nonnegativity of the imag-
inary part of £ imposes

Ay 1224
(T/c ol

Vi nv
Oy o

) 20, o0y20, yr=20, (Clo

which upgrades the inequality constraints in Eq. (C4). The
nonnegativity of a symmetric matrix means that all its eigen-
values are nonnegative.

Equations of motion and constitutive relations. The equa-
tion of motion for the order parameter arising from this model
takes the form

1
MMDM\I-’ = U_(H\p_NaElIl) + l)»¢/L‘~I—’ — ()"eqﬁ + i]/€¢)
v
X VgDH\I’ — ()\nqg + l)/nd,)ngu\p

1
= idgtV — i(Yug V4 + vegVE)D, W + U—Sq,,
v
(C17)

iVng D*W* B, —ifephse W TIE

(

where X = (T — Tg)/Tg and we have introduced the notation

1%
Hy = D), (fyD"¥) — ———W

Y e = I+,

S\y = H\p—NClE\If — O‘\pDM\I‘()\,quveﬂ + )»mz,V,,M). (CIS)

More discussion can be found in Sec. III C. The constitutive
relations are given by

e =eu — A fyBY —Txk""Ve, — o'V
+ hepRe [Sy D W*] — y.pIm [Hy DA W],
JF=nu* — A fe B — o™V, — o'V,

+ AnpRe [SyD?*W*] — yueIm [Hy D W],

r'e = EVEkBAT - ,BE)\eEf\ll Egveu - ﬁE)\nEf\[l Euvnu,

e o Re Sy W] — ferupelm (Hy W',
re = Ly AE, (C19)
where we have identified
Ae = 1HRAE, Ay = 14H8X,E. (C20)

Integrating out the order parameter. It is instructive to
integrate out the magnitude of the order parameter and express
the theory exclusively in terms of the Goldstone ¢ identified
via U = |W|e/®. The equation of motion for the magnitude is
given as

v

1
u o, |V = — E(W +f\1/§”€u+NGE)|‘1’|

+ Vn¢€uvnu|\1’| + Ve¢§“veu|\y| + 0(32)7
(c21n)

where &, = d,¢ + A,. Assuming that |¥| = W, is the zero
of dV/9|W|? + Su&HE,+Rag, we can solve this equation at
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leading order in derivatives to find

E)% 1 /
— + f\lléugu = Uwgefuveu + O'\llgnéuvnu + ngvu(wgf‘l’gu)_xalz + 0(82)
0

v
1 Uﬂlgééuveu + U\llgnguvn//, + ;ﬁg& V;L (\p(%fllléu)_xaE
= |lIJ| = \IIO + 55 " 2 / 02
2% VI(W5) + £y (W5)544,
where we have used the definitions in Eq. (44) and treated W as a function of s, n, and £ = £"£,, (as opposed to T, i, and £2)
to define

+ 0(3%), (C22)

8ln\IJO d1n \I/O d1n \IJ()
2 On = Vg — 2 5 = 2 .
9§ 3

After || has been integrated out, these parameters renormalise various thermodynamic variables and transport coefficients in
the low-energy description as

e = Vep — 214 (C23)

oW 1
Tlen=T + a_so<o—\llgeéuvel/- + O\I—'gnsMVnM + ﬁgév;(w(%f\lléu)_NaE>,
0

2

v T
Plen = 1+ a—}f(%QeS”Veu + 0w 8nE" Vi + ngVu(\Ifgfq,s")—NaE)
0

2

A'Y 1
fs|ren = “Ilgf‘l‘ + Zﬁ(a‘l’geéuveu + U‘Pgngﬂvnu + ngvk(‘l’gf\pé”)—ﬁmg),
0

v v 2 2 (ge + )‘€¢g5)2 v
K |ren:KM +?‘I’00-\l/_l+g§ Eltg: ,
(gn +)"ﬂ¢g§)2
O™ ey = M 4 2Wl gy 2L 0SS gpngv
| 0 v 1 + géz: é,v: E
A n+ An
Giw ren :O‘gv—i‘z‘ygo’\[/(ge s E¢gé)(gz+ (1595).’;__;“%_1;7
1+ O;
_ 2\1130‘\1; — 2 —
U¢|ren = m, €¢|ren = Aep — 9eQs, n¢|ren = Ang — 9nGe,
aegQe aeQe aggy
AgElren = ApE — s AeE|, = AE — s MiE|, = AE— ——- (C24)
¢Elren ¢ Uow |ren w f\ll |ren f\p

Eliminating || using Eq. (C22) and performing the renormalizations in Eq. (C24), we can obtain the Josephson equation for
the Goldstone phase

1 1
W = Ao+ — VI (AE") = depE Vew = A"V + O0%) = Agp + —S,. (C25)
¢ ¢

We have dropped the renormalization labels “ren” for clarity. Similarly, we find the constitutive relations
€' = eu — A fil"EE" — Ti"" Ve, — 0"V, + A" Sy + O(3%),
Jh =t = fiE = 0"V — 0k Ve + hipE" Sy + 0(0%),
re = Cyeks AT — ehee il 66" Ven — BEriefi& Vi — Pemtdpedu (fE") + O,
re = LyeAE. (C26)

Goldstone effective action. If we are interested in the low-energy description of the superfluid phase sufficiently far away
from the critical point, instead of introducing the pair of order parameters ¢, (o), we may directly introduce the phase fields
$®1.2(0) on the SK worldvolume, transforming under the worldvolume U(1) symmetry as ¢;, — ¢;, — A. These can be used
to define the physical spacetime fields

¢r =@+ & +00),  ¢o =+ OM), (C27)

where ¢, shifts under the diagonal U(1) spacetime symmetry while ¢, is entirely invariant. The KMS transformation is defined
simply as

$10) 2% @ (0), o) 2 @by (o + ih OP), (C28)
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with time-reversal eigenvalues —1. In the classical limit, this gives
b > Op, + O),  du —> Oy = (¢ + iB"E, — iB1) + O(). (C29)

We can write down the low-energy effective action as

—Nau T

. Bay

L=— (E MM - f:YMVSV‘i:M)Nau. + (n MM - f:YEM)BaM - fssuaptd)u + lkBT ﬂ 1_[E

Ell,

¢a+IBEMEHE
Twh” UZV _)\eEfv“AEAgM _O—¢)\’E¢§M _Nau
ot ohv — e fiEP —Op A &M B, .
- ) Ef‘f #hnst v + kg Ty TIETIF, (C30)
)\eEfsM %_)Lg AnEfs% VE/,BE 0 IBEHa
OphepE”  OphnpE" 0 oy bat+Peuellt

which is much simpler than the one in Eq. (C12) and gives rise to Eq. (47) in the main text.

3. Active fluids

We now construct the SK effective action for active Galilean hydrodynamics including momentum conservation; the relevant
discussion for passive Galilean hydrodynamics can be found in Ref. [83]. Truncating the effective theory to at most quadratic
order in a-type fields, we can write down a simple effective action for active Galilean hydrodynamics

—Nau \" (Trchi* 0 0 —Nap
S = / —&u" Ny, + %(,0 u'u’ + ph" Mo +ikeT | 3 Haw 0 20 PR 4+ ch e ph | | S Hapo
: pelE 0 —peh?® ve/BE) \ BefiE

+ ikp Tyl ITE. (C31)

Note that we have used the Milne-invariant quantities #,,, from Eq. (B27). Angular brackets denote a symmetric-traceless
contribution. The effect of activity is slightly more pronounced in this case compared to the simple diffusion model, because of
the pg term that will act as an active correction to pressure.

As with the diffusion model, the action (C31) is consistent with the SK conditions in Eq. (18), provided that we impose the
inequality constraints on the leading-order diagonal dissipative coefficients

k=20, n=20, ¢20, o020, og=>0. (C32)

The thermodynamic terms in the first line in Eq. (C31) are KMS-invariant up to a total derivative term, i.e.,

1 1
—e u"ifgN,, + (o ulu’ + ph“”)(zi;fﬂHmv + NyyifgBy, — i£gN,, (ﬁv - 5J\J,v#))

(=T + ptsm + Tots T + Lty 7 ) = iV, (p ) (C33)
=1| — E — — E— =1 ,
P ﬂT PLp T «/7 BNY upP
where we have used (the nonnematic versions of) the thermodynamic relations in Eq. (78) with F = —p. The terms in the second

line in Eq. (C31) are manifestly KMS-invariant.
We can vary the effective action (C31) with respect to the a-type background fields to read off the associated constitutive
relations

et = (8 + %pﬁz)u” + (p+ peR)a* — Tk VH — no™ i, — ¢ i Viu*,
™ = p " + (p+ peR)h™ —no’ — ¢ WV,
j=pu, m"=pi",
re = Lyeks AT + BepeViu',
re = LyeAE, (C34)

where we have used V, from Eq. (C8) and further identified the fluid shear and vorticity tensors

2 o 2 o
o™ =207 UVEYY) — SRV E = 20UV u”) + 20 MRV FR u” — SRV,
o d po d

1
" =21 VERT = 2P B G, + FRY — EFn’”iiz. (C35)
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Note that the shear tensor is Galilean-invariant, as has been
manifested using the Galilean-covariant derivative defined us-
ing the connection in Eq. (BS).

4. Active nematics

To model an active nematic liquid crystal in the SK frame-
work, we need to introduce the doubled order parameters
Q1.24p, defined to be purely spatial, i.e., *Q; 20p = 0. These
fields are taken to be invariant under all the global spacetime
symmetries, invariant under worldvolume gauge transforma-
tions, and covariant under worldvolume diffeomorphisms.
The action of KMS symmetry on these fields is defined as

Quap(0) —> OQuup(o),

Quop(0) 2> OQuup(o + ifi OB),

with time-reversal eigenvalue +1. In the physical spacetime
formulation, the associated average-difference basis can be
used to define the spacetime order parameter and the as-
sociated noise field via Q4 = 8Ma"‘ava‘3 Qrqp, such that
B* Q. quv = 0. We can obtain the KMS transformation of these
fields in the classical limit as

(C36)

KMS KMS
Qruv I ®Qruv + O(h) Qa;w — ®Qa/w

= ®(Qu/4v + l£/3Qr;w) + O).

We shall identify Q,,, with Q,,, for the rest of this discussion.
It is also useful to define a shifted noise field

Qauv = Qau,v - Q/()”Hav)p + n(u,Qv)puaHacrpv
B" Qapv =0, (C38)

using H.s, was defined in Eq. (70). This has been used in
Sec. IV.

The nematic order parameter is generally taken to be
traceless. However, it is a bit subtle to implement this as a
constraint in the SK formalism because the traces Wé@l,za 8
involve the dynamical spacetime fields X* through the pull-
back maps and yield highly nontrivial dynamical constraints
to be implemented in the path integral. However, since 3%

(C37)

J

is a fixed timelike vector, the constraints 3%Q; 2. = O are
linear and can easily be implemented. As it turns out, we
can actually use tr(Q,) = h*"Q,,, as a Lagrange multiplier
to set tr(Q) = h*'Q,,, to zero onshell. To this end, consider
the contribution to the action

Ly = r(Or(Qy) + $tr(Q) (31" Hapw + u*Nay,). (C39)

The second term is required so that Eq. (C39) is
KMS-invariant up to a total-derivative boundary term
éV;L(,B“tr(QY)). The equations of motion for tr(Q) and
tr(Q,) mutually set each other to zero onshell, as desired, and
any contribution from Eq. (C39) identically drops out. For the
remainder of this Appendix, we will consider these constraint
to have been implemented and consider both Q,,, and Q. to
be traceless.

Nematic thermodynamics. Let us take a quick detour to
study nematic thermodynamics in the presence of background
sources, which forms the backbone for the thermodynamic
contributions to the SK effective Lagrangian we saw in
Eq. (75). For simplicity, let us assume that the free-energy
density F only depends on Q,,,, its first Galilean-covariant
derivative V50, and the thermodynamic parameters 7 and
@, mutually contracted using #"”, and does not depend on
any higher-derivatives. Specializing to flat space, an example
of such a free energy is given in Eq. (79). Generally, we may
express the variations of F as

oF

8F = —s8T — p o + aaQw O, + aviQwav‘;’Qw
OF
+ oo
=—s8T — pdw + SQWSQ,W — WS{ZWSF%QW
OF
o, (C40)

where we have utilized the Galilean connection introduced
in Eq. (B8). This is a generalization of the thermodynamic
relation in Eq. (78). Since F is a scalar, the variations are not
all independent and satisfy

OF OF 1 oF
T = (1 hyo + 2nGuh)s0”) (an Qrp + Iveo., e ViQn, + EWV%QTA)
OF OF OF
d 2 o+ 2——V50, + V0, c41
2o & T avag,, VOV G (4D

One may check that these identities are satisfied for the variations arising from the free energy specified in Eq. (79). Acting on

Eq. (C40) with £, we can deduce

veg
OF

1
ﬂ(ﬁ]:) —& u“fﬁnu + (p utu’ — ]:hlw)< £ﬂ w — £ﬁn(ﬂuu)>

1
+ = (M'OV%QHL;E}QHM + V;Qrk(ifﬂhuv — £ﬁl’l(p’ﬂ,,)>>

aVEQ.,
aF

+ 270"
IVEQ,(,

(s
90y

W(VE(£ghy., —

AF
V0.

Vi) (fﬂqu — (£phyp — 2£ﬁ”(/f«’7p))Qlﬂo)-

2£ﬁn(ﬂul})) + ]’Z)LUVgM £,3I/lu + ZhA(pV u £,3n )

(C42)
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In deriving this, we have used the variations of the Galilean-invariant connection

8T, = u"VEsn, + 31 (2VE (8hy), — iiydn, — Snyiiy) — VE(Shyy — 2ii.0n,)))

+ 81 (V5 — WP hyye VEUT) + By V5 1 8ns + (.5 my + (. Yy ny, (C43)
evaluated at fixed # and up to some temporal terms that do not affect our results.
Effective action. The SK effective Lagrangian for an active nematic liquid crystal can be written as
1 oF oF
L=—cu"Ny + —(putu’ — F*" ) YHayw — [ — + ——— V5 ) Qs
e o (aQ,w IVEQ, A)Q g
07 OVEQ Ny + SV 0 H PR N(VEH 3w VEU Ny + 205, VE U N,
+ 3Vg—Q)L u pQrA ap + 5 gQrA apy + WQJ ( pltapy + 78y pM ap + Ap u)"‘ av)
u=T uxolp
_Nau T T kHP 0 0 0 _Nap
n KT %Hauv 0 77’”‘70 0 th/w + )‘EQ”’V %ﬁapa
l B Voo v A >
Qa;w - %Vuvtkﬂark 0 0 0—5 P —agQ" Qapa - %VpatAHatk
pelE 0 —peh®” — AeQ”°  agQ” ve/Be BellE
+ ikg T yeITF ITE. (C44)

The first two lines are KMS-invariant up to a boundary term —V;(]—' B+ (...)") due to Eq. (C42). The remaining terms
are manifestly KMS-invariant. Here we have introduced the thermal conductivity matrix «*”, viscosity tensor n*'#?, nematic

conductivity tensor o,

, and the nematic shear coupling tensor y#"#?. Note that these may have anisotropic components due

to the nematic order. Assuming the nematic to be uniaxial [124], they take the general form

" = h* + iK1 QM

2
nuvpa =2 hﬁ(uhV>o+ 2 (hp(uQV>a+ Qp(uhV)c _ E(QWhpU 4 hqupo)> + anqupo +¢C W RPe 1 {1(Q‘“’hp“ 4 h/pra)’

2
05""" =0p helnpvie +00.1 (hp(uQv)a + Qp(uhv)a _ E(Qﬁwhpa + h’“’Q"”)) + GQ,zQ’me,

2
yuvpa — ylhpwhvw + (hp(uQV)a + Qp(uhV)o _ E(Q/whpo 4 h’“’Q’"’ )) 4 V3QIWQPU + y4Q’”hp".

The coefficients «i, 11, 102, {1, 0g,1, and o, may be un-
derstood as anisotropic viscosities and conductivities in the
nematic phase. Whereas, y1, y2, y3 are the nematic tumbling
parameters that characterise the coupling of Q,,, to the fluid
shear tensor o*¥, while y4 to the fluid expansion V;Lu“. A
kinetic theory computation for 3D incompressible nematics
predicts 3y1/2 =y, = —y3/2 =& [9,84,103]. In the active
sector, we have introduced new coefficients Ag, ag, and yg that
will play similar roles to their namesakes from the superfluid
model.

Constitutive relations. The equation of motion for the ne-
matic order-parameter reads

WSO = T3 (Hpe —RagQps ) + S"77 hos ViU,

(C406)
where we have defined
HYw = — §F lhuv
8Quw d
8F
X (Npg — 21,00, + 0,1, 00°) )
4 123 23 (SQ;L\)
Fg”""ogpa = h"nY,

S//,vpu — y/wpa + Qp(//.hu)(x _ er(;/.hv),o. (C47)

(C45)

(

Similarly, we can obtain the constitutive relations for an active
nematic liquid crystal

1
et = <8 + 5,0172)1/{“ — (f—NpE)ﬁM—i-NKEQMVﬁU

- A -
= T Ve = """, he, VEu" + SP7HYH o iy

oF

- WUUV%Qn\ — VEXP YRy,
" T

T = p i’ — (F ™ —8 peh™” — RAgQ™)

oF
— P R Ve 4 SPOMH 4+ —— V()
e P 9VEQ,, £
_ v/gyloulv
vty
j=put, "= pi",

re = Lye AEg + BepeVEu" + BereQ" b Viu"
- ﬂEaEFgupaqu(Hpa - NaEQp(T)v

rg = E]/FAE, (C48)
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where we have used the identities in Eq. (C41) and defined

0F 0F
Xl =2 =0, 420, ———
VOl V100
0F
22—~ 0, C49
+ 8V§QJI,JQ (C49)

One may verify that the stress tensor t#” in Eq. (C48) is
symmetric, but we have cast it in the canonical form by
isolating a total-derivative improvement term V/$ X1?#1V that
identically drops out from the conservation equations in flat
spacetime. The remaining “canonical” stress tensor is asym-
metric [9,125]. Similarly, the last term in the energy current €*
drops out from the conservation equations in flat spacetime.

Around a uniaxial nematic state, we can parametrize the
fluctuations of the order parameter as

0" = Qs <p“p" - %h’“’) +07’ (C50)
where p* = p,p"* =1, p,0"" = h,,Q"" =0. The Qg and
Q’” components of the order parameter are gapped and can
be integrated out setting them to Qp and 0, respectively. This
leaves us with an equation of motion for the director p,, that
takes the form

1 8F
WP = —— =+ (PP 4y P e Vi,
0p 8pu

(C51)
|

where p*V = h*¥ — p*p¥, and we have identified

405 oo
Op = d— 1pupppva / P = 2Q()UQ + 2Q0 00,1,
_2/Q 1 -2
vo = - . C52
=7- 1puppp y* O i+ Y. (C52)

Director theory. Following cue from our superfluid discus-
sion, we can also write down a SK description for the nematic
director directly. To this end, we introduce the doubled spa-
tial director fields pj 24, satisfying 3*p; 2o = 0, transforming
under the KMS symmetry as

Pr(0) % Opsy(o + il O),
(C53)

KMS
Pia(0) — Opia(0),

with time-reversal eigenvalue +1. The director and its noise
partner on the physical spacetime are defined as p,,, =
80 Dr.aa» such that B p,. 4, = 0, with the KMS transformation
in the classical limit

Pri 2 Opyy + Oh),

Pap —) Opay = O(pay + i£ppry) + O(h). (C54)

Furthermore, it is useful to define the shifted noise director
given by

IBMPLIH. =0,
(C55)

Pap = Pap — I/Hay_up + nu.u Haavp i

To impose the normalization of p,,, we can introduce the Lagrange multiplier terms similar to Eq. (C39), i.e.,

£norm = (PMPM - 1)(pvpav) + %(P“Pu - 1)2(%]’1“”,}'111/41) + LtMNaM),

(C56)

which are KMS-invariant, and set p*p, = 1 and p*p,, = 0 onshell.
An argument similar to that employed for Eq. (C42) can be used to show

VY

E)Vlgtp)L

+
BVip
oF oF
Opu  OVipyu

g 1 0 Y
\41 £ﬁpu_§£ﬁhxwl’ + £pngulip) p’ ),

sy F) = —eulfgn, + (pu"u’ —}'h’”)( £gh, —£ﬁn(ﬂuv>>
PVep, £ v 1£h £ U
u"Vopitpny + Vepi S8 = £ty

P (VEEghyy — 2£pn(diny) + hay VEU £gny, + 205, V5 ut £41,)

(C57)

for a free-energy density F that only depends on T, @, p,., V$p,, and h*’. This allows one to immediately write down the

effective action

1 oF oF
L=—¢ MMNHM + 5(,0 utu’ — -T'.hlw)Ha;w - < +

1
+ uPVgp,\Na -+ —va)\lHa u) +
8Vipk< p wigpe . IVEpy,

vEp,

V%\)pau

PN (VEHas + b VEW Ny, + 20, V5 1" Noy)
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+ ikgT

pa;}. -

—Ny,
5Hau
%)’Pﬁprrﬂmx
BeTIE

+ ikgTyeTIEITE,

yielding Eq. (86) in the main text.

T

T kP
0
0
0

0 0 0 Nyp
nuvp(r 0 thMV + )»Ep(”pv) %’,f[apa
0 o, P 0 Pap — 5¥ P 0" Hars,
—peh?® — repp” 0 ve/Be BelIE

APPENDIX D: GLOSSARY OF NOTATION

For accessibility, in this Appendix we provide a comprehensive glossary of symbols and notation employed in the main text,
as well as the Appendixes.

Glossary I: General notation.

(") = (t, ")
(3,) = (9, 9;)
O.Ot

w, kt

Ty, o = 1/(ksTp)

Ne

(..

(. . _)T = ( . ')*|fa‘>*fa
14

P 1¢i. 1)

P(¥s, 1l Y5, 1)

Wy, W

Q,F

AQ

Time and space coordinates

Time and space derivatives

Worldvolume coordinates in SK-EFT

Frequency and wavevector of linearized fluctuations

Equilibrium/steady-state temperature and inverse temperature (kg: Boltzmann constant)

Stochastic operators
Symmetric correlation functions (stochastic variances)
Retarded correlation functions (linear response functions)

SK-EFT Lagrangian, Lagrangian density, and generating functional
Dynamical fields in SK-EFT

Doubled background fields coupled to O

Collective notation including fuel and environment background fields (s,.,, £®F

ra’
Average of SK doubled fields (f; + f2)/2
Difference of SK doubled fields (f; — f>)/k (hi: reduced Planck’s constant)
KMS transform of f,

. . KMS KMS »
KMS transformation operation (f, —> nefr, fu —> Nefa)
Time-reversal eigenvalue

0g,)

Complex-conjugation

SK-unitarity-conjugation

The state of field ¥ at some fixed time

Probability of traversing a path in phase space [Eq. (20)]

Total transition probability [Eq. (21)]

Work done along a path [Eq. (23)] and average external work [Eq. (26)]
Grand canonical free energy and free-energy density

Free-energy differential during a transition
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Glossary II: Conserved currents and background fields.

€, €

w;, T

n, ji

p=nmn =j
s, s

Ny, Np = Ny Ny
Ui, hij = U:;, hrij

Atv Ai = Artv Ari
Rars Aats - - -

Dt, Di

Ei = 8,‘A, - 8,A,-

XL LB A =y xl b A,

et

nv
Ty, T

"

P

xS0t A= )LD A,

Energy density and flux

Momentum density and stress tensor (7, v* = t#'n, = 0)
Particle number/charge density and flux

Mass density and flux for Galilean fluids (o*h,,, = m,)
Entropy density and flux

Background clock-field coupled to ¢, €

Background velocity and spatial-metric coupled to m;, T/
Newton-Cartan frame velocity (#*'n, = 0, h*"h,, = 88 —v"n,)
Newton-Cartan inverse spatial-metric (v*n, = 1, v*h,, = 0)
Background gauge field coupled particle #, j’

Noise partners of the background fields in SK-EFT

Newton-Cartan connection and covariant derivative [Eq. (B1)]
Galilean-invariant connection and covariant derivative
Covariant derivatives shifted with +F;, v"

Gauge-covariant derivatives

Background clock field strength

Background gauge field strength

Background electric field (E,v* = 0)

Time translation, space translation, boost, and U(1) parameters

hon X;’ bz, A, Xk b, A, Stochastic symmetry transformations in SK-EFT
Glossary III: Ordinary fluids.
T,u, 1 T,u", n Dynamical temperature, fluid velocity (u*n, = 1), chemical potential
o =0+ %ﬁz Galilean-invariant mass chemical potential
T, uthy, (o, @o Ty, uly, 110, @o Equilibrium/steady state
X!, X! o, XM, @ Dynamical noise partners for T, u', i in SK-EFT
Nuss Nuiy By, Baiy Hugi, Hyij Nap, Hyo, Bay Noise invariants in SK-EFT defined in Eq. (29)
Bat, Bais Haij Bay, Hapv Galilean-covariant noise invariants in SK-EFT defined in Eq. (70)
p Thermodynamic pressure
e=¢€— 5,01'4’2 Internal energy density (for Galilean fluids)
n,¢ Shear and bulk viscosities
K Thermal conductivity
o Particle/charge conductivity
oy Cross-conductivity between energy and particle/charge flux
¢, = 0¢/0T Heat capacity
X =0n/ou Particle/charge susceptibility
D, Energy diffusivity [Eq. (56)]
D, Particle/charge diffusivity [Eq. (56)]
Glossary IV: Ordinary active fluids and energy relaxation.
TEE Rates of fuel consumption and entropy loss (divided by kg)
AE Energy differential driving activity
Te Environment temperature
AT =T —Tg Temperature differential induced by activity
OEF = @EF Environment and fuel background fields coupled to £r¢ ¢
®EF Noise partners of the background fields ®EF in SK-EFT
HE*F SK symmetry-invariants defined in Egs. (31), (71), and (B30)
Ve Fuel consumption response to energy differential
Ve Entropy loss response to temperature differential
PE Active parameter affecting mechanical pressure in the stress tensor
. Energy relaxation rate [Eq. (10)]
£ Bookkeeping parameter for energy nonconservation
R =/(AT/Te Dynamical measure of activity
R = (AE /(kgTE) External measure of activity
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Glossary V: (Active) superfluids.

U=y, Complex scalar order parameter for superfluidity

Wy Equilibrium magnitude of the order parameter

¢ = o, Goldstone phase of the order parameter

W, ¢, Dynamical noise partners for W¥,, ¢, in SK-EFT

& =009+A, &, Covariant time derivative of ¢

& =090+ A Superfluid velocity—covariant space derivative of ¢

\% Superfluid potential in Eq. (36)

a, as Parameters in V that determine ¥ in Eq. (41)

fi =2Wify Superfluid density parameter

op =2W20y Superfluid diffusion parameter

Ang Cross-conductivity between the charge flux and Josephson equation

Aeg Cross-conductivity between energy flux and Josephson equation

v Speed of superfluid sound [Eq. (56)]

Dy Superfluid diffusivity [Eq. (56)]

a+ Nag Active parameter affecting the equilibrium state W, in Eq. (41)

Ap =14+ RNA4e Active parameter screening the effective chemical potential in the Josephson equation

A =14+ RAE Active parameter screening the superfluid density in the charge flux

Ae =14+ RAg Active parameter screening the superfluid density in the energy flux
Glossary VI: (Active) nematics.

Qij = Oij O = Orv Nematic order parameter (u*Q,,, = 0)

Qo Strength of nematic alignment

Di = Pri Pu = Pru Goldstone director for nematic order (u* p,, = 0)

Quijs Pai Qapvs Pap Dynamical noise partners for Q,;;, p,; in SK-EFT (u* Qg = " pyy = 0)

Quijs Dai Quuvs Dap Shifted noise partners defined in Eqs. (C38) and (C55) (u* Qv = u” pg, = 0)

\%4 Elastic potential in Eq. (76)

a, as, ay Parameters in V that determine Q, in Eq. (82)

K =203K, Frank elastic constant

o, =20%0, Nematic conductivity

14 Nematic shear coupling

a+ Rag Active parameter affecting the equilibrium state Q, in Eq. (82)

AE Active parameter controlling the nematic stress T/ ~ Q' (often called ¢ in literature)
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