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ABSTRACT: We present a factorization formula for the e + h — e + jet + X cross section at
small transverse momenta up to next-to-leading power (NLP), derived using the background
field method (BFM) with explicit inclusion of soft modes. We discuss the relation between
soft modes and overlap subtractions at NLP, showing that the inclusion of soft modes
enables a definition of twist-3 operators with properly subtracted rapidity and endpoint
divergences. We also derive the effective current operator at NLP and identify additional
structures compared to previous approaches based on soft-collinear effective theory and the
BFM without soft modes. Nevertheless, for the hadronic tensor, we find agreement at the
perturbative order that we are working at, and identify a condition that needs to be satisfied
for this agreement to extend to higher orders. Furthermore, we construct the most general
form factors for this process, taking into account the polarization of the initial states. These
involve perturbatively-calculable jet functions, opening a path to precise determinations of
twist-3 hadronic distributions. Finally, our formalism is illustrated with phenomenological
results for a specific azimuthal asymmetry, whose leading-logarithmic contribution depends
solely on a twist-3 hadronic distribution and a twist-2 jet function.
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1 Introduction

Factorization of the cross section is crucial to separate the perturbative process-dependent
scattering from universal nonperturbative QCD structures. The case of transverse momentum
dependent (TMD) distributions factorization [1-6], is worthwhile for several reasons: first, the
universality of TMD factorization allows us to compare theory and experiment among a range
of different processes at different colliders. Thus, unknown theory parameters can be fit to
data and compared with results from different experiments. Second, TMD distributions allow
us to probe the three-dimensional structure of hadrons, extending our knowledge beyond the
one-dimensional collinear parton distribution functions (PDFs). Finally, TMD factorization
can also be applied beyond the realm of classic TMD observables. One example is provided
by energy correlators, where the back-to-back limit of the two-point energy correlator is
described by TMD factorization [7-11].

The history of factorization of the differential cross section for TMD observables started
a long time ago with the seminal works of [12-15]. There, it was observed that perturbative



calculations involve a new type of divergences, nowadays called rapidity divergences, that
are not regulated by dimensional regularization. This pointed to a more involved form of
factorization than for the pure collinear case involving PDFs, a nontrivial soft factor, and
overlap (or zero-bin) subtraction. TMD factorization has been achieved in more recent times,
using the method of regions, soft-collinear effective theory (SCET), and the background field
method (BFM), with special regulators for rapidity divergences [1-6]. TMD factorization
results from expanding the cross section to leading power in A, which is the ratio of a small
transverse momentum ¢ and the scale ) of the hard scattering process. Key processes in
which TMDs play a role are Drell-Yan (DY), semi-inclusive deep-inelastic scattering (SIDIS),
and semi-inclusive et e annihilation to 2 hadrons or jets (SIA). Here g7 is the small transverse
momentum of the di-lepton pair (in an appropriate frame) and @ their invariant mass.

The combination of TMD distributions with jet physics provides a powerful framework for
probing hadronization and hadronic substructure. While jets have been proposed as probes
of TMDs a long time ago, see e.g. [16-18], a jet was often synonymous with a final-state
parton. A more detailed description of jets in the context of TMD measurements was put
forward in ref. [19]. This is needed to achieve high perturbative accuracy and has been
applied more broadly [20-24]. Developments of jet substructure have also led to many studies
of TMDs inside jets [25-34]. This line of research is further driven by the prospect of precise
measurements in SIDIS at the upcoming Electron-Ion Collider (EIC) [35-42].

TMD factorization at leading power has been understood for some time now. The
resulting factorization formula allows one to resum the large Sudakov double logarithms, and
with the existing perturbative ingredients, this can be done to up next-to-next-to-next-to-
next-to-leading logarithmic order (N*LL) [43-51]. However, while the resummation of these
logarithms is important, at this high level of theoretical precision, sub-leading power effects
can no longer be ignored. Therefore, a key factor in achieving high-precision measurements is
the systematic treatment of factorization beyond leading-power (LP) [5, 6, 52-57]. In broad
brush strokes, the derivation of TMD factorization at next-to-leading power proceeds as
follows: first, one integrates out off-shell modes corresponding to large momentum transfer (or
so-called Glauber exchanges). Then, one successively derives an expression for the effective
electromagnetic current, hadronic tensor, and differential cross section. For the cross section
to be manifestly free of unphysical divergences, the intermediate result for the hadronic
tensor must be reorganized in such a way that all divergences cancel within the individual
ingredients of the factorization. These steps have been explored for Drell-Yan [53, 56, 58, 59],
SIDIS [6, 53, 60], and STA [61].

There are, however, different ways one can approach the process of integrating out
the off-shell modes from the theory. In particular, there are two approaches for TMD
factorization in SIDIS at next-to-leading power with seemingly different results. One using
the background field method (BFM) in ref. [5], and another in ref. [6] is based on earlier
foundations of Soft Collinear Effective Theory (SCET) [62-66]. These approaches differ
mainly in the treatment of the soft sector. In the BFM, soft modes are not introduced
as separate degrees of freedom, whereas in SCET, they form an independent sector. This
difference in approach results in an apparent disagreement at the level of the cross section.
In order for these two approaches to agree, the sub-leading soft contributions found in ref. [6]
have to appear in such a form that they can be absorbed into the collinear and anti-collinear



ingredients, which is a non-trivial statement. This makes a detailed comparison between
the two frameworks particularly relevant.

In this work, we introduce a third approach aimed at bridging the gap between the
two existing methods and resolving this apparent disagreement. Specifically, we adopt a
modified version of the BFM, which includes an additional soft background field. We start
by deriving the effective current to NLP, extending beyond leading order in perturbation
theory by matching to gauge invariant SCET operators and using symmetry arguments. In
the hadronic tensor, many of these sub-leading operators do not contribute. We subtract
the overlap between soft and collinear sectors by introducing a background field for the
overlap sector, leading to definitions of physical TMD distributions with a manifestly finite
cross section. While our approach parallels SCET in many ways, we differ in the operator
basis. This is because we work in position space instead of the label formalism, we work
top-down instead of bottom-up and we do not separate the off-shell modes into hard and
hard-collinear modes. Furthermore, the background field method does not employ a strict
expansion in the power counting parameter (though these effects are beyond the order in
the power counting that we consider).

We then apply our result for the hadronic tensor to jet production in SIDIS, deriving
the factorized cross section for e + H — e + jet + X at NLP and presenting the explicit
expressions for the form factors of the cross section at small transverse momenta. These form
factors receive contributions from both twist-2 and twist-3 components of the jet function
and from nonperturbative hadronic TMD distributions. We also provide phenomenological
predictions for the sin ¢; form factor to leading-logarithmic accuracy. In our predictions, we
treat both the twist-2 and the twist-3 (dimension minus spin) jet functions as perturbative
objects [61], and we do not consider possible nonperturbative T-odd jet effects [23]. This
structure enables an extraction of higher-twist hadronic distributions from azimuthal and
spin asymmetry observables.

This work is organized as follows. We start in section 2 by introducing our approach to
computing NLP corrections to the effective current, incorporating background fields with
collinear, anti-collinear, and soft momentum scaling. In section 3, we show the calculation of
the effective current operator at NLP, present the final expression in terms of SCET fields,
and compare it to previous results. We continue in section 4 by deriving the NLP hadronic
tensor with distributions that have open spinor indices. Here, we also perform the subtraction
of the overlap between the different modes, which leads to definitions of twist-3 distributions
free of rapidity and endpoint divergences. Section 5 contains the full factorization formula of
the cross section for SIDIS with a jet measurement at NLP, along with expressions for all
relevant form factors. Additionally, we provide a phenomenological application, analyzing
a specific spin asymmetry for unpolarized-electrons scattering off longitudinally polarized
protons, using a model for the twist-3 distribution involved. We present our conclusions in
section 6. Technical details are reported in appendices.

2 Soft mode and background field method

In this section, we present our method for deriving TMD factorization formulas. Lets first
discuss some notation and conventions. In this paper, we employ lightcone coordinates,



where four-vectors are decomposed as
ot = vtk 4ok ol (2.1)

and use the notation (v, v~ vr) to represent the components of a vector. Here, n and
n are light-like reference vectors which satisfy n? = 72 = 0 and n -7 = 1. The definition
of the reference vectors n and n in terms of physical quantities, as well as the definition
of the transverse component, will be clarified when we discuss the kinematics of SIDIS
in section 5. We introduce a parameter A\, which is of the order of ¢r/Q, where qr is
the transverse momentum of the intermediate photon and @ is the center-of-mass (COM)
energy. For small transverse momentum, the external states are dominated by the following
modes of momentum,

n-collinear ~ (A2, 1, \), n-collinear ~ (1,2, \), . (2.2)

In the remainder of this paper, we will use the above color scheme to distinguish between
the three sectors.

In the background field approach to factorization [5, 60, 61, 67, 68], a background field
is introduced for each mode of momentum, and the power counting parameter X is used to
establish a power counting for the fields and their derivatives. The QCD quark and gluon
fields are decomposed into background fields and a remainder dynamical field describing
the hard scattering, according to

Y=v+i+u+op, Ab =AM+ AV + A BP. (2.3)

The fields in black are the dynamical fields, and the others are background fields for the
modes according to the color coding. The power counting manifests itself in the scaling
of the derivatives of the fields as,

oMo~ (N2 1,N)0, oMo~ (1,22, N0, O~ (M A N0, (2.4)

where ¢ is a placeholder for either fermion or gauge fields.
The background fields themselves also obey a power counting. This power counting can be
derived from evaluating the two-point correlators of the fields, and is for gauge fields given by

AF~ (A2 1,0), AP~ (1,02,0), ~ (AN (2.5)

For the collinear and anti-collinear fermion fields, the power counting is also non-uniform.
To keep the power counting explicit, we decompose these fields as

Y=YV + Iy =40, =37+t =+ (26)
The power counting for the fermion background fields then reads
E~vE~ A, ~ N2 N~~~ AL (2.7)
Following the mode decomposition of the fields, the dynamical fields are integrated out.
To do this, we first apply the mode decomposition to the full QCD action to write,
Sqeplw, ¥, Al = Sqeplv, ¥, Al + Sqep ¥, ¥, A] + + Sqep @, ¢, Bl
+ Sint[@, @, B; ¥, ¥, A; 1,9, A; ]. (2.8)



Here, the first line contains four copies of the QCD action for the three sectors and the
dynamical fields, while the second line contains the interactions between the different sectors
and dynamical fields. Since external states involve only collinear, soft, and anti-collinear modes
of momentum, we can integrate out the dynamical fields ¢, @, and B without affecting matrix
elements of the full theory. This gives rise to an effective action for the background fields,

eiSeﬁ[’LE-,’u’/-,A;'L573'¢>71’1§ ] — lSacp (¥4, A] pRisfeteln [¥.,A] el
% /D¢ Dy DB 1St [P0, B30, Ash i, A; letSacnlp:¢,B] (2.9)

When integrating out the dynamical fields of the theory, two types of off-shell modes play
a key role: hard modes and Glauber modes. Hard modes have an off-shellness of order Q2
and are responsible for mediating the hard scattering in high-energy processes. In addition to
these, the power counting defined in eq. (2.2) also leads to hard modes with an off-shellness
of order A\Q?. These are referred to as hard-collinear modes [63], which emerge, for instance,
when a soft emission pushes a collinear or anti-collinear particle off-shell by an amount
AQ?. In this work, we do not distinguish between hard and hard-collinear modes, and we
collectively refer to both as hard modes.

Glauber modes, on the other hand, are low-energy off-shell modes that can mediate
interactions across the different sectors. The momenta of these Glauber modes scale as

Glauber ~ (A%, X, \), (2.10)

with a + b > 2. To keep track of which contributions originate from integrating out hard
modes and which from Glauber modes, we decompose the effective action as

Seff[?;q?/)A,l;,UA, ] = SQOD{137¢A] + SQ(“D[[Vﬁl)A] + (211)

+ Shara[t, ¥, A; 0,1, |
+ Salauber [V, ¥, A3 0,9, 4; ].

We refer the reader to ref. [69] for an extensive discussion of the Glauber modes and the
corresponding effective action.

Factorization of the cross section depends crucially on the absence of leading-power
interactions between the different sectors. For hard interactions encoded in Syarq, this is
immediate, as all terms are power-suppressed. While hard-collinear modes can, in principle,
lead to leading-power interactions, these can be resummed into Wilson lines and do not spoil
factorization. In contrast, leading-power interactions in Sglauber require more care. Indeed,
Glauber interactions can contribute at leading power. However, for TMD observables, it was
shown in refs. [15, 70] that these leading-power Glauber contributions cancel in the cross
section. Therefore, in what follows, we neglect Glauber modes altogether.

Since all leading-power interactions between the different sectors are either power-
suppressed or canceled, all remaining interactions can be treated as power-suppressed per-
turbations. This allows us to factorize the Hilbert spaces of the different sectors and, in
turn, separate external states according to

W) = T[g;0; 0] |0) = [We)| V)| We). (2.12)



To derive the factorization formula for TMD factorization, we start from the hadronic
tensor, which for SIDIS is defined as
d*v
wH Z/w€+‘b'q (P[J*(b) |p, X) (p, X| J"(0) | P) , (2.13)
T
where the state P denotes the incoming proton, p the outgoing hadron or jet, X the outgoing
unidentified radiation, and J* is the electromagnetic current operator. Here, it is not necessary
to distinguish different flavors of quarks or their precise electric charge, and therefore, we
write the electromagnetic current as

JH(x) = ()M (z). (2.14)
Taking the proton to be n-collinear and taking the outgoing hadron or jet to be n-collinear,
we can apply the above formalism to factorize the hadronic tensor. To do this, we use
that matrix elements of the electromagnetic current operator can be calculated by means
of the effective current operator,

Jeir = /waB (PHv+ 0+ +0+0+1)
% eiSmt [@,Lp,B;l;‘;.,z;‘).,44;757.z§:.‘4; ]eiSQCD[cﬁ,Lp,B] , (215)

where it is understood that only connected graphs contribute to the effective operator. In the
next section, we will derive an expression for the effective current operator to next-to-leading
power, and in section 4 we will use this result to derive a factorized expression for the
SIDIS hadronic tensor.

3 The current operator at to next-to-leading power

In this section, we construct the effective current operator at next-to-leading power to all
orders in perturbation theory, using the background field method and according to the
following steps:

1. Integrate out the hard modes by first expanding the exponent in eq. (2.15) in the strong
coupling. To do this, one needs to multipole expand the background fields. in the
presence of a dynamical field. Additionally, terms that do not correspond to a current
with a hard photon, terms that are suppressed in the power counting, and terms that
can be eliminated via the field equations of motion need to be discarded. This results

in an expression for the current operator in terms of the background field operators.

2. Match onto the gauge invariant building block operators of SCET. This allows one to
obtain an expression for the current operator that is manifestly gauge invariant.

3. Generalize the result to all orders in perturbation theory. This is can be done by
introducing a Wilson coefficient for each of the operator that appears and then using

symmetries to constrain said coefficients.

In the subsequent sections, we follow this recipe step-by-step to construct the SCET-II
effective current operator to next-to-leading power. We then present the final result for the
effective current operator, and provide a tree-level cross-check with the full-QCD result, in
section 3.4. Lastly, in section 3.5, we compare our result to the existing literature.
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Figure 1. The current at leading power (top row) and next-to-leading power (bottom row) and
leading perturbative order. In the bottom row mirrored diagrams are not shown.

3.1 Background field calculation

Let us now derive the SCET-II effective current operator at leading-power using the method
outlined above. We start with the functional integral expression for the effective current
evaluated at position 0, as given in eq. (2.15). For the order we are working at, it suffices to
expand the exponential containing the interactions with the hard modes to first order in the
coupling g. After this expansion, we can perform the functional integration over the hard
modes. At leading order in the coupling, this simply gives us the position space propagator,

/DﬂMDB%@Mng%wM_F@—@ i(# — Y)as

22 F@—yﬁ+mPf+O@%’ (3.1)

resulting in

®o_ )/ s m . d 1F(2 — 6) —w
Tt = VY0 + [+ 0 + 0" [lg/d Y T ord (—u? +10)2

(3.2)

X [A + A+ M+ A+ A+ A } (w)} +hc +0(g?).

A subset of the diagrams that contribute to the effective current operator are shown in
figure 1, and their mirrored counterparts are included in the hermitian conjugate.

To perform the integral over the vertex position, we multipole expand the background
fields in the presence of a hard propagator. In performing the multipole expansion, one
compares the scaling of the different components of the momenta for each field involved at the
vertex. Note that in some cases we have hard internal lines, which scale as (1,1, 1), while in
other cases we have hard-collinear or hard-anti-collinear internal lines, which scale as (1, A, )\%)
and (A, 1, )\%) respectively. This leads to the following all-order multipole expansion, [5, 68]

> W - k wt l w= )™
P00 = > WO WD W o) o ymop) o) ot ),
k,l,m=0 : : ’
— (’LU -0 )k (w+)l (wi)m - m —
D N T @) 0w ) |



p(w) (07)'O(w n)|,

00 . k
P(w)O(0)O(w) = Y LA

(3.3)

where ¢ is a place-holder for a dynamical field associated to hard mode in the first line, to a
hard-collinear mode in the second line, and to a hard-anti-collinear mode in the third line
(the hard-collinear nature of these modes can be seen from momentum conservation).

From here, we perform the integration over the vertex position w using the integrals
from section 3 and appendix B of ref. [5], which can be combined to write

e T(2—€) wp--wp” FVAt (O + -
e e (0 (w7) F) g (w) (34)
_ on—1_vi-van/_ \1+ayr+ta_ F(l +n— 6) F(n + a+)F(n + Oé,) 1 1
=2"""s (—1) e | | A a9
I'(l1—¢) I'(n) (i0—)nto+ 7 | [ (i0T)
where s777"?" is a completely symmetric tensor with a total trace equal to 1. Additionally,

we have defined the inverse derivative,

k 1
el = So [t @ s+, (35

1 k: 1 B k 1
e = S [ aw fly+wn). (36)

The derivation of this identity is sensitive to the analytic structure of the background fields,
which in turn depends on the process. This process dependence is encoded in the definition
of the inverse derivative through the boundary L and L of the integral (L, L = +oo for final
states in SIDIS and eTe™ and L, L = —oco for initial states for SIDIS and DY).

Finally, we discard all terms that do not result in a hard photon momentum, terms
that are power suppressed, and terms that can be eliminated via the equations of motion.
The final result for the effective current operator in terms of the background field operators
can then be organized as

- 1 1
Jte(0) = {1 - gi(’)ifr +g -9 + giaj/ﬁ 4 (n <> n) (3.7)
_ 1
+ g{n“zb <A 1§£ A~ > o P — nH) H)ju
T 107 L L
— VY7 9t l’ — §L)’)/T 1874'1/
1- 1¢9 - ig 1
- 5%/)7%7 <A1 T +> - 57/)7%7 (AT 0{ A+> - (

+(n<n)+ h.c.} +O(g% N2

Here, the notation n <> n implies swapping n and n, which simultaneously interchanges
collinear operators by anti-collinear ones. Note that some terms that appeared at intermediate
steps have disappeared simply because they were anti-hermitian. One example is

Wy~ B A+1/) (3.8)



3.2 Current operator in SCET basis

The final result of the previous section expresses the current operator in terms of background
fields and is only valid at the first order in the strong coupling. The above expression is subject
to higher-order corrections in the strong coupling that are not further power-suppressed. It
is also not manifestly gauge invariant, as gauge invariance is only restored by including a
tower of higher-order terms that sum into Wilson lines. In this section, we wish to write
the effective current operator in terms of the gauge invariant building block operators from
SCET and include Wilson coefficients that account for higher-order corrections. This way,
assuming that our basis of operators is complete, we obtain an expression for the effective
current operator valid to all orders in the coupling.

First, let us introduce the gauge invariant building blocks of SCET which involve collinear
and soft Wilson lines. The collinear Wilson lines are defined as

_ B -
W(y) = P{exp ig/ dw™ AT (y +w™n) } , (3.9)
L~ JL ]
_ 0 -
Wi(y) = P{exp ig[ dw* A™ (y + w'n) } , (3.10)
L~ JL |
and the soft Wilson lines are defined as,
_ 0 -
= P{exp ig/ dw™ }, (3.11)
L~ JL |
_ 0 -
= P{exp ig/_ dw™ } (3.12)
L L |

Here, the boundary conditions of the integrals depend on the process, and in the case of
SIDIS with the initial hadron in the anti-collinear direction, we have (L, L) = (—o0, +00).
Using these Wilson lines, one can write down the following gauge invariant operators for

collinear quark and gluon fields,

v~ f
x="5-Wh, Ar = WHiDg, W], (3:13)
— JF !
— ’Y 27 I/Lr[l/', A% = I//{/YT {lDr/])«, 1’1/} . (314)

This set of building blocks is, in fact, complete, as all other components can be eliminated
via the field equations of motion. For the soft operators, we need two sets of building blocks,
as gauge invariant operators can be constructed both with and 5,

= S, = , (3.15)
= Sty - . (3.16)

Next, let us match the SCET building block operators to the background field operators
that appear in the current operator. To do this, we first expand the above operators to first
order in the coupling. For the Wilson lines, we have

1
W=1-—gA + O(g?%), =1 +0(g?), (3.17)

1
W=1- -é)j.(]AjL + 0(92) ’ =1- + 0(92) ) (318)
1



and for the gluon fields, we have

ior,
Af = gAp = 2LgA™ +0(g%), = gAf - +0(g%), (3.19)
P
Al = gAf — %gﬁ +0(¢%), = — +0(g%) . (3.20)

To relate the collinear quark background fields ¥ to the SCET building blocks y, we use
the equations of motion for the collinear quark field to write

, 1 lﬁT 1 1
Wip=x— v 2Ex—= 21
e e 27 5= (AX) (3.21)
| 1, idy 1 1
Wity =y — AT 2Ly _ ZF = 29
b =X—357 5rx 57 57 (ATX) - (3.22)

For the soft quark field operator, no expansion in the coupling is needed at this point. Using
these expressions, we can write the effective current operator as

Ji(0) = XS S x + (n e 1) (3.23)
_ idr
_mH B o
+{ XSS X — XS S (Arx)
1%y 1 Iy 1
—nF XA 167*)( —nx 1()7+X
— 1()’) 1 1
Xt X N it X
1_ _ 1_ _ 1
- §X7§ﬁ7 Ar - 5)(75*’7 Ar 1()7*X

+(n <+ n)+ h.c.} +O(g% 2\/?) .

The above result is now manifestly gauge invariant, but it is still incomplete as higher-
order terms in the coupling can contribute at the same order in the power counting. To
include these higher-order corrections, we provide each operator with a Wilson coefficient.
These higher-order corrections can result in convolutions in the lightcone position arguments
in the fields, even for soft fields, due to internal hard-collinear lines. The general way of
writing the effective current operator is then,

_ Zréﬁ,almﬂy.-ﬁlm /dyi‘r "'dyl_ c (324)
x Ci({yfy - h a0 b e, v, )
XO?I(yTﬁ+> O:l(yfn+),

where the sum over ¢ runs over all terms that appear in eq. (3.23) and «, 8 and v are
placeholders for spin, color and Lorentz indices. We refrain from explicitly writing out all
convolutions at this stage, as the upcoming subsection will demonstrate that the number
of independent operators can be substantially reduced.
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3.3 Constraints from symmetries

Not all Wilson coefficients that we introduced above are independent of one another. Con-
straints from reparametrization invariance, current conservation and charge, parity, and
time reversal can greatly reduce the number of coefficients that must be determined. As
we will show in this section, only five independent Wilson coefficients remain after applying
these symmetries.

C, P, T conjugation

We start by discussing the constraints coming from charge, parity, and time conjugation.
These transformations have a somewhat trivial effect, as they only relate the Wilson coef-
ficients operators that are related by swapping n <> n and by hermitian conjugation. The
only meaningful result that can be concluded from these transformations is that the Wilson
coeflicients of operators that are related by time conjugation are related by complex conjuga-
tion. This constraint, however, can also be found by simply demanding that the hadronic
tensor in eq. (4.1) satisfies W;j,, = Wy, In the following, we analyze other symmetries which
relate some of our operators to each other.

Current conservation

Next, we consider current conservation and we demand that it holds on the operator level,
up to power corrections,

i0,J1 = O(\3). (3.25)

This only results in constraints for a subset of the operators that appear in eq. (3.23),
because when 19, is contracted with a transverse vector v/ it automatically results in a
power suppression by A. The only terms that result in a constraint are when 9% acts on a
leading-power operator or when i0% acts on a next-to-leading-power operator. To simplify
the analysis below, we ignore the convolutions in the lightcone momentum fractions. This
is allowed, as the derivative in eq. (3.25) is taken with respect to the global position and
therefore doesn’t act on the convolution variables.

Acting with the derivative on the leading power operator, which corresponds to the
first line in eq. (3.23), we find

10, (X~ x) = 100X} X+ X idrx — X X+ X X,

up to corrections of order \*. Here, we have made use of the following identity for transverse
derivatives of Wilson lines,

+ = - + . (3.26)
For the next-to-leading power terms in eq. (3.23) that do not receive further power suppression
when acted upon with 9" we find

id,, (—n“x 1?—1)( +(n<n)+ h.c.) = —X idrx+ (n<»n)—he., (3.27)

1
io+

i, (—n“x (Arx) + (n e n)+ h.c.) —X Arx+ (n+n)—he.,
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1
id, (—n“xAT X +(n+<n)+ h.c.) = —XAr X+ (n <+ n)—hec.,
1
id,, (—n“x X +(n+<n)+ h.c.) = —X X+ (n <> n)—hec..
9

Comparing the different terms in egs. (3.26) and (3.27), we find that current conservation
implies that the Wilson coefficients of the operators

iy . 1
oL X —n o X
it ™t X i+ X

—_ n“)?
and the operators that are obtained from these by swapping n <> n or taking the hermitian
conjugate, are all related to the Wilson coefficient of the leading-power operator. As we will
show in section 4, these contributions combine into kinematic power corrections [68]: NLP
terms that share the same operator structure and hard coefficient as the LP contribution.

Additionally, we find that the Wilson coefficients of NLP operators involving both Ap
and Ap are related among themselves but are independent of the LP coefficient. These
define the genuine power corrections, which introduce new operator structures and therefore
new twist-3 TMD distributions.

RPI constraints

With the introduction of the background fields corresponding to collinear, soft, and anti-
collinear modes, we have implicitly broken Lorentz invariance by introducing reference
vectors n and n. However, this Lorentz invariance is restored order-by-order in the power
counting. This restoration of Lorentz invariance happens only if effective operators are
reparameterization invariant (RPI) [71, 72]. RPI transformation describes a small change in
the choice of the reference vectors n and n. In summary, there are three RPI transformations
to consider,

I: n—n+ Ar, n—n,
II: n—n n— ﬁ—I—AT,
I1I: n—ne”, n— ne @

Here, the RPI parameters Ap and Ap are of order ), while the parameter « is order one
not to break the power counting. In this subsection, we will consider the constraints on the
Wilson coefficients in the effective operator that come from demanding that the effective
current is RPI up to higher-order power corrections.

In our case, the transformations type I and II are completely equivalent as the current
operator is symmetric under n <> n. Also, all operators that appear in eq. (3.23), are already
invariant under the type-III transformations, and so we only need to consider the type-I
transformations. Under type-I transformations, the components of a vector transform as

L vt —=ovt+Ap-oup, v v, v = v — (Ap - vp)nf —vT AL (3.28)

To work out the transformations of the operators that appear in the effective current, we
use the transformation properties of the SCET building blocks. Under type-I transformations,
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collinear Wilson lines are invariant to all orders in the power counting, while anti-collinear
Wilson lines are invariant up to power corrections,

SIW =0, SIW = 0O(\?). (3.29)

Soft Wilson lines, on the other hand, do possess a non-trivial transformation given by
615, = —Af +0(\?), (3.30)
515, =0. (3.31)

With these transformation properties, we can derive the transformation of the building
block operators. At this order in the power counting, we only need to consider the collinear
and anti-collinear quark fields, as all other operators already carry a power suppression by
themselves. For the collinear and anti-collinear quark operators, we have

_ Apy~
2

Using these transformations, we can relate some of the Wilson coefficients of the sub-

X, Sy = O(\3). (3.32)

drx

leading-power operators to the leading-power one. To do this, we demand that the transfor-
mations cancel between the different operators. The LP operator transforms as

or (xv“ X+ (n n)) = —n'YAr X + ARXVE X (3.33)

—nty Arx — Apxp X

up to sub-leading power terms. For the NLP operators, the only operators for which the
RPI type-I transformations have an effect at this order in the power counting is where a
transverse derivative acts on a collinear or anti-collinear field. This is because while the
parameter Ap introduces another power of \, changing 97 to 9% removes one power of ).
The relevant transformations are

o1 (—n“x %X + (n+<n)+ h.c.) =n"xAp X (3.34)
+ ﬁu)z ATX7
_ 107, _ _
or <—X7§ﬁ iafix +(n<+n)+ h.c.> = — ALXW X (3.35)

+ A%)Z'yéﬁ X .

For the transformations of these operators to exactly cancel that of the leading-power
operator, their Wilson coefficients must be the same.

3.4 Final result and cross check

We now combine all the constraints on the Wilson coefficients to obtain the full next-to-
leading power result for the SCET-II effective current operator. First, we split up the current
operator according to the power counting,

J(0) = [14(00]® + [14(0)]*” + [J4(0)] P + 0 (A7), (3.36)
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where

[J4(0)] ) ~ A (3.37)
Our final results then read
[4(0)]® = ()as / dydy~ Ci(y™y7) xaly 1) xs(y~n) +h.c. (3.38)
. 1 _ _ _
O] = =50y as [ Ayt det dy” Caly* 20 (3.39)
X Xa(y'Th) AL (y™n) + (n < n)+he.
o4 ig -
[J4(0)] ) = —n» / dytdy” Ci(y",yT) x(y ) ifTIX(:U n) (3.40)
+ du— + o) (T e
—/dy dy~ Ci(y™,y7) x(y'n) Xy n)
_ . _ o B
— (V)as / dy™dy” Ci(y™,y7) Xaly ' 0) Srxe(yn)

Jr/dyl+ dyy dy~ Co({yi w3 }y7)

n# ntN _ 1 _
X - o+ X(yi n)Ar(y; 1) x(y™n)

1 . ~ ~

- 5(’755751%)&5 / dytdy~ dzt Cs(yt, 2t y7)
, _ 1 _

X Xa(y 1) SrXxs(yn)

1 _ _ _
— 50 e [ dut dyf dy” Cs({ut v b

_ _ ) — 1 _
X Xa (Y1) 5 S0 A(y ™) 5550 T5=x5(y2 1)
+ (n <> n) + h.c.

Let us emphasize that colored derivatives only act on the fields of the corresponding mode.
The terms in eq. (3.39) are identified as the soft quark contribution. We refer to the first line
of eq. (3.40) as the kinematic power correction, and to the fourth line of the same equation,
associated with the Wilson coefficient Cs, as the genuine higher-twist correction. The last
line of eq. (3.40), involving Cj5, corresponds to the collinear quark-anti-quark contribution.
The remaining terms in eq. (3.40), which contain insertions of soft gluon fields, are grouped
together as soft gluon contributions. These can be further classified according to whether the
inverse derivative acts on the soft gluon field itself, or on a collinear or anti-collinear field.

3.5 Comparison with the literature

This is not the first work related to TMD factorization where the electromagnetic current
operator is studied at next-to-leading power. In this subsection, we compare our result for
the effective current operator to those of refs. [5, 6]. Before doing so, we note that there are
some substantial differences between our works: first, since there are no soft background
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fields in ref. [5], there are no soft Wilson lines present in their expression for the effective
current operator. Second, ref. [6] applies the label-momentum formulation of SCET. While
it is possible to translate between the position-space formalism and the label formalism, it
complicates a direct comparison between our results.

First, let us focus on the terms where we find agreement between both refs. [5, 6] and
our result. These are the kinematic power correction, the genuine higher-twist correction,
and the collinear quark-anti-quark contribution, which correspond to operators of the form
XOorx, XAry, and yApx respectively. Discrepancies in notation mainly come from the
absence of soft Wilson lines and an alternate parameterization of the convolution in ref. [5],
and the use of the label-momentum formulation of SCET in ref. [6]. After accounting for
these differences in notation, the contributions of these operators to the effective current
are identical. Moreover, we also find agreement between the one-loop results for the Wilson
coefficient corresponding to the genuine higher-twist correction, which is denoted by Cs in
our work and in ref. [5] and by C(V) in ref. [6].

Next, let us focus on the soft power correction in the second line of eq. (3.40), where we
find an apparent disagreement between ref. [6] and our work. This correction corresponds to
operators of the form y./4;y. While this operator appears in both our work and theirs, we
find different results for the Wilson coefficient that accompanies this operator. To elaborate,
let us first note that the most general way of writing the contribution of this operator is

nt

Je(0) D /dzﬁ dzFdy™ Cygly™, 25y ) Xy n) i) (341)

In our work, specifically in section 3.3, we concluded from current conservation that the
above Wilson coefficient is constrained to be equal to

—\ this work _
Cog(yt 27,y7) T2 s Ciyty). (3.42)

In contrast, in ref. [6] it is argued on the basis of RPI that the Wilson coefficient of the
above operator should have an additional term that involves the Wilson coefficient of the
genuine higher-twist correction. Their expression for the Wilson coefficient, translated to a
position-space convolution to make it easier to compare with our own result, reads

ref. [6]

Cogly™, 2%, y7) §(zT)Ci(yT,y7) +/d17‘ Coly™ {y — 9.4 HKE vy —97),

(3.43)

where IC is referred to as a hard-collinear matching coefficient, and is not further constrained by
any symmetries. This additional hard-collinear contribution comes from the two-step matching,
first onto hard-collinear and fields: y.4y, and then onto collinear, soft,
and anti-collinear: y./4;x. We present a possible resolution for this apparent disagreement
in section 4.4.

All remaining terms involve contributions from operators that are absent in both ref. [5]
and ref. [6]. For ref. [5], this is expected as no soft background fields are introduced. For
ref. [6], which does include soft dynamic degrees of freedom, these operators are also absent.
This is likely due to the fact that inverse derivatives of soft fields are not part of the operator
basis in the label formalism of SCET. For one of the operators however, we found that its
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Wilson coefficient is constrained by the RPI transformations of soft Wilson lines. While
ref. [6] does study the constraints from RPI, they do not discuss the RPI transformation of
soft Wilson lines. The absence of these operators, however, will not be a problem, as we will
show in the next section that the resulting soft matrix elements vanish identically.

To motivate the presence of the sub-leading soft operators, we compare our expression
for the effective current operator to matrix elements in full QCD in appropriate limits.
Since all operators involve fields in the combination Y. Arx we use ggq external states. The
full-QCD matrix element reads

R = e, (3.44)

()] I 9V} = ga() |2

Expanded in the soft-gluon and soft-quark limit, while keeping the total momentum hard,
we obtain the following expansion up to next-to-leading power,

()] 7*|9(F)a(D) = —g ) e = - (3.49
Aol £ )
(o (- )
+2n“<'y% . ”y) +2ﬁ“<7% —ﬁ”)li u(l),

VN i e
(a(p)] T#9(10(1) = ~g o) | T E e ()1 (3.46)

This can be directly checked against the result for the effective current operator. We find full
agreement between the power-expanded full-QCD calculation and the result that is obtained
by using the effective current operator of eq. (3.36). Each term in eq. (3.45) arises from a
single soft operator. Note that for the soft operator associated with C3, the following identity
was used to check agreement with the above expression,

K K kS,

(o oV ’yl/k 1%
(V%%T)(kfg:r el )6u(k) = —'Yéf( Z_T +2n )ey(k)- (3.47)

4 The hadronic tensor

In the previous section, we derived an expression for the effective current operator that holds
up to next-to-leading power. In this section, we will derive the NLP hadronic tensor for
SIDIS. To derive the hadronic tensor, we start by inserting the expression for the effective
current operator into the definition of the hadronic tensor. This results in a large number
of different terms, which we summarize in section 4.1. Next, we address the presence of
an overlap between the modes in section 4.2: we first discuss our subtraction method in
section 4.2.1, then summarize the distinct terms in the subtracted hadronic tensor in 4.2.2.
In section 4.2.3, we show that these subtractions can mix different orders in the power
counting. We demonstrate the cancellation of endpoint divergences in section 4.2.4. Finally,
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in section 4.3 we define physical TMD parton distribution functions (TMDPDFs) and TMD
fragmentation functions (TMDZFFs), with open spin indices, and write the hadronic tensor
in terms of these distributions. When we apply this to SIDIS in section 5, we will replace
the TMDFFs by jet functions.

4.1 The unsubtracted hadronic tensor

With the NLP effective current operator at hand, we can now look at the object of interest
for TMD factorization: the hadronic tensor. The hadronic tensor depends on the specific
process under consideration; in what follows we focus exclusively on the SIDIS case. The
corresponding expressions for other processes can be obtained by appropriately modifying
the external states and measurements. As discussed in section 2, the hadronic tensor for
SIDIS is given by

d*b
W = /(%)4 e (Pl () [p, X) (0, X| Jg(0) [P) (4.1)
P and p denote the momenta of the incoming hadron and outgoing hadron or jet, respectively.
The colors in the external states encode the scaling of the momenta. To organize our results,
we expand the hadronic tensor in power counting as

4
) = [ S e P ) 1 X) 0. XV O P) (42
where the two superscripts (k,7n) indicate the respective orders in the \ expansion of the
current insertions, reflecting the fact that the hadronic tensor involves two such insertions
at potentially different powers.

The sub-leading operators in the effective current sometimes involve an inverse derivative
acting on a field. When the inverse derivative acts on all fields inside a matrix element,
we can replace the inverse derivative with the momenta of the external states by virtue
of the following identity,

1 1

<Pa| lajO(m) ‘Pb> = Pb+ — P;r

(Pa| O(z) [Py) - (4.3)
This identity can be derived from the definition of the inverse derivative in eq. (3.6) and by
translating the position argument of O(x) using the momentum operator. In constructing
the hadronic tensor, eq. (4.3) allows us to replace inverse derivatives acting on collinear
fields by explicit factors of ¢* and ¢~ .

The large number of operators in the effective current and the fact that we have two
insertions of the current operator result in a large number of different terms in the hadronic
tensor. Many contributions, however, vanish immediately due to violation of the fermion
number, as was discussed for the leading power in section 3.1. At next-to-leading power, we
encounter, for example, a vacuum matrix element with a single quark field,

=0, (4.4)
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which vanishes. Similarly, we encounter collinear matrix elements with a single quark field
and a single gluon field, which vanish for the same reason. To keep our results manageable,
we discard all such contributions from the start.

Even without these terms, a large number of non-vanishing contributions remain. However,
many of them are related to each other through some form of charge conjugation. Therefore,
to reduce the amount of contributions to the hadronic tensor that we write out explicitly, we
omit all terms that are related by charge conjugation. To consistently make this separation
we only consider the terms in the hadronic tensor where the current operator at position
b contributes an operator of the form yy and where the current at position 0 contributes
an operator of the form Yy. This means that for each contribution labeled X that we
explicitly write out, there is another contribution labeled X that is related by complex
conjugation. Schematically we write

X J(b) — x J(0) = vy, (4.5)
X: J(b) = xx J(0) = XX,

Additionally, we only consider insertions of the sub-leading power current at the position b.
Those with insertions at 0 can be obtained straightforwardly from those with insertions at b
by swapping the operator content between the amplitude and the conjugate amplitude.

Below, we list all remaining contributions to the hadronic tensor, labeled from A to H,
with subscripts n or 7 indicating whether the additional fields beyond the leading-power term
reside in the collinear or anti-collinear sector, respectively. Note that these results are for
the unsubtracted hadronic tensor, as we will address the subtraction of mode overlap, crucial
for obtaining physical results free of rapidity divergences, in the next section.

LP contribution

We begin with the contributions from the LP effective current operator to the hadronic tensor.
The product of two LP currents gives the first contribution,

(2m)? 27 or ©

X (a0 [ Ayt dy™ Culy*oy7) [dstas Ot
X (P| Xi,a(br + b n+y n) [ X)(X[x15(z"n) [P)
x (0] xj,(br + 0T+ y™ ) [p, X)(p, X| Xnr (277) [0)

X

) .
w22 / b vigrny [T e [ AT igres (4.6)

In addition, we account for corrections arising from the multipole expansion. At NLP,
two additional terms arise from expanding the soft Wilson lines in the light-cone directions
bT and b~ around (b*,b,br) = (0,0, br). Through the Fourier transformations, the explicit

,18,



factors of b™ and b~ can be translated into derivatives with respect to ¢~ and ¢*. These
contributions then read

2
v (2,2) _ 0 / d=b +igp-bp db* +ig=bt db™ +1q+b_
A% o | e e Eyl o (4.7)

X ()as)s [yt dy™ Caly™y7) [ dstas Ot )
X (P Xia(br + b n+y n) | X)(X|xi,5(z"n)|P)
x (0] xj,5(br + b 0 +y*a)|p, X)(p, X| e (z"1)|0)

X

T e 1.3
X (R)apiths [yt dy” CrlytayT) [dat s Ot a)
X (P|Kialbr + 570+ 57n) | X) (X xts(=n) |P)
X (0 5(br + b7+ 5 ) . X) . X (=) [0)

X

NLP: kinematic power correction

We now consider kinematic power corrections, originating from terms in the effective current
operator eq. (3.40) where a transverse derivative acts on a quark field. These corrections
contribute to the hadronic tensor as follows:

(3,2 n d’ L. dbt oy [dbT e
I:W,LL ](Cn):( p= )/(27T) €+quT/ 5 +q b /27T +ig™b (49)

X (R0 [ Ayt dy™ Culy* oy [dstas Cit,e)
X (P|Xia(br + b n+y n) | X)(X|xi,s(27n) |P)
x (0]i07.x,(br + 0" +y " n) p, X)(p, X| Xpr (277) 0)

X

(32 _ (! b igprr [T iy [V g
V¥ les _( q+>/(2w)26 R = prad (4.10)

X (R)as(0fhs [ Ayt dy™ Culy*oy7) [datas Cit,e)
X (P|i07Xia(br + b n+y n) | X)(X[xi5(2"n) |P)
x (0] xj,8(br + 0" +y" ) [p, X)(p, X | Xpr (2772) 0)

X

In section 4.2, we will define the subtracted kinematic contribution by combining this term
with those in eqgs. (4.13)—(4.14).
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NLP: genuine higher-twist correction

Next, we examine the contribution from operators in eq. (3.40) that involve an additional
collinear or anti-collinear gluon field. Their contribution reads

= 2
w1 (3,2) _ ﬂ _ n#) / d=o +igr-br db* +ig—bt db™ +1q+b* 411
V¥ o = (q+ )] @enz© or ¢ o (4.11)

X (V) as (Vi) / dy~ dy; dyy Co({wi,u3 }y7) / dz”dz* Cf(27,27)
X (P| Xia(br + b n+y n) | X)(X|x15(z"n) |P)
X (O] [AZ(br + 077 + y3 )X (br + 0¥ 7+ y{ )] [, X) (0, X| Xoen (2770) |0)

X

(B)as (s [ Ayt dyzdy™ Colfur i y) / de”de* (27, 7)
X (P|[X(br + b n+y;n)Ar(br + b n+yyn)], X)X xi6(2"n) |P)
x (0 xj,5(br + 070+ y T n) p, X)(p, X| Xup (27 12) [0)
X

After proper subtraction of rapidity divergences, these terms form the genuine twist-3
contribution at NLP.

NLP: soft gluon contribution

We now consider the contribution of the soft gluon operators where the inverse derivative
acts on a collinear or anti-collinear field. In this case the inverse derivative can be replaced
by ¢t by virtue of eq. (4.3). We then find the following contributions

2
v (3,2) _ n“) / d=b +igr-br db* +1q bt db™ +1q+b 4.1
Lddag)=» ( q (2m)? ‘ 2 2 (4.13)

X (as)s [yt dy Caly™y7) [ dstas Ciet )
X (P|Xi,a(br + b n+y n) | X)(X]|x15(z"n)|P)
x (0] xj,8(br + b 7+ y ") |p, X)(p, X| Xp(277) |0)

X

2
% (3 2) _ ( TLM>/ d b +igr-br /db +1q bt /db +1q+b— 4.14
V] +q+ (2m)? ¢ 27 27 (4.14)
% (s (s [ Ayt dy™ Cily* oy [dat s Gt
X (P| Xi,a(br + 0" n+y n) [ X)(X]|xis(z"n) [P)
X (0] xj,5(br + 0"+ y ™) [p, X) (p, X| Xnr (277) [0)

X
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In the next section, the above contributions will be combined with egs. (4.9) and (4.10) to
define a kinematic power correction that is free of rapidity divergences.

NLP: remaining contributions

We now consider the contributions of all remaining sub-leading soft operators, and will argue

that these vanish due to boost invariance. The two remaining soft gluon corrections read

[W/,Ll/ (32 — d b +1qT br /db +1q bt /db +1q+b_ (4‘15)

]

and

[W,uu] (3:2) _ _

Gn

13,2
e 82 —

2T 2T

x wT)ag(%)w / dyt dy~ Culy*ty7) [ detdem Gt e)
X (P| Xia(br + b n+y n) | X)(X]xi5(2"n) |P)
x (01i09x;,5(br + 0"+ y™n) [p, X)(p, X| X (27 7) |0)

X Y
G2 _ L [ 4 gy [T e [T i (4.16)
Fn q+ (27T)2 o o

x (s (0fns [ Ayt dy™ Culy*oy7) [datas Cite)
X (P|i07Xi,o(br + b n+y n) | X)(X|xis(2 1) |P)
X (01 i br + 5772+ 4 ¥0) |p. X) p. X X (77)0)

1 % db* o fdbT
= igp-br +ig™b etia™h 4.17
2q~ / (2m)2 ¢ or © o1 (4.17)

X (VI E) a8 (V1) ve / dy" dw™ dy” Cs(yt,w™,y7) /dz+ dz~ Ci(z%,27)
X (P| Xia(br +b"n+y ™ n) | X)(X|x15(2"n) |P)
x (0] xj,5(br + 0"+ y™n) [p, X) (p, X| X (27 72) |0)

1 a’b dvt . [db o
igp-bp +1q b +1q b 4.18
2+ / (2m)2 © or or (4.18)

X (F)asins [ dy* dwt dy” Golytowty) [detdem Gt a)
X (P| Xi,a(br + b n+y n) [ X)(X[xi5(z7n) [P)
X (01 i br + 57+ y470) o, X) p. X 0 (=) [0)
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For the soft quark contribution, we need an insertion in both the current at b and the
current at the origin. This gives

11(2.5,2.5
[ ]Eqn ) _ (4.19)
1 % dbt e [dbT
Y P o=V +igr-br +ig™h +igTbh
10177 7)as (V77T )8 / ik 5 © o ©

X /dy+ dvtdy™ Cy(y™,vT,y7) /dz+ dwtdz™ Cf(zF,wh, 27)

X <P‘ )Zi,a(bT + b n + yin) ‘X> <X‘ Xn,é'(zin) ‘P>

x (0| [AZ(br +yT0)], Ip, X) (p, X| [A7(z"R)],,, 0)

Im ‘

X )

2525
]( . )

W e = (4.20)

1 . A2 oy (AT oy DT ey
= 105 ) as (VY )0 / e br / et / S etiat

2 2
X /dyJr dvtdy= Ci(yt,0,y7) /dz+ dwtdz” Cy(zt,w™,27)
X (P [A7(br +y n)], [X)(X][AZ(z"n)],, [P)
X (0] Xi,a (b + bF 0+ y 1) [p, X)(p, X| xn,5(2 1) |0)
X
We will now argue that the F', G, and H contributions to the hadronic tensor vanish

based on boost invariance. To do this, we start by analyzing the soft matrix elements
corresponding to these terms at tree-level. The soft matrix elements are given by,

Sh(br) = 7 #21)
S8 (br) = 7 (4.22)
[Su(br)] 5, = . (4.23)

where the light-cone coordinates of all fields have been set to zero. This is justified by the
fact that the tree-level Wilson coefficient is a trivial delta function, which sets the light-cone
coordinate of the field to zero. What is crucial to proving that the above soft functions vanish
is that all matrix elements contain more inverse derivatives associated with one light-cone
direction than with the other. This, combined with the fact that the vacuum, the TMD
measurement, and all other operators in the matrix element transform trivially under a
boost, makes the above matrix elements vanish to all orders in perturbation theory. These
same soft functions have appeared in ref. [73] but with a different measurement breaking
the boost invariance and yielding a nonzero result.

This conclusion still holds in the presence of a rapidity regulator. For example, for the
d-regulator, described in more detail in section 4.2, the leading-order (LO) soft functions
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evaluate to

d i p
[SpEnI = o* [ g CrsE) 0 e et 2
d ) P 1.0
S5 (r)]'© = ¢ [ 57 (2ma2) k) ke I a2s)
d
[SH(bT)]ES = —2(7)py / (‘;W’;i (2m)8 (k%) (k) e~ibr kr ki_ (4.26)

The last soft function, Sz, results in a scaleless integral and therefore vanishes. For Sg,
an explicit evaluation yields:

ot
(47T)1—5

(%) roon( L2 + w0 s } o ot

where 1)(2) is the digamma function and g is Euler’s constant. Similarly, one finds Sg o 6.

[S(br)*° =

{(25+5—)6r(1 —OT2(e) (4.27)

All contributions thus vanish in the §* — 0 limit. For other rapidity regulators, such as the
n-regulator, all these integrals would be scaleless and vanish identically. These soft matrix
elements, therefore, appear to be artifacts of the rapidity regulators.

4.2 Overlap subtraction

The factorization formula for the hadronic tensor presented in the previous section is not
quite complete yet: we need to address the presence of an overlap between the different
modes, also referred to as the zero-bin [74-76]. The only thing that separates collinear, soft,
and anti-collinear modes is the ratio between the k™ and k= components, which is related to
the rapidity. For the rapidities of the different modes, we have the following hierarchy,

e <1, e ~1, e > 1,

where the rapidity Y is defined by

1. kT

Y = 3 In = (4.28)

Because of this separation in rapidity, a clean formulation of the mode decomposition would
require a cut in rapidity for each mode. In principle, one could introduce an explicit cut-off
on the rapidity, making the separation between the modes clear and removing any overlap.
This would introduce a cut-off dependence in the collinear, soft, and anti-collinear functions
that drops out of the final cross section, as the cross section itself is independent of how we
separate the modes. In practice, however, introducing such a cut-off is tedious. Instead, the
approach taken in SCET is to have no cut-off at all and subtract the double-counted region.
To regularize rapidity divergences, we employ the so-called d-regulator [77-79], which is
motivated by the fact that rapidity divergences come from the integration over the lightcone
coordinate that one finds in Wilson lines. The §-regulator regularizes rapidity divergences by
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introducing a damping factor in the definition in eqgs. (3.9)—(3.12) of Wilson lines,

I, ) -
Wi(z) = lim 73{ exp ig/ dy™ e~s0"ly At (2 +yn) } ) (4.29)
§+—0 L L ]
-0 o ;
W(z)= lim 73{ exp igﬁ dyt e W7l A (z+yth) } , (4.30)
0——0 L L _
-0 -
= lim P{exp ig/ dy™ e~s0" I }, (4.31)
§+—0 L L ]
M, N ]
= lim P{exp ig[ dyt e [ }, (4.32)
6——0 L L |

where s = sign(L) and § = sign(L). Note that we have introduced two regulators. This is,
in fact, quite natural, as there are two cuts in rapidity: one between soft and collinear and
one between soft and anti-collinear. The divergences in 6T and §~ cancel independently. In
calculating radiative corrections, this change in definition leads to the replacement
kT kt
= ki
However, this replacement should be treated with care at higher orders in perturbation

(4.33)

theory [80]. This regularization prescription makes the relevant rapidity integral well-defined
and leads to logarithmic divergences in 7.

Rapidity divergences cancel in the cross section, but the structure of this cancellation is
somewhat non-trivial. First, note that rapidity divergences are found in both the collinear,
soft, and anti-collinear ingredients, as well as in the overlap region. The rapidity divergences
cancel only upon combining the three sectors and subtracting the overlap. At next-to-leading
power, the structure of the subtraction of the overlap region and the cancellation of divergences
becomes even more involved. This is because the presence of inverse derivatives can lead
to power-mixing, i.e., the overlap subtraction of order O(\?)-suppressed term can become
of order O(\), as discussed in section 4.2.3.

Another subtlety at next-to-leading power is the presence of an additional type of
divergence, referred to as an endpoint divergence [5, 61, 68, 81-83]. Endpoint divergences
arise from the next-to-leading power operators that contain an additional collinear gluon
field. Their contribution leads to a term in the hadronic tensor that involves a convolution
between a hard function and a parton distribution that both depend on an additional
momentum fraction &, e.g.

w5 = [agHE Q) F(&br) D), (434)
where the function F'(§, by) contains the operator with the collinear gluon field. The additional
momentum fraction £ is associated with the collinear gluon field and originates from the
convolution between the collinear matrix element and the Wilson coefficient involving vy, in
eq. (4.12). Endpoint divergences then arise in eq. (4.34) as £ — 0, which physically can be
associated with the collinear gluon becoming soft. These divergences are not unique to TMD
factorization but are rather a characteristic property of sub-leading-power factorization in
general. While endpoint divergences can be consistently regularized and eventually canceled
in the cross section, the structure of the cancellation of these divergences remains to be
understood [81, 82, 84-86].

— 24 —



4.2.1 Subtraction method

In this work, we subtract the soft-collinear overlap by introducing a background field for
the overlap modes, following the (leading-power) approach of ref. [76]. This subtraction
is done in four steps:

1. Split the collinear background fields up into a pure collinear field and a background
field that contains the overlap with the soft region.

2. Redefine the pure collinear fields such that the leading-power interactions with the
overlap background field are removed. This is similar to how leading-power soft-collinear
interactions are removed in SCET-I [62-65] via a decoupling transformation.

3. Factorize the collinear matrix elements into a pure collinear part and an overlap part.
To do this, take each collinear matrix element in the hadronic tensor and apply the field
transformations of step (1) and (2) to separate the contributions of the pure-collinear

modes and the overlap modes.
4. Invert the relations from step (3) to obtain the pure-collinear matrix elements.

Below, we will demonstrate this process in more detail.

For the first step, we split the collinear background fields into a pure collinear background
field that has no overlap with the soft region and a background field that contains the overlap
region. As a result of this decomposition, the action for the collinear background fields
now contains interactions between the pure-collinear modes and the soft overlap modes.
For simplicity, we focus only on the quark-gluon interaction terms and ignore gluon self-
interactions. We start by taking the collinear Lagrangian and splitting off a soft component
from the collinear fields,

Sqcplo + o] = /ddac [U(:I:)(i@ + gA(z) + )15)(:1:) (4.35)
+ gA(z)(z) + b (z)gA(x) } + field strength + Sqcp ()]

This action now contains interactions between collinear and soft modes. Note that we do
not discard terms that are not allowed by momentum conservation, as in principle the
fields live in the overlap region. In terms of the power counting, only the collinear-quark
soft-gluon interaction is leading power.! In fact, only the interaction with component
is leading power as this component is enhanced compared to A~.

In the second step, we perform a field redefinition that makes all the interactions
between soft and collinear power-suppressed, similar to the decoupling transformation in
SCET-I, but without multipole expanding the soft Wilson lines at this stage. We define
the transformation as follows:

(x) — (x) (4.36)

AH(z) — AF(x)

'Note that in the interaction terms the position integration measure scales as d*z ~ A\~ as opposed to
d*z ~ A~* for the pure-collinear terms.
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This results in the following transformation for the first line in eq. (4.35):

()5 () (i + S0 () g A@) S () + g A()) S ()3 () (4.37)
= (@) (i + gA@) + 51 ()i, 5 ()] + )é(@)
= ¥(a)(if + gA(x) + )o(@).

This transformation removes the leading-power overlap interaction with . The transfor-
mation of the remaining terms is trivial and leads to

Sqepl5.¢ + o] = Sqepld] + Sqep[] (4.38)

+ / dz [’u 4+ U, gAY 4+ 1gAV, + gluon interactions| ,

where all terms on the second line are power suppressed. This suppression allows us to
separate the Hilbert spaces of the pure collinear modes and the soft overlap mode.

To subtract the overlap region, starting from the full hadronic tensor derived in the
previous section, we take the following approach: first, for each collinear and anti-collinear
matrix element, we explicitly add the overlap by splitting off a soft component from all
collinear field operators. Second, we apply the decoupling transformation of eq. (4.36) to the
collinear operators. These two steps can be achieved by making the following replacement
inside all collinear matrix elements,

P(x) — P(x) + , (4.39)
Al(x) = Al(x) +

The result of this transformation on a collinear matrix element gives the same collinear
matrix element but with the soft overlap region split off. Finally, to subtract the overlap, one
inverts the relation between the original and the transformed matrix elements and replaces
the collinear matrix elements in the unsubtracted hadronic tensor by the pure-collinear ones
given by the aforementioned relation.

Before applying this scheme to the full next-to-leading-power hadronic tensor, let us
provide a simple example at leading power. First, we need to work out the transformation
of the building blocks. For the gauge invariant SCET building blocks, the transformations
of eq. (4.39) become

X — X+ Wi, (4.40)
A — Al + ,

where the soft quark and gluon fields are defined in eq. (3.16). The leading power collinear
matrix element that appears in eq. (5.33) transforms as

(0 xj,5(br + ") |p, X) (p, X[ Xk,(0) |0) (4.41)

= (0] xj,5(br + b7 10) [p, X) (p, X| X1,7(0) [0)
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Here, the color trace over the soft matrix element is the only surviving color structure in the
decomposition of representations that one would get from eq. (4.40). Inverting this relation
then gives the collinear matrix element with the overlap region subtracted,

0l xi.5(br + b770) |p, X) (p, X| %4 (0) [0
(O] x50 + 577) [p, X} (py X| T (0) 0}, = 228807 077 [P X0 (P, X] Xy ()]0

4.2.2 Overlap subtraction at NLP

At next-to-leading power, the overlap subtraction and the structure of the cancellation of
rapidity divergences become more involved. In this case, the overlap subtraction not only
involves multiplying by soft Wilson lines but also additional additive terms.

LP contribution

First, we look at the overlap subtraction for the leading-power contribution. We first add
the overlap by inserting the transformation of eq. (4.40) into the collinear and anti-collinear
matrix elements. This results in

(0] x5 (br + b" ) |p, X) (p, X| X+(0) |0) (4.42)
= (0lxs(br + b)) p, X)(p, X[X(0)[0)

+ (0fx(br + 0" n)[p, X)(p, X|X+(0)[0)

+ overlap interactions .

The first line is again just multiplication by the soft function, while the second line is a
multipole correction to the first line from expanding the soft Wilson lines in light-cone
components. In principle, one also needs to consider higher-order overlap interaction terms,
but we omit those in the present analysis. To remove the overlap, we need to invert the
above relation and plug that into the hadronic tensor. Doing this, we find that the multipole
corrections of the overlap removal of eq. (4.42) completely cancel the multipole corrections

of the unsubtracted hadronic tensor in eq. (4.8). We therefore have
(2,2) (2,2) (2,2)
W ™ + Wl gn + Wew )52 (4.43)

S S
2 —
— / (db2 e Har-br E e Ha b" dv™ e Ha o™
27) 2 2

% (F)asins [ dy™ dy~ Culy*toy7) [datas Gt e
X (P Xa(br + b n+y n) [ X)(X]|xs(z7n)|P)
x (0] xg(br + b7 0 +yTn) |p, X)(p, X| x+(z77) 0)

NLP: kinematic correction + soft gluon

Next, we consider the overlap subtraction for the kinematic corrections. The transverse
derivative acting on the quark field results in an additional term in the overlap transformation,

(0]10%x5(br + " 7) Ip, X) (p, X| %, (0) [0) (4.44)
— (011045 (br + b¥R) |, X) (p, X|, (0)[0)
+ (0l (br + b R)lp, X) (b, X[%,(0)]0)
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Inverting this relation and plugging it into the hadronic tensor then gives us

nk 2 vt db™ 4
[Wsub]( ;= <_Q)/(27T)2 e bT/ 2T et / 2m ety (4.45)

X (Rapiths [yt dy” Cry*ayT) [dat e Ot a)
X (P|Xalbr + b0+ y™n) [X)(X| xs(="n) |P)
(0110 xa(br + b* 7+ y 1) . X) . X| % (770) [0)

_ (J‘”) / b rigrbr / bt Ligmbt / db™ ity
q- (2m)? 27 27

% (Rapiths [yt dy” CrytayT) [dat e Ot a)
X (P|Xalbr + b0+ y™n) [ X)(X| xs(="n) |P)
x (0] xg(br + b0+ y"n) Ip, X)(p, X| Xy (2"0) 0)

X

The above expression can be combined with the soft gluon contribution of eq. (4.13)
to reduce the number of terms in the hadronic tensor. To do this we first use that the
derivative of the soft Wilson lines in eq. (4.45) can be rewritten in terms of the gauge
invariant gluon field operators,

= - + . (4.46)
Multiplying the above identity by a factor of a half and subtracting another to both
sides then gives us
1 1
== — . 4.47
5 +3 (4.47)
The second term, which involves a combination of and , can be shown to vanish

inside a soft matrix element using charge and parity conjugation,
=0. (4.48)

This allows us to combine the subtracted kinematic correction and the soft gluon contributions
in the following way,

i 192 4 e 102 (4.49)

S S

= (_nﬂ>/ d? e+iQT-bT /db +1q bt /db +1q+b_
q (2m)? 27 27

X (Blap(idas [yt dy™ Cily*oy7) [ s dem Cita)
X (Pi00%a(br + b n+yn) | X)(X| xs(z"n) |P)
(01 (br + b7+ ) [p, ) (p, X X, (=) [0)
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(_ﬁ“) / b gy [ iger [T gty
=

(

X

X

(2m)? 21 2

X

'75“)045(77]/”)76/dy+ dy~ Ci(y™,y7) /dz+ dz= Cf (2", 27)
Pl xa(br + b n+y n) | X)(X|xs(z"n)|P)
x (0] xg(br + b" 0+ y"n) p, X)(p, X| X+(2" 1) |0)

X

The extra factor of —% will prove incredibly useful later on: it will allow us to replace the
derivative on the unsubtracted TMD distribution, which contains rapidity divergences, with
a TMD derivative which is manifestly rapidity-finite as defined in eq. (5.28).

NLP: genuine higher-twist correction

Next, we examine the power correction, which involves an additional collinear gluon. The
overlap transformation reads,

(01 A8 (br + 677+ g5 ) xa(br + 577 + 47 7) [p, X){p, X| %, (2¥7) [0) (4.50)
= (0] AZ(br + 0" + yy )X (br + b" 0+ y{ 1) [p, X) (p, X| X+ (2 72) |0)
X
+ {0l xp(br + bF 7+ y{n) |p, X)(p, X| X (2 7) |0)
X ’
where we find an additive term because is not suppressed compared to Ap. Inverting

this relation to subtract the overlap gives us

(3:2) n“_n“)/ d?b +igr-br do* +ig=bt db™ +1q+b—
[Wsub}Dn - (q+ q (27’(’)2 € 27‘(’ e 27‘(’ (451)

X ('YJP“)aB('Y%)w&/dyfrd?/z dy~ Co({yivs by~ /dz+dz Ci(z",27)

X (P| Xiolbr +y n) [X) (X[ x1,56(z7n) |P)

x {0 [AZ(br + "7+ yg m)x(br + 9y )] 5 D, X) (0, X| Xy (2 72) [0)
— (0 xj,3(br + b0+ 1y n) [p, X) (p, X| XnH(2F7) |0)

X }

In section 4.2.4, we will show that the second term within the curly brackets exactly renders
the above contribution free of endpoint divergences.

4.2.3 Power mixing

In the background field approach to factorization presented in this work, the presence of
inverse derivatives on soft fields can lead to mixing between overlap subtraction terms of
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a higher-power contribution with those of a lower power. This can be seen as follows: for
each operator that scales as A\¥ where an inverse derivative acts on a soft field, there is
a counterpart where the field and its inverse derivative are collinear or anti-collinear that
scales as \**1. Consequently, the new terms that arise from the overlap subtraction of a
power-suppressed operator can result in a power-enhanced contribution.

To demonstrate this point, let us consider the overlap subtraction of one specific higher-
order contribution. We choose to study the contribution of the operator in the last line
of eq. (3.40),

3 1 _ _ _
[740)]® 5 ~5 (T e / dyi dys dy~ Cs({yi . y3 1y™) (4.52)
1
X XO (yfﬁ) Ag“(yi) l(f)kai(y;ﬁ) + h'C' [}

which is the collinear analog of the soft quark contribution

2.5 1 _ _ _
()7 = =50 as [ Ayt det dy” Caty* 2ty (4.53)
X Xa(yTn) Al(y™n) + (n < n)+he..

To keep the analysis below simple we consider only the abelian case. There are several ways
that the operator in eq. (4.52) can contribute to the hadronic tensor, however, for the current

purposes we only consider the following contribution,

I:W/LV:I (373) D (454)

1 d?b : dbt . i db™ o4y
— U= AP g~V +1qT'bT +iq b +ig b
4(7T7 'YT)ocB(VTW 7T)75/ (2w)2 e o e or e

< [yt dut dy 5wt it hu) [ det dd de G (Gt ud o)

X (Pl AR(br 4y~ n) [X)(X| AZ7(27n) | P)

i} IS | L 1L .
X (0] Xa(br + "0+ i 0)m=xs(br + b0+ y3 ) |p, X) (p, X| =X (22 2)x5 (21 ) [0) -

Note that in the abelian case, the soft factor for this contribution is unity, as the soft Wilson
lines in eq. (4.52) can be commuted through A upon which they cancel out.

Consider now applying the overlap transformation of eq. (4.40) to the above collinear
matrix element. Due to the presence of the inverse derivative, the overlap transformation
can enhance the scaling of the collinear quark field,

i(‘)%x — i()%x + . (4.55)
Here, the first term on the r.h.s. scales as A while the second term scales as A2. As a result of
this power enhancement, the overlap subtraction of (4.55) gets lifted in the power counting
and must be accounted for. In fact, at leading order where the Wilson coefficients are trivial
delta functions, we find that the contribution of this subtraction term completely cancels
that of the soft quark operator in eq. (4.20).
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On a final note, one may be concerned about the fact that the subtraction of the overlap
region can lift the power suppression of certain operators. It indeed makes the derivation
of factorization formulas at sub-leading powers more cumbersome, as at each order in the
power counting, one also needs to consider the overlap subtraction for higher-power terms.
At next-to-leading power, however, this mixing between power corrections does not pose a
problem. This is because all subtraction terms of higher-power operators result in soft matrix
elements that vanish due to boost invariance, similar to what we discussed in the previous
section. Moreover, this apparent mixing of power counting can potentially be avoided entirely
by choosing a convenient rapidity regulator.

4.2.4 Cancellation of endpoint divergences

In the introduction of this section, we discussed that next-to-leading power factorization
formulas contain a new type of divergence: endpoint divergences. In this section, we briefly
highlight how these divergences appear, and show how the cancellation of these divergences
can be made explicit.

First, let us illustrate how endpoint divergences arise. They arise from the contributions
to the hadronic tensor that involve a sub-leading collinear operator with an additional
gluon field, as given in eqs. (4.11)—(4.12). This contribution to the hadronic tensor has a
convolution of the form,

/d§ Ha (€, %) For(,€,br) Dia(2,br), (4.56)

where D1; is the standard unpolarized TMDFF (which can be replaced by the corresponding
jet function). The two new ingredients in the above equation are the hard function Hy and
the sub-leading power parton distribution F5;. The hard function Hs can be expressed in
terms of the Wilson coefficients that appear in the effective current operator by,

Hy(€,q%) = / dyf dyf dy~ et WS FET T s (g y Y yT) (457)
X /dzJr dz™ e 0 gmiaTd" Cy(zt,27).

The naive (i.e. without a proper overlap subtraction) parton distribution F»; can be expressed
in terms of a matrix element involving the sub-leading power anti-collinear operator,

. dby dby i T
(B o mlyy = [ G g e TR (4.5%)

X (P|[x(br + by n)AL(br + by n)]|. | X)(X]|xis(0)|P).

1,00
To keep the discussion general we work with open spin indices on the parton distributions,
avoiding the need for repeating the analysis below for the different types of distributions
that can arise after applying Fierz relations.

To illustrate the presence of divergences in the convolution in eq. (4.56) using F3aive,

we
evaluate this parton distribution function to leading order in a partonic state. For simplicity,

we choose an external quark state with momentum P = (P*,07,0r). From its definition,
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we find the following expression,

{Fﬂll\?( E bT):IL()

oo

- d

. / dby dby —sgrbr P+ ity P / BR )5 (k2) OOy b —pr) 6T P ity
21 27 (2m)d

The above expression can be evaluated by first summing and averaging over spins, then

(4.59)

eliminating the integrals over k™ and k~ by using the delta functions from the Fourier
transformation and the on-shell condition respectively, and then performing the remaining
integration over kp. This results in

g

naive bT o — gT
[Foi™e(x, &, b )Lm = Qs ge(*@ﬁ) ’YT’Y:pF’Y r—2(1+ f@w’y i (4.60)

which contains a singularity at £ — 0. Upon convolving with the hard function, which
also depends on &, this singularity leads to a so-called endpoint divergence. While these
divergences can be regularized (in the above formula by 67) and cancel in the final cross
section, their presence prohibits us from defining physical factorization ingredients that are
free from divergences upon convolution.

In making the cancellation of endpoint divergences explicit in the factorization formula,
we use the terms arising from the overlap subtraction process to define a physical parton
distribution function. To demonstrate this approach, we first consider the subtraction term
that appears in eq. (4.51), but for the anti-collinear distribution, to define
dby dby
21 27
X . (4.61)

[F9 (,€,br)],, = iwP* e~ by P¥ o=iaby Pl ¢ (bp + by n) | X) (X | x5(0) | P)

This overlap subtraction (indicated by the superscript o0.s.) needs to be done to obtain the
physical distribution. As for the naive parton distribution, we now calculate the subtraction
term to leading order in the coupling. From its definition, we obtain,

(9™ (,€,br)] 2 (4.62)
=izPT %%e*ié’rbfﬁefiérb P+/ (gi];d< )8 (K2)0(k0)e0r (b —pr) H0] PT =ity Kt
<[] [Rre)] (E ewan (o - o)

which evaluates to
(P55 = 20 gF0(~60) [ =]

Comparing the subtraction term to the leading-order result for the naive parton distribu-
tion in (4.60), we see that the singular terms in the & — 0 limit are identical. This means
that, at least to leading order in the coupling, we have

ti ([P0, €,00)] = [P (2. 60150 ) =0, (4.63)
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i.e. the expression in brackets is non-singular in the & — 0 limit. We expect that this relation
holds to all orders in the coupling and on a non-perturbative level as well. This is because
the subtraction term, as defined in eq. (4.51), corresponds exactly to the limit where the
collinear gluon field becomes soft, which in turn can be associated with the limit where & — 0.
Therefore, we conclude that the convolution between the hard function and the subtracted
parton distribution is free of endpoint divergences,

/ A Ho(, Q) (F3™ (2.6, br) — F57 (2.6.b7)) Dus(.by) = fimite. (4.64)
4.3 The subtracted hadronic tensor

In this section, we present our result for the (overlap-subtracted) hadronic tensor for SIDIS.
Here, we define a set of sub-leading-power TMDPDFs and fragmentation/jet functions
(with open spin) indices that are free of rapidity divergences and do not result in endpoint
divergences. The application of Fierz relations and the contraction of the spin indices is left
to the next section. To organize the presentation of the results, we split up the hadronic
tensor into three parts: a leading power contribution, a kinematic power correction, and
a genuine higher-twist correction,

WH = W'y + WiXie + Winee - (4.65)
To define the physical distributions, we will exploit the exponentiation of the soft
function. The soft function is defined as

- : (4.66)

where the dependence on the d-regulator on the right-hand-side is hidden inside the Wil-
son lines according to eq. (4.29). With the d-regulator, the exponentiation of the soft
function reads,

= exp| K" (br) log(20757) + 5™ (br)] , (4.67)

where K" is the Collins-Soper kernel for bare TMD distributions and sP*® is a rapidity
independent remainder.

First, let us present the leading-power contribution to the hadronic tensor. To define
the leading-power TMD distributions, we can use eq. (4.66) to absorb a square root of the
soft function into the definitions of the TMD distributions,

=/ v , (4.68)

where ¢ and ¢ are referred to as rapidity scales and must satisfy
(C=(2¢"q)? = Q"+ 0(¢7Q%). (4.69)
We then define rapidity-finite TMD parton distributions and fragmentation/jet functions

as follows,?

- db™ -+ (Pl Xialbr +b7n) | X) (X ]| x:5(0) | P
7,0, Q) = [ B grioma P Xealbr 1 07m) [X) (XNxas@IP) -y

2m \/

>The denominator 1/4/ can also be understood as /

using eqgs. (4.68)—(4.69). This alternative form puts into evidence the zero-bin soft factor subtraction (that is
o 1/5) with respect to the inclusion of soft radiation into the TMD definition. This fact is well known in the
literature, see f.i. [87].
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A0 _siqr (Plxis(br +70) [X) (X] % (0) 1P)

b, Ol = [ S ¥ SRS
are * dp* ibt O‘ Xi, d(bT + b+n) ‘[) X> <[) X‘ Xi, ’0>
[DEM (Zl/bT’C)}ﬂ’) - ﬁeJ”b q \/ ’7 , (472)
are ~ db ibt <0‘ )Zi,a(bT + b+ﬁ) ‘pv X> <p7 X‘ Xi,é(()) ‘O>
[DYAT (2, b7,0)] 5, = / o etitra \/ . (4.73)
and the (bare) hard function as
H\(Q%) ~ Hi(2¢Tq") = / dy™dy~ e TV O (y Ty ) (4.74)
X /dz+ dz” e 79 70 Oy (2T, 7).
With these definitions, the leading-power contribution to the hadronic tensor reads
v 2,2 1 d%br ..
Wi (@) = V15 = - (B)es s Hala?) [ Gz e (4.7

X Z{ 011] 50 [Pa11] g, + [Fa11] 5, [Dq,lﬂm}-

Next, we consider the kinematic power corrections. We first use eq. (4.67) to rewrite
the terms involving transverse derivatives of unsubtracted TMD distributions and the soft
function in terms of derivatives of the Collins-Soper kernel via

are AQ
_ = LK " (by )ln<A2>

The kinematic power correction is then written as,

v 3,2 2,3
WliLNLP( ) [Wsub ](C+)E [Wsub ](C'Jr)E (476)
i1 v v deT ibp-
= T N.gt (0" (V) ag(Vr)ys + 17 (V) as (V7 )rs] Hl(QQ)/ ek brear

1
Z{ 9 ‘Fq 11 Dq@lL%/ + 5 [8pK] In

1
+ [0, F511] 4., [Danls, + B [0,K] In

) ol [Pan, |
d?br
@y

7 N N
Tt

— S =P OBas (0 oo + 7 () (o )os) H(a?) |

eloT-ar
1 ¢
< S| Faiihsa 0Pasi) s, + BRI () Fan] s (Pai],
1 ¢
+[Fanly, [0:Danls, + 5(0,K] c [Fa1] g, [Daii]s, ¢ -

Finally, we present the result for the genuine higher-twist correction. We first define a
set of open-spin-index TMDPDFs and TMDFFs as

[f(];azlle(' 5 bT C)](gu (477)
_igt [0 by et ey ot
2 2w
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+VC

[Fais (2, €,b7,0)] 5.,
_— % % eI aT ity 0"
y {<P| Tialbr) [X) (X] [Ap (G m)x (7], 5 |P)
/50r.COT )
(Pl Xia(br) |X) (X] [vx(by n)], 51P)
VS(br, C(6F/qT)?)

x Tm[m\ SES,(br) [X) (X| AL (byn) S} Ss(0) M } ,
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These subtraction terms ensure that the hadronic tensor is free of endpoint divergences as
seen in section 4.2.4. Additionally, we define a new hard function as

- — iy g Aiyfeqm iy gt -
Hy(€,Q%) ~ Ha(€,247q )Z/dyfdyr?dy M E e TWs S T O ({yf g3}y )
X /dz+ dz~ e T4 giaTd" Ci(zt,27). (4.85)

The genuine higher-twist correction comes from eq. (4.51) and its counterparts and is given by

(3,2) (2,3)

ng;tl\?LP(q) = [Wgﬁa.]p’ + I:Wsﬁf.lub]D (4.86)
i[ar e ) 2oy 4
=N, {q e (1)aﬁ(7T)76/d§H2(§,q2)/(27T)T2€bT i

x S { [Foo)so Do) 5, = [Faoil g, [Pl

+ [Fouls, [Pa21] 5, — [Fanl s, [Dq,Ql]M}

i [n¥ nY * d?b ibr-
N, {q_ - q+] (7%)@5(1)75/(15]{2 (£,q2)/ (27T)T2 EbT "

x S { [Fona s [Pani] 5, = [Fara ]y, [Panily,
q

+ [‘El«lﬂ(i(}, [Dq’lﬂ By o [‘/7(7’11]37 [Dq'IQ] 5“’} ’

The integration bounds for £ in eq. (4.86) are determined by the distinct support regions
of the different distributions, and we leave them unspecified for now. For more details on
the bounds of integration, see ref. [54].

4.4 Comparison between methods

Having arrived at the final expression for the next-to-leading power factorized hadronic tensor,
let us compare our approach and result to the different methods of TMD factorization that
exist in the literature. Here we compare to two different approaches: the SCET approach of
refs. [6, 88-90] and the background field approach of refs. [5, 60, 68].> Both these methods
derive the formula for TMD factorization by first constructing an effective current operator,
which is then used to obtain the hadronic tensor. We already compared the results for the
effective current between the different works in section 3.5. Here, for each method, we give
an overview of the method, discuss how some differences in the methods are automatically
resolved, and how some disagreements could remain.

First, we compare our method and results to ref. [5]. In the background field approach
of ref. [5], background fields are introduced for collinear and anti-collinear modes, and the
off-shell dynamical fields are integrated out of the theory. The result is a theory with only
collinear and anti-collinear degrees of freedom. From here, the effective current is constructed
by explicitly integrating out the dynamical field order-by-order in perturbation theory in
position space. Notably, no soft background fields are introduced. Instead, soft functions

3There is an additional background field approach developed in ref. [91], that is quite similar in philosophy
to ref. [5].
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arise from subtracting the overlap between the collinear and anti-collinear sectors. Because of
this, no soft functions from sub-leading power soft operators appear at next-to-leading power.

Comparing our approach to that of the background field approach of ref. [5], the main
difference is that we include a background field for soft modes. While at leading power the
contribution from soft modes can be captured by the eikonal limits of the collinear and
anti-collinear sectors, at sub-leading powers contributions could arise for which this no longer
holds, though we do not find such contributions at the perturbative order that we are working.

A crucial difference between our approach and the background field method of ref. [5]
has to do with the subtraction of the overlap sector and its effect on rapidity divergences and
endpoint divergences. In their work, they state that the overlap region can be subtracted
entirely by just dividing by the soft function. The TMD distributions that enter the power
corrections, however, contain what ref. [5] refers to as special rapidity divergences. Moreover,
the twist-3 TMD distributions defined in that work result in endpoint divergences upon
convolution with the corresponding hard function. Although it is argued that these special
rapidity divergences cancel, and the endpoint divergences can be removed by introducing
subtraction terms, as done in ref. [54], no operator definitions for the relevant ingredients
are introduced. In our work, the subtraction terms are derived from studying the overlap
between the collinear and soft sectors. We have demonstrated that this overlap subtraction
results in operator matrix element definitions for physical twist-3 TMD distributions that are
free of rapidity divergences and also free of endpoint divergences upon convolution with the
hard function. In fact, our result provides a matrix element definition for the subtraction
term of ref. [54]. Additionally, for the kinematic power corrections, we found that some of
the subtraction terms combine with sub-leading soft fields to result in derivatives of the
leading-power TMD distributions upon combining with the contributions of sub-leading soft
operators. While the final results for the hadronic tensor agree, we believe that including a
soft background field allows one to more rigorously define all ingredients of the factorization.

Next, we compare our method and results to ref. [6]. The approach of ref. [6] employs
soft-collinear effective theory (SCET-II) in the label formalism. In SCET, off-shell modes are
integrated out of the theory, and collinear, soft, and anti-collinear modes are the effective
degrees of freedom. In this approach, the effective action and operators are constructed
order-by-order in the power counting in a bottom-up fashion. In particular, they construct
the effective current operator by formulating a minimal basis of operators and constrain the
corresponding Wilson coefficients using gauge invariance and reparameterization invariance.

Comparing our approach to that of SCET, the main differences are in the content of the
operator basis and in the top-down versus bottom-up approach. The difference in the operator
basis can be explained by the fact that we use a position-space operator basis while their
work employs the label formalism of SCET. These different formulations of SCET can lead to
different operators and different constraints on the Wilson coefficients that accompany these
operators (for an example in the context of SCET-I, see [92]). Their bottom-up approach
results in an additional hard-collinear function besides the usual hard, collinear, and soft
functions. As clarified in refs. [89, 90], the contribution of the hard-collinear-soft operator does
not vanish in the bare SIDIS factorization theorem. In our work, these hard-collinear functions
hide in a further (re-)factorization of the hard functions or Wilson coefficients that we do not
consider in this work. We find even more contributions from sub-leading-power soft operators
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than ref. [6]. However, these additional contributions all vanish at the level of the hadronic
tensor due to boost invariance of the vacuum and the transverse momentum measurement.

Crucially, there is one disagreement between this work and ref. [6] at the level of the
effective current that can propagate to a disagreement at the level of the hadronic tensor.
This disagreement was discussed in section 3.5 and is related to the Wilson coefficient of the
soft gluon contribution. In our work, it is constrained to be equal to C; through current
conservation, while in their work, it is given by 7 and an additional independent part,
described by a hard-collinear function.

It is possible that this apparent disagreement is resolved by a (yet unproven) relation
between the unknown hard-collinear function of ref. [6] and the Wilson coefficient Cy. This
would work as follows. In this work, there are two places where the soft gluon operator
contributes: directly from the effective current with Wilson coefficient C; and indirectly
from the overlap subtraction of the higher-twist correction with Wilson coefficient Cs. This
additional indirect term in our work could be in one-to-one correspondence with the additional
term corresponding to the hard-collinear term arising from the Wilson coefficient of ref. [6].
For this correspondence to work, however, the following relation must hold,* see eq. (3.43)

HOFT(€,Q%) = Hi(Q?) + [H2 ® K] (£, Q%) + O(¢). (4.87)

The contribution of the soft gluon operator can only be absorbed into the collinear and
anti-collinear distributions if eq. (4.87) is satisfied.

In conclusion, these three different approaches differ in the effective degrees of freedom,
in the basis of operators and in the top-down or bottom-up approach and in the prescription
for accounting for the overlap between modes. However, the final results for the hadronic
tensor are quite close. The only possible source of disagreement lies in the contribution of a
particular sub-leading soft operator, for which a condition of agreement can be formulated.
It would be interesting to establish this relation. Whether such conditions can be formulated
beyond NLP remains an open question.

5 SIDIS with a jet at NLP

The importance of jet measurements at EIC is reflected by the EIC Yellow report [93] and
dedicated studies, e.g. [35, 37]. The jets measurements enable the exploration of e.g. small-z
physics [42] and TMD distributions [19, 94]. The possibility of higher twist effects in TMD
jet measurements has been explored in ref. [61].

In SIDIS we have the scattering of an electron and a hadron, with momenta ¢ and P
respectively, and their interaction produces a scattered electron with momentum ¢ and a
jet with momentum p, as described by the process:

e(l) + h(P) — e(') + Jet(p) + X , (5.1)

where X represents any unspecified or undetected particles produced in the interaction.
At leading order in the electromagnetic coupling, the process proceeds via a photon with

“We thank J. Michel for discussions on this point.
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momentum ¢ = £ — ¢/, which subsequently interacts with a quark inside the initial hadron to
produce the jet. The target hadron and the detected jet have the following masses:

M? = P?, m? = p*. (5.2)

Since we employ the Winner-Takes-All (WTA) jet algorithm [95], the resulting jet momentum

satisfies m = 0. However, other jet algorithms can produce jets with nonzero mass. While we

will ultimately also set M = 0, we keep both M and m as free parameters in this section for

a more general analysis of DIS kinematics and for intermediate computational purposes.
The standard kinematic variables used to describe the DIS cross section are:

<
Q
v

Q2 = _q27 Tr = Yy = (53>

~
s

Here, Q? is the virtuality of the exchanged photon and corresponds to the hard scale of the
scattering process. The Bjorken scaling variable x quantifies the fraction of the hadron’s
momentum carried by the struck parton in the infinite momentum frame. Lastly, y is the
so-called inelasticity, which describes the fraction of the electron’s energy transferred to the
target in the laboratory frame. These are related by the Mandelstam invariant s = (P +£)? by

zy(s — M?) = Q?, (5.4)

which leads to the following relation between differentials:

d d dQ?
do_dy _d@° (5.5)
r oy Q2
Additional relevant kinematic variables are
p-P 2e M m
z=——, = , and h=—, 5.6
"z =70 =20 (5.6)

where the fragmentation variable z represents the fraction of the energy of the virtual photon
carried by the detected jet. Note that, in the case of SIDIS, where a final-state hadron is
detected, the momentum fraction z can range from 0 to 1 (e.g., at HERA [96], the measured
range was 0.2 < z < 0.8). However, we assume a large jet radius and q% < @?, such that
all collinear final-state particles are clustered within the jet, while any radiation outside,
denoted by X in eq. (5.1), is soft; consequently z = 1. The parameter v is a dimensionless
variable proportional to the target mass and is relevant for higher power corrections beyond
the scope of this work. Similarly, v, highlights the effects of jet (or hadron, in the case of
fragmentation) mass in the fragmentation process.

To facilitate our analysis, we take the light-like vectors n and 7 such that the momentum of
the produced jet and the momentum of the incoming hadron have no transverse components
(and are not necessarily back-to-back),

"L pt=p '+ 2@ T

PP = Ptpk
" +8x2P+n ’ 2p~

(5.7)
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These lightcone vectors can be expressed in terms of these kinematic variables as:

20 P+ 22z (1 —/1— 7,%72>

= [p“ - 5 P“] , (5.8)
2Q%\/1 — fy,%'y? Y

_ 1 ol

nt = [P” <1 +4/1— 7,%72) - p”} . (5.9)
oP+,/1 — 7%72 2xz

To define our observables, we introduce two coordinate planes: the transverse plane,

orthogonal to the initial hadron momentum P and the jet momentum p (or to n and 7 as
defined in eq. (2.1), and the perpendicular plane, orthogonal to P and to the momentum of
the intermediate photon ¢. These planes can be described in terms of the metric tensors
that project onto the corresponding subspaces and read

11 2z 7
wy o 2,2
Ir =97~ T2 [‘43” PP 4+ (P 4 ptPT) - 221’“7’”} ’ (5.10)
g,u,l/ — g/,u/ _ i 1 |:4,_’E2PI'LPV + 2$(P,UqV + qﬂPV) _ 72qﬂql’i| (5 11)
1 QQ 1+ ,-},2 ) '

The transverse and perpendicular components of a vector v are defined as v} = ¢4”v, and
v = g!"v,, respectively. For clarity, two-dimensional transverse vectors are represented in
boldface notation. Since transverse vectors are more frequently encountered in our theoretical
analysis, we suppress the subscript 7" where the context permits, e.g., b = by or q = qr.
Additionally, we employ the Levi-Civita tensor, whose transverse and perpendicular forms

are given by:

2x

e =P nyn, = — P’ Popg (5.12)
2Q%/1 = 7;7?
w2 wop (5.13)

Mo e
L Q2 1+ 42
Since spin-dependent observables will be considered later in the analysis, it is useful to

express the spin vector of the target hadron in terms of either a transverse or perpendicular
decomposition. These are given by:

2
St=8, ( — T 7 pﬂ) + Sk (5.14)
QY

/1 — 7292 2Qy/1 —iv?

SH=, (2:”]3# _ 7qu>
QYV1+72 QV1+7?

We also introduce the azimuthal angle ¢z, defined as the angle between the lepton-hadron

+ S (5.15)

plane and the jet production plane as shown in figure 2,

uv
Cupve]

pjf_gL,cr .
o0y

. . singy= 5.16
I 7 (5.16)

cos gy =
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Figure 2. Kinematics of the jet production in SIDIS. The jet production plane is depicted in blue,
and the lepton-hadron plane in green.

Similarly, one can define the azimuthal angle for the spin vector:

. SJU_EL,U
|SL][eL]’

uv
0,S,€

- - = 5.17
EAIA (5:17)

cos g = sin g =
From this point onward, we assume that the jet algorithm yields massless jet momenta
(p? = 0), as is the case for the WTA recombination scheme. The differential cross section

can then be expressed in the limit Q% > M? (see ref. [60]) as

do a2y
===, W, 5.18
drdydp;dpsdg?  8Q* (5.18)

where L, and WH" are the leptonic and hadronic tensors, respectively. The leptonic tensor
can be directly obtained as

Ly = 2(L,ly, + 0,0, — (L 0)gp) + 2iAc€pupo (5.19)

where A, is the lepton helicity. Our primary focus lies on the hadronic tensor, which encodes
the QCD dynamics of the process. In the following sections, we build on the framework
established in section 3 to analyze its properties up to NLP corrections.

5.1 Hadronic tensor factorization

To achieve a minimal set of bare TMDPDFs and jet functions with no open spinor or Lorentz
indices, we apply the following Fierz transformations to the Lorentz structures present in
eqs. (4.75)—(4.86):

4)as( )y = = 9 [(7)as (77 )98 + (7 )as(v )] (5.20)

+45

+ieh | ()0 (Y78 = (7 )as (1)

+ (7"9)as(Y s = (7Y Vas ()] + -
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4(’75{)045(]1)75 = ie%a |:(’Y_)a6(io'a+'y5)vﬁ + (iaa_75)a5(’7+)75 (5'21)

+45

Das(i0°77%)45 = (10977 )as (17)15)]

- (v

+ (7)as (10" 77%) 48 + (16" )as (7" 4s
v

)
+(177)as(10"79°)4p + (1079 )as(777)9p + -

The dots denote additional structures arising from the Fierz decomposition, that do not
contribute to the NLP cross section (see ref. [61] for complete expressions).

This process results in two twist-2 TMD jet functions and four twist-2 TMDPDFs
without Lorentz indices:

(Y7 )v8[Dga1(br)] 5., = 2Ne Ji, (br) (Y)as[Pg11(br)] 5, = 2Ne JH, (br)
(v as[Faa1(, br)] 5, = Fiy (2, br), (Vs [Faaa (e, br)] 5, = Fy (2, br)
(V)as[Fanr(@,br)] 5, = Gy (2,07), (77 )ag[Fani(@,br)] 5, = Gy (2, b1) . (5.22)

Here, we have included a minus sign for the anti-quark distribution G?l after inspecting its
C-conjugation property, see f.i. refs. [97, 98]. For the NLP case, after applying the Fierz
identities, we obtain eight twist-3 TMD jet functions and four twist-3 TMDPDFs, each
carrying one open Lorentz index:
— (0% )8 Dy /g1 (€, b7)] 5. = 2Ne T U(E, b 5.23
6T (J Y )'YIB[ (1/%21(57 T)LQA/ cY91 (5/ T)7 ( . )
+€%a(0-a_75)73 [D(]/Q,IQ(gv bT)} By = 2NC ']{Létl/(;(gu bT) )
g5 (0% 7)1 [Dysan (6. b1)] 5, = 2Ne T (&, br),
+05 (0% )8 Dyaaa(&,br)] 5, = 2Ne Ji579(E,br)
+ei (07 ) as [Faan (2,6, b7)] 5, = F5 (0, €, br)
_6%04(0.014-75)&5 {f‘(]/(jJQ(l’, 57 bT)Lgu - F/‘ (1/(1(1, f bl)

The factor 2N, accounts for spin and color averaging of the initial quark in jet distributions.

To fully factorize the hadronic tensor, we decompose distributions with open transverse
Lorentz indices, including NLP functions and the kinematic power corrections of LP functions.
In the case of the kinematic power corrections, we found that the subtraction procedure yields
terms of the form shown in eq. (4.49), which are free of rapidity divergences. Accordingly, we
define the derivatives of the jet functions (denoted by a prime subscript) as follows:

a, — %[8,,1(] ln(é)} JY U by) = Zg JYT (b2). (5.24)
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On the other hand, parity symmetry leads to the following relations for twist-3 jet
distributions,

b? .
ng(i/qu (£ bT) b2 ng/;lu(fa bz) ) (5.25)

6 “be, b
ng%%@’bT): b2 211/712(5 b?),

reducing the number of independent twist-3 jet functions to four. For TMDPDFs, we use
the conventional parameterization of twist-2 TMD distributions [97, 99-103] and adopt the
following parametrization for twist-3 distributions:

qul/q(:l:,b ) = fq/q(l b?) +1€T b ST/BM}‘L(I/(I(I b?), (5.26)

G (w,br) = Sp g1/ (2, b%) +i(b - S1) Mgy (2, b?),

), i€7" by
FL4a G, € br) = S i 6 07) + S e lt (0 b2 (5.27)
+ep STaMfg{;Ilz (@& bz)

« 9T, bab L
+6§1 SIQ( 25_ bQB)szl/ql/gT( .7€7b2)'

This increases the number of twist-3 TMDPDEFs to sixteen. Appendix A relates our own
twist-3 parametrization in eq. (5.27) to the one used in refs. [54, 60]. Note that the transverse
derivative 0/0bP appearing in the kinematic part of the NLP contribution to the hadronic
tensor must act on the right-hand side of eq. (5.26). Based on the subtraction procedure
discussed in the section 4.2.2, we found that the correct definition of the subtracted derivative
for the TMDPDFs takes a form analogous to the jet function case in eq. (5.24), with the
difference that the order of the rapidity regulators ¢ and ¢ in the logarithmic term is reversed.
We therefore define:

)+~ [a K] h{é)} (b?) = ng () (5.28)

Discrete C,P, and T' symmetries provide an additional reduction of independent functions,
leading to the following relations for LP TMD functions:

Jui(br) = Jfy (br) = i (br), [J11(br)]" = Jun(=br), (5.29)
[/ (2, br)]" = £/ (2, —br) [£i797 (2, 00)]" = fi7" (2, ~br),
[Q?M (z,b7)]" = 9(1]/(](1 —br), [gi’,{’/q (z,b7)]" ngfjvq/(? (x,—br),

which reduces the number of independent twist-2 jet functions to one. Similarly, for twist-3
TMDPDFs and jet functions, we find:

Jo1(€,07) = J& (€,br) = J3(€,br), (5.30)
Ji2(€,br) = T (€,br) = (&, br)
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[J12(&,b7)]" = Ja1 (€, —br),
59T (2,6,00)]" = = £y 7T (.6, ~br) = = f379 (2.6, b7)
95357 (2.6,67)]" = g3 T (@€, ~br) = —g37"T (2,6, ~br),
[F% (2.6.b0))" = = 3% (2.6, —br) = — 3 (2,6, ~br),
[Fi5 %7 (. &, 00)]" = = for %7 (@, €, —br) = — f37"7 (2,6, ~br).

These restrictions decrease the number of independent twist-3 TMDPDFs from sixteen to
eight and the number of independent twist-3 jet functions from four to one. Since quark and
anti-quark jet functions are identical, we omit this label from now on.

Lastly, since all functions depend only on |b|, we integrate over the angular compo-
nent using:

2 oo
/ (;iﬂl)) 1bqf(b2) /0 d‘b|2 JO(LEl’qD f(bQ), (531)

&b o [ Ji(/bllal)

[ e 0 =i [l IR
S - Ji([bllal)

[ et 103 =g [T ap AL p)

o [ Ja(|bl[q])
+CI:¢QT/O d|b24|’|2’

f(b?). (5.32)

Here, J,, denotes the Bessel functions of the first kind.
Applying all of these relations and definitions, we obtain a factorized form for the hadronic
tensor. At leading power, this expression reads:

W) = (o) (@) [P 2 oo ) (5.33)
vy ey 11 (@) [ a2 I ) o )

Y a M|blJ1(|b
- gé;“ 6TﬂQT,aST,BI{l (Qz) /db2 | |8 1|(|| HQD

o2 M1l (bllal)
s7lq

(b2) ]tL qq( b2)

+ (i) (ar - S)H(Q?) [ d 11 (62) 917 1, b°)

Exploiting the quark-flavor independence of the jet functions, we find it convenient to
introduce the superscript qq to denote the sum over quark and anti-quark TMDPDFs, e.g.

F17(,6%) = 30 (£ 67) + £ (2,07)) (5.34)

q

The twist-2 TMD jet functions and parton distributions appearing in eq. (5.33) are defined
in terms of the matrix elements of the corresponding building-block operators and follow
from their previous definitions in eqs. (4.70)—(4.73), to which we apply the manipulations in
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egs. (5.22) and (5.26). At next-to-leading power, the factorized expression for the kinematic
part of the hadronic tensor becomes

[e%e) db2 WV v, M -
Wik p(a)=—Hi(Q) <J1<rb\|q|>{J11(b2> [(Z%’;?) (2, b?)

o 8mlbllq|
nt(iefq) n¥(iehf s ‘
+S||< (qi T)_ (q?_ T) .q(llq/(%bz):|

: e Ve g : nt(ierlql) 0" (i€ qf qaq .
+J{1(b2)[<_T‘|’_T .lll(fﬂ,bz)-l-S” (qT T)_ (iex"qr) gl”(.l‘,bz)]}

q q B q

(PSP V(PGP e )
+J11(b2){ (n (GT T)+n (€T T)) [M’b"q’Jg(’qu‘), ﬁl”(fl},bz)

qt qt
-1 .qq nu(eupsﬂ) ny(eupsp)
+MJi(|bl|ql). ILqu/<ZI,',b2):|—|—< qjji‘ T) _ q::— T

| Mbllalo((ellalo i (o.6%)+ M (blal)ai (6% |}

AR(EPSPY (PSP Lo .
+MJ1<rbuq\>Jf1(b2>{< L), e T>>fﬁ=“<x,b2>
) Vpsﬂ =2 Mﬂsp _
+<n (ZT_ ) 7 (eqT_ T)>!J1lqu(:1;-/b2)}

M|b|Ja(|b 0B o ntgy  n'qh 7
M 1’2<‘| la) {eTﬂqujq[( & qu),H(bQ) Fha (4 52)

AU AV AV oM _
(L ) 1 07) 7 0

q q
nt(iefql)  n¥ (i gl ‘ B
s MU UL 5 1) )
(el q) nY(iehf s . 5 .
+< ( pe r) pa 1) Jil(bz)g#qq(mbz)]} : (5:35)

Finally, the factorized expression for the genuine twist-3 part reads

v - o [ db? ot
Wenep(2) = /dez(J?,ij ) o sebllq| (q_ q+) {J1(|b||q,)

X

g (= a1 (6, 6%) F17(2,6%) + i1 (67) 57 (w, €, b7) )

+ 8 e af) (11 (62)93 (0 €67) + Jn (6,67) 1 2, )) |
— M{bl | Jo([bllal) (e S7) Ji1 (b°) F42 (r.€. b°)
— My(bllg) (e S5) T2 (6.67) (11577 (2, 67) — ig)5%7 (2.57)

apf a B
s va g qrqg 4, y
+ Mibllala(blal)Ges 57 (5 + S ) g (7)1 . .7)
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M|b|J5(|b o T ) 0B aobn ot

- LR 1, (¢ o) [ a5 o)

_ (3PP &ﬁ CYSB qu(j,w b2 d 536
(ie"qp) (97" a7S) 917" (2, 07) | ¢ + (c.cand p 4> v). (5.36)

In this case, the twist-3 TMD and jet functions definitions in terms of matrix elements
arise from eqs. (4.77)—(4.84). In the next section, we employ this factorized structure of the
hadronic tensor to derive the expression for the factorized cross section.

5.2 Cross section and form factors

To determine the cross section for SIDIS with an observed jet, we must combine the hadronic
and leptonic tensors. Specifically, this requires contracting the Lorentz structures found in
egs. (5.33), (5.35), and (5.36) with the leptonic tensor from eq. (5.19). These contractions,
detailed in appendix B, allow us to express the cross section in a compact form that depends
explicitly on the angles ¢; and ¢g in eqgs. (5.16) and (5.17), as well as a set of form factors.

Furthermore, by employing integration by parts and Bessel function identities, we
can systematically transfer all derivatives acting on the TMDPDFs onto the jet functions.
Specifically, we use the identity:

*° 2Jn(|bHQD 2\ F' (2. b2
/0 bl e (0°)F (0.07)

_ o o Jn(|bllgl) /2 - b2
_ /0 AP Ty (O F (.6°) (5.37)
e 22mn Ja (Bl 2men Jea(bla)Y
[ awe (5, (blla)™1 * 20 <\buq\>m—1)°’<”)F<“”’>’

where n > 0. Consequently, the cross section for SIDIS with a jet is:

d 2 2-2 2 2(2 — y) /1 —
g - O‘emy{ Rty (2-y) Y cos gy FE% (5.38)

drdydgy dos A 8Q? gz uuTT 2

+ Ae [2 — yFLL + Wi-y cos ¢JF£%S¢J)

115 |22 G (g — )i

+ 22— yy)2 1=y (sin (gﬁs)F[S]i;wS) + sin (2¢5 — (ng)plsji;(?%—%)ﬂ
+0|S1| [2 Y cos (6 — o) FES0769)

2\/ 1 - COS COS —
+ Ty(cos (¢S)FLT(¢S) + cos (205 — ¢S)FLT(2¢J qu))} } .

In this expression, we use color coding to highlight different dependencies: purple for the
electron helicity A, yellow for the hadron longitudinal polarization 5, and red for its
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transverse polarization magnitude |S||. The form factors are explicitly given by:

Fyur =J0[f1)11] (5.39)
2
F5?3¢J = g‘{joo[fl Jul+Jalf171] (5.40)

+Re (A3 [ + 1 (73 15207)

sin 2 . .

piines :g'{lm (,71(?3 [ fljgl]) ~ Re ([fjju]) } : (5.41)
sin 2

FUL% =- gﬂlm («71(,21) (9121 + gQLL']H}) ; (5.42)
Frr =J00[01J11] (5.43)

Fip% = g’ {Jo olg1J11] + J11[91711] (5.44)

+ Re <u71(,21) (91721 + gQLL']ll]) } ,

F(S}i;%"_%) =—Jiolfir/ul, (5.45)
Fpp®®) = |32| {jo 1[firdi] = Fuolfirul] (5.46)

+ Re <\70(21) [fllTJm]) + Im (jo(i) [gi7J21 — 2f2’1‘<]11]) } ;
F(Sji’;md)]_d) s) = g' {jl o[ firJi1] + Jon [firJii] (5.47)
+ Re («72(21) [fllTJﬂ]) —Im («72(21) lgi7Ja1 + fgLTJu]) } ;
Fi®r798) = 7, o lgip ] (5.48)
FE‘%S@S) |212| {jo 1gir 1) — Jioloir i) (5.49)
+Im (J57 [fir21]) = Re (o7 [oirJor — 2forJun] ) } ,
FEos(26=65) _ |212| {jl oloirJ11] + Fa [gi711] (5.50)
—Im <~72(21) [fIJ_’,l“]Zl]) —Re (52(21) [gi7J21 + szTJnD } .

Here we used the following shorthand notation to represent the Hankel-type transformation of
the product of two distributions, which involves the hard factors and the |b|-space integration:

Fam[FJ] = @) [ P A 2l ) (e 12), (5.51)
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Tm[FJ] = Xq:/déHz(x,&Qz)/ow d\b!ZW[FWJ](x,g, b?). (5.52)

Additionally, J includes an extra factor of M |b| inside the integral, specifically:

J[FJ] = J[MIb|F.J]. (5.53)

We emphasize that the TMD jet functions and parton distributions appearing in eq. (5.38)
are bare quantities, meaning they have not undergone UV renormalization. Consequently,
when extracting phenomenological results in the next section, these bare functions must be
replaced by their renormalized counterparts.

5.3 Framework for phenomenological predictions

In order to present some phenomenological results, we set A\e = 0 and |S || = 0 and we focus
on the sin ¢y asymmetry of the cross section for EIC encoded in the F[S]igm form factor
of the cross section in eq. (5.38).

Additionally, we integrate the differential cross section over the inelasticity range 0.01 <
y < 0.95, as this interval is relevant for the EIC, and over the angles ¢y and ¢g such
that the only dependence is given by the F[S]izl‘b" form factor. Therefore, the integrated
cross section reads

21 sin (¢J) 2 0.95 do
A g = [ dey 228 / d / d . 5.54
lsin(é) ; - ; ¢s o1 Y Trdydo, dos A 5110 (5.54)

Incorporating the results from the previous subsections, we define the following observable
for our study:

dz‘sin(dy) = dzg;L + dEJm (5.55)
2
maem S| |q| ( / 2 /°° 2J1([bllgl)
= Tem w2l 191y d¢ H djp)pidl
@ M\ RS A g
x L (0%:.0) 0™ (. €. 0%:.C) 5 (2, €.6%: )

TR V) [ @b C) + g (o 0] })
where we have introduced a factor coming from the integration over the inelasticity

R :/0.95 (2—y) /1—3/
Y 0

dy ~ 7.33 (5.56)
.01 Y

Note that dX| 67) depends only on the LP/NLP jet functions Ji; and Ja; and on the
poorly known TMDPDFs ¢g; and gé‘L, making it a pure NLP prediction. Accordingly, we
have separated the different NLP contributions in eq. (5.55) as dX ol and dXj,,. To obtain
predictions for these observables, we must address several aspects: the integration over &,

sin(

the evolution, and the modeling of the relevant distributions. These points will be discussed
in sections 5.3.1 and 5.3.2.
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5.3.1 Treatment of gé‘L
First, we decompose the twist-3 TMDPDFs into their T-even and T-odd components,

1,q/4 1.,q/¢ . 1,q/q :
92" (2,6,67) = g7 (2,6,6%) — 195,27 (., b7), (5.57)
which are real functions. Second, we must include the UV renormalization in eq. (5.55),
Jlbla]'yf(bZE) = ZJ(/'L7 E)Jll (b2*ll5>7 (558>

gape @, €% C) = Zo (8 1,C) ® 93 "L (w,6,b% 1. C)

gij“eq/q( b7 0) = Zo (6, 0) ® (JzL[Lq ( ”f’bQ;‘“C)'

Here, Z;, Zg, and Zg represent the UV renormalization factors for the jet, as well as for the
T-even and T-odd TMDPDFs, respectively. The symbol ® denotes the integral convolution
in § between Zg /o and the renormalized twist-3 TMDPDFs; explicit expressions for these
factors are provided in ref. [54]. The scales p and ¢ correspond to the renormalization of
UV and rapidity divergences.

Second, the TMDPDF correlator gs; L.a/q (z,¢&, b2) vanish in specific regions of the variables

x and . As shown in ref. [54], the non-vanishing region is given by:
1-— 1
T = — |||$‘<§<||Ea:2 (for —1<z<1). (5.59)
x x

Consequently, the integration over ¢ for this distribution only needs to be carried out within
these boundaries.

Following the derivation in [60], we decompose the hard function into its real and
imaginary parts:

Hy(2,€, Q%) = H3'(w, €, Q%) + im Hy (w,£,Q%). (5-60)
The explicit expressions at leading order, adapted to our framework, read
Hy (2,6,Q%) =1+ O(ay), (5.61)
H! (az,f,Q2) = O(as).

Using these decompositions, the twist-3 TMDPDEF contribution to the cross section
can be expressed as

robnd Sy o H(Blal) ,
a5 == q = [ albR S R 11,0200

X J11 b*; 11, ¢ < d¢ HfY(z, €, Q%) Ra(b%; 1, €)

X Zs(&1,0) ® {j‘ \<I’€b2/LC>+J2[4<T£I)2/L§>] (5.62)
- [ ag (o, QY Ra(®s 11, 0)

X Ze(& 1:€) ® [937% (€ 6% 1 C) + 051% (.€,6% 11,¢)] )
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Analyzing the hard coefficient in eq. (5.61), we observe that the imaginary part only contributes
starting at next-to-leading order (NLO). As a result, the last two lines in eq. (5.62) vanish at
LO. On the other hand, the first three lines involve the real part of the coefficient, which

at LO is simply one. Therefore, at this order, the only nontrivial task is to perform the
L.4/q

2L,3/0"

Since there are no experimental extractions of twist-3 TMDPDFs, the T-odd function

&-integration over g

must be modeled. In ref. [60], the size of some of these twist-3 distributions for £ = 0 is
assumed to be comparable to the Boer-Mulders distribution in the small-b limit. We assume
a similar behavior for the odd part of gQLL. Furthermore, we incorporate a suppression of the
distribution at large values of £, using a Gaussian damping factor for simplicity. Based on
these considerations, we propose the following toy model for the twist-3 distribution:

2|p2

L.a/q 2\ M=|b| . . . —£2/2, 1. 1.2

9ol /0 (x,f,b ) G [0 —21) —O(§ —x2)]e hi (z,b%), (5.63)

where hi is the Boer-Mulders distribution, ©(z) is the Heaviside step function defining the

support for the distribution, and the additional factor in the numerator arises due to the

different parametrization used in this work compared to ref. [60], as explained in appendix A.
Then, the integration for the T-odd part of the distribution yields:

[ ) S (] e[ ), oo

where erf]z] is the Gauss error function. Recently, in ref. [58], the Boer-Mulders distribution

was extracted using the following model:

2a+1
I'(ow + 1) cosh (A|b])

hi (x,b%) = xIn®(1/z). (5.65)
The values for A, N, and « can be found in ref. [58]. Note that this model is constrained
to x < 0.1, as there is no current data beyond this point for extracting the Boer-Mulders
distribution.

For the twist-2 jet function, we adopt the LO expression, which is given by

T (b7) =14 0(ay). (5.66)

Lastly, regarding the evolution of our distributions, we employ the framework used for
the optimal TMD distribution in [44] for both the jet and the Boer-Mulders distribution

‘ ‘ QQ —3K(b%.Q) ‘
nt (w,6%Q,Q%) = ( CQ(bQ)) hi (w,6%), (5.67)
2 \ —3K(0%Q)
Jll <b2 QvQQ) - (CQC?bz)> Jll <b2> )

where K (b%,Q) is the Collins-Soper kernel, and (¢ (b*) defines the special equi-potential (or
null-evolution) line. Explicit expressions for both are available in ref. [44], and we implement
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these up to NLO accuracy. The integral over the running coupling in K is computed
analytically using the iterative solution derived in ref. [104] at 51 accuracy.
Based on all of these ingredients, we consider the following leading logarithm (LL)

approximation:
_ 2
v 302 MPRyS) | < o ablla) (@2 ) K
ath = 2 2L o o ;
921 2Q Q Jo 2r|q Co(v) (5.68)

« (exf| 1| —erf[-12% (Pigen(2,6%) + By (2,6%)) -
(ot v5] -t -7

We refer to this approach as the Boer-Mulders model. In ref. [58], the quark and anti-quark
distributions are parameterized using |N| and N, respectively, with their analysis yielding
N < 0. Since the cross section involves the sum of both quark and anti-quark contributions,
this part of the cross section would cancel out. However, the absolute values of quark and
anti-quark functions are unlikely to be identical. To account for this, we approximate the
quark contribution as being ten times larger, noting that other choices will only affect the
overall normalization. The parameters that we employ for this model are

A=02GeV, N,=085410378 N, = —0.0854700076 o — g4+54 (5.69)

which ensures that NyNg = —0.0729, consistent with the findings in ref. [58].

Alternatively, as suggested in refs. [105-108], the Boer-Mulders function can be assumed
to be proportional to the Sivers function, i.e., hﬁfeh = AfflLT;th. Thus, another possible
model for the Boer-Mulders function is given by:

1 — )P (1 + e,m) ro+ 7]
hipop(2,b%) = AfN ( a (—bZ) : 5.70
B T ) e NV S R o7

where n(8y,€6q) = (34 Bg + (1 + By)eg)T'(Bg + 1)/T(By + 4). For the Sivers function, we
adopt a parametrization similar to that in ref. [109], where the values of all the parameters
above can be found. The proportionality constants Ay are determined by imposing that, at
x = 0.1 and |b| =4 GeV ™!, both models in eqgs. (5.65) and (5.70) agree for each flavor. This
procedure leads to larger normalization factors for the strange and sea quarks; however, their
contributions to the form factor remain negligible compared to those from the valence quarks
(up and down). For the reader’s convenience, we present here the values taken from [109]:

ro = 054708 GeV?,  r; =522T118 GeV?,  ry = 203113, GeVZ. (5.71)

The values that depend on the quark flavors are presented in table 1.
Using these ingredients, we evaluate the contribution of gjL to the sin ¢y asymmetry
of the cross section at LL within the Sivers model:

%) _K(b27Q)

dxLL :agmM2RyS” |q|/ d|b| |b|2J1(’quD Q?
921 20> QJo 2rlql  \ Co(b?)

1-2z

+ Ad flLT;deh ('T‘ bz) + AS flLT:m—h, (T* bz) + Asea flLT:sem—h ('/1’," bz)) .
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Parameter up quark down quark | strange quark sea
Ay -2.04 2.33 38.70 68.79
Ny —0.01750008 | 0.371013 0.7670% | —0.47703)
By —-0.3670% | —0.70577 2.5708 25703
€f —3.9106 9.07470 0 0

Table 1. Parameters for the Sivers model in (5.70), obtained from ref. [109)].

Since we lack a definitive method to determine which model more accurately represents the
twist-3 distribution g2lL, we show results for both approaches. In the following subsection, we
outline the framework necessary to account for the twist-3 jet contribution to the cross section.

5.3.2 Treatment of Jo;

The expression for the bare (unsubtracted) twist-3 jet distribution was derived in ref. [61]
at LO:

3 gl )
T YOO 1O (579)

Since Jo; and g; are real functions, the imaginary part in eq. (5.55) must arise solely from

Jéllaive (5 b2) — _4as CF

the hard coefficient. This implies that the &-integration in this part of the cross section
begins at NLO:

/_ " dEHI(z,€, Q)T (€, b7) = O(a?). (5.74)

Therefore, when considering the physical distributions defined in eqs. (4.77)—(4.84), the
LL contribution to the sin ¢y asymmetry in the cross section arises solely from the twist-3
TMDPDF. That is,

LL _ LL
A, = dZ4T (5.75)

It is important to emphasize that this result holds only for the leading order hard function.
At NLO, the imaginary part of the hard function contributes non-trivially. In that case,
one must include the contributions from both the twist-3 jet function Jo; (after properly
performing the overlap subtraction in eq. (5.73)) and the helicity TMD distribution gy,
using recent models such as those presented in refs. [110, 111]. Nevertheless, based on the
relative size of the jet and helicity terms, we expect the g; contribution to remain sub-leading
compared to that of gQLL, even at higher orders. With this formulation in place, we are now
ready to present the phenomenological results for this observable in the next subsection.

5.4 Phenomenological results for Flsjlf ¢

The sin ¢; asymmetry of the cross section at LL is plotted in terms of the momentum
fraction x and the transverse momentum g7 in figures 3 and 4, respectively. These results
are presented for Q = 10GeV and M = 1GeV, and for the kinematic configuration that
maximizes the asymmetry, i.e., SH = 1.
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Figure 3. Comparison of the sin ¢ j-asymmetry of the LL cross section for the Boer-Mulders and
Sivers model in egs. (5.65) and (5.70), plotted as a function of x for |g| = 2GeV, and Q = 10 GeV.
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Figure 4. Comparison of the sin ¢ j-asymmetry of the LL cross section for the Boer-Mulders and
Sivers model in egs. (5.65) and (5.70), plotted as a function of |g| for x = 0.05, and @ = 10 GeV.
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Since two different models for the twist-3 951 TMDPDF were considered, both are plotted,
with each curve labeled according to the model used. While the models exhibit distinct
behaviors, particularly at small x, their predictions remain consistent within the large error
bands. These bands reflect the uncertainties in the nonperturbative TMD parameterizations,
obtained by varying the model nonperturbative parameters within the uncertainties listed
in egs. (5.69), (5.71), and table 1.

For the Boer-Mulders model, the asymmetry rapidly decreases beyond = = 0.1, which
is an artifact of the model due to the lack of data for x > 0.1. Similarly, for the Sivers
model, data for the large-z region is currently limited to x < 0.5. To avoid overinterpreting
extrapolated behavior, we restrict our plots in figure 3 to the range 107 < x < 0.1. In the
small-x region, the Boer-Mulders model predicts a vanishing cross section as x — 0, whereas
the Sivers-based model diverges due to its % behavior, with 8., 84 < 0 as specified by the
model. This divergence is inherited by the cross section.

Regarding the |g|-dependence shown in figure 4, both models exhibit a Gaussian-like
behavior. For the Sivers model, this behavior is less apparent in this plot in the central curve
due to its smaller magnitude and higher gp-value for the peak compared to the Boer-Mulders
model. However, the error bands, obtained by varying the model parameters, show that
these models are compatible within the current uncertainties.

6 Conclusions

In this work we derived a factorized expression for the transverse momentum distribution of
jets in SIDIS, that holds up to next-to-leading power in ¢r/Q. We compared against two
results in the literature [5, 6] that differ from each other in terms of the relevant degrees of
freedom, and possibly disagree on the final result for the cross section, at higher orders in
perturbation theory. To address this, we used a modified version of the background field
method of ref. [5], including also background fields for soft modes. Our framework thus
bridges the formulation of the BFM without soft modes [5] with the SCET-II formulation
of ref. [6]. This unified treatment is potentially useful for other measurements that probe
soft radiation beyond TMDs, e.g. [112, 113]. Using our results, we make a phenomenological
prediction for one of the angular-asymmetry form factors.

The first step towards the factorized cross section is the construction of an effective
current operator. In our approach, the effective current is obtained by introducing background
fields for collinear, soft, and anti-collinear modes and directly integrating out the remainder
off-shell modes order-by-order in perturbation theory. To generalize this to higher orders, we
matched onto gauge invariant operators using the building blocks of SCET, and constrained
the Wilson coefficients of these operators using current conservation, reparameterization
invariance, and discrete symmetries. From our expression for the effective current, we derived
the hadronic tensor, finding that most of the sub-leading soft matrix elements vanished, leaving
only one soft gluon matrix element. To subtract the overlap (or zero-bin), we introduced a
background field for the overlap region inspired by the approach of ref. [76]. By combining
the NLP subtraction terms with the remaining soft gluon operators, we defined physical TMD
distributions, yielding a cross section that is expressed in terms of these physical distributions
and manifestly free of rapidity and endpoint divergences.
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We have compared our method and results to two previous approaches, tracing a potential
disagreement between them at higher orders in perturbation to a sub-leading soft contribution
in ref. [6], for which it is not clear that it can be absorbed into the collinear and anti-collinear
sectors. On the other hand, in ref. [5] soft contributions arise only as the eikonal limits
of the collinear and anti-collinear sectors and are thus always absorbed in the respective
distributions. Our expression for the effective current operator differs from those of both
refs. [, 6]. For ref. [5], this is simply due to the absence of soft background fields in their
approach. Some differences with ref. [6] stem from them using the label formalism of SCET
rather than a position-space approach. A potential real difference in the effective current
vanishes only if a non-trivial condition on the Wilson coefficients is satisfied— a condition
that appears to hold so far but remains to be proven to all orders.

We applied our factorization formula to derive the factorized cross section for e + h —
e + jet + X at small transverse momenta, presenting the general form factors for SIDIS
with a jet measurement in terms of the physical twist-3 TMD distributions that we defined
earlier. Additionally, we identified a particular angular asymmetry that depends only on NLP
terms, which, interestingly, at LL receives contributions solely from a twist-3 TMD parton
distribution. This observable thus presents a clean probe of sub-leading power dynamics and
could serve as a useful input for future phenomenological studies. Higher-order corrections to
this observable can be systematically incorporated through the perturbative computation
of the relevant hard and jet functions, as outlined in this work. From a phenomenological
perspective, the SIDIS form factors are especially relevant for future experimental analyses
at the upcoming Electron-Ton Collider [93].

While our framework successfully establishes a consistent factorization structure at NLP
using the BFM with soft modes, a complete reconciliation with the SCET-based approach
requires further investigation. Arriving at an agreement between all three approaches is
essential for going beyond leading-logarithmic accuracy in making theoretical predictions and
extracting twist-3 TMDs from experiment. Moreover, our method lays the groundwork for
other sub-leading power studies, both to extend the analysis to other processes at NLP and
to push the framework to higher orders in the power expansion, where soft contributions
beyond the leading power soft function may contribute.
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A Different NLP parametrizations

In this appendix, we discuss some differences in the parametrization of NLP distributions
with refs. [54, 60], concerning the gluon field appearing in the twist-3 matrix elements, as
well as the basis of twist-3 matrix elements.

An important difference between the twist-3 matrix elements in eqs. (4.77)—-(4.84) and the
®, functions found in these references, is that we use a SCET-like structure ~,.4%., whereas
refs. [54, 60] factor out the v, along with the other Lorentz structures and employ the usual
QCD field-strength F** inside the matrix element. The relation between the A-fields and
field strengths, for SIDIS, is given by

o0 B

Al(y) = +g/0 dete™ 7 i (y + 2T h), (A.1)
0 —

Ar(y) = —g/ dz et 0" FhE (y+27n). (A.2)

This substitution incorporates a §-regulator to control rapidity divergences. We can introduce
the variable £, using the identities:
o0 —i

o - — — d L— —
/0 dzte " Fr (?/+Z+n):/_ dgﬂ 2; etita” Z+]:j (y+27n), (A.3)

/ A2 igqt= Fif(y+27n),  (A4)

o0 —i

0 st _
[Wdz e " FE (y 42 n):/oodf:lzg_'_l(s+

where (525 = 0%/q* is positive and ensures the integral is well-defined. This makes the
endpoint divergence in the variable £ explicit. In these identities, the sign of ¢ is arbitrary
since it undergoes integration over all possible values. However, to match ref. [60], we adopt
the pole prescription £ — iég for the Fo1 operators and £ + i(% for the Fis ones.

The basis of TMDs used in this paper can be related to those in ref. [60]. After a detailed
comparison, taking into account the odd and even components as defined in eq. (5.57), we
arrive at the following relations for the bare distributions:

M?|b M?|b)?
fie = - ! \ (f@ 00 4 g 100 fh = 5_116% (2100 _ g0y | (a5)
M2\b\2 J_ 60] | 1,[60 M?|b|? L,f60 J_ o0
1 0] | o150 1 gl
_ _ AT
fare = ez (for + ) , fare = £ (f ) (A7)
M2b]® /160 | 1,[60] M?[b* (160 o ,[60]
L L
fore = £ o} (f + 91 ) 1 fore = £ iof (f ) (A.8)

As is clear from the above equations, we don’t (need to) isolate the 1/(£ —1id7) poles. In our
case these endpoint singularities are removed by the overlap subtraction. Furthermore, while
in refs. [54, 60] the Dirac matrices that project the good components of quark spinors are
and y 15 (corresponding to the unpolarized f and polarized g distributions, respectively), our

approach employs the single projector €/'c®*~5. This projector yields specific combinations
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of the distributions in [60], as shown in egs. (A.5)—(A.8). This is not in conflict with ref. [60]
as it was already noted there that the above combinations evolve together.

Finally, our definitions for the derivatives of the twist-2 distributions involve a different
prefactor:

F' = M?|b|*F, (A.9)

where the dotted function F' denotes the derivative of F as defined in ref. [60].

B Contractions with leptonic tensor

The contractions of the leptonic tensor given in eq. (5.19) with the different Lorentz structures
that appear for the hadronic tensor in egs. (5.33), (5.35), and (5.36) are

oV = 120722 gl Qeosto) OV Loia), B)
() Ly =20, Q21 -0 JqlQeoston) (B2)
”ZECVF = —20alQY Y 2y coston) +ikysin(on)| +Oa). (B3
?_ = =2a1Q¥ Y [(2-y)cos(6s) ~hysinen)] +O(aP), (B)

it ﬁ[(2—y>cos(@)%ysin(@)]+O<|q12>, (B5)
%L Y 2mpcos(on-ingsn(on]| +00aP).  (B6)
UG = 210V Y [ryeos(on) 2 p)isin(6y)] (8.7
W) W—2\q\czﬁ [yeos(és) - (2-y)isin(e,)]. (B3
UL, =2lq \@ﬁ [\eycos(é) +(2—y)isin(6)]. (1.9)
M = - ﬁ Y[\, ycos() (2)isin(6)]. (B.10)

Note that we have neglected contributions with higher powers of |g| as they are sub-leading.
These contractions can be reproduced by using the expressions of these tensors and vectors
given in egs. (5.8)—(5.13) and expressing them in terms of the relevant kinematic quantities.
For the transverse spin structures, we also get other contractions that involve the angle
with the spin of the incoming hadron ¢g

97" aruSt.v =lal|S 1 |cos(¢s—¢s), (B.11)
e ar,,ST0=—1q||5S 1 [sin(ps—os), (B.12)
U 1, =205 VY [yeos(os) 4 2-pisn@)] +Olal),  (B13)
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Sﬁ ,3 B —
(q”;)( z +‘1|T‘|’T)LW=—Q 5112 [Ayoos(265-6s)-i(2-y)sin(20,~65)] +O(la).

(B.20)

Here, we have also employed eqs. (5.14) and (5.15) to perform the contractions. These results
lead to the final expression of the cross section in (5.38).
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