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Variations in the instrumental noise of the Laser Interferometer Space Antenna (LISA) over time are
expected as a result of, e.g., scheduled satellite operations or unscheduled glitches. We demonstrate that
these fluctuations can be leveraged to improve the sensitivity to stochastic gravitational wave backgrounds
(SGWBs) compared to the stationary noise scenario. This requires optimal use of data segments with
downward noise fluctuations, and thus a data analysis pipeline capable of analyzing and combining shorter
time segments of mission data. We propose that simulation based inference is well suited for this challenge.
In an approximate, but state-of-the-art, modeling setup, we show by comparison with Fisher information
matrix estimates that the optimal information gain can be achieved in practice.
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I. INTRODUCTION

The next generation of gravitational wave (GW) inter-
ferometers, in particular the Laser Interferometer Space
Antenna (LISA) [1], the Einstein Telescope (ET) [2], and
Cosmic Explorer (CE) [3] will revolutionize our ability to
explore the Universe through GWs. A key to this is the
extension of the frequency coverage as well as the
tremendous increase in strain sensitivity compared to
current GW detectors [4-6]. However, there is a significant
data analysis challenge that comes with this increased
sensitivity. While current ground-based GW detectors are
noise dominated with sparse signals due to merging
compact objects, the next generation detectors will be
signal dominated, with thousands of resolvable binary
systems as well as astrophysical (and possibly cosmologi-
cal) stochastic gravitational wave backgrounds (SGWBs)
within instrument reach. This calls for a paradigm change
in the data analysis [7,8].

In this paper, we focus on the particular challenge of
detecting an SGWB in LISA under these circumstances. In
the LISA band, we expect astrophysical SGWBs due to
unresolved (i.e., faint) binaries of compact objects (neutron
stars, white dwarfs, black holes). Moreover, cosmological
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SGWBs are predicted in many extensions of the Standard
Model of particle physics, due to, e.g., first order phase
transitions, topological defects, the formation of primordial
black holes, or in some models of cosmic inflation, see, e.g.,
Ref. [9] for an overview. Thus, observing or constraining the
presence of such SGWBs provides a unique window to the
early universe and unexplored particle physics regimes.

In rather simplified terms, the challenge in searching for
such signals in LISA is twofold. First, any fit to the data
needs to account for the presence of GW signals from loud
binaries, the possible presence of SGWBs, and the instru-
ment noise. This is at the core of the global fit program
[7,8,10,11] currently based on Markov chain Monte Carlo
(MCMC) techniques, although the first steps toward
implementing this using simulation based inference
(SBI, see Ref. [12] for a review) have been taken in
Refs. [13-15]. Second, disentangling an SGWB contribu-
tion from the instrument noise suffers from the limited
knowledge of the latter. This situation is exacerbated by
(i) the lack of down-time in the detector, i.e., the lack of a
signal free environment to measure the noise properties,
(ii) the absence of independent data channels (as in a
network of ground-based detectors) to cross-correlate with
and suppress the noise, and (iii) the multitude of possible
signal templates. Given this, existing analyses have relied
on fixed templates for the noise [16—19], the signal [20,21]
or both [22,23]. See also [24], for an analysis with flexible
signal and noise templates.

An additional simplification used in all these approaches
is to assume that the SGWB (in the appropriate reference

© 2025 American Physical Society


https://orcid.org/0000-0003-2020-0803
https://orcid.org/0000-0003-1233-4174
https://orcid.org/0000-0002-7208-4464
https://orcid.org/0000-0003-0665-266X
https://ror.org/04dkp9463
https://ror.org/04dkp9463
https://ror.org/01ggx4157
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.111.102006&domain=pdf&date_stamp=2025-05-21
https://doi.org/10.1103/PhysRevD.111.102006
https://doi.org/10.1103/PhysRevD.111.102006
https://doi.org/10.1103/PhysRevD.111.102006
https://doi.org/10.1103/PhysRevD.111.102006

JAMES ALVEY et al.

PHYS. REV. D 111, 102006 (2025)

frame) and the noise are stationary, i.e., the data can be
modeled by drawing different realizations from fixed, time-
independent distributions. While for SGWBs this is fully
justified on the timescales of relevance for LISA, the
instrumental noise is known to suffer from scheduled
(due to instrument operation) and unscheduled glitches,
i.e., interruptions in the data stream [25—28].1 After such
events, in particular if due to a change in the instrument
configuration, there is no reason to expect the noise level to
be exactly the same before and after. Our goal in this paper
is twofold: (i) to explore the implications of time-varying
instrumental noise on the SGWB reconstruction, and (ii) to
demonstrate that SBI techniques are well-suited for ana-
lyzing this scenario.

To this end, we have developed public codes (see
Mauropieroni/GW_response and PEREGRINE—GW/SAQQARA) to
simulate and analyze LISA data. The simulator features
a modular structure for the signal components, the noise
components, and the LISA response functions. In particu-
lar, compared to earlier work [13], we include all three data
channels of LISA and account for the full ~3 years of
effective mission duration [27,31]. In this paper, we are in
particular interested in the impact of more realistic noise
modeling on the ability to reconstruct SGWB parameters.
The base LISA model is a two-parameter noise model
parametrizing the amplitude of the test mass (TM) and
optical metrology system (OMS) noise assuming a given
spectral shape. Being more realistic, however, the noise
levels should be expected to vary in time, nominally lying
between the current best estimate and the allocated noise
budget [31]. To investigate the impact of nonstationary
noise on the ability to search for SGWBs, we cut the data
streams into segments of 11.5 days (motivated by the
cadence of scheduled satellite operations, although we note
that any segment length could in principle be used here)
where we assume the noise to be well described by the two-
parameter base LISA noise model. We then draw indepen-
dent fiducial values for the two noise parameters in each
segment from Gaussian distributions motivated by the
allocated noise budget [31].

This setup is, of course, still rather simplified compared
to the full LISA data analysis challenge. However, the
modular setup of our code lays the groundwork for several
possible extensions, such as further refining the underlying
(parametric) noise model, including different signal tem-
plates, or adding GW signals from different source popu-
lations of binaries.

The rest of this work is structured as follows: in Sec. II,
we start by describing the properties of the different
modeling components included in our analysis. We pro-
ceed, in Sec. III, by using the Fisher information matrix
(FIM) formalism to demonstrate that with a suitable

'See also [26] (LISA) and [29,30] (LIGO) for work on
distinguishing glitches from transient signals.

analysis strategy, we can (in principle) leverage the rare
low-noise data segments to increase the signal-to-noise
ratio (SNR) of the signal. With this expectation, in Sec. IV,
we show that our SBI pipeline can efficiently achieve close
to the optimal information gain in this scenario. Ultimately
this highlights that time variation in the noise levels can
allow for a more accurate reconstruction of the SGWB
parameters compared to a constant noise scenario with
fiducial values for the noise parameters taken to be the
mean values of the distribution. Finally, in Sec. V, we
conclude and discuss future perspectives for our work.

II. SIGNAL, INSTRUMENTAL AND TIME-
VARYING NOISE MODELING

Taking a step toward more realistic modeling of the
instrument noise, our goal is to investigate the ability to
search for SGWBs in the presence of nonstationary noise
components. The naive expectation may be that this added
complication could lead to a degradation of our ability to
reconstruct the signal parameters. However, as we demon-
strate below using both FIM forecasts and SBI techniques,
this is not necessarily the case. If the data analysis method
succeeds in leveraging the gain in the SNR from the low
noise segments, this can overcompensate for the loss in
information in the high noise segments. Concretely, we will
demonstrate that for a sufficiently large number of data
segments, the signal parameter reconstruction with time
varying noise can be more precise than for a constant noise
level with mean amplitude.

In this section, we summarize the main ingredients used in
the analysis regarding the data modeling. We start by
introducing the instrumental noise model employed in our
analysis and time delay interferometry (TDI). We proceed by
describing the instrumental response function and conclude
by providing the template we use for the SGWB. The
discussion and notation closely follow the one employed
in [23] to which we refer the reader for further details.

Before discussing these specific topics, we first intro-
duce the conventions used throughout the paper. We use
lower Roman letters (7, j,...) to index the three LISA
satellites labeled as 123. We denote with #,;(z) the
measurement performed at time ¢ on the “link™ ij, corre-
sponding to the path connecting satellite j to satellite i. Six
links with different time-dependent lengths L;;(¢) form the
LISA conﬁguration.2 The measurement is defined as the
time derivative of the difference between the measured
travel time, including noise and, if present, GWs, and the
travel time in the absence of such effects. In the following,

“Notice that since LISA rotates around its center of mass, even
in the absence of GWs, the travel time for a photon leaving
satellite j at time (- L;;/c), reaching satellite i at time 7 is
different to the one for a photon traveling in the opposite direction
from satellite i to satellite j, i.e., L;; # Lj;. This is known as the
Sagnac effect.

102006-2
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we denote with #7"(r) and #}i(r) the GW and noise
contributions to the single link measurements, respectively.
While in the analysis performed in Secs. III and IV, we
will restrict ourselves to the case where L;(t) =L =
2.5 million kilometers (i.e., a static equilateral configura-
tion) and uniform noise parameters across all satellites
(albeit with independent noise realizations), in this section
we provide the general formulas that do not rely on
this assumption. Finally, D;; denotes the delay operator,
whose action on a single link measurement #,,, (), under
the assumptions stated above can be expressed as
D ;i (t) = 1y (t = L;j/c). The simulator defined in
PEREGRINE-GW/SAQQARA and the GW_response code closely
follows the notation and procedure described in the
remainder of this section. Looking forward, this setup also
allows for a straightforward implementation of more
complex noise, signal, and instrument models beyond
the specific choices used in this paper.

As a final comment, for consistency with most literature,
in this section, we work with both positive and negative
frequencies. For computational reasons, however, in all our
codes we work with positive frequencies only. For this
reason, all equations in the other sections of this paper
(including Appendix), are written in terms of positive
frequencies only.

A. Time delay interferometry

Time delay interferometry, or TDI [32] is a data
processing technique that consists of combining measure-
ments performed at different times to achieve noise
suppression. In LISA, this technique will be crucial to
reduce laser frequency noise, which otherwise dominates
the noise budget, jeopardizing the prospects of any GW
detection [1,33]. While it is possible to define several TDI
variables [34—41], in this work we restrict our focus to two
TDI bases: the Michelson variables, typically dubbed XYZ,
and the diagonalized version, denoted by AET [35]. In the
first-generation version,” the TDI X variable, describing the
difference in time delay between a return trip along the
12-arm and the 13-arm, is defined as

X = (1= Dy3D3)(n12 + D12n121)
— (1 =Dy3,Dy1)(m13 + Disnsy). (1)

The (1 — Dy, D,;) factors in this expression ensure that, in
the absence of GWs, the total travel time in the two
directions is the same for unequal (but constant) arm
lengths. The Y and Z variables are defined through cyclic
permutations of the indices appearing in this equation.

3First-generation TDI variables ensure laser noise suppression
only in the limit of constant arm lengths, neglecting the Sagnac
effect L;; # Lj;. If these assumptions are relaxed, more compli-
cated TDI variables are required (see, e.g., Ref. [38]).

Starting from the XYZ variables, the AET basis is then
defined as

Z-X

A_—a
V2

X-2Y+7Z X+Y+Z 2)
Ve V3o

For equal arm lengths and equal noise levels across the
three satellites, this basis removes the cross-correlations
between different channels both for signal and noise.
Moreover, it has the property that the T channel is nearly
signal insensitive at low frequencies [35] (hence it is known
as a null channel), making it a good monitor for some noise
components.

Notice that the XYZ, and similarly the AET variables,
are defined as linear combinations of the single-link vari-
ables. As a consequence, the mapping from the single-link
variables to any TDI basis (including the relevant time
delays) can be defined through a 3 by 6 matrix, say y! 5
where the index / runs over the three variables in the
TDI basis and ij labels the 6 single link variables.
Analogously, any power or cross spectral density (PSD/
CSD) can be defined by applying a 3 by 3 by 6 by 6 tensor
A = )(l’])({m on the single-link PSDs and CSDs.

ij,lm

B. LISA noise model

After suppressing the laser frequency noise using TDI
techniques, the LISA noise budget is expected to be
dominated by two components: the test mass (TM) accel-
eration noise, and the optical metrology system (OMS)
noise [31,33,42]. For this reason, the TM and OMS noises
are typically known as “secondary noises.” Each satellite
composing the LISA constellation contains two TMs,
whose noises are, in principle, independent. Similarly,
six independent OMS noise components will affect the
LISA measurements. These noise components enter the
single-link measurements as

(1) = ng" (@) + Dy (0) + M @). - (3)

The CSDs of the TM and OMS noise can be formally
expressed as

RS () = 3 05mSNOG ~ ). (4)

1
(AT NS () = 584m ST (NS = 1), (5)

where we assume the noise PSDs (in seconds) to be given
by [1]
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o X o L 2(f\?
ij (f) i X x X <25 X 109 m> <f>

o (2] )

(6)

. 25x10°m\ 2/ f\2
SOMS(f) = P2 x 1.6 x 1073 x <L> (f)

4
X [1 + <2 mHz) ] X8, (7)
f

where f, = (2zL/c)™' ~19 mHZ is the characteristic
frequency for LISA, and A;;, are the six TM and
OMS dimensionless noise parameters. In the following, we
will work with a simplified version of the noise model
where A;; = A, P;; = P, with the fiducial noise levels
specified i 1n [42] correspondmg to Ap = 3 and P, = 15. To
model the time varying noise, for each data segment of
11.5 days, we draw the values of A and P from Gaussian
distributions with mean A, and P, and standard deviation
of 20% of these fiducial values. This is motivated by the
range between the allocated noise budget and the current
best estimate in Fig. 7.1 of Ref. [31]. Given these values of
A and P, we generate independently the noise realizations
in each link and in each data segment.

C. Instrument response function and signal model

The signal contribution to the single-link measurement
7 (¢) is the fractional frequency shift induced by GWs on
the path of a photon traveling from satellite j (at position
X ;) to satellite 7 (at position X;). By expanding the GW

signal in plane waves, this quantity can be expressed as

tra-(5) [o(f)o

/ 0 Y e DI, (9

where & is the GW wave vector, and k is its norm, ; is the

solid angle, 7,(f, k) are the Fourier coefficients with
polarization index A, and
L k) = L= sine(z f Ly (1 + k - 1;;))
(T

x L ¢l (k). ©)

Whereiij - ()_C)j - .7_6:1)/|)_CD
i to j and ¢, (k) are the GW polarization tensors defined as

in [23]. The single-link CSD (in the frequency domain) for
the signal can then be expressed as

— X;| is the unit vector going from

GW E M
Sz] mn le mnP

e

ko —2mfk Xi—X,) £ 2N\ s
X/ 4 5 (f k) mn(f7k) s (10)

where we have introduced the (polarization-dependent)
single-link response functions R ;mn and substituted the

statistical properties for a homogeneous and isotropic
SGWB

P ()

8(f—f)8(k—k)8,, lor

(ha(f I3 (f ) = (11)
Following the procedure discussed in Sec. II A, the single-
link responses and signal CSDs can be suitably combined
to get their analogs in any TDI basis.

Note that, while we consider all noise components to be
independent link-by-link there is only one SGWB realiza-
tion at a given time, characterized by h,(f,k) to be
projected onto the different TDI variables. However, given
the orthogonality of the AET basis, in practice, each
channel measures statistically independent realizations of
the sky-averaged signal. This is due to a reweighting of
contributions from the different angular directions by the

corresponding sky-dependent response functions.

D. Signal model
Finally, we discuss our choice for the signal model. In
this work, we restrict our study to one of the simplest
possible choices, i.e., a power law template

Qqw(f)h* = 10%(f/f.) (12)

with the two parameters a and y and the pivot scale f, set to
vV minSmax = 3.8 x 1073 Hz, where fyinmax are the mini-
mum and maximum frequencies defined below in the case
studies. This simple template serves as an illustrative
example and allows for a thorough comparison between
the different methods (FIM forecasts and SBI) presented
here. As demonstrated in Refs. [13,14], SBI techniques can
be straightforwardly generalized to more complicated
signal templates, including quasiagnostic templates con-
sisting of multiple broken power laws. The signal para-
meters are taken to be constant across all data segments.

In this work, we assume a static SGWB. An anisotropic
SGWB would violate this assumption in the instru-
ment reference frame, due to the LISA antenna pattern
sweeping the sky. However, this could be included in the
modeling of the instrument response, thus recovering a
time-independent SGWB [43].

Moreover, we ignore the presence of foreground signals
such as inspirals and transient sources. See, however,
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Ref. [13] for a demonstration of an unbiased recovery of the
SGWB signal parameters in the presence of mock fore-
ground transients. In the context of this work, long duration
foreground signals spanning more than one data segment
may pose a particular challenge, as phase information is lost
when the data segments are analyzed separately. However,
for SGWB analyses, a possible solution may be to mask the
corresponding frequencies of foreground inspirals. We leave
a more detailed study of this problem to future work.

ITII. EXPECTATIONS: FISHER FORECASTING

In this section, we use FIM techniques (see below) to
provide a benchmark estimate for the impact that time-
varying noise modeling has on the reconstruction of an
SGWB. For this purpose, we take the modeling setup
described in the previous section and investigate the
constraints on the model parameters a and y in the power
law signal template across two case studies detailed below.
We start this section by describing the case studies
considered in this work. We proceed by introducing the
FIM formalism and applying it to the case studies to
forecast the accuracy in reconstructing the signal para-
meters in the different configurations.

A. Case studies

In each case study, we consider the frequency-domain
data d! . = dL(f;) across the TDI channels / = A, E, T split
into N, = 100 time segments of duration 7y = 11.5 days,
indexed by 7 and defined on a frequency range with f;, =
3x 107 Hzand f,,, = 5 x 107! Hz. In all cases, we take
the fiducial values of the signal parameters to be a = —11
and y = 0. Consistently with Appendix, we define the
parameter vector 6 = (6,6, ,,...,0, y ) to consist of a set
of signal parameters 6, = (a,y) and N, sets of noise
parameters 6, , = (A,, P,) for each segment 7 = 1...N.
In more detail, we consider:

(1) Case I (fixed noise): For this benchmark case, we
assume that the noise level does not vary across the
various data segments4 so that the parameter vector 6
is given by 0= (a=-11,y=0,A, =3,P,=15,...,
Ay, =3,Py_=15). The FIM and the corresponding
covariance matrix (see below), allows us to define a
benchmark sensitivity for the signal parameters o
and y.

(i) Case 2 (time-varying noise): In the second case
study, we investigate how time-varying noise across
the various data segments impacts the determination
of @ and y. Specifically, the parameter vector

“It can be shown either from an information perspective or
directly at the level of the covariance matrix that this setup is
equivalent (in the sense of constraints on  and y) to analyzing the
full dataset as a single entity with only one set of noise parameters
(Ag, Py) = (3,15). This is not true for the more general case 2.

0= (a,y,A;, Py, ...) that we evaluate the FIM on
is now constructed as follows: fix a = —11 and
y = 0 as per case 1, then sample N, realizations of
(A, ~N(3,0.6), P, ~N(15,3)) and populate the
parameter vector. For each realization, the corre-
sponding FIM is computed (which involves sum-
ming the individual FIMs across segments), inverted
to obtain the covariance matrix, and the parameter
sensitivities and correlations for o and y are read off
from the relevant covariance matrix components.
This is then repeated for Ngmpes = 5000 realiza-
tions, generating a distribution over the expected
sensitivities.
In case 2 the varying noise levels in each segment will
inevitably lead to segments where the noise is larger than
the corresponding fixed case case 1 (with A =3, P = 15)
and vice versa. Naturally, in those segments where the noise
is larger than the average value, the constraints on the signal
parameters will degrade. Likewise, if the noise is below
average, the constraints on the signal parameters tighten.
The question we are trying to answer in this section is how
do these two effects balance out at the level of parameter
estimation in our setup.

B. Fisher information matrix construction

In order to carry out these estimates, we construct the
FIM F ,5(0) for the parameters 6 given our data modeling
assumptions. The full derivation for the FIM over all data
segments is given in the Appendix, and is implemented in
the SGWBFISH module of the SAQQARA code. In short, the
FIM is given by the expectation E of the following quantity
over data realizations d under the data generation process

p(d|o),

9 log p(dlé’)]‘ (13)

FAB(G) - _[Ede(d\G) { 00,00

where A and B run over the signal and noise parameters in
all data segments, see Appendix for details. After con-
structing the FIM, one can then compute the corresponding
covariance matrix Cy5(0) = F35(6) by simply taking the
matrix inverse. In our context, and for the results below, we
are then interested in the relevant submatrix, corresponding
to the parameters of the signal template. These provide
sensitivity estimates for the variance and covariance across
the signal parameters, marginalized over the noise param-
eters. Specifically, we can consider the submatrix C,(0) of
C,p(0) given by

Ch(é’: (avyvAlvPIv"')) =

(14)
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FIG. 1.

Left: FIM forecasts for the two-parameter signal model. The pink curves in the corner plot and the inset indicate the result for

nonvarying noise parameters. The black curves and the black histograms highlight the results for time-dependent noise parameters,
sampled according to Sec. II. The fiducial parameters taken here are given by: a = —11, y =0, A = 3, P = 15, with N; = 100 data
segments, fum = 3 X 107 Hz, fi.x =35 x 107! Hz, and T, = 11.5 days. Right: demonstration that in the case where the noise
parameters are genuinely stationary across the dataset, we should expect the same sensitivity on the signal parameters a and y if
we analyze the dataset assuming only one pair of noise parameters (A = 3, P = 15), or allow them to vary across each segment
(A, =3, P, = 15) forz = 1...N,. Naturally, the constraints on the parameters covering the full dataset (blue curves/contours) (A, P) are
tighter than the constraints on the parameters in any one segment (A,, P,) (pink curves/contours). In the upper right panel, we show that
nonetheless, the constraints and correlations on the signal parameters are identical to the left-hand scenario.

where o,, o, are the expected standard deviations on the
reconstruction of the parameters @ and y in the signal
template, and o,, is the covariance between them. For a
given choice of 6, these quantities directly provide esti-
mates of the possible precision one can achieve when
determining the model parameters across the case stud-
ies above.

C. Fisher results

We carry out this analysis using the SGWBFISH module in
SAQQARA for the parameter choices provided above. The key
results of this study are shown in Fig. 1. Specifically, the pink
curves and vertical lines in this figure denote the results
of case 1. In the corner plots, we have generated the
1-dimensional Gaussians and the 2-dimensional ellipses
using the covariance matrix C},(8). The results for case 2 are
then shown via the black curves in the corner plots, and the
black histograms in the upper panels. The histograms in
particular show the distribution of the errors in the param-
eters relevant for signal reconstruction over realizations of 6.

This leads to a very clear picture regarding the impact of
the time varying noise on the sensitivity to SGWB. In
particular, by analyzing the data on a segment-by-segment
basis, the increased sensitivity from the segments where the
noise is reduced compared to the average outweighs the

reverse impact. As such, we see that the distribution of errors
on signal parameters lies below the benchmark value that
would arise from either (a) noise which maintains a fixed
magnitude, or (b) analyzing the data assuming the noise
remains fixed throughout, via some form of averaging
process over segments. This motivates developing an
analysis strategy that can leverage this improvement in
performance induced by the low-noise segments of the data.
We note that analyzing the data allowing for time varying
noise when in fact the noise levels are constant does not
result in any information loss, i.e., the FIM results for the
four parameter model (a, y, A, P), averaged over all
segments, agree with those found in case 1. This is
demonstrated in the right-hand panel of Fig. 1. In the next
section, we explore the extent to which SBI is a useful tool
for this purpose and demonstrate that we can recover this
expected sensitivity distribution in a full analysis of the data.

IV. VALIDATION: SIMULATION BASED
INFERENCE FRAMEWORK

In this section, we demonstrate that, consistently with the
FIM results in Sec. 111, the SBI pipeline we have developed
can leverage the information gain in the low-noise segments.
This framework relies on analyzing the data segment-
by-segment, as stacking all data segments would instead
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result in data featuring the average noise level and
the additional information will be lost. This showcases
the benefit of an implicit likelihood method (here for
the frequency coarse-grained single-segment data), for
performing this analysis efficiently, as detailed below.
Below we describe our general strategy and technical
implementation before presenting the results for the case
study described above.

A. SBI analysis strategy
Ultimately, the possible benefits highlighted by the

segment-by-segment as opposed to averaging over portions

of data with different noise characteristics. Several key

aspects of our SBI strategy allow us to realise these benefits
efficiently in a full analysis pipeline.

(1) Amortized marginal posterior estimates: The

full dataset is a series of N, segments, each

with independent noise parameters (A, P,),

with 7=1...N,;, but shared signal parameters

0, = (a,y) which we ultimately want to infer.

The independence of the segments allows us to

break up the calculation of the signal posterior

pla.y
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where the proportionality factor in the second-to-last line is
only a function of the data {d,, ...} and in the last line we
have assumed that the prior p(a,7, A, ...) factorises across
the segments. Given our assumptions about the noise
specified above, we assume that the spectral shapes of the
noise components do not vary, only their magnitude as
specified by the parameters A and P. This means that each of
the marginal posteriors p(a,y|d,) are solving the same
Bayesian inference problem segment-by-segment, albeit
with varying realizations of d,, drawn from different noise
parameters. In the SBI context, this means that we only need
to solve the one-segment problem once, and then we can
apply the trained network to the remaining segments
essentially for free, once a well-calibrated marginal posterior
estimate p(a,y|d;) is obtained. In terms of performance,
with a trained network, we can analyze a single segment in O
(seconds) and the full dataset in O(1 minute).5

>For a more precise benchmark, the computing hardware used
in this work consisted of 18 (shared) Intel(R) Xeon(R) Platinum
8360Y CPUs and a single, shared NVIDIA A100 graphics card.
With the learning rate scheduler and network described below,
training takes O (1 hour).

(15)

(i) Low-dimensional data representations: Arguably,
one of the key challenges for analyzing LISA data in
an SBI context is data storage. To train an SBI
algorithm requires data d generated according to the
implicit data likelihood p(d|0) across a range of
possible model parameters 6. Breaking down the
inference problem as above already helps in this
regard because it allows us to store only data for a
single segment but use it to train a network capable
of analyzing all segments. In addition, because SBI
is an implicit likelihood technique, we can actually
perform any transformation to the data d — f(d)
and the set of algorithms can (in principle) learn the
corrected likelihood for the compressed or trans-
formed data p(f(d)|@). Here, we take a similar
approach to [17,19] and coarse-grain the data across
the almost 500,000 frequency bins.® In particular, we

The 500,000 frequency bins comes from the following
computation: we have segments of length 7 = 11.5 days which
means that we have a minimum frequency resolution of
Af =1/T = 10° Hz. Taking a minimum frequency of f,;, =
3x 1073 Hz and f,,, =5 x 107" Hz, the total number of
frequency bins in the N = (fax — fmin)/AS = 499, 970, i.e.,
about 500,000.
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FIG. 2. Coarse-grained data. Realization of the coarse-grained
data for the A (orange), E (blue), and T (pink) channels used in
the analysis. The black curves in the background are the
uncompressed quadratic data across the full frequency grid.

first fix the relevant coarse-grained frequencies
before directly averaging the data inside the bins
defined by this grid. An example of this coarse-
graining process is shown in Fig. 2. In the analysis
shown below, we coarse-grain the quadratic data
down from ~500,000 frequency bins to ~2000.
This has three key benefits as far as SBI is

|

fea(Infy + nous + 5'1%)

concerned: first, we can retain all the necessary
information in the coarse-grained representation (as
shown by the MCMC comparison); second, the data
storage requirements are significantly reduced, since
we only need to store coarse-grained data for a
single segment; and third, the network training is
significantly accelerated, since the architecture only
has to process data with ~6000 dimensions, as
opposed to the ~1.5 million that one would nomi-
nally start with. We describe the network architec-
ture in more detail below, but it is worth noting that
this sort of compression on a segment-by-segment
basis may not possible in an MCMC context if the
exact likelihood for the compressed data p(f(d)|0)
cannot be written down explicitly.

(iii) Efficient data generation: The final aspect that
allows us to make our pipeline efficient to train
and carry out inference with, is our data generation
and storage scheme. Due to the particular setup of this
simulation model, the three relevant components
(TM noise, OMS noise, and signal) have a known
scaling with frequency. We can leverage this and
significantly bootstrap our sample size by splitting up
simulations into component-by-component blocks.
Specifically, we are ultimately interested in analyzing
the coarse-grained quantity given schematically by
fea(d™d" = |ngy + ”OMS + ') where fcg rep-
resents the coarse-graining operator. This operation is
linear, so we can write this quantity as

= fea(Iniml?) + foa(Inbusl?) + fea(s'1?) + fog (2Re(niyniys))

+ foa(2Re(nGyss’)) + feo(2Re(nizys’)) (16)

The crucial point is that each of these terms has a known
scaling with the parameter values and/or a given frequency
dependence through the templates. For example,
fea(Inhyl?) < A%, foo(2Re(nfyynbys)) o< AP ete. This
means, that if we generate and store these 6 independent
coarse-grained quantities, we can generate a “new’” simu-
lation for any combination of parameters (or indeed any
signal/noise template, making this a very general purpose
approach). Note that these quantities are all expressed in the
relevant TDI basis (AET in this paper). Crucially, this
ensures that the (relatively) expensive signal response,
noise generation, and TDI basis transformations need only
be carried out once. In practice, we generate 50,000

"We have also checked explicitly that we can achieve the same
posteriors with far fewer bins than this, at least as low as 200. This
immediately decreases the training and inference time and
reduces data storage requirements.

[

realizations of each term in this sum which we can use
for all training and analyses.” This saves significantly on
simulation costs that would otherwise typically be asso-
ciated with sequential SBI methods, see, e.g., [45-47].

*We note, however, that it is possible to write approximate
likelihoods for the compressed data. For example, in [19] an
approximate likelihood is defined for coarse-grained data that are
the result of averaging over many time segments. Alternatively,
in [20], a Wishart likelihood is used to model data averaged
across frequency bins.

From a technical perspective, we write a PYTORCH [44]
dataset and data loader that loads coarse-grained examples and
rescales them according to sampled parameter values. This is fast
enough to be carried out online, during training. The data
generation, paralellized across 10 (shared) Intel(R) Xeon(R)
Platinum 8360Y CPUs, took O(1-2) hours.
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B. SBI implementation and technical details

SBI algorithm: In this work, and the corresponding
SAQQARA code, we use the Truncated Marginal Neural
Ratio Estimation (TMNRE) algorithm [46,47].10 This is
described in detail in Refs. [46,47,50,51], see in particular
Appendix D in Ref. [13] where the first version of
SAQQARA was released and a detailed discussion surround-
ing the algorithm and design choices are presented. To
recap, however, the key points of the method are:

(i) Given simulation data (x, @) such thatx ~ p(x|60), i.e.,

x is sampled from the data likelihood under #, one can
construct a binary classification problem between joint
samples (x, 0) ~ p(x,0) = p(x|0)p(0) and marginal
samples (x, 8) ~ p(x)p(0). Training data for the latter
class is easy to generate from simulation data by
simply permuting @ among examples or resampling
0 ~ p(0). By parametrizing (typically through a neu-
ral network) a classifier f,(x, 6) and optimizing the
binary cross entropy loss (which is the standard choice
for binary classification tasks to assign one of two
classes to data examples, see, e.g., [47] forits use in the
context of parameter estimation),

Llfy] = —/ddep(x,H) logo(fy(x.0))
+ p(x)p(0) logo(—fy(x,0)), (17)

with respect to ¢ (the trainable parameters of the neural
network f 4,), it can be shown that the optimal classifier
is given by fj(x.0) =log[p(x.0)/p(x)p(0)] =
log [p(6|x)/p(0)]. In the expression above, o(x) =
(1 +exp(—x))~! is the sigmoid function. In other
words, we can directly obtain the posterior-to-prior
ratio by optimizing this loss. For low-dimensional
problems, this can be evaluated on a suitably
dense grid of #, or it can be efficiently sampled,
see, e.g., Ref. [52]. If an alternative such as neural
posterior estimation [48] was used instead, then the
density estimator could be directly sampled or
evaluated.

(i) Importantly, this classification problem can be car-
ried out on either the full parameter vector @ or any
subset of 4 to obtain the full joint posterior or any
desired marginal posterior. We use this feature here
to target specifically the marginal posteriors for the
signal parameters p(a,y|d,), motivated by the dis-
cussion above. This allows us to combine the
information from segment to segment immediately

""Note this is not the only option, and the core aspects of our
proposed framework will remain unchanged regardless of SBI
algorithm, up to and including the compression aspect of the
network design. Other options include neural likelihood estima-
tion (NLE) [48,49] or neural posterior estimation (NPE) [48] and
their sequential versions.

at the level of the marginal posteriors rather than
having to marginalize over the noise parameters of
each segment explicitly.

Network architecture: Our algorithm is designed to
analyze coarse-grained, quadratic data in the frequency
domain across three data channels (here AET, but this is not
a strict choice). We designed our network architecture
accordingly, with the knowledge that: the normalization
across the channels differs in the raw data (e.g., the TT
channel is dominated by OMS noise), the data can vary by
orders of magnitude across the frequency grid, and the
information about spectral shapes is contained in data
spanning the full frequency grid.

With these facts in mind, given coarse-grained quadratic
data D! = fcg(di*dl) the first step is to normalize across
the dataset both log D! and D! separately, channel-by-
channel and frequency-by-frequency, i.e., we essentially
whiten the data independently across A, E, T, and frequency.
Then, two copies of a standard RESNET architecture with 3
input channels, 64 hidden features, and 2 blocks are applied
to the normalized versions of both log D! and D!. These
networks output a compressed version of the data with shape
(3, # of parameters to infer—which here is two, a and y).
More broadly, the aim of the RESNET part of the architecture
is to summarise the data into a form (and lower dimension-
ality) where the binary classification task is simpler to carry
out. This is a standard aspect in many SBI algorithms and
outputs a “learned summary statistic,” which is in some
sense optimized for the classification task. We note that, of
course, it is possible to work with some preconstructed
summary, but for complex datasets/simulators, this hand-
crafted summary may lose information, so the ability to
simultaneously construct a data summary as part of the
algorithm is a useful feature. The second part of the network
takes this learned summary statistic and uses the standard
ratio estimator implemented in the SWYFT code [46,47] to
estimate the 2-dimensional ratio p(a.y|s,(DL))/p(a.y)
where s, (DY) is the learned summary statistic of the input
data D!. Importantly, both parts of the network are trained
simultaneously under the binary cross-entropy loss defined
above to obtain a single estimator f, (D%, (a,7)) =

F4(s4(D). (a.y)) which first compresses the data, then
computes the marginal posterior. We have tested that
moderate changes to this architecture, e.g., increasing the
number of residual blocks, or changing the number of
hidden features have no impact on the inference quality.
Training details: As discussed, we train the classifier
according to the binary cross entropy loss. The parameters
of the network are optimized using the ADAM optimiser
with a learning rate scheduler that consists of an initial 20
step linear warm up from zero learning rate to a maximum
learning rate of 5 x 107>. The learning rate then decays
with a cosine scheduler for a total of 380 steps to a
minimum learning rate of 8 x 10~7. Given that this learning
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FIG. 3. MCMC vs SBI Comparison. Comparison between
MCMC (black contours and histogram) and SBI (orange contours)
at the single segment level, evaluated on the same noise realization.
The MCMC analysis uses the Whittle likelihood, evaluated on the
full frequency grid. The blue lines indicate the injection values for
the signal parameters o (amplitude) and y (slope).

rate schedule is somewhat conservative, we expect that the
number of steps (and therefore the training time) in this
cosine decay step can be reduced. In total, we use 50,000
simulations per epoch split into 70% training steps, and
30% validation steps. We use a relatively large batch size of
8192 for training and validation, although as with the
network architecture, we found that moderate changes to
this setup, e.g., up to maximum learning rates of ~1 x 107
or down to the batch size of ~1024 had no impact on the
inference results. The training and validation curves as well
as the learning rate schedule for the production run can be
found in the Appendix.

Prior truncation: For the case study at hand, the
parameter reconstruction is extremely precise, and the
posterior is highly peaked compared to the initial prior
we take. To ensure that we are efficiently accessing the
information, we use a prior truncation scheme to initially
“zoom-in” on the relevant region of signal parameter space.
This follows the approach described in Refs. [13,51], where
the inference proceeds in rounds, and regions of extremely
low posterior(-to-prior) are removed from the prior and the
data resimulated. Given our efficient data simulation
technique described above, this does not require any further
simulation runs, only a change in the prior evaluation at
training time. For the production run provided here, the
inference proceeds in two rounds, with an initial signal
prior given by p(a.y) = U,(=13,-8) x U,(=5,5). In the
future, we plan also to explore online active learning
techniques to avoid the need for discrete rounds (see,
e.g., [53]). We will also explore techniques for zooming in
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FIG. 4. Full mission duration inference. Example of a com-
bined inference result across Ny = 100 segments with the SBI
method described in this work. The blue lines indicate the true
injection values.

to relevant regions of noise parameter space across full
mission duration data.

C. Results

Following the training and implementation details
described above, we can now test our SBI framework.
First, we ascertain whether we match the expected posteriors
within a single segment. This is to ensure that when we
combine segments, following Eq. (15), we obtain unbiased
and accurate results. To carry out this test, we implement the
full Whittle likelihood across all frequency bins and chan-
nels (i.e., written in terms of the non coarse-grained data, as
discussed above) provided in the Appendix. We then use the
EMCEE sampler [54] to evolve 100 walkers for 1000 steps.
The comparison to the SBI approach is shown in Fig. 3 for
the fiducial parameters (a,7,A, P) = (—11,0,3,15). We
see that we achieve excellent agreement in this very high
precision setting with the classical sampling approach. In
addition to this single observation test, we also show the
expected vs empirical coverage of our trained network in the
right hand panel of Fig. 6.

With this agreement established, we can now look to
combine segments. To do so efficiently, for a given obser-
vation we evaluate our amortized (log)-ratio estimator
log[p(a,y|D,)/p(a,y)] on a (2000, 2000) grid of a, y
values. These can then be used to compute the total,
unnormalized (log)-posterior log p(a.y|{Dy,....Dy }) =
> .log[p(a,y|D.)/p(a,y)] + const. We found this grid
strategy led to significantly more stable posteriors once
combined compared to a random sampling of the prior
space. An example of the resulting posteriors is shown
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FIG. 5. Main result of this work. Sensitivity results for the a

(amplitude) and y (slope) parameters. The blue histogram shows
the results of analyzing data with varying instrumental noise,
orange instead for fixed noise parameters across all the segments.
The black histograms and the pink vertical lines are the results of
the FIM approach for comparison. We see that we can obtain the
expected sensitivity improvement with our SBI method. Note that
there is some additional spread compared to the FIM method as a
result of noise fluctuations when analyzing the full data.

in Fig. 4. We emphasize the unbiased nature of the posterior,
which is nontrivial to achieve in this context. Indeed, even
slight inaccuracies in the single segment results, when
combined for many segments, can lead to biased results.
This feature demonstrates the high level of accuracy we have
achieved in the single-segment results.

Finally, the key results of this work are shown in Fig. 5.
Here, we show the resulting sensitivity for reconstructing the
signal parameters using our SBI method. The black histo-
gram and pink vertical line represent the FIM results derived
in the last section for comparison. The blue histogram is the
result of using our SBI pipeline on realizations of a full
mission dataset consisting of N, = 100 segments, each with
instrumental noise that has different underlying values of A
and P, sampled as described in Sec. II. The orange histogram
then shows the sensitivity obtained analyzing data generated
with noise parameters fixed to their fiducial (mean) values
A =3, P = 15. We see that we indeed obtain the predicted
sensitivity increase found in Sec. III when analyzing the
varying noise case.

D. Generalizability and pros/cons vs
traditional methods

So far we have discussed the strategy that can be
employed to efficiently analyze LISA data when time

varying instrumental noise is present. This broadly
revolved around breaking the analysis into segments and
developing an amortized analysis pipeline that can be
applied to each segment before combining. We showed
that we could achieve the estimated performance improve-
ment in the signal reconstruction conjectured with the FIM
analysis. We also showed that we can achieve the necessary
robust agreement with the high precision MCMC result
on a segment-by-segment basis. As we look forward to
applying this to increasingly realistic scenarios, it is
important to evaluate the generality of the approach as
well as the relative pros and cons versus, e.g., a traditional
approach.

Generalization of strategy: The general strategy
employed in this work is to analyze cosmological
SGWBs in LISA data segment-by-segment using a pre-
trained network to combine individual segments into one
informative posterior. Looking forward, we are interested
as to how well this strategy can generalise to more complex
scenarios. To do so, we identify some challenges and
possible solutions. First, the assumption regarding the
independence of individual segments could be broken.
This would happen for instance if working with data
containing long-lived transient signals that exceed segment
boundaries, see Sec. I D for a more detailed discussion and
possible mitigation strategies. Second, realistic signal and
noise models will likely be more complicated than the
simple templates used here. As long as these can be
described by parametric models, i.e., they allow for forward
modeling, the tools developed here can be straightfor-
wardly generalized. In fact, the modular structure of our
code is set up to facilitate this. On the signal side, this may
include complicated analytical templates or template data
banks. On the noise side, this may involve noise models
with many different noise components, whose parameters
may vary independently. Moving toward more agnostic
models implies implementing more flexible templates,
typically with a parameter number that varies dynamically
while performing the inference. Exploring such scenarios
requires some mechanism for model selection (such as
reversible jumps in MCMC) to be in-built into the inference
pipeline. In principle, SBI already directly allows for model
comparison [55]. However, tackling this issue would
correspond to simulating data and training a network over
several parameter spaces simultaneously. While, concep-
tually, there are no clear no-goes in performing this
procedure, technically, some parts of our training algorithm
(mostly related to truncation) would have to be adapted to
face this challenge. We plan to return to this in future work.
In this work, we have also assumed that the changes in
noise parameters occur at discrete times. In reality, it may
be the case for some noise components that the change is
more adiabatic, occurring slowly over a segment. It is
possible to include this directly in the framework just by
allowing the noise parameters to vary in time during a
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segment and then generate the data accordingly. This is
because SBI can still learn to marginalize over this non-
stationary noise, and the benefits surrounding the fact there
is one stationary cosmological component remain. Indeed,
one such example of this could be the background of
galactic binaries which vary over the year. In this case we
could additionally think about conditioning the trained
estimator directly on the time at which the segment starts z,
allowing us to leverage our knowledge of the annual
modulation, but maintain the benefits of only having to
train one network. Finally, there is the challenge of data
generation and storage. Specifically, to maintain the effi-
cient data generation step described above, we needed to
store both the coarse-grained, squared data as well as the
cross-terms (totalling 6 different pieces of data per simu-
lation). As the number of modeling components increases,
constructing and storing the data this way introduces
combinatorially increasing storage requirements. This
motivates the further investigation of linear data compres-
sion steps, or indeed analysis carried out directly at the
linear level, which would then only scale linearly in the
number of components. This would also allow us to
trivially move beyond the (implicit) assumption of a
diagonal noise basis, which here is the AET basis. We
will explore these avenues in future work and releases of
SAQQARA.

Strengths of SBI approach: Beyond the applicability of
the methods to more complex setups, there are several
benefits compared to traditional methods. The first is the
inherent ability of SBI to analyze bespoke/flexible data
representations. Here, we use that to our advantage by
analyzing a coarse-grained version of the data. This speeds
up inference substantially (by a factor of approximately 10°
here given by the ratio of the number of initial frequency
points to the number of coarse-grained bins), and reduces
storage requirements. At the segment-by-segment level,
this compression may not be possible with traditional
sampling approaches, since it is not possible to explicitly
write down the exact likelihood for the coarse-grained data
(see footnote 8). The second major benefit is the ability to
amortise the analysis over segments. In particular, by
training the network to analyze one segment, we then
get the posteriors for the other segments “for free.” In a
sequential sampling-based approach, however, each seg-
ment must be analyzed on the full frequency grid from
scratch each time. For N, = 100 segments, this can lead to
a significant inference cost given a single MCMC run on
one uncompressed data segment takes O(1) hour.'" In
comparison, for each set of Ny = 100 segments, given a
trained network, we can analyze the full mission dataset in
O(1) minute. A final advantage of the SBI approach is that

" As mentioned above in footnotes 5 and, 9 we are running this
on hardware consisting of 18 (shared) Intel(R) Xeon(R) Platinum
8360Y CPUs.

we can directly target the inference results we are most
interested in. For example, using TMNRE (although it is
possible with other SBI methods) we can directly access the
posterior for the signal parameters, marginalized over the
noise model. The important point to note here is that the
scaling of this method is in principle independent of the
parametric complexity of the noise model, whereas
classical sampling run-times must scale with the full
dimensionality of the problem.

Open challenges for SBI approach: Currently, the main
challenges facing SBI surround convergence checks and
the identification of mismodeling [56]. Specifically, in the
SBI context, we are often in the position where inference
results are optimal conditional on simulation dataset size,
and network architecture. In other words, for a given
problem, it is possible that an increase in training dataset
size, or a change in network architecture could improve the
sensitivity of the method. This is compared to convergence
tests such as the Gelman-Rubin criteria for MCMC. In this
work here, of course, we made direct comparisons so could
benchmark our performance with Fisher analyses and
MCMC runs, however, more generally this motivates the
further development of these tools for SBI applications. On
a related note, some of the same convergence guarantees
are not available for SBI techniques—such as the long-term
Markov Chain behavior of MCMC. As such, there is a
certain reliance on stable network training and faithful data
representations to obtain accurate posteriors. On the other
hand, additional cross checks, such as testing coverage, can
be a complementary diagnostic for an analysis pipeline.
Finally, as the modeling of LISA data becomes more
complex and detailed, the identification of systematic
effects and any mismodeling, either via the likelihood or
the simulator in the SBI context is a crucial step. Again, we
would argue that this need motivates the more general
development of goodness-of-fit tools and checks as SBI
becomes a more widespread analysis technique. In addi-
tion, it underlines the need for several different analysis
chains, based on different methods and making different
modeling choices.

V. CONCLUSIONS AND OUTLOOK

The key result of this work is to establish that an analysis
of LISA data fragmented into time segments can leverage
variations in the instrument noise to increase the sensitivity
to a stochastic gravitational wave background. Such noise
variations are expected to occur after scheduled satellite
operations or unscheduled glitches. However, fragmenting
the data into time segments poses a challenge for traditional
data analysis techniques in terms of efficiency. We dem-
onstrate that SBI techniques are well adapted to take up this
challenge: The network can be trained and amortized on a
single data segment, using frequency coarse-grained data.
Obtaining the full inference result then simply amounts to
combining the marginal posterior estimates of the different
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data segments. Marginalization over noise variations is
inbuilt, returning directly the posterior estimates for the
signal parameters of the SGWB. The successful imple-
mentation of this procedure is illustrated in Fig. 5, which
shows the sensitivity increase achieved by performing a
segment-by-segment analysis with our SBI pipeline,
together with estimates of the expected effect using FIM
forecasts.

This work should be seen as proof of principle demon-
stration, relying on simplified assumptions on the noise,
signal, and instrument modeling. In particular, we have
taken all data segments to have a fixed length of 11.5 days,
corresponding to the scheduled reorientation of the satel-
lites. In reality, glitches may occur unscheduled and more
frequent than this. On the signal side, we have included
only an SGWB and have assumed this signal to be static.
Finally, we emphasize that we have used simplified noise
and signal templates throughout this work. A generalization
to more complex templates is in principle straightforward
(see also [13,14]) and we do not expect this to impact the
key results of this work. Going beyond template-based
approaches to more agnostic modeling is more challenging,
and we plan to return to this in future work.

Our code to simulate and analyze LISA data is publicly
available at GW_response and PEREGRINE-GW/SAQQARA. Our
simulator features a modular architecture, allowing for
independent changes to the signal components, the noise
model, and the LISA response functions. We welcome
contributions to and the use of this framework aiming to
extend the analysis pipelines to a broader class of scenarios.

In this spirit, we plan to address in future work the
inclusion of foreground sources and their parameter
reconstruction. Another target is the efficient use of SBI
to discriminate SGWB from noise components, based on
exploiting differences in the instrument response (i.e.,
transfer functions) with only minimal input on noise and
signal knowledge. GitHub: The SAQQARA simulation and
inference library is available here (PEREGRINE-GW/
SAQQARA). In addition, the TMNRE implementation
SWYFT is available here (UNDARK-LAB/SWYFT). Finally,
the GW_response code to compute the LISA response
function is available here (Mauropieroni/GW_response) [57].
|

ACKNOWLEDGMENTS

J. A. and M. P. thank Carlo Contaldi and Olaf Hartwig
for the very useful discussion on the subtleties of data
generation. This work is part of the project CORTEX
(NWA.1160.18.316) of the research programme NWA-
ORC which is (partly) financed by the Dutch Research
Council (NWO). Additionally, J. A. and C. W. acknowl-
edge funding from the European Research Council (ERC)
under the European Union’s Horizon 2020 research and
innovation program (Grant Agreement No. 864035). U. B.
is supported through the CORTEX project of the
NWA-ORC with Project No. NWA.1160.18.316 which is
partly financed by the Dutch Research Council (NWO).
J. A. acknowledges the hospitality of CERN TH, where
some of this work was carried out. J.A. and M.P.
acknowledge the hospitality of Imperial College London,
which provided office space during some parts of this
project.

APPENDIX: DERIVATION OF THE FISHER
INFORMATION MATRIX

In this appendix, we provide a derivation of the
Fisher information matrix (FIM) used to carry out the
analysis in Sec. III. Following the notation set up in that
section, we start by writing down the (log)-likelihood
log p.({d!,}|0,...0,) of frequency-domain strain data
di . = d.(f;) in the time segment 7 = 1...N for the TDI
channel [ across frequencies f;, i = 1...N (i.e., we work
with positive frequencies only) given signal parameters 6,
and noise parameters (within segment 7) 6, ;. Since under
the assumptions discussed in Sec. Il A, the AET basis is
diagonal, we directly work in this basis, and the total log-
likelihood is simply a sum over the three channels.
Similarly, we assume no correlations between different
frequency bins. Finally, assuming the linear data in channel
I to be Gaussian with a variance given by the sum of the
instrumental noise PSD S/ (f, 6, .) and SGWB contribution
S{, (f,6)), in that channel, the (log)-likelihood reads

d]* d]

log p7:<{d1 1}|6n T Hh
I={AET} i=

To simplify the notation, we define the total

variance in

Z Z (SI f, I)T+1;2(f’91)+10g [277(S£<fiven.r) +S{z(f1»0h))]> (Al)

channel [ at a frequency f; to be

Cl(0,) = S}(fi.0,.) + S;(fi.0,), where 6, = (0,..6,). We can then compute the relevant second derivatives for
computing the FIM F; . in time segment 7 via *(=logp,)/ 60?60[3 . These are given by,

?(—1log p, aCL (0,) oC! (6 1 2d41%dl, ] PCL(6, 1 d'xd!,
logpd) Z Z( » AA0) Al AT ] ’(3)[1 7 }) (A2)
802’09/} = {AET} i 69 09? Ci,‘:(gr) Ci.7(91>* 59?59/1 Ci,f(ef) Ciﬁr(er)
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FIG. 6. Left: learning rate schedule used for training. In this work we use a linear warm up of 20 steps, followed by a cosine decay.
Middle: training (blue) and validation (pink) curves for the production network trained in this work. Right: coverage test results for the
single segment analysis. The blue contour shows the 95% confidence region for the uniform coverage of 4000 samples. The pink line
indicates the observed coverage across the final prior range for our trained network.

The FIM F,;, in the segment 7 can then be computed by taking the expectation value E of this quantity over

{d! .} ~ p({d!.}|0,). This can be done analytically by noting that E{al j~p(id! }16,) [dizdl ] = Cl (6,).
& (=log p.({d].}|67)) - 1 oC.(6,)9C].(6.)
F{z},f(er) =E d' Y~p({dh ) oF |: = :| = < m—a . > (A3)
) {d] y~p({d] }|67) (39?594} ]{%}:ET}Z]: C{.T<97)2 091 064}
Finally, taking the continuum limit we approximate F;, as,
% 1 ocCt_(0,)aCt (0,)
Fape(0nen0) =T, Y / df Mt (Ad)
affc\YnrsYh K Ji 2 o o
—{agmy Jo Ci.(6,)> 06 064

where T, (~11.5 days in our analysis) is the length of a single time segment. Assuming the segments to be statisti-
cally independent, we can then use the FIMs for each segment 7z to construct the overall FIM for the full set of data
across segments 7= 1...N, (where we take N, =100 segments above, or about 3 years of effective data).
In particular, if we define the full parameter vector 6 = (6,6, . ....6, y ) to consist of the signal parameters ), which
are assumed to not vary across segments, and noise parameters 6, . in each segment 7, then we can construct the nonzero
components of the full FIM F 4. (0) (Where A, B run over the dimensions of €). The construction and evaluation of this full
FIM F,3(0) is implemented following this appendix within the SGWBFISH module within the SAQQARA code.
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