




Extended Data Fig. 1 | See next page for caption.
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Extended Data Fig. 1 | Non-Hermitian skin effect and transient dynamics in 
the 12-vertex ring on impact. a, The active projectile with νo < 0 is vertically 
incident against a wall. b,c, The angular deformation of each vertex is plotted as 
a function of time, revealing a unidirectional wave propagating in the opposite 
direction of Fig. 2a. See also Supplementary Video 2. d, The ratio between 
incoming and outgoing momenta pout/pin in the x (round markers) and y (square 
markers) directions as a function of the odd ratio νo for an initial velocity vin of 
0.26 m s−1 (blue) and 0.34 m s−1 (orange). The data of Fig. 2c is found by averaging 
over these two initial conditions. e, Inset top, the chain is modelled as a 
continuous ring (see Supplementary Information section 1). Inset bottom,  
we evolve equation (M12) on a 1D periodic ring using the second harmonic as  
an initial condition. Colour indicates deviation in curvature. Main, the flux 
Ψ θ= e At Ac /̇ ̇

 with z = Aeiθ (see Supplementary Information section 1B) quantifies 

the unidirectionality and amplification of the waves in the experiment. Black 
lines show flux values calculated from solutions to equation (M12), calibrated 
with experimentally determined parameters for the ring described in Methods. 
Note that, in the regime |κa|/κ > 0.45, there are large error bars. This is most 
probably because of the fact that the ring sits in the unstable regime described 
in Fig. 4a–d, in which deformations are large. Note also that we see relatively 
good agreement with the prediction based on equation (M12) in spite of the 
fact that this model assumes small deflection about flat geometry. f,g, Angular 
momentum of the odd ring before and after impact. The ring is launched with 
no angular momentum but odd response imparts rotational momentum, 
which scales with the odd stiffness κa. Angular momenta are normalized by the 
scale Rvin, in which R is the radius of the ring and vin is the incoming velocity.



Extended Data Fig. 2 | The effect of 
anisotropy on odd elastic work cycles. 
Symmetric couplings between the two 
shear modes S1 and S2 can only arise in 
elastic solids with broken isotropy.  
The shear modes of an anisotropic odd 
elastic solid would evolve according  
to following equation of motion: 
z z ν z ν z Γz¨ = − + i + i * −o e , in which z* is the 
complex conjugate of z = S1 + iS2 and νe 
parameterizes the symmetric coupling 
and thus the measure of anisotropy. The 
simple quadratic potential of a passive 
elastic solid with νo = νe = 0 (a) attains an 
anisotropy axis when νe becomes non-
zero (b). An odd elastic solid with νo ≠ 0 
and νe = 0 features a curled force field that 
does not derive from its potential but is 
still isotropic, evidenced by the rotational 
symmetry of the force field (c). When the 
symmetric coupling is turned on and 
νe ≠ 0, the anisotropic odd solid will have 
a different response depending on the 
direction of an applied shear strain (d). 
Although the linear, non-reciprocal 
constitutive relationship in equation (4) 
requires activity, asymmetric deflection 
can also occur in passive anisotropic or 
chiral media or those that are non-
reciprocal through nonlinearities68,69.  
e–h, Gravity and normal forces arising 
from the treadmill introduce an extra 
nonlinear term z/|z|. A passive isotropic 
solid (νo = νe = 0) placed in this setting  
will be attracted to one of the shear 
configurations on the ring of fixed points 
(e). For a passive anisotropic solid (νe ≠ 0) 
such as a rugby ball, not all orientations 
are equipotential and only two fixed 
points remain (f). Anisotropy modifies 
the limit cycle exhibited by an odd elastic 
solid from a circular trajectory (g) to a 
more elliptically shaped trajectory (h).
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Extended Data Fig. 3 | A cycle of shape changes of increasing frequency drives adaptive locomotion. a, A kymograph of the internal deformations δθi of the 
locomoting ring of Fig. 2d during acceleration from a static initial condition. b, Cycling frequency of the locomoting ring during the acceleration phase.



Extended Data Fig. 4 | Benchmark of locomotion performance in a 12-vertex 
ring. a, A snapshot of simulation of the active solid locomoting on complex 
terrain generated from a sum of random Gaussian functions (see Supplementary 
Information section 4). b, A benchmark of the locomotion performance of  
the local and linear control scheme (top left) using angle information from 
neighbouring vertices δθi±1 to actuate a torque as discussed in the main text. We 
optimize the long-range interaction strengths given by the dynamical matrix Kij 
of a centralized control scheme (bottom left), and the weights and biases of a 

multilayer perceptron with access to local (top right) and centralized (bottom 
right) angle information. c, Evolution of the symmetric (shades of green)  
and antisymmetric (shades of red) long-range coupling strengths during 
optimization. d, The optimized actuation torque τi as a function of neighbouring 
angles δθi±1 for local feedback (top left) and the local network (top right). For 
central control (bottom), we find the average output torque τi over a set of 
randomized remaining entries of the angle input vector.
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Extended Data Fig. 5 | Post-impact vibrations of the active lattice. a, A passive 
projectile is launched at the active lattice of Fig. 1i with κa < 0. b, Corresponding 
reconstructions of the wall, for which the vertical displacement uy of each 

hexagon is plotted. The total length is L = 128 cm. c, The displacement is 
averaged over each column uy and is shown as a function of time and the 
horizontal coordinate x, demonstrating unidirectional wave steering.



Extended Data Fig. 6 | Unidirectional Rayleigh waves. The centre of vibration 
ℓ (see equation (M24)) measured as a function of the odd ratio νo. Inset top right, 
the continuum model analysed in Supplementary Information section 1A implies 
the existence of Rayleigh waves whose vibrational modes grow exponentially 
along the surface with inverse decay length qx (see Supplementary Information 

section 1). Inset bottom left, we plot q q=x x
E

ρω 2
∼  as a function of the odd ratio νo 

predicted by the continuum theory, in which ω is the frequency of the wave and 
E and ρ are the Young’s modulus and density of the wall, respectively.




