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Dark matter overdensities around black holes can alter the dynamical evolution of a companion object
orbiting around it, and cause a dephasing of the gravitational waveform. Here, we present a refined
calculation of the coevolution of the binary and the dark matter distribution, taking into account the
accretion of dark matter particles on the companion black hole, and generalizing previous quasicircular
calculations to the general case of eccentric orbits. These calculations are validated by dedicated N-body
simulations. We show that accretion can lead to a large dephasing, and therefore cannot be neglected in
general. We also demonstrate that dark matter spikes tend to circularize eccentric orbits faster than
previously thought.
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I. INTRODUCTION

The next generation of space-based gravitational wave
(GW) detectors, such as LISA [1] and Taiji [2], will open a
novel era for gravitational wave astronomy through their
substantially lower frequency range compared to current
detectors like LIGO [3], Virgo [4], and KAGRA [5]. These
instruments will allow the observation of long duration
waveforms, for up to several years, enabling precision
studies of intermediate- and extreme-mass ratio inspirals
(IMRIs and EMRIs, respectively). EMRI and IMRI wave-
forms are a powerful probe of black hole environments
[6–15], making it possible in particular to detect the
presence around black holes of large dark matter (DM)
overdensities, commonly referred to as dark matter
“spikes” [16–20]. Dark matter is expected in fact to imprint
a characteristic dephasing on the waveform due to dynami-
cal friction [21].
Kavanagh et al. [22] demonstrated that the distribution of

dark matter is strongly affected by the interaction with the
companion, and they developed a model to coevolve the
binary and the dark matter distribution. Once the feedback
on the dark matter distribution is included, the dephasing
induced by dynamical friction is largely suppressed com-
pared to the static case explored widely in the literature
[23–29]. Even so, the DM dephasing effect in quasicircular
inspirals may still be large enough to be detectable with

future detectors [30,31]. Yue and Cao [32] investigated how
dynamical friction impacts a binary’s eccentricity using a
toy model based on dimensional analysis, and showed
that it leads to a fast eccentrification of the orbit. However,
their spike lacked a phase-space distribution, and its
particles had no relative velocity with respect to the orbiting
companion. Despite this being an adequate approximation
for extreme-mass-ratio, quasicircular inspirals in absence of
feedback, the velocity dependence of dynamical friction
complicates the calculation of the eccentricity evolution.
This effect has recently been explored by Becker et al. [33]
and Li et al. [34], where it was found that an isotropic spike
induces an additional circularization instead.
Here, we build on the results of Ref. [22], and we present

two new contributions to the characterization of compact
object binaries evolving in presence of a dark matter spikes:
the accretion of particles onto the companion object, and a
detailed description of the evolution and impact of orbital
eccentricity. We derive a semianalytical model for particle
accretion onto the orbiting companion object to describe
the binary’s backreaction and the spike’s depletion. This
generalizes the formalism for accretion recently proposed
in Ref. [35]. In addition, we extend the analysis beyond
quasicircular inspirals by incorporating orbital eccentricity
to the feedback formalism developed in Ref. [22]. Finally,
we explore the impact of both accretion and eccentricity—
including the effects of feedback—on the GW dephasing
induced by the DM spike.
In a companion paper [36] (hereafter paper II), we

present the N-body code NbodyIMRI [37], tailored to model
the evolution of IMRIs in DM spikes. In paper II, we use
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the code to study the strength of the dynamical friction
force (and the corresponding feedback) in these systems.
Here, we use the code to verify the strength of the force
induced by accretion and to validate our formalism for
accretion-induced feedback.
The layout of this work is as follows. Section II

introduces dark matter spikes and outlines the formalism
for binary system evolution in nonvacuum space, extended
to accommodate orbital eccentricity and the varying mass
of the secondary. Section III discusses isotropic particle
accretion onto the companion object and the sub-
sequent spike depletion. In Sec. IV, we present the results
of N-body simulations, described in paper II, which enable
us to validate our model for particle accretion by the
secondary black hole. Finally, Secs. V and VI present
numerical results on spike and binary system evolution,
followed by concluding remarks in Sec. VII.

II. INSPIRALS IN DARK MATTER SPIKES

Building on our previous work [22], we consider a small
mass ratio binary, consisting of a central, stationary black
hole m1, and an orbiting black hole with mass m2, with
mass ratio q≡m2=m1 ≤ 10−2.5 [22]. We further assume
that the central black hole is surrounded by an isotropic,
spherically symmetric distribution of noninteracting dark
matter particles that is centered onm1 as depicted in Fig. 1.

A. The cold dark matter spike

We assume a spike of cold dark matter formed by the
adiabatic growth of the central black hole [16]. The density
distribution of the spike can be modeled as the following
power law profile1:

ρDMðrÞ ¼
(
ρ6
�
r
r6

�
−γsp rin ≤ r ≤ rsp

0 r < rin
; ð2:1Þ

where r is the distance from the center of the spike, ρ6 is the
density normalization at the fixed distance r6 ¼ 10−6 pc,
and rsp is its length. Accretion onto the central black hole
severely depletes the inner spike at radius rin ¼ 2Rs ¼
4Gm1=c2 [43,44]. This radius is much smaller than the
scales we are interested in, and in what follows we adopt a
power-law to describe the density profile. The slope of the
spike will be in the range γsp ∈ ½2.25; 2.5� when forming
around astrophysical black holes and γsp ¼ 2.25 around
primordial black holes [45–49].
Alternatively, the halo can be described through its phase

space distribution function f ¼ mDMdN=d3rd3v, which

additionally encodes information about the orbital proper-
ties of the particles. For spherically symmetric and isotropic
profiles this function is only described by the relative
specific energy of the particles, hence we can write

f → fðEÞ with Eðr; vÞ ¼ ΨðrÞ − 1

2
v2; ð2:2Þ

where the energy is defined such that bound particles have
E > 0. Here, ΨðrÞ ¼ Φ0 −ΦðrÞ is the total relative poten-
tial from all sources of gravity, where we take the reference
potential Φ0 to be zero. For the systems we are interested
in, the gravitational potential due to the DM spike will
typically be subdominant to that of the central massive BH.
Therefore, inside the spike we consider only the potential of
the central BH, giving ΨðrÞ ¼ Gm1=r, and thus we ignore
the precession to the orbit that may be generated by the
spike’s potential [50].2

The distribution function of an isotropic density profile is
constructed through the Eddington inversion procedure
(see p. 290, [51]), and the mass density is reclaimed by
averaging over all possible particle velocities. We follow
the time-evolution of the density by studying fðE; tÞ,
similarly to the work in Refs. [22,41,52].

FIG. 1. An intermediate mass ratio inspiral embedded within a
dark matter spike. A black hole of mass m2 orbits around a more
massive black hole with mass m1 ≫ m2, surrounded by dark
matter. The orbit is characterized by the semimajor axis a and
orbital eccentricity e.

1The dark matter density profile around a black hole is
generally sensitive to the particle properties of dark matter
[20,38–40] and the surrounding stellar population [41,42], which
may lead to the formation of cores or other scale breaks in the
power law.

2We have verified explicitly that for the spike parameters we
consider in this work, the effect on the dynamics due to the
spike’s potential is 3–5 orders of magnitude smaller than other
spike-induced effects from accretion and dynamical friction.
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B. Orbital and environmental evolution equations

We describe the state of the binary using its semimajor
axis (a) and eccentricity (e) which will be evolved in time
through constructed differential equations that account for
environmental effects and gravitational wave radiation. To
do that, we operate in the post-Newtonian approximation
where ignoring the first two conservative PN terms, we
write the Newtonian energy,

E ¼ 1

2
m1u21 þ

1

2
m2u22 þ Vðjr2 − r1jÞ ð2:3Þ

¼ 1

2
μu2 −

Gμm
r

¼ −
Gmμ

2a
; ð2:4Þ

and angular momentum,

L ¼ km1r1 × u1 þm2r2 × u2k ð2:5Þ

¼ μ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gmað1 − e2Þ

q
; ð2:6Þ

where ri are the positions of the two BHs with respect to the
center of mass, ui the orbital velocities of the two
components, mi their masses, and VðrÞ the gravitational
potential. The quantities μ ¼ m1m2=m and m ¼ m1 þm2

are the reduced and total mass, respectively. The potential is
given by VðrÞ ¼ −Gm1m2=r, where r ¼ jr2 − r1j is the
separation of the binary, and u is the orbital velocity of the
reduced particle.
We illustrate one such orbit in Fig. 1, where the

separation and orbital velocity can be written as functions
of the true anomaly θ

rðθÞ ¼ að1 − e2Þ
1þ e cos θ

; ð2:7Þ

u2ðθÞ ¼ Gm
�
2

r
−
1

a

�
: ð2:8Þ

This contribution vanishes for circular orbits at e ¼ 0

where r≡ a and u2 ¼ Gm=r. The orbital period simply
depends on the semimajor axis alone

T ¼ 2π

ffiffiffiffiffiffiffiffi
a3

Gm

r
: ð2:9Þ

We will assume throughout that the mass ratio q is
sufficiently small that we can write r2 ≈ r (i.e., that m1

lies at the center of mass).
During the inspiral, energy, and angular momentum are

carried away from the binary by gravitational waves and
dark matter particles, altering its orbit.

Ė ¼ ĖGW þ Ėenv; ð2:10Þ

L̇ ¼ L̇GW þ L̇env: ð2:11Þ

By differentiation of the energy and angular momentum
Eqs. (2.3) and (2.4), we can derive the evolution of the
semimajor axis and eccentricity, respectively

ȧ ¼ −a
Ė
E
; ė ¼ −

1 − e2

e

�
Ė
2E

þ L̇
L

�
: ð2:12Þ

Grvitational radiation. Gravitational wave emission is
the dominant source of energy and angular momentum loss
for a dressed binary. For nonspinning, pointlike black
holes, the energy and angular momentum loss rates of a
binary are taken at their first order, the 2.5PN order, which
are [53]

ĖGW ¼ −
32G4

5c5
μ2m3

a5
1þ 73

24
e2 þ 37

96
e4

ð1 − e2Þ7=2 ; ð2:13Þ

L̇GW ¼ −
32G7=2

5c5
μ2m5=2

a7=2
1þ 7

8
e2

ð1 − e2Þ2 : ð2:14Þ

Environment-induced forces. Effects from the binary’s
environment can take the form of a force or an exchange of
mass (which results not only in an increase in the mass of
the secondary, but also in an effective force due to the
accretion of momentum). For isotropic DM distributions,
the force F generally acts on the direction of the compan-
ion’s motion and generates the following instantaneous
energy and angular momentum loss rates

dE
dt

¼ uF;
dL
dt

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gmað1 − e2Þ

q F
u
: ð2:15Þ

Dynamical friction. Dynamical friction (DF) [54–56] is
the accumulated deceleration on a test body due to
gravitational scattering with a particle distribution of mass
density ρDM. In the context of this work, the orbiting
companion slingshots DM particles around its path and
steadily loses energy by displacing them toward outer
orbits. When the companion of mass m2 is moving with
orbital velocity u, the force is written as

FDF ¼ −4πG2m2
2

ρDM
u2

CDF: ð2:16Þ

Here, CDF is generally a dimensionless vector that controls
the direction and magnitude of the force, being sensitive to
the particle distribution and geometry of the system. In
principle, when CDF · u > 0 the accumulated effect no
longer dissipates energy and relates to “dynamical
heating” [51].
For an isotropic background, Chandrasekhar’s formula

describes a dissipative force that acts in the direction of the
secondary’s motion, and has CDFðuÞ ¼ lnΛξ<u, where ξ<u
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is the fraction of particles moving slower than the orbital
velocity of the test body and lnΛ acts as “Coulomb
logarithm” to the force, defined as [51]

lnΛ ¼ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2max þ b290
b2min þ b290

s
: ð2:17Þ

Here, bmax and bmin are the maximum and minimum impact
parameters for which the two-body encounters contributing
to the force are effective,3 while b90 ¼ Gm2=u2 is the
impact parameter which gives a 90° deflection. An exten-
sion of the standard Chandrasekhar formula was recently
described in Ref. [58]. Indeed, theN-body results presented
in paper II [36] suggest that Chandrasekhar’s formula
may slightly overestimate the dynamical friction force.
However, for simplicity, we will parametrize the strength of
the force as CDFðuÞ ¼ lnΛξ<u, as described above.
Dynamic spikes—HaloFeedback. As the companion moves

around the central black hole, dark matter particles scatter
around it, and are redistributed to new orbits via dynamical
friction feedback [22]. The change in the spike can be
described through the change in its distribution function
ḟDFðEÞ, described by the following integrodifferential
equation

ḟDFðEÞ ¼
ΔþfðEÞ − pDFðEÞfðEÞ

T
; ð2:18Þ

The total probability that a particle with energy E
will scatter with the companion during a single orbit is
written as

pDFðEÞ ¼
Z

PEðΔEÞdΔE: ð2:19Þ

andΔþfðEÞ is the change in the distribution function due to
the scattering of particles from E − ΔE → E

ΔþfðEÞ ¼
Z �

E
E − ΔE

�
5=2

fðE − ΔEÞPE−ΔEðΔEÞdΔE;

ð2:20Þ
Here, PEðΔEÞ the probability of a particle with energy E
to scatter with the companion and gain energy ΔE.

The integration limits are over the minimum and maximum
energy transfer ΔEmin;max that can be imparted to a particle
with energy E, calculated fromΔEðbÞ¼−2u2ð1þb2=b290Þ−1
for the maximum and minimum impact parameters bmax;min

respectively. For a black hole in a circular inspiral PEðΔEÞ
is known semianalytically as

PEðΔEÞ ¼
16m2

2

πGm3
1

r2
u2

E5=2

ΔE2

Z ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ψ0 − E

p
dϕ; ð2:21Þ

where Ψ0 ¼ Ψðr2Þð1 − b=r2 cosϕÞ. The final integration
can be evaluated analytically at Oðbmax=r2Þ using special
functions and an implementation of this feedback formal-
ism is found in the publicly available code [59].
Putting the framework together. In summary, in absence

of mass accretion, we can describe the evolution of a black
hole binary inside of a dark matter spike using Eq. (2.12)
and by accounting for changes in its energy and angular
momentum. We take these to be the gravitational wave
radiation at the 2.5PN order using Eq. (2.13), and the total
exchange of energy and angular momentum between the
black hole companion and its surrounding particles. For
example, by means of the dissipative force of dynamical
friction as calculated with Eqs. (2.15) and (2.16). The
backreaction (feedback) to the spike from this exchange is
then accounted for using Eq. (2.18).
In the following section, we will further extend this

framework by accounting for the mass accretion of particles
onto the black hole companion. This is approached at
Newtonian order while employing the absorption cross
section for small Schwarzschild black holes in general
relativity [60], specifically in the low-velocity limit.
Consequently, we demonstrate how the evolution of the
orbital elements, as outlined in Eq. (2.12), is modified to
account for the increasing mass of the companion.
Additionally, we introduce two new components: a dis-
sipative force from the surrounding environment, denoted
as Facc, and a feedback mechanism that ensures mass
conservation. Thus, binaries in our framework will be
modeled entirely by these four differential equations,

Ėtot ¼ ĖGW þ ĖDF þ Ėacc;

L̇tot ¼ L̇GW þ L̇DF þ L̇acc;

ḟðEÞ ¼ ḟDFðEÞ þ ḟaccðEÞ;
ṁ2 ¼ ṁacc: ð2:22Þ

Before applying this system to the study of quasicircular
and elliptical inspirals in Secs. V and VI respectively, we
first employ the N-body algorithm from paper II [36] in
Sec. IV to validate the analytic formalism developed for
accretion.

3We set bmax ¼
ffiffiffiffiffi
m2

m1

q
r2 following Ref. [22] and bmin ¼ bacc

based on our discussion in Sec. III. We note that numerical
studies in paper II [36] suggest that a more suitable parametriza-
tion may be bmax ≈ 0.3r2. We note that both of these definitions
differ from previous works in the literature where eccentricity is
treated. Yue and Cao [32] implemented the constant logarithm
lnΛ ¼ 10 based on the work of Amaro-Seoane et al. [57] on
extreme mass ratio inspirals inside stellar distributions, and

Becker et al. [33] used Λ ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1=m2

p
, which is derived as ours,

but, in the quasicircular regime.
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III. PARTICLE ACCRETION
ONTO THE COMPANION

Accretion is the process that describes the inflow of
particles toward a gravitating object. The exchange of
energy and momentum between a distribution of collision-
less particles and an attracting object gives rise to dynami-
cal friction [51,54–56]. If the object is a black hole,
particles on sufficiently close trajectories will be absorbed
(along with their momentum) by the BH [61]. The
accretion of gas onto black holes has also been explored
in the literature [62].
Here, we present a formalism for accretion onto a body

from any isotropic distribution of collisionless particles. In
this section, will show how particles captured by an object
influence its orbit and subsequently alter a binary inspiral.
We will consider two effects:

(i) Orbital perturbation:We study how the accretion of
particles alters the inspiral of the binary. Not only
does the transfer of mass increase the inertia of the
companion [63], but the accumulating absorption of
momentum amounts to a new force akin to dynami-
cal friction.

(ii) Halo depletion: We present a formalism for calcu-
lating the evolution of the DM spike in response to
particles being removed from it.

A. Accretion of mass and momentum

Consider a large static distribution of constant density ρ,
made up of particles with mass μ, and an accreting body
with mass m traversing the distribution with an absorption
cross section σ. If the radius of the accreting object is larger
than the mean free distance of the particles, we have to deal
with cohesion forces [64]; however, we focus here on the
collisionless case relevant for DM. A body which accretes
particles at a radius racc has an absorption cross section

σN ¼ ζπr2acc

�
1þ rs

racc

1

β20

�
; ð3:1Þ

where rs ¼ 2Gm=c2 is the Schwarzschild radius associated
with that mass.4 The second term in brackets accounts for
gravitational focusing with β0 ¼ V0=c and V0 the relative
velocity between the body and the particle being absorbed.
The factor ζ depends on the nature of the body: ζ ¼ 1 for a
Newtonian body and ζ ¼ 4 for a BH. This parametrization
is chosen because at Oðβ40Þ, a small Schwarzschild black
hole [60] will capture particles with a similar cross section,

σBH ¼ 16πG2m2

c4

�
1þ 1

β20

�
: ð3:2Þ

By dimensional analysis, the rate with which the mass of
that body increases scales as ṁ ¼ ρσu. Similarly, it can be
argued that by inertial backreaction, the force experienced
by the object would be Facc ¼ −ṁu ¼ −ρσu2 [6]. As
expected, the magnitude of the effects become larger with
the density of the environment and the rate with which
particles are introduced to the object, as determined its
velocity. This prescription has previously been used to
gauge the importance of the effect on dressed inspirals [24].
We will instead only employ it as a stepping stone.
For a complete derivation, let us expand the previous

picture by instead considering a general particle distribu-
tion with vector velocity density f3DðvÞ ¼ ρfðEÞ as in
Fig. 2. Asymptotically and far from the object, a particle
will approach with an initial relative velocity V0 ¼ u − v
and an impact parameter b smaller than the critical value to
enable accretion

bacc ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
σðV0Þ
π

r
: ð3:3Þ

At the end of the encounter, when a particle merges with the
test object, conservation of mass dictates that m → mþ μ,
while momentum conservation fixes a change in the
velocity

FIG. 2. Coordinate system for dark matter encounters with the
companion. An illustration of a gravitational encounter with a
particle in the secondary BH’s rest frame. The initial incoming
velocity of the DM particle is denoted as V0 ¼ v − u, and its
impact parameter b dictates its future; particles are absorbed
within bacc or their orbits perturbed up until bmax. The angle θ is
the binary’s true anomaly, while ϕ is between the separation r2
and a vector pointing from the central black hole to the location of
the impact parameter, r ¼ r2 þ b.

4We keep the accretion radius racc general, and potentially
distinct from the Schwarzschild radius, in anticipation of the
N-body simulations presented in Sec. IV, where we employ an
artificially large value of racc.
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Δu ≈
μ

m
V0: ð3:4Þ

Ignoring the typical duration of a plunge, at a time interval
Δt the number of particles the object will absorb from an
annulus of radius b with width db is given as

ΔN ¼ 1

μ
2πb dbV0Δtρ f3DðvÞd3v: ð3:5Þ

Consequently, after the test body has been exposed to all
possible particle encounters in this interval, the average
mass and absorbed velocity vector would be

hmi ¼
Z

2πb dbV0Δtρ f3DðvÞd3v; ð3:6Þ

hΔui ¼ 1

μ

Z
2πb dbΔuV0Δtρ f3DðvÞd3v: ð3:7Þ

Alternatively, by evaluating the integration over the impact
parameters b and rearranging the time infinitesimals Δt we
construct the total mass accretion rate ṁ and accumulated
force of accretion Facc

ṁ ¼ ρ

Z
σðV0ÞV0f3DðvÞd3v; ð3:8Þ

Facc ¼ ρ

Z
σðV0ÞV0V0f3DðvÞd3v: ð3:9Þ

To avoid the unwieldy expressions above, we may redefine
them (recalling the arguments from dimensional analysis
above) as

ṁ ¼ ρσðuÞuCm;
Facc ¼ −ρσðuÞu2Cacc: ð3:10Þ

The prefactors Cm and Cacc represent the integrations over
the velocity distribution and as such the state of the spike;

they are akin to the coefficient CDF appearing in Eq. (2.16).
While the first factor can only be a scalar, the second is
generally a vector indicating the direction of the force.
Note that, in contrast to the aforementioned depiction by

dimensional analysis, this force is not simply an inertial drag,
but exists alongside the mass accretion rate and indeed, the
two quantities are not necessarily proportional to one another
(Cm ≠ jCaccj). Furthermore, while ṁ can only be positive, the
direction of Facc is generally sensitive to the specific vector
velocity distribution f3DðvÞ of the halo.
Isotropic spikes. For a particle distribution that is

isotropic, the integrations can be considerably reduced to
a single evaluation over the magnitude velocity distribution
fðvÞ [26]. Additionally, isotropy constrains the force to act
only opposite to the direction of motion of the test body u,
thus Cacc becomes a scalar. Thus, the resulting dissipative
force behaves like a friction, which we may refer to as
“accretional friction.” It can be written as

Facc ¼ −ρσðuÞu2Caccû: ð3:11Þ

We now derive the accretion prefactors by considering
the functional form of the accretion cross section σ.
Utilizing Eq. (3.1) we solve for the prefactors Eq. (3.10)
through the integration in Eqs. (3.8) and (3.9)

Cm ¼
Z

σðV0ÞV0

σðuÞu f3DðvÞd3v; ð3:12Þ

Cacc ¼
Z

σðV0ÞV0

σðuÞu2 ð−V0 · ûÞf3DðvÞd3v: ð3:13Þ

We perform the integration in spherical coordinates
d3v ¼ v2dvdðcos γÞdϕ, trivially evaluating it over ϕ, and
substituting for V0 through cos γ ¼ ðu2 þ v2 − V2

0Þ=ð2uvÞ.
The final integration remains over the magnitude of the
particles’ velocity and requires knowledge of the distribu-
tion function, f3DðvÞ ¼ fðvÞ=ð4πv2Þ which can be
expressed through its moments. We find

Cm ¼ ξ<u þ
ξð2Þ<u þ ð3kþ β2Þβξð−1Þ>u þ 3β2ξð1Þ>u

3ðkþ β2Þ ; ð3:14Þ

Cacc ¼ ξ<u þ
ð10β2 − 5kÞξð2Þ<u − ξð4Þ<u þ ð4β2 þ 10kÞβ3ξð−1Þ>u þ 20β3ξð1Þ>u

15β2ðkþ β2Þ ; ð3:15Þ

with k ¼ rs=racc and β ¼ u=c. The coefficients ξðnÞ ≡ hvncni
denote skewed moments of the normalized magnitude
velocity distribution, faster “> u,” or slower “< u” than
the test body’s velocity u, with ξð0Þ ≡ ξ. We point out
how both of the terms receive a direct contribution from
ξ<u which is somewhat analogous to the leading order

dynamical friction’s CDF [65], albeit subdominant in this
case. As a cross-check, setting fðvÞ ∝ δðvÞ, or equivalently
sending all particles to v ≪ u, we recover Cm ¼ Cacc ¼ 1.
We will use Eqs. (3.14) and (3.15) in Sec. IV to validate

our approach numerically before implementing them in
binary evolution in Sec. V. However, because of the
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nontrivial codependence of DM distribution function, it is
not possible to evaluate these coefficients analytically,
expect for in the case of static spikes.

B. Orbital evolution with variable mass

We now derive the equations of motion describing the
binary, including environmental effects and a variable
companion mass.
When the binary’s total mass is not conserved, the

equations of motion in Eq. (2.12) will be altered. Let us
observe what happens to the orbital energy of the system
[Eqs. (2.3) and (2.4)] in a small time-step δt where the
companion’s velocity and mass changes:

1

2
δm2u22þm2δu2u2−

Gm1δm2

r
¼E

�
δm2

m2

−
δa
a

�
; ð3:16Þ

where we assume u1 and r to remain constant during an
encounter. After identifying the term m2δu2u2 as the work
done δE by forces acting on the companion, the change in
the semimajor axis is

δa ¼ −a
�
δE
E

þ δm2

m

�
2a
r
− 1

��
: ð3:17Þ

Similarly, to derive the change in eccentricity we start
from the orbital angular momentum L and obtain,

m1

m

�
δLþ δm2

m2

L

�
¼ L

2

�
2
δμ

μ
þ δa

a
þ δm

m
−

2eδe
1 − e2

�
;

ð3:18Þ

and the infinitesimal is found to be

δe ¼ −
1 − e2

e

�
δE
2E

þ δL
L

þ δm2

m

�
a
r
− 1

��
: ð3:19Þ

The effects of the nonconservation of mass are generally
suppressed by the binary’s small mass ratio q because of the
terms ṁ2=m. However, the force of accretion Facc is not
suppressed in this way, and changes to the companion’s
mass can alter the gravitational wave emission and dynami-
cal friction of the system.
To derive a differential equation from the infinitesimals

of Eqs. (3.17) and (3.19), we integrate the cumulative
variation for the duration of a single orbit. Hence, for
example, the total change in the semimajor axis is
Δa ¼ R

δa dt=T, and due to the secular evolution of the
system we may also write ȧ ≈ Δa=T. To implement this,
instead of integrating in time, we substitute to the full circle
of the true anomaly utilizing θ̇ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gmað1 − e2Þ

p
=r2 [53]

and Eqs. (2.7) and (2.9), or

Z
T

0

…
dt
T
¼ð1−e2Þ3=2

Z
2π

0

…ð1þecosθÞ−2 dθ
2π

: ð3:20Þ

Thus, the system of equations becomes

ȧ ¼ −a
�
Ė
E
þ 2 ˙̄m2 − ṁ2

m

�
; ð3:21Þ

ė ¼ −
1 − e2

e

�
Ė
2E

þ L̇
L
þ ˙̄m2 − ṁ2

m

�
; ð3:22Þ

where each of the derivatives on the right-hand side are
calculated through Eq. (3.20), and the term ˙̄m2 is the same
but for the orbit-weighted product ṁ2r=a. The latter term
appears due to the action of accretion on the secondary and
is, thus, not present in previous work [66–68].

C. Mass accretion feedback on the spike

We will now study how accretion by the secondary
depletes the distribution of a dark matter halo. In Kavanagh
et al. [22], we introduced a feedback model that alters
the distribution function fðEÞ of the spike to account for
the deflection of particles (dynamical friction) with the
companion. Below, we expand on this methodology to also
account for the removal of particles after falling inside the
companion’s horizon.
Our aim is to derive a differential equation ḟðEÞ which

describes this mode of particle depletion. We focus on the
change in the spike distribution over a single orbit of
the companion, such that due to the secular evolution of the
system, we can write

ḟðEÞ ≈ ΔfðEÞ
T

: ð3:23Þ

Then, to derive a prescription forΔf, we find the number of
particles ΔNaccðEÞ ¼ gðEÞΔfðEÞ=μ falling inside the
companion during this orbit. Here, gðEÞ is the density of
states (DoS) of the DM spike. We can also evaluate this
fraction ΔNaccðEÞ ¼ paccðEÞNðEÞ using the probability
paccðEÞ that an orbit falls inside the horizon.
We can write the accretion probability as the fraction of

orbits with energy E that satisfy the capture condition
b ≤ bacc

paccðEÞ ¼
g0ðEjb ≤ baccÞ

gðEÞ ; ð3:24Þ

where g0ðEjb ≤ baccÞ is a restricted density of states, subject
to the restriction that b ≤ bacc.
The total density of states is defined as an integral over

phase space of all configurations which can occupy a
specific energy E [51]:
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gðEÞ≡
ZZ

δðE −ΨðrÞ þ v2=2Þd3r d3v: ð3:25Þ

For the dark dress, whose gravitational potential ΨðrÞ is
dominated by the central black hole within its size, we
find [22]:

gðEÞ ¼
ffiffiffi
2

p
π3G3m3

1E
−5=2; ð3:26Þ

which only depends on the mass m1 and not on the
properties of the spike.
For the restricted DoS we follow a similar integration but

include also a Heaviside step function Hðb − baccÞ, to
implement the capture condition

g0 ¼
ZZ

δðE − ΨðrÞ þ v2=2ÞHðb − baccÞd3r d3v: ð3:27Þ

The Heaviside function restricts the spatial volume to that
of a deformed torus whose major radius r2ðθÞ follows the
trajectory of the companion and whose minor radius is
the accretion impact parameter bacc. In Appendix A, we
derive the volume element of the deformed torus
d3r ¼ bðr2 þ b cosϕÞ db dθ dϕ, in order to perform the
integral over b and ϕ. While the details of the derivation are
described in Appendix B, we eventually construct the
probability of accretion as

paccðEÞ ¼
4π2

gðEÞ ζr
2
acc

Z
r2

�
v� þ

rs
racc

c2

2u
ln

uþ v�
ju − v�j

�
dθ;

ð3:28Þ

where v�ðE; r2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðΨðr2Þ − EÞp

is the velocity of a
particle at a radius r2 with energy per unit mass E.
Finally, by extension the feedback model will be

ḟaccðEÞ ¼ −paccðEÞfðEÞ=T: ð3:29Þ

The final integration over the true anomaly θ in Eq. (3.28)
captures depletion from eccentric binary inspirals and is
thus vital for the description of eccentricity evolution in
dynamic dark matter distributions. Due to its nontrivial
form, we perform this integral numerically.

D. Mass conservation

Before validating our formalism against N-body simu-
lations in Sec. IV, we may first perform an analytical cross
check. Mass conservation in the system will dictate that the
amount of mass added to the black hole companion Δm2

should be the same as that removed from the spike Δmsp

through the accretion feedback model of Eq. (3.29).
During a single cycle of a quasicircular inspiral, the

companion’s mass will roughly increase with Eq. (3.10) as,

Δm2 ¼ ρ σ uT Cm; ð3:30Þ

where ρ is the DM density at the orbital radius, T is the
orbital period, and Cm is the mass accretion prefactor of
Eq. (3.14), sensitive to the spike’s distribution function.
Similarly, the mass removed from the spikeΔmðEÞ is found
at each specific energy E, as ΔmðEÞ ¼ μΔNaccðEÞ ¼
gðEÞfðEÞpaccðEÞ. Integrating over all energies gives the
total mass Δmsp,

Δmsp ¼
Z

Ψðr2Þ

0

ΔmðEÞdE: ð3:31Þ

Combining Eqs. (3.28) and (3.31) we derive

Δmsp ¼ 8π3ζr2accr2

×
Z

Ψ

0

�
v� þ

rs
racc

c2

2u
ln

uþ v�
ju − v�j

�
fðEÞdE: ð3:32Þ

Given that for a single circular orbit 2πr2 ¼ uT, we can see
how Eq. (3.32) takes the form

Δmsp ¼ ρ σ uT C0m: ð3:33Þ

FIG. 3. Coefficients for the accretion force Cacc and mass
accretion rate Cm as a function of accretion radius racc. The
dimensionless accretion coefficients are defined in Eq. (3.10) and
the surrounding text. Data points show the accretion coefficients
estimated from ȧ=a measured in simulations, while solid lines
show the values calculated directly using Eq. (3.12). In the top
panel, the dashed green line shows the spurious contribution of
dynamical friction to the accretion coefficient inferred from ȧ=a.
For comparison, in the bottom panel, we also show the value of
C0m in Eq. (3.33) as a dotted line.
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Comparing with Eq. (3.30), we see that Δmsp ≠ Δm2, as
long as Cm ≠ C0m. While this is generally the case, the two
coefficients are similar, roughly within 10–20% (see
Fig. 3). We attribute this inconsistency to the analytical
approximation of setting v�ðE; rÞ → v�ðE; r2Þ, taken in
evaluating Eq. (3.27). We note also that, as we will see
in Sec. IV, the feedback is in line with our numerical
validations. Additionally, we can check that in the small
particle velocity limit v� ≪ u, Eq. (3.32) becomes,

Δmsp ¼ 8π3ζr2accr2

�
1þ rs

racc

c2

u2

�Z
Ψ

0

v�fðEÞdE

¼ ρσuT; ð3:34Þ

which is the expected result for the steady laminar flow toy
model, lacking knowledge of all possible particle encoun-
ters, and equivalently all factors Cm, C0m reduce to one.

IV. DARK MATTER ACCRETION
IN N-BODY SIMULATIONS

In order to validate the analytic formalism which has
been developed so far, we perform N-body simulations of
binaries embedded in DM spikes using the publicly
available NbodyIMRI code [37]. This code is introduced in
the companion paper (Ref. [36]), where we provide full
details, including the numerical checks which have been
performed on the code. Here, we provide a brief summary.

NbodyIMRI uses a 4th-order leapfrog integration scheme
with fixed time steps to follow the dynamics of the two
BHs (m1 and m2) and NDM DM (pseudo)particles. The
Newtonian force between the two BHs and between each
BH and the DM particles is calculated exactly. However,
the pair-wise forces between DM particles are neglected,
because the contribution of the DM spike to the gravita-
tional potential should be negligible at distances suffi-
ciently close to the BH binary. With this approximation, it
is possible to perform direct simulations of large numbers
of DM particles NDM ∼Oð106Þ with small time steps, in
order to accurately resolve the dynamics of the DM
particles close to the BHs.

NbodyIMRI uses a global time-step, set by choosing
Nstep ¼ 104 time-steps per orbit of the binary. With fixed
time steps, very close encounters between DM particles and
the lighter black hole cannot be accurately resolved. We
therefore introduce a softening which cuts off the gravi-
tational force exerted by m2 at distances r < rsoft. We set
the softening length by requiring that the time for DM
particles to cross a distance r ∼ rsoft close to the secondary
BH should always be longer than one time-step. With this
requirement, we set rsoft ¼ 10−3ai for an initial semimajor
axis of ai. See paper II [36] for a full discussion of the
choice of softening lengths.
For stellar-mass BHs, the accretion radius racc∼rs∼km.

The typical length-scales of the simulation will be

comparable to the BH separation r2 ∼ 100rISCO, where
rISCO ¼ 6Gm1=c2 is the innermost stable circular orbit
(ISCO) of the primary BH. For m1 ¼ 1000M⊙, we have
r2 ∼ 105 km. Assuming NDM ¼ 106 particles distributed
uniformly in this volume, we find a mean inter-particle
spacing of ∼103 km, compared to the km-scale accretion
radius. Thus, even with a large number of particles in the
simulation, the probability of accretion for a realistic BH
would be negligible.
In order to verify the dynamics of the accretion process

then, we use an artificially large accretion radius racc ≫ rs
(k ≪ 1) for the secondary BH.5 This will allow us to verify
the feedback formalism described in Sec. III C, as well as
testing the scaling of the accretion force with racc, which
can then be extrapolated down to the smaller radii relevant
for real BHs. In practice, at each time step of the simulation,
we check whether a DM particle lies within a distance
r < racc of the secondary BH. If it does, we remove the
particle from the simulation, add its mass to the secondary
BH and update the BH velocity u2 such that the momentum
of the system is conserved. With the accretion of a DM
pseudoparticle of mass m̃DM with a velocity v, the BH
velocity is updated to:

u02 ¼
m2u2 þ m̃DMv
m2 þ m̃DM

: ð4:1Þ

A. Orbit backreaction and mass accretion rate

We simulate a benchmark system with BH masses
ðm1; m2Þ ¼ ð1000; 1ÞM⊙ on a circular orbit with initial
semimajor axis ai ¼ 100RISCO for a range of values of racc.
For each value of racc, we generate 16 realizations of a DM
spike withNDM ¼ 106 particles. We evolve each realization
of the binary-and-spike system for 1 orbit, such that the
results should be unaffected by feedback effects which may
accumulate over many orbits. By measuring the change in
semimajor axis Δa=a during the simulation, we can
estimate the change in the energy of the binary due to
environmental effects, following Eq. (3.21). We note that
the change in semimajor axis due to mass accretionΔm2=m
is negligible in this case.
The results are shown in Fig. 3. In the upper panel, we

show the accretion coefficient inferred from the simula-
tions, assuming accretion is the only environmental effect
acting on the binary (blue points). We also compare these
results to the theoretical predictions of Eqs. (3.14) and
(3.15). We find that for small values of racc, the inferred
value of Cacc rises compared to the predicted value. This is
because we have estimated Cacc from the rate of inspiral of
the binary. However, there are two physical effects in the
simulation which can lead to the orbital decay of the binary:
accretion and dynamical friction. The latter arises from DM

5We neglect accretion onto the primary BH.
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particles which scatter gravitationally with small impact
parameters (without being accreted) and this effect begins
to dominate at small racc. In Fig. 3, we have estimated the
value of Cacc assuming that accretion is the only environ-
mental effect at play, which leads to a spurious contribution
to Cacc coming from dynamical friction. Including also this
contribution (shown as a dashed green line), we find good
agreement with the simulation results.
By measuring the change in mass of the secondary

during the simulation, we can also infer the mass accretion
coefficient Cm, as shown in the lower panel of Fig. 3. We
see that there is good agreement between the results of the
simulations and the theoretical values of Cacc and Cm. This
includes a slight decrease at low values, as gravitational
focusing becomes more important. This implies that the
formalism we have developed for these forces can be
extrapolated to smaller scales, relevant for real BHs.
In Fig. 4, we show the orbit-averaged accretion coef-

ficients hCaccðeÞi and hCmðeÞi for orbits of eccentricity e.
These are defined as the values of Cacc and Cm for a circular
orbit which would give the same average accretion force
and mass accretion rate as for the eccentric orbit under
consideration. By definition, then hCð0Þi≡ C.
The numerical values of the accretion coefficients plotted

as blue points in Fig. 4 show a rapid rise at large
eccentricity. This is because at large eccentricity the peri-
center of the orbit moves to smaller radii, where the DM

density is large and the orbital velocity is high, enhancing
the accretion rate relative to the circular case. The solid
black lines are obtained using the orbit-averaging formal-
ism in Eq. (3.20) and show good agreement with the
simulated results, even at large eccentricity.

B. Spike depletion

We now turn to testing the evolution of the dark matter
profile itself. To this end, we perform a similar set of
N-body simulations to numerically recover the profile after
a small number of orbits, such that the orbital elements of
the companion do not change significantly during the
simulation. To obtain a theoretical prediction for the
depletion, we can solve Eq. (3.29) trivially to obtain
the distribution function at a later time t,

fðE; tÞ ¼ fðE; 0Þ exp
�
−
paccðEÞ

T
t

�
; ð4:2Þ

where fðE; 0Þ is the distribution at the start of the
simulation t ¼ 0. By integrating the distribution function
in Eq. (4.2) over velocities, we can thus compute the
depleted density profile ρðr; tÞ.
In Fig. 5, we show a validation of our semianalytic

feedback prescription with numerical results after 25 orbits.
In the top panel, we show the depletion of the DM spike for
a circular orbit, for different values of the accretion radius
racc. This depletion shows good agreement (at the level of
5%–10%) with the semianalytic formalism described above
(colored dashed lines). Note also that the spike is depleted
not only within the accretion radius (which in this case
ranges from 2%–30% of the orbital radius) but instead there
is substantial depletion out to radii an order of magnitude
smaller and larger than the orbital radius (vertical dashed
line). This occurs because all orbits which pass through the
torus where accretion is effective will be depleted, leading
to depletion also at smaller and larger radii.
In the bottom panel of Fig. 5, we fix the accretion radius

to racc ¼ 0.1ai and show results for different eccentricities.
The two colored bars at the bottom of the panel show the
range of orbital radii for the two orbits with eccentricities
e ¼ 0.6 and e ¼ 0.8. Again, there is good agreement with
the semianalytic feedback accretion formalism (colored
dashed lines). The only substantial discrepancy appears for
the most eccentric orbit (e ¼ 0.8) at small radii, where the
pericenter 0.2ai becomes comparable to the accretion
radius and the softening length of interactions with the
central BH, both equal to 0.1ai. The largest depletion
occurs close to the pericenter, where the orbital velocity is
large, in agreement with our interpretation of Fig. 4, where
the accretion force and mass accretion rate are dominated
by the inner parts of the orbit.
The feedback results so far have focused on a relatively

small, fixed number of orbits. We now explore the evolution
of the density profile over longer times. For each of the

FIG. 4. Orbit-averaged accretion coefficients hCaccðeÞi and
hCmðeÞi as a function of orbital eccentricity e. Data points show
the accretion coefficients estimated from ȧ=a measured in
simulations, while the solid lines show the values calculated
by orbit-averaging of the coefficients defined in Eq. (3.12). We
fix the accretion radius to racc ¼ 0.1ai.
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systems in the upper panel of Fig. 5, we continued evolving
the system up to 250 orbits. The results are shown in the top
panel of Fig. 6, where the crosses show the ratio of the initial
and final DM density at the orbital radius r ¼ ai, as
measured in the simulations. The dashed lines show the
corresponding density calculated using the semianalytic
prescription of Eq. (4.2). Initially, this prescription provides
a good fit to the simulation results. However, after some
number of orbits, the DM density measured in simulations
begins to flatten, while the theoreticalmodel predicts an ever
decreasing density.
This deviation between the model and the simulation

arises because the assumption of isotropy and spherical
symmetry is eventually broken. This can be seen clearly in

Fig. 7, which shows the distribution of DM particles after
200 orbits for the case of racc ¼ 0.3ai (yellow results in
Fig. 6). In the upper panel of Fig. 7, we show the
distribution of particles in the x-y plane (the plane of the
orbit). This shows that after ∼200 orbits, the orbiting object
has largely cleared the region accessible to it via accretion,
making further depletion difficult. In the lower panel of
Fig. 7, we show the distribution of the polar angle cos θ of
DM particles (where cos θ ¼ 0 lies in the plane of the
orbit). Here, we see that an initially uniform distribution of
particles has been substantially depleted, leaving very few
particles in the plane of the orbit.

FIG. 5. Feedback due to accretion as a function of accretion
radius and eccentricity. In the upper panel, we show the ratio of
the final to initial DM density profiles as a function of radius after
25 orbits. Solid lines show the results estimated from the
NbodyIMRI simulations, while dashed lines are derived from the
feedback model of Eq. (4.2) and Sec. III C. Different colors
correspond to different accretion radii racc. In the lower panel, we
fix the accretion radius to racc ¼ 0.1ai and show results for
different eccentricities e ¼ f0.0; 0.6; 0.8g. The colored bars at the
bottom of the panel show the range of radii traversed by the
secondary BH over the orbits with eccentricities e ¼ 0.6 and
e ¼ 0.8. The gray shading shows the region where the inter-
actions between the DM particles and the central BH are
softened.

FIG. 6. Simulated and predicted DM depletion and orbital
decay with time. The upper panel shows the ratio of the final to
initial DM density at the orbital radius of the binary (marked by
the vertical dashed line in the upper panel of Fig. 5). Crosses
show the simulation results, which initially agree with the
theoretical feedback formalism (colored dashed lines). The lower
panel shows the corresponding fractional change in semimajor
axis in the simulations (solid lines) compared to the prediction
from the feedback formalism (dashed). For large numbers of
orbits, the simulated and theoretical results deviate as the
assumptions of isotropy and spherical symmetry are eventually
broken.
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This snapshot highlights that the accretion process
preferentially depletes particles from the torus swept out
by the orbit of the secondary BH, with inner cross section
set by the accretion radius racc. Eventually the number of
particles in the torus becomes very small, and nothing more
can be accreted. The formalism described by Eq. (4.2)
assumes that the un-accreted DM particles lie on orbits
which remain spherically symmetric and therefore there
will always be particles crossing this accretion torus,
allowing for continuing depletion.
The lower panel of Fig. 6 shows the fractional change in

semimajor axis of the simulated binaries due to accretion
by the secondary (assuming a spike normalization of
ρ6 ¼ 9.1 × 1014M⊙=pc3). As for the DM density, the
simulated orbital decay (solid lines) initially follows that

expected from an analytic estimate including the feedback
formalism described above (dashed lines). In the simula-
tions, the orbital decay begins to stall at roughly the same
time that the DM density flattens off in the upper panel.
Again, this is due to the asymmetry which develops in the
system: depletion stops because no further particles can be
accreted, which also means that the inspiral (driven by
accretion) stalls.
The number of orbits Ncrit before this asymmetry

becomes relevant can be estimated by comparing the
volume of the accretion torus V torus ¼ 2π2rr2acc with the
volume of a shell of thickness 2racc at a radius r,
Vshell ¼ 8πr2racc. The ratio of these two quantities is an
estimate of the probability pcap that a given particle in the
shell will be captured in a single orbit (i.e., if it lies within
the accretion torus). The number of orbits before the
accretion torus is fully depleted (and further accretion is
not possible) therefore goes as ∼1=pcap, meaning that
Ncrit ∼ Vshell=V torus ∼ ð4=πÞðr=raccÞ. For the examples in
Fig. 6, this would corresponds to Ncrit ¼ f64; 13; 4g for
racc ¼ f0.02; 0.10; 0.30gr respectively, roughly matching
the number of orbits at which the simulations begin to show
deviations from the prediction in each case.
For the realistic case of accretion by a Schwarzschild

black hole, we can set racc ≈ 2rs ≈ 4Gm2=c2. We note that
the secondary BH will not be able to efficiently deplete the
accretion torus if it inspirals by more than a distance 2rs
during Ncrit orbits. The number of orbits required for the
secondary BH to inspiral due to GWemission by a distance
2rs can be estimated6 as ΔN ≈ ðr=RISCOÞ3=2, where RISCO
is the ISCO of the central BH m1. This number ΔN is
parametrically much smaller than Ncrit ≈ r=racc for accre-
tion by a realistic BH, except at very large radii. Thus, we
expect that taking into account the inspiraling of the
accreting BH, the asymmetry in the DM spike induced
by the accretion process will not be sufficient to substan-
tially affect the formalism presented here.

V. QUASICIRCULAR INSPIRALS
WITH ACCRETION

Gravitational waveforms from small mass ratio inspirals
are sensitive to the environments in which they evolve and
therefore serve as a potential probe of dark matter. Many
previous works have focused on the effects of dynamical
friction (e.g. [22,26,65,69]), while some have explored
accretion in the context of scalar clouds [70,71] or unbound
DM [72]. In the context of CDM spikes, Yue and Han [24]
argued that accretion in a static laminar flow model is of
negligible importance. However, in light of the recent work
by Kavanagh et al. [22], it was shown that dynamical

FIG. 7. Distribution of simulated DM particles after 200 orbits.
The upper panel shows the distribution of particles in the x − y
plane (the plane of the orbit), limiting to particles with jzj < racc.
The black crosses show the positions of the two BHs while the
dashed region marks the region from which particles may be
accreted over a single orbit (i.e. the region with a perpedicular
distance from the orbital path of less than racc). The lower panel
shows the distribution of the polar angle cos θ of DM particles
(where cos θ ¼ 0 lies in the plane of the orbit), limiting to
particles within a spherical shell of width 2racc around the orbital
radius. This snapshot shows results from the simulation with
racc ¼ 0.3ai (yellow results in Fig. 6).

6The number of orbits required to inspiral by a distance Δr can
be estimated as ΔN ∼ Δr=ðṙGWTÞ, where ṙGW is the rate of
inspiral due to GW emission. We also assume m2 ≪ m1.
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friction is greatly suppressed when accounting for a
dynamic CDM spike distribution. Thus, the previous
estimates would place accretion as a comparable effect
to that of dynamical friction.
In this section, we incorporate the prescription for

accretion onto the companion into our evolution method
for the binary. We discuss the evolution equations and our
numerical method for solving them; and then present our
simulated results.

A. Evolution equations and numerical methods

In Sec. II, we presented the formalism for the evolution
of a binary system in the absence of accretion. Operating
within the post-Newtonian approximation, we accounted
for gravitational wave radiation at the 2.5 order PN, but
omitted the 1PN and 2PN conservative terms and worked
with Newtonian orbital energy and angular momentum for
the regimes of interest. The binary was described through
its semimajor axis a and orbital eccentricity e, while the
spike through its distribution function fðEÞ. The orbital
element ða; eÞ would then evolve according to Eq. (2.12),
with changes in the orbital energy E and angular momen-
tum L driven by gravitational wave emission and dynami-
cal friction. The evolution of the distribution function
would be described by Eq. (2.18).
Because we now also include the effects of accretion, we

will alter this prescription to account for the change in mass
of the companion m2 through Eq. (3.10); the force of
accretion in Eq. (3.11); the depletion of the distribution
function from Eq. (3.29); and finally alter the evolution
equations for the binary to account for the change in mass
of the companion, given by Eqs. (3.21) and (3.22).
In the quasicircular regime, this prescription reduces to

the following system of differential equations,

ṁ2 ¼ ρDMσBHuCm;

ṙ2 ¼ r2

�
Ėtot

Gm1m2=ð2r2Þ
−
ṁ2

m

�

Ėtot ¼ −
32G4

5c5
μ2m3

r52
− 4πG2m2

2

ρDM
u

CDF

− ρDMσBHu3Cacc

ḟ ¼ ΔþfðEÞ − ðpDF þ paccÞfðEÞ
T

; ð5:1Þ

where r2 is the binary separation. Here ρDM, σBH, and the
various prefactors C (some of which are functions of the
companion’s orbital velocity) are evaluated at each sepa-
ration r2. In the total energy loss Ėtot, the first term is due to
gravitational wave radiation, the second is the dynamical
friction, and the third is the accretion. The first term in the
distribution function evolution ḟ comes from particle
redistribution due to dynamical friction, the second is
the dynamical friction depletion, the third is the accretion

depletion. The prefactor pDF is the dynamical friction
prefactor of Eq. (2.16), and pacc is the accretion probability
of Eq. (3.28). The DM density ρDM is obtained by
integrating the distribution function fðEÞ over velocities.
With this scheme, we can self-consistently evolve any

dressed binary system within the assumptions stated in
Sec. II. To solve these equations, we have produced Python

code that utilizes Ralston’s method, a 2nd order Runge-
Kutta. In it, the binary is described by the two evolving
scalars r2, m2, and a distribution function fðE; tÞ that is
evaluated on a dense grid of energies E, based on the
HaloFeedback implementation [59]. The integration evolves
with dynamically chosen time steps Δt that are tuned with
an Euler method to avoid large relative changes in the
scalars or nonphysical values to the distribution function.

B. Numerical simulation results

First, we will qualitatively describe the behavior of the
binary based on Eq. (5.1). Let us make this exploration
through a comparison of three systems; a binary in vacuum
space (“Vacuum”); a “dressed” binary in the dark matter
spike where only the effects of dynamical friction are
included similarly to Kavanagh et al. [22] (hereafter “DF”);
and another dressed binary where both dynamical friction
and accretion are included (“DFþ AC”).7 In practice, the
“DFþ AC” system is the same as Eq. (5.1), while for “DF”
we take Cm ¼ Cacc ¼ paccðEÞ ¼ 0, and for “vacuum” also
take CDF ¼ ḟðEÞ ¼ 0.
Based on Eq. (5.1), we expect that the vacuum case (with

only the GW radiation switched on) to evolve in such a way
that the binary’s separation decreases monotonically. When
dynamical friction is included, the decrease is accelerated
due to its dissipatory nature, represented by a negative
contribution to Ėtot. Finally when accretion is switched on,
although more nuanced, the inspiral is faster still. By
isolating the contribution of accretion

ṙ2
r2

∝ −
�
Cacc þ

q
2
Cm

�
: ð5:2Þ

we see how the first term, the energy dissipation by
accretion of momentum, and the second, the deepening
of the potential due to mass increase, both accelerate the
inspiral. However, the latter is negligible here as it is being
suppressed by the small mass ratio q while the two
prefactors (Cacc, Cm) are of similar order.
In Fig. 8, we plot the evolution of the binary separation

r2 for the three systems described above. The benchmark

7The comparison between the “DF” and “DFþ AC” systems
is not only representation of the improvement in the calculation of
dressed binaries, but also a comparison of the impact of the
companion’s nature on the evolution of the system. In the case
where the companion is a compact object without an event
horizon, standard CDM models do not predict any accretion.

SHARPENING THE DARK …. I. ACCRETION AND … PHYS. REV. D 111, 063070 (2025)

063070-13



parameters from Table I represent a typical dressed IMRI
system of two black holes. Inspired by the LISA
mission [1,73], we choose to evolve the system in such
a way that it would merge within 5 years if it were in
vacuum space (roughly r2;i ¼ 18.87RISCO).

8 We indeed
recover the expected behavior and find that the three
systems which start at the same initial separation, merge
approximately after 5 years, but at different times.
Specifically, the “DFþ AC” and “DF” systems merge
about 7 and less than 6 days sooner than the vacuum case
respectively.
Additionally, we find that the increase in the compan-

ion’s mass is minimal (about δx ¼ 0.25% or 0.025M⊙),
and occurs predominantly at larger separations. This is due
to the longer inspiral timescales at larger separations, which
allow for more accretion.
Energy loss curves. To better understand the behavior of

the binary, we look at the evolution of the energy loss terms
with the separation. In Fig. 9 we show the fraction of the
orbital energy that is lost per orbit for each mechanism in
the case where all forces are active and feedback is active
(solid lines). We also show the case where the spike is

present, but feedback is not (dashed lines). We choose the
same benchmark system parameters, but we initialize the
binary at r2 ¼ 100RISCO.
As expected, gravitational wave radiation remains the

driving force of the inspiral at most separations.
Furthermore, dynamical friction is larger than accretion,
but only by a small amount. This is in contrast to previous
claims that dynamical friction is the dominant spike-
induced force in the system [24]. This difference is due
to dynamical friction feedback which dampens the strength
of that force [22] toward, what we empirically observe to
be, a comparable scale to that of accretion. For small
separations, when feedback is negligible, the losses of
the dynamically evolved systems tend to their unper-
turbed counterparts, while at the largest a transient period of
DM redistribution arises due to the simulation’s unphysical

FIG. 8. Evolution of the binary separation r2. A benchmark
parameter system is examined in presence and absence of a spike.
The vacuum case (solid black) is the slowest to inspiral, while the
“DFþ AC” case (solid blue) is the fastest. The “DF” case
(dashed blue) is in between the two. Accretion will noticeably
accelerate the inspiral and cause the binary to merge sooner.

TABLE I. The dark dress benchmark system of this study. The
columns indicate the black hole masses chosen for a mass ratio
that allows for measurable feedback [22], and initial dark matter
spike parameters within expected ranges [10].

m1 [M⊙] m2 [M⊙] ρ6 [M⊙=pc3] ρsp [M⊙=pc3] γsp

104 10 1016 1.1 7=3

FIG. 9. The fraction of the orbital energy that is lost per orbit at
different separations. The dashed lines correspond to a spike in
absence of feedback. The force of accretion overwhelms that of
dynamical friction near the initial separations and the change in
gravitational waves due to the increase in the companion’s mass
takes over both of them. The sharp initial features of the blue (and
orange) lines are short, transient periods of spike depletion. These
arise from not choosing to simulate the companion entering an
unperturbed spike but instead appearing already inside of it at a
later configuration [30,31].

8The choice of initial conditions is not straightforward in the
study of environmental effects. Energy and mass exchange during
past inspirals may alter the environment. The above setup is
equivalent to the assumption that the black hole companion has
instantly appeared in a circular orbit inside a dark matter spike to
form an IMRI with the central black hole.
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initialization. Otherwise, we find that dynamical friction
follows a broken power law which is described by the
“shell model” of Coogan et al. [30]. This is interesting as
the result should formally deviate from this prediction
when accounting for accretion in this regime; either
through the increased inspiral rate ṙ2 or the accretion’s
feedback rate paccfðEÞ=T. However, the relative effect is
negligible. Finally, we note that the increase in the com-
panion’s mass also has a substantial effect on the gravita-
tional wave radiation which scales with m2

2. The gray line
depicts this by showing the change in power to this
emission as the mass increases.
Sensitivity to initial conditions. In this system, the initial

conditions of the binary and the spike are coupled
through the feedback mechanism. Cole et al. [31] have
shown that under the effects of dynamical friction, the DM
density will converge to a universal profile, regardless of
the starting separation of the binary, as long as the feedback
timescales are longer than the inspiral timescale. This
removes some of the sensitivity to initial conditions in
most regimes.
In our setup, we have identified a similar behavior. First,

when the system is initialized the accretion energy loss will
quickly alter and deplete alongside dynamical friction.
Then, there is a transient stage of slower depletion before
turning into an enhancement. The separation where this
switch occurs seems to be related to the initialization
separation and is further away the further the initial
separation. Finally, at the turning point when accretion
begins to increase again, we observe convergence to a
universal curve similar to that in [31].
GW signal dephasing. To quantify the size of the effect

induced by dark matter, we calculate the difference between
the number of gravitational wave cycles accumulated
during an inspiral in vacuum and in the presence of a
spike. A system with more sources of energy dissipation,
other than GW radiation, will experience an accelerated
orbital decay and subsequently accumulate a smaller
number of cycles before it merges. In the case where the
frequency monotonically increases in time, we define
the number of GW cycles between two frequencies f1
and f2 as,

Nðf1; f2Þ ¼
Z

f2

f1

f

�
df
dt

�
−1
df; ð5:3Þ

where the gravitational wave frequency is twice the orbital
frequency in the quadrupole approximation [53], and df=dt
is the total derivative of the frequency with respect to
time, accounting for the change in separation and mass. We
focus on the cycles remaining until the binary merges,
which we approximate through the frequency associated
with the innermost stable circular orbit (ISCO) and
define N→cðfÞ≡ Nðf; fc ¼ 2fISCOÞ.

We define the GW dephasing as the difference in
remaining cycles (in radians) between the vacuum
NVðfÞ and spike NSðfÞ case respectively

ΔΦ→cðfÞ ¼ 2π

Z
fc

f
f0
�
df
dt

				−1
V

−
df
dt

				−1
S

�
df0: ð5:4Þ

Alternatively, using Eq. (3.21), we can express this in terms
of the semimajor axis aðfÞ up to OðqÞ

ΔΦ→cðfÞ ¼ −πGm1

Z
ac

a

�
fVm2;V

ĖV
−
fm2

Ė

�
da
a2

; ð5:5Þ

where ac ¼ RISCO. Here, ĖV is the energy loss rate of
gravitational waves in the vacuum system;m2;V the constant
companion’s mass; and Ė the total energy loss in the spike
includingGWs and two forces. Even in absence of the forces,
the presence of amass accretion rate altersm2ðaÞ and thus the
GW emission, leading to a third source of dephasing.
In Fig. 10, we show this dephasing for the benchmark

system described above, where fc ≈ 0.44 Hz. Specifically,
the lines indicates the dephasing of the gravitational wave as
a function of thewave’s frequency fGW between the vacuum
case and the spike case. Each line shows the contribution to
this dephasing by a particular effect. The solid blue line is that
induced bydynamical friction alone,while thedashedorange
and dotted black lines are due to the two different effects of
particle accretion, Facc and ṁ2 respectively.
The dephasing induced by accretion is a large effect in

terms of cycles lost, and becomes dominant in lower and
higher frequencies through Facc and ṁ2 respectively. The
dephasing effects attributed to the two forces induces by
the spike are comparable to each other and dynamical
friction takes over at higher frequencies with its dephasing
ΔΦ→cðfÞ approximating that of the static case in absence of
feedback [30]. This system was initialized at r2 ¼ 100RISCO
andwe show the dephasing from this point in the lower panel
of Fig. 10. In the upper panel, we show the dephasing starting
5 years before merger (at f5yr ≈ 0.005 Hz) which shows a
dephasing of 10,000 radians from dynamical friction, 700
from the force of accretion and 30,000 from the change in the
gravitational wave emission.
The final contribution is much larger than the rest due to

gravitational wave’s relative potency in extracting energy
from the system. As the mass of the companion increases
slightly from ṁ2, the already GW-dominated system
inspirals slightly faster primarily by the increase of GW
radiation, and less so by the suppressed deepening of the
energy potential. Thus it draws fewer cycles compared to a
vacuum counterpart where no mass was ever accreted. We
reason that this effect to be of the order δxΦV where ΦV is
the total phase of the vacuum case and δx (typically < 1%)
is the fractional change of the companion’s mass. Because
this is a large number for EMRIs and IMRIs, this effect
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tends to be large. A dephasing comparison with a best-fit
vacuum system is left for future discussion.

VI. INSPIRALS WITH NONZERO ECCENTRICITY

The preparation for gravitational wave searches
of dressed EMRIs has usually been carried in the quasi-
circular regime [74] due to the circularization strength of

gravitational radiation. However, environments add addi-
tional level of nuance to the problem. For dark matter
spikes, Yue and Cao [32] suggested that dynamical friction
eccentrifies the orbit at large separation when accounting
for a toy model of the spike, ignoring feedback and the
phase space distribution of the particles. Conversely, when
these effects are included, Becker et al. [33] and Li
et al. [34] found that the spike induces a moderate net
circularization instead.
In this section, we present a formalism for the treatment

of inspirals with any orbital eccentricity beyond the static
case, meaning that we include feedback from dynamical
friction and that of accretion discussed in Sec. III. The
layout is as follows, we will first describe the evolution
equations and numerical method, expanding the feedback
of dynamical friction from previous work [22] to the case of
eccentric inspirals. Then, we will briefly explore the
codependence of the evolution of the binary and spike
in a toy system, before finally examining the complete case.

A. Evolution equations and eccentric feedback

When the binary is allowed to have a nonzero orbital
eccentricity at any point during its inspiral the evolution
equations of Eq. (5.1) are no longer valid and must be
supplemented. In particular, the binary separation r2 is
replaced with the semimajor axis a of the orbit, and the
orbital eccentricity e is introduced as a new evolving
parameter. We do this through equations Eqs. (3.21) and
(3.22), including angular momentum loss along with
energy loss. The new equations will take the form

ȧ ¼ −a
�
Ėtot

E
þ 2 ˙̄m2 − ṁ2

m

�
;

ė ¼ −
1 − e2

e

�
Ėtot

2E
þ L̇tot

L
þ ˙̄m2 − ṁ2

m

�
;

ḟ ¼ ΔþfðEÞ − ðpDF þ paccÞfðEÞ
T

; ð6:1Þ

where the total loss rates Ėtot and L̇tot are obtained as the
sum of GW radiation [Eq. (2.13)] or environmental effects
[substituting Eqs. (2.16) and (3.11) in Eq. (2.15)], and ˙̄m2 is
a orbit-weighted mass accretion rate. Explicitly, these are

Ėtot ¼ −
32G4

5c5
μ2m3

a5
1þ 73

24
e2 þ 37

96
e4

ð1 − e2Þ7=2

− 4πG2m2
2

ρDM
u

CDF − ρDMσBHu3Cacc;

L̇tot ¼ −
32G7=2

5c5
μ2m5=2

a7=2
1þ 7

8
e2

ð1 − e2Þ2

− 4πG2m2
2

ρDM
u

CDF − ρDMσBHu3Cacc;

ṁ2 ¼ ρDMσBHuCm; ˙̄m2 ¼
r2
a
ṁ2: ð6:2Þ

FIG. 10. Dephasing of the gravitational wave signal from
different sources. We show the difference in the gravitational
wave cycle count (starting at some frequency fGW until the
merger at fc ¼ 2fISCO ≈ 0.44 Hz) between a vacuum inspiral
and a system with a dynamic dark matter spike. We assume the
benchmark astrophysical system with parameters given in Table I.
The upper panel shows results starting 5 years from the merger,
while the lower panel shows a longer inspiral, starting at a larger
separation, which shows the comparable effects of dynamical
friction and accretion forces.
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The environmental quantities are then integrated over an
entire elliptical orbit through Eq. (3.20) before injecting
them in Eq. (6.1).
Finally, the distribution function evolution has the same

form as in Eq. (5.1), but each of the probabilities must now
be evaluated following a general elliptical orbit. Below, we
elaborate on each feedback term.
Accretion feedback. In the case of accretion, we have

already derived the term paccðEÞ for general orbits which
can be used as is from Eq. (3.28). Interestingly, the form of
the final integration over θ allows us to gain some intuition
on the effect of increasing eccentricity to the probability of
particle accretion. Specifically, for elliptical orbits paccðEÞ
takes the form of an effective average over θ of the circular
case. This allows for more particles to be accreted at higher
eccentricities.
Dynamical friction feedback. Unlike the novel accretion

feedback derived in Eq. (3.28), when dynamical friction
feedback was first conceived by Kavanagh et al. [22] it was
done so in the circular orbit limit. Thus, in this part we will
summarize the formalism and adapt the calculation to the
case of elliptical orbits.
Following a similar logic to the one presented in

Sec. III C, we aim at building the distribution function
differential of Eq. (2.18) and recalculating it for the
elliptical case. Because the work transferred by dynamical
friction is not lost, particles that scatter off the companion
will receive a boost in energy ΔE and thus be displaced to
other orbits. If the probability of receiving such a boost
PEðΔEÞ is known, then the change in the amount of
particles at a given energy E sees a contribution from
those that were boosted away from that energy (depletion)
and those that are boosted into it from other states
(replenishing). This can be written as

ΔNðEÞ ¼ −NðEÞ
Z

PEðΔEÞdΔE

þ
Z

NðE − ΔEÞPE−ΔEðΔEÞdΔE: ð6:3Þ

Or equivalently, in terms of the distribution function
differential

ḟðEÞ¼−fðEÞ 1
T

Z
PEðΔEÞdΔE

þ 1

T

Z
ΔEmax

ΔEmin

�
E

E−ΔE

�
5=2

fðE−ΔEÞPE−ΔEðΔEÞdΔE;

ð6:4Þ

where the limits come from ΔEðbÞ ¼ −2u2ð1þ b2=b290Þ−1
[22] for b ¼ bmin and bmax at the periapsis or apoapsis of
the orbit.
The probability PEðΔEÞ is that of a particle with energy

E receiving a boost ΔE. We calculate this from the reduced

density of states g0 of particles with energy E that receive
this boost, meaning PEðΔEÞ ¼ g0=g. We note that size of
the boost is a function of the impact parameter b of the
particle’s orbit ΔEðbÞ. With this, then, the reduced density
of states is given by

g0 ¼
ZZ

δðEðr; vÞ − EÞδðΔEðbÞ − ΔEÞd3r d3v: ð6:5Þ

The details of this calculation follow closely that of
Sec. III C and are presented in Appendix C, where we
rectify a small error in the original derivation of Kavanagh
et al. [22] in choosing the torus volume element (see
Appendix A). Ultimately, the probability takes the form,

PEðΔEÞ¼
4πG2m2

2

ffiffiffi
2

p

gðEÞΔE2

×
ZZ

r2
u2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ψðr2Þ

�
1−

b�
r2
cosϕ

�
−E

s
dϕdθ: ð6:6Þ

Just as with Eq. (3.28), the role of the θ integration is
understood as an effective averaging of the circular case
over the orbit, and hence we utilize the HaloFeedback

implementation [59] to evaluate each subintegral over ϕ
with special elliptic functions.
Understanding feedback and eccentricity. To understand

the interplay between feedback and elliptical orbits, let us
evaluate a particular numerical experiment. Specifically, we
consider the time-evolution of a black hole binary of
constant mass and locked in place. In practice, this is
achieved by setting ȧ ¼ ė ¼ 0 in Eq. (6.1), only including
the ḟ terms for dynamical friction and accretion. Although
this is not a realistic description of the system which will
inevitably alter its orbital parameters, it provides some
understanding of how the spike distribution is altered over
short timescales.
The four panels in Fig. 11 show heatmaps of the time-

evolution of the density profile of four binaries with
benchmark parameters and on orbits of different eccen-
tricity. Specifically, their orbital parameters are a ¼
103RISCO and e∈ f0; 0.3; 0.6; 0.9g from top to bottom.
Each system is evolved for up to 25,000 orbits or
approximately 223 years and their profile is extracted at
various reference times and reported with a different color.
Specifically, we plot the relative density at each time,
meaning the current density over the initial ρðtÞ=ρðt ¼ 0Þ
for various values of distance from the center r.
In the top panel, where the dark matter halo is allowed to

evolve in response to the orbit of a circular IMRI, we
recover the behavior reported by Kavanagh et al. [22]. That
is, the halo exhibits two regions, one depleted at lower
separations and another denser; as predicted by the func-
tional form of Eq. (6.3) which dominates feedback.
Particles of lower energies will gain energy and on average
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be displaced toward wider orbits. In fact, these two regions
are common in all other panel configurations as well. As we
increase the orbital eccentricity the companion is allowed to
access more shells in the spike (as illustrated by the gray
regions) and increasingly so toward the center, scaling with
rmin ¼ að1 − eÞ. Indeed, we see that the largest depletion
occurs at rmin. These depleted particles are displaced over
the wide range of radii covered by the eccentric orbit,
ultimately making the excess density at large radii less
pronounced than in the circular case.

B. Numerical simulation results

We will now present the results of our numerical simu-
lation.We investigate amore realistic binary systemwhich is
allowed to evolve fully, and we report the evolution of the
density profile, orbital eccentricity as well as of the second
mode dephasing from quadrupole radiation.
Density profile. In Fig. 12, we simulate a benchmark

system with initial eccentricity e0 ¼ 0.3 and at a large
semimajor axis. We show three snapshots of the density
profile at various times during its evolution and report the
system’s orbital eccentricity at that point. The orbital
eccentricity decreases as the inspiral progresses not only
due to gravitational wave radiation but also due to
dynamical friction and accretion. However, the environ-
ment’s effect is largely suppressed in the presence of
feedback. In line with the previous numerical experiment,
the first snapshot exhibits a small depletion at distances
smaller than those available to the companion’s orbit and an
increased density at larger distances. However, at later
times when the binary progresses through the previously
depleted areas it dynamically replenishes matter behind its
path leading to profile snapshots that resemble broken
power-laws aligning with the orbit’s periapsis. This behav-
ior recovers the quasicircular case in [22] where the density
profile breaks at a distance equal to the binary’s separation
rminðe ¼ 0Þ → r2. Finally, at the end of the evolution the
profile will rest at a similar but steeper power-law.
Orbital circularization. In the presence of the spike, the

system’s eccentricity evolves under the influence of
dynamical friction and mass accretion as well as gravita-
tional wave emission. In Fig. 13 we depict a vector map

FIG. 11. Changes to the density profile due to dynamical
friction and accretion. Each binary is on a fixed orbit with
constant orbital elements and a ¼ 102RISCO simulated for 25,000
orbits. The dashed vertical line represents the semimajor axis a of
the systems, and the gray area shows the radial extent of the orbit,
i.e. r2 ∈ ½að1 − eÞ; að1þ eÞ�.

FIG. 12. Density profile during binary evolution. An eccentric
IMRI with e0 ¼ 0.3 is evolved until it merges. Snapshots of the
density profile are shown after some time has elapsed where the
binary has reached eccentricities e ≈ ½0.29; 0.12; 0.04� respec-
tively. The colored regions correspond to the range of radii
covered by the companion’s eccentric orbit, while the vertical
dotted line is its semimajor axis. The black dashed line is the
initial unperturbed DM density profile.
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corresponding to ė=ȧ, the direction of change in eccen-
tricity corresponding to the orbit’s semimajor axis shrink-
ing. Each arrow is for a benchmark parameter system’s first
few orbits after a binary is formed in a static profile. We
find that for all points, the eccentricity tends to decrease and
the orbit to shrink. This is expected at smaller separations
where gravitational wave radiation dominates the energy
loss [53] and in the regime where inspiral timescales are
shorter than those of feedback [33]. In the latter regime,
although the spike contributes to circularization of the orbit,
the large force of dynamical friction increases ȧ and
accelerates the inspiral, leading to marginally larger eccen-
tricities than vacuum binaries but still smaller compared to
the static treatment [33]. We find that this picture does not
change when including accretion. In addition, in regions
where feedback is substantial, we find that the spike’s
contribution to the eccentricity remains in the direction of
circularization.9 In the regime at small separations, where
GW emission dominates the effects from DF and accretion
are greatly suppressed and thus only marginally contribute
to the evolution. Thus the system’s eccentricity evolution is
driven primarily by gravitational wave emission.
Orbital dephasing. Finally, we look at the interplay of

orbital eccentricity and gravitational dephasing. While this
is straightforward in the circular regime where gravitational
wave radiation is primarily emitted at the second mode
fGW ¼ 2forb, elliptic systems will emit gravitational waves

of varying power at different frequencies [53]. To make a
first comparison, we will restrict ourselves to the second
mode of the emission, and thus also effectively compare the
difference in the orbital cycles drawn by the binary itself.
In Fig. 14, we show the dephasing for our benchmark

system (Table I) initialized at the same semimajor axis but
with different orbital eccentricities.10 Remarkably, we find
that as the eccentricity increases up to e0 ¼ 0.6, the
dephasing is well within 40% of the circular case for all
the frequency range. Smaller orbital eccentricities are even
more similar; for the case of e0 ¼ 0.3 the dephasing shows
less than a 10% difference compared with the circular case.
In fact, we find that most of the change in the dephasing is
accumulated at very low frequencies when spike depletion
is dominant, and at higher frequencies where the accumu-
lated mass due to accretion enhances GWemission. Finally,
we find that for higher values of initial eccentricity, the
curve becomes increasingly different, acquiring most of its
dephasing at larger frequencies.

VII. CONCLUSIONS AND DISCUSSION

In this work we have presented two advancements in the
study of intermediate and extreme mass ratio inspirals
inside dark matter (DM) spikes: DM accretion from the
spike onto the companion, and the interplay between orbital
eccentricity and spike.
We have derived the contribution of particle accretion to

the black hole (BH) companion, taking into account an
evolving particle distribution, and provided a semianalytic

FIG. 13. Direction of orbital eccentricity evolution in dynami-
cally evolved spikes. A benchmark system is allowed to evolve for
a short period for a range of initial orbital parameters a0, e0, each
corresponding to one point. Thevector at each point is the direction
of the relative derivative ė=ȧ. Circularization is expected across the
whole range of orbital configurations shown here.

FIG. 14. Dephasing for different initial eccentricities. Most of
the curves follow closely the shape of the quasicircular case. For
large eccentricities and high frequencies, accretion takes over as
the dominant contribution to dephasing, as the growingmass of the
secondary enhances the GWemission. We assume the benchmark
astrophysical system with parameters given in Table I.

9We find orbit circularization is always the case except
momentarily for a negligible increase in eccentricity during
the initial spike depletion at the beginning of certain simulations.
This is an artifact of the initial spike redistribution at very low
eccentricities and circularization quickly ensues again.

10Note that this initial configuration gives rise to quadrupole
radiation roughly inside the LISA sensitivity.
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formalism that self-consistently captures this effect on the
evolution of BH binaries as well as the surrounding DM
distribution. In the formalism, this takes the form of an
additional force Facc acting on the companion,11 a time-
dependent mass of the companion ṁ2, and a change in the
distribution function ḟacc as particles are depleted by
accretion. To verify our prescription, we present a series
of numerical N-body experiments, described in a
companion paper [36], which accurately recover all of
our analytical predictions.
Utilizing this refined description, we have shown that

particle accretion leads to an accelerated inspiral due to the
increased rate of energy loss, and thus to a large dephasing
effect on the gravitational waveforms that generally cannot
be ignored. We have found that the dephasing effect due to
the accretion force is dominant to that of dynamical friction
at low frequency (large separations). At high frequency
(small separations), we have also found that a second effect
becomes relevant: the growing mass of the secondary BH
enhances the rate of inspiral due to GWemission, leading to
a dephasing with respect to the vacuum case.
While this paper was in preparation, Nichols et al. [35]

presented an analysis of particle accretion onto the
companion in DM spikes. Their prescription also takes
into consideration the increase in the companion’s mass
and includes a term for mass conservation in the spike’s
distribution function. The main difference between our
prescriptions is in the regime of their validity. For imple-
menting the effects of accretion, Nichols et al. [35] con-
siders the increase in mass of the companion through
dimensional analysis and its backreaction on the orbit. In
this toy model, the rate of mass change is only proportional
to the density profile at the position of the companion, and
otherwise independent of the distribution function. In our
formalism, this is equivalent to setting the mass prefactor in
Eq. (3.14) to 1. This is only valid when the companion
moves much faster than the DM particles u ≫ v. Indeed,
we find that our accretion feedback formalism recovers
their reported results in the limit where u ≫ v and when
ignoring the distribution of all possible particle encounters.
Finally, because mass is not conserved, the equations of
motion must be altered, which we find to give rise to a
novel backreaction force with its own prefactor [Eq. (3.15)]
that corresponds to the accumulating accretion of momen-
tum from the absorbed particles.
In the second part of this paper, we have analyzed the

interplay between orbital eccentricity and dynamic DM
distributions for the first time. We did this by extending
the feedback model of Kavanagh et al. [22] to the case
of general orbits and included it in our simulation

prescription. By including this effect, we extend the domain
of applicability of the eccentric formalism presented
by Becker et al. [33] (valid only in the static case) to the
case of intermediate mass ratio inspirals with mass ratio
q ¼ m2=m1 ≤ 10−5, where feedback is generally strong at
some point in the inspiral.
We find that when accounting for dynamical friction and

accretion from the spike, each effect contributes to the
circularization of the orbit. Specifically, the circularization
rate with respect to the semimajor axis of the orbit is found
to be larger than in the static case and equivalent to that of
GW emission alone. This is because of the large suppres-
sion of the environmental effects when feedback is strong.
Finally, we investigate the dephasing of the emitted wave-
forms with respect to the vacuum case for quadrupole
emission. We find that for systems entering the LISA band
with initial eccentricities up to e0 ≈ 0.6, the dephasing
closely follows the shape of the circular case. Conversely,
for larger eccentricities the dephasing deviates considerably
and is suppressed at low frequencies but considerably
accumulates towards higher frequencies.
In this work, we have focused on feedback on the DM

spike due to close two-body encounters with the secondary
(which give rise to dynamical friction) and due to accretion.
In the companion paper [36], we present the results of N-
body simulations, which suggest an additional mechanism
of feedback on the spike. This “stirring” mechanism arises
from the motion of the DM particles in the time-dependent
potential of the binary, and can impact the DM distribution
at radii larger than the orbital separation. Future work
should aim to incorporate this stirring mechanism into the
framework described here. Future work should also explore
how accretion-related effects would alter the measurability
of the DM spike properties in future GW detectors. Indeed,
the extension of feedback effects to include both accretion
and eccentricity which we present here is a crucial step
toward future searches for dark matter dephasing with
gravitational waves.

ACKNOWLEDGMENTS

T. K. acknowledges the support of the University of
Amsterdam through the APAS-2020-GRAPPA MSc schol-
arship, and of Sapienza Università di Roma for support at
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APPENDIX A: VOLUME ELEMENT
FOR A DEFORMED TORUS

When calculating the scattering and absorption proba-
bilities for dynamical friction and accretion respectively, we
restrict the density of states integration to a ring around the
companion. As the companion completes an orbit around
the central black hole a torus is formed on its path. To
integrate inside this geometry we parametrize the system
with the torus coordinates

x ¼ ðr2ðθÞ þ b cosϕÞ cos θ; ðA1Þ

y ¼ ðr2ðθÞ þ b cosϕÞ sin θ; ðA2Þ

z ¼ b sinϕ; ðA3Þ

where the major radius is the binary’s separation r2ðθÞ, the
minor radius is the impact parameter of the encounter b,
θ∈ ½0; 2π� is the azimuthal angle of the axis around which
the volume is drawn—the binary’s true anomaly—and
ϕ∈ ½0; 2π� is the angle tracing the inner cross section of
the torus. The translation of the differential d3r to the torus
coordinates is given by the determinant of the transforma-
tion’s Jacobian. The Jacobian is written as

J ¼

2
64
cosϕ cos θ −b sinϕ cos θ r02ðθÞ cos θ − R sin θ

cosϕ sin θ −b sinϕ sin θ r02ðθÞ sin θþ R cos θ

sinϕ b cosϕ 0

3
75;

ðA4Þ

where the term r0ðθÞ is a partial derivative over θ,
and R ¼ r2 þ b cosϕ. The determinant is evaluated as
jjJjj ¼ bðr2 þ b cosϕÞ, which has the same analytical form
to that of a proper torus of constant major radius.

APPENDIX B: ACCRETION PROBABILITY

In Sec. III C, we present a formalism for self-consistently
removing particles from the spikes in response to accretion
by an inspiraling black hole. We do this by calculating the
fraction of the spike’s density of states (DoS) correspond-
ing to particles that satisfy the condition for accretion onto
the companion, b ≤ bacc. While the total available DoS is
trivially evaluated as an integration over all possible spatial
and velocity particle configurations [see Eq. (3.25)], the
calculation of the restricted DoS g0 is more nuanced.
To define this special DoS, we enforce the accretion

condition as an additional restriction to Eq. (3.25), writing:

g0 ¼
ZZ

δðE −ΨðrÞ þ v2=2ÞHðb − baccÞd3r d3v: ðB1Þ

We solve this integration in two parts, evaluating most of
the velocity component utilizing the spherical symmetry,
before working on the spatial component in a special
coordinate system that follows the companion. Here, we
invoke the secular evolution of the inspiral to justify a
calculation over a single, constant orbit of the companion.
In spherical coordinates, the isotropic velocity distribu-

tion allows us to express the differential as d3v ¼
v2dvd cos γ dα, taking γ as the angle between v and u
without loss of generality. Then, aiming to evaluate
over the magnitude of the velocity v we express the
Dirac delta as δðE −ΨðrÞ þ v2=2Þ ¼ δðv − v�Þ=v�, where
v�ðE; rÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðΨðrÞ − EÞp

; thus finding

g0 ¼
ZZ

Hðb − b0accÞv�d cos γ dα d3r; ðB2Þ

where b0acc is now a function of v� through its relation with
Eq. (3.3). Our accretion condition restricts the spatial
volume to that of particles with an impact parameter
smaller than a critical value as they follow the companion.
For this, we switch to the coordinates of a deformed
torus that follows companion with major and minor radius
r2ðθÞ and bacc respectively; thus taking d3r ¼ bðr2 þ
b cosϕÞdb dθ dϕ derived in Appendix A.12 Because of
the open integration around the true anomaly θ the result is,
for the first time, robust for all eccentricities in the inspiral.
We find,

g0 ¼
ZZ

v�bðr2 þ b cosϕÞd cos γdα db dθ dϕ; ðB3Þ

where b∈ ½0; b0acc�, cos γ ∈ ½−1; 1�, α∈ ½0; 2π�, θ∈ ½0; 2π�,
and ϕ∈ ½0; 2π�. Then, due to the relatively small size of the
accretion radius, we approximate at first order in b=r2,
taking the distance to the particle r, as r → r2 within the
integrand. This allows us to redefine v� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðΨðr2Þ − EÞp

,
and thus we can integrate over the impact parameter b and
angles α, ϕ trivially,

g0 ¼ 2π

ZZ
v�r2σ0d cos γ dθ; ðB4Þ

where σ0 ¼ πb02acc is the accretion cross section of the
companion for particles with velocity v�. Substituting
Eq. (3.1) for the cross section above, and cos γ ¼ x we find

g0 ¼ 2π2r2accζ
ZZ

v�r2

�
1þ rs

racc

c2

u2 þ v2� − 2uv�x

�
dx dθ;

ðB5Þ

12Here, we rectify a technical error from [22] in the Jacobian of
the transformation; fortunately the results converge at first order.
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and after integrating over x,

g0 ¼ 4π2r2accζ
Z

v�r2

�
1þ rs

racc

c2

2uv�
ln

uþ v�
ju − v�j

�
dθ: ðB6Þ

Finally, combining Eqs. (3.24) and (B6) we arrive at the
probability of a particle with specific energy E to be
accreted by the companion as

paccðEÞ ¼
4π2

gðEÞ ζr
2
acc

Z
r2

�
v� þ

rs
racc

c2

2u
ln

uþ v�
ju − v�j

�
dθ:

ðB7Þ
We can see that the probability is in part proportional to

the square of the accretion radius, as expected, mimicking
the geometric cross section of the companion. This final
integration over the true anomaly θ of the companion
captures the change in this reduced density of states in
response to the different orbital separations for nonzero
eccentricities. For this reason, and because it is not trivial,
we perform this integration numerically. Additionally, we
note that a logarithmic pole appears in the integrand, but it
does not appear to alter our results.
If we were to take the limit of v ≪ u, it reduces to the

expression,

paccðEÞ ¼
4π2

gðEÞ ζr
2
acc

Z
v�r2

�
1þ rs

racc

c2

u2

�
dθ; ðB8Þ

proportional to the cross section of the companion. We
identify this as the probability that recovers the mass
extracted by the companion in the laminar flow case
[see our discussion above Eq. (3.34)], nonetheless we find
that it does not meaningfully alter our results beyond the
first order correction.13

APPENDIX C: SCATTERING PROBABILITY

We aim to calculate the probability PEðΔEÞ of a particle
with specific energy E to be scattered by the companion to a
new energy E þ ΔE. This is the derivation of Kavanagh
et al. [22] adapted to our notation and extended beyond
circular orbits. We start with the reduced density of states
for this case,

g0 ¼
ZZ

δðEðr; vÞ − EÞδðΔEðbÞ − ΔEÞd3r d3v: ðC1Þ

Then we substitute the delta functions,

g0 ¼ G2m2
2

ΔE2

ZZ
δðv − v�Þ

v�

δðb − b�Þ
b�u2

d3r d3v; ðC2Þ

where v� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðΨðrÞ − EÞp

and b� ¼ b90
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

1þq
u2
ΔE − 1

q
are

the roots of the respective surfaces inside the Dirac deltas.
After evaluating the integration over all particle velocities v
we obtain

g0 ¼ 4πG2m2
2

ΔE2

ZrE
jrj¼rcut

v�
δðb − b�Þ
b�u2

d3r; ðC3Þ

where the two integration limits are: the maximum
allowed radius of a particle at a given state rE ¼
Gm2=ðEÞ, and the minimum distance rcut ¼ Gm2=ðE þ
u2cut=2Þ which ensures scattering with only particles slower
than ucut → u. The remaining delta function restricts the
spatial volume to a cross section of radius b which trails the
separation r2 of the companion. This forms a (deformed)
torus of major radius r2ðθÞ and minor radius b�ðΔEÞ,
whose volume element is d3r ¼ bðr2 þ b cosϕÞdb dθ dϕ
(see Appendix A). Substituting these and evaluating the
Dirac delta we find,

g0 ¼ 4πG2m2
2

ΔE2

ZZ
v0�

r2 þ b� cosϕ
u2

dϕdθ; ðC4Þ

which is nonzero for bmin ≤ b� ≤ bmax. The new veloc-
ity quantity v0� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðΨ − EÞp

where Ψ ¼ ΨðrÞ the gravi-
tational potential of the binary, evaluated at r ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r22 þ b2� þ 2r2b� cosϕ

p
. At leading order in b�=r2 we

drop the b� cosϕ term and take r ≈ r2=ð1 − b� cosϕ=r2Þ,
hence

g0 ¼ 4πG2m2
2

ffiffiffi
2

p

ΔE2

×
ZZ

r2
u2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ψðr2Þ

�
1 −

b�
r2

cosϕ

�
− E

s
dϕ dθ: ðC5Þ

Finally, the integration over ϕ is performed over
half a circle (hence a factor 2) at the region α1 ¼
cos−1½minfðr2 − r22=rEÞ=b�; 1g�, α2 ¼ cos−1½maxfðr2 −
r22=rcutÞ=b�;−1g� in order to enforce the condition on r
from Eq. (C3). The result is evaluated using special
elliptic functions as in [22]. The integration over θ remains
to be evaluated numerically around the companion’s
orbit r2ðθÞ.

13As this work was in preparation, Nichols et al. [35] recently
used this version of the probability in their analysis of accretion
by the companion in the laminar flow.
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