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9Dipartimento di Fisica e Astronomia, Università di Padova, Vicolo dell’Osservatorio 5, Padova, Italy

10Istituto Nazionale di Fisica Nucleare, Padova, Via Marzolo 8, Padova, Italy

(Received 8 March 2024; accepted 12 March 2025; published 31 March 2025)

Future gravitational wave observatories can probe dark matter by detecting the dephasing in the
waveform of binary black hole mergers induced by dark matter overdensities. Such a detection hinges on
the accurate modeling of the dynamical friction, induced by dark matter on the secondary compact object in
intermediate and extreme mass ratio inspirals. In this paper, we introduce NbodyIMRI, a new publicly
available code designed for simulating binary systems within cold dark matter spikes. Leveraging higher
particle counts and finer time steps, we validate the applicability of the standard dynamical friction
formalism and provide an accurate determination of the maximum impact parameter of particles which can
effectively scatter with a compact object, across various mass ratios. We also show that in addition to
feedback due to dynamical friction, the dark matter also evolves through a stirring effect driven by the time-
dependent potential of the binary. We introduce a simple semianalytical scheme to account for this effect
and demonstrate that including stirring tends to slow the rate of dark matter depletion and therefore
enhances the impact of dark matter on the dynamics of the binary.
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I. INTRODUCTION

Gravitational waves (GWs) are a promising avenue for
constraining and perhaps even detecting dark matter
(DM) [1–3]. Future space-based GW observatories such
as LISA [4], and Taiji [5] will be sensitive to sub-Hertz GW
frequencies, allowing them to follow the evolution of
intermediate- and extreme-mass ratio inspirals (IMRIs
and EMRIs, respectively) over long times and providing
a sensitive probe of black hole (BH) environments.
Depending on the formation and growth history of the

BH, this environment may include large overdensities of
DM, known as DM spikes. Potential hosts for DM spikes
include astrophysical intermediate mass black holes
(IMBHs) which have grown adiabatically at the centers
of DM halos [6–8] or primordial black holes (PBHs), which
form deep in the radiation era [9–12].
The presence of DM spikes around massive BHs would

impact the dynamics of inspiralling IMRIs and EMRIs,
which would be imprinted in the phase evolution of GWs
emitted by the system [13–17]; in the same way as central
stellar cusps affect the dynamics around massive BHs in
nuclear star clusters [18]. If observed over a large number
of orbits (or equivalently a large number of GW cycles),
this DM “dephasing” signature should be distinguishable
from other environmental effects [19,20] and should allow
for the detection of DM spikes and the extraction of
information about the DM density profile [21–25].

*Contact author: kavanagh@ifca.unican.es
†Contact author: tk.karydas@gmail.com
‡Contact author: g.bertone@uva.nl
§Contact author: pierfrancesco.dicintio@cnr.it
∥Contact author: mario.pasquato@gmail.com

PHYSICAL REVIEW D 111, 063071 (2025)

2470-0010=2025=111(6)=063071(17) 063071-1 © 2025 American Physical Society

https://orcid.org/0000-0002-3634-4679
https://orcid.org/0000-0001-5651-7779
https://orcid.org/0000-0003-3784-5245
https://ror.org/040kx1j83
https://ror.org/04dkp9463
https://ror.org/05rcgef49
https://ror.org/00fbze943
https://ror.org/02vv5y108
https://ror.org/0161xgx34
https://ror.org/0161xgx34
https://ror.org/0161xgx34
https://ror.org/05c22rx21
https://ror.org/00240q980
https://ror.org/00240q980
https://ror.org/00z34yn88
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.111.063071&domain=pdf&date_stamp=2025-03-31
https://doi.org/10.1103/PhysRevD.111.063071
https://doi.org/10.1103/PhysRevD.111.063071
https://doi.org/10.1103/PhysRevD.111.063071
https://doi.org/10.1103/PhysRevD.111.063071


Though DM dephasing is a promising signature for future
GWobservatories, detecting dephased signals and correctly
inferring their properties will require accurate waveforms.
This in turn requires accurate modeling of the dynamics of
binaries embedded inDMspikes. Initial studies of dephasing
focused on quasicircular Newtonian binaries, embedded in a
static DM spike [22,26–28]. A range of other effects have
also been subsequently studied, including accretion [26,29];
post-Newtonian corrections [30,31]; and the impact of
eccentric orbits [32–38].
Dynamical friction (DF) [39–42] is typically assumed to

be the main mechanism by which the DM spike affects the
binary. However, the standard DF formalism assumes
a uniform, infinite medium, an assumption which is broken
in the case of compact objects orbiting in a DM spike.
Furthermore, the strength of the DF force is a priori
unknown, as it depends on the maximum impact parameter
of particles which can effectively scatter with the compact
object, bmax. In addition, many previous studies have
neglected the impact of feedback on the DM spike, which
may reduce the dephasing signal by orders of magnitude
[43]. Though a formalism for including this feedback effect
was presented in Kavanagh et al. [43], it has yet to be
verified. Detailed numerical study of the DF force in these
systems (and the associated feedback) is therefore crucial.
In this paper, we present the N-body code NbodyIMRI

[44], designed to allow fast and accurate simulation of
binaries embedded in DM spikes. We present detailed
numerical checks of the code and use it to estimate the
strength of the dynamical friction force in DM spikes. We
also use the code to study the feedback on the spike due to
dynamical friction, demonstrating that previous semiana-
lytical approaches (such as HaloFeedback [45]) provide a good
order-of-magnitude estimate for the depletion of the spike,
but highlighting new effects which have not previously
been considered. Reference [37] recently presentedN-body
simulations of binaries in DM spikes, focusing on the
evolution of eccentric orbits over long timescales. While
our focus is on shorter timescales, we provide a brief
comparison with our code and results in Sec. IV.
In a companion paper [46] (hereafter paper I), we extend

the formalism of feedback developed by Kavanagh
et al. [43] to the case of eccentric orbits, as well as
developing a formalism to account for dephasing and
feedback due to accretion onto the orbiting companion.
In addition, we use the NbodyIMRI code in paper I to simulate
and validate the accretion formalism developed there,
leaving full details of the simulations to this work.
In Sec. II, we describe the simulation framework upon

which the NbodyIMRI code is based, as well as presenting
numerical tests to ensure the stability of the simulations. In
Sec. III, we present measurements of the strength of the
dynamical friction force in circular (Sec. III A) and eccen-
tric (Sec. III B) orbits. In Sec. III C, we simulate the
evolution of the DM spike with time. Finally, in Sec. IV

we compare our results with previous studies in the
literature and present our conclusions.

II. SIMULATION FRAMEWORK

We begin by describing the N-body simulations we have
developed, the code for which is publicly available.1 These
simulations describe the Newtonian dynamics of a central
massive body m1 surrounded by a DM spike, represented
by pseudoparticles of mass m̃DM. A lighter companion m2

orbits through the spike.

A. Force calculations

We assume that the dynamics of the DM particles within
the spike will be dominated by the potential from the
massive BHs. We will thus neglect pairwise force calcu-
lations between individual DM particles.2 In practice, the
DM particles feel only the potential from the two BHs; the
smaller BH feels the potential due to the DM particles and
the central BH; and the central BH feels only the potential
from the smaller BH. This scheme is illustrated in Fig. 1.
With this approach, the force calculations scale as N, the
number of DM particles, rather than N2.3

The maximum acceleration which can be accurately
resolved in the simulations is limited by the fixed time-step.
When the Newtonian gravitational force is large, then, it
may be necessary to implement force softening [50,51].
This softening will alter the dynamics of the system, but
will prevent spuriously large gravitational scattering.
The forces between the two BHs are not softened; in our

simulations the separation between the BHs is never small
enough to require softening. However, the forces acting on
the DM particles are softened. The force from the central
BH is softened with a uniform sphere kernel with radius
ϵ1 [52]. That is, we replace the point-mass of the central BH
with a uniform density sphere of the same mass m1 and
radius ϵ1. The gravitational force on the DM particles
is then

F1ðrÞ ¼ −
Gm1m̃DM

r2
r̂ ×

�
r=ϵ1 for r < ϵ1;

1 for r ≥ ϵ1:
ð1Þ

The position of the DM particles with respect to the central
BH is r ¼ rDM − r1. This choice of softening leads to a
simple form for the potential which is continuous at r ¼ ϵ1
(see Sec. II C).

1https://github.com/bradkav/NbodyIMRI.
2See Refs. [37,47] for similar approaches.
3We note that neglecting the interaction between DM pseu-

doparticles in the N-body simulations prevents the formation of a
trailing wake behind m2 and a leading overdensity (see, e.g., [48]
for the case of a massive object in a stellar system). The net
contribution of said wake to the slowing down of the massive
perturber is only relevant for gaseous systems [49], but becomes
negligible in the case of a pressureless DM fluid considered here.
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The forces between the companion m2 and the DM
particles are also softened. In this case, we set the
gravitational acceleration force to zero for radius r < ϵ2

F2ðrÞ ¼ −
Gm2m̃DM

r2
r̂ ×

�
0 for r < ϵ2;

1 for r ≥ ϵ2;
ð2Þ

where r ¼ rDM − r2. Physically, this corresponds to assum-
ing that all of the mass of the companion is concentrated on
a thin spherical shell of radius ϵ2. This choice of softening
allows us to estimate the maximum velocity of DM
particles in the simulation, allowing us to choose a suitable
value of the time step Δt, as described in Appendix A.

B. Time stepping

We use a leapfrog algorithm with a fixed time step to
update the positions and velocities of the particles in the
simulation. Leapfrog algorithms are symplectic [53] and
therefore provide better stability over large numbers of
orbits than, for example, higher order Runge-Kutta
schemes not expressed in exponential form [54]. The most
well-known leapfrog algorithm is the second-order leap-
frog, or Verlet method [55]. In this case, a full time step of
size Δt can be achieved via the following steps:

xiþ1=2 ¼ xi þ
1

2
viΔt;

viþ1 ¼ vi þ aðxiþ1=2ÞΔt;

xiþ1 ¼ xi þ
1

2
viþ1Δt: ð3Þ

We implement the 4th-order “position extended Forest-
Ruth like” (PEFRL) leapfrog [56–58]. We use a single
global time step for all particles in the system. With
this prescription, the system can be followed at high
resolution for tens to thousands of orbits on a single core.

For example, simulating NDM ¼ 256k DM particles for a
single orbit of the binary (with 104 time steps per orbit)
takes approximately 3000 s on a single core.
The dynamics of all particles in the simulation is

Newtonian. We do not include any post-Newtonian (PN)
corrections. This means that the simulations cannot be used
to describe the long-timescale evolution of the binary
systems as they do not include any prescription for energy
losses due to GW emission. However, the simulations are
well-suited to calibrating the dynamical friction force and
studying feedback on short timescales.
We note that a similar computational approach has been

used independently by Mukherjee et al. [37] to study DM
feedback in eccentric orbits. In that case, PN terms up to
order 2.5 we included (including GW emission). We
provide a brief comparison with our work in Sec. IV.

C. Initialization

We initialize the BH binary in either circular or eccen-
tric orbits, with an initial semimajor axis given by
ai ¼ 100RISCO.

4 This is a typical separation at which
the binaries we consider would enter into the frequency
band of experiments like LISA [59]. When calculating
the initial velocity of the compact objects, we do not
include the contribution of the DM spike itself to the
enclosed mass.
The DM density profile which we use in the simulations

is given by

ρDMðrÞ ¼ ρ6

�
r
r6

�
−γsp

�
1þ r

rt

�
−α
; ð4Þ

where r6 ¼ 10−6 pc is a reference radius; ρ6 specifies the
normalization of the DM spike; and γsp is the inner density
slope [23]. The profile is softly truncated at a radius rt, at
which the logarithmic slope transitions from γsp to γsp þ α.
In all simulations, we fix rt ¼ 2000RISCO, and α ¼ 2. We
also fix the slope γsp ¼ 7=3 ≈ 2.33, as expected for the
adiabatic growth of an astrophysical BH at the center of an
NFW halo [6].
We assume that the DM distribution is isotropic and

spherically symmetric, being initially described by a
distribution function fðEÞ ∝ dN=d3rd3v which depends
only on the relative specific energy E ¼ ΨðrÞ − 1

2
v2. In

the softened potential of the central BH, the relative
potential is given by

ΨðrÞ ¼ Gm1

r
×

8<
:

1
2
r
ϵ1

�
3 − r2

ϵ2
1

�
for r < ϵ1;

r for ϵ1 ≥ 1:
ð5Þ

FIG. 1. Schematic of the force calculations in NbodyIMRI. The
gravitational force on body B due to body A is indicated by an
arrow (A → B). The code includes unsoftened force calculations
between the two BHs, m1 and m2. The force on the DM
pseudoparticles m̃DM due to the two BHs is softened, as described
in the text. No pairwise forces are calculated between DM
particles, as the gravitational potential due to the DM spike is
expected to be subdominant compared to that of the binary.

4We use the notation RISCO ¼ 6Gm1=c2 to denote the inner-
most stable circular orbit (ISCO) of the central BH. For reference,
a BH mass of m1 ¼ 1000M⊙ would have an ISCO of RISCO ≈
2.87 × 10−10 pc.
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We do not include the contribution of the secondary
compact object to the gravitational potential. We calculate
fðEÞ through the Eddington inversion procedure [60,61],
numerically solving

fðEÞ ¼ 1ffiffiffi
8

p
π2

Z
E

0

d2ρDM
dΨ2

dΨffiffiffiffiffiffiffiffiffiffiffiffi
E − Ψ

p : ð6Þ

We draw the radius and velocity ðr; vÞ of each of the
NDM particles by inverse transform sampling. First, we
draw the radius of the particle from the distribution
PðrÞ ∝ 4πr2ρDMðrÞ. Then, we draw the speed of the
particle from the velocity distribution at that radius
fðvÞ ¼ 4πv2fðEðr; vÞÞ. The angular position of each
particle and the direction of its velocity vector are chosen
at random, uniformly on the sphere.
In principle, using the Osipkov-Merritt extension of the

Eddington formalism (see [62,63]), one could produce
DM distribution function with a tunable degree of orbital
velocity anisotropy. We have performed some tests on the
influence of said anisotropy on the DF. These are presented
in Appendix B, where we find that increasing the fraction
of radial orbits typically decreases the strength of the
dynamical friction force.
The velocity distribution at r ¼ 100RISCO is illustrated

in Fig. 2. The solid blue line shows the distribution in the
rest frame of the central BH, where we have fixed the
truncation radius of the profile to rt ¼ 2000RISCO (as we
use for the simulations in the rest of the paper). The
truncation of the density profile has only a small impact on
the velocity distribution (the blue dashed curve shows the
distribution in the limit rt → ∞). The orange solid line
shows the velocity distribution in the frame of a compact
object orbiting at the local circular velocity.

D. Numerical tests

Here, we describe two numerical tests to validate the
long terms stability of the simulations. Unless otherwise
stated, we assume ðm1; m2Þ ¼ ð1000; 1ÞM⊙. In order to
check the reliability of the numerical scheme we integrated
the dynamics of the binary in isolation, in the absence of a
DM spike. Using 103 time steps per orbit, we find that the
semimajor axis is stable up to 1 part in 1013 while the
eccentricity of the initially circular binary varies by, at
most, Δe ∼ 3 × 10−8. These variations are much smaller
than the typical effect sizes we are hoping to detect,
demonstrating the required stability of the simulations.
While a minimum of 103 time steps per orbit is on average
enough to preserve the stability of the binary, a shorter time
step may be required (depending on the specific simulation
parameters at hand) in order to resolve the dynamics of
DM particles in close encounters with the secondary. As a
rule, throughout this work, we will use 104 time steps per

orbit, unless otherwise specified. Further discussion on the
optimal choice of time step is given in Appendix A.
In addition, we also performed a test simulation where

NDM ¼ 256k DM particles have been propagated in the
potential of the central compact object without a
companion. In Fig. 3, we show the DM density profile
of a simulated spike after a time T in the absence of a
secondary BH. This simulation covers a time equivalent to
1000 orbits of a binary at a separation ai ¼ 100 RISCO
(though in this case the simulation consists only of a central
BH m1 surrounded by the spike). We see that the density
profile is stable at the level of a few percent at radii
greater than ∼10 RISCO. The interactions of the DM
particles with the central BH are softened on scales smaller
than ϵ1 ¼ 10 RISCO, marked as a shaded gray region.
However, the distribution function is initialized to reflect
this softened potential, giving rise to good stability of the
spike even in this softened region. The stability of the spike
in this test simulation gives us confidence that changes in
the spike with the inclusion of the secondary compact
object are due to physical feedback effects, rather than poor
initialization and simulation of the system.

III. RESULTS

In this section, we will present the results of simulations
aimed at measuring the strength of the dynamical friction
force due to the DM spike, as well as exploring how the
DM spike responds to the energy injected by the orbiting
companion.

FIG. 2. Velocity distribution of DM particles in the spike. The
blue curve shows the velocity distribution in the rest frame of the
central black hole m1, while the orange curve shows the velocity
distribution relative to the orbiting compact objectm2 ≪ m1. The
results shown here are at a distance r ¼ 100RISCO from the
central BH of mass m1 ¼ 1000M⊙. We assume the orbiting
object is on a circular orbit with velocity vcircðrÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gm1=r

p
. In

the rest frame of the central BH, the escape velocity of DM
particles is vmaxðrÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Gm1=r

p
. The dashed blue line is the

velocity distribution when the density profile is not truncated
(rt → ∞).
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The dynamical friction force can be written as [60]

FDF ¼ −4π
ðGm2Þ2

u2
ρDMðr2ÞCDFû; ð7Þ

where u is the orbital velocity of the companion, which
orbits through the spike. Here, we have assumed that the
medium is spherically symmetric and isotropic around the
central BH, such that the DF acts as a drag force, pointing
in the direction opposite to the object’s motion.5 This force
leads to an energy loss of the binary of ĖDF ¼ −uFDF,
leading the binary to inspiral.
The dimensionless dynamical friction coefficient

accounts for the relative velocities of the particles and
the companion and can be written as

CDF ¼ −
Z

lnΛðV0Þ
u2

V2
0

ðV̂0 · ûÞfðvÞd3v: ð8Þ

Here, V0 ¼ v − u is the velocity of the DM particles
relative to the orbiting compact object and

ΛðV0Þ ¼
�
b2max þ b90ðV0Þ2
b2min þ b90ðV0Þ2

	
1=2

; ð9Þ

is the Coulomb factor, such that lnΛ is the familiar
Coulomb logarithm. The impact parameter for particles
which contribute to the dynamical friction is assumed to lie
in the range b∈ ½bmin; bmax�, while b90 is the impact
parameter for which an incoming particle undergoes a
deflection of 90°

b90ðV0Þ ¼
Gm2

V2
0

: ð10Þ

The dynamical friction coefficient is typically simplified
by assuming that in the definition of b90 we can replace V0

by some typical velocity, such as u. In this way, the
Coulomb logarithm can be removed from the integral. If the
DM velocity distribution is isotropic, the integral further
simplifies [[60], Appendix L] to give

CDF ¼ lnΛðuÞ
Z
v<u

fðvÞd3v

≡ lnΛðuÞ × ξ<u: ð11Þ

This is the standard expression for the strength of the
dynamical friction force, where we have used the notation
ξ<u (similar to that in Ref. [43]) to denote the fraction of
DM particles moving more slowly that the orbital velocity
u of the compact object.6 Note that, in a system with
anisotropic fðvÞ even particles moving faster than the
inspiraling compact object contribute to the DF force [65].
The same happens also in a relativistic set-up for isotropic
models (e.g., see [42,66,67]).

A. Circular orbits

In order to validate the expression for the dynamical
friction force given in Eqs. (7) and (8) and to estimate the
value of the maximum impact parameter bmax, we study the
orbital decay of simulated binaries.
In Fig. 4, we plot the fractional change in semimajor axis

of an initially circular binary with masses ðm1; m2Þ ¼
ð1000; 1ÞM⊙. We assume a binary separation of ai ¼
100 RISCO DM softening length of ϵ2 ¼ 10−3ai. The thick
green line shows the average over an ensemble of 16
realizations of the DM spike, illustrating that over 25 orbits,
the change in the semimajor axis is roughly 1 part in 105.
Variations between the different realizations arise from the
discreteness of the DM distribution and can be suppressed
by increasing the number of DM pseudoparticles (see
the discussion in Appendix C and the references therein).

FIG. 3. Stability of a simulated DM spike (in the absence of a
secondary BH). We simulate a central BH with mass m1 ¼
1000M⊙ surrounded by a DM spike. The interactions with the
central BH are softened with ϵ1 ¼ 10 RISCO (gray shaded region).
The simulation is run for the equivalent of 1000 orbits, for a
binary with separation a ¼ 100 isco.

5In the most general case [60], the mass-dependent prefactor in
Eq. (7) reads m2ðm2 þ m̃DMÞρDM, where m̃DM is the mass of the
DM pseudoparticles in the N-body simulation. In our simulations
where mDM=m2 ≈ 10−3 (and in general for particle DM), we can
safely assume m2 þ m̃DM ≃m2.

6For the case of an isotropic velocity distribution fðvÞ, the
velocity integral appearing in the Chandrasekhar formula [see
Eq. (8)] becomes

R
fðvÞ ðu−vÞ

ju−vj3 d
3v ¼ û 4π

u2
R
u
0 fðvÞv2dv by virtue

of the Newton’s shell theorem, here applied in velocity space
[60,64]. In practice, the problem reduces formally to that of
calculating the gravitational field at radius r inside a spherical
density distribution ρðrÞ.
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Here, we use NDM ¼ 256 k particles in order to resolve
such small changes in the orbital parameters. The change in
the semimajor axis can be used to estimate the rate of
energy loss by dynamical friction; the orbital energy of the
binary is given by Eorb ¼ −Gm1m2=ð2aÞ, such that
Δa=a ¼ ΔEDF=Eorb. In this way, we can estimate the
value of CDF from this ensemble of simulations.
In the top panel of Fig. 5, we show the value of CDF

inferred from ensembles of simulations with different
central masses m1, as a function of the softening length
of the companion ϵ2.

7 The point marked by the green
ring in the central panel corresponds to the ensemble of
simulations shown in Fig. 4. Form1¼f100;300;1000gM⊙,
each point corresponds to an ensemble of 16 simulations,
while for m1 ¼ f3000; 10000gM⊙, we use 32 simulations.
This is because as the central mass increases, the size of the
dynamical friction effect (at r ¼ 100RISCO) decreases,
making the orbital decay harder to resolve over a fixed
number of orbits.
For a fixed m1, we see from Fig. 5 that increasing

the softening length decreases the strength of the dynami-
cal friction force. This is because the softening length
effectively sets the minimum impact parameter for which
DM particles can undergo large deflections with the secon-
dary object, bmin ∼ ϵ2 (see e.g. Ref. [68]). At low values of
the softening length, the DF coefficient tends to a constant as

bmin becomes negligible compared to bmax and b90 and the

Coulomb factor tends to Λ →
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2max þ b290

q
=b90. However,

at sufficiently large values, the softening length may become
comparable to (or larger than) the maximum impact param-
eter, leading the DF force to cut off.
For each mass m1, we perform a χ2 fit of CDFðbmaxÞ in

order to estimate the value of bmax. We evaluate the DF
coefficient according to Eq. (8), calculating the integral
numerically over the simulated velocity distribution (as
shown in Fig. 2) and setting bmin ¼ ϵ2. Each panel in the
upper part of Fig. 5 provides an estimate of bmax which is
shown in the lower panel.
From this ensemble of simulations, we infer that the

maximum impact parameter is consistent across at least 2
orders of magnitude in the mass ratio and is well fit by the
value:

bmax ≈ ð0.31� 0.04Þr2; ð12Þ

where r2 is the separation of the binary. We have verified
that this estimate of bmax is robust to different initial
separations of the binary and different values of m2. In
Sec. IV, we compare these results with those of previous
simulations in the literature.
In addition to estimating bmax, these simulations allow us

to check the simplified DF formula given by Eq. (11) For a
circular orbit, setting V0 ≈ vcirc, we have b90 ≈ ðm2=m1Þr2.
Using bmax ¼ 0.3r2, this gives lnΛ ¼ 5.36 for m1 ¼
1000M⊙. From the velocity distribution in our simulations,
we can estimate the fraction of particles moving slower
than the orbital speed, giving ξ<u ≈ 0.61. With this, we find
lnΛ × ξ<u ¼ 3.5, compared to the value CDF ¼ 3.1� 0.1
which we find for simulations of m1 ¼ 1000M⊙ for small
softening lengths.
Similar estimates for other values of m1 suggest that the

simplified expression for the DF coefficient given in
Eq. (11) may overestimate the DF force by 10–20%,
though this conclusion may change for different velocity
distributions. In contrast, the full calculation of CDF given in
Eq. (8) (illustrated as black dashed lines in the upper panels
of Fig. 5) provides a good fit to the simulation results.

B. Eccentric orbits

The dynamical friction force due to a DM spike in
eccentric orbits has been studied in a number of previous
works [32–35], as well as in paper I [46]. Here, we validate
the strength of the DF force in eccentric orbits using
simulations. This is particularly important because the
separation of the binary can vary drastically over the course
of a single orbit, meaning that the choice of bmax may be
nontrivial, as it is typically related to this separation.
In Fig. 6, we plot the orbit-averaged DF coefficient

hCDFðeÞi estimated from simulations. Each green data point
is obtained, as in the previous section, from 16 simulations

FIG. 4. Decay of semimajor axis due toDMdynamical friction in
N-body simulations. Each of the 16 pale green curves shows the
fractional change in the semimajor axis in a single realization,
simulating a circular binary with masses ðm1; m2Þ ¼ ð1000; 1ÞM⊙
in a DM spike, with a DM softening length of ϵ2 ¼ 10−3ai. The
thick curve shows the average over the ensemble of realizations.
The decay in the semimajor axis is driven by dynamical friction
with the DM spike, and the rate of decay allows us to infer the
strength of the dynamical friction force, characterized by CDF.

7We simulate using 3 × 104 time steps per binary orbit for the
m1 ¼ 100M⊙ case and 104 time steps per orbit for the remaining
masses.
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of 25 orbits each. We define hCDFðeÞi as the value of the DF
coefficient which would give rise to the same average
energy loss per orbit as for a circular orbit with the same
semimajor axis

hĖDFi ¼ −4π
ðGm2Þ2
vcirc

ρDMðr ¼ aiÞhCDFðeÞi: ð13Þ

With this definition, then, the orbit-averaged DF coeffi-
cient tends to the value for circular orbits as e → 0:
hCDFðe ¼ 0Þi≡ CDF. The black dashed line in Fig. 6 shows
the semianalytic estimate of hCDFðeÞi obtained by explicitly
orbit-averaging [69] the DF energy loss as calculated in
Eq. (8)

hĖDFi ¼ ð1 − e2Þ3=2
Z2π

0

ĖDFðθÞð1þ e cos θÞ−2 dθ
2π

: ð14Þ

Here, θ is the true anomaly, specifying the angular position
of the compact object along the eccentric orbit. The energy
loss ĖDF depends on θ as the DM density, the orbital
velocity, and the DM velocity distribution vary along
the orbit.
We see from Fig. 6 a good agreement between the DF

coefficient estimated from simulations and that obtained by
orbit-averaging. Calculating the DF force with bmax ¼
0.3r2 (black dashed line) provides a good fit to the data
χ2=d.o.f. ≈ 1.0. This is preferred over the alternative
choice bmax ¼ 0.3ai (black dotted line, χ2=d.o.f. ≈ 3.8),
which appears to overestimate the DF force, especially at
large eccentricities.
The behavior of Fig. 6 can be understood straightfor-

wardly: DF coefficient increases with eccentricity as the
energy loss is dominated by parts of the orbit where the
compact object is slow-moving at large radii. The system
spends a larger time at these large radii, and the reduced
density at large r is overcome by the scaling of the energy

FIG. 5. Dynamical friction coefficient CDF estimated from N-body simulations. Each point in the upper panels shows the DF
coefficient estimated from the orbital decayΔa=a of an ensemble of simulated binaries, assuming a specific value of the softening length
of the secondary object ϵ2. We follow each binary for 25 orbits, simulating the DM spike with NDM ¼ 256 k particles. The point
highlighted with a circle in the top-center panel corresponds to the set of simulations shown in Fig. 4. Each of the stars in the lower panel
shows the value of bmax obtained from a fit to the DF coefficients in the panel above for the corresponding mass. The dashed black lines
in the upper panels show the values of CDF calculated from Eq. (8) for these best fitting bmax values (with errors shown as gray shaded
regions). The horizontal dashed line in the lower panel shows the mean value across different masses: bmax ¼ 0.3r2.

FIG. 6. Dynamical friction coefficient for eccentric orbits. We
measure the strength of the dynamical friction force from the
change in semimajor axis Δa=a. Here, we plot the enhancement
in the dynamical friction energy loss with respect to a circular
orbit with the same semimajor axis, hCDFðeÞi=CDFð0Þ. The
dashed and dotted lines show the analytic estimates of
hCDFðeÞi assuming bmax ¼ 0.3r2 and bmax ¼ 0.3ai respectively.
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loss with 1=u. This is an important validation of the
dynamical friction formalism in eccentric systems and
the validation of the value of bmax provides information
on how to implement feedback in such systems. In paper I,
we describe an analytic prescription for feedback on the
DM spike in eccentric orbits.

C. Spike feedback

We now study the impact of the motion of the binary on
the distribution of DM particles. We simulate a binary with
a relatively close mass ratio, specifically a circular binary
with ðm1; m2Þ ¼ ð100; 1ÞM⊙. As we increase the central
mass m1, the DM spike particles become more tightly
bound, and as we decrease the mass of the companion m2,
the energy injected via dynamical friction decreases. We
therefore expect the depletion timescale for the DM spike to
scale as tdep ∼ ðm1=m2Þ2Torb [23]. Fixing m1=m2 ¼ 100,
we expect a depletion timescale on the order of thousands
of orbits. Using the current simulation setup, larger mass
ratio systems would require prohibitively long simulation
times before substantial feedback in the spike is observed.
We fix the density normalization of the spike to ρ6 ¼
9.1 × 1014M⊙=pc3 and simulate a binary with initial
separation ai ¼ 100 RISCO.

8 We simulate each system
using Nstep ¼ 3 × 104 time steps per orbit and a softening
length of ϵ2 ¼ 0.001ai.
In the upper panel of Fig. 7, we show the ratio of the initial

and final density in the DM spike over 2500 orbits in the
NbodyIMRI simulations. We simulate 16 independent DM
spike realizations, each comprising NDM ¼ 1 k, and recon-
struct the DM density profile by averaging over realizations
(and averaging over every 10 orbits of the binary). The DM
density is estimated by countingDMparticles in logarithmic
radial bins (so that the density we show is averaged over the
whole spherical shell of radius r). The most substantial
decrease in the DM density is seen at the position of the
orbital radius (vertical dashed line), where the DM density
drops to around 25% of its initial value. The particles
depleted from this region are pushed to larger radii, as seen
by the increased density above r ¼ 103 RISCO.
In the lower panel of Fig. 7, we compare the DM density

profile obtained after 1000 orbits using the NbodyIMRI code
(solid blue line) with the results of the HaloFeedback code [45]
(dotted brown line). HaloFeedback was introduced in
Ref. [43], using a semianalytical description to evolve
the DM density profile as energy is injected into the spike
through dynamical friction. We see that while the
HaloFeedback formalism provides a good order-of-magnitude
estimate for the density profile close to the orbital radius,
there is a substantial discrepancy at large radii. HaloFeedback

predicts a narrow overdensity in the DM density profile at a
few times the orbital radius, while our simulations show a
smoothly depleted region out to radii ∼10 times larger.
In order to investigate the origin of this discrepancy,

in Fig. 8 we show the change in energy ΔE for particles
in the DM spike after 10 simulated orbits of the binary.
Dynamical friction arises from two-body scattering
between DM particles and the secondary. This two-body
scattering is expected to lead to changes in the energy lying
in the orange shaded region, where

jΔEj ≈ 2u2
�
1þ b2

b290

	−1
: ð15Þ

This is the change in energy implemented in the HaloFeedback

formalism, with bmin ¼ ϵ2 and bmax ¼ 0.3r2 (as described
in Sec. III A).

FIG. 7. Evolution of the DM density profile during the
simulation. The upper panel shows the ratio of the final and
initial DM density profiles for a circular system with ðm1; m2Þ ¼
ð100; 1ÞM⊙ over 2500 orbits. The lower panel shows a snapshot
of the density profile after 1000 orbits. The blue line shows the
results of the NbodyIMRI simulations, while the dotted brown line
shows the density profile predicted by HaloFeedback [45]. The solid
brown line shows the profile predicted by the feedback mecha-
nism outlined in the text, including both close encounters with the
secondary (“DF”) and the energy injected by the time-varying
potential of the binary (“stirring”).

8The value of ρ6 ¼ 9.1 × 1014M⊙=pc3 corresponds to ρsp ¼
226M⊙=pc3 [23]. This simulated system is comparable to the one
considered in Appendix A of Ref. [37].
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We see from Fig. 8 that there is a large population of DM
particles, particularly those at large radii, which experience
a small change in energy, outside that expected for two-
body close encounters. We find that these particles expe-
rience a change in energy which scales as ΔE ∝ E−9=2, as
highlighted by the yellow shaded region. We emphasize
that these particles are at radii much larger than the binary
separation, meaning that close encounters with the binary
cannot account for this change in energy.
This additional energy injection can be understood in

terms of the time-dependent potential generated by the
binary. In a static potential, the energy E of the DM
particles is conserved. However, the orbiting binary gen-
erates a time-dependent potential which over a time Δtwill
lead to a change in the DM energy given by

ΔE ¼
Z

Δt

0

∂ψ

∂t
dt: ð16Þ

Here, the integral is taken following the path of the DM
particle. A detailed calculation is presented in Appendix D,
but we find that over a single orbit of a circular binary, this
change in energy can be written as

ΔE ¼
�
Gm2

r
a2

r2

��
vTorb

r

�
Aðr̂; v̂Þ; ð17Þ

where r is the radial position of the DM particle and v is its
velocity. The term in the first set of brackets corresponds to
the time-dependent component of the potential due to the
binary (assuming r ≫ a).9 The second term in brackets
corresponds to the fractional change in the position of
the particle over a single orbit. The factor Aðr̂; v̂Þ contains
the information on the angular position and velocity
of the particle, see Eq. (D10). Note that this mechanism
may increase or decrease the energy of DM particles,
depending on the sign ofAðr̂; v̂Þ.10 The typical radial position
of a particle scales as r ∼Gm1=E, while the typical velocity
scales as v ∼ ffiffiffiffi

ψ
p ∼

ffiffiffi
E

p
. The change in energy due to

this stirring effect thus scales as ΔE ∝ E−9=2 as shown
in Fig. 8.
In order to determine whether this stirring can explain the

discrepancy between the results of NbodyIMRI and those of
HaloFeedback, we perform a toy calculation of the feedback.
We generate sample of 10000 DM particles from the
initial spike distribution and keep track of their relative
specific energies E. For each orbit of the binary, we
calculate the probability of scattering with the companion
and, in the event of an encounter, we modify the particle’s
energy according to Eq. (15).11 For each orbit, we also draw
the radius and velocity of each particle and modify its
energy according to Eq. (17) (as long as the particle lies
outside the binary, r > a). We then reconstruct the DM
density profile at each step from the distribution of energies
E. While a more complete description of this stirring
effect should follow the energy injected in individual
particle trajectories over long timescales, this simple toy
model allows us to estimate the effect on the overall DM
distribution.
The resulting density profile is shown in the lower panel

of Fig. 7 as a solid brown line. It matches closely the DM
density at the orbital radius, as well as reproducing the
smooth trough in the depleted density profile out to
r ¼ 103 RISCO, increasing at larger radii. In the top panel
of Fig. 9, we show the time evolution of the DM density at
the orbital radius. We see clearly that the HaloFeedback

formalism initially follows the results of our simulation,
but quickly flattens. Instead, we see that the inclusion of the
stirring mechanism (solid brown line) follows much more
closely the depletion seen in our simulations, with a final
density after 2500 orbits which is roughly a factor of 2
smaller than that predicted by HaloFeedback.
The typical amount of energy injected by close two-body

interactions can be estimated as

FIG. 8. Change in energy ΔE of DM pseudoparticles after 10
binary orbits. Each point corresponds to a single DM pseudo-
particle, colored according to its initial distance from the central
BH (the secondary compact object is orbiting at a distance
r2 ¼ 100 RISCO). The typical values of ΔE expected from close
encounters with the secondary object are shown as a shaded
orange region. In addition, there is broad distribution of particles
at large radii with ΔE ∝ E−9=2 which cannot be explained by
close two-body encounters. The vertical dotted line denotes the
potential at the orbital radius of the secondary Ψðr2Þ.

9The gravitational monopole and dipole moments are constant
with time, so the leading order time-dependent contribution is
from the quadrupole, whose potential scales as a2=r3.

10We show in Appendix D that for a circular orbit and a
spherically symmetric DM distribution, this stirring effect should
lead to no net energy loss of the binary.

11See Ref. [43] or paper I for further details on the calculation
of these scattering probabilities.
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hΔEib ¼
Z

PðbÞΔEðbÞdb ð18Þ

¼ 4u2
�

b290
b2max − b2min

�
logΛ ð19Þ

≈ 3 × 10−4u2: ð20Þ

Here, PðbÞ ∝ b is the distribution of impact parameters,
and the numerical factor in the final row is valid for the
specific system ðm1; m2Þ ¼ ð100; 1ÞM⊙, with bmin ≪ bmax.
Noting that the characteristic energy of particles close to the
secondary is E ∼Ψðr2Þ ∼ u2, we see that the energy
injected by close encounters is typically much less than
this, and is therefore not sufficient to push particles to much
larger radii. However, the stirring effect scales as ΔE ∼ r−5

and therefore injects energy preferentially into particles just
outside the binary, where the energy injection ΔE=E
can be Oð1Þ. The excess of particles which are pushed
(by two-body interactions) to radii slightly larger than the
binary separation are then pushed out further, leading to a
more smoothly varying density profile. This effect is
comparable to orbital resonances in planetary systems
(see e.g. [70–72]); orbits which would be stable in the
potential of the primary BH are not stable when including
the time-varying potential of the secondary object.
In the lower panel of Fig. 9, we show the evolution of the

semimajor axis of the binary. The rate of decrease of the
semimajor axis slows as the density profile is depleted,
though the decay in a continues over the 2500 orbits of the
simulation. In contrast, HaloFeedback predicts that the decay
of the semimajor axis should stall after around 500 orbits.
In the HaloFeedback formalism, the slow-moving DM par-
ticles are rapidly depleted; we have checked explicitly that
in that calculation the fraction of particles moving slower
than the orbital velocity u drops to about 1% after 1000
orbits. Indeed, from the upper panel of Fig. 9 it can be seen
that the brown dotted line drops to roughly 1 − ξ<u,
because the slow-moving particles (making up a fraction
ξ<u ≈ 0.58 initially) are largely depleted. This in turn
would mean that the dynamical friction force, which we
assume to be active only for slow-moving particles, rapidly
drops to zero.
In the lower panel of Fig. 9, we also show the decay of

the semimajor axis expected in our toy model including the
stirring effect. In this case, we calculate the dynamical
friction force using the coefficient CDF calculated in Fig. 5
and assume a DM density following the brown solid line
from the upper panel of Fig. 9. In this case, the orbital decay
follows very closely the behavior of our N-body simu-
lations. This suggests that while the total DM density in
our toy model drops more rapidly than predicted by
HaloFeedback, the fraction of slow-moving particles must
not decrease as quickly. Examining the distribution of

particles in our N-body simulation, we indeed find that the
fraction particles with v < u remains approximately con-
stant, behavior which is matched in our toy model. Thus,
the stirring effect not only depletes the DM spike at larger
radii but must also play a role in replenishing low velocity
particles on orbits close to the companion.

IV. DISCUSSION AND CONCLUSIONS

In this work, we have presented the publicly available
code NbodyIMRI [44], specifically designed for simulating
binary systems embedded in cold dark matter spikes. The
resulting simulations, covering tens to thousands of orbits,
allow us to study in detail the effect of the DM spike on the
evolution of the binary and the feedback of the DM in
response. In a companion paper (paper I, [46]), we also use

FIG. 9. Coevolution of the DM density and semimajor axis over
many orbits. In the upper panel, we plot the ratio of the DM
density to the initial density at the orbital radius (vertical dashed
lines in Fig. 7) over 2500 orbits of the binary. Simulation results
are shown in blue. For comparison, we plot the prediction from
HaloFeedback (dotted brown). A good fit to the simulation results is
obtained in our toy model including feedback from both
dynamical friction feedback and stirring, as described in the text
(“DF + Stirring,” solid brown). In the lower panel, we plot the
relative change in semimajor axis. The solid brown line shows the
change due to dynamical friction assuming the value of CDF
estimated in Fig. 5 and the density obtained in our “DF +
Stirring” model.
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these simulations to study the effects of accretion on the
evolution of BH binaries in DM spikes.
We have verified that the standard dynamical friction

(DF) formalism, derived assuming an infinite uniform
medium, is also valid in the nonuniform systems we
are considering. However, we find that the standard
Chandrasekhar expression for DF, given by Eq. (11),
may overestimate the true force by 10%–20%, depending
on the underlying distribution function of the DM spike.
Instead, we find that the full calculation over all relative
encounter velocities, given by Eq. (8), provides a good fit to
our simulation results.
We have also estimated the value of the maximum

impact parameter bmax, which ultimately determines the
strength of the DF force, as well as the efficiency of
feedback in the DM spike. We find that across two orders of
magnitude in the mass ratio, bmax ≈ ð0.31� 0.04Þr2 where
r2 is the separation of the binary.
Previous N-body simulations [43] pointed toward a

value of bmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2=m1

p
r2 (the value which we use in

paper I). For the smallest mass ratio we consider here, this
would give bmax ≈ 0.1r2, which is a little smaller than
the value obtained in NbodyIMRI simulations. For larger
mass ratios, the error bars from earlier simulations made
it difficult to distinguish different values of bmax. The
simulations presented in Ref. [43] used the GADGET-2

code [73], which includes force calculations between the
DM pseudoparticles. The tailored simulations presented
here have allowed us to use a factor of 8 more particles,
reducing noise in the motion of the BHs. We have also been
able to use shorter time steps and therefore smaller soft-
ening lengths, in order to resolve the dynamical friction
effect for larger mass ratios. Crucial to pinning down the
value of bmax was in studying simulations with different
softening lengths; bmax not only controls the overall
normalization of the DF force, but also the cutoff in the
DF force as the softening length is increased. In Sec. III B,
we showed further confirmation of the strength of the DF
force, in simulations of binaries with eccentricities up
to e ¼ 0.9.
We have also studied the feedback of the DM spike in

response to circular binaries. We find that while the
previous semianalytic prescription (the HaloFeedback

formalism [43]) provides a good order-of-magnitude esti-
mate for the rate of depletion, our simulations show notable
differences, including depletion out to larger radii (see
Fig. 7). We have argued that these differences arise due to a
novel stirring effect which arises from the time-varying
potential of binary. This stirring effect does not accelerate
the inspiral of the binary but has a substantial impact on the
DM distribution, including replenishing slow-moving par-
ticles, which predominantly take part in dynamical friction.
Including feedback from both dynamical friction and
stirring provides a good description of our simulation
results, as shown in Fig. 9. These results suggest that

the more general formalism which is presented in paper I
will need to be further extended in future to incorporate
both a more accurate value of bmax and the impact of this
stirring effect.
While this paper was in preparation,Mukherjee et al. [37]

presented results from similar N-body simulations. These
simulations also neglect the self-gravity of the DM spike
but include post-Newtonian effects up to order 2.5 allowing
them to account for both the effects of GWemission and the
influence of the DM spike in their simulations. A crucial
difference between NbodyIMRI and the simulations of
Mukherjee et al. is that the latter use an adaptive time-
stepping scheme, allowing them to perform simulations
over much longer timescales than presented in this
paper. While our scheme uses a fixed global time step,
we have chosen the size of the time step to ensure that no
spuriously large two-body effects occur between the DM
particles and the secondary (see Appendix A). The system
we study in Fig. 9 is comparable to the one studied in
Appendix A of Mukherjee et al. [37] and we find similar
behavior, further suggesting consistency between the two
sets of simulations.
Mukherjee et al. find a DM dephasing which is larger

than that predicted by the standard dynamical friction
formalism (including feedback) by a factor of 1–100 times.
Here, we find that dynamical friction does indeed provide a
good description for the energy loss in the system, as long
as the novel stirring effect is accounted for. The lower panel
of Fig. 9, for example, shows that the orbital decay due to
DM is larger than expected from the HaloFeedback model
alone, but well-described by our “DF + Stirring” toy model.
Mukherjee et al. also claim to find a rate of depletion of the
DM spike which is slower than that predicted by
HaloFeedback (or rather that the fraction of slow-moving
particles, which dominate the DF force, is depleted more
slowly than in HaloFeedback). This is in fact what we have
argued in Sec. III C: that the stirring mechanism replenishes
slow-moving particles, such that they deplete more slowly
and therefore dynamical friction remains effective for
longer.
The stirring we describe here is a three-body effect

(arising due to the combined potential of the two compact
objects acting on the DM particles, as opposed to the
close two-body encounters which drive DF). Mukherjee
et al. similarly highlight the importance of three-body
interactions, especially for DM particles close to the
binary. Whether our description of the stirring effect is
consistent with the effects observed by Mukherjee et al.
over long timescales is not yet clear. The much longer
duration of those simulations may highlight processes
which come to dominate over DF on long timescales
or which may be more relevant for eccentric orbits.
However, our work here highlights that both DF and
stirring are important in understanding the coevolution of
the binary and spike.
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The NbodyIMRI code is publicly available and will
continue to be developed. We foresee a number of further
improvements which can be made to the code.
Implementing adaptive time steps (e.g. see [37,74] for
the specific case of a leapfrog integrator) while maintaining
the time step constraint described in Appendix A, would
allow for a substantial speed-up of the code. Such a speed-
up would allow for these simulations to follow a much
larger number of orbits and allow a more direct comparison
with the results of Ref. [37].
The NbodyIMRI code has been crucial in validating the

semianalytic prescriptions for compact object binaries
evolving in a DM spike, as well as the subsequent feedback
on the spikes themselves. These simulation results also point
toward a need to extend these prescriptions, especially to
include the novel stirring effect we have described here.
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APPENDIX A: OPTIMAL TIME STEP

There are a number of criteria for choosing the appro-
priate time step in N-body simulations (see, e.g., [75–77].

In this work, we focus on resolving the dynamics of close
encounters between DM pseudoparticles and the secondary
object, while avoiding spuriously large two-body effects.
We therefore fix Δt such that the number of time steps
required for a DM pseudoparticle to cross the softening
radius of the secondary is greater than one.
In a softened Newtonian (Coulomb) potential, when a

test particle crosses the softening radius of a mass m, its
velocity is

vðr ¼ ϵÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v∞2 þ 2Gm

ϵ

r
; ðA1Þ

where v∞ is the initial velocity of the particle at infinity.
The NbodyIMRI code allows for several options for softening
the potential. However, the main results we show use an
empty shell softening approach for the force due to m2: we
assume that the gravitational force drops to zero for r < ϵ,
as if all of the compact object was concentrated on a thin
shell of radius ϵ. Explicitly, for a test DM particle m̃DM with
a separation r from the secondary compact object m2, the
force on m̃DM is given by

Fgrav ¼
�
− Gm2m̃DM

r3 r for r > ϵ;

0 for r ≤ ϵ:
ðA2Þ

With this choice of softening, the maximum velocity
attained by a test particle will be the velocity at r ¼ ϵ.
We now focus on the specific scenario of a DM

pseudoparticle infalling toward the lighter compact object
m2 (which is itself orbiting around the heavier object m1 at
a separation r2). The initial velocity of the infalling particle
is typically of order v∞ ≈ vescðr2Þ ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Gm1=r2

p
. We thus

have vmax ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Gðm1=r2 þm2=ϵÞ

p
. The particle will cross

a distance ∼ϵ before it leaves the “empty sphere” of the
softening radius and begins decelerating, which it will do in
a time

tϵ ∼ ϵ=vmax ∼
ϵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Gðm1=r2 þm2=ϵÞ
p : ðA3Þ

The advantage of the empty shell softening is that this
timescale is now fixed by the softening length and the
binary configuration and does not depend on the specifics
of the DM particle trajectory. This places a lower bound on
the dynamical timescale in this softened potential. In order
to resolve this timescale with sufficient accuracy, we should
have time steps shorter than this timescale, leading to our
choice of time step

Δt ≤ tϵ: ðA4Þ
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APPENDIX B: EFFECTS OF VELOCITY
ANISOTROPY IN THE SPIKE PHASE-SPACE

DISTRIBUTION FUNCTION

We run additional simulations using the Osipkov-Merritt
models with different amounts of orbital anisotropy for the
particles representing the DM spike, quantified with the
usual anisotropy index (see, e.g., [60])

ξ ¼ 2Kr

Kt
; ðB1Þ

where Kr and Kt ¼ Kθ þ Kϕ are the radial and tangential
components of the kinetic energy tensor.12 In practice, in
the distribution function defined in Eq. (6), the relative
energy per unit mass E is substituted by

Q ¼ E −
J2

2r2a
; ðB2Þ

where J is the specific angular momentum of the orbit, and
ρDM with the augmented density

ρ�DMðrÞ ¼ ρDMðrÞ
�
1þ r2

r2a

�
: ðB3Þ

In both expressions above ra, the so-called anisotropy
radius, is a control parameter quantifying the radius over
which the model is dominated by low angular momentum
orbits. For ξ ¼ 1 (corresponding to ra → ∞) the model is
isotropic while the limits ξ → ∞ and ξ ¼ 0 correspond
to a model made entirely by radial or circular orbits,
respectively.
In the simulations, the positions of the NDM ¼ 256k DM

particles were as above sampled from Eq. (4) and the
velocities are then assigned from the anisotropic distribu-
tion function fðQrÞ at radius r with the usual rejection
technique (see e.g. [78] for the details).
In Fig. 10, we show the time evolution of the semimajor

axis of the binary (here γsp ¼ 2.33 and m1=m2 ¼ 103) for
different choices of ξ. Increasingly radially anisotropic DM
velocity distributions exert less efficient dynamical friction,
for fixed DM density and binary orbital parameters. The
unphysical purely tangential model (i.e., ξ ¼ 0, corre-
sponding to a system with DM particle all on circular
orbits, not shown here) stands out as the one with the most
effective drag force.
We speculate that the form of the specific anisotropy

profile of the DM spike could therefore be an important
ingredient of the dynamics of an inspiraling object.
Typically, spikes formed around primordial BHs [79], thus
dominated by low angular momentum orbits, should
provide less friction with respect to others of comparable

density and central massm1, where we expect the DM fðvÞ
to have “isotropized” via, for example, baryonic feedback
processes. We leave a more detailed exploration of the
effects of anisotropy to future work.

APPENDIX C: DM PARTICLE RESOLUTION

Another factor influencing the strength of the dynamical
friction, other than the time step and force softening, is the
pseudoparticle resolution, i.e., the number N of simulation
particles at fixed total mass and density profile. This is
intrinsically connected to the N scaling propagation of
discrete and collective instabilities (see, e.g., the discussion
in [80,81], and references therein). In line with previous
numerical work on dynamical friction (see, e.g., [82–84]
and references therein) we performed a series of test
N−body simulations at fixed m1, m2 and ρDM for the
same orbital parameters, increasing the number of DM
particle from 104 to 106.
As an example, in Fig. 11 we show the orbital decay of

m2 for γsp ¼ 2.33 and m1=m2 ¼ 103 over ≈200 orbital

FIG. 10. Effect of velocity anisotropy on the dynamical friction
force. Semimajor axis of the binary in units its initial value a0 at
t ¼ 0 as function of time for three different values of the
anisotropy index ξ of the DM particles, defined in Eq. (B1).

FIG. 11. Effect of the resolution on the inspiral. Semimajor axis
of the binary in units its initial value a0 at t ¼ 0 as function of
time for different values of the resolution 104 ≤ NDM ≤ 106.

12Note that the anisotropy index ξ is unrelated to the factor ξ<u
used in the main text.
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periods. We observe that for NDM ≳ 105 the fluctuations in
a remain comparable as well as its asymptotic value.
A similar trend is also observed for different choices of
m1=m2 and ρDM not shown here. We thus fix our bona-fide
resolution ad NDM ¼ 256000.
This is further demonstrated in Fig. 12, in which we

estimate the dynamical friction coefficient, as described
in Sec. III A, for circular orbits of a binary with
ðM1;M2Þ ¼ ð3000; 1ÞM⊙. The value of C has converged
by the time we reach our fiducial particle number of
NDM ¼ 256 k, and increasing to 512 k does not lead to
a substantial reduction in the error bars.

APPENDIX D: STIRRING OF THE DM SPIKE

Consider a test particle at position r with velocity v.
The potential felt by this particle is

ΨðrÞ ¼ Gm1

jr − r1j
þ Gm2

jr − r2j
; ðD1Þ

where r1;2 are the positions of the primary and secondary
black holes respectively. In a static potential, the specific
energy E ¼ ΨðrÞ − 1

2
v2 of the test particle is conserved.

However, in a time-dependent potential the specific energy
varies over a time Δt

ΔE ¼
Z

Δt

0

∂ψ

∂t
dt: ðD2Þ

Here, we understand that the partial derivative is taken at a
fixed position, while the integral over t traces the trajectory
of the particle over t∈ ½0;Δt�.

For simplicity, we consider a circular binary. We write
the position vectors of the two BHs as

r1 ¼
m2

m1 þm2

a × ðcosωt; sinωt; 0Þ; ðD3Þ

r2 ¼ −
m1

m1 þm2

a × ðcosωt; sinωt; 0Þ; ðD4Þ

where without loss of generality, we have taken the orbit to
lie in the x − y plane, aligned along the x-axis at t ¼ 0.
Here, the angular velocity is given by ω ¼ 2π=Torb. We can
write:

jr − rij ¼ ðr2 þ r2i − 2r · riÞ1=2; ðD5Þ

and expand the potential in powers of a=r (up to 3rd order)

ΨðrÞ≈Gðm1þm2Þ
r

×

�
1þ1

2

m2

m1

�
ð3ζ2−1Þa

2

r2
þð5ζ3−3ζÞa

3

r3

�	
: ðD6Þ

Here, the orientation of the binary with respect to the test
particle is encoded in

ζ ¼ r̂ · r̂1 ¼ cosωt sin θ cosϕþ sinωt sin θ sinϕ

¼ sin θ cosðωt − ϕÞ; ðD7Þ

where ðθ;ϕÞ are the polar coordinates of the position of the
test particle. At a fixed position, the potential varies with
time as

∂ψ

∂t
ðrÞ ¼ Gðm1 þm2Þ

r

×

�
3

2

m2

m1

�
2ζ

a2

r2
þ ð5ζ2 − 1Þ

�
a3

r3

	
∂ζ

∂t
; ðD8Þ

where ∂ζ=∂t ¼ −ω sin θ sinðωt − ϕÞ.
We will now develop an approximate model for the

change in energy of DM particles over a single binary orbit.
We integrate ∂ψðrÞ=∂t over the path of a DM particle
during a time Δt ¼ Torb. We will assume that the change in
the DM particle position is small vTorb ≪ r over this time,
which will be an increasingly good approximation as we
increase r. We can now write the time-dependent DM
coordinates as

rðtÞ ≈ r0ð1þ cos θ0v0t=r0Þ;
θðtÞ ≈ θ0 þ sin θ0 cosϕ0v0t=r0;

ϕðtÞ ≈ ϕ0 þ ðsin θ0 sinϕ0=sin θÞv0t=r0; ðD9Þ
where the subscript 0 denotes quantities at time t ¼ 0.
The angles ðθ0;ϕ0Þ specify the direction of the DM

FIG. 12. Convergence of the dynamical friction coefficient Cwith
particle number. We estimate the value of C as described in Sec. III
A, varying the number of DM psuedoparticles in the simulation
(keeping the total mass of the DM spike fixed). The fiducial particle
number used in the main text isNDM ¼ 256 k. The horizontal gray
bands correspond to the 1σ and 2σ ranges of CDF inferred from
bmax ¼ ð0.31� 0.04Þr2, as determined in the main text.
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velocity with θ0 ¼ 0 pointing in the r direction and
ϕ0 ¼ 0 pointing in the θ direction, relative to the DM
position. We now substitute Eq. (D9) in Eq. (D8),
keeping only terms up to first order in v0t=r0, and
integrate over t∈ ½0; Torb�. As a final simplification, we
average over ϕ0 ∈ ½0; 2π�, to obtain

hΔEi ¼ −
Gm2

r0

v0Torb

r0

a2

r20
Aðr̂; v̂Þ; with;

Aðr̂; v̂Þ ¼ 1

4
cos θ0 sin θ0 ×

�
9 sin θ0 cos 2ϕ0

þ a
r0
ð40cos3ϕ0sin2θ0 − 24 cosϕ0Þ

	
: ðD10Þ

This represents the change in energy of a DM par-
ticle outside the orbit of the binary, due to the chang-
ing potential generated by the binary. Ultimately, this
energy is extracted from the binary. However, we can
see that explicitly integrated the change in energy over,
say, the azimuthal angle of the DM particles, we obtain zero

Z
2π

0

hΔEidϕ0 ¼ 0: ðD11Þ

For a spherically symmetric DM spike, therefore, the
net change in energy of the particles is zero. For a circu-
lar binary, this stirring effect thus only redistributes energy in
the spike, with no net energy loss from the binary.
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