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Objective collapse theories propose modifications
to Schrödinger’s equation that solve the quantum
measurement problem by interpolating between
microscopic quantum dynamics and projective
evolution of macroscopic objects. Coloured-noise
driven collapse theories extending the equilibrium
description of spontaneous symmetry breaking
(SSB) to spontaneous unitary violation (SUV) in
quantum dynamics were recently shown to possess a
Markovian white-noise limit when applied to initial
two-state superpositions. Here, we show that this limit
coincides with a subclass of continuous spontaneous
localization (CSL) models when collapsing in a basis
of spatially localized energy eigenstates. We show
that the energy expectation value remains conserved
throughout this process, and we also extend the
model to a form that can be applied to any initial
state. We furthermore show that, as for the SUV
models, the emergence of Born rule statistics in
the Markovian limit is enforced by a fluctuation–
dissipation relation (FDR), which results in ensemble
averaged probability densities following a linear
quantum semi-group guaranteeing the absence of
superluminal signalling.

1. Introduction
Despite the tremendous success of quantum mechanical
predictions of ensemble averaged quantities, unitary
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time evolution is at odds with the observation of single measurement outcomes. The resolution
of this so-called quantum measurement problem remains one of the central open questions
in modern physics [1–6]. Objective collapse theories aim to solve it by introducing small
modifications to Schrödinger’s equation in such a way that the unitary time evolution of
microscopic particles is not affected in any noticeable way, while the effect of the modifications
dominates the dynamics in the macroscopic regime and causes quantum superpositions of large
objects to reduce to classical states [6–17]. One particular class of recently introduced objective
collapse theories, known as models of spontaneous unitarity violation (SUV) [6,16–20], is based
on the observation that the unitarity of Schrödinger’s equation is unstable to even infinitesimal
perturbations in the thermodynamic limit, in the same way that equilibrium macroscopic objects
may be infinitely sensitive to perturbations breaking symmetries of their governing Hamiltonian
[6,18,21].

In fact, the observation that quantum measurement may be seen as a dynamic incarnation
of the process of spontaneous symmetry breaking (SSB) holds generally. This is because any
macroscopic measurement machine must have a broken symmetry to be accessible to human
observers, and post-measurement states of the macroscopic machine must be degenerate in
energy and related by a symmetry operation for the machine to be unbiased. In the usual von
Neumann strong measurement description of quantum measurement [22,23], this implies that
a partly symmetric superposition is created during the first stage of measurement, while this
symmetry is fully broken when a final outcome is registered. Since SUV is the natural extension of
SSB from equilibrium to dynamical conditions [6], it naturally applies to quantum measurements.

Moreover, unlike other objective collapse theories, the preferred basis of quantum state
reduction in SUV is uniquely determined by the Hamiltonian of the measurement machine. It
corresponds to the set of symmetry-broken states, which are robust to both perturbations and
decoherence [21]. Moreover, energy is naturally conserved during SUV dynamics, because all
symmetry-broken states are degenerate, as opposed to the states involved in other approaches
[24]. For the usual case of translation symmetry being broken by a measuring device, the
symmetry-broken states resulting from SUV dynamics are both perfectly spatially localized
and energy eigenstates in the thermodynamic limit. Notice, however, that SSB actually occurs
before this limit, in large but finite devices responding to finite perturbations. For macroscopic
devices, the perturbation required to localize it is so small that it lies beyond the reach of any
conceivable present or future experiment, making it practically immeasurable [21]. Despite the
requirement for small but finite perturbations, no fine-tuning or ad hoc choice of preferred bases
or perturbations are needed to obtain SUV dynamics, even for finite systems. This is because
given any generic perturbation, only those components coupling to an order parameter will have
any effect within a measurable time, and all others may be ignored [6,21].

In this context, it was recently shown that SUV models for the quantum measurement of
an object superposed over two states has a generic form containing distinct nonlinear and
stochastic (noisy) contributions to the unitarity-breaking perturbation [16,25]. Moreover, for a
wide class of coloured-noise driven SUV models, it was shown that the limit in which the
stochastic contribution has vanishing correlation time, the so-called white-noise limit, yields a
unique Markovian form [17].

Here, we establish the relationship between these models of SUV, and a second well-known
class of objective collapse theories, the so-called continuous spontaneous localization (CSL)
models [1,13,24]. We show that CSL-type stochastic differential equations with collapse operators
projecting onto (energetically degenerate) symmetry-breaking states appear as an effective model,
which is weakly equivalent to the coloured-noise driven SUV dynamics in the white-noise
limit. Here, weak equivalence implies that individual trajectories might differ, but averages
converge [26]. Despite their agreement on noise-averaged state dynamics in this limit, however,
we emphasize that the two models are based on distinct physical assumptions and give rise to
distinct physical predictions in the presence of correlated noise.

We then continue to show that the CSL form of the white-noise limit for the two-state SUV
model suggests an extension applicable to arbitrary initial wave functions, superposed over
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any discrete or even continuous set of initial states. This model is explicitly shown to yield
Born rule probabilities for individual measurement outcomes, while the effective dynamics
of an ensemble of measurements follow a linear (Markovian) master equation of the Gorini–
Kossakowsky–Sudarshan–Lindblad (GKSL) form. This is enforced by a fluctuation–dissipation
relation (FDR) between the stochastic and deterministic components of the theory, which
results in a stochastic Schrödinger equation of the CSL form, guaranteeing the impossibility of
faster-than-light communication [27,28].

While the model introduced here presents an extension for the white-noise limit of SUV
theories, it is not straightforward to construct coloured-noise models that flow to it in the limit
of vanishing correlation time while obeying all requirements for objective collapse theories also
at finite correlation times. We discuss some of the challenges encountered in constructing such
theories.

2. Spontaneous unitarity violation
Models for SUV are extensions of the well-established equilibrium theory of SSB to the dynamical
realm [6,18,21]. As such, they are based around a set of common principles: first, objective collapse
is argued to be a dynamical form of SSB, in which a superposition of symmetry-broken states of a
macroscopic object evolve to just one such state. The single outcome breaks an internal symmetry
of the object, while the irreversible dynamics resulting in that state breaks the unitarity of time
evolution.

Second, this process happens ‘spontaneously’ for sufficiently large objects. Here, spontaneously
is used in the same way as in equilibrium SSB. That is, the susceptibility of an object to symmetry-
breaking perturbations scales with the size of the system, so that an absolutely minute, practically
immeasurable perturbation suffices to break the symmetry of macroscopic objects [21]. This
makes the symmetry breaking unavoidable under any practical circumstances [18], but it also
means that the modification of Schrödinger’s equation in SUV models must have a physical origin
(outside W standard quantum mechanics). In particular, this means that the stochastic term must
be physical and hence have non-zero correlation time. The white-noise limit can only ever be
considered an effective description for models of SUV.

Third, for the perturbation to have any effect, it must couple to the order parameter associated
with the broken internal symmetry of the macroscopic object. This requirement also guarantees
that the coupling strength scales with system size, so that the perturbation has a vanishingly
small effect on microscopic states. Moreover, it identifies the preferred basis of objective collapse
(the basis of classical states that macroscopic objects collapse into) to necessarily be the basis of
symmetry-broken states [6]. This basis of states coincides with both classical states as defined
in condensed matter theory [21], and pointer states as defined by stability against external
influences [29].

Finally, it is commonly assumed in SUV models that the necessary stochastic component in
the modification to Schrödinger’s equation is independent of the state to be measured and hence
enters the description as a linear operator coupling to an independent noise process [17,20,25].
This way, it is guaranteed that Born’s rule emerges from the collapse dynamics, rather than being
introduced through the equilibrium probability distribution function of the noise.

3. Continuous spontaneous localization
The family of CSL models was originally introduced as a continuous extension of the Ghirardi–
Rimini–Weber (GRW) model, which features random and discrete localizing events interspersing
the continuous Schrödinger evolution [11]. The localizing modification is made continuous in
CSL models, resulting in a nonlinear, non-unitary, stochastic equation that is usually formulated
in the white-noise limit [1,9,13,24,30–34].

As in the original GRW model, the stochastic term in CSL models is often interpreted to be
a modification of the law of time evolution, causing wave functions to evolve along stochastic
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Figure 1. Venn diagram showing the relation between two classes of objective collapse theories. Anymodel for SUV falls in the
central (brown) area, collapsing into a basis of symmetry-breaking states and coupling linearly to an arbitrary (possibly non-
Gaussian) stochastic process. Theymay be extended to include uncorrelatedwhite noise (τ = 0) as an idealized, mathematical
limit of the physical correlated-noise scenario [6,17,20]. A specific example of such a limiting model is given by equation (4.1)
and indicated by the green star. Any model of CSL, on the other hand, falls into the pink shaded area on the left of the diagram.
Models in this class do not necessarily possess any of the SUV constraints. Since they assume the time evolution itself to contain
an inherent stochasticmodification, CSLmodels are generally formulated in thewhite-noise limit. Their stochasticmodification
often couples linearly to the quantum state, but nonlinear contributions are allowed. CSL models may be formulated with
respect to any collapse basis. Common choices include the position andmass density bases [1,24]. Here, we show that thewhite-
noise limit of SUV models coincides with CSL equations based on a linear coupling to a stochastic process and collapsing into
a symmetry-breaking basis. For a two-state system, this particular CSL model is described by equation (5.1), and since it is
equivalent to equation (4.1), it is also indicated by the green star.

rather than a deterministic paths. As such, it does not necessarily stem from a physical field or
influence, but is rather inherent to time evolution itself. In contrast to SUV, the white-noise form
of the stochastic term in CSL models is thus not commonly assumed to be a limit of any coloured
noise, but rather stands on it own [24].

The relation between the stochastic and deterministic modifications of Schrödinger’s
equation in CSL models is fixed by the requirement that the noise-averaged evolution of
its density matrix is described by a linear GKSL equation. This simultaneously guarantees
norm conservation, adherence to Born’s rule and the absence of superluminal signalling
[27,28].

Finally, for CSL theories to agree with standard quantum dynamics for microscopic states,
but yield objective collapse for macroscopic objects, they need to be formulated with respect
to a quantity that scales with system size. There is no generic choice, and different physical
observables have been proposed to fill the role [24]. In contrast to SUV, this choice of observable
introduces the preferred basis in which the objective collapse dynamics of CSL takes place, rather
than the basis being determined by the symmetries of the Hamiltonian.

The schematic diagram in figure 1 summarizes the most prominent characteristics of SUV and
CSL models, and their potential areas of overlap.

4. Two-state model
In the limit of vanishing correlation time for the stochastic contribution, the SUV dynamics of
a two-state superposition obeying all above requirements has been shown to have the unique
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norm-preserving form [17],

ih̄ d|ψ〉 = Ĥ|ψ〉 dt + iJ〈Ŝz〉
(

Ŝz − 〈Ŝz〉
)

|ψ〉 dt

+ i
√
D
(

Ŝz − 〈Ŝz〉
)

|ψ〉 ◦ dWt. (4.1)

Here, the wave function, |ψ〉, is time-dependent and the operator Ĥ is the standard, possibly
time-dependent, Hamiltonian for the combined, entangled system of the microscopic object being
measured and the macroscopic measurement apparatus. The initial state is assumed to be a two-
state superposition, in which the two states of the macroscopic device are distinct symmetry-
breaking states corresponding to two possible measurement outcomes (for example with a pointer
pointing in different directions). The operator Ŝz denotes the action of the order parameter in the
subspace of the two symmetry-breaking states.

The second term in equation (4.1) is a nonlinear and non-unitary version of the symmetry-
breaking interaction appearing in the usual, equilibrium theory of SSB [20,21]. Here, the
combination Ŝz〈Ŝz〉 = Ŝz〈ψ |Ŝz|ψ〉 should be interpreted as a nonlinear operator acting on a
single state, and not as an (ensemble averaged) expectation value. Moreover, this combination
is the generic form for a dissipative self-interaction. The term 〈Ŝz〉 appearing in (Ŝz − 〈Ŝz〉)
is proportional to the identity operator and is a purely geometric term, which ensures norm
conservation without affecting any relative amplitudes [16,17]. It may be omitted altogether upon
redefining the physical expectation value [6,20].

Notice that because Ŝz is an order parameter, it scales extensively with system size, N [6,21]:
Ŝz =N σ̂z with σ̂z being a Pauli matrix. The term ∝ 〈Ŝz〉Ŝz is a direct generalization of the
symmetry-breaking perturbation in equilibrium SSB, which contributes to the internal energy
and is hence subject to the thermodynamic requirement of being extensive [21,35]. We therefore
demand that the coupling strength J scales inversely with system size, just as in equilibrium
SSB: J =J /N . Furthermore, just like in equilibrium SSB, the amplitude of J required to enact
symmetry breaking is so small as to be practically immeasurable. The non-unitary evolution
is therefore negligible in the quantum state evolution of microscopic objects, even though
the modifications to Schrödinger’s equation are always present. The non-commuting effects of
vanishing J and diverging system size N signal the presence of an infinite susceptibility in the
thermodynamic limit, in precise analogy to SSB under equilibrium conditions [18,21].

The third term in equation (4.1) is a non-unitary stochastic contribution to the order parameter
dynamics. It represents coupling to an uncontrollable and unpredictable influence, giving rise to
a small, practically immeasurable, diffusion constant D. The factor dWt indicates the Gaussian
increment for a standard Wiener process (i.e. uncorrelated or white noise, corresponding to the
increments in Brownian motion, Wt = ∫

dWt with W0 = 0) [36–38]. We use the convention that dWt

is sampled from a Gaussian distribution with standard deviation
√

dt and implies the standard
time independent expectation values E[dWt] = E[Wt] = 0, E[dWt dWs] = 0 for t �= s and E[dW2

t ] =
dt or simply, dW2

t = dt [37,38]. Here, E indicates the average over an ensemble of Wiener process
realizations. The open circle, ◦, preceding dWt in equation (4.1) indicates the Stratonovich, rather
than the Itô product [17]. Notice that dWt has units of square-root time, and the diffusion constant
D has units of energy squared times time.

The stochastic influence is assumed to be physical, arising from sources beyond quantum
mechanics, and not an effective description of the average influence of unobserved quantum
degrees of freedom [6,17]. This implies in particular that the white-noise process of equation (4.1)
should be seen as the idealized or effective white-noise limit of a physical coloured-noise process
with non-zero correlation time [17,25].

5. Continuous spontaneous localization from spontaneous unitary violation
It was previously shown for the SUV model of equation (4.1) that if the deterministic dissipation
term proportional to J and the fluctuation term proportional to

√D obey an FDR of the form
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h̄J = 2DN , the noise-averaged measurement outcomes obey Born statistics, while the noise-
averaged evolution of the density matrix is described by a linear GKSL equation [17]. Note that
this FDR is a structural constraint on the dynamics of isolated systems [17] and differs from the
FDRs utilized in open quantum systems [39,40]. In enforcing the FDR, equation (4.1) may be
expressed in Itô convention and is then seen to coincide with a previously proposed form of CSL
dynamics [1,13,24],

d|ψ〉 = − i
h̄

Ĥ|ψ〉 dt − JN
4h̄

(
σ̂z − 〈σ̂z〉

)2 |ψ〉 dt +
√
JN
2h̄

(
σ̂z − 〈σ̂z〉

) |ψ〉 dWt. (5.1)

Here, we made essential use of the fact that the action of the order parameter on the two states
included in the SUV model of equation (4.1) could be written in terms of the Pauli matrix σ̂z,
which squares to one.

The CSL equation here agrees with the white-noise limit of two-state SUV models described
by equation (4.1), which thus fall in the region of overlap in figure 1. It should be kept in
mind, however, that crucially, the SUV model derives its stochasticity from a generic model with
physical, coloured noise [17], which converges to equation (5.1) only in the idealized white-noise
limit.

6. Arbitrary initial states
That the correspondence between equations (4.1) and (5.1) hinges on the square of σz being
one, suggests a way to generalize the model to a form that allows application to initial states
superposed over arbitrarily many components. To do so, we first rewrite σ̂z in terms of projectors,
which square to themselves and whose products vanish: σ̂z = P̂0 − P̂1. Further using the fact
that 1 = P̂0 + P̂1 = 〈P̂0 + P̂1〉, we can write (σ̂z − 〈σ̂z〉)〈σ̂z〉 + 1 − 1 = 2

∑
k(P̂k − 〈P̂k〉)〈P̂k〉. Similarly,

we can use the fact that the sum of two Gaussian increments is itself a Gaussian increment
to introduce dWt ≡ (dW0

t − dW1
t )/

√
2, and dW̄t ≡ (dW0

t + dW1
t )/

√
2 with dW0

t and dW1
t two

independent identically distributed Gaussian increments, such that dWi
t dWj

t = δij dt. With this,
we can write (σ̂z − 〈σ̂z〉)|ψ〉 ◦ dWt + (1 − 1)|ψ〉 ◦ dW̄t = √

2
∑

k(P̂k − 〈P̂k〉)|ψ〉 ◦ dWk
t . The final

form of the model in terms of projection operators is then

i d|ψ〉 = Ĥ|ψ〉dt
h̄

+ i2J N
∑

k

〈P̂k〉
(
P̂k − 〈P̂k〉

)
|ψ〉dt

h̄
+ i

√JN
∑

k

(
P̂k − 〈P̂k〉

)
|ψ〉 ◦ dWk

t√
h̄

. (6.1)

Here, we inserted the FDR D = h̄J /(2N ) in the final line [17]. Using the properties of the
projection operators and going to the Itô representation again yields a CSL-type stochastic
Schrödinger equation,

d|ψ〉 = − i
h̄

Ĥ|ψ〉 dt − JN
2h̄

∑
k

(
P̂k − 〈P̂k〉

)2 |ψ〉 dt +
√
JN

h̄

∑
k

(
P̂k − 〈P̂k〉

)
|ψ〉 dWk

t . (6.2)

Extending the range of k in the sums of equation (6.1) or (6.2) to run over an arbitrary number
of states rather than just two, it can be applied to initial wave functions superposed over any
(countable) number of components, and gives a generic form for objective collapse dynamics in
the white-noise limit. The use of projections moreover allows a straightforward generalization
to (non-relativistic) field theories, in which |ψ〉 denotes a (countable) superposition of field
configurations. Equation (6.2) can thus be applied to objective collapse dynamics, but also for
example to the dynamics of a symmetry-breaking quantum phase transition [41], in which a
single, ordered field configuration arises from an initially symmetric superposition.

Note that unlike the operator σ̂z in equation (4.1), the projection operators in equation (6.1)
cannot be directly interpreted in terms of an order parameter. To still maintain a correspondence
of final states to classical configurations of a macroscopic, symmetry-breaking object, the
operators P̂k should project onto distinct symmetry-broken states. As in the equilibrium theory of
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spontaneous symmetry breaking, these are determined by the unperturbed Hamiltonian and can
be constructed from the group theoretical description of broken and unbroken symmetries [21].
We shall return to the connection of the arbitrary-state, white-noise model of equation (6.1) with
possible coloured-noise SUV models based on a non-Hermitian-order parameter field, after first
examining some of its physical properties.

7. Emergent Born rule statistics and absence of superluminal signalling
To verify that the dynamics generated by equation (6.1) or equation (6.2) for arbitrary initial states
gives rise to Born rule probabilities and avoids any possibility of superluminal communication,
we compute its noise-averaged dynamics. The dynamics of the pure state projector, Ψ̂ = |ψ〉〈ψ |,
follows from substituting equation (6.2), and applying Itô lemma, dΨ̂ = |dψ〉〈ψ | + |ψ〉〈dψ | +
|dψ〉〈dψ |. Averaging over the noise yields the quantum master equations [1,13] using E[dWk

t ] = 0
(which is only true in Itô convention). Notice that E[Ψ̂ ] = ρ̂, where ρ̂ is the density matrix
or statistical operator describing a noise-averaged ensemble of measurements undergoing the
dynamics of equation (6.2). This yields a dephasing-type GKSL master equation of the form

h̄
∂ρ̂

∂t
= −i[Ĥ, ρ̂] + JN

(∑
k

P̂kρ̂P̂k − ρ̂

)
. (7.1)

The dephasing-like dynamics of the density matrix in this expression is characterized by the decay
of its off-diagonal elements, while its diagonal elements remain constant in time. An initial pure
density matrix thus reduces to a mixed density matrix with only diagonal components at long
times, describing an ensemble of measurements with distinct realizations of the noise, without
tracing over any part of the system or its environment. The absence of a trace operation here, as
opposed to the effective evolution encountered in decoherence, may be employed to construct
protocols allowing the presence of generic SUV dynamics to be experimentally distinguished
from any sources of environmentally induced dephasing in mesoscopic experiments [42]. This
complements experimental approaches targeting specific features in the dynamics of particular
collapse models [24].

The probabilities on the diagonal of the final density matrix are the same as the squared
wave function components appearing in the pure initial ensemble since these remain constant
throughout the evolution. Thus, each diagonal element evolves according to a martingale process,
which ensures the emergence of Born statistics [1,9,13,17,43]. Furthermore, the linearity of
equation (7.1) describing the time evolution of the noise-averaged density matrix, and the fact
that the GKSL master equation is a linear quantum dynamical semi-group [44,45], guarantee the
impossibility of any superluminal signalling using this dynamics [27,28,46]. Both the emergence
of Born statistics and the impossibility of superluminal signalling thus follow from the FDR,
which ensures that equation (6.2) adheres to the unique form of white-noise quantum stochastic
processes yielding a linear GKSL master equation [47].

The operators P̂k in equation (7.1) represent projections onto a set of symmetry-breaking states
of the measurement device. As these states are related by a symmetry operation, their energy
expectation values are equal to one another for any system size. Moreover, these states become
strictly orthogonal in the thermodynamic limit, implying that energy is then strictly conserved.
This can be seen most straightforwardly by first writing the change in the average energy of an
ensemble of closed systems evolving under equation (7.1) as

dE
dt

= JN
h̄

(∑
k

Tr[ρ̂P̂kĤP̂k] − Tr[ρ̂Ĥ]

)
. (7.2)

It is convenient to evaluate this expression using a basis of symmetric states, |n, s〉, such that
Ĥ|n, s〉 = En,s|n, s〉. Here, the quantum number s is the eigenvalue of the symmetry operator Ŝ,
which commutes with Ĥ, and the label n encodes all other quantum numbers of the system. The
symmetry-broken states can then be written as |n, k〉 =∑

s φn(s, k)|n, s〉, and P̂k =∑
n |n, k〉〈n, k|.
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Notice that these states are normalized, such that
∑

s |φn(s, k)|2 = 1 for any value of k or n. For
finite-sized systems, however, the symmetry-breaking states (with index k corresponding to
the value of the order parameter) in general form an over-complete basis, so that

∑
k |φn(s, k)|2

becomes strictly equal to one only in the thermodynamic limit [21].
Using the symmetry of the Hamiltonian, it is clear that all symmetry-related states have the

same energy expectation value, and in particular that 〈n, k|Ĥ|n′, k〉 = δn,n′ Ēn for any value of k, and
for any system size. This in turn implies that

∑
k P̂kĤP̂k =∑

n,k |n, k〉Ēn〈n, k|. In the thermodynamic
limit, this can equivalently be written as

∑
n,s |n, s〉Ēn〈n, s|, because of the orthonormality of the

symmetry-breaking states. Using the fact that the symmetric states |n, s〉 become degenerate in the
thermodynamic limit [21], so that En,s → Ēn, finally yields dE/dt = 0.

Notice that although the final steps become exact only in the thermodynamic limit, their
violation in large but finite devices is in practice unobservable already for moderately sized
systems, in the same way that the spread of the wave function is practically unobservable for
everyday objects [21]. For the generic case of measurement machines breaking translational
symmetry, equation (7.1) implies that the final states become both precisely spatially localized,
and exact energy eigenstates in the thermodynamic limit, while being localized and energy
eigenstates for all practical purposes for any moderate size.

Finally, the restriction of equation (7.1) to initial states superposed over a countable number
of components can be lifted to allow SUV dynamics starting from a continuous quantum state
of the form |ψ〉 = ∫

dxψ(x)|x〉. To do so, the Brownian motion dWk
t with k being a discrete

label is generalized to a Brownian sheet dWx
t , with x being a continuous parameter, which

requires a generalization of white noise to space-time white noise [48,49] as elucidated in the
electronic supplementary material [50]. Then, taking the continuum limit of equation (6.1), as
shown in detail in the electronic supplementary material [50], leads to a continuum version of the
dephasing GKSL master equation,

h̄
∂ρ̂

∂t
= −i[Ĥ, ρ̂] + JN

(∫
dP̂x〈x|ρ̂|x〉 − ρ̂

)
. (7.3)

Here,
∫

dP̂x = ∫
dx|x〉〈x| is the projector-valued measure used to describe spectral decompositions

of unbounded operators. The continuum master equation of equation (7.3) has the same
properties as the discrete version of equation (7.1), and thus again implies the emergence of Born
rule statistics and the impossibility of superluminal signalling.

8. Correlated noise
The wave function dynamics of equation (6.1) provides a generic model for objective collapse
dynamics in the white-noise limit. Although (effectively) stochastic processes in nature may
be well-approximated by white noise, they never have identically vanishing correlation time.
Combined with the fact that all ‘spontaneous’ symmetry breaking, including SUV, must be caused
by a small but non-zero perturbation [21], this implies that for equation (6.1) to describe the white-
noise limit of a physical SUV process, there must exist a coloured-noise version of its dynamics.
As alluded to before, the coloured-noise dynamics should then also allow an interpretation in
terms of an order parameter, whose form reduces to that of the projection operators in equation
(6.1) in the white-noise limit.

In fact, a single white-noise limit may typically be reached from multiple coloured-noise
models [17]. It is therefore not possible to uniquely associate equation (6.1) with a particular SUV
model containing correlated noise. Given a coloured-noise model, however, we can use the multi-
scale noise homogenization method described in [17] to obtain its effective dynamics in the limit
of vanishing correlation time, and thus look for models with the correct white-noise limit.

In particular, as explained in more detail in the electronic supplementary material [50], in the
context of SUV models the generic effect of noise homogenization, if it is possible, is to reduce a
coloured-noise driven nonlinear temporal integral to a white-noise driven stochastic process, such
that the two converge in probability in the limit of vanishing correlation time. The fluctuating term
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in equation (6.1) may thus be interpreted to arise from a coloured-noise driven nonlinear integral,
whose white-noise limit follows from the multi-scale noise homogenization prescription

lim
τ→0

G
∫ (

P̂k − 〈P̂k〉
)

|ψ〉ξ k
t dt −→

√
D

∫ (
P̂k − 〈P̂k〉

)
|ψ〉 ◦ dWk

t . (8.1)

Here, ξ k
t are independent (coloured) stochastic processes labelled by the index k, each of which

evolves stochastically according to dξ k = −ξ kdt/τ + g(ξ k) dWk
t . This prescription holds if the

correlated noise dynamics does not depend on the quantum state, while the quantum state
itself depends linearly on the noise, and the noise with correlation time τ reaches a steady state
distribution at long times. The diffusion parameter D ∝ G2τ is an effective coupling constant of
the stochastic term in the limit of vanishing correlation time, which depends on G and τ in such
as way that D remains finite as τ is taken to zero.

Notice that the convergence of coloured-noise dynamics to the white-noise evolution as the
correlation time τ is taken to zero, is an instance of weak equivalence. This implies that the
individual trajectories occurring in the coloured-noise and white-noise models may differ, but
that they agree on predictions of all probabilistic quantities [17,26,51,52]. Besides the fact that the
multi-scale noise homogenization explicitly yields the prescription of equation (8.1), this form
may also be expected based on the Wong–Zakai theorems in the regime where the ξk dynamics is
much faster than all other time scales in the problem [53–57].

Based on equation (8.1), we can consider a generic model driven by coloured noise, evolving
states according to the following law:

ih̄ d|ψ〉 = Ĥ|ψ〉 dt + iN
∑

k

(
P̂k − 〈P̂k〉

) [
2J 〈P̂k〉 + G ξ k

t

]
|ψ〉 dt. (8.2)

Although with any noise process ξ k
t that allows the prescription of equation (8.1) for the limit

of vanishing correlation time, this expression indeed reduces to equation (6.1), it is not obvious
which type of noise process one could choose for it to act as a coloured-noise SUV model by
itself. Choices like the Gaussian Ornstein–Uhlenbeck process or the (non-Gaussian) Brownian
motion on the sphere, for which multi-scale noise homogenization is worked out in the electronic
supplementary material [50], allow the prescription of equation (8.1), but they do not result in
Born rule statistics and signalling-free dynamics starting from a generic N-state superposition and
noise with non-zero correlation time [46]. We, therefore, leave it as a question for future research
whether any particular correlated noise process ξ k

t exists, such that an expression of the form of
equation (8.2) meets all requirements for a theory of SUV.

9. Conclusions
We showed that the model for SUV that was recently proposed for two-state superpositions,
obtains the form of a CSL-type stochastic Schrödinger equation in the white-noise limit. The two
approaches to modelling objective quantum measurement are thus shown to overlap and agree
in that limit, given a particular FDR. This ensures that the dynamics in the white-noise limit is of
the unique form yielding a dephasing-type GKSL master equation for the evolution of the noise-
averaged density matrix. It is shown that, as a consequence, Born rule statistics for outcomes
of quantum measurements emerge, and the impossibility of superluminal communication is
guaranteed.

We furthermore showed that the two-state dynamics in the white-noise limit can be
generalized to arbitrary initial states, which again yield Born rule statistics and disallow
superluminal communication. The extension of the arbitrary-state dynamics from the white-noise
limit to coloured-noise SUV models was shown not to be straightforward and is left as a topic for
further research.

Notice that despite their overlap in limiting equations, the SUV models are distinct from CSL
and other objective collapse models. First of all, the white-noise limit in SUV models can only
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be considered as the idealized, mathematical limit of a temporally correlated (and possibly non-
Gaussian) stochastic process. SSB, and therefore also SUV, require a small but non-zero physical
perturbation. For SUV in particular, this implies that the stochastic contribution to the dynamics
must be physical, and hence have non-zero correlation time.

Furthermore, the basis into which states collapse during SUV dynamics is not imposed
a priori, but rather emerges in the same way that a symmetry-broken basis emerges in
equilibrium SSB. Macroscopically large objects have a diverging susceptibility to symmetry-
breaking perturbations, but not to any other types. A fully generic perturbation can therefore
be seen as the sum of many components that have little effect, and a single symmetry-breaking
component that dominates the non-unitary dynamics and is included in the SUV model. In other
words, a multitude of projections acting as collapse operators could be included in an evolution
such as equation (7.1), but in the limit of weak coupling strength J , only projectors onto states
breaking a symmetry of the Hamiltonian will have an observable effect in finite time. This way,
SUV models avoid the preferred basis problem of alternative collapse models and ensure energy
conserving dynamics.

These properties of SUV theories, and their connection to CSL models in the white-noise
limit, open the way to investigating their role in the dynamics of phase transitions, as well as
equilibration and thermalization, all of which require irreversible and stochastic dynamics in the
quantum-classical crossover regime leading to the emergence of classical configurations.
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