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2. Magnetotransport properties 

In this chapter some of the main magnetotransport properties of low dimensional electron 
gasses in a perpendicular magnetic field will be introduced. The first section deals with 
classical magnetoresistance with the focus on 2 dimensional electron gasses (2DEG). In the 
next section the concept of weak localisation is explained. Weak localisation is observable for 
all dimensions, but it is most pronounced in 2 dimensions. A natural next step is the one from 
weak to strong localisation introduced in section 2.3. In section 2.4 the Shubnikov-de Haas 
effect is presented. These quantum oscillations in the resistance are observable for 3D as well 
as 2D electron gasses. The Shubnikov-deHaas effect is an important tool for characterisation 
of the electronic properties of materials. In the last section the integer quantum Hall effect is 
introduced. 

2.1. Classical magnetoresistance 

Electrons move in a magnetic field in cyclotron orbits due to the Lorentz force. The radius of 
this orbit shrinks with increasing magnetic field. If the cyclotron radius becomes of the same 
order as the de Broglie wavelength of the electron, quantum mechanics comes into play. 
Whether this quantum behaviour is observable or not, depends on whether the electron can 
complete its cyclotron orbit before it scatters. Two regimes are introduced in the 
magnetotransport properties. The product of the cyclotron frequency cüc and the quantum 
relaxation time xq or equivalently the product of quantum mobility p,q and magnetic field B, is 
used to discriminate between classical and quantum behaviour. In the classical regime 
cocTq=(xqB<l, while in the quantum regime cocxq=u.qB>l. In the classical regime, 
magnetotransport is described by a 2D or 3D conductivity tensor a, which describes the 
relation between the current density and the electric field: 

j=äE (2.1) 

In this section the 2D case will be discussed, where the conductivity tensor for isotropic 

conduction is given by: 
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a= 0xx Uxy (2.2) 
- (T„, <7rr 

Within the formalism of the Boltzmann transport equation in the relaxation time 
approximation (Drude model), the elements of this tensor are given by : 

nefi, nejufB 
and axv = 'T—T (2.3) " l + MÏB2 xy 1 + MÏB2 

for one occupied electron subband. In these equations n is the free carrier density, e the 
electron charge, |̂ t the transport mobility and B the magnetic field. The resistivity tensor p is 
defined as the inverse of the conductivity tensor and can be calculated from the conductivities 
by the following relations: 

p»=-r^-r and
 P^-T*-^ ^ 

In the case of a single occupied subband, the (magneto)resistivity, pxx, and the Hall resistance, 

pxy, are given by: 

Pxx(B = 0)=— and pxy(B) = — (2.5) 
eptn ne 

From the slope of the Hall resistance versus magnetic field the electron density can be 
determined, while from the zero field value of the resistivity the transport mobility can be 
determined. For a multi-subband system the situation is more complicated. For the 
appropriate equations for a two-subband system see section 4.4. 

2.2. Weak localisation 

Electronic transport can be described classically by the Boltzmann transport equation. The 
temperature dependence of the Drude resistivity p=m/ne2x is contained in the scattering time 
T, since the electron density n is constant in a degenerate electron gas. At low temperatures 
inelastic scattering processes are suppressed and the residual resistivity is entirely due to 
elastic scattering. The elastic scattering processes are mainly caused by stationary impurities 
or other crystalline defects and are temperature independent in the semiclassical theory. The 
experimentally observed resistivity increase at low temperatures is due to long-range 
correlations in the diffusive motion of an electron, which can only be described quantum 
mechanically. These long-range correlations arise because purely elastic scattering does not 
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destroy the phase of the electron wave function. Phase conservation leads to quantum 
interference corrections to the resistivity. The quantum interference effects essentially cause a 
weak localisation of the conduction electrons due to backscattering. Diffusive transport of 
carriers occurs when multiple elastic scattering events take place before an inelastic scatting 
event changes the phase of the electron wave function. A striking result is the coherent 
superposition of the scattered electron wave, which results in enhanced back scattering of the 
electron wave and remains as long as coherence is conserved . This effect has been 
interpreted as a precursor of localisation in strongly disordered systems and is therefore 
named weak localisation. The enhanced backscattering process can be quantified as follows. 
Consider an electron in state k, which is scattered after n elastic scattering processes into the 
vicinity of state -k. There is an equal probability for the electron to end up in state -k with the 
reversed scattering sequence. The important point is that the amplitude of the final state -k is 
the same for both scattering sequences. Since the final amplitudes A of both sequences are 
equal and phase coherent, the total intensity is 4|A|2. If the electron phases were not coherent 
then the total scattering intensity of the two complementary sequences would only be 2|A| . 
Thus there is a double probability for backscattering in the coherent case. For scattering 
processes other than back scattering, there is only an incoherent superposition of the electron 
wave functions. With increasing temperature the scattering process becomes more inelastic 
and therefore incoherent. The temperature correction to the conductivity due to coherent 
backscattering is given by : 

AaXÏ= — tapL-l (2.6) 
nh {TJ 

where x0 is the elastic scattering time and ij is the inelastic scattering time, the latter being 

temperature dependent. 
A magnetic field destroys the phase-coherence of the two complementary scatter 

sequences, and therefore strongly reduces the enhanced backscattering. The suppression of the 
weak localisation in a magnetic field results in a decrease of the resistance. For a description 
of the theory of the negative magnetoresistance the reader is referred to section 4.4.2 and 
references mentioned therein. 

2.3. Strong localisation 

Localisation of electronic states4 and in particular the metal-insulator transition has been for 
many decades an important topic of research. Localisation is closely related to disorder in the 
concept given by Anderson5, or due to electron-electron interactions as proposed by Mott . 

Impurity atoms in semiconductors can act as donors or acceptors. The electron-
electron interaction creates an energy gap when two electrons are located at the same site. If 
the impurity atoms are located close to each other, the overlap between the electron wave 
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function introduces an impurity band. As long as the interaction energy is greater than the 
impurity bandwidth, the material will be an insulator. However a transition from an insulator 
to a metal occurs when the bandwidth exceeds the correlation energy. This transition is 
usually referred to as the Mott transition and depends on the strength of the electron-electron 
interaction. 

The electron wave function in a random disorder potential may be altered if the 
disorder is sufficiently strong. The traditional view was that Bloch waves lose their phase 
coherence due to scattering by the disorder potential, while the wave functions remain 
extended throughout the sample. Anderson, however, pointed out that if the disorder is strong, 
the wave function might become localised. There is a transition as function of disorder or 
equivalently energy, where the electronic state changes from localised to extended. The 
critical energy where this change occurs is called the mobility edge and the connected metal-
insulator transition is the Anderson transition. 

Both the Anderson and the Mott transition present different concepts for the metal-
insulator transition. The main difference is that the Anderson transition is brought about by 
disorder and is developed in a single-electron picture, while the Mott transition takes place 
due to electron-electron interactions. In general both disorder and interactions govern the 
metal-insulator transition, and a better name is Mott-Anderson transition. 

An important issue is whether the zero-temperature conductivity vanishes abruptly or 
gradually when the Fermi level shifts from the extended to the localised states. Mott7 

introduced the concept of minimum metallic conductivity based on the idea that the electron 
mean free path £ cannot be less than the de Broglie wavelength. In 1979 a new scaling theory8 

of localisation was put forward, which claimed that it is not the conductivity, o, but the 
conductance, G, of a system which possesses a critical value. The unit of G is Q.' in all 
dimensions, whereas a takes into account the sample geometry. The dimensionless 
conductance is given by G=Cx(h/jie2) and has a critical value of order unity. In the scaling 
theory one tries to understand localisation by considering the behaviour of the conductance G 
as a function of the system size L. The main objective of the scaling theory is to describe how 
G(L) changes with L for all L>£ (£=free mean path), in various dimensions. If the system is 
large (L»£) a is related to G and C=aLd"2, where d is the dimensionality of the system. The 
main ansatz of the theory is that if one constructs a system of size 2L out of systems of size L, 
the conductance of the constructed system of 2L is uniquely determined by that of the initial 
system with size L. After carrying out the edge-doubling procedure many times, one 
determines the function G(L). The macroscopic conductivity of the system is determined by 
the limit L—»°°, i.e., the conductivity that is independent of system size L. 

The property that G after edge doubling is determined by its previous value can be 
expressed mathematically as: 

^-=ß(G) (2-7) 
d\nL 
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In G 

Figure 2.1: Dependence of ß on InG for dimensions d=l,2 and 3. Arrows 

indicate the direction in which InG varies with the system size L. 

where ß(G) is an unknown function independent of L. The scaling function can be obtained in 

the limits G » l and G « l . 

1) Large conductance G » l : 
The electron states are only weakly perturbed by disorder and Ohm's law is valid. This leads 
to the asymptotic form ß(G) = d-2. 

2) Small conductance G « l : 
The electron states are localised and the conductance decreases exponentially with L: 

G = G0 exp 
4 

(2.8) 

where t, is the localisation length. This is clearly a very non-Ohmic scale dependence and for 
G—>0 ß(G)=ln(G/G0), with G0=7te2/h. ß(G) is negative, indicating a decrease in the 
conductance when the length scale increases. 

The scaling function ß(G) is shown in figure 2.3 where the asymptotics are shown by 
dashed lines. From this graph some important physical conclusions can be drawn. 

A) One dimension (d=l): 

In this case ß(G)<0 for all G, therefore the edge-doubling procedure always results in 

diminishing G. If L-^°° both the conductance and the conductivity of a one dimensional 

system vanish and the system always becomes an insulator at T^OK. 
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B) Two dimensions (d=2): 

In this case when L^>°° the conductance G=0, like in ID systems. At large enough length 
scales only localised behaviour is possible. The prediction is that at T=0K there is no true 
extended state in 2D systems. In a two dimensional electron gas with 'metal' like properties 
(large conductance), and L not too large compared with the mean free path, one can treat the 
disorder perturbatively and obtain for the conductance: 

G = GD-^±) (2.9) 

where GD-kF£/n, is the Drude conductance, with kF the Fermi wave vector. Thus for a two 
dimensional electron gas localisation can be weak under certain conditions. This weak 
localisation results from the quantum interference between scattered electron waves and is 
described in the preceding section. 

C) Three dimensions (d=3): 

The curve for 3D in figure 2.3 intersects the horizontal axis at G=GC. If G>GC the edge 
doubling procedure will enhance the conductance and it will reach for L—>°° its asymptotic 
value given by Lrj=l, with metallic behaviour. On the other hand if G<GC the conductance 
will decrease with doubling of L and the system becomes an insulator. 

In the following only localisation in 2D systems will be discussed. The localisation 
theory proposed by Abrahams et al.8 could not explain the quantum Hall effect. (The quantum 
Hall effect is discussed in section 2.5) The quantisation of the Hall conductance was 
interpreted as an Anderson localisation process due to random disorder. On the other hand, 
delocalised states were needed to carry the Hall current. The scaling hypothesis predicts 
localised electron wave functions in 2D. The discrepancy was removed by the formulation of 
a two-parameter scaling theory, where besides oxx also axy was incorporated. For an 
explanation of the concepts of this two parameter scaling theory see chapter 5.2. For a more 
formal derivation of the field theoretical description of scaling see 'Field theory, scaling and 
the localisation problem' by Pruisken9 and reference therein. For a more extensive review on 
disordered electronic systems the reader is referred to the review article by Lee and 
Ramakrishnan10 or to the book of Shklovskii and Efros . 
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2.4. Shubnikov-deHaas effect 

In materials with degenerate carriers the resistivity under certain conditions oscillates with 

magnetic field, which is called the Shubnikov-deHaas effect. This phenomenon is caused by 

the changing occupation of the Landau levels in the vicinity of the Fermi level. Shubnikov-

deHaas oscillations are observable in 3D as well as in 2D, but we concentrate in this section 

on the description of the quantum transport of a 2D-electron gas. The presence of a magnetic 

field drastically changes the quantisation of the 2DEG. If a magnetic field B is applied 

perpendicular to the 2DEG, the Lorentz force causes a full quantisation of the energy 

spectrum of the electrons. In a perpendicular magnetic field the Schrödinger equation of the 

2DEG reads: 

2m 
- ( k + eA)2+f/,.(z) xF,(k,r)=£',.,i',.(k,r) (2.10) 

with a vector potential A=(0,Bx,0), and Uc the confining potential of the 2DEG. The 

Hamiltonian is independent in the y-direction for the chosen gauge and therefore there is only 

plane-wave character in the y-direction: ¥,• (k , r ) = çi(z)zn(
x)e'yf • The confinement in the 

z-direction is caused by the confining potential and is equivalent to equation 1.1. In the x-

direction where the magnetic field is responsible for the confinement, the Schrödinger 

equation is given by: 

n d i » 2 / N 2 

2m ax 
Xnix)=EnxM) (2.11) 

in which x0 is the cyclotron orbit centre, given by Äky/eB, and œc the cyclotron frequency, 

given by eB/m*. This equation describes a simple harmonic oscillator and its eigenvalues are 

equal to: En=(n+1/2)Ä(flc. This energy quantisation is called Landau quantisation. The total 

energy of the electron state is described by writing: 

--Ei+(n + ±)hû)c+sg juBB (2.12) 

where the last term describes the Zeeman term, which accounts for the spin splitting. The 

Landau quantisation changes the density of states (DOS) from a continuum into discrete, 

equally spaced, 5-functions. The degeneracy per Landau level is given by eB/h. Due to this 

field dependence also the Fermi energy depends on the magnetic field, in order to keep the 

total electron concentration constant. The number of filled Landau levels, the filling factor, is 

equal to v=nh/eB, with n the electron concentration. 
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In practise the Landau levels are broadened due to disorder. At low temperatures the 
most important scattering process for electrons is ionised impurity scattering. In alloys, also 
alloy scattering is an important scattering process. The states in the tails of the Landau levels 
are localised due to potential fluctuations. Therefore, in between the Landau levels a mobility 
gap is formed with localised states. This plays an important role in the origin of the quantum 
Hall effect, as discussed in the next section. 

The Landau level quantisation becomes important when the temperature is low enough 
(kBT«(h/2rc)coc) and the magnetic field is strong enough to cause a Landau splitting in the 
order of, or larger than, the width of the Landau levels (u.qB~l with (j,q the quantum mobility). 
In this regime Shubnikov-deHaas oscillations become observable. In figure 2.2 a 
measurement of pxx in AlGaAs/InGaAs heteroj unction is plot, where Shubnikov-deHaas 
oscillation are observable. 

The Landau levels shift through the Fermi level as function of magnetic field, 
resulting in a periodic oscillation in 1/B. From the degeneracy of a Landau level (eB/h), one 
can deduce the carrier density per spin state from the period P of the Shubnikov-deHaas 
oscillation: 

••(e/h)/P (2.13) 
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Figure 2.2: Magnetoresistance pxx (left axis) and the Hall resistance pxy (right 

axis) are plotted at T=28mK. pxy shows broad quantum Hall plateaus and the 

numbers at the plateaus correspond with the filling factor of the corresponding 

Landau level. 
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At low and intermediate magnetic fields, where the Landau levels are not completely 
separated (ÄCüc»kT and uB<l), an approximated DOS of equally spaced Lorentzian shaped 
Landau levels11 can be used. For isotropic short-range scatterers the resistance is related to the 
oscillatory behaviour of the DOS and is given by12: 

A ^ ( g ) . 

A) 

^, nskT I hmc 

s=x smh(7!skT I hcoc) 
exp 

-Tis 

MqB cos 
2ns 
PB • — TIS (2.14) 

The oscillatory cosine components are the Shubnikov-deHaas oscillations, where P is given 
by relation 2.13. Usually the higher harmonics are neglected, because the exponential 
envelope function decays rapidly as function of index s. The exponential term can be used to 
determine the quantum mobility. The Fermi distribution is incorporated in the first term and 
describes the temperature dependence of the Shubnikov-deHaas oscillations. This temperature 
dependence can be used to obtain the electron effective mass. 

2.5. Quantum Hall effect 

In 1980 v. Klitzing discovered the quantum Hall effect in Si MOSFET structures exposed to 
high magnetic fields. In the Hall conductivity plateau's appeared at integer values of e /h, 
independent of sample characteristics. The Hall resistance at the lowest integer plateau (v=l) 
is equal to 25813 Q, and can nowadays be measured14,15 with a relative accuracy of 10" . 
Because of this accuracy and because of the absence of any sample dependence, the quantum 
Hall plateau resistance is nowadays used as the resistance standard. 

Two years later also plateaus with fractional values of e2/h were reported16. It is 
claimed that the fractional quantum Hall plateaus are caused by quasi particles with a 
fractional charge17. Strong electron-electron interaction is a condition for the formation of 
these quasi particles and to achieve this the disorder in the sample should be very low. In this 
thesis only the integer quantum Hall effect will be discussed. 

The quantum Hall effect is observable at low temperatures (Äcoc»kT) when the 
Landau level separation becomes larger than the width of the levels (u,qB>l) and the states 
in-between Landau levels are localised due to potential fluctuations. In the tails of the Landau 
levels the states are localised and in the centre delocalised states, the so-called extended 
states, are present. The localisation is related to the potential fluctuations caused by the 
disorder. The quantisation of the Hall resistance is a consequence of the existence of a 
mobility gap between adjacent Landau levels. In figure 2.3 Landau levels are plotted with 
localised and extended states. When the Fermi level is located in the localised states pxx (oxx) 
is zero and pxy (axy) is quantised with the value: 
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P. xy , 2 ve 
(2.15) 

The extended states carry the Hall current, only when the Fermi level is located in the 
extended states of the Landau levels. In this case pxx (oxx) is nonzero and pxy (axy) is 
intermediate between two successive quantised Hall plateaus. This explains the appearance of 
Hall plateaus but not the insensibility of sample disorder. Due to disorder only the extended 
states are involved in the electrical conduction and therefore the degeneracy of the Landau 
level is given by fx(eB/h), where f represents the fraction of extended states. The current of 
each extended state increases due to the disorder, which just compensates for the decrease 
caused by the localised states and hence the plateau value remains quantised according to 
equation 2.1518''9. So the different amounts of disorder in different samples does not influence 
the quantised value due to this compensation effect. A classical resemblance is that of a 
narrowing in a pipe, where around the obstacle the fluid will flow faster to conserve a 
constant flow along the pipe. 

Another elegant description of the quantum Hall effect is the 'edge channel' picture20. 
Because of the physical edge of the sample a steep confining potential pushes the Landau 
levels up in energy. The filled Landau levels cross at the sample edge the Fermi level and 
form one dimensional conducting channels, called edge channels. The current carried by these 

DOS Landau level 
-* 

Extended 

Pxy 

Px> 

Figure 2.3: Schematic diagram of the density of states (DOS) versus 

magnetic field B for three Landau levels. In the lower diagram a schematic 

representation of the resistivity (p„) and Hall resistance (pxy) is given. 
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edge channels is fixed and the currents on the left-hand side and the right-hand side of the 
2DEG flow in opposite directions. Resistance is non-zero when the Fermi energy is aligned 
with the extended states of a Landau level and electrons can be scattered across the 2DEG 
towards the opposite edge. In this case the Hall resistance is no longer quantised. With the 
Fermi level in the mobility gap no backscattering occurs and pxx=0 and pxy is quantised. 
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