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CHAPTER 1

Introduction

1.1. Background.

Bose-Einstein condensation (BEC) predicted already in 1924 [1, 2] has been observed recently
(1995) in pioneering experiments with clouds of magnetically trapped alkali atoms at JILA [3], MIT
[4] and RICE [5], and later in more than a dozen laboratories all over the world. The phenomenon was
spotted by the mass media and called “a new form of matter”. Since then the field of quantum gases
has greatly expanded, attracting a wide attention of both scientific community and general public.

The idea of BEC originally came from quantummechanical analogy between matter waves in
non-interacting gases and light waves. Indeed, as the temperature of a sample drops, the de Broglie
wavelength of particles increases. Below a certain temperature (Bose condensation point), a charac-
teristic particle wavelength exceeds the mean interparticle separation and the wave packets of particles
start overlapping. Then the quantum statistics comes into play. Under this condition, for bosons (par-
ticles with an integer spin) it is favorable to fill a single quantum state. The latter state represents a
macroscopic quantum object which is usually called Bose condensate and manifests itself as a phase
transition accompanied by a sudden change of physical properties of the sample.

The phenomenon of BEC lies in the basis of our understanding of much of statistical and con-
densed matter physics. After the original Einstein analysis of Bose condensation in an ideal gas,
the superfluidity in helium was considered by London (1938) as a possible manifestation of BEC in
strongly interacting systems. The notion of Bose-condensation led to the first successful phenomeno-
logical model of superconductivity [6] and was further developed into the concept of spontaneous
symmetry breaking [7]. Since then, the implications of BEC were found at every scale in the physical
world. Bose condensation of hypothetical Higgs particles appears to be an important constituent of
modern unified theory of electroweak interactions [7]. The remedies of the BEC phase transition right
after the Big Bang should persist for a very long time and may be responsible for the recently discov-
ered large-scale inhomogeneity of the mass distribution in the Universe [8]. Another kind of artifacts
remaining from those times are so called “cosmic strings”, hypothetical analogues of vortex rings
in liquid helium [9]. BEC of pions, the particles mediating the strong interaction of nuclons inside
atomic nuclei, is expected to occur in very massive atomic nuclei or inside the core of neutron stars
(see [10] for a review). In particular, the non-periodic variations of gamma-radiation coming from
rapidly spinning pulsars may be attributed to the dissipative dynamics of vortices inside the superfluid
core of the stars [11]. All mentioned phenomena, though different in energy and spatial scales, have
much in common and can be described within a single theoretical framework based on the idea of
spontaneous symmetry breaking.

BEC experiments in ultra-cold gases provide a beautiful example of Bose-condensation in an
interacting system. Contrary to a classical gas, for a Bose-condensed gas the interaction between
atoms, though being very weak, plays an important role and dilute ultra-cold gases demonstrate the
whole variety of physical phenomena characteristic for superfluid systems. From a theoretical point
of view, these systems are close to an ideal gas. The presence of a small parameter related to the ratio
of interparticle interaction radius to the mean interparticle separation (gaseous parameter) provides
a deep understanding of underlying physical phenomena, from first principles. On the experimental
side, the magnetically trapped gaseous samples are well isolated from the environment and can be
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controlled by relatively simple optical techniques. This could be compared with research of liquid
helium, which has been a major experimental source of information about interacting Bose con-
densed systems, where the evidence of BEC comes from an experiment as difficult as measurement
of momentum distribution of helium particles by neutron scattering, and no closed theory is available
because of the high density of the samples. This combination of experimental and theoretical “ac-
cessibility” of BEC in ultra-cold gases allows one to get a good insight in fundamental concepts of
condensed matter physics and perform a precision test of existing theories.

The achievement and studies of BEC in ultra-cold gases require cooling of metastable atomic
samples, which became possible due to recent progress in manipulation, trapping and cooling of
cold atoms. In fact, the Bose-Einstein condensate in a trapped gas can be considered as a coherent
standing matter wave in a trap, which is in many ways similar to a laser mode excited inside an optical
cavity. Further exploiting this analogy makes it feasible to create an atom laser capable of generating
coherent beams of cold atoms. Now this technology is being actively developed in view of possible
applications ranging from precise atom interferometry and cold collision studies to atom lithography
and quantum computing.

First attempts to reach quantum degeneracy in atomic gases began with atomic hydrogen more
than 20 years ago. In the first set of experiments hydrogen atoms in the lower Zeeman state were
trapped in a “magnetic bottle” (with walls covered by liquid helium) and cooled to sub-Kelvin tem-
peratures [12–14]. This approach was promising, since due to a rather large density of the gas sample
one expected a relatively high BEC transition temperature. But at realistic achievable temperatures
the density required for BEC turned out to be so high that recombination losses and heating became
crucial [12–16]. In the second set of experiments, performed at MIT and the University of Ams-
terdam, spin polarized atoms were magnetically trapped (wall-less confinement) and further cooled
down by evaporation. The first observation of BEC in spin polarized hydrogen has been recently
reported by the hydrogen group at MIT [17]. Another important experimental achievement came
from the University of Turku (Finland), where the regime of quantum degeneracy was reached in a
two-dimensional gas of hydrogen atoms adsorbed on the surface of liquid helium [18]. This opens an
interesting direction of research, since the nature of BEC in low dimensional systems is drastically
different from that in three dimensions.

Another constituent of successful BEC experiments came from the developments of laser-based
techniques for manipulating cold neutral atoms, such as laser cooling and magneto-optical trapping
(see [19–21] for review). Alkali atoms are much better suited for optical manipulations than atomic
hydrogen, since their optical transitions can easily be excited with commercially available CW lasers.
The temperature of such a sample can be further lowered by transferring atoms from the magneto-
optical to a magnetostatic trap and evaporatively cooling them [22,23]. Such a combination of optical
and evaporative cooling has led to the discovery of BEC in ultra-cold alkali atom gases. There is
an increasing number of successful BEC experiments with87

Rb [3, 24–27], 23Na [4, 28–30], and
interesting experiments with7Li on BEC in gases with attractive interparticle interaction [5]. There
are also ongoing experiments on vapors of cesium, potassium and metastable triplet helium.

From a theoretical point of view, the situation in dilute Bose-condensed trapped gases is unique
compared with, for example, liquid helium. First, due to a very low density of the Bose condensates,
many of the physical properties of the system can be understood within the so called “mean-field”
approximation. A characteristic feature of the mean-field approach in dilute gases is the principal role
of two-body interparticle interactions, whereas the effects of higher-order collisions lead to a relatively
slow decay of the system due to recombination. In dilute ultra-cold gases the interparticle interaction
is characterized by a single parametera, the two-bodys-wave scattering length. Secondly, finite
size effects enhance the manifestation of interparticle interaction in physical properties of trapped
condensates and make their behavior even qualitatively different from that in spatially homogeneous
weakly interacting gases.
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A principal question for BEC in atomic gases concerns the sign of the scattering lengtha. For
a > 0 elastic interaction between atoms is repulsive and the Bose condensate is stable with respect
to this interaction. Ifa < 0 elastic interaction is attractive and this is the origin of a collapse of the
condensate in a homogeneous gas [31]. For trapped gases witha < 0 the situation is practically
the same, provided the interaction between particles exceeds the level spacing in the trapping field
[32, 33]. If this interaction is much smaller than the level spacing, due to the finite size effects there
is a gap between the ground state and one-particle excitations and it is possible to form a metastable
Bose-condensed state [33]. Among the alkalis there are atomic gases with both positive and negative
a [34].

1.2. Outline of the Thesis.

This Thesis is devoted to theoretical investigation of dynamics and kinetics of dilute Bose - con-
densed trapped gases. The key aspect that links together the various parts of the Thesis is related to
the role of interparticle interaction in the described macroscopic quantum phenomena. The results of
the Thesis are of direct relevance for the ongoing experimental studies.

The Thesis is organized in the following way. After the Introduction (Chapter 1) in Chapter 2
we give a brief overview of BEC theory for ultra-cold gases. In Chapter 3, we discuss the issue
of two and three body interactions in ultra-cold gases. The first section is devoted to three-body
recombination, the process in which two atoms form a bound state and a third one carries away
the binding energy. This process may be thought as an initial stage in the formation of clusters
intermediate in size between individual atoms and bulk matter. Three-body recombination limits
achievable densities in trapped ultra-cold gases and, hence, places limitations on the possibilities to
observe Bose-Einstein condensation.

Then, in the second section we develop the idea of manipulating the value and the sign of the
scattering length by using nearly resonant light. Since changinga directly affects the mean field in-
teraction between the atoms, this offers a possibility to investigate macroscopic quantum phenomena
associated with BEC by observing the evolution of a Bose condensed gas in response to light. As the
light essentially couples the ground and excited atomic states and the interaction between atoms in
the excited state is much stronger than in the ground state, already at moderate light intensities the
scattering amplitude can be significantly changed.

The manipulation of the interparticle interaction opens the way of studying macroscopic quan-
tum phenomena associated with the dynamics of the condensates. Together with other possibilities,
such as instantaneous changing the trap frequencies [33] or changing the interparticle interaction by
external magnetic field [35], the laser activation of a Bose-condensate should lead to the creation of
macroscopically excited, but yet coherent condensate states. At the same time, the trapped Bose-
Einstein condensates are well isolated from the environment, and thus the appearance of relaxation
dynamics first observed at JILA at effectively zero temperature poses a question of how the gas sam-
ple, being initially a pure condensate, subsequently reaches a new equilibrium state. This is directly
related to the fundamental problem of the appearance of irreversibility in a quantum system with a
large number of particles. Also, the question of the formation of a thermal component, remains to
be fully resolved. In Chapter 4 we analyze the dynamics of two trapped interacting Bose-Einstein
condensates in the absence of thermal cloud and identify two regimes for the evolution: a regime of
slow periodic oscillations and a regime of strong non-linear mixing leading to the damping of the
relative motion of the condensates.

The description of the detailed behavior of evolving condensates at finite temperatures requires
to develop a theory beyond the mean field. This relates, in particular, to the temperature-dependent
damping rates and energy shifts of elementary excitations of a condensate. In Chapter 5 we develop
a finite temperature perturbation theory capable of calculating the damping rates and energy shifts of
the excitations in both spatially homogeneous and trapped Bose-Einstein condensates.
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Of fundamental interest are macroscopically excited Bose-condensed states, such as vortices in
non-rotating traps. The creation and observation of quantum vortices is a promising option for ob-
serving superfluidity in trapped gases, as quantization of circulation and the related phenomenon of
persistent currents are the most striking properties of superfluids. These studies are especially in-
teresting for the investigation of the relation between Bose-Einstein condensation and superfluidity.
In Chapter 6 we develop a theory for the dissipative dynamics of a vortex state in a trapped Bose-
condensed gas at finite temperature and draw a scenario of decay of this state in a static trap.


