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CHAPTER 2

Overview

Bose-Einstein condensation is a quantum statistics phenomenon which occurs in a system of
bosons (particles with an integer spin) when the characteristic thermal de Broglie wavelength of
the particles exceeds the mean interparticle separation. In this Chapter we give a brief introduction
to the BEC physics, outlining important concepts and basic methods used for theoretical studies of
trapped ultra-cold gases throughout the Thesis.

2.1. Thermodynamics of an ideal Bose-gas.

We start with thermodynamic description of an ideal gas ofN bosons in a harmonic trapping
potential. The gas sample is assumed to be in thermal equilibrium at temperatureT , and we will cal-
culate thermodynamic averages over the grand canonical ensemble, where the system is characterized
by chemical potential� and fluctuating number of particles. This approach is well justified in trapped
Bose gases by the fact that the number of particles in current BEC experiment may be as high as106

and in the thermodynamic limit (N !1) the grand canonical description is equivalent to that in the
canonical ensemble (fixedN and fluctuating�).

The energy spectrum of an individual atom in a harmonic trap is characterized by a set of three
non-negative integer quantum numbersfng = fnx; ny; nzg and reads

�fng =
X

i=x;y;z

~!i(ni + 1=2);

where!x, !y and!z are the trap frequencies along three Cartesian directions. Hereinafter we adopt
the conventionkB = 1(kB is the Boltzmann constant). The average number of particles in the state
fng is given by the well known Bose-Einstein expression:

NB(�fng) = (e(�fng��)=T � 1)�1:

The value of the chemical potential is fixed by the condition

N(T; �) =
X
�

NB(��) = N;(2.1.1)

which expresses the total number of particles through the sum of the occupation numbers of all avail-
able states.

Since in the thermodynamic limit the Bose-condensation phenomenon occurs at temperatures
greatly exceeding the ground state energy� ~! of a particle in the trapping potential, for the calcula-
tion of thermodynamic functions atT � ~! we can use a quasiclassical approximation. This can be
accomplished in Eq.(2.1.1) by turning from summation over the discrete quantum states to integration
over the classical phase space:

N(T; �) =

Z
d3rd3p

(2�~)3
NB(�(p; r));(2.1.2)

where�(p; r) = p2=2m +
P

im!2
i r

2
i =2 is the classical Hamiltonian depending on the particle coor-

dinater and momentump. The integral in Eq.(2.1.2) can be calculated by introducing the auxiliary
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integral
R
d�Æ(�� �(p; r)) = 1 in the integrand and changing the order of the integrations. This leads

to the equation

N(T; �) =

Z
d�NB(�)

Z
d3rd3p

(2�~)3
Æ(�� �(p; r)):

The second integral a function of the excitation energy and represents the quasiclassical density of
states, which depends on the symmetry of the trapping potential. The calculation of the remaining
integral over the energy leads to the following relation between the chemical potential and the number
of particles:1

T 3

~3!3
�3(e

�=T ) = N;(2.1.3)

where! = (!x!y!z)
1=3. For high temperatures the argument� = exp (�=T ) of the �-function is

small,�3(�) � �, and the chemical potential is large and negative:

� � �T logN

�
T

~!

�3

:

With further decrease of temperature the argument of the logarithm decreases and the chemical po-
tential approaches zero as� approaches1. For� > 1 the�-function diverges and Eq.(2.1.3) does not
have solutions, which means that at temperatures smaller than

Tc = ~!

�
N

�3(1)

�1=3

(2.1.4)

the quasiclassical approach breaks down. The temperatureTc is called the BEC temperature, or
the critical temperature of the BEC phase transition. The appearance of Eq.(2.1.4) can be easily
understood qualitatively. The characteristic de Broglie wavelength of a particle at a given temperature
is � � p

~2=mT . At a given temperature the particles fill the spatial region characterized by the
thermal sizelT �

p
T=m!2. For the maximum density of the particles in the trap we havenmax �

N=l3T and for the mean interparticle separationd � (l3T=N)1=3. For d � � the thermal wavepackets
start overlapping and the atoms loose their identity and the gas sample enters the regime of quantum
degeneracy, defined by the conditionT < Tc, with Tc from Eq.(2.1.4). This estimate reproduces the
transition temperature (2.1.4) up to a numerical coefficient of the order of unity. Since the number of
particles in the BEC experiments is usually very large, typicallyN � 104 � 107, the phase transition
occurs at temperatures greatly exceeding the ground state energy. Hence, the number of populated
states in the trap at temperaturesT � Tc remains very large. This justifies our classical treatment of
excited states.

To resolve the apparent contradiction atT < Tc one has to return to Eq.(2.1.1), where at very low
temperatures the first term corresponding to the ground state turns out to be larger than the contribu-
tion of all other terms. Indeed, at very low temperatures the occupation number of the ground state,
given by

N0 = (e(�0��)=T � 1)�1;

diverges. This means that the chemical potential counted from the ground state energy,� = �T log(1+
1=N0) , is very close to zero and the occupation number of the ground stateN0 is macroscopically
large. Moreover, since the ground state is never degenerate, the occupation number of the next higher
state is smaller thanN0 for sufficiently low temperature (nice discussion of this issue can be found
in [37]). In fact, for any temperature belowTc the sum in Eq.(2.1.1) can be transformed to integra-
tion only for excited states , whereas the occupation of the ground state has to be added explicitly.

1Here we introduce the generalized Riemann�-function:�r(�) =
P
1

n=1
�n=nr:
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FIGURE 2.1.1. The time sequence from JILA [36] experiment. The slides from left
to right correspond to lower temperatures.

This observation, together with the observation that the chemical potential is negligible at very low
temperatures, leads to the following expression

N = N0 +

Z
d3rd3p

(2�~)3
NB(�(p; r))j�=0(2.1.5)

for the total number of particles in the sample atT < Tc. This equation determines the number of par-
ticles in the ground state of the system (Bose-Einstein condensate) as a function of temperature. The
rest of the particles are called excitations, or above condensate particles. The number of excitations is
given by the second term in Eq. (2.1.5) and can be readily calculated:N 0(T ) = N�N0 = N(T=Tc)

3.
From this we find the number of particles in the condensate

N0 = N(1� (T=Tc)
3):(2.1.6)

This expression predicts accumulation of a macroscopic number of particles in the ground state at
temperatures belowTc. If the total number of particles is sufficiently large, the effect can be dramatic.
This is seen, for example, in the JILA experiment (Fig.2.1.1). The quantitative comparison of the
prediction of Eq.(2.1.6) with experimental data is shown in Fig.2.1.2.

2.2. BEC in an interacting gas.

In order to describe an interacting system we turn to the Hamiltonian of a trapped Bose gas in
second quantization

Ĥ =

Z
d3r	̂y(r)

�
�~

2�

2m
+ V (r)

�
	̂(r)+

1

2

Z
d3rd3r0V12(r� r0)	̂y(r)	̂y(r0)	̂(r)	̂(r0);(2.2.1)
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FIGURE 2.1.2. The fraction of condensate particles as a function of temperature. Here
the dashed line shows the prediction of Eq.(2.1.6) and the dots stand for measured
values (the distinguishable shift of the Bose-condensation temperature originates in
interaction effects and thus can not be accounted by Eq.(2.1.6) derived for an ideal
gas)

where	̂(r) is the field operator of atoms,V (r) is the external potential, andV12(r) is the poten-
tial of interaction between two atoms. In ultra-cold dilute Bose-gases the characteristic de Broglie
wavelength of particles and the mean interparticle separation are usually much larger than the charac-
teristic radius of interparticle interaction. This means that the interaction potentialV12 in (2.2.1) can
be approximated by a zero-range potential~UÆ(r), provided the coupling constant~U is chosen to give
the same asymptotic behavior of the wavefunction at large interparticle separation as the solution of
exact scattering problem corresponding to the potentialV12. This gives~U = 4�~2a=m.

The Hamiltonian (2.2.1) does not imply any statistics. The difference between Bose and Fermi
particles comes from the commutation relations between the	-operators. For Bose-statistics we have

[	̂y(r); 	̂(r0)] = Æ(r� r0):(2.2.2)

Commuting the	-operators with the Hamiltonian , we obtain the following equation of motion

i~
@	̂

@t
= (�~

2�

2m
+ V (r) + ~U	̂y	̂)	̂:(2.2.3)

From this equation we see that interparticle interaction in low-temperature gases leads to the appear-
ance of an “effective” potentialVeff = ~U	̂y	̂ acting on a particle and proportional to the density
operator at the pointr. Since the density is always positive, the sign of the potential energy is de-
termined by the sign of the coupling constant~U . In particular, if the scattering length is positive,
then the potential energy of interparticle interaction increases with density, and thus we are dealing
with effectively repulsive interaction. Fora < 0 the interaction energy is negative and for a spatially
homogeneous gas sample it is energetically favorably to shrink to as small volume as possible, i.e.
to collapse. Therefore, a spatially homogeneous gas characterized by a negative scattering length is
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thermodynamically unstable. The solution of the operator equation (2.2.3) allows one, in principle,
to access any interesting property of an interacting Bose-gas. At the same time, the equation is too
complicated and its full solution is generally not possible.2

The apparent difficulty is conveniently resolved for a weakly interacting Bose-condensed gas by
using the concept of spontaneous symmetry breaking. As we have already seen, in a non-interacting
system Bose-condensation manifests itself as a sudden appearance of macroscopic occupation of the
ground state. This provides an abrupt change of such macroscopic properties as heat capacity at the
transition point and therefore the BEC phase transition is of the second order. According to the general
theory of second order phase transitions, the system below the critical temperature is characterized by
a non vanishing order parameter, a quantity which disappears above the critical temperature. Since
a distinctive feature of a Bose-condensed system is the appearance of macroscopically populated
quantum state (condensate), the condensate wavefunction is the corresponding order parameter. Then,
the idea is to replace the analysis of Eq.(2.2.3) by the solution of a classical equation for the order
parameter, i.e. for the condensate wavefunction.

To give a quantitative meaning to these arguments, we split the	-operator in two parts. The first
one, is responsible for the creation/annihilation of particles in the Bose-condensed state. This state
is macroscopically populated, and in the thermodynamic limit we can neglect the commutator for
the condensate part of the	-operator and consider this part as a classical quantity	0 satisfying the
classical version of Eq.(2.2.3):

i~
@	0

@t
= (�~

2�

2m
+ V (r) + ~U j	0j2)	0:(2.2.4)

This equation is called the Gross-Pitaevskii (GP) [38–40] equation and constitutes the backbone of
the mean-field description of Bose condensates at zero temperature. It represents the Schrödinger
equation for a condensate particle moving in the external potentialV (r) and the mean field of all other
condensate particles. The finite-temperature generalizations of Eq.(2.2.4) are discussed in Chapter 5.
The remaining part of the	-operator, denoted below aŝ	0, describes excitations and preserves the
commutation relations (2.2.2).

Eq.(2.2.4) has a discrete set of solutions characterized by a static density profile. Separating a
trivial time-dependence by the substitution	0 ! 	0 exp(�i�t), in equilibrium we obtain a static
equation for the condensate wavefunction

�	0 = (�~
2�

2m
+ V (r) + ~U j	0j2)	0:(2.2.5)

For a spatially homogeneous Bose-condensed gas, i.e. for a gas sample contained within a big box
with V (r) = 0 everywhere inside, we find the spatially independent solution in the form

	0 =
p
n0 exp(i�);(2.2.6)

where the condensate density,n0, and the global phase,�, are spatially independent everywhere
except in the vicinity of the walls. The density of the condensate particles and the chemical potential
are related to each other in a simple way:� = ~Un0. The phase� can not be found from the equation
and therefore is determined by the initial conditions leading to every different realization of a Bose-
condensation experiment. This allows one to say that the global phase� appears spontaneously in
the course of Bose-condensation. An interesting discussion of this subject is presented in [41]. The
appearance of this ambiguity is in fact a consequence of the gauge symmetry of the initial Hamiltonian
(2.2.1).

2Except in a number of exactly solvable cases, such as, the 1D case for the attractive interparticle interaction, time
dependent dynamics of a condensate in a harmonic trap in 2D, and topological excitations (vortices and kinks).
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Together with the normalization condition

N0 =

Z
d3rj	0j2;(2.2.7)

the ground-state solution of Eq.(2.2.5) gives a relation between� and the number of particles in the
trapped condensate,N0. To analyze possible static solutions of Eq.(2.2.5) we first turn to the case
of negligible interparticle interaction~U ! 0. This means that the mean-field term is small and
GP equation coincides with the Schrödinger equation for a particle moving in an external potential
V (r). For the special case of a harmonic trapping potential the solutions of Eq.(2.2.5) exist only for a
discrete set of values of the chemical potential, coinciding with energy states of a quantum harmonic
oscillator. This gives an infinite set of excited Bose-condensed states characterized by different values
of the condensate energy per particle. For the ground Bose-condensed state we get the wavefunction
corresponding to the chemical potential� =

P
i ~!i=2

	0(r) =
p
N0

Y
i

exp(�x2i =2l20i)=(�l0i)1=2;(2.2.8)

whereli = (~=m!i)
1=2 is the localization length of the ground state in a harmonic oscillator with

frequency!i. To find out an error brought by neglecting the mean-field interaction term, one should
compare its maximum value (reached at the center of the condensate) with the trap frequencies. Using
Eq.(2.2.8) we see that the interaction effects are negligible under the condition

� = max
i

�����
~U j	0(0)j2

~!i

������ 1:(2.2.9)

This is the case for rather small condensates, where

N0 � min
j

Q
i l0i

al20j
:

This has an important consequence for a trapped Bose-condensate with attractive interaction between
particles. As we have seen from thermodynamic considerations, in the spatially homogeneous case
such a condensate is unstable. At the same time, under the condition (2.2.9) the collapse in a trapped
gas is suppressed, since in a trapped gas there is a gap� ~! between the condensate and elementary
excitations. Therefore, for sufficiently small Bose-condensates, due to a discrete character of the
energy spectrum in a finite system, a condensate with macroscopically large number of particles can
exist even for attractive interparticle interaction [33].

In the opposite limiting casea > 0 the shape of the condensate is dominated by the interparticle
interaction. Here the interaction smears out the discrete structure of the energy levels and a condensate
with attractive interaction is clearly unstable. In this overview we limit ourselves to positive values
of ~U . In this case the condensate wavefunction can be found by disregarding the kinetic energy term
in Eq.(2.2.5). This corresponds to the so called “Thomas-Fermi” approximation and leads to the
algebraic expression for the condensate wavefunction [42,43]:

	TF
0 (r) =

s
�� V (r)

~U
;(2.2.10)

if � > V (r) and zero otherwise. For a harmonic trap the condensate has a parabolic shape with
the sizelci = (2�=m!2

i )
1=2 in the i-th direction. Close to the condensate border the Thomas-Fermi

approximation fails and the exact shape of	0 has to be found from Eq.(2.2.5) by treating all terms on
the equal footing, or should be calculated numerically. Substituting the maximum densityn0max =
�= ~U to the criterion (2.2.9) we see that this criterion is equivalent to~Un0max � ~!. Using Eq.(2.2.7),
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the chemical potential in the Thomas-Fermi regime is related to the number of condensate particles
as

� = (
15 ~Um3=2!3

�29=2
)2=5N

2=5
0 :

Throughout the Thesis we are mainly interested in the properties of the Thomas-Fermi condensates,
since it is just this case which is analogous to the bulk superfluid matter. For the same number of
condensate particles there are also stationary solutions of Eq.(2.2.5), corresponding to higher values
of the chemical potential. These are excited Bose-condensed states characterized by the condensate
wavefunction having one or more nodes.

2.3. Dynamics of Bose-condensates

The solution (2.2.10) represents an approximation to the ground state condensate wavefunc-
tion and does not contain any time dependence. The time-dependent dynamics of trapped Bose-
condensates in the mean-field approximation is studied within the framework of the time dependent
GP equation (2.2.4). For arbitrary Thomas-Fermi parameters�=~!i the solution can only be obtained
numerically. At the same time, in harmonic traps the dynamics can be approached by using the pres-
ence of a scaling symmetry inherent to the Hamiltonian (2.2.1). This is the case for the evolution under
variations of both the trap frequencies [44–46] and the interparticle interaction (scattering lengtha)
in 3D Thomas-Fermi condensates [47]. Consider a condensate trapped in 3D harmonic trap charac-
terized by trapping frequencies!i(t) in every spatial direction. Neglecting the spatial derivatives of
the condensate density profile and turning to rescaled coordinate and time variables�i = ri=bi(t),
� =

R t
dt=
Q

i bi(t), we introduce a function�0(�; �) such that

	0(t; r) =
1Q

i b
1=2
i (t)

�0(�i; �) exp (i
X
i

mr2i
2~

_bi(t)

bi(t)
� i��(t)):(2.3.1)

Then, setting@�0=@t = 0, the equation of motion

i~
@	0

@t
=

 
�~

2�

2m
+
X
i

m!2
i (t)r

2
i

2
+ ~U j	0j2

!
	0(2.3.2)

is reduced to the stationary GP equation in the�-variables for�0(�), with the initial (constant) fre-
quencies and scattering length. Assume, that the variation of trap frequencies is switched on at the
time t = 0. Then, the scaling parametersbi(t) satisfy the initial conditions:bi(0) = 1, _b(0) = 0 and,
in the simplest case of varying only the frequencies in a spherically symmetric trap, are determined
by the equations

�b(t) + !2(t)b(t) = !2
0=b

4(t);(2.3.3)

where!0 = !(0) is the initial value of trap frequency. This means that in the� variables�0(�) is
just the initial static condensate wavefunction, and Eq.(2.3.1) gives a universal scaling solution for
the wavefunction of the evolving condensate,	0(r; t), at any timet.

According to Eq.(2.3.1), the condensate evolves in time by changing its size but preserving the
shape. The scaling approach has been successfully used to explain the data of the JILA [48] and MIT
[49] experiments on free expansion of condensates after switching off the trap and the measurements
of eigenfrequencies of the lowest oscillation modes of trapped condensates [50,51].

To illustrate how the eigenfrequencies of small condensate oscillations can be found within the
scaling approach, we consider the evolution of a spherically symmetric condensate after a small abrupt
change of the frequency from!0 to !f . The conditionj!f � !0j � !0 guarantees that actually only
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FIGURE 2.3.1. Time sequence of condensate oscillations in a magnetic trap measured
by non-destructive imagining technique (MIT) [49]

one mode of the condensate oscillations is excited, and the solution for the scaling parameter, obtained
from Eq.(2.3.3), is given by

b(t) = b0 + (1� b0) cos(
p
5!0t);(2.3.4)

whereb0 = (!0=!f )
2=5 is the equilibrium value. This solution describes undamped spherically sym-

metric oscillations of the condensate occurring at frequency
p
5!0 (analogues behavior in a cylindrical

trap is shown in Figure 2.3.1). The requirement of small frequency change guarantees thatb0 is very
close to1 and the condensate wavefunction (2.3.1) is close to the equilibrium shape. As the differ-
ence between the final and the initial frequencies increases, the number of excited modes also grows
and the behavior of the system becomes more and more complicated. In particular, one can expect
the interaction between excited modes and stochastization of their motion [47], and the damping of
condensate oscillations already at zero temperature [52].

In the linear regime, where the deviation of the condensate wavefunction from its equilibrium
value is small, one can find a general solution of Eq.(2.2.4) for an arbitrary external potentialV (r).
The solution is a superposition of the equilibrium	0 and elementary excitations of the condensate.
The equations for the excitations are obtained by linearizing Eq.(2.2.4) with regard to small deviations
of 	0 from its equilibrium value, i.e. with regard to fluctuating (quantum) part	0 of the field.3 For a
spatially inhomogeneous Bose-condensed gas , after removing trivial phase factors by the substitution
(	0;	

0)! (	0;	
0) exp(�i�t), we obtain�
i~@	̂0=@t = (�~2�=2m+ V (r)� �+ 2~U j	0j2)	̂0 + ~U	2

0	̂
0y;

�i~@	̂0y=@t = (�~2�=2m+ V (r)� �+ 2~U j	0j2)	̂0y + ~U	�2
0 	̂0:

(2.3.5)

Eqs.(2.3.5) are linear, and therefore a general solution can be written in the form of the Bogolyubov
transformation:

	̂0 =
X
�

(u�(r)b� exp(�i��t)� v�(r)b
y
� exp(i��t));(2.3.6)

3The analysis of elementary excitations of a spatially homogeneous Bose-condensed gas was performed in a different
form by Bogolyubov [53].
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where the eigenfunctionsu�, v� and eigenfrequencies�� of elementary excitations follow from the
system of linear equations:�

��u� = (�~2�=2m+ V (r)� �+ 2 ~U j	0j2)u� � ~U	2
0v� ;

���v� = (�~2�=2m+ V (r)� �+ 2~U j	0j2)v� � ~U	�2
0 u� :

(2.3.7)

Similar equations have been found by De-Gennes [54] for inhomogeneous superconductors, and now
Eqs.(2.3.5) are called Bogolyubov-De Gennes equations. The eigenfunctions are normalized by the
condition Z

d3r(ju� j2 � jv� j2) = 1:(2.3.8)

Together with Eq.(2.3.6), this allows one to rewrite the Hamiltonian (2.2.1) in the form

Ĥ = Ĥ0 +
X
�

��b
y
�b�;(2.3.9)

whereH0 is the ground state (condensate) energy. This Hamiltonian may be interpreted as the sum of
the ground state energy and the energies of excitations (Bogolyubov quasiparticles) characterized by
the operatorsb� andby�. The commutation relations (2.3.8) ensure that the pairb� ; b

y
� is a pair of Boson

annihilation/creation operators and thus the operatorby�b� is an operator of the occupation number of
the state�. In thermal equilibrium we havehby�b�i = NB(��). Since the number of quasiparticles is
not conserved, the chemical potential of the gas of excitation is zero [31].

For the spatially homogeneous case Eqs.(2.3.7) are solved for pairsuk; vk in the form of plain
waves characterized by the wavevectork. The corresponding eigenfrequencies are given by the Bo-
golyubov dispersion law

�k =

s�
~2k2

2m

�2

+ �
~2k2

m
:(2.3.10)

For largek, such that�k � �, the dispersion relation (2.3.10) recovers the Hamiltonian of a classical
particle moving in the mean field of the condensate

�k =
~
2k2

2m
+ n0 ~U:

In the opposite limiting case, for smallk, the dispersion relation is linear ink:

�k = cSk;(2.3.11)

and the corresponding elementary excitations are sound waves (phonons) propagating with the veloc-
ity cS =

p
~2�=m, which depends on the interparticle interaction.

The spectrum of elementary excitations of a trapped Bose-condensed gas, following from Eqs.
(2.3.7), depends on the trapping potentialV (r). For the low-energy excitations ("� � �) of Thomas-
Fermi condensates in harmonic traps the problem has been solved analytically [55–57]. For example,
in a spherically symmetric trap elementary excitations are characterized by three quantum numbers:
angular momentuml, its projectionm, and the principle quantum numbern counting the number
of nodes for the radial part of the wavefunction. Due to a finite size of the condensate the energy
spectrum is discrete. It is given by the relation [55]

�nl = ~!(2n2 + 2nl + 3n+ l)1=2;(2.3.12)

(here the states belonging to the same value ofl and differentm are degenerate). For the lowest
spherically symmetric excitation (breathing mode) we haven = 1, l = 0 and �10 = ~!

p
5, in
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full agreement with the result of the scaling theory (2.3.4). Inside the condensate spatial region the
normalized wavefunctions (f�

� = u� � v�) are given by

f�
nl =

�
(4n+ 2l + 3)

l3c

�1=2�
2�(1� r2=l2c)

�

��1=2�
r

lc

�l

P (l+1=2;0)
n

�
1� 2

r2

l2c

�
;

whereP (a;b)
n (r) are classical Jacobi polynomials. Outside the condensate spatial region the wave-

functionsf+nl = f�
nl and coincide with the wavefunction of a particle (with energy�nl) in the harmonic

oscillator potential.
For the case of cylindrical symmetry the wavefunctions have a similar form [56,57]

f�
� =

�
2�(1� ~�2 � ~z2)

"�

��1=2

W (~�; ~z);

where~� = �=l�, ~z = z=lz andW (~�; ~z) = �jmjBnm(�; z) exp(im�), withm being the projection of the
angular momentum on the symmetry axis, andBnm(~�; ~z) polynomials of~� and~z. These polynomials
and the corresponding eigenenergies"� can be found from the equations

[(1� ~�2 � ~z2)(
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where� = !z=!� is the ratio of the axial to radial frequency. Quadrupole oscillations withm = 2

(n = 0) are purely radial, and"02 =
p
2~!�. For the quadrupole oscillations withm = 0 (n = 2)

there are two coupled frequencies [45,55,58]:

��20 = ~!�
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2
�2)2 + 2�2

#1=2
:

The frequencies�02 and��20 were studied experimentally in details by the JILA [48] and MIT [49]
groups. The measured values of the frequencies for small temperatures agree well with the above
outlined results of the mean field theory [45,55,58]. In later experiments at higher temperatures also
temperature-dependent frequency shifts and damping of the elementary excitations have been ob-
served [50,51]. These effects originate from the interaction between quasiparticles and thus their de-
scription requires a development of beyond mean-field description of trapped Bose-condensed gases.
Such a theory is presented in Chapter 5 and allows us to calculate higher order corrections (with
respect to small gaseous parameter(n0a

3)) to the eigenenergies of the excitations.

2.4. Superfluidity and vortices.

The form of the energy spectrum of low energy excitations is closely related to the phenomenon
of superfluidity (in liquid helium observed as viscous-free flow) [31]. Consider a liquid flowing with
a constant velocityv along a capillary. Due to the presence of viscosity, i.e. the friction of the liquid
against the walls or the friction within the liquid itself, the kinetic energy of the liquid would be
dissipated and the flow would gradually slow down. It is more convenient to discuss the flow in a
reference frame moving with the liquid. In such a system the liquid is at rest and the walls of the
capillary move with velocity�v. Once the viscosity is present, the liquid should start moving. This
motion arises from the appearance of elementary excitations in the liquid. Suppose that an elementary
excitation characterized by momentump and energy�p appears in the liquid. Then, since the liquid is
not moving, the energy of the liquidE0 is equal to the energy of the excitation�p and the momentum
of the liquidP0 is equal to the momentum of the excitation,p. Returning to the reference frame, where
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the capillary is at rest, we recalculate the momentum and energy by using the well-known Galilean
transform:

E = E0 +P0v +Mv2=2;

P = P0 +Mv;

whereM is the mass of the liquid. SettingP0 = p andE0 = "p, we have

E = �p + pv +Mv2=2:

SinceMv2=2 is the initial energy of the moving liquid, the energy change due to the appearance of
the excitation is�� = �p + pv, and in order to initiate the motion of the liquid this quantity should
be negative.

The energy change�� is minimum whenp andv are antiparallel, and the condition�� < 0 is
equivalent to

v > �p=p:(2.4.1)

This condition for the occurrence of excitations in a moving liquid should be fullfiled for at least
some values ofp. Hence, finding the condition of the existence of dissipativeless (superfluid) flow
is equivalent to finding the minimum of�p=p. Geometrically, this ratio is a slope of the line (in the
(p; �p)-plane) linking the origin and a given point on the�p curve. Its minimum value is given by
the point at which the line coincides with the tangent of the curve. If this minimum is not zero, then
for the liquid moving with velocity less than a certain value the dissipation ceases and the liquid
exhibits the phenomenon of superfluidity. The application of this criterion to the dispersion relation
(5.2.18) shows, that a spatially homogeneous dilute Bose-condensed gas can flow without friction
with velocities less than the speed of soundcS. The condition (2.4.1) is known as the Landau condition
for the critical velocity.

The demonstration of superfluidity in a trapped Bose-condensed gas is not an easy task, since a
trapped condensate is a comparatively small finite system. As the size of the condensate in the trap is
lc = (2�=m!2)1=2, the lowest possible wavevectork � 1=lc. Then, according to Eq.(2.3.11), for the
lowest phonon-like excitations we obtain� � ~!, which agrees with the result of Eq.(2.3.12). Clearly,
the system can not be excited by an external perturbation with frequency below the trap frequency,
and this property has nothing to do with Bose condensation. It is just a consequence of the finite size
of the system.

The manifestation of superfluidity in trapped condensates can be found through the creation and
observation of macroscopically excited Bose-condensed states, such as vortices carrying persistent
currents. The existence quantized vortices follows from general properties of a superfluid flow and
therefore is inherent to any superfluid system. Remarkably, much of the physical properties of the
vortex states, as well as their dynamics, can be understood from general considerations, without even
using the microscopic Hamiltonian (2.2.1).

Calculating the current density for the wavefunction (2.2.6) we obtain

jcond =
i~

m
(	�

0r	0 �r	�
0	0) =

~

m
n0r�:

This quantity has a meaning of macroscopic current density associated with condensate particles.
This motion may exist even in thermodynamic equilibrium. It is non-dissipative and therefore the
velocity

vS =
~

m
r�(2.4.2)
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determines the velocity of superfluid flow.4 As it is obvious from this equation, the superfluid motion
is potential flow, i.e.rotvS = 0 (the latter property is also known as irrotational nature of a superfluid
flow).

This brings a very important difference in the rotational properties of normal and superfluid liq-
uids. Consider a classical liquid in a vessel rotating with angular velocity
. Due to friction against
the walls, the liquid as a whole would be gradually driven into rotation together with the vessel. In a
superfluid, only the “normal” component, i.e. the gas of excitations, follows the rotation of the walls,
while the superfluid component remains at rest. In fact, it can not rotate as a whole, since such a
motion would implyvS = 
 � r for the velocityvS at a given pointr. ThenrotvS = 2
, which
contradicts with the property of irrotational flow for a superfluid in motion.

At the same time, for sufficiently large
 the state with the superfluid at rest becomes thermody-
namically unstable. In fact, the energy of the system in the rotating frame is given by

E0 = E � (M
);

whereE andM are the energy and angular momentum of the superfluid in the lab frame. The
condition of thermodynamic equilibrium is that this quantity is a minimum. For a sufficiently fast
rotation the state withM 6= 0 has lower energy that theM = 0 state, i.e. the superfluid motion
should eventually occur. The apparent contradiction of this statement with the irrotational nature of
superfluid flow is solved by the assumption that the vorticity occurs only on certain lines inside the
liquid, where the velocity is singular. The rest of the liquid executes the motion withrotvS = 0:
These lines are known as vortex lines or vortex filaments. In a finite system they either terminate on
the surface of the liquid or exist in the form of closed loops (vortex rings).

The superfluid velocityvS is singular at the vortex line and, hence, the circulation ofvS along the
contourC embracing the vortex is not zero and has a finite value, say2��:I

C

vSdl = 2��:(2.4.3)

Using (2.4.2), we see that the same contour integral is equal to~Æ�=m, whereÆ� is the phase change
along the contour. The latter quantity has to be an integer multiplier of2�, which immediately leads
to the quantization of circulation [59]:

� =
~

m
Z;

whereZ is an integer called the charge of the vortex.
Eq.(2.4.3) is sufficient for finding the velocity field surrounding the vortex. This equation is

similar to the Stokes theorem in magnetostatics, with the magnetic field replaced byvS and electric
currents being analogous the vortex filaments. Therefore, the solution of Eq.(2.4.3) can be obtained
by using the Biot-Savart law. For an infinitely long vortex line we havevS(r) = [� � r̂]=r, wherer
is the distance from the vortex filament, and� is the vector along the vortex line, with the modulus
equal to the vortex circulation. This shows the presence of a persistent current around the vortex line.
Interaction of a vortex with the thermal background causes the appearance of mutual friction forces
leading to the dissipative dynamics and eventual decay of vortex states in trapped Bose-condensed
gases.

4Although the velocity of superfluid flow coincides with the velocity of condensate particles, the density of superfluid
component differs from the condensate density. This follows already from the fact that at zero temperature the entire liquid
is superfluid, whereas the number of particles in the condensate can be as low as10%, according to the measurements in
liquid He.


