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CHAPTER 3

Two and three body interactions in ultra-cold gases.

3.1. Three-body recombination of ultra-cold atoms to a weakly bounds level

We discuss three-body recombination of ultra-cold atoms to a weakly bounds level. In this case,
characterized by large and positive scattering lengtha for pair interaction, we find a repulsive ef-
fective potential for three-body collisions, which strongly reduces the recombination probability and
makes simple Jastrow-like approaches absolutely inadequate. In the zero temperature limit we obtain
a universal relation, independent of the detailed shape of the interaction potential, for the (event) rate
constant of three-body recombination:�rec = 3:9~a4=m, wherem is the atom mass.

Three-body recombination, the process in which two atoms form a bound state and a third one
carries away the binding energy, is an important issue in the physics of ultra-cold gases. This process
represents the initial stage in the formation of clusters intermediate in size between individual atoms
and bulk matter. Three-body recombination limits achievable densities in high-field-seeking spin-
polarized atomic hydrogen [60–63] and in trapped alkali atom gases (see [64] and references therein)
and, hence, places limitations on the possibilities to observe Bose-Einstein condensation in these
systems.

Extensive theoretical studies of three-body recombination in ultra-cold hydrogen [60–63] and
alkalis [64] showed that the rate constant of this process,�rec, strongly depends on the shape of the
potential of interaction between atoms and on the energies of bound states in this potential. In alkalis
the recombination is caused by elastic interatomic interaction, and in the zero temperature limit�rec

varies approximately asa2 [64], wherea is the scattering length for pair interaction.
All these studies, except one in spin-polarized hydrogen (see [61–63]), rely on Jastrow-like ap-

proximations for the initial-state wavefunction of three colliding atoms. Recent progress in the quan-
tum three-body problem for the case where only zero orbital angular momenta of particle motion are
important [65] opens a possibility for rigorous calculations of three-body recombination in ultra-cold
atomic gases. In this Section we consider the extraordinary case of recombination (induced by elastic
interaction between atoms) to a weakly bounds level. The term “weakly bound” means that the size
l of the diatomic molecule in this state is much larger than the characteristic radius of interactionRe

(the phase shift fors-wave scattering comes from distancesr < Re). In this case the scattering length
is positive and related to the binding energy"0 by (see, e.g., [66])

a = ~=
p
m"0 � l� Re(3.1.1)

(m is the atom mass), and elastic (s-wave) scattering in pair collisions is resonantly enhanced at
collision energiesE � "0. As we show, largea andl imply a rather large recombination rate constant
�rec. At the same time, for large positivea we find a repulsive effective potential for three-body
collisions, which strongly reduces�rec. In the limit of ultra-low initial energiesE � "0 we obtain a
universal relation independent of the detailed shape of the interaction potential:�rec = 3:9~a4=m.

The dependence�rec / a4 can be understood from qualitative arguments. For atoms of equal
mass the energy conservation law for the recombination process reads

3~2k2f=4m = "0;(3.1.2)
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FIGURE 3.1.1. Three possible sets of coordinates for a three-body system. The rela-
tive coordinates arex, between two particles, andy, between their center of mass and
the third particle.

wherekf � 1=a is the final-state momentum of the third atom relative to the center of mass of the
molecule. Recombination to a weakly bounds level occurs in a collision between two atoms, when
a third atom is located inside a sphere of radiusl � a around the colliding pair. For such locations
of the third atom, characterized by a statistical weightw � nl3 (n is the gas density), this atom and
one of the colliding atoms form the weakly bound state with probability of order unity. The number
of recombination events per unit time and unit volume,�rec = �recn

3, can be estimated asn2�v(nl3),
where� = 8�a2 is the cross section for pair collisions. One may put velocityv � ~kf=m, which
gives�rec� 8�~a4=m.

One can also understand qualitatively the existence of a repulsive effective potential for three-body
collisions and the reduction of�rec. In the mean field picture the interaction in a three-body system
at (maximum of the three) interparticle separationsr � Re can be written as4�~2n�a=m, where
n� � 1=r3 is the “particle density” inside a sphere of radiusr. Fora > 0 this interaction is repulsive,
which makes the statistical weightw smaller thannl3 and decreases the numerical coefficient in the
above estimate for�rec. The tail of the three-body effective potential atr � a was found in [67].
Arguments clearly showing the absence of any “kinematic” repulsion independent of the value and
sign ofa are given in [68].

A particular system that should exhibit three-body recombination to a weakly bounds level is a
gas (or a beam) of helium atoms. The He-He potential of interactionV (r) has a well with a depth of
11 K. There is only one bound state in this well, with orbital angular momentumj = 0 and binding
energy"0 � 1:3 mK (see [69] and references therein). The scattering lengtha � 100 Å found for
this potential satisfies criterion (3.1.1). The existence of the He2 dimer, the world’s largest diatomic
molecule (l � 50 Å), has been established experimentally [70]. Another system which is likely to
have three-body recombination to a weakly bounds level is spin-polarized metastable triplet helium,
a gas of helium atoms in the23S state with spins aligned. The interaction potential [71] for a pair
of spin-polarized He(23S) atoms supports ans level with binding energy"0 � 2 mK, which leads to
a � 100 Å and important consequences for the decay kinetics of this system [72,73].

We confine ourselves to three-body recombination of identical atoms at collision energiesE � "0
to a weakly bound moleculars level. In this case the recombination rate constant�rec can be found
from the equation

�rec=�recn
3=

2�

~

Z
d3kf
(2�)3

jTif j2Æ
�
3~2k2f
4m

� "0

�
�n

3

6
:(3.1.3)

Heren3=6 stands for the number of triples in the gas,Tif =
R
 i

~V  
(0)�
f d3xd3x0 is theT -matrix

element for three-body recombination, the coordinates(x; x0) are specified in Fig. 3.1.1, i is the true
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wavefunction of the initial state of the triple, and (0)
f is the wavefunction of free motion of the third

atom relative to the center of mass of the molecule formed in the recombination event. Both i and
 
(0)
f can be written as a sum of three components, each expressed in terms of one of the three different

sets of coordinates (see Fig. 3.1.1):

 i = ~ (x; y) + ~ (x0; y0) + ~ (x00; y00);(3.1.4)

 
(0)
f = (1=

p
3)[�(x; y) + �(x0; y0) + �(x00; y00)];(3.1.5)

�(x; y) �  0(x) exp(ikfy);

where 0 is the wavefunction of the weakly bound molecular state. The interaction between colliding
atoms is regarded as a sum of pair interactionsV (r). The quantity~V is the part of the interaction
which is not involved in constructing the wavefunction (3.1.5), i.e., if the molecule is formed by
atoms 1 and 2 (the first term in Eq.3.1.5), then~V = V (r 1� r 3)+V (r 2� r 3), et cet. Using Eq.(3.1.5),

Tif=2
p
3

Z
d3xd3x0 0(x)cos

�
kfx
2

�
V (x0)exp(�ikfx0) i:(3.1.6)

The initial wavefunction of the triple is best represented in hyperspherical coordinates. The
hyperradius, defined as� = (x2=2 + 2y2=3)1=2, is invariant with respect to the transformations
x; y ! x0; y0 ! x00; y00. The hyperangles are defined as� = arctan(

p
3x=2y), and similarly for

�0 and�00. ForE � "0 only zero orbital angular momenta of the particle motion are important, and
the wavefunction~ can be written as [65]

~ =
X
�

F�(�)p
6

��(�; �)

sin� cos�
:(3.1.7)

The functions��(�; �) are determined by the equation

�@
2��(�; �)

@�2
+
2m

~2
V (
p
2� sin�)�2

 
��(�; �)+

4p
3

Z �=2�j�=6��j

j�=3��j

d�0��(�
0; �)

!
=�(�)��(�; �);

(3.1.8)

with boundary conditions��(0; �) = ��(�=2; �) = 0 and normalization
R �=2

0
j��(�; �)j2d� = �=4.

The sum in Eq.(3.1.7) is over all eigenvalues� corresponding to three free atoms at infinite inter-
particle separation. At ultra-low collision energies the lowest such�(�) alone gives a very good
approximation, and we can confine ourselves to this�. Then the functionF�(�) can be found from
the (hyper)radial equation in which the quantity�(�) serves as an effective potential [65]. Under
the conditionE � "0 at interparticle distances much smaller than their De Broglie wavelength this
equation reads �

� @2

@�2
� 5

�

@

@�
+
�(�)� 4

�2

�
F�(�) = 0:(3.1.9)

The functionF�(�) should be finite for�! 0 and is normalized such thatF�(�)! 1 for �!1.
In our case the pair interaction potentialV (r) supports a weakly bounds level, and the scattering

length is positive and much larger than the characteristic radius of interactionRe for this potential.
For�� Re the function��(�; �) takes the form (cf. [65])

��(�; �)=

8<
:
g(�)�

h�p
2�=a

�
sin(�

p
�=2)�0(

p
2��)+(8=

p
3)sin(�

p
�=6)

i
; �<Re=�

g(�) sin
hp

� (�� �=2)
i
; � > Re=�;

(3.1.10)
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FIGURE 3.1.2. (left) The “effective potential”� as a function of�=a. The solid curve
is obtained from Eq.(3.1.8) using the ground state He-He potential (a = 100Å), and the
dashed from Eq.(3.1.12). (right) The wavefunctionF�(�=a) obtained from Eq.(3.1.9).
The solid curve corresponds to�(�) for the ground state He-He potential, and the
dashed curve to�(�) from Eq.(3.1.12).

whereg(�) = [1 + sin(�
p
�)=�

p
�]�1=2 and�0(r) is the solution of the Schrödinger equation for the

relative motion of a pair of particles,�
�~

2

m

�
@2

@r2
+

2

r

@

@r

�
+ V (r)

�
�0(r) = 0;(3.1.11)

normalized such that�0 ! 1� a=r asr !1. Matching the wavefunctions (3.1.10) at� = Re=��
1 , to zero order inRe=� we obtain the following relation for�(�) at distances�� Re (cf. [65]):

p
2�

a
sin
�p
�
�

2

�
+

8p
3
sin
�p
�
�

6

�
=
p
� cos

�p
�
�

2

�
:(3.1.12)

For�� a this equation yields�(�) = 4+48a=
p
2��, and thus the potential term in Eq.(3.1.9) varies

asa=�3. Eq.(3.1.12) is universal in the sense that� depends only on the ratio�=a, but not on the
detailed shape ofV (r). The same statement holds forF�(�) at distances�� Re.

For infinite separation between particles, i.e., for� ! 1 and all hyperangles larger thanRe=�,
we have

p
� � 2 and��(�; �) � sin 2�. Accordingly, from Eq.(3.1.7) withF�(�) ! 1, each~ in

Eq.(3.1.4) becomes equal to
p
2=3, and the initial wavefunction i !

p
6.

The “effective potential”�(�) and the functionF�(�) for three ground-state He atoms (a � 100Å)
are presented in Fig. 3.1.2. The potentialV (r) was taken from [69]. For� > 100Å our numerically
calculated�(�) coincides (within 10%) with that following from Eq.(3.1.12), ensuring a universal
dependence ofF� on �=a. As �(�) is repulsive,F� is strongly attenuated at� < a (see Fig. 3.1.2).
This leads to a strong reduction of i when all three particles are within a sphere of radius� a.

We first consider the theoretical limit of weak binding, where the scattering lengtha and the
binding energy"0 are related by Eq.(3.1.1), the wavefunction of the bound molecular state at distances
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x� Re is

 0(x) =
1p
2�a

1

x
exp

�
�x
a

�
;(3.1.13)

and the final momentumkf = 2=
p
3a. From Eq.(3.1.13) one can see that the distance between the

two atoms which will form the bound state should be of ordera. To take away the binding energy
the third atom should approach one of them to a distance of orderRe. The main contribution to
the integral in Eq.(3.1.6) comes from distancesx � a andx0 � Re � a. Therefore we may put
� �

p
2=3x, � = �00 � �=3, and�0 � p3x0=2x. Then the initial wavefunction takes the form

 i � (1=
p
3)�0(x

0) ~F�(
p
2x=

p
3a);(3.1.14)

with ~F�(z)=zF�(z)g(z)sin(
p
�(z)�=2) andz = �=a. Puttingkfx0�0 and using

R
d3x0V (x0)�0(x

0)=

4�~2a=m , from Eq.(3.1.6) we obtainTif =48�3=2~2a5=2G=m, where

G =

Z 1

0

dz sin(z=
p
2) exp(�z

p
3=2) ~F�(z):(3.1.15)

The main contribution to this integral comes fromz � 1 (� � a), where� andF� (and, hence,~F�)
are universal functions of�=a. ThereforeG is a universal number independent of the potentialV (r).
Direct calculation yieldsG = 0:0364. With the aboveTif andG, from Eq.(3.1.3) we arrive at the
recombination rate constant

�rec =
512�2G2

p
3

~

m
a4 � 3:9

~

m
a4:(3.1.16)

The dependence�rec / a4, instead of�rec / a2, is a consequence of the recombination to a
weakly bound s level and can be also obtained within the Jastrow approximation for the initial wave-
function: iJ =

p
6�0(r 1 � r 2)�0(r 2 � r 3)�0(r 3 � r 1). This approximation was proved to be a good

approach for atomic hydrogen [61–63] and was later used for alkali atoms [64]. In our case, instead
of Eq.(3.1.14), we obtain iJ �

p
6�0(x

0)�2
0(x) and arrive at Eq.(3.1.16), with 4 orders of magnitude

larger numerical coefficient. Such a very large discrepancy occurs because both results are determined
by distancesx � a, where in our (rigorous) theory i is strongly reduced by the repulsive effective
potential (see above). In the Jastrow approximation this reduction is not present. Moreover, iJ is
resonantly enhanced at distancesx < a. Thus, for largea the Jastrow approximation gives a wrong
picture of three-body collisions and is absolutely inadequate to describe recombination to a weakly
bounds level.

The strong reduction of�rec due to the presence of a repulsive effective potential for three-body
collisions can be treated as “quantum suppression” of three-body recombination (see related discus-
sions in [68, 74]). Nevertheless,�rec remains finite in the zero temperature limit. In fact, due to large
values ofa, it is rather large. It is also worth noting that for large andnegativescattering length the
quantity�(�) should have the form of a potential well, with a repulsive core at small�, and the picture
of recombination collisions can be completely different.

In trapped gases the kinetic energy of the third atom acquired in the recombination process usually
exceeds the trap barrier, and such atoms escape from the trap. Thus, the loss rate for atoms is_n =
�Ln3 , with L = 3�rec. For three-body recombination of ground-state He atoms Eq.(3.1.16) gives
L � 2 � 10�27 cm6/s. As the He-He interaction hasRe � 15Å� a, this value ofL is a very
good approximation. More accurate calculation, using�(�) andF�(�) determined for the He-He
interaction (solid curves in Fig. 3.1.2), gives a correction of 10%. The sameL is obtained for three-
body recombination of spin-polarized He(23S) atoms. In this case the result is less accurate, since the
characteristic radius of interaction is somewhat larger (Re � 35Å).
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Qualitatively, the picture of an effective repulsion in three-body collisions, implying a strong
reduction in the recombination rate constant, can be valid for systems with positive scattering length
a � Re. One can find such systems among the ultra-cold alkali atom gases.

3.2. Influence of resonant light on the scattering length in ultra-cold gases.

We develop the idea of manipulating the scattering lengtha in low-temperature atomic gases by
using nearly resonant light. As found, if the incident light is close to resonance with one of the bound
p levels of electronically excited molecule, then virtual radiative transitions of a pair of interacting
atoms to this level can significantly change the value and even reverse the sign ofa. The decay
of the gas due to photon recoil, resulting from the scattering of light by single atoms, and due to
photoassociation can be minimized by selecting the frequency detuning and the Rabi frequency. Our
calculations show the feasibility of optical manipulations of trapped Bose condensates through a
light-induced change in the mean field interaction between atoms, which is illustrated for7Li.

The recent successful experiments on Bose-Einstein condensation (BEC) in magnetically trapped
gases ofRb [3], Li [5] andNa [4] have generated a lot of interest in macroscopic quantum behavior
of atomic gases at ultra-low temperatures. These experiments were enabled by efficient evaporative
[22, 23] and optical cooling [20, 21] methods combined to reach the necessary temperatures (T <
1� K) and densities1012 < n < 1014 cm�3.

A principal question for BEC in atomic gases concerns the sign of the scattering lengtha for
the pair elastic interaction. Fora > 0 elastic interaction between atoms is repulsive and the Bose
condensate is stable with respect to this interaction. Ifa < 0 elastic interaction is attractive and this is
the origin of a collapse of the condensate in a homogeneous gas [31]. For trapped gases witha < 0 the
situation is likely to be the same, provided the interaction between particles exceeds the level spacing
in the trapping field [32, 33]. If this interaction is much smaller than the level spacing, there is a gap
for one-particle excitations and it is possible to form a metastable Bose-condensed state [33]. Among
the alkalis there are atomic gases with positive as well as with negativea [34]. Also the magnetic
field dependence ofa was predicted [35].

In this Section we develop the idea of manipulating the value and the sign of the scattering length
by using nearly resonant light. Since changinga directly affects the mean field interaction between
the atoms, this offers a possibility to investigate macroscopic quantum phenomena associated with
BEC by observing the evolution of a Bose condensed gas in response to light. Also optical control
of cold elastic collisions is attracting interest [75, 76]. The physical picture of the influence of the
light field on the elastic interaction between atoms is the following: A pair of atoms absorbs a photon
and undergoes a virtual transition to an electronically excited quasimolecular state. Then it reemits
the photon and returns to the initial electronic state at the same kinetic energy. As the interaction
between atoms in the excited state is much stronger than in the ground state, already at moderate light
intensities the scattering amplitude can be significantly changed.

The presence of the light field also induces inelastic processes, such as photon recoil and light
absorption in pair collisions (with regard to cold collisions see refs. [77, 78] for review). Photon
recoil is the result of the scattering of light by single atoms. At subrecoil temperatures, typical for
achieving BEC, recoiling atoms are lost as they overcome the confining barrier and escape from the
trap. The probability of light scattering by single atoms is proportional to(
=Æ)2, where
 is the Rabi
frequency andÆ is the frequency detuning of the light with respect to a single atom at rest. To suppress
the recoil losses the ratio
=Æ needs to be sufficiently small. Then, for positiveÆ, where the light is at
resonance with continuum states of excited quasimolecules, the change ofa will also be proportional
to (
=Æ)2 and thus very small. To have small recoil losses in combination with a significant change of
a; the detuningÆ should be large and negative and not too far from a vibrational resonance with one
of the boundp states of the electronically excited molecule. However, the vicinity of the resonance
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will also lead to photoassociation in pair collisions, followed by spontaneous emission and loss from
the trap. Hence, the frequency detuningÆ� with respect to the�-th (nearest) vibrational resonance
should greatly exceed the line width of the resonance. We established that it is possible to change the
scattering length substantially and even switch its sign without excessive recoil or photoassociation
losses. This will be illustrated for7Li.

We consider low gas densities satisfying the condition

n�3 � 1;(3.2.1)

where� is the optical wavelength. Then collective optical effects [79,80] are absent, and at sufficiently
low temperatures the line broadening of optical transitions is determined by the natural line width
� = 4d2=3~(�=2�)3, whered is the transition dipole moment. We analyze the influence of incident
light with large (jÆj � �) and negative frequency detuning on the interaction in a pair of atoms, with
vanishing wavevector of relative motion,k ! 0. The light frequency is assumed to be nearly resonant
with a highly excited vibrationalp level (with vibrational quantum number� and binding energy"�)
in the interaction potentialV (r) of the attractive excited electronic state of the quasimolecule, i.e., the
frequency detuning with respect to this level,Æ� = Æ � "�, is much smaller than the local vibrational
level spacing�"� = "� � "�+1 (hereafter all frequencies are given in energy units). Then radiative
transitions of the pair from the ground electronic state to the excited level� are most important. These
transitions predominantly occur at interparticle distancesr in the vicinity of the outer turning pointrt
for the relative motion of atoms in the bound statev, i.e.,V (rt) = �"�. Unless"� is very large,rt is
determined by the long-range part ofV (r), represented by the resonance dipole term. If"� andjÆj are
still much larger than the Zeeman and fine structure splitting, then at interparticle distances relevant
for radiative transitions the polarization vector of the attractive excited quasimolecular state,e�, is
parallel to the internuclear axis, andV (r) = �2d2=r3. Hence, as"� � jÆj � �, we havert � �.

For sufficiently large"� andÆ spontaneous emission of excited molecules predominantly produces
non-trapped atoms with kinetic energies of order"�. These atoms practically do not interact with the
driving light and escape from the trap. Therefore, the problem of finding the scattering length in
the presence of light is equivalent to a scattering problem which can be be described in terms of
wavefunctions of the ground and excited electronic quasimolecular states. These states are coupled
by light, and spontaneous emission from the excited state can be taken into account by adding the
“absorptive part”�i� (the spontaneous emission rate for molecules is twice as large as that for single
atoms) to the interaction potentialV (r).

In the Born-Oppenheimer approximation the total wavefunction of the quasimolecule in the pres-
ence of light can be written as�(r )jgi+ (r)jei, wherejg > andje > are the electron wavefunctions
of the ground and excited electronic states. The wavefunctions of the relative motion of atoms in
these states,�(r) and (r), can be found from the system of coupled Schrödinger equations:

�~
2

m
4r �(r) + U(r)�(r ) + 
�(r ) (r) = 0;(3.2.2)

�~
2

m
4r (r)+(V (r)�i��Æ) (r)+
�(r)�(r )=0;(3.2.3)

where�(r) = (e�e�(r)), U(r) is the interaction potential in the ground electronic state, ande� the
polarization vector of light. The Rabi frequency is defined as
 = dE=

p
2, whereE is the amplitude

of the electric field of light. In Eqs. (3.2.2) and (3.2.3) we neglect the light shifts at infinite separation
between atoms and omit the recoil. These equations lead to the integral equation for�(r ):

�(r)=�0(r)+
2

Z
dr 00dr 0G(r 00;r)�(r 00) ~G(r 00;r 0)�(r 0)�(r 0):(3.2.4)

HereG(r ; r 0) and ~G(r ; r 0) are the Green functions of Eqs. (3.2.2) and (3.2.3) with
 = 0. The
wavefunction�0 describes the relative motion of atoms with zero energy for the potentialU(r) in the
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absence of light. This function is a solution of Eq.(3.2.2) with
 = 0. The Green functionG(r ; r 0)
has the form

G(r ; r 0) =
m

4�~2
�
�

�0(r)~�0(r
0) r < r0

~�0(r)�0(r
0); r > r0

�
(3.2.5)

where ~�0(r) is a solution of the same Schrödinger equation as that for�0(r), but contains only an
outgoing spherical wave at larger: ~�0(r)! 1=r for r !1. As the frequency detuning of light was
chosen such thatjÆ� j � �"�, the bound state� should give the dominant contribution to~G(r ; r 0) and
we may use

~G(r ; r 0) = � �(r) �
�(r

0)=(Æ� + i�);(3.2.6)

where �(r) is the wavefunction of this state in the absence of light. Accordingly, the dependence
of the rhs of Eq.(3.2.4) on�(r) will be only contained in the integralI =

R
d3r 0�(r 0)�(r 0) �

�(r
0).

Multiplying both sides of Eq.(3.2.4) by�(r) �
�(r) and integrating overd3r , we expressI through the

overlap integralI0 =
R
d3r 0�0(r 0)�(r 0) �

�(r
0). Then the exact solution of Eq.(3.2.4) is straightforward:

�(r)=�0(r)�
2I0
R
dr 0 �(r 0)�(r 0)G(r ; r 0)

Æ� + (
2=�"�)� + i�
:(3.2.7)

The quantity(
2=�"�)� describes the light-induced shift of the�-th vibrational resonance, and the
numerical factor�=�"�

R
drdr 0G(r ;r 0)�(r ) �

�(r)�(r
0) �(r 0). As in the limit of zero energies only the

s-wave contribution to�(r) and�0(r) is important, the scattering length in the presence of light can
be found from the asymptotic form of�(r) at large distances:�(r) ! 1 � a=r for r ! 1. At large
r the Green functionG(r ; r 0) = m�0(r 0)=4�~2r, and Eq.(3.2.7) yields

a = a+
(
2=�"�) ~�

Æ� + (
2=�"�)� + i�
rt;(3.2.8)

with a the scattering length in the absence of light, and the numerical factor
~� = (m�"�=4�~

2rt)jI0j2:
It should be emphasized that Eq.(3.2.8) is valid for any ratio betweenjÆ� j and(
2=�"�)�.

Unless"� and jÆj are huge, the turning point separationrt is large enough for�0 and ~�0 to be
smooth functions ofr at distancesr � rt where the main contribution originates to the integrals in
the equations for�, I0 and ~�. Putting�0(r) = �0(rt), ~�0(r) = ~�0(rt) in the integrands of these
equations and using a linear approximation forV (r) = �2d2=r3 in the vicinity ofrt, we obtain

~� = 0:8�2�20(rt); � = 0:8�2f0(rt)�0(rt):(3.2.9)

The functionf0(r) = r ~�0(r) is tending to1 for r !1. For the level spacing the WKB approximation
gives

�"� = 1:9�"�(rt=r0)
1=2 � "� :(3.2.10)

The characteristic distancer0 = md2=~2. For alkali atomsr0 greatly exceeds the optical wavelength
(r0 > 105 Å) and, hence,r0 � �� rt.

The presence of other boundp levels and continuum states of the excited quasimolecule changes
Eq.(3.2.6) for the Green function~G. Our analysis, relying on the exact expression for~G, shows that
in order to omit the contribution of virtual transitions to these states and, hence, retain the validity of
Eq.(3.2.8) it is sufficient to havejÆ� j and
 much smaller than the level spacing�"�. The condition

� �"� leads to important physical consequences. The radiative transitions occur in a narrow range
of distances nearrt, characterized by the width�r � rt(rt=r0)

1=3. As the characteristic velocity in
this regionv � p

"��r=mrt, the interaction time�t � �r=v of the quasimolecule with light is
such that
�t � (
=�"�)(rt=r0)

1=6� 1. Then, turning to a classical picture, one can say that the
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“population” of the excited quasimolecular state will be small. This ensures the absence of effects
analogous to power broadening in the single atom case.

The light changes the real part of the scattering length and introduces an imaginary part. The
frequency dependence of Rea and Ima has a resonance structure:

Rea=a+

2 ~���

�"�(�2�+�2)
rt; Ima=� 
2 ~��

�"�(�2�+�2)
rt;(3.2.11)

where�� = Æ� +(
2=�"�)�. The real part determines the mean field interaction between atoms. The
light-induced change of this interaction is given by

n( ~U � ~U) � ~��1
a = 4�~2(Rea� a)n=m:(3.2.12)

The imaginary part ofa originates from the photoassociation process in pair collisions, followed by
spontaneous emission. The inverse decay time due to this process is

��1
pa = 8�~jImajn=m:(3.2.13)

Exactly at resonance (�� = 0) the mean field interaction is the same as in the absence of light, and the
photoassociation rate is the largest.

For small Rabi frequency Eq.(3.2.11) goes over into the result of perturbation theory and both
��1
a and��1

pa are proportional to
2. The former can be treated as a “light shift” of the mean field
interaction and the latter will be nothing else than the ordinary photoassociation rate at a low light
power. For(
2=�"�)� � jÆ� j the driving light shifts the interacting pair of atoms out of resonance.
As the corresponding shift is proportional to
2, the light-induced change of the mean field interaction
becomes independent of
. It will be determined by Eq.(3.2.12) with Rea � a = (~�=�)rt. On the
contrary, the photoassociation rate (Ima) decreases as1=
2.

The amplitude of binary interaction, affected by light, undergoes damped oscillations and reaches
its stationary value (3.2.8) on a time scale of order��1 (for �� maxfjÆ� j;
g it averages to Eq.(3.2.8)
much faster). This is much shorter than the characteristic response time of a dilute trapped gas, which
cannot be faster than�a. To have an appreciable modification of the mean field interaction without
excessive photoassociation,�a should be short compared to�pa, i.e., the condition

jReaj � jImaj(3.2.14)

should hold. As follows from Eq.(3.2.11), this is the case forj�� j � �. The change of the scatter-
ing length Rea� a � (
2 ~�=�"���)rt can exceedrt, whereas the imaginary part ofa will be much
smaller. The scattering length can be changed in both directions simply by changing the sign of��.

In addition, the time�a should be much smaller than the decay time�r due to the photon recoil of
single atoms, caused by light scattering. Since��1

r = (
=Æ)2�=2, this is the case for (jÆj � "�)

n�3 � j�� j=4�"� ;(3.2.15)

as follows from Eqs. (3.2.11), (3.2.9) and (3.2.10) assumingj�� j � � to simultaneously satisfy
condition (3.2.14). Asj�� j � �"�, the inequality (3.2.15) is not in contradiction with our starting
assumption (3.2.1) and can be fulfilled in alkali atom gases at densitiesn � 1013 � 1014 cm�3 by an
appropriate choice of
, the level� andÆ� .

All the above results remain valid for finite momenta of colliding atoms,k � min(r�1
t ; jaj�1;

jaj�1) .
We performed calculations for7Li by using spectroscopic information on the location of boundp

levels in the excited electronic state3�+
g [81]. The potential of interaction in the ground state3�+

u was
taken from [82], the scattering length in the absence of light beinga � �14 Å. Eq.(3.2.11) was used
to calculate the scattering lengtha under the influence of light nearly resonant for vibrationalp levels
of the3�+

g state, with quantum numbers ranging from� = 77 ("� = 2:8K) to � = 66 ("� = 28:7K).
We find that for
 in the range5�40mK (light power ranging from10 to1000W/cm2) it is possible to
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FIGURE 3.2.1. The scattering length for7Li as a function of the frequency detuning
of light, Æ�=�, from the excited boundp level�: a)
 = 10 mK, "� = 9:1K; b) 
 = 40
mK, "� = 20:1K. The solid curve represents the real part ofa, and the dashed curve
the imaginary part. The dotted line corresponds to the scattering length in the absence
of light.

significantly change the scattering length and even make it positive while maintainingjImaj � jReaj
(see Fig.3.2.1). The recoil loss time�r varies from100 to 1 ms.

Our results show the feasibility to optically manipulate the mean field interaction between atoms
and open prospects for new optical experiments in trapped gases. For example, once a gas is in a
Bose-condensed state, instantaneous switching of the sign ofa changes the sign of the non-linear in-
teraction term in the Ginzburg-Gross-Pitaevskii equation for the condensate wavefunction and causes
the trapped condensate to evolve in a completely different way than a condensate set into motion
by changing the trap frequency. The evolution will involve two time scales:�a and the inverse trap
frequency!�1

t , and continue after the light is switched off. Because of the light-induced decay pro-
cesses, the light should be switched on only for a time much shorter than�r. Hence, besides the above
discussed condition�a � �r, experiments should be arranged such that!t�r � 1. This is feasible
with the above values for�r. As in most cases�r will be much smaller than the characteristic time for
elastic collisions, the evolving condensate will not be in equilibrium with above-condensate particles.

In trapped gases with negative scattering length one may expect a stabilization of the condensate
by switchinga to positive values. Of particular interest is the case where the sign ofa is switched
from positive to negative. In a quasihomogeneous Bose-condensed gas (n ~U � ~!t) this should
induce a “collapse” of the condensate, caused by elastic interatomic interaction. The investigation of
this phenomenon is of fundamental interest.


