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CHAPTER 5

Finite Temperature Perturbation Theory for a Bose-condensed Gas

We develop a finite temperature perturbation theory (beyond the mean field) for a Bose-condensed
gas and calculate temperature-dependent damping rates and energy shifts for Bogolyubov excitations
of any energy. The theory is generalized for the case of excitations in a spatially inhomogeneous
(trapped) Bose-condensed gas, where we emphasize the principal importance of inhomogeneity of
the condensate density profile and develop the method of calculating the self-energy functions. The
use of the theory is demonstrated by calculating the damping rates and energy shifts of low-energy
excitations, i.e. t excitations with energies much smaller than the mean field interaction between
particles. The damping is provided by the interaction of these excitations with the thermal excitations.
We emphasize the key role of stochastization in the behavior of the thermal excitations for damping
in non-spherical traps. The damping rates of the lowest excitations, following from our theory, are in
fair agreement with the data of recent JILA and MIT experiments. For the quasiclassical excitations
the boundary region of the condensate plays a crucial role, and the result for the damping rates and
energy shifts is drastically different from that in spatially homogeneous gases. We also analyze the
frequency shifts and damping of sound waves in cylindrical Bose condensates and discuss the role of
damping in the recent MIT experiment on the sound propagation.

5.1. Introduction

Recent developments in the physics of ultra-cold gases have led to the discovery of Bose-Einstein
condensation (BEC) in trapped clouds of alkali atoms [3–5] and stimulated a tremendous boost in
theoretical studies of weakly interacting Bose gases. As in previous years, these studies rely on
the binary approximation for the interparticle interaction. The latter is characterized by the 2-body
scattering lengtha, which assumes the presence of a small gaseous parameterna3 � 1 (n is the
gas density). Especially intensive are the attempts to reach beyond the ordinary mean field approach
and to develop a theory which can properly describe the behavior of finite temperature elementary
excitations of a trapped Bose-condensed gas and in particular, explain the JILA [50] and MIT [51]
experiments on energy shifts and damping rates of the excitations.

The commonly used mean field theory (fora > 0) is based on the Bogolyubov quasiparticle
approach developed originally for a spatially homogeneous Bose-condensed gas atT ! 0 [53] and
employed by Lee and Yang [98] (see also [99]) at finite temperatures. The generalization of the
Bogolyubov method for spatially inhomogeneous systems has been described by De Gennes [54]. In
the case of a Bose-condensed gas it should be completed by the equation for the wavefunction of the
spatially inhomogeneous condensate, derived by Pitaevskii [40] and Gross [38,39].

For spatially homogeneous gases the theory beyond the mean field approach was also developed.
Beliaev [100] constructed the zero-temperature diagram technique which allows one to find correc-
tions to the energies of Bogolyubov excitations, proportional to(n0a

3)1=2, wheren0 is the condensate
density. The corrections are provided by the interaction between the excitations (in particular, through
the condensate) and contain both real (energy shift) and imaginary (damping rate) parts. AtT = 0
the latter originates from spontaneous decay of a given excitation (�) to two other excitations ( and
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0), with smaller energies and momenta:

� !  + 0:(5.1.1)

A universal expression for the chemical potential in terms of the self-energy functions has been found
by Pines and Hugenholtz [101]. It should be emphasized that the corrections proportional ton0a

3

already depend on the contribution of 3-body interactions and, hence, can not be obtained within the
binary approximation.

The Beliaev approach was employed by Popov [102] at finite temperatures. In this case the cor-
rections to the Beliaev self-energies contain infra-red singularities, i.e. they tend to infinity for mo-
mentap ! 0. This prompted Popov to make a renormalization of the theory, which links the micro-
scopic approach with phenomenological Landau hydrodynamics [31]. The Popov theory eliminates
the infra-red singularities and allows one to describe the behavior of low-energy excitations (phonons)
at temperatures much smaller than the mean field interparticle interactionn0 ~U ( ~U = 4�~2a=m, with
m being the atom mass). The damping of phonons in this temperature range is determined by the Be-
liaev damping processes and has also been calculated by Hohenberg and Martin [103]. A simplified
approach within the dielectric formalism was used by Szepfalusy and Kondor [104] for calculating
the damping rates of excitations in the phonon branch of the spectrum. They found that at tempera-
turesT � n0 ~U the damping rate of a given excitation (�) originates from the scattering of thermal
excitations ( and0) on the excitation� through the processes:

� +  ! 0:(5.1.2)

Since the characteristic energies of the thermal excitations, 0 turn out to be much larger than
the energy of the excitation�, this damping channel can be represented as scattering of “resonance”
excitations moving in phase with the excitation� and, hence, is exactly analogous to Landau damping.
It should be noted that the damping rates can be simply found by considering the interaction between
the excitations as a small perturbation and using Fermi’s golden rule. This allows one to properly
take into account the Bogolyubov nature of the thermal excitations. The damping rates of phonons
in a spatially homogeneous Bose-condensed gas, in particular for the Szepfalusy-Kondor mechanism,
have been calculated in the recent contributions [97,105–108].

In order to reach beyond the mean field theory atT > n0 ~U one should further develop the Popov
approach. One can also proceed along the lines of the Beliaev theory, since any physical quantity
should be determined by combinations of the Beliaev self-energies, which do not contain the infrared
singularities. We choose the latter way and construct the perturbation theory for a Bose-condensed
gas, which allows us to find the next to leading order terms (the terms proportional to(n0a

3)1=2) in the
energy spectrum of the elementary excitations. As in [104,105,107,108], we consider the excitations
in the so-called collisionless regime, where their De Broglie wavelength is much smaller than the
mean free path of the thermal excitations.

We start with the case of a spatially homogeneous Bose-condensed gas and find temperature-
dependent energy shifts and damping rates for Bogolyubov excitations of any energy. At temperatures
T � n0 ~U the small parameter of the theory proves to be

T

n0 ~U
(n0a

3)1=2 � 1;(5.1.3)

in contrast ton0a3 � 1 for T = 0. The appearance of the extra factor (T=n0 ~U) originates from
the Bose occupation numbers of thermal excitations with energies of ordern0 ~U , which are the most
important in the perturbation theory. As shown below, the damping of excitations with energies
"� � n0 ~U is determined by both the Szepfalusy-Kondor (� +  $ 0) and Beliaev (� $  + 0)
processes, and can no longer be treated as Landau damping.
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The theory is generalized for the case of excitations in a spatially inhomogeneous (trapped) Bose-
condensed gas. A new ingredient here is related to the inhomogeneous density profile of the con-
densate and the discrete structure of the excitation spectrum. We develop the method of calculating
the self-energy functions and derive the equations for finding the wavefunctions and energies of the
excitations (generalized Bogolyubov-De Gennes equations).

The use of the theory is demonstrated by three examples. The first one concerns quasiclassi-
cal low-energy excitations of a trapped Bose-condensed gas in the Thomas-Fermi regime. The term
"low-energy" assumes that the excitation energy"� is much smaller than the mean field interparticle
interactionn0m eU (n0m is the maximum condensate density), and the quasiclassical character of the
excitations requires the condition"� � ~!, where! is the characteristic trap frequency. We consider
anisotropic harmonic traps, where the discrete structure of the excitation spectrum is not important
(see below). On the contrary, the inhomogeneity of the condensate density profile has a crucial con-
sequence for the damping rates and energy shifts of quasiclassical low-energy excitations. The most
important turns out to be the boundary region of the condensate, wheren0(r) ~U � "�. Therefore, the
result for the damping rates and energy shifts is completely different from that in spatially homoge-
neous gases.

Secondly, we analyze the frequency shifts and damping of axially propagating sound waves in
cylindrical Bose condensates. As found, the nature of damping is similar to that in the case of phonons
in spatially homogeneous Bose condensates. We show that the attenuation of axially propagating
sound wave packets in the recent MIT experiment [109] can be well explained as a consequence of
this damping.

Finally, we consider the damping of the lowest excitations of a trapped Bose condensate. The
damping of low-energy excitations differs fundamentally from the damping of Bogolyubov excita-
tions in an infinitely large spatially homogeneous gas. In the latter case, characterized by a continuum
of excitations, any given excitation can decay into two excitations of lower energy and momentum via
the Beliaev mechanism (5.1.1). In a trapped Bose-condensed gas the character of the discrete structure
of the spectrum of excitations makes the Beliaev damping impossible under conservation of energy.
Therefore, irrespective of the relation betweenT and�, the damping of the lowest excitations has to
be provided by their interaction with the thermal excitations via the Szepfalusy-Kondor (SK) process
(5.1.2). As the energiesE of the thermal excitations are much larger than the energiesE� � ~! of
the lowest excitations, the SK damping mechanism of the lowest excitations can be treated as Landau
damping.

Summarizing these three examples we see, that in a trapped Bose-condensed gas the damping of
low-energy excitations is determined by the behavior of their wavefunctions and by the distribution of
the level spacings of thermal excitations with energiesE < �, which depends on the trap symmetry.
We emphasize that stochastization in the behavior of these thermal excitations plays a key role for
damping in non-spherical traps. In contrast to quasiclassical (E� � ~!) low-energy excitations, the
damping of the lowest excitations (E� � ~!) is determined by the behavior of the excitations in the
entire condensate region. For this case the damping rates following from our theory are in a good
agreement with the data of the JILA experiment [50] and reasonably well explain the results of the
experiment at MIT [51]. In the latter case the experimental conditions correspond to a crossover
between the collisionless and hydrodynamic regimes, and the measured values of the damping rates
are somewhat lower than the results of our calculations.

5.2. General equations

We consider a weakly interacting Bose-condensed gas confined in an external potentialV (r).
The grand canonical Hamiltonian of the gas can be written asĤ = Ĥ0 + Ĥ1, where (hereinafter
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FIGURE 5.2.1. The set of diagrams contributing to the normal self-energy�. Here
a solid line with an arrow represents the normal Green functionG, solid line without
an arrow corresponds to the anomalous Green functionF , white circle stands for the
interaction vertex~U and the black circle represents a sum of two white circles, one
being a direct interaction and the other an exchange interaction. Dashed lines stand
for the condensate wave function

p
n0. The self-energy part�+ can be obtained by a

time-reversal(i.e. the changet! �t andp ! �p) of the graphs shown above.

m = ~ = 1)

Ĥ0 =

Z
d3r	̂y(r)

�
��

2
+ V (r)� �

�
	̂(r);(5.2.1)

and the term

Ĥ1 =
eU
2

Z
d3r	̂y(r)	̂y(r)	̂(r)	̂(r);(5.2.2)

assumes a point interaction between atoms. The field operator of atoms	̂(r) can be represented as the
sum of the above-condensate part	̂0 and the condensate wavefunction	0=h	̂iwhich is ac-number.
As the interparticle interaction̂H1 contains both terms conserving the number of above-condensate
particles and terms transferring two above-condensate particles to the condensate (or two condensate
particles to the above-condensate part), the diagram technique should include both the normal Green
functionG and the anomalous Green functionF (see, e.g. [100]).

The sums of the contributions of all irreducible diagrams will be represented by the normal (�)
and anomalous (�a) self-energies (see Fig.5.2.1 and 5.2.2). The former corresponds to the processes
conserving the number of above-condensate particles, and the latter describes absorption (or emission)
of two particles to (out of) the condensate. The Green function and self-energy operators satisfy
Beliaev-Dyson equations [100,102]

G = G+G�G +G�aF ;(5.2.3)

F = G+�+F +G+�aG;(5.2.4)
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FIGURE 5.2.2. The set of graphs contributing to the anomalous self-energy�a. The
notations are the same as for the Fig. 5.2.1.

where the Green functionsG andG+ describe forward and backward propagation of a particle char-
acterized by the Hamiltonian̂H0.

We confine ourselves to the case of repulsive interaction between the atoms (a > 0). To de-
velop the finite temperature perturbation theory for calculating dynamic properties and finding the
excitation spectrum of a weakly interacting Bose-condensed gas we will use the non-equilibrium
generalization [110] of the Matsubara diagram technique. In Eqs. (5.2.3),(5.2.4) we perform an an-
alytical continuation of the Matsubara frequencies�j = 2�Tj (j is an integer number) to the upper
half-plane, which corresponds to the replacementi�j ! " + i0. Then, multiplying both sides of
Eqs. (5.2.3) and (5.2.4) byG�1 and(G+)�1, respectively, we arrive at the system of equations in the
frequency-coordinate representation:

"G("; r ; r) =
�
��

2
+ V (r)� �+�(")

�
G("; r ; r 0) + �a(")F("; r ; r 0) + Æ(r � r 0);(5.2.5)

�"F("; r ; r 0) =
�
��

2
+ V (r)� �+ �+(")

�
F("; r ; r 0) + �a(")G("; r ; r 0):(5.2.6)

Here the action of the integral self-energy operators on the Green functions is written in a compact
form

R
d3r00�("; r ; r 00)G("; r 00; r 0) � �(")G("; r ; r 0) (and similar relations for the other combinations).

The solutions of Eqs. (5.2.5),(5.2.6) can be written in the form of the Bogolyubov transformation
for the Green functions

G("; r ; r 0) =
X
�

�
u�(r)u��(r

0)

"+ i0� "�
+
v�(r)v��(r

0)

"+ i0 + "�

�
;

F("; r ; r 0) = �
X
�

�
u�(r)v��(r

0)

"+ i0� "�
+
v�(r)u��(r

0)

"+ i0 + "�

�
;
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where the index� stands for the set of quantum numbers, and the eigenfunctionsu�, v� and eigenen-
ergies"� satisfy generalized Bogolyubov-De Gennes equations

"�u�(r) =

�
��

2
+V (r)��+�("�)

�
u�(r)��a("�)v�(r);(5.2.7)

�"�v�(r) =

�
��

2
+V (r)��+�+("�)

�
v�(r)��a("�)u�(r):(5.2.8)

Eqs. (5.2.7),(5.2.8) should be completed by a generalized Gross-Pitaevskii equation for the condensate
wavefunction: �

��

2
+ V (r)� �+ (�� �a)j"!0

�
	0(r) = 0(5.2.9)

and by the normalization conditionZ
d3r (n0(r) + n0(r)) = N;

wheren0(r) = j	0(r)j2 is the condensate density,n0(r) =


	0y(r)	0(r)

�
is the density of above-

condensate particles, andN the total number of particles in the gas.
In the Bogolyubov-De Gennes approach only the terms bilinear inb	0 operators are retained in

the interaction Hamiltonian̂H1, which assumes that the condensate density is much larger than the
density of above-condensate particles. Then, the self-energy operators take the form

�("; r ; r 0) = 2n0 eUÆ(r � r 0);(5.2.10)

�a("; r ; r 0) = n0 eUÆ(r � r 0):(5.2.11)

The result of their action on the condensate wavefunction	0(r) and the functionsu�(r), v�(r) is
reduced to

�("�)	0(r) =
Z

d3r0�("� ; r ; r 0)	0(r 0) = 2n0(r)eU	0(r)

and similar relations for the other combinations. Then, Eq.(5.2.9) becomes the ordinary Gross-
Pitaevskii equation �

��

2
+ V (r)� �+ n0(r)eU�	0(r) = 0;(5.2.12)

and Eqs. (5.2.5),(5.2.6) are transformed to the ordinary Bogolyubov-De Gennes equations

"�u�(r) =

�
��

2
+ V (r)� �+ 2n0(r)eU�u�(r)� n0(r)eUv�(r);(5.2.13)

�"�v�(r) =

�
��

2
+ V (r)� �+ 2n0(r)eU� v�(r)� n0(r)eUu�(r):(5.2.14)

Taking into account Eq.(5.2.12), in terms of the functionsf�� = u� � v� these equations can be
rewritten as

"�f
�
� (r) =

�
��

2
+

�	0

2	0

�
f+� (r)(5.2.15)

"�f
+
� (r) =

�
��

2
+

�	0

2	0

+ 2j	0j2 eU� f�� (r):(5.2.16)



5.3. SPATIALLY HOMOGENEOUS BOSE-CONDENSED GAS 41

For a trapped Bose-condensed gas in the Thomas-Fermi regime, where� � n0max
eU is much

larger then the spacing between the trap levels, the kinetic energy term in Eq. (5.2.12) can be omitted
and one has [42,43]

	0 =

s
�� V (r)eU ;(5.2.17)

if the argument of the square root is positive and zero otherwise. For the low-energy excitations
("� � n0m eU) of Thomas-Fermi condensates Eqs. (5.2.15),(5.2.16) can be reduced to hydrodynamic
equations obtained by Stringari [55] and solved in the case of spherically symmetric harmonic po-
tentialV (r) and for some excitations in a cylindrically symmetric potential. An analytical method of
solving Eqs. (5.2.15),(5.2.16) (or the corresponding hydrodynamic equations) for the low-energy ex-
citations of Thomas-Fermi condensates in an anisotropic harmonic potentialV (r) has been developed
in [56,111].

For a spatially homogeneous gas the generalized Gross-Pitaevskii equation (5.2.9) is equivalent
to the Pines-Hugenholtz identity [101]. In the Bogolyubov approach it simply gives� = n0 eU , and
Eqs. (5.2.13),(5.2.14) lead to the Bogolyubov spectrum

"p =

q
(p2=2)2 + n0 eUp2;(5.2.18)

wherep is the momentum of the excitation.
Under the conditionn0 � n0, for which the Bogolyubov approach was originally developed, one

can simply putn0 equal to the total densityn in Eq.(5.2.18). Forn0 � n0, which can be the case at
T � �, the dispersion law becomes essentially temperature dependent [98, 99]. In a spatially homo-
geneous gas the temperature dependence predominantly originates just from the presence of above
condensate particles, withn0 � n(T=Tc)

3=2 whereTc = 3:31n2=3 is the BEC transition temperature.
This leads to the replacementn0 ! n0+n0 in Eq.(5.2.10) and gives� = (n0+2n0)eU. The dispersion
law will be still given by Eq.(5.2.18) in which the condensate density is now temperature dependent:
n0 = n

�
1� (T=Tc)

3=2
�
.

5.3. Spatially homogeneous Bose-condensed gas

In this section we present the results for the damping rates and energy shifts of elementary ex-
citations in an infinitely large spatially homogeneous Bose-condensed gas. As one can see from
Eqs.(5.2.13),(5.2.14), for finding the energy spectrum and wavefunctions of the excitations it is suffi-
cient to calculate the self-energies�, �+ and�a. We will perform the calculations in the frequency-
momentum representation and for physical transparency consider temperatures

T � n0 ~U(5.3.1)

(the opposite limiting case has been discussed by Popov [102] with regard to the phonon branch of
the excitation spectrum). In the zero order approximation in the parameter(n0a

3)
1=2 we have the

well-known mean field result:�(0) = �(0)+ = 2(n0 + n0(0))eU, �(0)
a = n0 eU, with n0(0) = n(T=Tc)

3=2

(see above). In this approach we obtain the Bogolyubov quasiparticle excitations with the spectrum
(5.2.18), which we use in order to calculate the next order in(n0a

3)
1=2. The latter is determined by

the contribution of diagrams containing one quasiparticle loop [102] (see Figures 5.2.1 and 5.2.2).
Actually in this approach we represent the Hamiltonian as the sum of the (diagonalized) Bogolyubov
Hamiltonian and the perturbationbHint originating from bH1 (5.2.2) and containing the terms propor-
tional to	0	̂

03 and	̂04:

Ĥint = ~U

Z
d3r[	0(r)	̂0y(r)f	̂0y(r) + 	̂0(r)g	̂0(r) + (1=2)	̂0y(r)	̂0y(r)	̂0(r)	̂0(r)]:(5.3.2)
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Retaining only the temperature-dependent contributions, after laborious calculations for the normal
self-energy we obtain� = �(0) +�(1), where

�(1)(P ) = �n(P ) + �r(P );

�n(P ) = 2eU2n0

Z
d3q

(2�)3
(nq + nk)

�
2AkBq + AqAk � 4AkCq + 2CqCk

"� "q � "k
�

2AqBk +BqBk � 4BkCq + 2CqCk

"+ "k + "q

�
� 8(�n0a

3)1=2T;(5.3.3)

�r(P ) = 2eU2n0

Z
d3q

(2�)3
nq�nk
"+"q�"k (2AqAk+2AkBq+2BkBq+4CkCq�4AkCq�4BqCk):(5.3.4)

HereP = f";pg, k = q + p, Ep = p2=2, "p is given by Eq.(5.2.18),nq is the equilibrium occupation
number,Cp = n0 eU=2"p andAp; Bp = (�"p + Ep + n0 eU)=2"p. Similarly, the correction to the
anomalous self-energy is given by

�(1)
a (P ) = �n

a(P ) + �r
a(P );

�n
a(P ) = 2eU2n0

Z
d3q

(2�)3
(nk + nq)

�
2AkBq � 2AkCq � 2BqCk + 3CqCk

"� "q � "k
�

2AqBk � 2BkCq � 2AqCk + 3CkCq

"+ "k + "q

�
� 4(�n0a

3)1=2T;(5.3.5)

�r
a(P ) = 2eU2n0

Z
d3q

(2�)3
nq � nk

"+ "q � "k
�(5.3.6)

(2AkAq+2BkBq+6CkCq�2AkCq�2AqCk�2BqCk�2BkCq):(5.3.7)

The resonant parts�r;�r
a originate from the terms where one of the intermediate quasiparticles is

created and another one annihilated, and the non-resonant parts�n;�n
a from the terms where both

intermediate quasiparticles are created (annihilated). Temperature independent terms in the non-
resonant parts, found by Beliaev [100], are omitted in Eqs.(5.3.3)-(5.3.6).

Each of the self-energies (5.3.3)-(5.3.6) is singular atP ! 0 and at least for small momenta the
corrections become larger than the mean field values (5.2.10). Nevertheless, keeping in mind that any
physical quantity is determined by the combinations of the self-energies, which do not contain the
infra-red singularities, we will still treat�(1) and�(1)

a as perturbations.
For a spatially homogeneous gas the Pines-Hugenholtz identity� = (�(P ) � �a(P ))jP!0 gives

the first order correction to the chemical potential

�(1) = ��pn0; � = 12(�a3)1=2T;(5.3.8)

and the relation betweenn0 and the chemical potential,� = n0 eU � �
p
n0, coincides with that found

by Popov [102]. Theu; v functions in generalized Bogolyubov-De Gennes equations (5.2.7), (5.2.8)
can be written asup exp(ipr ) andvp exp(ipr ), and in terms of the functionsf�p = up � vp these
equations take the form

("� S�(P ))f�p =

�
p2

2
+ S+

�(P )

�
f+p ;(5.3.9)

("� S�(P ))f+p =

�
p2

2
+ 2n0 eU + S+

+(P )

�
f�p ;(5.3.10)
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where

S+
� =

�(1) +�+(1)

2
+ �

p
n0 � �a;(5.3.11)

S� =
�(1) � �+(1)

2
:(5.3.12)

Considering the termsS�, S+
� in Eqs. (5.3.9),(5.3.10) as small perturbations we put" = "p in the ex-

pressions for these quantities, following from Eqs. (5.3.3)-(5.3.6). Then, solving Eqs. (5.3.9),(5.3.10),
for the excitation energy we obtain" = "p + "

(1)
p , where

"(1)p =

�
Ep

2"p
S+
+(P )+

"p
2Ep

S+
�(P )+S

�(P )

�
P!("p;p)

:(5.3.13)

As �(1) and�(1)
a are complex, the correction to the excitation energy has both a real and an

imaginary part:"(1)p = Æ"p � i�p. The former gives the energy shift, and the latter is responsible for
damping of the excitations.

5.3.1. Phonon branch of the excitation spectrum.For the phonon branch of the excitation
spectrum ("p � n0 ~U) we calculate analytically bothÆ"p and�p on the basis of Eqs.(5.3.3)-(5.3.13).
Under the conditionT � n0 ~U the Beliaev damping processes (5.1.1) can be neglected, and the
non-resonant contributions to the quantitiesS+

� andS�are purely real:

S+n
� =

2

3
�
p
n0 � 2 ~U

Z
d3q

(2�)3
T�

4"2k"
2
q

�

�
("k + "q)

2 � (Ek � Eq)
2 + "2 � "3

2
(

1

"� "k � "q
+

1

"+ "k + "q
)

�
;(5.3.14)

S�n = �2 ~U
Z

d3q

(2�)3
T�

4"2k"
2
q

(2Ek"� 2�");(5.3.15)

S+n
+ = �2 ~U

Z
d3q

(2�)3
T�

4"2k"
2
q

�
4�2 + 8E2

k � 4"2k + 2�2"(
1

"� "k � "q
+

1

"+ "k + "q
)

�
:(5.3.16)

A part of the resonant terms acquire a non-resonant character, and it is convenient to separate each
of the quantitiesS+r

� , S�r into two parts, i.e.S+(rr)
� , S�(rr) which contain a resonant denominator

(" + "q � "k)
�1 and the partsS+(rn)

� , S�(rn) which do not contain this denominator. Then from
Eqs.(5.3.3)-(5.3.6) we obtain

S+rn
� = 2~U

Z
d3q

(2�)3
T�

4"2k"
2
q

((Ek � Eq)
2 � ("k � "q)

2 � "2
�2

"2k + �2
);(5.3.17)

S�rn = 2~U

Z
d3q

(2�)3
T�

4"2k"
2
q

(2�"+ "
2Ek�

Ek + �
);(5.3.18)

S+rn
+ = �2 ~U

Z
d3q

(2�)3
T�

4"2k"
2
q

(8"2k + 18E2
k + 4�2);(5.3.19)

and

S
+(rr)
� = 2~U

Z
d3q

(2�)3
T�

4"2k"
2
q

"3

("+ "q � "k)

�2

"2k + �2
;(5.3.20)
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S�(rr) = �2 ~U
Z

d3q

(2�)3
T�

4"2k"
2
q

"2

("+ "q � "k)
(2�+

2Ek�

Ek + �
);(5.3.21)

S
+(rr)
+ = 2 ~U

Z
d3q

(2�)3
T�

4"2k"
2
q

"(4�2 + 8"2k + 8E2
k)

("+ "q � "k)
:(5.3.22)

Only the resonant terms (5.3.20)-(5.3.22) containing the denominator(" + "q � "k + i0)�1 have an
imaginary part and, hence, contribute to the damping rate. From (5.3.20)-(5.3.22) and (5.3.13) we
find

�p = �Im2 ~U

Z
d3q

(2�)3
T�

4"2k"
2
q

"2

"+ "q � "k

(
� �"2k
"2k + �2

� 2Ek�p
"2k + �2

+
2("2k + E2

k)

�

)
:(5.3.23)

The corresponding resonant contributionÆ"rp to the energy shift is given by the real part of the same
expression (with opposite sign). Purely real non-resonant terms (5.3.14)-(5.3.19) only contribute to
the energy shifts in Eq.(5.3.13). There is a contributionÆ"np proportional to" and a contributionÆ"nsp
proportional top2=":

Æ"np = 2~U"

Z
d3q

(2�)3
T�

4"2k"
2
q

�
�"2k

"2k + �2
+

2Ek�

Ek + �
� 2

("2k + E2
k)

�
� E2

k

�

�
;(5.3.24)

Æ"nsp = 2~U

Z
d3q

(2�)3
T�

4"2k"
2
q

2(Ek � Eq)
2�

"
;(5.3.25)

where(Ek � Eq)
2 = (pq+ p2=2)2=m2.

Performing the integration in Eqs.(5.3.23)-(5.3.25) and setting" = "p, we obtain

Æ"rp � 2"p(n0a
3)1=2T=�;

Æ"np = (�8:41�p�)"p(n0a3)1=2T=�
and

Æ"nsp = �2p�=3� "p(n0a
3)1=2T=�:

For the damping rate�p and the total shiftÆ"p = Æ"rp + Æ"np + Æ"nsp we find

Æ"p � �7"p T

n0 eU (n0a
3)1=2;(5.3.26)

�p = "p
3�3=2T

4n0 eU (n0a
3)1=2:(5.3.27)

The damping rate�p, described solely by the resonant contributions, originates from quasi-resonant
scattering of thermal excitations from a given excitation (Landau damping) and is absent atT = 0.
Both the energy shift and the damping rate are determined by the interaction of a given excitation with
intermediate quasiparticles having energies"q � n0 eU. The damping rate�p (5.3.27) coincides with
that found in recent contributions [105, 107, 108] and contains a slight numerical difference from the
earlier Szepfalusy-Kondor result [104]. The energy shift for the phonon branch of the spectrum was
also calculated in [105]. In the latter work the expansion of the self-energy functions near the point
" = "p was used and formally divergent integrals were canceling each other in the final expression for
the energy shift, which have led to the result by approximately factor 6 smaller then the shift (5.3.26)
obtained by the exact integration.



5.3. SPATIALLY HOMOGENEOUS BOSE-CONDENSED GAS 45

� �� �� �� �� ���

���

���

��

��

��

��

�

�

�

�

Γ S
��
� δ

ε S

[

FIGURE 5.3.1. The damping rate�p (solid line) and the energy shiftÆ"p (dashed line)
versusx = ("p=n0 eU). Both�p andÆ"p are given in the units ofT (n0a3)1=2.

5.3.2. General case (arbitrary excitation energies).Eqs.(5.3.26),(5.3.27) clearly show that the
small parameter of the theory is(T=n0 ~U)(n0a3)1=2 � 1 (see Eq.(5.1.3)), whereas in the zero temper-
ature approach [100] the small parameter is(n0a

3)1=2 � 1. The presence of an additional large factor
T=n0 eU at finite temperaturesT � n0 eU originates from the Bose enhancement of diagrams contain-
ing one quasiparticle loop: Compared to the zero-temperature case the contribution of each of these
diagrams is multiplied by the Bose factornq = [exp ("q=T )� 1]�1 (or 1+nq). As the most important
are intermediate quasiparticles with energies"q � n0 eU, for T � n0 eU the Bose factornq � T=n0 eU.
A criterion similar to Eq.(5.1.3) was found by Popov [99, 102] as the condition which allows one to
use the mean-field approach at finite temperatures and to renormalize the theory for reaching beyond
this approach.

Remarkably, the criterion (5.1.3) is fulfilled even at temperatures very close toTc. For�T =
Tc � T � Tc we haven0 � n�T=Tc, and Eq.(5.1.3) gives�T=Tc � (n0a

3)1=3, which coincides
with the well known Ginzburg criterion [112] for the absence of critical fluctuations. The criterion
(5.1.3) also ensures that the main contribution to the damping rate originates from the interaction of
a given excitation with thermal excitations through the condensate, i.e., from the first term inĤint

(5.3.2).
For any excitation energy"p � T the energy shift and damping rate, being expressed in units of

T (n0a
3)1=2, turn out to be universal functions of the parameter"0=n0 eU . These functions, calculated

numerically from Eq.(5.3.13) on the basis of Eqs. (5.3.3)-(5.3.6) and (5.3.11),(5.3.12), are presented
in Fig. 5.3.1. One can easily check that under condition (5.1.3) both the damping rate and energy
shift are always much smaller than"p. In the phonon branch of the excitation spectrum ("p � n0 eU)
the results of the numerical calculations coincide with those following from Eqs. (5.3.26), (5.3.27).
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For "p . n0 eU the damping rate (��p) increases with"p, reaches its maximum at"p � 10n0 eU, and
then slowly decreases with further increase of"p. The energy shift for"p . n0 eU is negative. The
modulus of the shift increases with"p and reaches its maximum at"p � 4n0 eU. Further increase of"p
decreasesjÆ"pj. The latter is equal to zero for"p � 60n0 eU, and becomes positive at larger"p.

For single-particle excitations ("p = p2=2� n0 eU), calculating the self-energy functions (5.3.11)
and (5.3.12), from Eq.(5.3.13) we obtain

Æ"p = 4(�n0a
3)1=2T

241� 12:6

 
n0 eU
2"p

!1=235 ;(5.3.28)

�p = 16(�n0a
3)1=2T

 
n0 eU
2"p

!1=2
ln

�
2"p

n0 eU
�
:(5.3.29)

The damping rate can be written as�p � (T="p)n0�vp, where� = 8�a2 is the elastic cross section,
andvp the particle velocity. This damping rate exceeds the Beliaev temperature-independent term
n�vp even atT close toTc, if �T = Tc � T � "p. In contrast to the phonon branch of the spectrum,
for "p & n0 eU the damping is provided by both the Szepfalusy-Kondor (� +  $ 0) and Beliaev
(� $ +0) processes and, hence, can no longer be treated as Landau damping. The small parameter
of the theory is still given by Eq.(5.1.3), since even at"p � n0 eU the energy of at least one of the
thermal excitations is of ordern0 eU .

The above results for the damping rate and energy shift of a given excitation are obtained in the
so called collisionless regime: We assume that the de Broglie wavelength of the excitation,1=p, is
much larger than the mean free path of thermal quasiparticles with energies� n0 eU , which are mostly
responsible for the damping and shifts. It is also assumed that the excitation energy"p greatly exceeds
the damping rate of these thermal excitations. The latter is of orderT (n0a

3)1=2 (see Fig. 5.3.1), and for
"p . n0 eU the two requirements of the collisionless regime are well satisfied under condition (5.1.3).
In the phonon branch of the excitation spectrum ("p � n0 eU) these requirements are equivalent to
each other, and the collisionless criterion can be simply written as

"p � T (n0a
3)1=2:(5.3.30)

As clearly seen, in the phonon branch one can always find excitations which do not satisfy Eq.(5.3.30)
and, hence, require a hydrodynamic description with regard to their damping rates and energy shifts.

The collisionless criterion (5.3.30) provides an additional argument on support of the above used
perturbative approach for solving Eqs. (5.3.9), (5.3.10). Under condition (5.3.30) the termS� .

T (n0a
3)1=2 � "p , S+

� . "p(T=n0 eU)(n0a3)1=2 � p2, andS+
+ . (n0 eU="p)T (n0a3)1=2 � n0 eU.

The non-mean-field shiftÆ"p is actually the shift of the excitation energy"p at a given condensate
densityn0. On the other hand,"p is determined by the Bogolyubov dispersion law (5.2.18), with
the temperature-dependent condensate densityn0(T ), and, hence, is temperature-dependent by itself.
Therefore, at a givenT one will also have the mean-field temperature-dependent energy shiftÆ"mf

p =

"p(T ) � "p(0) . As the condensate density decreases with increasing temperature,Æ"mf
p is always

negative. ForT � n0 eU it greatly exceeds the above calculated shiftÆ"p at anyp. The ratio(Æ"mf
p =Æ"p)

decreases with temperature, but even forn0 � n0 one has

Æ"mf
p = �"p(0) n0(T )eU

p2=2 + 2n0(0)eU ;(5.3.31)

and(Æ"mf
p =Æ"p) � (T=n0 eU)1=2 � 1.
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5.4. Spatially inhomogeneous Bose-condensed gas

We now generalize the above obtained results for the case of elementary excitations in a spatially
inhomogeneous (trapped) Bose-condensed gas. As already mentioned in the introduction, a new
ingredient here is related to the inhomogeneous density profile of the condensate and the discrete
structure of the excitation spectrum. This requires us to develop a new method of calculating the self-
energy functions in generalized Bogolyubov-De Gennes equations (5.2.7), (5.2.8). The self-energy
operators in these equations are the sums of the zeroth and first order terms:

�a("; r ; r’ ) = n0(r)eUÆ(r � r’ ) + �(1)
a ;(5.4.1)

�("; r ; r’ ) = 2(n0(r) + n0(0))eUÆ(r � r’ ) + �(1);(5.4.2)

and a similar relation for�+. At temperaturesT � n0m eU the zero order value of the above-
condensate density in the condensate spatial region is coordinate independent and equal to the above-
condensate density in the ideal gas approach:n0(0)(T ) = 2:6(T=2�)3=2. On the contrary, the self-
energies�(1), �(1)

a depend explicitly on the condensate density. Due to the discrete structure of the
energy spectrum of excitations the expressions for these quantities should be written in the form of
sums over the discrete states of intermediate quasiparticles,0. In the frequency-coordinate repre-
sentation we have

�("� ; r ; r 0) = �n("� ; r ; r 0) + �r("� ; r ; r 0);

�n("� ; r ; r 0) = 2	0(r)	0(r
0) ~U2

X
;0

(n + n0)

�
2u(r)u(r 0)v0(r)v0(r 0) + u(r)u(r 0)u0(r)u0(r 0)

"� " � "0

+
�4u(r)u(r 0)u0(r)v0(r) + 2u(r)v(r 0)u0(r)v0(r 0)

"� " � "0

�

2v(r)v(r 0)u0(r)u0(r 0) + v(r)v(r 0)v0(r)v0(r 0)� 4v(r)v(r 0)u0(r)v0(r 0)
"+ " + "0

2u(r)v(r 0)u0(r)v0(r 0)
"+ " + "0

�
� 8(n0�a

3)1=2TÆ(r � r 0);(5.4.3)

�r("� ; r ; r 0) = 2	0(r)	0(r
0) ~U2

X
;0

n0 � n
"+ "0 � "

(2u( r)u(r 0)u0(r)u0(r 0) + 2u(r)u(r 0)v0(r)v0(r 0) + 2v(r)v(r 0)v0(r)v0(r 0)+

4u( r)v(r 0)u0(r)v0(r 0)� 4u(r)u(r 0)u0(r)v0(r 0)� 4u(r)v(r 0)v0(r)v0(r 0)):(5.4.4)

�a = �n
a("� ; r ; r

0) + �r
a("� ; r ; r

0);

�n
a("� ; r ; r 0) = 2	0(r)	0(r

0) ~U2
X
;0

(n + n0)

�
2u(r)u(r 0)v0(r)v0(r 0)� 2u(r)u(r 0)u0(r)v0(r 0)

"� " � "0

�2u(r)v(r 0)v0(r)v0(r 0) + 3u(r)v(r 0)u0(r)v0(r 0)
"� " � "0

�
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2v(r)v(r 0)u0(r)u0(r 0)� 2v(r)v(r 0)u0(r)v0(r 0)
"+ " + "0

� 2u(r)v(r 0)u0(r)u0(r 0) + 3u(r)v(r 0)u0(r)v0(r 0)
"+ " + "0

�
� 4(n0�a

3)1=2TÆ(r � r 0);(5.4.5)

�r
a("� ; r ; r

0) = 2	0(r)	0(r
0) ~U2

X
;0

n0 � n
"+ "0 � "

(2u( r)u(r 0)u0(r)u0(r 0) + 2v(r)v(r 0)v0(r)v0(r 0) + 6u(r)v(r 0)u0(r)v0(r 0)�

2u( r)u(r 0)u0(r)v0(r 0)� 2u(r)v(r 0)u0(r)u0(r 0)� 2u(r)v(r 0)v0(r)v0(r 0)�

2v( r)v(r 0)u0(r)v0(r 0)):(5.4.6)

As we saw in the previous section, in the spatially homogeneous case all physical quantities are
determined by the contribution to the self-energy functions�(1),�(1)

a from intermediate quasiparticles
with energies of order the mean field interaction between particles. The same holds for a spatially
inhomogeneous (trapped) Bose-condensed gas in the Thomas-Fermi regime, where the mean field in-
teractionn0m eU greatly exceeds the level spacing in the trapping potential. The intermediate quasipar-
ticles with energies of ordern0m eU are essentially quasiclassical. With regard to the integral operator
(�(1) � �

(1)
a )"!0 in the generalized Gross-Pitaevskii equation (5.2.9), which is solely determined by

non-resonant contributions, this immediately allows one to replace the summation over the discrete
intermediate states by integration. The kernel of this integral operator varies at distancesjr � r’ j of

order the correlation lengthlcor = 1=

q
n0 eU which is much smaller than the characteristic size of the

condensate. Therefore, the result of the operator action on the condensate wavefunction can be written
in the local density approximation and, hence, should rely on Eq.(5.3.8) with coordinate-dependent
condensate densityn0(r):�

�(1) � �(1)
a

�
"!0

	0(r) =
Z

d3r0
�
�(1)("; r ; r’ )� �(1)

a ("; r ; r’ )
�
"!0

	0(r’ ) = ��	2
0(r):(5.4.7)

This result can be easily obtained from Eqs. (5.4.3)-(5.4.6), where one should put"� = 0, neglect the
difference between" and"0, and make a summation over0. Replacing the summation over by
integration one should also take into account that for quasiclassical excitations the functionsf� can
be represented in the form

f�(0) (r)=

0@
q
"2+(n0(r) ~U)2�n0(r) ~U

"

1A�1=2f(r);(5.4.8)

wherejf(r)j2 is the ratio of the local to total density of states for Bogolyubov quasiparticles of a
given symmetry, described by the classical Hamiltonian

H(p; r) =
q
(p2=2)2 + ~n0(r) ~Up2:(5.4.9)

On the basis of Eq.(5.4.7) we obtain the generalized Gross-Pitaevskii equation in the form�
��

2
+ V (r)� ~�+ eU j	0j2 � �	0

�
	0 = 0;(5.4.10)
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where~� = � � 2n0(0)(T ) ~U is coordinate independent. Compared to the ordinary Gross-Pitaevskii
equation (5.2.12), Eq.(5.4.10) contains an extra term[2n0(0) eU � �	0]	0 in the lhs. One can easily
check that Eq.(5.4.10) coincides with the equation�

��

2
+ V (r)� �+ eU j	0j2 + eU(2h	̂0y	̂0i+ h	0	0i)

�
	0 = 0

obtained by averaging the non-linear Schrödinger equation for the field operator (see [113]). As
mentioned above, forT � n0 eU the above-condensate densityn0 = h	0y	0i in the condensate spatial
region is mainly determined by the coordinate-independent (ideal gas) contributionn0(0)(T ). The
coordinate-dependent correction to the above-condensate density,n0(1)(r) = h	̂0y(r)	̂0(r)i � n0(0),
turns out to be equal to the anomalous averageh	(r)	(r)i:

n0(1)(r) = h	(r)	(r)i = ��
p
n0(r)

3eU :

Accordingly, the quantity[2n0(0) eU � �	0]	0 = eU(2h	̂0y	̂0i+ h	0	0i).
Taking advantage of Eqs (5.4.1), (5.4.2) and (5.4.10), the generalized Bogolyubov-De Gennes

equations (5.2.7), (5.2.8) are reduced to

("� � S�)f�� (r) =

�
��

2
+

�	0

2	0

+ S+
�

�
f+� (r)(5.4.11)

("� � S�)f+� (r) =

�
��

2
+

�	0

2	0

+ 2j	0j2 eU + S+
+

�
f�� (r);(5.4.12)

where the quantitiesS+
� , S� are given by Eqs. (5.3.11), (5.3.12), and"� is the exact value of the

excitation energy. Eqs. (5.4.10), (5.4.11) and (5.4.12) represent a complete set of equations for finding
the energy shifts and damping rates of the elementary excitations.

A precise calculation of the self-energy functions in Eqs. (5.4.11), (5.4.12) depends on the value
of "� and on the trapping geometry. In this section we will make general statements on how the
calculation can be performed. In most of the cases (except the case of the lowest excitations with
zero orbital angular momentum in spherically symmetric traps) the characteristic time scale in the
self-energy operators,1="�, is much smaller than the inverse level spacing in the trap. Therefore,
the summation over the discrete intermediate states can be replaced by integration. This is a direct
consequence of the general statement that the time-dependent discrete Fourier sum can be replaced by
its integral representation at times much smaller than the inverse frequency spacing (see e.g., [114]).

The kernels of the non-resonant parts of the self-energy operators,S+n
� andS�n, vary at distances

jr � r’ j which do not exceed the correlation lengthlcor = 1=

q
n0 eU . As lcor is much smaller than the

characteristic size of the condensate, the non-resonant parts of the self-energies can be calculated in
the local density approximation. The same statement holds for the quantitiesS+rn

� andS�rn origi-
nating from the resonant parts of the self-energy operators. This approach gives the energy shiftÆ"np
(5.3.24), withn0 replaced by by the coordinate-dependent densityn0(r). For quasiclassical excita-
tions we also obtain Eq.(5.3.25) for the shiftÆ"nsp (for the lowest excitations the calculation of this
shift, analogous top2=" in the spatially homogeneous case, requires some more investigation).

The calculation of the resonant contributionsS+rr
� andS�rr to the self-energies is more subtle.

Using Eq.(5.4.8) for the functionsu� ; v� = f�� in Eqs. (5.4.4), (5.4.6), one can see that all resonant
contributions contain the quantity

Q(r ; r 0) =
X
0

f(r)f(r 0)f0(r)f0(r 0)
"� + " � "0 + i0

:
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Writing ("� + " � "0 + i0)�1 as the integral over time
R1
0
dt expfi("� + " � "0 + i0)tg, we obtain

Q(r ; r 0) = i

Z 1

0

dt exp (i"�t)K(r ; r 0; t);(5.4.13)

where the quantum-mechanical correlation function

K(r ; r 0; t) =
X
0

f(r)f(r 0)f0(r)f0(r 0) exp fi(" � "0 + i0)tg :(5.4.14)

We will turn from the integration over the quantum states0 of the quasiclassical thermal excitations
to the integration along the classical trajectories of motion of Bogolyubov-type quasiparticles in the
trap. Following a general method (see [115–117]) , we obtain

K(r ; r 0; t) = g�1

Z
Æ(r 00 � r)Æ(r 00p(t)� r 0)Æ(" �H(p; r 00))

d3r00d3p

8�3
;(5.4.15)

wherer p(t) is the coordinate of the classical trajectory with initial momentump and coordinater .
Eq.(5.4.15) will be used in the next sections where we demonstrate the facilities of the theory.

Concluding this section, we emphasize the key role of harmonicity of the trapping potential for
temperature-dependent energy shifts of the excitations. As mentioned in the previous section, in the
spatially homogeneous case at a given temperature the non-mean-field shift is much smaller than
the shiftÆ"mf appearing in the mean field approach simply due to the temperature dependence of the
condensate density in the Bogolyubov dispersion law (5.2.18). For the Thomas-Fermi condensate in a
harmonic confining potential the situation is different. In this case the spectrum of low-energy ("� �
n0m eU ) excitations is independent of the mean field interparticle interactionn0m eU (chemical potential)
and the condensate density profile [55, 56, 111]. Hence, the temperature-dependent energy shifts can
only appear due to non-Thomas-Fermi corrections. For finding these corrections one should use the
mean field self-energies�a("; r ; r’ ) = n0(r)eUÆ(r�r’ ),�("; r ; r’ ) = 2(n0(r)+n0(0))eUÆ(r�r’ ), where
the only difference from theT = 0 case is related to the presence of above-condensate particles in
the condensate spatial region at finiteT through the coordinate-independent term2n0(0) eU in �. Then
Eqs. (5.4.11), (5.4.12) take the form of ordinary Bogolyubov-De Gennes equations (5.2.15),(5.2.16),
and Eq.(5.4.10) becomes the ordinary Gross-Pitaevskii equation (5.2.12), with the chemical potential
� replaced by~�. The latter circumstance changes the condensate wavefunction compared to that
at T = 0 and ensures the temperature dependence of	0. Accordingly, the excitation energies"�
in Eqs. (5.2.15),(5.2.16) also become temperature dependent. This type of approach, which for a
spatially homogeneous gas would immediately lead to the result of Lee and Yang [98], has been
used in recent numerical calculations of the energy shifts of the lowest quadrupole excitations in
spherically symmetric [118] and cylindrically symmetric [119, 120] harmonic traps. The presence of
the coordinate-dependent part of the above-condensate density,n0(1)(r), in these calculations is not
adequate, since the anomalous average equal to this part was omitted and equations for the excitations
did not contain the corrections to the self-energies, also proportional to(n0a

3)1=2. However, atT �
n0 eU , wheren0(1) � n0(0), the coordinate-dependent partn0(1)(r) as itself should not significantly
influence the result, and the calculations [118–120] should actually demonstrate how important are
the mean field non-Thomas-Fermi effects. The results of [119,120] show the absence of energy shifts
of the excitations at temperaturesT < 0:6Tc in the JILA experiment [50] and in this sense agree
with the experimental data, but do not describe the upward and downward shifts of the excitation
energies, observed experimentally at higher temperatures (in this respect it is worth mentioning that
the calculations [121] performed for the thermal cloud in the hydrodynamic regime agree surprisingly
well with the experiment [50]). On the other hand, the calculation [120] shows a downward shift of
the energy of the lowest quadrupole excitation with increasing temperature in the conditions of the
MIT experiment [51]. This is consistent with the experimental data and indicates that for not very
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small Thomas-Fermi parameter!=n0m eU the mean field non-Thomas-Fermi effects can be important
for temperature-dependent shifts of the lowest excitations.

Below we will assume a sufficiently small Thomas-Fermi parameter!=n0m eU and demonstrate
the use of the theory by the examples where the influence of non-Thomas-Fermi effects on the energy
shifts of the excitations is not important.

5.5. Quasiclassical excitations in a trapped Bose-condensed gas

We first consider the damping and energy shifts of quasiclassical ("� � !) low-energy excitations
of a trapped Thomas-Fermi condensate, i.e., the quasiclassical excitations with energies much smaller
than the mean field interaction between particlesn0m eU . In this case, for the condensates in a harmonic
confining potential the ground state wave function can be found on the basis of Eqs. (5.4.10), (5.4.11),
(5.4.12). Neglecting the kinetic energy term in Eq.(5.4.10), we arrive at a quadratic equation for	0.
Expanding the solution of this equation in powers of� and retaining only the terms independent of�
and the terms linear in�, for the condensate density we obtain

n0(r) = ~n0(r) + �
p
~n0(r)=eU;(5.5.1)

where~n0(r) = (~� � V (r))=eU is the density of the Thomas-Fermi condensate in the ordinary mean
field approach.

For quasiclassical excitations the terms in Eqs. (5.4.11) and (5.4.12), originating from the kinetic
energy of the condensate, can be omitted from the very beginning [56]. Then, using Eq.(5.5.1) and
treating the terms containingS� andS+

� as perturbations, we obtain"� = "
(0)
� + "

(1)
� , where"(0)� is

the excitation energy in the mean field approach, and the correction to the excitation energy"
(1)
� =

Æ"� � i�� is given by the relation

"(1)� =hf�� jS�jf+� i+
1

2

�
hf�� jS+

+ + 2�
p
~n0jf�� i+ hf+� jS+

� jf+� i
�
:(5.5.2)

Heref�(0)� are the zero-order wavefunctions of the excitations, determined by the ordinary Bogolyubov-
De Gennes equations (5.2.15), (5.2.16), with"� = "

(0)
� .

In the case of quasiclassical excitations also the kernels of resonant parts of integral operators in
Eq.(5.5.2) vary on a distance scalejr � r’ j which does not exceed the correlation lengthlcor. This can
be already seen from Eqs. (5.4.13), (5.4.15): The characteristic time scale1="� in Eq.(5.4.13) is much
shorter than!�1 and important is only a small part of the classical trajectory, where the condensate
density is practically constant andr p(t) = r + vt, with v = @H=@p. The correlation lengthlcor is not
only much smaller than the size of the condensate, but also smaller than the width of the boundary
region of the condensate, wheren0 eU � "�. Therefore, the action of all integral operators on the
functionsf�(0)� in Eq.(5.5.2) can be calculated in the local density approximation. Accordingly, for
each of these operators one can use the quantity following from Eqs. (5.3.3)-(5.3.6), withn0 = ~n0(r)
andp from the Bogolyubov dispersion lawH(p; r) = "�. Then, using Eqs. (5.4.8) we can express the
energy shiftÆ"� and the damping rate�� through the energy shiftÆ"�h(r) and damping rate��h(r)
of the excitation of energy"� in a spatially homogeneous Bose-condensed gas with the condensate
density equal to~n0(r):

Æ"� =

Z
d3rjf�(r)j2

8<:Æ"�h(r)+ "��
p
~n0(r)q

"2�+(~n0(r) ~U)2+~n0(r) ~U

9=;;(5.5.3)

�� =

Z
d3rjf�(r)j2��h(r):(5.5.4)
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The second term in the integrand of Eq.(5.5.3) originates from the temperature dependence of the
shape of the condensate wavefunction. For any ratio"�=n0(r)eU this positive term dominates over
the negative termÆ"�h(r). The latter circumstance can be easily established from the results forÆ"�h
in Fig. 5.3.1. Thus, for quasiclassical low-energy excitations the energy shiftÆ"� will be always
positive, irrespective of the trapping geometry and the symmetry of the excitation.

We confine ourselves to the case of cylindrical symmetry, where for the states with zero angular
momentum one finds

jf�(r)j2 = ~�

�l�lz log (2~�="�)�
q
"2� + (~n0(r) ~U)2

;(5.5.5)

with l� = (2~�=!�)
1=2, lz = (2~�=!z)

1=2 being the characteristic size of the condensate in the radial
and axial direction,!�, !z the radial and axial frequencies, and� the radial coordinate. The main
contribution to the integrals in Eqs.(5.5.3),(5.5.4) comes from the boundary region of the condensate,
where~n0(r) � "�. From Eqs. (5.4.11),(5.4.12) one can easily see that in this region the possibility to
omit the non-Thomas-Fermi effects originating from the kinetic energy of the condensate requires the
condition"� � !2=3~�1=3. This condition ensures that the characteristic width of the boundary region
greatly exceeds the excitation wavelength, and we arrive at the following relations for the energy
shifts and damping rates of the excitations:

Æ"� � 8

r
"�
~�

T

log (2~�="�)
(~n0ma

3)1=2;(5.5.6)

�� � 9

r
"�
~�

T

log (2~�="�)
(~n0ma

3)1=2:(5.5.7)

It is important to emphasize that in the boundary region of the condensate, responsible for the
energy shifts and damping rates of the quasiclassical excitations, the quantitiesS�(1), S+(1), and�(1)

a

are determined by the contribution of intermediate quasiparticles which have energies comparable
with "�. Moreover, in this spatial region the quasiparticle energies are of order the local mean field in-
terparticle interaction. As a consequence, the energy shiftÆ"� (5.5.6) and the damping rate�� (5.5.7)
are practically independent of the condensate density profile. For the same reason the damping rate
is determined by both the Szepfalusy-Kondor and Beliaev damping processes. Therefore, similarly
to the damping of excitations with energies"p > n0 eU in a spatially homogeneous gas, the damping
of quasiclassical low-energy excitations of a trapped Bose-condensed gas can no longer be treated as
Landau damping.

5.6. Sound waves in cylindrical Bose condensates

The derivation of Eqs. (5.5.6), (5.5.7) assumes that the motion of the excitation� is quasiclassical
for all degrees of freedom. We now turn to the condensate excitations in cigar-shaped cylindrical
traps, which are quasiclassical only in the axial direction and correspond to the lowest modes of the
radial motion. We will consider low-energy excitations ("� � n0m eU), i.e., the excitations with the
axial wavelength much larger than the correlation lengthlcor. In the recent MIT experiment [109]
localized excitations of this type were created in the center of the trap by modifying the trapping
potential using the dipole force of a focused off-resonant laser beam. Then, a wave packet traveling
along the axis of the cylindrical trap (axially propagating sound wave) was observed. In the mean
field approach the sound waves propagating in an infinitely long (axially homogeneous) cylindrical
Bose condensate have been discussed in [122–124].

For revealing the key features of the non-mean-field effects (damping and the change of the sound
velocity) we confine ourselves to the same trapping geometry. With regard to realistic cylindrical traps
this will be a good approach if the mean free path of sound waves is smaller than the characteristic
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axial size of the sample. As found in [122], for axially propagating sound waves radial oscillations of
the condensate are absent, and the wavefunctionsf�k = (2~n0(�)eU="k)�1=2fk, with

fk =
1p
�l2�

exp (ikz)(5.6.1)

andk being the axial momentum. The dispersion law

"k = ck(5.6.2)

is characterized by the sound velocity equal to(~n0m eU=2)1=2, where~n0m = ~�=eU is the maximum
density of the Thomas-Fermi condensate in the ordinary mean field approach.

It should be noted from the very beginning that, according to Eq.(5.5.1),~n0m is related to the
corrected value of the maximum condensate densityn0m as~n0m = n0m � (�=eU)pn0m. Therefore,
being interested in the sound velocity at a given value of the maximum condensate density, one should
substitute this expression to Eq.(5.6.2). This immediately changes the sound velocity to

c = (n0m eU=2)1=2(5.6.3)

in the leading term (5.6.2) of the dispersion law and provides a contribution to the frequency shift of
the sound wave

Æ"k = �"k 6T

n0m eU (�n0ma
3)1=2:(5.6.4)

The damping rate and other contributions to the frequency shift can be found directly from
Eq.(5.5.2) by using the wavefunctionsfk (5.6.1). The intermediate quasiparticles giving the main
contribution to the damping rate and frequency shift have energies" � n0m eU, i.e. much larger
than the frequency of the considered sound wave,"k (see below). Therefore, similarly to the case
of phonons in a spatially homogeneous condensate, the non-resonant terms analogous toS+n

� , S�n,
S+rn
� andS�rn contribute only to the frequency shift. As already mentioned above, the characteristic

distance scalej� � �0j in the kernels of the corresponding self-energies is of order the correlation
length lcor, and the sum of their contributions to the frequency shift can be calculated by using the
local density approximation for the action of the self-energy operators on the functionsf�k . This gives
the non-resonant contribution to the frequency shift,Æ"nk(�) = (�8:4 � p

�)(n0a
3)1=2T=(n0 ~U) and

the non-resonant contributionÆ"nsk (�) = 2
p
� � (n0a

3)1=2T=(n0 ~U), with n0 = ~n0(�) . Then, we can
express the total non-resonant partÆ"ntk of the frequency shift of the sound wave through the quantity
Ænkh(�) = Æ"nk(�) + Æ"nsk (�):

Æ"ntk =

Z
d2�jfkj2

(
Ænkh(�) +

�
p
~n0(�)

2~n0(�)eU "k

)
� "k

4:5T

n0m eU (�n0ma
3)1=2:(5.6.5)

The resonant terms analogous toS+rr
� andS�rr in Eqs.(5.3.19)-(5.3.21) contribute to both the

frequency shift and damping rate. This means that the latter is determined by the Szepfalusy-Kondor
scattering processes and, since the characteristic energies of intermediate quasiparticles are much
larger than"k, can be treated as Landau damping. The resonant contributions to the frequency shift
and damping rate can not be found in the local density approximation, as the characteristic distance
scalej� � �

0j in the kernels of the self-energy operators in Eq.(5.5.2) is of order the radial size of
the condensate. For finding these contributions one has to substitute the resonant parts of the self-
energies, (5.4.3)-(5.4.6), to Eq.(5.5.2) and, by using Eqs.(5.4.13)-(5.4.15), turn from summation over
quasiclassical states, 0 of intermediate quasiparticles to the integration along classical trajectories
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of their motion. Then, a direct calculation of the quantityÆrk = Æ"rrk � i�k yields

Ærk = i
"2k
~U

2

Z
d"

dn
d"

Z 1

0

dt exp (i"kt)

Z
�k(r)��k(r(p; t))Æ("�H(p; r))

d3rd3p

(2�)3
;(5.6.6)

wherer(p; t) is the classical trajectory starting at the phase space points(r ;p) on the (hyper)surface
of constant energy", �k(r) = fk(z)F(�), and

F(�)=
2"2+(~n0(�) ~U)

2�~n0(�) ~U
q
"2+(~n0(�) ~U)2

"

q
"2+(~n0(�) ~U)2

:

Generally speaking, the integration in Eq.(5.6.6) is a tedious task as it requires a full knowledge
of the classical trajectories on a time scale� 1="k. This is also the case in the idealized cylindrical
trap, because of coupling between the radial and axial degrees of freedom. We will rely on the
approach which assumes a fast radial motion of quasiparticles compared to their motion in the axial
direction and, hence, requires the frequency of the sound wave,"k, significantly smaller than the
radial frequency!�. Then on a time scale� 1="k the quasiparticles with energies� ~n0 ~U (which are
the most important for the energy shifts and damping of the sound wave) oscillate many times in the
radial direction, whereas their axial variablesz(p; t), pz(p; t) only slightly change and, hence, can be
adiabatically separated from the fast radial variables�(p; t), p�(p; t). In this case it is convenient to
integrate Eq,(5.6.6) overdp� and, using Eq.(5.6.1), represent it in the form

Ærk = i
"2k
eU

4�2l2�

Z
"kd"

dn
d"

Z
dt exp (i"kt)

Z
�d�dpzdz

F(�)F(�(p; t))q
"2 + (~n0(�)eU)2 exp fi(z � z(p; t))g;

(5.6.7)

where the integration is performed over the entire classically accessible region of the phase space.
Sincez(p; t) is close toz, in the exponent of the integrand we can writez(p; t) � z = vz, where

the axial velocityvz is obtained from the exact Hamiltonian equations of motion by averaging over the
fast radial variables:vz = h@H(p; r)=@pzi�. For the classical radial motion (" � !�) the averaging
procedure simply reduces to integration overd� under the conditionH(p; r) = " at fixed values of
", pz andz, with the weight proportional to the local density of states for the radial motion:

h(:::)i� = g�1
Z
(:::)("2 + (~n0(�)eU)2)�1=22��d�;

whereg =
R
("2 +(~n0(�)eU )2)�1=22��d�. Finally, averaging the functionF(�(t)) over the fast radial

variables and integrating overdt in Eq.(5.6.7), we obtain

Ærk =
"2k
eU

8�3l2�

Z
d"

"dn
d"

Z
dzdpzg

hF (�)i2�
"k � pzvz + i0

:(5.6.8)

The resonant contribution to the frequency shift, given by the real part of Eq.(5.6.8), after the integra-
tion proves to beÆ"rk � �2:3"k(T=n0m eU)(n0ma3)1=2. The sum of this quantity with the non-resonant
term (5.6.5) andÆ"k (5.6.4) leads to the frequency shift of the sound wave

Æ"k � �5"k(n0ma3)1=2 T

n0m eU :(5.6.9)

The imaginary part of Eq.(5.6.8) gives the damping rate

�k = 8:6"k(n0ma
3)1=2

T

n0m eU :(5.6.10)
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Except for the numerical coefficients, Eqs,(5.6.9), (5.6.10) are similar to Eq.(5.3.26), (5.3.27) for
the damping rate and energy shift of phonons in a spatially homogeneous Bose condensate. This
a consequence of the fact that the condensate boundary region practically does not contribute to
the damping rate and frequency shift of axially propagating sound waves, in contrast to the case of
excitations quasiclassical for both axial and radial degrees of freedom.

In the MIT experiment [109] the characteristic spatial size of created localized excitations was
� � 20 �m and, accordingly, so was the initial wavelength of propagating sound. According to
the experimental data, the propagating pulse died out during 25 ms, and after that only the lowest
quadrupole excitation characterized by a much loner damping time (� 300 ms) was observed. We
believe that the attenuation of axially propagating sound in the MIT experiment [109] on the time
scale of 25 ms can be well explained as a consequence of damping. The characteristic frequency of the

waves in the packet can be estimated as"� � 2�
q
n0m ~U=2=�. Then Eq.(5.6.10) gives the damping

rate independent of the condensate density~n0m. In the MIT experiment the temperatureT �0.5�K
was roughly only twice as large asn0m eU , which decreases the damping rate by approximately20%
compared to that given by Eq.(5.6.10). In these conditions we obtain a characteristic damping time of
15 ms, relatively close to the measured value.

The relative change of the sound velocity,Æc=c = Æ"k="k, increases with decreasing condensate
densityn0m. However, even at the lowest densities of the MIT experiment [109] (n0m � 1014 cm�3)
the quantityÆc=c does not exceed� 5% and is practically invisible.

5.7. Damping of low-energy excitations in a trapped Bose-condensed gas

In this section we use our theory for the calculation of damping of the lowest excitations (i.e.
the excitations with energies~! � " � �) of a trapped condensate in the Thomas-Fermi regime
at finite temperaturesT � ~! ranging almost up to the BEC phase transition temperature. We will
again assume the inequality (5.1.3) (withn0 = n0m) which ensures that the main contribution to the
damping rate comes from the first term inHint (5.3.2), proportional tô	03, and the damping is actually
caused by the interaction of the lowest excitations with the thermal excitations through the condensate
and is governed by the SK process (5.1.2). The damping rate is given by the part of Eq.(5.6.6) in which
the functions��(r) = f�(r)F(r), and the wavefunctions of the lowest excitations:

f� =

 Y
i

li

!�1=2
W�(ri=li);(5.7.1)

with polynomialsW� introduced in Chapter 2.
Eq.(5.6.6) can also be found within the first order perturbation theory inHint:

��= Im
X
0

1

~

j <0jĤintj�> j2
E�E0+E�+i0

(N�N0);(5.7.2)

whereN = [exp (E=T )�1]�1 are equilibrium occupation numbers for the thermal excitations. The
transition matrix element can be represented in the form

<0jĤintj�>=
~U

2

h
3H�0�(H�

0 �H�0

 �H0

� )
i
;(5.7.3)

whereH�0 =
R
d3r	0(r)f

�
� (r)f

�
 (r)f

��
0 (r)andH0

� =
R
d3r	0(r)f

�
� (r)f

+
 (r)f

+�
0 (r).

Since energies of the thermal excitationsE�~!, these excitations are quasiclassical and, simi-
larly to the spatially homogeneous case, one can write

f� (r) =

�
E=(

q
E2

 + (n0(r) ~U)2 � n0(r) ~U)

��1=2
f(r):
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Then, using Eq(5.7.1), from Eq.(5.7.3) we obtain

< 0jĤintj� >=
 
E�

~U

2
Q

i li

!1=2Z
d3r��(r)f(r)f

�
0(r);(5.7.4)

where��(r) =W�(ri=li)F(r), and

F(r)=
2E2

+(n0(r) ~U)2�n0(r) ~U
q
E2

+(n0(r) ~U)2

E

q
E2

+(n0(r) ~U)2
:(5.7.5)

For the distribution of energy levels of the thermal excitations with a given set of quantum
numbers~ determined by the trap symmetry (in cylindrically symmetric traps~ is the projection
M of the orbital angular momentum on the symmetry axis) we will use the statistical Wigner-
Dyson [125–127] approach which assumes ergodic behavior of the excitations. Then, the quantum
spectrum of the thermal excitations is random and the sum in Eq.(5.7.2) can be replaced by the in-
tegral

R
dEdE0

P
~~0 gg0R0 in which g(E) is the density of states for the excitations with a

given set~, andR0 the level correlation function. In non-spherical harmonic trapsgE� � 1 and,
hence,R0 � 1. Then, puttingN�N0 = E�(dN=dE) and writing(E�E0+E�+i0)

�1 as the
integral over timei

R1
0
dtexpfi(E�E0+E�+i0)t=~g, from Eqs. (5.7.2), (5.7.4) we obtain:

�� =
E2

�
~U

2~2
Q

i li
Re
X
~

Z
gdE

Z 1

0

dt exp i
(E� + i0)t

~

Z
d3rd3r0��(r)�

�
�(r

0)K(r; r
0; t)

(5.7.6)

The quantummechanical correlation function

K(r; r
0; t)=

X
~0

Z
g0dE0exp

�
i
(E�E0)t

~

�
f(r)f

�
 (r

0)f �0(r)f0(r0):(5.7.7)

and, similarly to the transformation of Eq.(5.4.14) to (5.4.15), can be written asX
~

gK(r; r
0; t) =

Z
Æ(r00�r)Æ(rp(tjr00;p)� r0)Æ(E�H(p; r00))

d3pd3r00

(2�~)3
;(5.7.8)

where again the classical Bogolyubov HamiltonianH(p; r) is given by Eq.(5.4.9), andr p(tjr,p) is the
coordinate of the classical trajectory with initial momentump and coordinater . Then, Eq.(5.7.6) is
reduced to the form

��=
E2

�
~U

2~2
Q

ili
Re
Z
dE

dN

dE

Z 1

0

dt exp

�
i
E�t

~

�Z
��(r)���(r cl(tjr,p))Æ(E�H(p; r))

d3rd3p

(2�~)3
:(5.7.9)

We first consider temperaturesT � �, where the main contribution to the integral in Eq.(5.7.9)
is provided by the thermal excitations with energiesE < �. In this case the use of the statistical
approach in non-spherical traps is justified by the fact that, as shown in [57, 111], the motion of
corresponding classical Bogolyubov-type quasiparticles is strongly chaotic at energies of order�.
The characteristic values ofp andt in Eq.(5.7.9) are of order(mn0(r) ~U)1=2 and~=E�, respectively.
For the lowest excitations (E� � ~!) the characteristic values ofp in Eq.(5.7.9) are of order(m�)1=2,
and the result of integration can be represented in the form

�� = A�
E�

~

T

�
(n0ma

3)1=2;(5.7.10)

whereA� is a numerical coefficient which depends on the form of the wavefunction of the low-energy
excitation�. In contrast to the case ofE� � ~!, the calculation ofA� requires a full knowledge of
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FIGURE 5.7.1. The damping rate�� versusT for the JILA trapping geometry. The
solid (dashed) curve and boxes (triangles) correspond to our calculation and the exper-
imental data [50] for the excitations withM = 2 (M = 0), respectively.

classical trajectories of (stochastic) motion of Bogolyubov-type quasiparticles in the spatially inho-
mogeneous Bose-condensed gas. In this respect the damping of the lowest excitations has a strongly
non-local character and, hence, can not be found in any type of a local density approximation. The
same statement holds for the resonant part of the shifts of the lowest excitations.

The criterion of the collisionless regime for the excitations with energiesE � � assumes that
their damping time��1� is much larger than the oscillation period in the trap!�1 and, hence, the mean
free path greatly exceeds the size of the condensate. From Eq.(5.7.10) we find���(T=~)(n0ma3)1=2
and obtain the collisionless criterion

(T=~!)(n0ma
3)1=2 � 1:(5.7.11)

Due to collective character of the excitations the criterion (5.7.11) is quite different from the Knudsen
criterion in ordinary thermal samples.

Remarkably, both Eq.(5.7.11) and the assumption of stochastic behavior of thermal excitations
with energies of order� are well satisfied in the conditions of the JILA [50] and MIT [51] experi-
ments, where the temperature dependent damping of the lowest quadrupole excitations in cylindrically
symmetric traps has been measured at temperatures significantly larger than�. The JILA experi-
ment [50], where the ratio of the axial to radial frequency� = !z=!� =

p
8, concerns the damping

of two quadrupole excitations:M = 2, E� =
p
2!�, andM = 0, E� = 1:8!�. Our numerical calcu-

lation of Eq.(5.7.9), withW� from [56], givesA� � 7 for M = 2 andA� � 5 for M = 0. This leads
to the damping rate��(T ) which is in agreement with the experimental data [50] (see Fig. 5.7.1).

In the MIT experiment [51], where� = 0:08, the damping rate has been measured for the
quadrupole excitation withM = 0, E� = 1:58!z. In this case we obtainA� � 10. The corre-
sponding damping rate��(T ) (5.7.10) monotonously increases withT and for the conditions of the
MIT experiment [51] ranges from4 s�1 at T � 200 nK to 18 s�1 at T � 800 nK. These results
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somewhat overestimate the damping rate compared to the experimental data. In fact, the exact match
between the presented theory and the measured values for the damping rates can not be expected.
The reason is that the in the high temperature part of experiment (T � �), which can be compared
with our calculations, the lhs of Eq.(5.7.11) is of order one. This means that the measurements were
performed for the intermediate range of densities and temperatures, which corresponds to a crossover
between the collisionless and hydrodynamic regimes. In the latter case the inequality opposite to
(5.7.11) is satisfied, and the damping rates are expected to be smaller (see, e.g. [102]).

Importantly, under the condition (5.7.11) the damping rate�� of the low-energy excitations is
much larger than the damping rate�T of the oscillations of the thermal cloud. This phenomenon
was observed at JILA [50]. One can easily find that forT � � the damping rate�T � n�vT , where
n � (mT=2�~2)3=2 is the characteristic density of the thermal cloud,� = 8�a2 the elastic cross
section, andvT �

p
T=m the thermal velocity. Accordingly, the ratio�T=�� is just of order the lhs of

Eq.(5.7.11).
In spherically symmetric traps at any excitation energies one has a complete separation of vari-

ables, which means that the classical motion of Bogolyubov-type quasiparticles is regular. The ex-
citations are characterized by the orbital angular momentuml and its projectionM , and for given
l;M the level spacingg�1 � ~! can greatly exceed the interactions provided by the non-Bogolyubov
Hamiltonian terms proportional to	03 and	04. In such a situation the discrete structure of the energy
spectrum of thermal excitations becomes important, and one can get nonlinear resonances instead of
damping. On the other hand, stochastization of motion of thermal excitations can be provided by their
interaction with each other or with the heat bath. In this case the damping rate��(5.7.10) follows di-
rectly from Eq.(5.7.6) by using the Dyson relation for the level correlation function [127] (gE��1)
andf from the WKB analysis of Eq.(2.3.5).

ForT<� the picture of damping of low-energy excitations changes, since�� will be determined
by the contribution of thermal excitations with energiesE�T . In this case, the lower is the ratioT=�
the more questionable is the assumption of ergodic behavior of the thermal excitations. But, even if
the stochastization is present, atT significantly lower than� the temperature dependent damping of
the lowest excitations will be rather small. For cylindrically symmetric traps from Eqs. (5.7.6), (5.7.9)
one can find�� � (E�=~)(T=�)

3=2(n0ma
3)1=2.

5.8. Concluding remarks

In conclusion we have developed a finite-temperature perturbation theory (beyond the mean field)
for a spatially homogeneous Bose-condensed gas and calculated temperature-dependent energy shifts
and damping rates for Bogolyubov excitations of any energy. The theory is generalized for the case
of excitations in a spatially inhomogeneous (trapped) Bose-condensed gas and used for calculating
the energy shifts and damping rates of low-energy quasiclassical excitations. We also analyzed the
frequency shifts and damping of axially propagating sound waves in cylindrical Bose condensates.
For the lowest elementary excitations we used our theory to calculate the damping rates. Our results
are in excellent agreement with the data of the JILA experiment [50] for the lowest quadrupole exci-
tations in a cylindrical trap and reasonably well explain the MIT experiment [51]. In the latter case
the generalization of the presented theory in the hydrodynamics domain remains to be developed (see
e.g. [102] and [128,129] for the latest developments).

There is still a question of what is the nature of temperature-dependent energy shifts on approach-
ing Tc and how to explain the JILA [50] and MIT [51] experiments where these shifts have been
measured for the lowest quadrupole excitations. Among other approaches [130, 131] we would es-
pecially mention the recent contribution [132], where the shifts where studied in an effectively local
approximation. Although the results of the calculation seem to fit the experiment, we would like to
emphasize that for the lowest excitations the nonlocal character of related energy shifts and damping
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rates should manifest itself in any scheme of calculations and purely local calculations can not give a
full account for the experimental results.
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